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In this paper, we re-examine investors' diversification attitude in the mean-variance model from the perspective of Markowitz (1952)'s principle of diversification. Our analysis is based on the diversification returns, the specific Markowitz (1952)'s principle of diversification measure in the mean-variance model. We show, regardless of whether or not the risk-free asset is available, that investors' diversification attitude is characterized by their risk attitude in the mean-variance model with short sales. More specifically, depending on the mean-variance model inputs, investors' diversification is an increasing or an inverted U-shaped concave function of their risk aversion.

Introduction

Conventional wisdom, as it shows up in the literature (see for example [START_REF] Campbell | Household finance[END_REF], usually characterizes investors' diversification attitude in the mean-variance (MV) model using [START_REF] Sharpe | Capital asset prices : A theory of market equilibrium under conditions of risk[END_REF]'s principle of diversification. This principle of diversification, which is based on the capital asset pricing model, states that a portfolio is well-diversified if and only if it is not exposed to the unsystematic risk. Thus, the unique well-diversified portfolio is the market portfolio. Since investors hold the market portfolio in the capital asset pricing model, they always well-diversified regardless their risk attitude. However, [START_REF] Sharpe | Capital asset prices : A theory of market equilibrium under conditions of risk[END_REF]'s principle of diversification fails to rationalize the observed investors' diversification attitude (see [START_REF] Campbell | Household finance[END_REF][START_REF] Mitton | Equilibrium underdiversification and the preference for skewness[END_REF][START_REF] Bianchi | Financial literacy and portfolio dynamics[END_REF][START_REF] Lozza | Diversification versus optimality: is there really a diversification puzzle?[END_REF].

There is another principle of diversification in the MV model described by [START_REF] Markowitz | Portfolio selection[END_REF] 

as follows

The adequacy of diversification is not thought by investors to depend solely on the number of different securities held. A portfolio with sixty different railway securities, for example, would not be as well diversified as the same size portfolio with some railroad, some public utility, mining, various sort of manufacturing, etc. The reason is that it is generally more likely for firms within the same industry to do poorly at the same time than for firms in dissimilar industries (Markowitz, 1952, pp.89).

The purpose of this paper is to re-examine investors' diversification attitude in the MV model in light of this principle of diversification which we call [START_REF] Markowitz | Portfolio selection[END_REF]'s principle of diversification.

We base our analysis on the diversification returns, a well-established measure of portfolio diversification in literature (see [START_REF] Chambers | The limitations of diversification return[END_REF] which was identified by [START_REF] Carmichael | Unifying portfolio diversification measures using rao's quadratic entropy[END_REF] as the specific diversification measure in the MV model capturing the effect of [START_REF] Markowitz | Portfolio selection[END_REF]'s principle of diversification. We characterize investors' diversification attitude by examining the relationship between investors' risk aversion and diversification (in the sense of [START_REF] Markowitz | Portfolio selection[END_REF]'s principle of diversification) on the efficient frontier with short sales, where diversification is quantified by the diversification returns. We show, regardless of whether or not the risk-free asset is available, that investors' diversification attitude is characterized by their risk attitude. More specifically, depending on the MV model inputs, we show that investors' diversification is an increasing or an inverted U-shaped concave function of their risk aversion.

The paper proceeds as follows. Section 2 reviews the diversification returns. Section 3 characterizes investors' diversification attitude in the case where assets are risky. The case with the risk-free asset is presented in the Appendix A. Section 4 concludes.

