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On the cover time of λ-biased walk on
supercritical Galton-Watson trees

Tianyi Bai∗

Abstract

In this paper, we study the time required for a λ-biased (λ > 1)
walk to visit all the vertices of a supercritical Galton-Watson tree up
to generation n. Inspired by the extremal landscape approach in [8]
for the simple random walk on binary trees, we establish the scaling
limit of the cover time in the biased setting.

1 Introduction

1.1 The model

A planar tree T is a subset of ∪n≥0Nn
+ such that

• The root ∅ is in T, where by convention, N0
+ = {∅}.

• For every vertex x = (x1, · · · , xn) ∈ T, its parent

←−x = (x1, · · · , xn−1) ∈ T.

• There exists an integer νx(T) ≥ 0 representing the number of children
of x, i.e., for every j ∈ N+,

(x1, · · · , xn, j) ∈ T if and only if 1 ≤ j ≤ νx(T).

For x ∈ T, denote by |x| = n its height. For two vertices x, y ∈ T, write
x � y if x is on the simple path from ∅ to y. Denote by z = x∧y the common
ancestor, i.e. the vertex with maximum height |z| such that z � x, y. Denote
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the tree T chopped at height n by Tn = {x ∈ T, |x| ≤ n} (in Tn, νx = 0 if
|x| = n), and the population in generation n by Zn =

∑
x∈T 1|x|=n. Denote

the subtree of T rooted at x by Tx = {y ∈ T, x � y}, and the population in
the n-th generation of Tx by Zx

n =
∑

y∈Tx 1|y|=n. For convenience of further
usage (local time related calculations), an artificial root ←−∅ with height −1
is added to be the parent of ∅.

For any fixed probability distribution µ = (µn)n∈N, the Galton-Watson
tree with offspring distribution µ is a measure PGW on the set of planar
trees, such that all the vertices have children distributed identically and
independently as µ, i.e.

νx
iid∼ µ,∀x 6=←−∅ .

The expectation under this probability measure is denoted by EGW.
Let m =

∑∞
i=0 iµi denote the average number of children for a vertex

(except ←−∅), then there is a standard result on Galton-Watson trees which
states that, ifm > 1 (so-called supercritical), then the tree extends to infinity
with a positive probability. In other words, denote by S the event that a
Galton-Watson tree survives, {T : Zn(T) > 0,∀n ≥ 0}, then PGW(S) > 0
for m > 1. To study the asymptotic behavior of the cover time, we study the
first n generations of a supercritical Galton-Watson tree under the conditional
probability measure PGW(·|S).

By the Kesten-Stigum theorem (cf. [18]), ( Zn
mn

)n≥0 is a martingale, and
that it converges to a nontrivial limit PGW(·|S)-almost surely,

W := lim
n→∞

Zn
mn
∈ (0,∞), (1.1)

when EGW(Z1 logZ1) =
∑

k≥1 k log kµk <∞.
Given a surviving tree T and fix n > 0, let (Xn(t))t≥0 be a continuous

time Markov jump process on Tn starting at Xn(0) =
←−∅ , with transition

rates p(←−∅ ,∅) = 1,

p(x,←−x ) = λ

λ+ νx
, p(x, x(i)) =

1

λ+ νx
,∀x ∈ Tn\{

←−∅}, 1 ≤ i ≤ νx.

The probability measure for this random walk is denoted by Pw(·|Tn), and
its corresponding expectation by Ew(·|Tn). In fact, it is more natural to call
the discrete walk λ-biased random walk, and the results for both settings are
the same, see Remark 1.2 (1).

We shall work under the following hypotheses denoted by (H),

λ > 1, m > 1,
∑
k≥0

k2µk <∞.
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Conventions:

(1) The probability of a generic law independent of the constructions above
is denoted by P, with its expectation E.

(2) When an integer index is needed in the presence of a real value, we
mean its integral part, for instance, we write Zlogn for Z[logn].

(3) We write f . g, if there exists a constant C > 0 such that f ≤ Cg.
This constant may depend on parameters m and λ.

(4) All the O(·), o(·) notations are under the limit n→∞.

(5) For convenience of the readers, notations used throughout the paper
are gathered here:

σn =

√
λn+1 − 1

λ− 1
, tµn = σ2

n(logZn + µ), sn =
n∑
i=0

Zi
λi
.

1.2 Main results

The goal in this paper is to estimate the cover time defined by

T covn (T) = inf {t : {Xn(s), 0 ≤ s ≤ t} = Tn} .

