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Abstract: Our purpose in this manuscript is to study the existence of solution, stability analysis and exact
controllability results for an abstract integro hybrid evolution system with impulses on time scales. Non-linear
functional analysis, evolution operator theory and Banach contraction theorem have been used to establish these
results. In the end, we present some theoretical and numerical examples for different time scales to illustrate the
application of these analytical results.
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1 Introduction

In general, one investigates the discrete and continuous dynamical systems separately and most of the results have
to be proved for each case (using discrete analysis or continuous analysis). The theory of time scales was introduced
by Hilger [1] in 1988 that unifies equations of continuous, discrete, quantum calculus and other calculus. A time
scales is an arbitrary non-empty closed subset of real numbers, for example R, N, hZ (where h > 0) are the time
scales. Therefore, the results obtained on time scales will be true for the continuous (by considering the time scales
as the real numbers), discrete (by choosing the time scales to be the set of integers) as well as for any non-uniform
time domain (combination between discrete points and continuous intervals or a discrete non-uniform domain)
which is very useful in the study of complex dynamical systems. From the above discussion, we may outline that
unification and extension are the two primary highlights of the time scales calculus. Hence, the study of dynamical
systems on time scales has gained great attention and many researchers have found the numerous applications of
time scales in economics [2], control theory [3], population dynamics and heat transfer system [4,5]. More recently,
several authors discussed the existence, uniqueness of periodic, almost periodic solutions and stability of abstract
dynamical equations on time scales [6-9]. For the further details on time scales, one can see the monographs [10,11]
and the papers [12-16].

Controllability is the most important concept in the mathematical control theory, which in general means, that
it is possible to steer dynamical control system from an arbitrary initial state to an arbitrary final state using the set
of admissible controls. It has a wide range of applications in many fields such as engineering, physics and biology.
For more details please see [17-26] and references therein. Moreover, the controllability result on time scales is a
very new area of research and few authors studied the controllability result for the linear and nonlinear dynamic
system on time scales [27-34]. In particular, Davis et al. [27] considered a finite dimensional linear dynamic system
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on time scales and established the controllability and observability results. Bohner et al. [28], established the
controllability, reachability, and observability results for the time-invariant systems. Bartosiewicz [29], studied the
linear positive control systems on time scales. Duque et al. [30] examined the approximate controllability results
for the semilinear dynamic system on time scales.

On the other hand, there are many certifiable issues such as harvesting, heart pulsates and natural disasters
that are characterized by rapid changes in their state. These rapid changes are known as the impulsive effect in the
system. In the last few years, the impulsive differential equations have become the natural framework for modelling
of many evolving processes and phenomena studied in economics, population dynamics, industrial robotics, optimal
control theory, physics, engineering and medicine [35,36]. The relevance of this model emerges from the way that
impulses can be viewed as a suitable model for describing a process, which at specific moments changes its state
quickly and that cannot be described by ordinary differential equations.

However, some certain dynamics of evolution processes in pharmacotherapy cannot be described by instanta-
neous impulsive dynamic systems, for example, in the case of a hyperglycemic patient, an insulin can be endorsed.
The presentation of the medication in the circulation system causes a sudden change in the system, followed by
a continuous process until the medication is totally absorbed. We cannot model this situation by considering an
instantaneous impulse because the sudden changes stay active during a finite time interval. In fact, the above
circumstance is fallen for another situation of impulsive action, which begins at any discrete fixed point and re-
mains active on a finite time interval. Conclusively, Hernédndez et al. [37] presented the theory of non-instantaneous
impulsive systems and established the existence of solutions. After that, Wang et al. [38,39] generalized this model
to two general classes of impulsive differential equations, which are increasingly important to the study of dynamics
of evolutionary processes in pharmacotherapy. In practicality, there are no impulses that happen instantaneously
rather it is non-instantaneous howsoever time of the event is small. Along these lines, it is beneficial to examine a
class of differential equations with non-instantaneous impulses. For the comprehensive study on non-instantaneous
impulsive systems, one may go through the books [40,41] and the papers [42—44].

On the other side, to address the problems involving like memory and hereditary influence which arise in
continuous model nuclear reactor, theory of heat conduction for materials, ecological models, blood cell production
models, rheology and biological population models, we need to include generalized Volterra integral terms [45,46].
Recently, the theory and applications of differential equations with integro terms have been received much attention
by many authors. Shin et al. [47], established the existence, uniqueness of solution and controllability results to a
neutral functional integro-differential equation with delay. Yong and Zhenhai [48], discussed the controllability of
nonlinear impulsive integro-differential fractional time-invariant systems by using the Schauder fixed point theorem.
By using the theory of resolvent operator and condensing map, Anguraj and Kanjanadevi [49], established the
existence of a mild solution to non-instantaneous impulsive fractional integro-differential equations with non-local
conditions. However, these results cannot be easily extended to the case of hybrid evolution systems with non-
instantaneous impulses on time scales and to the best of our knowledge, there is no work related to the existence
of solution, stability analysis and the exact controllability of an impulsive hybrid evolution system on time scales
in the abstract space. Therefore, motivated by the above facts, in this manuscript, we establish the existence,
uniqueness and stability analysis of the following abstract integro hybrid evolution system on time scales

l‘A(t) = A(t)x(t) + F(t,x(t)) —|—/0 H(t,r,x(r))Ar, t € Up_o(rp, tpra]T,

z(t) = Gp(t,x(t,)), te€ (tp,rplr, p=1,2,--- ,m, (1.1)



Moreover, we examine the exact controllability result for the following abstract integro hybrid evolution system

IA(t) = A)x(t) + F(t, z(t)) + /Ot H(t,r,x(r))Ar + Bu(t), t€Up_o(rp, tps]r,

x(t) = Gp(t,x(t,)), te (tp,rplr, p=1,2,--,n, (1.2)

where the state x(-) takes the value in a Banach space X, T is a time scales and t,,7, € T are some points with
O=r=th<ti<rm<t< - -<r,< th+1 = T. m(t;) = limj,_,0+ 1‘(tp + h), Ji(t;) = limy,_,0+ SL‘(tp — h)
denote the right and left limit of x(t) at t = ¢, in the time scales sense respectively, A(t) is a family of linear
operators which generates an evolution operator {E(t,s) : (t,s) € I = [0,T]r xI : 0 < s <t < T} Bisa
bounded linear operator from a Banach space U to X and v € L?(I,U) is the control input. The functions

Gy : I, x X = X, I, = [tp, 7)1, p = 1,2,--- ,n, represent the non-instantaneous impulses during the intervals
(tp,rplr, p=1,2,--- ,n. The non-linear functions F: J; x X - X, H:QxX X andG,: [, x X = X, p=
1,2,--- ,n, are satisfying some suitable conditions which will be specified later, where J; = ngo[rp,tp+1]q1~ and

Q={(t,r) e I xI:0<r<t<T} Theresults of this manuscript are completely new even for the continuous
case, i.e., when T = R as well as for the discrete case, i.e., when T = Z.

There are many natural processes such as chemical kinetics, electronics, biological models and fluid dynamics
in which the partial integro-differential equations with impulsive conditions arise. Most of these phenomena can
not be described through classical differential equations and hence, in the last few years, many engineers, physicists
and mathematicians worked on the partial integro-differential equations with impulses. A powerful way to study
such types of systems is to transfer them into integro-differential evolution systems (like (1.1)) in abstract spaces.
As an example, if Z(t,n) denotes the temperature of a rod of unit length at space coordinate 7 and time ¢, then
the heat-transfer in this rod can be described by the following model

0 o?

EZ(t7 77) = a(tv U)wz(ta 77) + b(n)W(tv 77) + G (t7 Z(tv 77)) + /) Ga (ta Ty Z(Tv U))AT,

t,r € Up_o(rp, tpr1lr, 1 € [0, 7T,
Z(t,0)=Z(t,7) =0, te[0,T]r,
Z(t,n) = Gp(t,Z(t;ﬂﬁ)7 te (tpﬂ“p]qr, p=12---n, (1.3)
Z(0,m) = xo, mn€[0,7|r,

where T is a time scales and ¢,,r, € T are some points with 0 =ro =ty <t1 <ri <ta < -1y <lpy1 =T. Ag
denotes the first order partial derivative while Ay denotes the second order partial derivative. Z, S, a : Ty x [0, 7]T —
R, G1: ToxR = R, Gy : ToxTy xR = R, G, : J, xR — R are the real valued functions satisfying certain conditions,
To = Up_o[rp, tprlr, Jp = [tp, tplr,p = 1,2, -+ ,n. It will be seen in Section 5 that equation (1.3) can be rewritten
in the form of abstract equation (1.2).