Diversification Returns

The diversification returns (DR) is a measure of portfolio diversification introduced by [START_REF] Booth | Diversification returns and asset contributions[END_REF]. It is defined as the difference between portfolio compound return and the weighted average of each asset compound return

DR(w) = E ln(1 + w R) -w E [ln(1 + R)] , (1) 
where ln(1 + R) = (ln(1 + R 1 ), ..., ln(1 + R N )) is the vector column of asset compound return with the transpose operator and R i asset i future return, ln(1 + w R) is portfolio compound return and E [.] is the operator of expectation. [START_REF] Booth | Diversification returns and asset contributions[END_REF] focuses on the approximation of DR(w) obtained using the second-order Taylor series expansion at the mean return. Other approximations of DR(w) were also considered in the literature. Let µ G be the geometric mean. Since

ln(1 + µ G ) = E [ln(1 + R)] ,
(2)

DR(w) can be rewritten in terms of µ G DR(w) = ln(1 + µ G (w)) -w ln(1 + µ G ), (3) 
where µ G = (µ G1 , ..., µ G N ) is the vector of asset geometric mean and µ G (w) is portfolio geometric mean. The approximation of (3) using the first-order Taylor series expansion at zero leads to the excess growth rate

DR(w) = µ G (w) -w µ G , (4) 
a measure of portfolio correlation diversification analyzed by [START_REF] Fernholz | Stochastic portfolio theory and stock market equilibrium[END_REF] and [START_REF] Fernholz | Diversification[END_REF] in stochastic portfolio theory.

Taking the second order Taylor series expansion of (2) at zero and neglecting the terms

(µ G ) 2 and (E [R]) 2 leads to µ G ≈ E [R] - Var [R] 2 , (5) 
with Var [.] the operator of variance. Combining ( 4) and ( 5), one obtains another approximation of DR(w)

DR(w) ≈ w σ 2 -w Σ w, (6) 
where

σ 2 = σ 2 1 , ..., σ 2 N
is the vector of asset variances and Σ is the covariance matrix of asset returns. In this paper when we talk about the diversification returns we refer to the approximation (6).

The diversification returns (approximation (6) of course) was analyzed by [START_REF] Willenbrock | Diversification return, portfolio rebalancing, and the commodity return puzzle[END_REF], [START_REF] Chambers | The limitations of diversification return[END_REF], [START_REF] Bouchey | Volatility harvesting: Why does diversifying and rebalancing create portfolio growth[END_REF], [START_REF] Qian | Diversification return and leveraged portfolios[END_REF], among others, and by [START_REF] Fernholz | Diversification[END_REF] but under the name of excess growth rate. It has also been shown by [START_REF] Carmichael | Unifying portfolio diversification measures using rao's quadratic entropy[END_REF] to be the specific portfolio diversification in the mean-variance model. The intuition behind is as follows. Denote µ = (µ 1 , ..., µ N ) the vector of asset expected returns. The investor's meanvariance (MV) expected quadratic utility of the diversified portfolio w is

U M V (w) = w µ - γ 2 σ 2 (w) , ( 7 
)
where γ is the investor's risk averse coefficient and σ 2 (w) = w Σ w is portfolio variance. On the other hand, the investor's MV expected quadratic utility of the single asset i portfolio

δ i = (δ 1i , ..., δ N i ) , with δ ij = 0, i = j and δ ij = 1, i = j, is U M V (δ i ) = µ i - γ 2 σ i . (8) 
The differential between U M V (w) and U M V (δ i ) quantifies the benefit in terms of diversification to hold w instead of

δ i ∆U i = U M V (w) -U M V (δ i ). (9) 
On average, the benefit to hold w instead of a single asset portfolio can therefore be quantified as follows

∆U (w) = N i=1 w i ∆U i . (10) 
Reporting ( 7) and ( 8) into ( 10), (10) becomes

∆U (w) = γ 2 w σ 2 -σ 2 (w) . (11) 
The gain of diversification can therefore be measured, in the MV model, by the differential between the weighted average of each asset variance and portfolio variance, or, in other words, the diversification returns DR(w) = w σ 2 -σ 2 (w). ( 12)

Figure 1 offers a geometrical illustration of the DR in (σ 2 , µ)-space in the case of two assets.

