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On the cover time of \-biased walk on
supercritical Galton-Watson trees

Tianyi Bai*

Abstract

In this paper, we study the time required for a A-biased (A > 1)
walk to visit all the vertices of a supercritical Galton-Watson tree up
to generation n. Inspired by the extremal landscape approach in [§]
for the simple random walk on binary trees, we establish the scaling
limit of the cover time in the biased setting.

1 Introduction

1.1 The model
A planar tree T is a subset of U,>oN such that
e The root @ is in T, where by convention, N} = {&}.

e For every vertex x = (z1,--- ,x,) € T, its parent

T = (x1,-- ,2p_q) € T.

e There exists an integer v,(T) > 0 representing the number of children
of z, i.e., for every j € N |

(X1, ,2p,j) € T if and only if 1 < j < v, (T).

For x € T, denote by || = n its height. For two vertices x,y € T, write
x < gy if x is on the simple path from @ to y. Denote by z = x Ay the common
ancestor, i.e. the vertex with maximum height |z| such that z < z,y. Denote
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the tree T chopped at height n by T,, = {z € T, |z| < n} (in T,, v, = 0 if
|z| = n), and the population in generation n by Z, = > 1 1jzj=,. Denote
the subtree of T rooted at = by T* = {y € T,z < y}, and the population in
the n-th generation of T* by Z7 = > 1o 1jyj=n. For convenience of further

usage (local time related calculations), an artificial root D with height —1
is added to be the parent of &.

For any fixed probability distribution p = (p,)nen, the Galton-Watson
tree with offspring distribution p is a measure Pgw on the set of planar
trees, such that all the vertices have children distributed identically and
independently as p, i.e.

iid —
Vp ~ 1,Vr # .
The expectation under this probability measure is denoted by Eqw.

Let m = > 7, ip; denote the average number of children for a vertex
(except %), then there is a standard result on Galton-Watson trees which
states that, if m > 1 (so-called supercritical), then the tree extends to infinity
with a positive probability. In other words, denote by S the event that a
Galton-Watson tree survives, {T : Z,(T) > 0,¥n > 0}, then Paqw(S) > 0
for m > 1. To study the asymptotic behavior of the cover time, we study the
first n generations of a supercritical Galton-Watson tree under the conditional
probability measure Pgw(-|S).

By the Kesten-Stigum theorem (cf. [18]), (£2),>0 is a martingale, and
that it converges to a nontrivial limit Pgw/(+|S)-almost surely,

. Iy
W = nhj& p— € (0,00), (1.1)
when Eqw (7 log Z;) = Zk21 klog kpuy < oo.

Given a surviving tree T and fix n > 0, let (X, (¢));>0 be a continuous

>0
time Markov jump process on T, starting at X,(0) = %, with transition
rates p(@, @) =1,

p(z, @) p(z, ') = Nee T,\{o},1<i<u,.

:)\—l-l/m’ A+ v,

The probability measure for this random walk is denoted by Py(-|T,), and
its corresponding expectation by Ey(-|T,). In fact, it is more natural to call
the discrete walk A-biased random walk, and the results for both settings are
the same, see Remark 1.2 (1).

We shall work under the following hypotheses denoted by (H),

)\>1,m>1,2k2uk<oo.
k>0
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Conventions:

(1) The probability of a generic law independent of the constructions above
is denoted by P, with its expectation E.

(2) When an integer index is needed in the presence of a real value, we
mean its integral part, for instance, we write Zjogp for Zjjogp)-

(3) We write f < g, if there exists a constant C' > 0 such that f < Cg.
This constant may depend on parameters m and .

(4) All the O(+), o(-) notations are under the limit n — oo.

