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Abstract. Spatio-temporal encoding (SPEN) MRI is a non-Fourier imaging technique that encodes the 

spatial information in such a way that there is a direct relation between the signal intensity recorded 

during the acquisition and the spin density at a given position. In current spatio-temporal encoding 

methods, the first crucial step requires imparting a quadratic phase onto the transverse magnetization. 10 

Usually, this is achieved by simultaneous application of a frequency-swept (chirp) pulse and a linear 

magnetic field gradient. In this work, we show that a quadratic phase can be imparted by using 

quadratic encoding gradients. This leads to smaller specific absorption rates (SARs). Furthermore, the 

proposed sequence can be used for multi-slice applications similar to ordinary multi-slice sequences, 

but without the limitations of traditional SPEN.    15 

Introduction 

Most conventional MRI methods are based on Fourier transformations: data points are sampled in k-

space, and the image is obtained by a multi-dimensional Fourier transformation [1]. Spatial encoding, 

also known as spatio-temporal encoding or SPEN [2,3] is based on sequential excitation or inversion of 

the spins, and sequential detection of the signals. In order to reconstruct the image it is sufficient to 20 

arrange the signals in chronological order of detection without the need for Fourier transformation. So 

far, a variety of spatio-temporal encoding techniques have been described [2–11]. In most methods, 

spatial encoding is achieved by simultaneous application of a linear gradient and a frequency-swept 

(chirp) pulse. This leads to a quadratic phase profile [12,13] where the magnetization vectors of all 
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voxels are de-phased except for those that lie near the vertex (the flat region) of the quadratic profile. 25 

An image can be obtained by shifting the position of the vertex with a linear gradient.  

 

To obtain a satisfactory resolution (especially when no super-resolution methods are used for 

image reconstruction) and to suppress distortions due to field inhomogeneities, long chirp pulses with 

large bandwidths are required, because the larger the time-bandwidth [3,7] product (which is a 30 

dimensionless parameter obtained by multiplying the duration of the chirp pulse and its bandwidth), the 

better the resolution. Unfortunately, chirp pulses with large bandwidths lead to large specific absorption 

rates (SAR). The use of long chirp pulses will also prolong the echo time TE of the sequence with 

concomitant signal losses. The situation is exacerbated in multi-slice experiments and in sequences that 

use 180 ̊ chirp pulses [2,6,9,10], as these pulses lead to much higher SARs compared to 90 ̊ chirp pulses. 35 

Moreover, in multi-slice experiments, the chirp pulses affect the spins of the whole object and are not 

limited to the selected slice.  

 

These problems can be avoided by generating a quadratic phase profile with a gradient coil that 

produces a quadratic magnetic field profile. Of course, linear gradients are still needed for slice 40 

selection, k-encoding, etc. Non-linear gradients have been proposed for slice selection in Fourier MRI 

as early as 45 years ago [14]. Different aspects of non-linear encoding fields in MRI have been 

discussed extensively, and suitable pulse sequences and image reconstruction methods have been 

published [15–24]. The spatio-temporal dependence of MRI signals encoded with non-linear gradients 

was previously noted [25], although not in the context of SPEN.  45 

To the best of our knowledge, quadratic encoding gradients have not yet been applied to spatio-

temporal encoding (SPEN) methods that usually employ chirp pulses. This paper shows a proof-of-

concept to demonstrate that SPEN images can be obtained with quadratic gradients without any chirp 

pulses. We show that the images obtained by our method (Figures 2-4) have similar properties as 

traditional SPEN images, and thus can be considered to constitute a class of SPEN images. In addition, 50 

we show that quadratic encoding gradients can reduce SAR. This could also allow for shorter echo 



times, thus reducing the losses due to relaxation. Moreover, in some circumstances, one could apply 

linear gradients, for de-phasing or slice refocusing, simultaneously with the quadratic ones. 

Theory 

Figure 1 shows three sequences with k-encoding in one direction and spatio-temporal encoding in the 55 

other. Figure 1(a) is a hybrid of spatio-temporal encoding and phase encoding, while Figure 1(b) 

combines spatio-temporal encoding and frequency encoding. In both cases, k-encoding is performed 

with linear gradients, while spatio-temporal encoding is achieved with quadratic and linear gradients. 