The main result is

Theorem 1.1. Under (H), for PGW(·|S)-almost surely any tree T, with
x ∈ R and n→∞, when λ > m,

Pw

(
(λ− 1)T covn

2λn+1
∑∞

i=0
Zi
λi

− n logm− logW ≤ x

∣∣∣∣∣Tn

)
→ e−e

−x
;

when λ = m,

Pw

(
(m− 1)T covn

2mn+1
∑n

i=0 Zi
− n logm− logW ≤ x

∣∣∣∣Tn

)
→ e−e

−x
;

when 1 < λ < m,

Pw

(
(m
λ
− 1)(λ− 1)T covn

2Wmn+1
− n logm− logW ≤ x

∣∣∣∣Tn

)
→ e−e

−x
.

Remark 1.2. (1) The the same result holds for the discrete time random
walk with the same transition probabilities, since (Xn(t))0≤t≤t0 takes
t0 +O(

√
t0) steps, and the error is negligible for the cover time.
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(2) In fact, the conditions in Lemma 2.1 are the only requirements for T.
Therefore, the result applies to other (random) trees satisfying these
conditions, not necessarily the Galton-Watson trees.

(3) The λ-biased case agrees with the case of the simple random walk (cf.
eg. [10]) in first order in the number of excursions (round trips from←−∅) performed, for details see Remark 3.5.

(4) If one define the random walk on T instead of Tn, the relation of λ and
m discussed in Theorem 1.1 correspond to whether the walk is transient,
positive recurrent, or null recurrent.

1.3 Related works

The cover time of a finite graph (by the simple random walk), T cov(G), is
a fundamental object for a finite graph G = (V,E) (Section 2, Lovász [19]).
For a simple graph G with |V | = n, a tight bound for its cover time was
given in Feige [15], [16]

(1− o(1))n log n ≤ T cov(G) ≤ 4n3/27.

Bounds using hitting time were given in Matthews [20],

max
S⊆G

min
u,v∈S

H(u, v)(log(#E)− 1) ≤ T cov(G) ≤ max
u,v∈G

H(u, v)(1 + log n),

where H(u, v) is the expected time that the walk takes from u to v.
Up to the first order approximation, a general bound with Discrete Gaus-

sian Free Field (DGFF) was given in Ding, Lee and Peres [12], then improved
in Zhai [21],

P
(∣∣T cov(G)−#EM2

∣∣ ≥ #E(
√
sRM + sR)

)
≤ Ce−cs,

where M = E(maxx∈V ηx), R = maxx,y∈V Reff(x, y), (ηx)x∈V is a DGFF on G
(centered Gaussian variables such that Cov(ηx, ηy) = Reff(x, y)), and Reff is
the effective resistance (cf. [3], consider each edge as a wire of electrical re-
sistance 1, and take effective resistance in the physics sense, following Ohm’s
law).

Sharper results can be obtained if one restricts to trees. The first order
estimate for the cover time of an m-ary trees was obtained in Aldous [2],

T covn = (2 + o(1))n2 m
n+1

m− 1
logm.
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It is showed in Andreoletti and Debs [4] that, the first Rn = (γ + o(1)) log n
generations are covered in n steps, by a recurrent Markovian random walk
on the Galton-Watson tree, where γ is an explicit constant.

The case of simple random walk on binary trees received extensive studies
recently, originally as a counterexample showing that at second order, the
cover time is no longer determined by the DGFF (cf. [13]). Second order
asymptotics with error O(log log8 n) were given in Ding and Zeitouni [13],
then refined to O(1) in Belius, Rosen and Zeitouni [6], and a scaling limit
was established independently by Cortines, Louidor and Saglietti [8] and
Dembo, Rosen and Zeitouni [10],

P
(
T covn

2n+1n
− n log 2 + log n ≤ s

)
= E exp

(
−CZe−s

)
,

for some explicit constant C and distribution Z.
In the studies of the cover time, the continuous counterpart for trees is

the two-dimensional torus. The first order estimate of its cover time was
determined by Dembo, Peres, Rosen and Zeitouni [9], then the result was
improved in Ding [11], Belius and Kistler [5], Abe [1], and most recently
studied by Belius, Rosen and Zeitouni [7] to the extent that

lim
K→∞

lim sup
ε→0

P
(∣∣∣∣√T cov(S2)− 2

√
2

(
log ε−1 − 1

4
log log ε−1

)∣∣∣∣ > K

)
= 0,

where T covε (S2) is the time for the walk to intersect every ball of radius ε on
the 2-dimensional sphere.

1.4 Proof outline

The cover time is determined by the excursion time and local times de-
fined as follows.

Definition 1.3. Let T be an infinite tree, and let (Xn(t))t≥0 be a random
walk on Tn.

(1) The excursion time is denoted by

tcovn =

∫ T covn

0

1{Xn(s)=
←−∅}ds.