(5) For convenience of the readers, notations used throughout the paper
are gathered here:

)\n+1_1
A—1

Oy —

s by = 072L<10an + 1), $n = Z N
=0

1.2 Main results
The goal in this paper is to estimate the cover time defined by
T7°°(T) = inf{t : {X,,(5),0<s <t} =T,}.
The main result is

Theorem 1.1. Under (H), for Pow(:|S)-almost surely any tree T, with
x € R and n — oo, when A > m,
Tn) —e

—nlogm —logW <z
A oz G T T =
Tn>—>e_e :

when X\ = m,

P ( (m — )T
A\ 2mn 3T Z

—nlogm —logW <=z

when 1 <\ < m,

b (D0 T
v 2Wmntl

—x

—nlogm —logW <=z Tn) —e ¢

Remark 1.2. (1) The the same result holds for the discrete time random

walk with the same transition probabilities, since (X, (t))o<i<t, takes
to + O(\/to) steps, and the error is negligible for the cover time.
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(2) In fact, the conditions in Lemma 2.1 are the only requirements for T.
Therefore, the result applies to other (random) trees satisfying these
conditions, not necessarily the Galton-Watson trees.

(3) The A-biased case agrees with the case of the simple random walk (cf.
eg. [10]) in first order in the number of excursions (round trips from
& ) performed, for details see Remark 3.5.

(4) If one define the random walk on T instead of T,,, the relation of A and
m discussed in Theorem 1.1 correspond to whether the walk is transient,
positive recurrent, or null recurrent.

1.3 Related works

The cover time of a finite graph (by the simple random walk), 7°"(G), is
a fundamental object for a finite graph G = (V, E) (Section 2, Lovasz [19]).
For a simple graph G with |V| = n, a tight bound for its cover time was
given in Feige [15], [16]

(1 —o(1))nlogn < T(G) < 4n*/27.
Bounds using hitting time were given in Matthews [20],

: _ < COov <
max min H(u, v)(log(#FE) — 1) < T**(G) < max H(u,v)(1 +logn),
where H(u,v) is the expected time that the walk takes from u to v.
Up to the first order approximation, a general bound with Discrete Gaus-
sian Free Field (DGFF) was given in Ding, Lee and Peres [12], then improved
in Zhai [21],

P (|7°(G) ~ #EM?| = #E(/sRM + sR)) < Ce ™,

where M = E(max,ey 1;), R = max, yey Rer(2,y), (Nx)zev is a DGFF on G
(centered Gaussian variables such that Cov(n,,7n,) = Rex(x,v)), and Reg is
the effective resistance (cf. [3|, consider each edge as a wire of electrical re-
sistance 1, and take effective resistance in the physics sense, following Ohm’s
law).

Sharper results can be obtained if one restricts to trees. The first order
estimate for the cover time of an m-ary trees was obtained in Aldous [2],

n+1
1 )
1 ogm

Te = (2 + o(1))n?



It is showed in Andreoletti and Debs [4] that, the first R, = (v + o(1)) logn
generations are covered in n steps, by a recurrent Markovian random walk
on the Galton-Watson tree, where v is an explicit constant.

The case of simple random walk on binary trees received extensive studies
recently, originally as a counterexample showing that at second order, the
cover time is no longer determined by the DGFF (cf. [13]). Second order
asymptotics with error O(loglog®n) were given in Ding and Zeitouni [13],
then refined to O(1) in Belius, Rosen and Zeitouni [6], and a scaling limit
was established independently by Cortines, Louidor and Saglietti [8] and
Dembo, Rosen and Zeitouni [10],

P (ernTn —nlog2+logn < s) = Eexp (—C’Ze_s) ,
for some explicit constant C' and distribution Z.

In the studies of the cover time, the continuous counterpart for trees is
the two-dimensional torus. The first order estimate of its cover time was
determined by Dembo, Peres, Rosen and Zeitouni [9], then the result was
improved in Ding [11], Belius and Kistler [5], Abe [1], and most recently
studied by Belius, Rosen and Zeitouni |7] to the extent that

1
im limsupP (‘ Teov(S2) — 22 <log el — 2 log log 61)

|
K—oo 0

>K):0,

where T°?(5?) is the time for the walk to intersect every ball of radius € on
the 2-dimensional sphere.