The primary contribution and advantage of this paper can be foreground as follows. The main results of this
manuscript are on arbitrary time domains which are formulated in terms of time scales. It includes the continuous,
discrete as well as any combination of these two; henceforth the results of this manuscript are new. We considered
a more general hybrid integro-evolution system with non-instantaneous impulses on time scales (1.1) and analyze
the existence of a unique mild solution and stability analysis. Further, some sufficient conditions are established in
the evolution setting to guarantee that the system (1.2) is exact controllable. Some theoretical as well as numerical
examples with simulation on different time scales including continuous time scales, the union of disjoint continuous
time scales, and a combination of discrete and continuous time scales are given to verify the proposed theoretical
results.

Note that the problems (1.1) and (1.2), considered in this manuscript are new and start the investigation of
a hybrid evolution system with impulses in a Banach space X. We trust that the acquired outcomes will give a



significant contribution to the existing literature on the topic. The rest of the manuscript is organized as follows.
In Section 2, we give some preliminaries, notations, definitions, lemmas and important results which will be used
to prove our main results. In Sections 3, we establish the existence and stability results. Moreover, Section 4,
is devoted to the study of exact controllability of the evolution system (1.2). In the last, some theoretical and
numerical examples are given to illustrate the effectiveness of the developed analytical results.

2 Preliminaries and Definitons

In this segment, we briefly describe some notations, fundamental definitions and important lemmas which are useful

to prove the main results. Let (X, | -||) be a Banach space and B(X) denotes the set of all bounded linear operator
from X into X. C(I,X) be the set of all continuous functions.
A time scales interval is defined by [a,b]r = {t € T : a < ¢t < b}. In a similar way, we can define

(a,b)T,[a,b)r, (a,b]r and so on. Also, we define T = T\{maxT} if maxT exists, otherwise T* = T. The for-
ward jump operator o : T — T is defined by o(t) = inf{r € T : r > ¢} and the backward jump operator p: T — T
is defined by p(t) = sup{r € T :r < t} with the substitution inf() = supT and sup@® = inf T respectively. The
graininess function p : T — [0, 00) is defined by u(t) = o(t) —t,V t € T.

Definition 2.1. [10] A point t € T is said to be
e right-scattered if o(t) > t and left-scattered if p(t) < t;
e right-dense if t <supT and o(t) = t;
o left-dense if t > inf T and p(t) = t.

Remark 2.2. A point t is called the dense point if it is right and left dense at the same time.
In the next definition, we define the A—derivative.

Definition 2.3. [10] Let 1 : T — X be a function and t € T*. Then the delta derivative (or A—derivative) of 1
at the point t is defined to be the number ™ (t) (provided it exists) with the property that for each ¢ > 0 there is a
neighborhood U of t such that

(1) — ()] - o2 (B)[o(t) - )| < eo(t) —rl, ¥ r e U.

If T =R, then ¢ (t) = ¢(t), which is the usual derivative of ¥ : R — X. If T = Z, then ¢)®(t) = At, which is
the usual forward difference of ¥ : Z — X defined by Ay(t) = ¥(t + 1)u(t).

Definition 2.4. [10] Let U be a function, it is called the antiderivative of 1 : T — X provided W2 (t) = 1(t) for
each t € TF, then the delta integral is given by

o)A = (1) — W)

to

The next properties of functions defined on time scale are often used.

A function ¢ : T — X is called regulated if the right-hand limit exists (finite) at all right-dense points of T and
the left-hand limit exists (finite) at all left-dense points of T. Also, 9 is called rd-continuous, if it is regulated and
it is continuous at all right-dense points. Moreover, v is piecewise rd-continuous if it is regulated and rd-continuous
at all, except possibly at finitely many right-dense points ¢ € T. The collection of all piecewise rd-continuous
functions is denoted by Cprq(T, X).

Definition 2.5. [10] A function q : T — R is said to be regressive if 1+ u(t)q(t) #0, ¥V t € T. The set of all
regressive functions is denoted by R. Moreover, q is said to be positive regressive if 1 + u(t)q(t) >0, Vt € T and
the set of all positive regressive functions is denoted by R .



Definition 2.6. [10] For p,q € R, we define the following

—-p

TEap (i) p®q=p+q+ pt)pg. (iii) poqg=p® (Sq).

(i) ©p =
The generalized exponential function of scalar function ¢ € R is defined hereafter.

Definition 2.7. [10] If ¢ € R, then we define the exponential function by

eq(t,r) = exp </ Cu(g)(q(ﬁ))A19> , fort,r €T,

where
1 .
Cuiry(a(r) = iy Log(+a(r)ulr)), if u(r) # 0,
a(r), if p(r) = 0.
Lemma 2.8. [10] If ¢ € R, then

(1) eo(t,r) =1 and e,(t,t) = 1. (i1) eq(o(t),r) = (1 + p(t)q(t))eq(t, 7). (i) eq(t, r)eq(r,9) = eq(t, V).
(1) €qlt.1) = s = a0 (1) (eoq(t:r))® = Calt)ec(t,7)

Lemma 2.9. [10] If tg,t1,a € T and ¢ € R, then
t1
/ q(9)eq(a,o(F)AY = eq(a, to) — eq(a,tr).
to
Lemma 2.10. [8] Ift,r € T such that r <t, then egq(t,7) <1 for o> 0.
Next, we define the evolution operator family which is often used.

Definition 2.11. [9] A two-parameter family E(t,r) : I x I — B(X) is said to be a linear evolution operator if it
satisfies the following conditions:

1. E(t,t) = I, where I is the identity operator in X.
2. E(t,r)E(r,s) = E(t,s).
3. (t,r) — E(t,r)x is continuous mapping for any fized x € X.

Definition 2.12. [9] An evolution operator E(t, s) is said to be exponentially stable if there exist constants Ko > 1
and v > 0 such that
[E(, s)l| < Koeau(t,s), t = s.

In order to define the solution of the system (1.1), we define the space of piecewise continuous functions
PC(I,X)={z:1— X :x € C((tp, tpt1]r, X),p = 0,1,--- ,n and there exist x(t, ) and x(t;), p=1,2,---,n,
with (¢, ) = x(tp)}. It can be seen easily that PC(I, X) is a Banach space endowed with the norm

lz(@)]l
z|lo = sup
Il tejap) €a(t, a)

, for some Q € R™.

In the next definition, we give the solution of the system (1.1).



Definition 2.13. A function x € PC(I,X) is said to be a mild solution of the system (1.1), if x satisfies x(0) = xq,
z(t) = Gy(t,z(t,)), p=1,2,--- ,n and the following integral equations

t t 9
x(t) = E(t,O):EoJr/O E(t,o(ﬁ))}'(ﬂ,x(ﬂ))AﬁJr/o E(t,a(ﬂ))/o H,r,x(r))ArAd, ¥V ¢ € [0,t1]r,

t t 9
£(t) = E(t,15)Gy (rpy (7)) + / E(t, 0(9)) F(0, 2(0)) A0 + / E(t,0(9)) / H(D,r,2(r) Ar A0,

P
Vite (rptpralm, p=1,2,---,n.
In order to prove the main results, we need the following assumptions:

(H1): The family {A(t) : ¢ € I} of bounded linear operators in X generates an exponentially stable evolution
operator {E(t,s) : t > s}. i.e., there exist constants Ky > 1 and v > 0 such that ||E(t, s)|| < Koegu(t, s).

(H2): Function F : J; x X — X is continuous and there exists a positive constant Lx such that
[FEz) = Ft ol < Lellz —yl, Yiei, zyeX.
Also, there exist positive constants Cx and Mx such that

Hf(t,a:)HSC}-—i-M]:HxH, VteJ, e X.

(H3): Function H : @ x X — X is continuous and there exists a positive constant Ly, such that
[H(t,r2) = HE )|l < Lulle -yl VireQ zyeX.
Also, there exist positive constants Cy and My such that

|H(t,r, )| < Cy + Myllz|, ViE,reQ, zeX.

(H4): The functions G, : I, x X — X, p=1,2,--- ,n, are continuous and there exists a positive constant Lg such
that
G, (t, ) — Gp(t, Y|l < Lgllz —yl, Ve,yeX,tel, p=1,2,---,n.

Also, there exists a positive constant Mg such that ||G,(t, z)|| < Mg,V t € I, and = € X.

For the notional convenience, we set

B Ko(l +ﬂV) _ Ko(l +ﬂl/) % _ Ko(l +ﬂV) Lj
M= ——— (C}“‘FCHT)aNQ—iV@Q Mr+ -5 ,J\/'s—iy@Q Lr+— )

[i = sup;er p(t).