(2) To establish the relation between tcovn and T covn , let

τn(t) = inf

{
r > 0 :

∫ r

0

1{Xn(s)=
←−∅}ds ≥ t

}
.
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(3) The (normalized) local time at x ∈ Tn\{
←−∅} is

Lxn(t) =
1

πn(x)

∫ τn(t)

0

1{Xn(s)=x}ds,

where the normalization factor

πn(x) =
λ+ νx
λ|x|+1

, x ∈ Tn\{
←−∅},

is the stationary distribution of the λ-biased walk scaled at πn(
←−∅) = 1.

Intuitively, the walk (Xn(t)) can be seen as independent samples of ran-
dom walks that starts and ends at ←−∅ . Each of these trials is called an
excursion. Then tcovn is the number of excursions performed to cover the tree
Tn, τn(t) is the actual time spent in t excursions, and Lxn(t) encodes the
status of x in t excursions. From these definitions, we have

τn(t
cov
n ) ≤ T covn ≤ lim

ε→0+
τn(t

cov
n + ε)

τn(t) =
∑
x∈Tn

πn(x)L
x
n(t).

(1.2)

In fact, it is not hard to determine Lxt (Lemma 2.3) and τn (Lemma 4.1),
and the main part of the proof is to estimate tcovn . The key observation is
that, when the tree is almost covered (at the first order estimate of the cover
time), the non-visited vertices can be seen as independent. (This is inspired
by the extremal landscape structure in [8], see Remark 3.5 (1) for details.)
The scaling limit of the cover time is then established by characterizing the
process afterwards.

The paper is organized as follows. In Section 2, we give the regularity
conditions on trees and determine the distribution of local times Lxn. In
Section 3, we establish the scaling limit for tcovn . And in Section 4, we estimate
T covn by studying τn, and finish the proof of Theorem 1.1.
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2 Preliminaries

2.1 The trees

Lemma 2.1. Let c, ε > 0. Under (H), for PGW(·|S)-almost surely any tree
T, when n is large enough,

n∑
i=0

Zi . Zn, (2.3)

|Zn −mnW | ≤ mn/2 log n, (2.4)∑
|x|=n−c logn

(Zx
n)

2 ≤ Z1+ε
n . (2.5)

Proof. By (1.1), PGW(·|S)-almost surely,W ∈ (0,∞). Therefore, there exists
a constant C > 1 (depending on T) such that for all n ≥ 0,

1

C
Wmn < Zn < CWmn.

(There are only finitely many n violating this relation with C = 2, take the
maximum constant among these n.) One can then deduce (2.3).

Moreover, by Theorem 2, [17]: PGW(·|S)-almost surely,

lim sup
n→∞

∣∣∣∣Zn −mnW√
Zn log n

∣∣∣∣ =
√

2Varµ

m2 −m
,

where we recall that µ is the offspring distribution of PGW.
Therefore one can take n large enough such that

|Zn −mnW | .
√
Zn log n ≤

√
CWmn log n,

and (2.4) follows.
By standard calculations,

EGWZn = mn,VarGW(Zn) = mn−1m
n − 1

m− 1
Varµ . m2n,

therefore, for n large enough,

PGW

 ∑
|x|=n−c logn

(Zx
n)

2 > m(1+ε)n

∣∣∣∣∣∣S
 ≤ EGW(

∑
|x|=n−c logn(Z

x
n)

2|S)
m(1+ε)n

.
EGW(Zn−c logn)m

2c logn

m(1+ε)n

. m−
εn
2 ,
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and (2.5) follows from the union bound,

PGW

∃n > N,
∑

|x|=n−c logn

(Zx
n)

2 > m(1+ε)n

∣∣∣∣∣∣S
 .

∑
n>N

m−
εn
2
N→∞−→ 0.

We remark that
∑
|x|=n−r(Z

x
n)

2 is monotone increasing in r, therefore, the
event (2.5) is decreasing in r, and once it is valid for c log n, it is valid for all
0 ≤ r ≤ c log n simultaneously.

2.2 The local times

Definition 2.2. Let T be a tree.

(1) The effective resistance (for the λ-biased walk) between x, y ∈ T is

Reff(x, y) =
∑
(z,←−z )

on the simple path
from x to y

λ|z|.

(2) The effective resistance between ←−∅ and any vertex at generation n is
abbreviated as

σ2
n =

λn+1 − 1

λ− 1
.

(3) For a, b > 0, let PG(a, b) be the distribution of
∑P

i=1 Ei, where P and Ei
are independent random variables such that P ∼ Poisson(a) has Pois-
son distribution of expected value a, and Ei ∼ Exp(b) has exponential
distribution of expected value 1

b
.

The following lemma characterizes local times.