1.4 Proof outline

The cover time is determined by the excursion time and local times de-
fined as follows.

Definition 1.3. Let T be an infinite tree, and let (X, (t))i>0 be a random
walk on T,,.

(1) The excursion time is denoted by

Tncov

(2) To establish the relation between t& and TSV | let

7,,(t) = inf {r >0: / Ly, (s=5ds = t} :
0
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(3) The (normalized) local time at x € Tn\{%} is

1 Tn (t)
Li(t) = /0 1ix,(s)=x}ds,

()
where the normalization factor

At

<
= S @ € T\{B),

()

is the stationary distribution of the A-biased walk scaled at Wn(%) =1.

Intuitively, the walk (X, (¢)) can b<e_ seen as independent samples of ran-
dom walks that starts and ends at @. FEach of these trials is called an
excursion. Then £ is the number of excursions performed to cover the tree
T,, 7.(t) is the actual time spent in ¢ excursions, and L (¢) encodes the
status of z in ¢t excursions. From these definitions, we have

Ta(ty") < T < EE%IJF T, (87 + €)

Tal(t) = ) mal@) L (1)

IETW,

(1.2)

In fact, it is not hard to determine L7 (Lemma 2.3) and 7,, (Lemma 4.1),
and the main part of the proof is to estimate t°’. The key observation is
that, when the tree is almost covered (at the first order estimate of the cover
time), the non-visited vertices can be seen as independent. (This is inspired
by the extremal landscape structure in [8], see Remark 3.5 (1) for details.)
The scaling limit of the cover time is then established by characterizing the
process afterwards.

The paper is organized as follows. In Section 2, we give the regularity
conditions on trees and determine the distribution of local times L¥. In
Section 3, we establish the scaling limit for 5. And in Section 4, we estimate
Tr°v by studying 7,,, and finish the proof of Theorem 1.1.



2 Preliminaries

2.1 The trees

Lemma 2.1. Let ¢c,e > 0. Under (H), for Paw(:|S)-almost surely any tree
T, when n is large enough,

=0
| Z, — m"W| < m™?logn, (2.4)

S (@< (2.5)

|z|=n—clogn

Proof. By (1.1), Paw(:|S)-almost surely, W € (0, c0). Therefore, there exists
a constant C' > 1 (depending on T') such that for all n > 0,

1
—Wm" < Z, < CWm".
C
(There are only finitely many n violating this relation with C' = 2, take the
maximum constant among these n.) One can then deduce (2.3).
Moreover, by Theorem 2, [17]: Pow(-|S)-almost surely,

I Ly —m""W 2Varp
iImsup | —=——=_=1/
n—)oop VZ,logn m2 —m’

where we recall that p is the offspring distribution of Paw.
Therefore one can take n large enough such that

| Zy —m"W| </ Z,logn < /OWmnlogn,

and (2.4) follows.
By standard calculations,

"—1
EGWZn = mn’ VarGW(Zn) = mnilm—lvar:u S) m2n7
m J—
therefore, for n large enough,
< EGW(Z\x|:nfclogn(ZraL;)2|S)

m+en

Pow Z (erL)Q > m(1+e)n S
|z|=n—clogn

EGW(Zn—clogn)mQClogn
m1+en

/AR YA



and (2.5) follows from the union bound,

Pow [In>N, Y (22 >mins | <Y m T .

|z|=n—clogn n>N

We remark that Z|$|:n_T(Zﬁ)2 is monotone increasing in r, therefore, the
event (2.5) is decreasing in r, and once it is valid for clogn, it is valid for all
0 < r < clogn simultaneously. O

2.2 The local times
Definition 2.2. Let T be a tree.

(1) The effective resistance (for the A-biased walk) between x,y € T is

E /‘ z
Reff(xay): >\‘ l
(%)
on the simple path
from x toy

(2) The effective resistance between % and any vertex at gemeration n is

abbreviated as .

Un_—)\—l .