3 Existence and Stability Results

In this section, we establish our main result of existence of a unique solution for the system (1.1). Banach contraction
theorem has been used to establish this result.

Theorem 3.1. If all the assumptions (H1) to (H4) are satisfied, then the system (1.1) has a unique solution.



Proof: Consider a subset D C PC(I, X) such that
D= {w e PO(I,X) : allo < 6},

where

K()”{E(_)H +N1 K()Mg +N1
= Mg ).
) max< N, O 1-N, g

Define an operator Il : D — D as

t t 9
(TT2)(¢) = E(t, 0)xo + /0 B(t, o(9))F (9, 2(9)) A0 + /O E(t,0(9)) /0 HW,r, 2(r)ArAY, ¥ t € [0, ],

(z)(t) = Gy (t, E(tp, rp—1)Gp-1(rp-1,2(t,_1)) + ’ E(ty, 0(9))F (0, 2(9))AY
+ tp E(tp,U(ﬂ)) /19’}-[(197r7x(7"))ATA19), Vite (tp,rp]r]r7 p=12-,n,
Tp—1 0

t t 9
(M) (#) = B(t, )Gy (1, 2(t)) + / E(t,0(0))F(0, 2(9))AD + / E(t,0(9) / H(D, r,2(r)) Ar AN,
Vite (Tpathrl]T? p=12--,n

For the sake of simplicity, the proof of the theorem is divided into the following two steps:
Step 1: We prove the operator II is a well-defined from D into D.
For t € [0,#1]r and = € D, we have

t t 9
(1) (1) < B, 0)]| o] + / VBt o @)IIIF (0, 2(0)) A9 + / VB, ()] / [H(0, 7, 2(r)) | Ar A
< Koeon(t, 0)|Jaol| + / Koeon(t, o(9))(Cr + Mrlle()]) A0

¢ 9
+ [ Koceult.o) [ (Coot Mulla(r) ) Aras
0 0
t t
< Koeow(t,0)|zo] +Kocf/ eey(t,a(ﬁ))AMKoM;/ eon(t, o (9)) ()] AV
0 0
t t 9
+KOCHt1/ eey(t,o(ﬁ))Aﬁ—kKoMH/ eey(mw))/ ()| ArAD
0 0 0
= Koeeu(t,0)||zo|| + (KoCr + KoCxt1)Iy + KoM#Iy + KoMyZs, (3.1)
where

I, = /75 ecw(t, o)AV = 1+ i) = ceut 0)); (3:2)
0

14

t

I, :/o eov(t, o (9))[lz(F)[|AY < H33||Q/0 eow(t,a(9))eq(V,0) AV

< lzllo (O + mv)eey(t,0)(even(, 0) — 1)
- voN

_ llzlla (1 + iw)ea(t,0)

- vd N




and

t 9 : 9
I3=/0 eeu(t,o(ﬂ))/o ||x(r)||ArA19§/O e@y(t,a(ﬁ))HxHQ/o ea(r,0)ArAY
< lzlle (1 + v)ea(t, 0)

4
- QreQ) (34)
Subsequently, from the inequalities (3.1), (3.2), (3.3) and (3.4), we get
1+ pav)(1 —esy(t,0 KoMxr(1+ pv)eq(t,0
(Tt < Koeen (t,0)zol + (KoCr + KoCytr) SN bD) .y, Kol F R)ealt0)
KQMH(I + ﬂU)GQ(t,O)
e
Ko(1 + iv)(1 — ea(t,0 Kod(1 + fiv)ea(t,0 M
< K()e@l,(t,O)”Z‘()” + 0( p,l/)( o ( )) (C]—‘—FCHtl) + 0 ( [U/)EQ( ) Mz + MH .
v v Q
Now, divide the above inequality by eq(t,0) and take the sup over t € [0,t1]r, we get
Ko(1+ av) Kod(1+ pv) My,
< — - 7 ininhe e Sl el n
[TIz]|o < Kollzol| + > (Cr + Cytr) + V50 Mz + a
< K()H:,Eo” + N7 +6MNs < 6. (3.5)
For any t € (rp,tpt1]r, p=1,2,--- ,n and € D, we have

[(T) (2|

t t 9
< B )G (rp, 2(E5)) | + / VE(t, o (9)) || F(9, 2(9))]| AD + / |E(to(9))] / [H(0, 7, x(r))]| ArAD
t ! tp 9
< Koeou(t, rp) Mg + / Kocon(t,0(9))(Cr + My|le(d)[) A0 + / Koeo (t,0(9)) / (Cot + My (r) ) ArAd

t t
< Koeel,(t,rp)Mg+KoC’f/ eeu(t,a(ﬂ))AﬂJrKoM}-/ eau(t,a(9))||z(9)||AY

P p

t 9 t ]
JrKO/ eey(t,a(ﬁ))/ CHATAﬂJrKOMH/ eey(t,a(ﬂ))/ lz(r)||ArAY
T 0 T 0

P p

KOC}-(e@l,(t,rp) — 1)
ov
KQCHT(eey(t,Tp) — 1) K()M'H(S
+ +
ov Q

t
< Koesy(t,7p) Mg + + KOMF5/ ecv(t,o(V))eq(d, rp) A

/ con(t, o (9))ea (D, 1) A0

P

Ko(1+ pv)(1 — equ(t, Kyo(1+ i , M
S Koeey(t,rp)Mg + 0( +'Ltl/)( 69 (t Tp)) (0_7-'+C7-[T) + 05( +/JV)€Q(t TP) M_F+ 77'[ .
v v Q
Hence,
Ko(l1+ 4 Koo(1+ M.
HH:CHQSKOMg—kM(Cf—kCHT)—kM My 4+ 2t
v v Q
= KoMg + N7 +0MNs < 6. (3.6)



Similarly, for any t € (tp,rplr, p=1,2,--- ,n and = € D, we have
Mzl < Mg < 6. (3.7)
After summarizing the above inequalities (3.5), (3.6) and (3.7), for all t € I, we get
[Mz[le < 0.

Therefore, II is well-defined from D into D.
Step 2: In this step, we prove the operator II is a contraction from D into D.
For any ¢ € [0,t1]r and z,y € D, we have

() (1) — (Wy)(0)]| < Ko / et o (0) | F(0, 2(0)) — F(0,y(0))]| A
t 9
e / con(t, o(9) / M0, 7, 2(r)) — H(®,r, y(r)|| ArAd
t t 9
< KoLy / et 0 (0))[2(9) — y(9)| A9 + KoLy / et o(9)) / l(r) — y() |ArAd

' KoLulz —ylo [
< KoLl ~ o | ceult.o®)eald. 080 + SEHEIL [ep 1, 0(0))ea(0,0)40
0 0

L t
< Kollz — ylla (L]: + g;{) / eow(t,o(9))eq(d,0)Ad
0

LH (1 +ﬂU)
< - R TR ,
< Kollz —ylla (L;+ O > soo o)
Therefore,
Ko(l +ﬂV) L’,L[
- < 20T Az —yllg < —yllq. ,
e~ Tyl < “XH D B2 yllg < Al — gl (39)

For any t € (rp, tpt1]r,p = 1,2,--- ,n and x,y € D, we have

() (t) = (My) ()| < Koeew (t, 1) 19y (rp, 2(t,,)) = G (rp, y(E,))| + Ko/ eew(t, o (0)[|F (0, 2(3)) = F(0,y(9))[|AD

P

t 1
+Ko/ eeu(t,a(ﬁ))/o [H(W, 7, x(r)) = H(D, 7, y(r)) | ArAD

p

t
< KoLgeew(t,rp)ealt, s rp)lle — ylla + KoLf/ eou(t, o (9))[lx(9) = y(I)[| A0

P

t 9
+ Kol / et 0(9)) / l2(r) — y(r) | ArAD

P

t
< KoLgeay(t,mpealt, ,mp)llr — ylla + KoL rllz — yHQ/ eow(t,o(9))ea(d, r,) AV

p

KoLy — !
+ w / cau(t, o (0)ea (V) AV

p

_ L K
< KoLoeeultor)en(ty.rylle ~ o+ Kollo ~ sl (Lr+ 2 ) [ eett.o(o)eatd, a0

P
KoLges,(t,mp) ( LH) (1+ pv)
< ———— ||z — + Kyl||lz — Lr+— ) ————eqlt,ry,).
— e@(?ﬂp,t;) || yHQ OH yHQ F Q V@Q Q( p)