Lemma 2.3. On any infinite tree T, let x, y ∈ Tn such that y ≺ x (i.e. y is
a strict ancestor of x), let s, t > 0. Then under Pw(·|Tn),

Lxn(t) ∼ PG

(
t

σ2
|x|
,
1

σ2
|x|

)
,

(Lxn(t)|Lyn(t) = s) ∼ PG

(
s

σ2
|x| − σ2

|y|
,

1

σ2
|x| − σ2

|y|

)
.
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Proof. By the memoryless property of the exponential distribution (if X ∼
Exp(1), then (X−c|X > c)

d
= X), Lxn(t) is only affected by local times on the

ray from ←−∅ to x, independent of movements on other branches or offspring
of x.

By knowledge of reversible Markov chains (cf. eg. (3.24), p.69, [3], it can
be easily checked that Reff defined in Definition 2.2 do correspond to that of
a reversible Markov chain, since there is only one simple path between two
vertices),

1

Reff(x, y)
= π(x)Px(τy < τ+

x |Tn),

where Px is the λ-biased walk starting at x, τy is the first hitting times of
y, i.e. τy = inf{t > 0, Xn(t) = y}, and τ+

x is the first returning time to x,
τ+
x = inf{t > 0, Xn(t) = x,Xn(s) 6≡ x, 0 ≤ s ≤ t}. In particular,

Px(τ←−∅ < τ+
x |Tn) =

1

σ2
|x|πn(x)

.

Up to excursion time t, there are Poisson(t) departures from ←−∅ , and by
the equation above, each trip hits x independently with probability 1

σ2
|x|
, thus

there are Poisson

(
t
σ2
|x|

)
arrivals on x. Upon arrival at x, the walk returns

to ←−∅ in exponential time, with rate Px(τ←−∅ < τ+
x |Tn) =

1
σ2
|x|πn(x)

. Therefore,

the total time spent at x has distribution PG

(
t
σ2
|x|
, 1
σ2
|x|πn(x)

)
. Recall that

local times are normalized by 1
πn
, and the result follows.

Conditioned at Lyn(t), the proof is similar. (Only to notice that the local
times at both x, y are normalized.)

Lemma 2.4. Let a, b > 0, let X ∼ PG(a, b).

(1) The PG distribution has basic properties

bX ∼ PG(a, 1), E(X) =
a

b
, Var(X) =

2a

b2
, P(X = 0) = e−a.

(2) If a > b, then
P(X ≤ 1) ≤ e2

√
ab−a−b.

Proof. (1) is clear by definition. For (2), by Chernoff bounds, for any θ > 0,

P(X ≤ 1) = P
(
e−θX ≥ e−θ

)
≤ eθ

∞∑
k=0

e−a
ak

k!

(
1 +

θ

b

)−k
= eθ−

θ
b+θ

a,
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and the result follows by choosing θ =
√
ab− b.

2.3 Ray-Knight Theorem

Definition 2.5. A Discrete Gaussian Free Field (DGFF) on a tree T is a
family of random variables (ηx)x∈T such that η←−∅ = 0, (ηx)x6=←−∅ are centered
Gaussian variables with (both the effective resistance and the DGFF can be
defined up to any scale, the factor 1

2
is taken in accordance to [8])

E(ηx − ηy)2 =
1

2
Reff(x, y).

Remark 2.6. Since we have explicit relative resistances, if we attach an
independent Gaussian variable Ny ∼ N

(
0, λ

|y|

2

)
at each vertex y ∈ T\{←−∅},

and let ηx =
∑

y�xNy, then (ηx)x∈T is a DGFF on T.

Theorem 2.7. (Second Ray-Knight theorem, [14]) For any infinite tree T,
let (ηx)x∈T be a DGFF on T independent of Pw(·|Tn). For any t > 0,{

Lxn(t) + η2
x : x ∈ Tn

} d
=
{
(ηx +

√
t)2 : x ∈ Tn

}
.

In fact, Remark 2.6 indicates a direct proof of this theorem by induction.

Lemma 2.8. Let (ηx)x∈T be a DGFF on a tree T, let n ≥ 0 and µ ∈ R such
that

Zn > 0, logZn + µ > 0,

we have

P
(
max
|x|=n

ηx > σn
√
logZn + µ

)
≤ e−µ

2
√
π(logZn + µ)

.

Proof. We first recall the Gaussian tail estimate for x > 0 and X ∼ N (0, 1),

P(X > x) =
1√
2π

∫ ∞
0

e−(y+x)2/2dy ≤ e−x
2/2

√
2π

∫ ∞
0

e−xydy =
e−x

2/2

x
√
2π
.

Then by the union bound, when logZn + µ > 0,

P
(
max
|x|=n

ηx > σn
√
logZn + µ

)
≤ Zn

e−(logZn+µ)

2
√
π(logZn + µ)

=
e−µ

2
√
π(logZn + µ)

.
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3 Excursion time
As showed in the proof outline, the excursion time tcovn is compared to the

quantity
tµn = σ2

n(logZn + µ), (3.6)

where we recall that
σ2
n =

λn+1 − 1

λ− 1
.