(3) Fora,b> 0, let PG(a,b) be the distribution of Zf; E;, where P and E;
are independent random variables such that P ~ Poisson(a) has Pois-
son distribution of expected value a, and E; ~ Exp(b) has exponential

distribution of expected value %

The following lemma characterizes local times.

Lemma 2.3. On any infinite tree T, let x,y € T, such that y < x (i.e. y is
a strict ancestor of x), let s,t > 0. Then under Py (-|T,),

t 1
L (t) ~PG | —, —
n() <0_2’02>’

lz| 7|z

<Lz<t>|Lz<t>=s>~Pc< RN )
Tla| = Ty 9

2
-0
|| |yl



Proof. By the memoryless property of the exponential distribution (if X ~

Exp(1), then (X —¢|X > ¢) < X), L¥(t) is only affected by local times on the
ray from 7 to x, independent of movements on other branches or offspring
of x.

By knowledge of reversible Markov chains (cf. eg. (3.24), p.69, |3], it can
be easily checked that R.g defined in Definition 2.2 do correspond to that of
a reversible Markov chain, since there is only one simple path between two
vertices),

_ +
Reﬂ(l’,y) - ﬂ—(I)Pﬂ?(Ty < Tz |TTL)7
where P, is the A-biased walk starting at z, 7, is the first hitting times of
y, ie. 7, = inf{t > 0, X,,(t) = y}, and 7 is the first returning time to x,

mF=1inf{t > 0, X,,(t) = z, X,,(s) Z z,0 < s < t}. In particular,
1

P, <7f|T,) = 5——.

(15 <7 |Ts) T

Up to excursion time ¢, there are Poisson(t¢) departures from %, and by
the equation above, each trip hits  independently with probability U%, thus
]

there are Poisson ( ! ) arrivals on . Upon arrival at x, the walk returns

o
|z|

to & in exponential time, with rate P,(rg < 77|T,,) = m
E

the total time spent at = has distribution PG (%, %) Recall that

et Oy ™ ()

. Therefore,

local times are normalized by %, and the result follows.
Conditioned at LY(t), the proof is similar. (Only to notice that the local
times at both x,y are normalized.) O

Lemma 2.4. Let a,b > 0, let X ~ PG(a,b).

(1) The PG distribution has basic properties

2a

bX ~ PG(a, 1), E(X) = 7, Var(X) = I,

; P(X =0)=¢"

(2) If a > b, then
P(X < 1) < ¢2Vabab,
Proof. (1) is clear by definition. For (2), by Chernoff bounds, for any 6 > 0,
P(X <1)=P (e > e

0 > ak 6 -k 0 0
<e Ze H(ljtg) = e’
k=0



and the result follows by choosing 6 = v/ab — b. m

2.3 Ray-Knight Theorem

Definition 2.5. A Discrete Gaussian Free Field (DGFF) on a tree T is a
family of random variables (1, )zer such that ng =0, (n.),,.& are centered
Gaussian variables with (both the effective resistance and the DGFF can be

defined up to any scale, the factor % is taken in accordance to [8])

1
E(nz - ny)2 = §Reff(~r’y)'

Remark 2.6. Since we have explicit relative resistances, if we attach an

independent Gaussian variable N, ~ N <0, %) at each vertex y € T\{%},

and let n, = Zyjz Ny, then (1;)zet s a DGFF on T.

Theorem 2.7. (Second Ray-Knight theorem, [14]) For any infinite tree T,
let (nz)zeT be a DGFF on T independent of Py (-|T,). For anyt >0,

{LEt)+n:zeT,} < {(77:5+\/z)2:x € Tn}.

In fact, Remark 2.6 indicates a direct proof of this theorem by induction.