Thus, we have

KoLg Ko(1 -I-/W)( LH)]
Iz — 11 < + Lr+ — T —
P e e (e
KoL
_ [0 g_ +N3} Iz = yllo. (3.9)
eQ(rp’t:D)
Similarly, for ¢ € (t,,7p]r, p=1,2,--- ,n and z,y € D, we have

(M)t — (My)t|| < Lg Ko |:Lg691/(tp7rp1)||x(tpl) —y(t, )l + Lf/ " ealtyo(0)]|2(9) — y(9)]1A0

p—1
tP
o [

p—1

9
ceultyo®) [ la(r) - y(r)HArM]
< Lok, [Lgeeuup, ro—ea(ts 1oz — ylla
LH tp
+ o=yl ( Lz + 2 / con (b, 0 (9))eq (9, 7)1 ) AD.

p—1

Therefore,

KoL? KoLg(1+
||Hx—Hy|Q<[ 0~g oLg(1 + ) (

QQ(Tp_l, t;—l) (re Q) eﬂ(rp—lv tp)
KoL Lo

[69(%17%1) ea(rp—1,tp)

L
Lr + ) e~ ol

J1i2 = sl (3.10)

After summarizing the inequalities (3.8), (3.9) and (3.10), for all ¢ € I, we get
Mz — Iyl < Lullz — yle,
where

KoL KyL? L
Lo = max 07{ + N3, 0 g, o/ .
1<p<n [ eq(rp, tp ) ea(rp-1,t,_1)  €alrp-1,tp)

Hence, II is a strict contraction operator for sufficiently large €.

Thus, from the step 1 and step 2, we can conclude that the operator II satisfies all the conditions of Banach
contraction theorem. Therefore, Banach contraction theorem immediately gives a unique fixed point of II, which
is the solution of the system (1.1). O

Next, we give the stability result for the system (1.1). For convenience, the definition is introduced first.

Definition 3.2. A solution x of the system (1.1) is said to be locally stable, if for arbitrary e > 0, there exists
v =~(e) > 0 such that
z(t) —z(t)]| <&, Viel,

whenever ||z(0) — Zol| < 7y, where T is the solution of the system (1.1) with initial condition z(0) = Zo and the
impulsive condition T(t) = G,(t,z(t,)) fort € (ty,rplr,p=1,2,--- ,n.

Next theorem give the main stability result for the system (1.1).

Theorem 3.3. Under the assumptions of Theorem 3.1, system (1.1) has a unique solution which is locally stable.

10



Proof: From Theorem 3.1, we find that the system (1.1) has a unique solution z(t). Let Z(t) be any other solution
of (1.1) with the initial condition z(0) = Zo and impulses Z(t) = G, (t,,(t,)), t € (tp,7p]r, p=1,2,--- ,n. Then:
For any t € [0,t1]r, we have
t
lz(t) = 2()]| < Koeow (t,0)[[zo — Zoll + Ko/ eow(t, o (0)[|F (0, 2(3)) = F(0,y(9))[|Ad
0

t 9
+K0/O eeu(t,a(ﬁ))/o IH S, ryx(r)) — H(, r,z(r))|| ArAY

L t
< Koeow(t,0)||zo — Zol| + Kollz — Z]lq (Lf + ;‘) / eon(t,o(9))en (¥, 0)AY
0
B B L 1+ pv
< Koeow(t,0)||lzo — Zo|| + Kol — 2|0 <Lf+ ;) (U@MQ) a(t,0)
Therefore,
_ Ko(1+ ) Ly
- <Koy+ 200 L 22z —
|z —Zllo < Koy + V50 +5 |llz = zlle
_ Koy
< K()"}/ -+ LHHiE - x||Q < . (311)
1— Ly
For any t € (rp,tp41]r, p=1,2--- ,n, we have
[z(t) = z(t)|| < Koeow(t, rp)|Gp(rp, z(t,)) = Gp(rp, 2(t,))|
t
+Ko/ ecw(t, o (0)[|F (0, z(9)) — F(I,y(9))||AY
¢ 9
Ko [ eanlto@) [ 1M ar) - HO o) A
Tp 0
_ Ly \ (14 ) KoLgeey(t,rp) _
< Koy + Koz — Lr+ =2 ) e (t, 1) + —2L 20 Pl — g,
< Ko+ Kol = oo (Lr+ ¢ ) CEE cate )+ el g
Therefore,
_ KoLg Bb(l4ﬁV)( LH)] _
- < Koy + + L+ == -
o — &l < Koy LQW;) U (4 2 o~ 21
K,
< Koy + Lufle — 2o < —2 (3.12)
1— Ly
Similarly, for ¢ € (t,,7p)T, p=1,2,--- ,n, we can easily get
K,
|z = 2l < Koy + Inllz — 2o < —21. (3.13)
1—Ln

From the above inequalities (3.11), (3.12) and (3.13), for all t € I, we get

Koy
- Ly

l = Zllo <

Hence,

|z —zl|lo <Cy, tel,

11



KO €

where C = . Now, choose a v > 0 such that v < =, then
1—Lg C
|z — Z||a < e
Thus, from the Definition 3.2, we can conclude that the system (1.1) is locally stable. O

4 Exact Controllability Result

In this section, we proceed to establish the sufficient criteria for controllability of the impulsive system (1.2). For
convenience, the definition and some notations are introduced first.

Lemma 4.1. The solution of the following linear system
z2(t) = A(t)x(t) + Bu(t), t € I,
#(0) = o, (4.1)

is given by
z(t) = E(t,0)xo Jr/o E(t,o(r))Bu(r)Ar.

Definition 4.2. Linear system (4.1) is called exact controllable on [0, T|r, if for every xg,zr € X, there exists
a rd-continuous function u € L*([0,T)r, X) such that the corresponding solution of (4.1) satisfies x(0) = zo and

In the next definition, we generalized the above definition for the system (1.2).

Definition 4.3. The non-instantaneous impulsive system (1.2) is called exact controllable on [0,T|t, if for p =
1,2,---,n, it is exact controllable on [0,t1]r and (rp,tyq1]r. i-e., if for every xo and x,, , € X,p =0,1,--- ,n,
there exists a piece-wise rd-continuous function u € L%([0,T)r, X) such that the mild solution of (1.2) satisfies

x(0) = o and x(tpy1) = x¢,,, forp=0,1,--- n.

Next, we define the solution of the system (1.2).
Definition 4.4. A function v € PC(I,X) is said to be a mild solution of the system (1.2), if x satisfies x(0) =

wo, x(t) = Gp(t,2(t,)), Yt € (tp,mplr, p=1,2,--+,n and x is the solution of the following integral equations
¢ ¢ 9 ¢
x(t) = E(t,0)xo +/ E(t,0(0))F (0, z(9))Ad +/ E(t,a(ﬁ))/ H, 7, x(r))ArAd +/ E(t,0(9))Bu(9)Ad,
0 0 0 0
Vitel0,t]r, (4.2)

t t 9
2(t) = E(t, 1)y, 2(65)) + / E(t,0(9)F (9, 2(0)) A0 + / E(t,0(9)) / H(D,r,2(r)) Ar /A

p P

¢
+/ E(t,o(9)Bu($)Ad, YVt € (rp, tpr1lr, p=1,2,--- ,n. (4.3)

To prove the controllability result for the impulsive system (1.2), we need the following assumptions:

(H5): The linear operators Wf-ﬁ“ : L2(I,U) — X defined by

tpt1
Wirtiy = / Etys1,0(r)Bu(r)Ar,p=0,1,--- ,n,

P

12



have the bounded invertible operators (Wﬁﬁ“)‘l which take values in L2(I,U) \ ker Wﬁﬁ“ and there exist
positive constants M{;,,p=0,1,--- ,n, such that ||(Wﬁ§+1)*1|| < M.
Also, B is continuous operator from U to X and there exists a positive constant Mp such that | B|| < Mp.

KoMg(1 + pv)MFE
We set N7 = ZMBUEMIMy ),

14

(H6): Nao(14+ Nleq(tpr1,mp)) <1, p=0,1,--- ,n.

Next, we give some lemma which will help to prove our main result of this section.
Lemma 4.5. If all the assumptions (H1) to (H5) are satisfied, then the control input
t t 9
u(t) = WE) ™y, — E(t1,0)z0 — ; E(t1,0(9)F (¢, x(9)) AW — ; E(tl,a(ﬁ))/o HD, 7, z(r) ArAd| (t),
Vv te[0,t]r, (4.4)

steers the state x(t) of system (1.2) from xq to z;, at the time t. Moreover, the control estimate ||u(t)| is MY,
where

My = My [llze, | + Koeow(t1, 0)l|zoll + N1 + [|zlloNzeq(ty, 0)].