To start with, we show that the first n−c log n layers have negligible influences
in terms of local times.

Lemma 3.1. Let c > 3
log λ

, µ ∈ R, and T be an infinite tree satisfying
the conditions in Lemma 2.1. For n → ∞, with probability 1 − o(1) under
Pw(·|Tn),

max
|x|=n−c logn

∣∣∣∣Lxn(tµn)− tµnσ2
n

∣∣∣∣ . 1√
n
.

Proof. Let (ηx) be a DGFF on T independent of Pw(·|Tn). Denote the joint
law of the DGFF and Pw(·|Tn) by P(·|Tn) in this proof.

It is guaranteed by Lemma 2.1 that logZn + µ > 0 for n large enough.
Then one can apply Lemma 2.8,

P
(

max
|x|=n−c logn

|ηx| ≤ σn−c logn

√
logZn−c logn + µ

∣∣∣∣Tn

)
= 1− o(1).

Moreover, by Theorem 2.7,

P
(

max
|x|=n−c logn

∣∣∣√Lx(tµn) + η2
x −

√
tµn

∣∣∣ ≤ σn−c logn

√
logZn−c logn + µ

∣∣∣∣Tn

)
= 1−o(1).

Thus with probability 1− o(1), for n large enough,

max
|x|=n−c logn

|Lx(tµn)− tµn|

= max
|x|=n−c logn

∣∣∣(√Lx(tµn) + η2
x −

√
tµn
)(√

Lx(tµn) + η2
x +

√
tµn
)
− η2

x

∣∣∣
≤ max
|x|=n−c logn

∣∣∣√Lx(tµn) + η2
x −

√
tµn

∣∣∣2
+ 2
√
tµn max
|x|=n−c logn

∣∣∣√Lx(tµn) + η2
x −

√
tµn

∣∣∣+ max
|x|=n−c logn

|ηx|

. σ2
nλ
−c logn/2 (logZn + µ) . σ2

nn
−1/2,

where the last line follows from Lemma 2.1 and the condition c > 3
log λ

.
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Now we present the key observation that, non-visited vertices up to time
tµn have distinct ancestors at generation n− c log n.
Lemma 3.2. Let c > 3

log λ
, µ ∈ R, and T be an infinite tree satisfying the

conditions in Lemma 2.1. There exists ε > 0 such that

max
|y∧z|≥n−c logn+1,
|y|=|z|=n,y 6=z

Pw

(
Lyn(t

µ
n) = Lzn(t

µ
n) = 0

∣∣ (Lxn(tµn))|x|=n−c logn,Tn

)
= o

(
Z−1−ε
n

)
,

uniformly in any choices of local times at generation n−c log n satisfying the
conditions in Lemma 3.1.
Proof. For simplicity, the conditional probabilityPw

(
·|(Lxn(tµn))|x|=n−c logn,Tn

)
is abbreviated as Pw(·|Rn), and we write Lx for the local time Lxn(tµn).

Let δ > 0. Fix two vertices y, z at generation n of Tn, such that they have
common ancestor w = y ∧ z after generation n− c log n. Let |w| = n− s ≥
n− c log n+1, and denote by x the ancestor of w with |x| = n− log n. Then

Pw (Ly = Lz = 0 |Rn)

≤ Pw (Ly = Lz = 0, Lw ≥ 2δtµn |Rn) +Pw (Lw < 2δtµn |Rn)

= Pw (Lz = 0 |Ly = 0, Lw ≥ 2δtµn, Rn)Pw (Ly = 0, Lw ≥ 2δtµn |Rn) +Pw (Lw < 2δtµn |Rn)

= Pw (Lz = 0 |Lw ≥ 2δtµn, Rn)Pw (Ly = 0, Lw ≥ 2δtµn |Rn) +Pw (Lw < 2δtµn |Rn)

≤ Pw (Lz = 0 |Lw = 2δtµn, Rn)Pw (Ly = 0 |Rn) +Pw (Lw < 2δtµn |Rn) .

By Lemma 3.1, for n large enough we have

Lx > (1− δ)tµn,
moreover, by Lemma 2.3,

(Lw|Lx) d
= PG

(
Lx

σ2
n−s − σ2

n−c logn

,
1

σ2
n−s − σ2

n−c logn

)
.

where denominator above is bounded by
λ− 1

λ
σ2
n−s ≤ σ2

n−s − σ2
n−s−1 ≤ σ2

n−s − σ2
n−c logn ≤ σ2

n−s.