Ideally, one should have a pulsed quadratic encoding gradient that can be gated on and off during the 

sequence. However, our experiments were performed with a continuous quadratic gradient provided by 60 

a shim coil that cannot be gated. In the ideal case of Figure 1(a), where the quadratic encoding gradient 

is only applied during the interval τ between excitation and acquisition, the phase of the magnetization 

at time t after starting signal acquisition can be described by: 

 � = ��� + ��
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where β = 2πγατ is the coefficient of the quadratic term, γ is the gyromagnetic ratio, α and τ are the 

amplitude and duration of the quadratic encoding gradient, z is the coordinate along the spatial encoding 65 

(se) direction, and kse
z(t) is the k-space coordinate in this dimension at time t after starting acquisition. 

Since the phase of the magnetization varies steeply as a function of the z coordinate in all parts of the 

sample except near the vertex of the quadratic profile [26,27], where dφ/dz ≈ 0, the signal originates 

almost exclusively from voxels around this vertex. When kse
z(t) changes, the position z(t) of the vertex 

is shifted in proportion: 70 
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thus the field of view (FOV) in the spatial encoding dimension is: 
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where Δkse
z is the relevant range of k-space coordinates. As a result, the signal provides a map of the 

object in the spatial encoding direction, without Fourier transformation. Similar equations can be 



obtained for the sequence of Figure 1(b), with the difference that kse
z is constant for each individual 

scan, while it varies between different scans. The signals are then arranged in a 2D array and a 1D 75 

Fourier transformation is performed in the k-encoded direction. A single-shot experiment is shown in 

Figure 1(c). It resembles a gradient echo EPI experiment with an additional quadratic encoding 

gradient.  

 In our experiments we have used a shim coil with a current that is applied continuously to 

generate a quadratic encoding gradient. The presence of this gradient in the excitation period only 80 

causes some minor de-phasing and slice deformation (a maximum deviation of 0.24 mm at the corners 

of the object for the maximum value of α = 0.45 T.m-2, and a slice selection gradient of 0.5 T.m-1, which 

does not occur if one uses switchable quadratic gradients). However, during the signal acquisition a 

mis-registration of the voxels in the spatio-temporal encoding direction (i.e., in the vertical direction of 

our images) will occur with respect to the outcome of Equation 2. If the quadratic gradient could be 85 

gated off prior to signal acquisition, this voxel mis-registration would not occur, so that successive data 

points of the spatially encoded signal would correspond to equally spaced points in the image (i.e., in 

real physical space). Mis-registration means that data points are not equally spaced in the image. 

Knowledge of the experimental parameters allows one to make a correction. For multi-shot images this 

mis-registration is negligible because the acquisition time is much shorter than the evolution time. For 90 

single-shot experiments this effect needs to be taken into account. Due to mis-registration, the real FOV 

is smaller than it would be in the ideal case. Furthermore, the centre of the real FOV does not coincide 

with the centre of the linear gradient coil. It is worth noting that, in our experiments we have calibrated 

the amplitude of our z2 shim by estimating a value for the parameter α so that the theoretical equations 

predict the experimental values observed for FOVs. 95 

One can define a spatio-temporal bandwidth bwse of our experiment as follows; we consider a 

conventional SPEN experiment with a 180 ̊ chirp whose duration (τ) is the same as the one of our 

quadratic gradient and which produces an identical phase profile. The phase profile of such an 

experiment can be found, for example, in equation 20 of reference 27. Equalising the coefficients of the 

quadratic term of the traditional experiment with the quadratic term of the experiments that we 100 

performed, gives: 
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Hence:  
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Methods 

Our experiments have been carried out on a Bruker 800 MHz NMR spectrometer equipped with a 25 105 

mm micro-imaging probe, and a Bruker “Micro 2.5” gradient system with maximum switchable linear 

gradient of 1.0 T.m-1. The phantom was a dumbbell-shaped piece of plastic that was placed in a 25 mm 

outer diameter plastic tube filled with de-ionized water. The pulse programmes were written and 

implemented using the Paravision programme (version 6.0.1), and the data were processed either by a 

modified processing algorithm in Paravision or by a home-written Python code. The corrections for the 110 

above-mentioned mis-registration were implemented using a home-written Python code. In all 

experiments, a slice parallel to the YZ plane (at X = 0) with a thickness of about 0.7 mm was selected by 

using a linear gradient and a shaped rf pulse, the vertical z axis being parallel to the main static field. 