Proof: Consider the mild solution z(t) of the system (1.2) on [0,¢;]r defined by (4.2). For t = ¢, we get

t1 t1 9
z(t1) = E(t1,0)x0 + ; E(t,o(0))F (9, z(9))Ad + ; E(tho(ﬁ))/o H,r, x(r) ArAY + Witu(t)
t1 t1 9
= E(t1,0)z + [mtl — E(t1,0)z0 — ; E(t1,0(9)F (0, z(9))AY — ; E(t170(19))/0 H(D, r,z(r))ArAd

ty t1 9
+/0 E(t,o(ﬂ))f(ﬂ,:z:(ﬂ))Al?+/o E(tl,o(ﬁ))/o H, 7, x(r))ArAd

= Tty -

Hence, control input (4.4) is suitable for the system (1.2). Moreover, the control estimate is calculated as
t1
lu(®)]| < My, {II%II + Koeew (1, 0)|[zo]| + Ko/o eou(tr,0(9))|[F (9, z(0)) | A0

t1 9

w8 [ eoutino@) | Hw,r,xm)nmw]
0 0

— M [z, | + Koco (b1, 0)[lzol + KoZs + KoTs),

where

Cr+pv) | Mrllzla + iv)ea(t1,0)
14

Z= [ coultr.a@)IF.2(0)) |40 < —

and

¢ 9 _ _
! t1Cy(1+ av) Myl + )|z aeq(t,0)
= < .
Zs A eelf(th 0-(19>)/0 ||H(197 T, x(r)>||ATA19 = v + Q(I/ e Q)

13



Therefore,

KoCr(1+ [ KoM 14+ n t1,0
(e < Ay e, | + Eoeon (b1, 0) g + ZoCTUER)y FoMrlelall & fr)ealts,O)

Vo

KoCnT(1+ jiv) | KoMy(l+ piv)|zlaea(ts,0)
+ +
v Qv e Q)
= Myy[||lzs, || + Koeew (t1,0)[[zol| + N1 + ||z]|0Nzeq(tr, 0)]
=M.

Lemma 4.6. If all the assumptions (H1) to (H5) are satisfied, then the control input

u(t) = (Wir) ! [w = Bltyi1, )Gty 2(t5)) — / " Bty 0 (0))F(0, 2(9)) A

P

tp+1 9
- / E(tp+1,cr(19))/0 H(ﬁ,r,x(r))ArAﬁ} (t), Vte (rptpsalr, p=1,2,---,m, (4.5)

P

steers the state x(t) of the system (1.2) from x,, to x;, , at the time t, 1. Moreover, the control estimate |lu(t)]|
s MP, p=1,2,---,n, where

MY = My [llze, . | + Koeou (tpr1,1p) Mg + Ni + ||zlloN2ea(tpr1,7p)]-

Proof: Consider the mild solution z(t) of the system (1.2) on (rp, tp+1]r defined by (4.3). For t = t,11, we get

tpt1 v
tpi1) = Eltysr 1) 0ol () + [ Eltyin,0(0) [fw,xwm | ) Ar| 0+ Wizt

P

tp+1 tpt1 g
:E(tp+1,rp)gp(rp,x(t;))+/ E(tp+1,a(19)).7:(19,x(19))A19—I—/ E(tp+1,a(19))/o H, r,z(r))ArAd

P p

T+ (Whn)1 [x = Bltyi1,7) Gty 2(t5)) — / " Bty 0(0)) F(0, 2(9)) A9

9

-/ " Bty 0(9)

» 0

HW, 7, z(r)) ArAl?] (t)

= (Ethrl.

Hence, control input (4.5) is suitable for the system (1.2). Also, the control estimate is calculated as

tpi1
()] < My, [letﬁlll + Koeow (tp+1,p) [Gp(tpt1, 2(t,)|| + Ko/ eov(tpt1,0(0))IF (9, z(9)) [ AY

P

K [ T ety o () / "o x(r»mmﬂ

p

= My, [llze, . | + Koeow (tpy1,7p) Mg + KoZs + KoZr],

where

tpt1 Cr(1+ v Mz||z||o(1 + av)eq(tyi1,r
Zo= [ ety oIF@. @) a0 < L Mol mcoltyn.r)

P
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and

TCy(1+ ) MH(l + w)||zllaea(tpr1, )
v QreQ) '

tpt1 9
z= [ eaultpinot) [0 rat)]ar <

P

Therefore,

Kocf(1+ﬂV) M]:H.’)SHQ(l‘F/LV)@Q(f 1,7 )
o)) < 38 [l + Koo (tpen, g + 22920 T iealteitaTs
L KTCr( 4 ) | Mu(l + mv)|zllecaltp, )
v Qv @ Q)
= My (@, || + Koeaw (tpr1,mp) Mg + N1 + [[zlloNaeq(tpr1, mp)]
Y3

For the notational convenience, we denote
KoLg(1+NY)

€Q (rpv t;)

= N3(1+ Meq(t1,0)), L? = + N3(1 +Ni)69(tp+1,7’p)):|7 p=1,2,--,n,

KoLZ(1+ NY)

eq(rp—1,t, 1)

Lo =max{L%, max (L2, KP)}.
p

=12 n

K? =

(03

+ LgN3(1+NY), p=1,2,--- ,n,

Now, we are ready to present and prove the main result of this manuscript, which is the exact controllability of
the impulsive system (1.2).

Theorem 4.7. If all the assumptions (H1) to (H6) are satisfied, then the control system (1.2) is exact controllable
on I, provided

Lo <1. (4.6)
Proof: Consider a subset D; C PC(I, X) such that
Dy = {x € PC(L,X) : |lza < 61},

where

01 = max
1<p<n

(Nfllwtlll + (1 4+ N (Kollzwol| + N1) NPzt ., || + (1 +NP)(KoMg + Ny) u )
1= No(1+ Neq(t,0)) L 1M+ Mealtym)
Now, define an operator II; : D; — D; given by
t t t 9
(I z)(t) = E(t,0)zo + / E(t,0(9)F (9, 2(9)) A9 + / E(t,o(9))Bu(d)Ad + / E(t,o(0)) / HD, 7, a(r)) ArAY,
0 0 0 0
Vite [O,tl]'ﬂ‘,

<H1x><t>:gp(t,E<tp,rp1>gp1<rp1,x<tp1>>+ / " B(ty, 0(9)F (9, 2(9) A0 + / " Bty 0(0))Bu(9)A0

p— p—1

tP
+/ E(t,,o( / H,r, z(r ))ArAﬁ) Vte (ty,rpr, p=1,2,--- ,n,

(ILz)(t) = E(t,rp)Gp(rp, x / E(t,o(9))F( x(ﬂ))Aﬁ—i—/ E(t,o(9))Bu(9)Ad

t
+/ E(t7a(19))/ H(D, r,z(r)ArAY, Yt e (rp,tpralt, p=1,2,---,n
Tp 0
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where u(t) is given by the equations (4.4) and (4.5) in the intervals [0,¢1]r and (rp, tp41lr, p=1,2,--- ,n, respec-
tively. From the Lemma 4.4 and 4.5, we can see that x(t) satisfies x(t1) = x4, and x(tp41) = 2¢,,,, p=1,2,--- ,n.
Therefore, to prove the exact controllability of the system (1.2), it remains to show that the operator II; has a
fixed point. For better readability, we break the proof into a sequence of step.
Step 1: We show that the operator II; is well-defined from D; into D;.

For any ¢ € [0, t1]r and = € Dy, we have

[(ILz) (@) < Koeew(t, 0)]|zoll +Ko/0 eew(t, 0 ()| F (0, x(0)) || A9

t

t 9
K / e (t, 0 (9)) M [u(0)]| A9 + Ko / eon (1, 0(9)) / M9, v, 2(r) | ArAd
0 0 0
< Kollzo|| + M1 + 61Nz + N7 (|2, || + Kollzo|| + N1 + 61M2eq(t1,0)).

Hence,
IMzllo < Kollzoll + Ny + 81N + N ([, || + Kollzo|l + N1 + 81Maeq(t1,0)) < 65 (4.7)
Also, for any t € (rp, tp+1]r,p =1,2,--- ,n and = € D, we have
[(Myz) ()| < Koeew (£, 7p) 1Gp (15, x(t,)) || + Ko /t eov(t, o ()| F (0, z(9))AY
t v t 9
+ Ko / con(t, o(9)) M u(®)]| A9 + Ko / eey(t,a(ﬁ))/o (9, 7, 2(r)) || ArAY
< KoMg + N1 + 01Ny + N7 (|#e,,, || + KoMg + N1+ diNaeq(tpg1,7p)).
Hence,
IMyzlle < KoMg + Ny + 8iNs + NP (12, ., || + KoMg + N + 61Noeq (tpi1,7p)) < 0. (4.8)
Similarly, for any ¢ € (tp, rplt,p =1,2,--- ,n and « € D1, we have
I z)|q < Mg < 4. (4.9)

After summarizing the above inequalities (4.7), (4.8) and (4.9), for all t € I, we get
[Mzfo < é1.