Therefore, for local times of the generation n− c log n satisfying Lemma 3.1
and for n large enough,

Pw (Lw < 2δtµn |Rn)

= Pw

(
PG

(
Lx

σ2
n−s − σ2

n−c logn

,
1

σ2
n−s − σ2

n−c logn

)
< 2δtµn

∣∣∣∣∣Rn

)

≤ P
(
PG

(
(1− δ)tµn
σ2
n−s

,
λ/(λ− 1)

σ2
n−s

)
≤ 2δtµn

)
≤ e

−λ
(√

1−δ−
√

2δλ/(λ−1)
)2

(logZn+µ)
,

12



where the notation P(PG(a, b) ≤ x) stands for the probability that a random
variable distribution as PG(a, b) is smaller than x, and the last line is due to
Lemma 2.4.

Similarly, study (Lz|Lw) and (Ly|Lx) by Lemma 2.3, for n large enough,

Pw (Lz = 0 |Lw = 2δtµn, Rn)Pw (Ly = 0 |Rn)

= e
− 2δt

µ
n

σ2n−σ2n−s
− Lx

σ2n−σ2n−c logn ≤ e
− 2δt

µ
n

σ2n
− (1−δ)tµn

σ2n = e−(1+δ)(logZn+µ).

To show that the two probabilities above are bounded by o (Z−1−ε
n ), it

suffices to choose δ, ε > 0 such that

λ
(√

1− δ −
√

2δλ/(λ− 1)
)2

> 1 + ε,

1 + δ > 1 + ε,
(3.7)

which is always possible when λ > 1.

The estimate above is enough to control the cover time of the n-th gener-
ation, however a Galton-Watson tree may have leaves in younger generations,
in other words, the walk visits all vertices in the n-th generation does not
guarantee that it covers Tn. We treat leaves before the generation n − 1
separately.

Lemma 3.3. Let µ ∈ R, and let T be an infinite tree satisfying the conditions
in Lemma 2.1, then

Pw (∃x ∈ Tn, |x| ≤ n− 1, Lxn(t
µ
n) = 0|Tn) = o(1).

Proof. By Lemma 2.3 and Lemma 2.4 (1), each x ∈ Tn with |x| ≤ n − 1 is
not visited at excursion time tµn with probability

Pw(L
x
n(t

µ
n) = 0|Tn) = e−σ

−2
|x| t

µ
n ≤ e−λ(logZn+µ),

thus by the union bound,

Pw (∃x ∈ Tn, |x| ≤ n− 1, Lxn(t
µ
n) = 0|Tn) ≤ e−λ(logZn+µ)

∑
|x|≤n−1

1

= e−λ(logZn+µ)

n−1∑
i=0

Zi,

and the conclusion follows from (2.3).

13



Returning to the n-th generation, by Lemma 3.2, the non-visited vertices
are almost independent at excursion time tµn. Intuitively, the time to cover
them is a binomial random variable of Zn−c logn trials, converging to a Poisson
distribution. We conclude upon this intuition:

Proposition 3.4. Let µ ∈ R, and let T be an infinite tree satisfying the
conditions in Lemma 2.1, recall tµn defined in (3.6), we have

# {|x| = n, Lxn(t
µ
n) = 0} d→ Poisson(e−µ) under Pw(·|Tn), (3.8)

Pw

(
tcovn
σ2
n

− n logm− logW ≤ µ

∣∣∣∣Tn

)
→ e−e

−µ
. (3.9)

Proof. Since both the conclusions allow a o(1) error, we may assume the
conditions in Lemma 3.1 at generation n − c log n for an arbitrarily fixed
c > 3

log λ
. For simplicity, recall the abbreviation Pw(·|Rn) in the proof of

Lemma 3.2, then it suffices replace Pw(·|Tn) by Pw(·|Rn). Moreover, denote
by

F µ
n = {|x| = n, Lxn(t

µ
n) = 0} , Eµ

n = {|x| = n− c log n+ 1,#(Tx
n ∩ F µ

n ) = 1} ,

the goal is to estimate F µ
n , which is achieved by comparison to Eµ

n .
By Lemma 2.3, under Pw(·|Rn), local times are distributed as

(Lyn(t
µ
n)|Rn) ∼ PG

(
Lxn(t

µ
n)

σ2
n − σ2

n−c logn

,
1

σ2
n − σ2

n−c logn

)

for each pair of vertices

x ≺ y, |x| = n− c log n, |y| = n.

Therefore, by Lemma 3.1,

Ew (#F µ
n |Rn) =

∑
|x|=n−c logn

e
− Lxn(t

µ
n)

σ2n−σ2n−c lognZx
n

=
∑

|x|=n−c logn

e− logZn−µ+o(1)Zx
n = e−µ+o(1).

Furthermore, by definition one has

0 ≤ #F µ
n −#Eµ

n ≤ 2
∑

|x|=n−c logn+1

∑
y,z∈Txn

1{y,z∈Fµn },

14



where Ew(1{y,z∈Fµn }|Rn) = o(Z
−(1+ε)
n ) by Lemma 3.2.