One of the specificities of the DR, also observed in [START_REF] Qian | Diversification return and leveraged portfolios[END_REF] and easy to verify, is that the diversification is not necessary vanished when asset correlations are equal to one. Similarly to Return Gaps, another diversification measure (see Statman andScheid, 2005, 2008), the benefit of diversification in terms of the DR depends on both assets' variances and correlations, and vanished if and only if assets have the identical variances and perfectly positive correlated. Carmichael et al. ( 2015) also proved that the diversification returns is a special case of portfolio Rao Quadratic Entropy, a class of measures of portfolio diversification analyzed in [START_REF] Carmichael | Unifying portfolio diversification measures using rao's quadratic entropy[END_REF] and [START_REF] Carmichael | Rao's quadratic entropy and maximum diversification indexation[END_REF]. Its Rao Quadratic Entropy's formulation is

DR(w) = 1 2 w Dw, (13) 
where D = (d ij ) N i,j=1 is a dissimilarity matrix with d ij = σ 2 i + σ 2 j -2σ ij quantifying the difference between assets i and j. From (13), it is clear that DR(w) is consistent with Markowitz (1952, pp.89)'s principle of diversification. In the rest of the paper, we consider the formulation (12) instead of (13) to characterize investors' diversification attitude.

Investors' Diversification Attitude

In this section, using the DR, we characterize investors' diversification attitude by examining the relationship between their risk and diversification attitudes on the MV efficient frontier. We consider the case in which assets are risky. The case with the risk-free asset is presented in the Appendix A. We assume that short sales are unrestricted. This allows us to have an exact relationship. Finally, we define

A = µ Σ -1 µ (14) B = µ Σ -1 1 (15) C = 1 Σ -1 1 (16) D = AC -B 2 (17) E = µ Σ -1 σ 2 (18) F = 1 Σ -1 σ 2 , ( 19 
)
where 1 = (1, ..., 1) is the vector column of ones.

It is well-known that, in the case of N risky assets, the MV optimal portfolio denoted by w mv is

w mv ≡ w mv (τ ) = τ Σ -1 µ - B C Σ -1 1 + Σ -1 1 C , ( 20 
)
where τ = 1 γ is the investor's risk tolerance coefficient. The risk of w mv , measured by its variance σ 2 (w mv ), is

σ 2 (w mv ) ≡ σ 2 (w mv (τ )) = D C τ 2 + 1 C . ( 21 
)
From the combination of ( 12), ( 20) and ( 21), the diversification degree of w mv , in terms of DR, is

DR (w mv ) ≡ DR (w mv (τ )) = - D C τ 2 + (EC -F B) C τ + F -1 C . ( 22 
)
Equation ( 22) represents the characterization of investors' diversification attitude in the MV model with short sales when assets are risky. As we can observe, investors' diversification attitude is solely characterized by their risk attitude.

More specifically, the first and the second derivations of ( 22) in respect of τ gives

∂DR (w mv ) ∂τ = -2 D C τ + (EC -F B) C . (23) 
∂ 2 DR (w mv ) ∂τ 2 = -2 D C . (24) 
Since D > 0 and C > 0, the sign of the second derivative is always negative. However, the sign of the first derivative depends on the sign of EC -F B as follows

     ∂DR(w mv ) ∂τ < 0 if EC -F B ≤ 0 ∂DR(w mv ) ∂τ ≥ 0 if 0 ≤ τ ≤ EC-F B 2 D ∂DR(w mv ) ∂τ ≤ 0 if τ ≥ EC-F B 2 D if EC -F B > 0. (25) 
From ( 25), investors' diversification is an increasing function of their risk aversion when EC -F B ≤ 0. More the investor is risk averse, more it diversifies. However, when EC -F B > 0, investors' diversification is an inverted U-shaped concave function of their risk aversion. The diversification is more attractive for investors with intermediate levels of risk aversion than investors with higher or lower levels of risk aversion. The investors with higher levels of risk aversion will prefer to concentrate on assets with higher expected return. Those with lower levels of risk aversion coefficient will prefer to concentrate on assets with lower variance and correlations. See Figure 2 for illustration.