Therefore, II; is well-defined from D; into D;.
Step 2: We prove the operator II; is a contraction from D; into D;.
For any ¢ € [0, t1]r and z,y € Dy, we have

|(Tha)(®) — (My) )] < KoL / et 0(0))|2(0) — y(9)[ A9
t 9 t
+ KoLy / con(t, o()) / la(r) — y(r) | ArAD + KoMy MY, / et o(r)
x [KoLf [ centtotoplled) - a0

t 9
+K0LH/O eey(t,a(ﬁ))/o ||x(r)—y(r)||ArA15‘]Ar

< Nsllz = ylla(l + Nea(t:,0)).
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Thus,
Iz —hylle < N3(1+ANea(t,0))]lz = yllo < Loz - yllo-

For any t € (rp,tpt1]T,p = 1,2,--- ,n and x,y € D1, we have

(M) (t) = () (B < KoLgea(t, ,rp)lz = ylla + KoLf/ eow(t, o(9))x(V) — y()[|AY

p

t 9 t
+KOLH/ €9u(f,0(19))/0 HI(T)—Z/(T)||ATA19+K0MBM5V/ eev(t,o(r))

p

tpt1
X {KoLgea(tpv rp)llz —ylla + KOL;/ eew(t, o(0))[x(d) — y()[|AY

P

tpt1 9
stk [ eouttio) [ e - yrlarav] ar

P

KoLg(1+ NP
< BoLoUEND o e+ A1+ M (ealtyin, o))l — yllo.

eQ(TP’t;)
Therefore,
KoLg(1+ NP
M = Myl < | <2200 4 a1+ AFen(tpen. )|l = vl < Lol = vl
eQ(rp7tP)
Similarly, for any ¢ € (t,, rplr, p=1,2,--- ,n and x,y € D1, we can easily find

KoLg(1+ NY)

M — Myl < Lg[
eQ(TP—h tp—l)

A +Nf>] 12— gllo < Lallz — ylo.

After summarizing the inequalities (4.10), (4.11) and (4.12), for all ¢ € I, we get
Mz —Ihylo < Lallz — yllo.

Hence, from the equation (4.6), IT; is a strict contraction operator.

(4.10)

(4.11)

(4.12)

Therefore, from the step 1 and step 2 along with Banach contraction theorem, II; has a unique fixed point

which is the solution of the system (1.2). Thus, the system (1.2) is exact controllable on I.

5 Illustrative Examples
In this section, we provide some examples to illustrate the obtained results.

Example 5.1. We consider the partial differential equation on time scales T in the following form

2 t
(1) = a(t,n)%ngZ(t,n) bW () + G (8, Z () + / Galt, 7, Z(r,m)) i,

t,?” S UZ:O(Tpvtp—i-l]T) n € [Oaﬂ-]'ﬂ‘a

Z(t,0)=Z(t,7m)=0, te[0,T]r,
Z(tan) = Gp(taZ( ;77]))’ te (tparp]'ﬂ‘a p= 1727"' , Ty
Z(Oa 77) =To, NE [077(]']1"

17
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where T is a time scales and ¢,,r, € T are some points with 0 =rg =10 <t1 <ri <ty < -1y <lpy1 =T. Aq
denotes the first order partial derivative while Ay denotes the second order partial derivative. Z,S,a : Ty x [0, 7|p —
R,G1: ToxR = R,Go : Ty xTy xR = R, G, : Jp xR — R are the real valued functions satisfying certain conditions

to be specified later where Ty = Up_, [rp,tpH]T, Jp = [tpstplr,p=1,2,-- ,n.
82

Let X = L2[0,7]r. Define an operator A(t) by A(t)r = a(t,n)ﬁ
27

H?[0,7]r}. Further, it is known that A(t) generates an evolution operator {FE(t,s) : t > s} which satisfies

E(t,s) < Koegy(t,s), V (t,s) (t > s) with Ko = 1 and v = } (please see [8]). Define B € B(U, X) by
Bu(t)(n) = b(n)W(t,n), n € [0,7]r, b(n) € L2[0,7]p. With the above formulations, the equation (5.13) can

be rewritten as the following abstract equation X = L?[0, 7],

x, Vo € D(A) = {x € H0,x]r N

A (t) = At)x(t) + F(t,z(t) + /Ot H(t,r,x(r))Ar + Bu(t), teUy_o(rp, tps]r,

l’(t) = gp(t’w(t;))a te (tPaTP]Tv p= 1727 A2 (514)
2(0) = xo,

where z(t) = Z(t,.) thatis (t)(n) = Z(t,n), F(t, 2())n = G1 (¢, Z(t,n)), H(t,r, x)n = Ga(t, 7, Z(t,n)), Gp(t, 2(t,))(n)

= Gy(t, Z(t,,n)),n € [0,7]p. Thus, the results of this manuscript for the system (5.14) and (5.13) are same. Now,

t + sin(x(t)) _sin(t)(r 4+ 2)2(5 4 |z(2)]) _, _ 3+tsin(z(t,)) _

let ]:( ( )) W? H(taTv'T(t)) - 6t+7(1 ¥ |£E(t)|) and gp(tax(tp )) - Wa p =
1,2,---,n. Then, we can easily verify that the non-linear functions 7, H,G,, p = 1,2, -+ ,n, satisfy all the as-
sumptions of Theorem 4.7. Therefore, based on the Theorem 3.1, Theorem 3.3 and Theorem 4.7, it can be concluded
that the equation (5.13) has a unique solution which is stable and exact controllable. O

Next, we give a numerical example to illustrate the application of the obtained analytical results.

Example 5.2. We consider the following linear regressive system with non instantaneous impulses in the space

X =R
22 (t) = H%L(t)x(t) 406@?;;(2555:5);@)') +/0th7«, t € Ul_g(rps by,
a(t) = % + % te (tprpe, p=1,2,- ,n, (5.15)
2(0) = 1.
Here we set, A(t) = ﬁi(t) F(t,2(t)) = 4Oe(ﬁj;(|lmf)L(t)|), H(t v 2(t)) = % G,(t,2(t5)) =

L +sin(pz(t,)) p . . .
W+Z’ p=1,2--- n. Also, we can see that E(t,s) = ec1(t, s) which satisfies the relation ||E(¢, s)||
e

eo1(t, s). i.e., it is exponentially stable with Ky = 1 and v = 1. Now, we consider the following three cases for
different time scales:

e Case 1: Wetake T=R, I =1[0,2]g = [0,2],n =1,tg =0,t; = 0.6,71 =0.8,t =T = 2,z(t;) = 3 and z(t2) = 5.
Clearly, we can see that the trajectory of the system (5.15) shown in Figure 1 does not pass throw the desire points
z(t1) = 3 and x(t2) = 5. But if we add a control function u(t) given by

u(t) =
V) [3 = B(t1,0) = J3* Bty 0 (0)F (0, 2(9) A0 ~ [3" B(ty, a(9)) fy HO,r,(r)ArAd] (1), t € [0,t]

IN

W) [5 - BTG (T.2(t7)) — |7 E@.o(0)F@.20)A0 — [T BT a(0)) [ 10, r.x(r) ArAd] (1)
tG(Tl,T]]R,
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16k Impulse B

State x(t)
[

o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (t)

Figure 1: Trajectory of the system (5.15) when T = R.

where

t1 T
Wwh — / eor(tr,o(r)Ar and WL = / ec1 (T, o(r))Ar,
0

with B =1 in the control system (5.15), it becomes
¢
22 (t) = A(t)x(t) + F(t, z(t) + / H(t,r,x(r)Ar +u(t), te0,2]r\ (0.6,0.8g,
0
2(t) = Gy(t,x(t;)), t€ (0.6,0.8]z, p=1, (5.16)
z(0) = 1.
Now, using the MATLAB, we find

Impulse
4.5} P 4

o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (t)

Figure 2: Trajectory of the controlled system (5.16) when T =R, z(¢;) = 3 and z(T") = 5.