Therefore, by (2.5),

Ew (#Eµ
n |Rn) = Ew(#F

µ
n |Rn) + Ew(#E

µ
n −#F µ

n |Rn)

= e−µ+o(1) + o

Z−(1+ε)
n

∑
|x|=n−c logn+1

(Zx
n)

2


= e−µ+o(1) + o(1),

where ε is the parameter in Lemma 3.2.
Moreover, conditioned on local times of layer n − c log n, the subtrees

(Tx)|x|=n−c logn+1 are independent, thus for any θ > 0, the Laplace transform
of #Eµ

n is given by

Ew

(
e−θ#E

µ
n

∣∣∣Rn

)
=

∏
|x|=n−c logn+1

Ew

(
e
−θ·1

x∈Eµn

∣∣∣Rn

)
=

∏
|x|=n−c logn+1

(
1−

(
1− e−θ

)
Pw (x ∈ Eµ

n |Rn)
)

=
∏

|x|=n−c logn+1

e−(1−e−θ+o(1))Pw(x∈Eµn|Rn)

= e−(1−e−θ+o(1))Ew(#Eµn |Rn) → e−(1−e−θ)e−µ ,

in other words
#Eµ

n
d→ Poisson(e−µ).

Finally, by Lemma 3.2 and the union bound again, we have

Pw (#Eµ
n = #F µ

n |Rn) = 1− o(1),

thus #F µ
n has the same distributional limit as #Eµ

n , completing the proof of
(3.8).

As for (3.9), {tcovn ≤ tµn} differs from {#F µ
n = 0} by whether the leaves

of Tn in early generations are covered, which is controlled in Lemma 3.3.
Therefore, by (3.8),

Pw (tcovn ≤ tµn|Rn) = Pw(#F
µ
n = 0|Rn) + o(1)→ e−e

−µ
,

then (3.9) follows from the asymptotic of tµn,

tµn
σ2
n

− n logm− logW → µ.
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Remark 3.5. (1) For the complete binary tree, we have m = 2. Take
λ → 1, then Pw(·|Tn) converges to a simple random walk, our result
gives (non-rigorously)

tcovn ≈ n2 log 2 +O(n),

whereas the cover time on the binary tree of a simple random walk is
(cf. eg. [10])

tcovn = n2 log 2− n log n+O(n).

Lack of the second order term n log n is due to a difference in extremal
landscapes: recall the notations in the proof of Proposition 3.4, in the
case of a simple random walk [8], the set F µ

n is approximately identically
distributed clusters indexed by Eµ

n , whereas for the λ-biased walk, these
clusters are single points instead.

(2) Following exactly the same structure of the proof, one can study the
maximum of a DGFF (ηx) (recall Definition 2.5),

P

(
max
|x|=n

ηx ≤ σn

√
logZn −

1

2
log logZn + µ

)
→ exp

(
− e−µ

2
√
π

)
.

(3) Comparing the cover time to the maximum of the corresponding DGFF,
as suggested in [12], [13], one has

tcovn =
λn+1

λ− 1
(n logm+O(1)),

max
|x|=n

η2
x =

λn+1

λ− 1

(
n logm− 1

2
log n+O(1)

)
.

This difference in second order is due to different tails of Gaussian and
local time distributions. (Compare Lemma 2.4 (2) and Lemma 2.8.)

4 From excursion time to real time
Lemma 4.1. For any infinite tree T satisfying the conditions in Lemma 2.1,
let sn =

∑n
i=0

Zi
λi
, t > 0, then

Ew (τn(t)|Tn) = Ew

(∑
x∈Tn

πn(x)L
x
n(t)

∣∣∣∣∣Tn

)
= 2tsn, (4.10)

Varw(τn(t)|Tn) = o

(
tλns2

n

n

)
. (4.11)
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Proof. The expected value (4.10) is clear using the fundamental estimates
Ew(L

x(t)|Tn) = t and
∑
|x|=k νx = Zk+1. As for (4.11), for any x, y ∈ Tn,

conditioned at Lx∧yn (t), local times Lxn(t) and Lyn(t) are independent with the
same expected value Lx∧yn (t), thus by Lemma 2.4 (1),

Covw(L
x
n(t), L

y
n(t)|Tn) = Varw(L

x∧y
n (t)|Tn) = 2tσ2

|x∧y| ≤ 2t
λ

λ− 1
λ|x∧y|,

then by (1.2),

Varw(τn(t)|Tn)

= Varw

(∑
x∈Tn

π(x)Lxn(t)

∣∣∣∣∣Tn

)
=
∑

x,y∈Tn

π(x)π(y)Covw(L
x
n(t), L

y
n(t)|Tn)

≤ 2t
λ

λ− 1

∑
x,y∈Tn

λ|x∧y|−|x|−|y|
(
1 +

νx
λ

+
νy
λ

+
νxνy
λ2

)
,

where νx is the number of children for x ∈ Tn.
Moreover,

λ|x∧y|−|x|−|y|
νx
λ

=
∑
←−z =x

λ|z∧y|−|z|−|y|,

therefore the variance above is further bounded by

Varw(τn(t)|Tn) ≤ 8t
λ

λ− 1

∑
x,y∈Tn

λ|x∧y|−|x|−|y|.