A more intuitive interpretation can be provided to the condition EC -F B ≤ 0. To see this, assume that B > 0. Then EC -F B ≤ 0 can be rewritten as follows It is straightforward to verify that ( 26) is equivalent to

E B - F C ≤ 0. ( 26 
)
N i=1 w tg i σ 2 i ≤ N i=1 w gmv i σ 2 i , (27) 
where w tg = Σ -1 µ 1 Σ -1 µ and w gmv = Σ -1 1 1 Σ -1 1 are the tangent and the minimum-variance portfolios, respectively. Thus, the nature of the relationship is determined by the differential between w tg and w gmv total risk, measured by asset weighted average variance. Since, w gmv is generally concentrated on less risky assets, the inequality (27) will rarely verify in the data, except in the cases where assets have same expected returns, or variances, or asset returns distribution is exchangeable.

Conclusion

In this paper, we have revisited investors' diversification attitude in the mean-variance model from the perspective of [START_REF] Markowitz | Portfolio selection[END_REF]'s principle of diversification. We have based our analysis on the diversification returns, the specific Markowitz (1952)'s principle of diversification measure in the mean-variance model. We have characterized investors' diversification attitude by examining the relationship between investors' risk aversion and diversification (in the sense of [START_REF] Markowitz | Portfolio selection[END_REF]'s principle) on the efficient frontier with short sales, where diversification is quantified by the diversification returns. We have shown, regardless of whether or not the risk-free asset is available, that investors' diversification attitude is characterized by their risk attitude in the mean-variance model. More specifically, depending on the mean-variance model inputs, investors' diversification is an increasing or an inverted U-shaped concave function of their risk aversion. Since [START_REF] Das | Portfolio optimization with mental accounts[END_REF] mental accounting portfolios are mathematically equivalent to mean-variance portfolios with short selling, our result also characterizes investors' diversification attitude in this mental accounting framework when short sales are allowed. Our result may help to explain the diversification puzzle. and the risk-free asset rate is µ f = 6. In the case where E -F µ f > 0, the risk-free asset rate is µ f = 6. Otherwise i.e. E -F µ f ≤ 0, the risk-free asset rate is µ f = 13.
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Appendix A. Risk-Free is Available

Consider the case where the risk-free asset is available. In that case, the MV optimal portfolio is a combination of the risk-free asset and the tangent portfolio (risky portfolio)

where w f is the weight of the risk-free asset and w tg that of the tangent portfolio. w tg is obtained independently of the risk aversion coefficient

where µ f is the risk-free asset rate. While w f is obtained dependently of τ

The risk of w tg is

where

From ( 12), we have

Substituting w tg from (A-3) and σ 2 (w tg ) from (A-4) into (A-9), we have

Equation (A-10) represents the characterization of investors' diversification attitude in the MV model with short sales when risk free asset is available. As we can observe, investors' diversification attitude is solely characterized by their risk attitude in the MV model when risk free asset is available, as in the case of risky assets.

More specifically, the first and second derivations of (A-10) in respect of τ gives

As we can observe, the sign of the second derivative is always negative. However, the sign of the first derivative depends of the sign of E -F µ f as follows

We obtain the same results that when assets are risky, except that EC -F B is replaced by E -F µ f . Investors' diversification is an increasing function of their risk aversion when E-F µ f ≤ 0. However, when E -F µ f > 0, investors' diversification is an inverted U-shaped concave function of their risk aversion. See Figure 3 for illustration.

A more intuitive interpretation can also be provided to the condition E -F µ f ≤ 0. To see this, assume that F > 0. Then E -F µ f ≤ 0 can be rewritten as follows

where

Thus, the nature of the relationship is determined by the rate of the risk free asset µ f . Since, µ f must be generally lower than the expected return of risky assets, the inequality (A-16) will rarely verify in the data. In the case where (A-16) is verified, DR(w mv ) is negative. As a consequence, investors must concentrate their portfolio on the risk free asset.