Lemma 2.8. Let (1);)zeT be a DGFF on a tree T, let n > 0 and p € R such
that
Zn >0, log Z, +p >0,

we have

—n
P(maxnx>crn\/loan+,u) < ¢ .
jz|=n 2y/n(log Z,, + 1)
Proof. We first recall the Gaussian tail estimate for z > 0 and X ~ N(0,1),
67x2/2 o0 —a?/2

V2m Jo

Then by the union bound, when log Z,, + u > 0,

P ( Vlog Z ) P ¢
maxn, > o,\/log Z,, + < Z, = .
|z|=n ! s a 2/m(log Z, + )  2v/w(log Z, + p)

O

e

x\/27r'

e Yy =

1 o 2
]PJ(X > $) = \/_2_7T/0 e~ (y+a) /2dy <

10



3 Excursion time

As showed in the proof outline, the excursion time t2°” is compared to the
quantity
th = o (log Z,, + ), (3.6)
where we recall that
)\n+1 -1
I
" A—1
To start with, we show that the first n—clog n layers have negligible influences
in terms of local times.

g

Lemma 3.1. Let ¢ > %, 1w € R, and T be an infinite tree satisfying

the conditions in Lemma 2.1. For n — oo, with probability 1 — o(1) under
PW(’TTL)7
Ly (th) — th

2
On

L

Vvn
Proof. Let (n,) be a DGFF on T independent of Py, (:|T,,). Denote the joint
law of the DGFF and Py(:|T,) by P(:|T,,) in this proof.

It is guaranteed by Lemma 2.1 that log Z,, + ¢ > 0 for n large enough.
Then one can apply Lemma 2.8,

max
|z|=n—clogn

P ( max |9, < an_clogn\/log Zn—clogn + M‘Tn) =1-o0(1).

|z|=n—clogn

Moreover, by Theorem 2.7,

P(l ‘ max VLA (th) +n2 — Vith
z|=n—clogn

Thus with probability 1 — o(1), for n large enough,

S Un—clogn\/log Zn—clogn + M

Tn) —1-0(1).

max |L*(t}) — ]
|z|=n—clogn
(VI + = Vi) (VI + 2+ Vi) = n?
2
VI () + 02—Vt
+ 2 tﬁl _tnax Le(th) + 2 — /th
r|=n—clogn

< 02N B2 (log 7, + 1) S oZn V2,

== max
|z|=n—clogn

< max
|z|=n—clogn

+ o max 7]
|z|=n—clogn

where the last line follows from Lemma 2.1 and the condition ¢ > 102 yOA

11



Now we present the key observation that, non-visited vertices up to time
t# have distinct ancestors at generation n — clogn.

Lemma 3.2. Let ¢ > %, 1w € R, and T be an infinite tree satisfying the
conditions in Lemma 2.1. There exists € > 0 such that

max Py (ng(tﬁ> = sz(ﬁi) =0 ‘ (Li(#ri))lw\:n—clogna Tn) =0 (erliﬁ) )
\y/TZ‘\ert‘fclog;H,
y|=lzl=n,y#2

uniformly in any choices of local times at generation n— clogn satisfying the
conditions in Lemma 3.1.

Proof. For simplicity, the conditional probability P, ( |(L2 (1)) |2|=n—clogn Tn)
is abbreviated as Py (-|R,,), and we write L* for the local time LZ(t#).

Let 6 > 0. Fix two vertices y, z at generation n of T,,, such that they have
common ancestor w = y A z after generation n — clogn. Let |w| =n—s >
n —clogn+ 1, and denote by = the ancestor of w with |z| = n —logn. Then

P, (LY=L =0|R,)
<P, (LY=L*=0,L"Y>25th|R,) + Py, (LY < 20t" | R,)
=P, (L*=0|LY=0,L" > 26t! R,) Py, (LY =0,L" > 2§th | R,) + Py, (L < 20tt | R,)
=P, (L*=0|L"Y>26th, R,) Py (LY = 0,L" > 26t | R,) + Py, (L* < 20t% | R,,)
<P, (L*=0|LY=26th R, Py (LY =0|R,) + Py (LY < 2§th| R,) .
By Lemma 3.1, for n large enough we have
L > (1—0)th

moreover, by Lemma 2.3,

L 1
(L) 2P0 | |
On—s — Op—clogn %n-s ~ In—clogn

where denominator above is bounded by

A—1, 9
< _

)\ O—TL s — U —S8 g

Therefore, for local times of the generation n — clogn satisfying Lemma 3.1

and for n large enough,
Rn)