0.6 0.6 0.6
Wit = E(t1,0(r))BAr = / ec1(tr,o(r))Ar = / e~ (6= g = 0.4512,
0 0 0
2 2 2
wr :/ E(tg,o(r))BAr:/ eel(tg,a(r))Ar:/ e~ " dr = 0.6988,
0.8 0.8 0.8
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= 1.4310,

KoMp(1 + )My, KoMp(1+ pv)M},
o_ KoMp oMp
NO = i — 22164, N} = -

Nao(1 + Neq(t1,0)) = 0.0743, Na(1 + Nieq(T,r1)) = 0.0848,
KoLg(1+ N?) KoLg(1+N})

L0 = 1 Yeo(£1,0)) = 0.0961, L} = 1 Leq(t =0.1026,
o €Q(0,t0) +N3( +N469( 1 )) 9 @ EQ(T]_,tQ) +N3( +N4EQ( 2,7"1))
KoL%2(1+ N}
Kl = KoLl +Ny) | LgN3(1+Nj) = 0.0167.
BQ(OatO)

Therefore, all the assumptions of Theorem 4.7 are satisfied. Hence, the system (5.16) is controllable and the
controlled trajectory is shown in Figure 2.

e Case 2: We take T = Piq= U?‘;O[Qj, 27+ 1], I= [0,3]’]1‘ = [0, 1] U[Q, 3],71 =1,tg=1r9=0,t1 =04,r, =0.6,t5 =
T =3,x(t1) = 2 and z(t2) = 4. Clearly, we can see that the trajectory of the system (5.15) shown in Figure 3 does
not pass throw the desire points z(¢1) = 2 and z(t2) = 4. But if we add a control function u(t) given by

3 T T T
State x(t)
Impulse
2.5+ 1
2F .
=
L 1.5F 4
]
[72]
1 \ 4
0.5 . . . . B
_— ]

o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 22 24 26 2.8 3
Time (1)

Figure 3: Trajectory of the system (5.15) when T =P ;.

u(t) =
V) 2= B(t1,0) = [y Bty o(0)F (0, 2(0) A0 — [y B(ty, o)) Jy Hb,r,2(r)ArAd] (1), t € [0,ti]p, ,
WE) (4= BT, m)G1 (T,2(67)) = [ B(T,0(9)F (0, 2(0)A0 — [T E(T,0(9)) [y H(9,r,(r) Arad] (¢),
te (Tl’T]]PHJ?
where

t1 T
wh = / eo1(tr,o(r))Ar and WL = / ec1 (T, o(r))Ar,
0

T1

in the control system (5.15), it becomes

xA(t) = A(t)x(t) + F(t,z(t)) +/O H(t,r,z(r))Ar +u(t), tecl0,3]p,, \ (0.4,0.6]p, ,,

x(t) = Gp(t,x(t,)), t€(0.4,06]p,,, p=1, (5.17)
1
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4 T T T T
State x(t)
Impulse
3.5 -
3r -
= 2.5 -
=
f<
=
751 2+ 4
1.5 1
1 4
0.5

o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 22 24 26 2.8 3
Time (t)

Figure 4: Trajectory of the controlled system (5.17) when T = Py 1,2(t1) = 2 and z(T) = 4.

Now, using the MATLAB, we find

0.4 3
wit = [ B(t,0(r)BAr = 0.3207, W = / Elts, o(r)) BAr = 0.7421,
0 0.6
P 0 P 0
A = KoM+ My o oaer p = KoMt )My goqn
12 12

No(1 4 Nieq(t,0)) = 0.2965, No(1+ Njeq(T,r1)) = 0.9058,
_ KoLg(1+NY) KoLg(1+ N})

0 1 Yeo(£1,0)) = 0.3443, L} = 1 Leq(t = 0.9450
«@ eQ(O,to) +N3( +N469( 1 )) ) « eQ(Tl,tg) +N3( +N4EQ( 2,7"1)) R
KoL2(1 4+ N}
K, = KoLgU+No) | LgN3(1+N}) = 0.0257.
eq(0,0)

Therefore, all the assumptions of Theorem 4.7 are satisfied. Hence, the system (5.17) is controllable and the
controlled trajectory is shown in Figure 4.

o Case 3: We take T = [0,3]15 U [4,6]r = D(say), I = [0,6]r = {0, 11,2223 U4,6l,n=1,tg =rg=0,t; =
48,11 =52,to =T = 6,2(t1) = 2 and z(t2) = 3. Clearly, we can see that the trajectory of the system (5.15)
shown in Figure 5 does not pass throw the desire points z(t1) = 2 and z(¢2) = 3. But if we add a control function

> State x(t) fort =0,1/2,..., 3
0.9 State x(t) for t = [4,4.8] and (5.2, 6] : b
Impulse for t = (4.8,5.2]

State x({)
*

* % -

o 0.4 0.8 1.2 1.6 2 2.4 2.8 3.2 3.6 4 4.4 4.8 52 5.6 6
Time (t)

Figure 5: Trajectory of the system (5.15) when T = D.
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u(t) given by
u(t) =
(W)~ [2 — E(t1,0) — [ E(t1,0(9)F (0, 2(0) A0 — [ E(t1,0(9)) [ HW,r,2(r ))Amﬁ} (t), t€[0,t:]p

wIH-1 [ — B(T,m)G (T, z(t])) frl E(T,0(9)F(9,z(9)) A9 — fg E(T,o(9 fo H(, r,x(r ))ArAﬁ} (t),
te (Tl,T]D,

where

t1 T
Wh — / eor(tr,o(r))Ar and WL = / ec1(T,o(r))Ar,
0

1

in the control system (5.15), it becomes

22 () = A()z(t) + F(t, z(t)) + /0 H(t,r,z(r)Ar+u(t), te€]0,6]p\ (4.8,5.2]p
x(t) = Gp(t,z(t,)), te€(48,52]p, p=1, (5.18)
z(0) = 1.
Now, using the MATLAB, we find

3.5 T T T T T T T
- State x(t) fort =0,1/2,..., 3
State x(t) for t = [4,4.8] and (5.2, 6]
3 Impulse for t = (4.8,5.2]
2.5+
= 2
= *
j<
=
N 151
*
1k
*
oy
osf X * :

o 0.4 0.8 1.2 1.6 2 2.4 2.8 3.2 3.6 4 4.4 48 52 5.6 6
Time (t)

Figure 6: Trajectory of the controlled system (5.18) when T = D, x(¢1) = 2 and z(T) = 3.

4.8 6
Wi :/ E(t1,0(r))BAr = 15.67710, W :/ E(ta, (1)) BAr = 0.5507,
0 5.2
KoM MY, KoMp(1 MY,
Ao = KoMl ;W) — 0.0057, A} = FoAE( :W)
Nao(1+ NMeq(t1,0)) = 0.2793, Na(1 +Nieq(T,r1)) = 0.1562,

KoLg(1+ NY) KoLg(1+N})

= 2.7238,

L0 = 1 Yeq(t1,0)) = 0.2867, L1 = 1 Leq(ta, =0.1612,
a BQ(O,to) +N3( +N4€Q( 1, )) » Ha €Q(T1,t2) +N3( +N4€Q( 2 Tl))
KoL%(1+ N}
1 HolgU+ N + LgN3(1 + Nj) = 0.0258.
eq(0,%0)
Therefore, all the assumptions of Theorem 4.7 are satisfied. Hence, the system (5.18) is controllable and the
controlled trajectory is shown in Figure 6. O
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6 Conclusion

In this manuscript, we have successfully established the existence of a unique solution and stability result for an
impulsive hybrid evolution system (1.1) on time scales in a Banach space X. In addition, we have studied the
exact controllability result for the hybrid evolution system (1.2). These results have been established by using the
evolution operator theory, nonlinear analysis and the Banach contraction theorem. Moreover. to illustrate the
application of obtained analytical outcomes, we provided one theoretical and with the help of MATLAB, we have
given a numerical example for the different time scales including T = R (case-1 of example 6.2), T = Py ; (case-2
of example 6.2) and T = [0, 3]17 U [4, 6]r(case-3 of example 6.2).

7 Acknowledgement

We are very thankful to the associate editor and anonymous reviewers for their constructive comments and sugges-
tions which help us to improve the manuscript. The research of “Vipin Kumar” is supported by IFCPAR/CEFIPRA
under the research fellowship number “IFC/4132/RCF 2019/729”.

References

[1] Hilger, S., Ein Mafkettenkalkiil mit Anwendung aufZentrumsmannigfaltigkeiten, Ph.D. thesis. Universitit,
Wiirzburg (1988)

[2] Ferhan, A.M., Biles, D.C., Lebedinsky, A., An application of time scales to economics, Math. Comput. Mod-
elling. 43(7-8), 718-726 (2006).

[3] Naidu, D., Singular perturbations and time scales in control theory and applications: an overview. Dyn.
Contin. Discrete Impuls. Syst. Ser. B 9, 233-278 (2002).