Now it suffices to prove that∑
x,y∈Tn

λ|x∧y|−|x|−|y| = o

(
λns2

n

n

)
.

Indeed, fix any c > 0,∑
x,y∈Tn

λ|x∧y|−|x|−|y|

≤
∑

|x∧y|<n−c logn

λn−c logn−|x|−|y| +
∑

|x∧y|≥n−c logn

λn−|x|−|y|

≤ λn−c logn

(∑
x∈Tn

λ−|x|

)2

+
∑

|x∧y|≥n−c logn

λn−2(n−c logn)

≤ λns2
n

n2
+ λ2c logn−n

∑
|x|=n−c logn

(Zx
n)

2,
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where by (2.5) and definition of sn,

λ2c logn−n
∑

|x|=n−c logn

(Zx
n)

2

≤ λ2c logn−nZ1+ε
n

≤ λ2c logn−n(snλ
n)1+ε = o

(
λns2

n

n

)
.

Proposition 4.2. Recall sn from Lemma 4.1, and recall that σ2
n = λn+1−1

λ−1
.

Under (H), for any µ ∈ R and PGW(·|S)-almost surely any tree T,

Pw

(
T covn

2snσ2
n

− n logm− logW ≤ µ

∣∣∣∣Tn

)
→ e−e

−µ
.

Proof. By Lemma 2.1,

logZn = n logm+ logW + o(1),

therefore it suffices to show that (rigorously speaking, one should prove the
following convergence for µ± ε, then take ε→ 0 to deduce the proposition),

Pw

(
T covn

2snσ2
n

− logZn ≤ µ

∣∣∣∣Tn

)
→ e−e

−µ
.

In other words (recall tµn defined in (3.6)), it suffices to prove that

Pw

(
T covn

2snσ2
n

≤ tµn
σ2
n

∣∣∣∣Tn

)
→ e−e

−µ
.

By (1.2), for any α > 0,

Pw(T
cov
n ≤ 2snt

µ
n|Tn) ≤ Pw(τn(t

cov
n ) ≤ 2snt

µ
n|Tn)

≤ Pw(t
cov
n ≤ tµ+α

n |Tn)

+Pw(t
cov
n > tµ+α

n , |τn(tµ+α
n )− 2tµ+α

n sn| > 2sn(t
µ+α
n − tµn)|Tn).

For the first term, by Proposition 3.4,

Pw(t
cov
n ≤ tµ+α

n |Tn) ≤ (1 + o(1))e−e
−µ−α

.

For the second term, by Chebyshev’s inequality and Lemma 4.1

Pw(t
cov
n > tµ+α

n , |τn(tµ+α
n )− 2tµ+α

n sn| > 2sn(t
µ+α
n − tµn)|Tn)

≤ Pw(|τn(tµ+α
n )− 2tµ+α

n sn| > 2sn(t
µ+α
n − tµn)|Tn)

= o

( 1
n
λntµ+α

n

(tµ+α
n − tµn)2

)
= α−2o (1) .
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Let α→ 0+, we have

lim sup
n→∞

Pw(T
cov
n ≤ 2snt

µ
n|Tn) ≤ e−e

−µ
.

Similarly, for any α > 0, and any β(α) > 0 small enough,

Pw(T
cov
n ≤ 2snt

µ
n|Tn)

≥ Pw

(
τn(t

cov
n + β) ≤ 2snt

µ
n, t

cov
n ≤ tµ−αn |Tn

)
= Pw

(
tcovn ≤ tµ−αn |Tn

)
−Pw

(
τn(t

cov
n + β) ≥ 2snt

µ
n, t

cov
n ≤ tµ−αn |Tn

)
→ e−e

−µ+α
.

Proof of Theorem 1.1. By Proposition 4.2, it suffices to estimate sn.
For 1 < λ < m, one can use (2.4) to show that

sn −
n∑
i=0

mi

λi
W = O

mn/2

λn/2
+

n∑
i=n/2

mi/2 log n

λi

 = o

(
mn

nλn

)
.

Therefore, sn can be replaced by (m
λ
−1)−1mn+1

λn+1 W , and the conclusion follows.
For λ > m, similarly, the difference between

∑∞
i=0

Zi
λi

and sn is negligible,

∞∑
i=0

Zi
λi
− sn =

∞∑
i=n+1

Zi
λi

= O

(
mn

λn

)
.

For λ = m, sn =
∑n

i=0 Zi follows from its definition in Lemma 4.1.
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