<J <J

2
n—s—1 —s " Op—clogn = —s°

P, (LY < 26th | R,)

L* 1
=P, PG| - 2 < 20},
Opn—s = Op— clogn On—s = Op— clogn
1— I
<p (e (0520 M 20) <o)
On—s

f,\(\/ﬂﬂ /267](A—1) ) (log Zu +11)

12



where the notation P(PG(a,b) < x) stands for the probability that a random
variable distribution as PG(a, b) is smaller than z, and the last line is due to
Lemma 2.4.

Similarly, study (L*|L") and (LY|L*) by Lemma 2.3, for n large enough,

P, (L* = 0|L" = 26t", R,) Py (LY = 0| R,,)

__2oth L® 25tk (1-8)tk
= e 0%70%75 U%iaifclogn S e_ o'% - o',% — 67(1+6)(10gz’"«+p’)

To show that the two probabilities above are bounded by o (Z17¢), it
suffices to choose §, ¢ > 0 such that

2
A(VI=3- V0= TD) > 1+e
1+0>1+e¢,

(3.7)

which is always possible when A > 1. O]

The estimate above is enough to control the cover time of the n-th gener-
ation, however a Galton-Watson tree may have leaves in younger generations,
in other words, the walk visits all vertices in the n-th generation does not
guarantee that it covers T,. We treat leaves before the generation n — 1
separately.

Lemma 3.3. Let p € R, and let T be an infinite tree satisfying the conditions
in Lemma 2.1, then

P,(3z € T, |z| <n-—1,Li(th) = 0|T,) = o(1).

Proof. By Lemma 2.3 and Lemma 2.4 (1), each x € T,, with |z| <n —11is
not visited at excursion time ¢# with probability

Py (La(th) = 0[T,) = ¢ Tl < ¢ 2w e,
thus by the union bound,

P, (3z € Ty, x| <n — 1 LE(H) = 0|T,) < e Aes%t 3=

2| <n—1

n—1
— Moz 3 7
=0
and the conclusion follows from (2.3). O

13



Returning to the n-th generation, by Lemma 3.2, the non-visited vertices
are almost independent at excursion time t#. Intuitively, the time to cover
them is a binomial random variable of Z,,_ ;104 trials, converging to a Poisson
distribution. We conclude upon this intuition:

Proposition 3.4. Let p € R, and let T be an infinite tree satisfying the
conditions in Lemma 2.1, recall t# defined in (3.6), we have

#{|x| =n, LE(tF) = 0} KN Poisson(e ") under Py (:|T,), (3.8)
t
PW<U721 —nlogm—logWﬁu’Tn) —e ", (3.9)

Proof. Since both the conclusions allow a o(1) error, we may assume the
conditions in Lemma 3.1 at generation n — clogn for an arbitrarily fixed
c > %. For simplicity, recall the abbreviation Py (:|R,) in the proof of
Lemma 3.2, then it suffices replace Py (-|T,,) by Py(-|R,). Moreover, denote

by
FY = {]x| =n, Ly(t,) = 0}, B = {|z| =n — clogn + 1,#(T,; N F}) = 1},

the goal is to estimate F*, which is achieved by comparison to E*.
By Lemma 2.3, under P, (:|R,,), local times are distributed as

Lx(t,u> 1
LY(t4)|R,) ~ PG PER—
( n( n)’ ) (0‘% — U?z—clogn 0-721 - OZdogn)

for each pair of vertices

r <y, |r]| =n—clogn,|y| =n.