[4] Taousser, F.Z., Defoort, M., Djemai, M., Consensus for linear multi-agent system with intermittent information
transmissions using the time-scale theory. Internat. J. Control. 89(1), 210-220 (2016).

[5] Babenko, S., Defoort, M., Djemai, M., Nicaise, S., On the consensus tracking investigation for multi-agent
systems on time scale via matrix-valued Lyapunov functions. Automatica. 97, 316-326 (2018).

[6] Agarwal, R.P., Wang, C., O'Regan, D., Recent development of time scales and related topics on dynamic
equations. Mem. Differ. Equ. Math. Phys. 67, 131-135 (2016).

[7] Wang, C., Agarwal, R.P., O’'Regan, D., Compactness criteria and new impulsive functional dynamic equations
on time scales. Adv. Difference Equ. 2016, 197 (2016).

[8] Dhama, S.,; Abbas, S., Existence and stability of square-mean almost automorphic solution for neutral stochas-
tic evolution equations with Stepanov-like terms on time scales. Rev. R. Acad. Cienc. Exactas F’is. Nat. Ser.
A Math. 113(2), 1231-1250 (2019).

[9] Wang, C., Agarwal, R.P., Weighted piecewise pseudo almost automorphic functions with applications to
abstract impulsive nabla-dynamic equations on time scales. Adv. Difference Equ. 2014, 153 (2014)

[10] Bohner, M., Peterson, A., Dynamic Equations on Time Scales. Birkh&user, Basel (2001).
[11] Bohner, M., Peterson, A. (eds.)., Advances in Dynamic Equations on Time Scales. Birkhduser, Boston (2003).

[12] Liu, H., Xiang, X., A class of the first order impulsive dynamic equations on time scales. Nonlinear Anal.
69(9), 2803-2811 (2008).

23



[15]

[16]

[17]

Agarwal, R.P., Bohner, M., Basic calculus on time scales and some of its applications. Results Math. 35(1),
3-22 (1999).

Agarwal, R.P., Bohner, M., O’'Regan, D., Peterson, A., Dynamic equations on time scales: A survey. J.
Comput. Appl. Math. 141, 1-26 (2002).

Taousser, F.Z., Defoort, M., Djemai, M., Stability analysis of a class of switched linear systems on non-uniform
time domains. Systems Control Lett. 74, 24-31 (2014).

Babenko, S., Defoort, M., Djemai, M., Nicaise, S., Distributed leader-follower consensus for a class of uncertain
linear multi-agent systems using time scale theory. Internat. J. Robust Nonlinear Control. 29(2), 433-450 (2019).

Wang, J.R., Feckan, M., Debbouche, A., Time optimal control of a system governed by non-instantaneous
impulsive differential equations. J. Optim. Theory Appl. 182(2), 573-587 (2019).

Shengda, L., Debbouche, A., Wang, J.R., ILC method for solving approximate controllability of fractional
differential equations with noninstantaneous impulses. J. Comput. Appl. Math. 339, 343-355 (2018).

Wang, J.R., Ibrahim, A.G., Feckan, M., Yong, Z., Controllability of fractional non-instantaneous impulsive
differential inclusions without compactness. IMA J. Math. Control Inform. 36(2), 443-460 (2017).

Malik, M., Dhayal, R., Abbas, S., Kumar, A., Controllability of non-autonomous nonlinear differential system
with non-instantaneous impulses. Rev. R. Acad. Cienc. Exactas F’is. Nat. Ser. A Math. 113(1), 103-118 (2019).

Kumar, A., Malik, M., Sakthivel, R., Controllability of the second-order nonlinear differential equations with
non-instantaneous impulses. J. Dyn. Control Syst. 24(2), 325-342 (2018).

Dieye, M., Diop, M.A., Ezzinbi, K., Controllability for some integrodifferential equations driven by vector
measures. Math. Methods Appl. Sci. 40, 2090-2106 (2017).

Wang, J.R., Feckan, M., Debbouche, A., Time optimal control of a system governed by non-instantaneous
impulsive differential equations. J. Optim. Theory Appl. 182(2), 573-587 (2019).

Huang, Y., Liu, Z., Controllability of nonlinear impulsive integro-differential fractional time-invariant systems.
J. Integral Equations Applications. 31(3), 329-341 (2019).

Liu, Z., Li, X., Existence of solutions and controllability for impulsive fractional order damped systems. J.
Integral Equations Applications. 28(4), 551-579 (2016).

Aissani, K., Benchohra, M., Controllability of fractional integrodifferential equations with state-dependent
delay. J. Integral Equations Applications. 28(2), 149-167 (2016).

Davis, M.J., Gravagne, I.A., Jackson, B.J., Marks, I.I., Robert, J., Controllability, observability, realizability
and stability of dynamic linear systems. Electron. J. Differential Equations. 2009(37), 1-32 (2009).

Bohner, M., Wintz, N., Controllability and observability of time-invariant linear dynamic systems. Math.
Bohem. 137(2), 149-163 (2012).

Bartosiewicz, Z., Linear positive control systems on time scales: controllability. Math. Control Signals Syst.
25(3), 327-343 (2013).

Duque, C., Uzcategui, J., Leiva, H., Approximate controllability of semilinear dynamic equations on time
scales. Asian J. control. 21(5), 1-7 (2019).

Lupulescu, V., Younus, A., On controllability and observability for a class of linear impulsive dynamic systems
on time scales. Math. Comput. Modelling. 54(5), 1300-1310 (2011).

24



[45]
[46]

[47]

Malik, M., Kumar, V., Controllability of neutral differential equation with impulses on time scales. Differ.
Equ. Dyn. Syst. (2019), doi: 10.1007/s12591-019-00454-2.

Kumar, V., Malik, M., Stability and controllability results of evolution system with impulsive condition on
time scales. Differ. Equ. Appl. 11(4), 543-561 (2019).

Kumar. V., Malik, M., Total controllability and observability for dynamic system with non-instantaneous
impulses on time scales. Asian J. Control. 1-13 (2019). doi.org/10.1002/asjc.2268

Lakshmikantham, V., Bainoc, D.D., Simeonov, P.S., Theory of impulsive differential equations. World scientific
(1989).

Benchohra, M., Henderson, J., Ntouyas, S.K., Impulsive differential equations and inclusions. Hindawi Pub-
lishing Corporation, New York (2006).

Hernéndez, E., O’'Regan, D., On a new class of abstract impulsive differential equations. Proc. Amer. Math.
Soc. 141(5), 1641-1649 (2013).

Wang, J., Feckan, M., A general class of impulsive evolution equations. Topol. Methods Nonlinear Anal. 46(2),
915-933 (2015).

Wang, J.R., Zhou, Y., Lin, Z., On a new class of impulsive fractional differential equations. Appl. Math.
Comput. 242, 649-657 (2014).

Agarwal, R.P., Hristova, S., O’Regan, D., Non-instantaneous impulses in differential equations. Springer,
(2017).

Wang, J.R., Feckan, M., Non-instantaneous impulsive differential equations. IOP, (2018).

Hernandez, E., Pierri, M., O’Regan, D., On abstract differential equations with non instantaneous impulses.
Topol. Methods Nonlinear Anal., 46, 1067-1088, (2015).

Malik, M., Kumar, A., Feckan, M., Existence, uniqueness and stability of solutions to second order nonlinear
differential equations with non-instantaneous impulses. J. King Saud Univ. Sci. 30(2), 204-213 (2018).

Bai, L., Nieto, J.J., Variational approach to differential equations with not instantaneous impulses. Appl.
Math. Lett., 73, 44-48 (2017).

Priss, J., Evolutionary integral equations and applications. 87, Birkh&user 2013.

Aparicio, R., Keyantuo, V., 2020. LP-Maximal Regularity for a Class of Degenerate Integro-differential Equa-
tions with Infinite Delay in Banach Spaces. J. Fourier Anal. Appl., 26(2), 1-39 (2020).

Shin, S.Y., Woo, M.K., Ahn, Y.C., The existence and controllability of solutions for the impulsive neutral
functional integro-differential equations with delay terms. JP J. Fixed Point Theory Appl. 8(2), 97-119 (2013).

Huang, Y., Liu, Z., Controllability of nonlinear impulsive integro-differential fractional time-invariant systems.
J. Integral Equations Appl., 31(3), 329-341 (2019).

Anguraj, A., Kanjanadevi, S., Existence results for fractional non-instantaneous impulsive integro-differential
equations with nonlocal conditions. Dyn. Contin. Discrete Impuls. Syst. Ser. A Math. Anal. 23(6), 429-445
(2016.

25