Therefore, by Lemma 3.1,

L (th)

E, (#F)|R,) = Z ¢ P Ticiogn 72

|z|=n—clogn

_ Z e—loan—;H-o(l)ZTal: — €_M+O(1),

|z|=n—clogn

Furthermore, by definition one has

0<#F!—#EL<2 > > Lyeersys

|z|=n—clogn+1 y,2€TF

14



where Ey, (14, .cpey|Rn) = O(ZE(HE)) by Lemma 3.2.
Therefore, by (2.5),

Ey (#Eﬁ ’ Rn) = EW(#FmRn) + EW(#EZ - #Fﬁan)

= et o [ Z- (49 Z (Z2)?
|z|=n—clogn+1
= e (1),
where € is the parameter in Lemma 3.2.

Moreover, conditioned on local times of layer n — clogn, the subtrees
(T%)|z|=n—clogn+1 are independent, thus for any ¢ > 0, the Laplace transform

of #E* is given by
R,)

B, (oo

R,)
|z|=n—clog n+1

= I (-(0-¢")PereE:|R))

|z|=n—clog n+1
_ H e—(l—e*9+o(1))Pw(azeE7‘{’Rn)
|z|=n—clog n+1
e—(1—e—9+o(1))Ew(#E¢: | Rn)

—(1—e—e—H
— e~ (1=e™)e ,

in other words
#E" 4 Poisson(e *).
Finally, by Lemma 3.2 and the union bound again, we have
P, (45! = #F4|R,) =1 o(1),
thus #F* has the same distributional limit as #E¥, completing the proof of
(3.82‘,'8 for (3.9), {tcv < t#} differs from {#F! = 0} by whether the leaves

of T, in early generations are covered, which is controlled in Lemma 3.3.
Therefore, by (3.8),

P, (t° < t'|R,) = Py (#F" =0|R,) +o(1) = e ",

then (3.9) follows from the asymptotic of t#,

”
— —nlogm —logW — p.
Un

15



Remark 3.5. (1) For the complete binary tree, we have m = 2. Take
A — 1, then Py (:|T,) converges to a simple random walk, our result
gives (non-rigorously)

" ~ n?log2 + O(n),

whereas the cover time on the binary tree of a simple random walk is

(cf. eg. [10])
" = n?log2 — nlogn + O(n).

Lack of the second order term nlogn is due to a difference in extremal
landscapes: recall the notations in the proof of Proposition 3.4, in the
case of a simple random walk [8], the set F* is approzimately identically
distributed clusters indexed by EY, whereas for the \-biased walk, these
clusters are single points instead.

(2) Following exactly the same structure of the proof, one can study the
mazimum of a DGFF (n,) (recall Definition 2.5),

1 —H
P (gﬁ};nz < an\/log Ly — §log10g Ly —|—,u) — exp (—26ﬁ> .

(3) Comparing the cover time to the mazimum of the corresponding DGFF,
as suggested in [12], [13], one has

n+1
i = 2 (mlogm + O(1)),
An+1 1
glli);ni =37 <nlogm— ilogn—i-O(l)) :

This difference in second order is due to different tails of Gaussian and
local time distributions. (Compare Lemma 2.4 (2) and Lemma 2.8.)

4 From excursion time to real time

Lemma 4.1. For any infinite tree T satisfying the conditions in Lemma 2.1,
let s, =>"" %, t >0, then

E, (7.(t)|T,) = E, (Z T () LE (1) Tn> = 2ts,, (4.10)
Varg (7a(t)|T,) = o (M;Si) | (4.11)

16



Proof. The expected value (4.10) is clear using the fundamental estimates
Ey(L*(t)|T,) =t and 32, Ve = Zi41. As for (4.11), for any z,y € Ty,
conditioned at L*"¥(t), local times L¥(t) and LY (t) are independent with the
same expected value L*"¥(t), thus by Lemma 2.4 (1),

xX X )\ €T
Covy (L (1), L4 (1)|T,,) = Vary (LEVY(1)|T,) = 2tof, ., < 2th' ol

)

= > w@)nly)Cova (L3(0) LY(H)T)

z,yeTy

A v v, V.U
<o lzAy|—|z|—|y] < Vo Vy Vg y>
_2t)\_1 E A 1+A+)\+)\2 :

then by (1.2),
Vary (7, (t)|Ty)

= Var, (Z m(x) L7 (t)

CL‘ETn

z,yeTy

where v, is the number of children for z € T,,.
Moreover,

AoAyl=lzl—lyl Ve _ 3 Azttt
)\ Y

=z

therefore the variance above is further bounded by

A
Vary (7, (£)|T,) < 8t \#Ayl—lel—lyl
ar (0 T,) < 812 3
z,y€Ty
Now it suffices to prove that

S ikl — A"sn
n

z,yc€Ty

Indeed, fix any ¢ > 0,

S Alnl=lel-ly

z,y€Typ
< Z )\nfclognf|w\f\y| + Z )\"*‘x|f‘y|
|[zAy|<n—clogn |[zAy|>n—clogn

2
< \—clogn (Z )\|$> + Z )\an(nfclogn)

z€T, |zAy|>n—clogn

A" 52
S n _|_>\2610gn—n 2 (Z§)27
nQ
|z|=n—clogn

17



where by (2.5) and definition of s,

)\2010g n—n Z (ZZ:)Q

|z|=n—clogn

S )\ZCIOg nfnziJre

n o2
S Achogn—n(sn)\n)l—i-g — 0 ()\ 8n> ‘
n
m
Proposition 4.2. Recall s,, from Lemma 4.1, and recall that o2 = )\n)\+_11_1

Under (H), for any p € R and Pgw(+|S)-almost surely any tree T,

P, ©— —nlogm —logW < p
25,02

Tn) —e ",
Proof. By Lemma 2.1,
log Z,, = nlogm + logW + o(1),

therefore it suffices to show that (rigorously speaking, one should prove the
following convergence for i =+ €, then take € — 0 to deduce the proposition),

TCO’U
P, (-2 —logZ, <

Tn) —e ",

In other words (recall t# defined in (3.6)), it suffices to prove that

cov "
- ( Tt

2 = 52
28,02 T o2

Tn) —e ",

By (1.2), for any a > 0,

Py (T < 25,8 T),) < Py(7,(t27) < 2s,th|T,,)
< P (57 < ¢4 T,)
+ Py (1507 > thHe |7, (t4FY) — 2tFF%s, | > 28, (t4H — )| T,,).

For the first term, by Proposition 3.4,
P, (1 < t'T,)) < (1 +o(1))e @ " ",
For the second term, by Chebyshev’s inequality and Lemma 4.1

P (t5 > thte |7, (tF) — 2tht s, | > 25, (HT* — t)|T,)
< PW(|Tn(tZ+a) - 2tz+a5n| > 23n(tz+a - tg)lTn)

Lyngpta
=0 (%) =a%0(1).

(tn" — th)?

18



Let a — 0+, we have

lim sup P, (T < 25,t*|T,) <e "

n—oo
Similarly, for any « > 0, and any §(«) > 0 small enough,

Py, (T < 25,t"|T,)
> Py (1, (577 + B) < 2s,th 15" < t47%|T,,)

=P, (t&° < th*|T,) — Py (1u (¢ + B) > 2, 15" < t47*|T,,)
_e Mo
— € .
m
Proof of Theorem 1.1. By Proposition 4.2, it suffices to estimate s,,.
For 1 < A < m, one can use (2.4) to show that
n i n/2 n i/2 1 n
m' o m m'“logn | m
W0 (G X ) <o (55
1=0 i=n/2
Therefore, s, can be replaced by (5§t — 1)_1%1/1/, and the conclusion follows.

For A > m, similarly, the difference between > :° f— and s,, is negligible,

Z; Z; m"
Zi =N L™
)\1 § Z )\z ( )\n >
=0 i=n+1
For A =m, s, = Z?:o Z; follows from its definition in Lemma 4.1. O
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