Experimental parameters like the strength of the quadratic gradients and their duration are given in the 

figure captions. 115 

Results and discussion 

The top row in Figure 2 shows an image resulting from the multi-shot SPEN sequence of Figure 1(a). 

The amplitude of the quadratic encoding (shim) gradient increases from panel a to panel c, resulting in a 

decreasing FOV in the vertical z dimension, in accordance with Equation 2, and also an improving 

resolution from panel a to panel c. In the sequence of Figure 1(a), the quadratic encoding gradient can 120 

also be treated as an inhomogeneous contribution to the static field. Under such conditions, the usual 

principles of Fourier MRI are applicable, and one can apply a 2D Fourier transform to the raw data. 



These images are shown in the bottom row of Figure 2. Of course, in this case, the vertical FOV is not 

determined by the amplitude of the quadratic encoding gradient, but by the parameters that govern the 

FOV in Fourier MRI, i.e., by the duration and amplitude of the linear gradients. 125 

Some SPEN images obtained with the sequence of Figure 1(b) under the same conditions as 

Figure 2 are shown in Figure 3. While Figure 1(a) is a hybrid of spatio-temporal encoding and phase 

encoding, Figure 1(b) is a hybrid of spatio-temporal encoding and frequency encoding. The top rows of 

Figures 2 and 3 are quite similar. (There is a slight curvature on the left part which is a bit more 

pronounced in Figure 3. This could be due to the presence of the continuous quadratic gradient or to 130 

effects of other field inhomogeneities). Although the phantom extends beyond the vertical FOV, no 

aliasing is seen in Figure 2, since the z dimension is spatially encoded, and no Fourier transformation is 

applied in this direction. Thus, aliasing cannot occur. Aliasing is also absent in the bottom row of Figure 

2, despite a 2D Fourier transformation of the raw data, since the signals stemming from areas located 

beyond the FOV have been removed by digital filtering. In the top row of Figure 3, no aliasing occurs, 135 

for the same reason as in the top row of Figure 2. However, aliasing occurs in the images in the bottom 

row, since the z dimension is phase-encoded and signals originating beyond the FOV are not eliminated 

by filtration. 

Four single-shot SPEN images obtained with the pulse sequence of Figure 1(c) are shown in 

Figure 4. The quadratic encoding gradient is stronger in Figure 4(b) than in Figure 4(a). Consequently, 140 

the FOV is smaller, and the resolution is improved. The amplitude of the quadratic encoding gradient is 

the same in Figures 4(c), 4(a), and 4(d), but the strength of the “blip” decoding gradients (shown in the 

pulse programme of Figure 1(c)) has been increased respectively. In 4(c) the strength of the blip 

gradients is half of 4(a), while in 4(d) it is twice as large as in 4(a). Consequently, the FOV in the 

spatio-temporal encoding direction in 4(c) is halved compared to 4(a), while in 4(d) it is doubled. As 145 

explained in the Theory section, a mis-registration occurs due to the presence of the quadratic gradient 

throughout the detection interval. This mis-registration has been compensated by a method described in 

the supporting information, which also shows a multi-shot reference image, and an EPI image for the 

sake of comparison. 



Conclusions 150 

The effect of various experimental parameters on the images has been investigated in Figures 2-4. 

Quadratic encoding gradients can lead to a comparable phase profile as the simultaneous application of 

a chirp pulse and a linear gradient. Hence, it shares the same advantages (notably its resilience to 

inhomogeneous static magnetic fields B0) and disadvantages, notably losses in SNR. These losses might 

be mitigated by using super-resolution reconstruction methods [3,5]. In contrast to traditional SPEN, 155 

quadratic encoding gradients allow one to achieve an increased resolution and a better resilience to 

inhomogeneous B0 fields without increasing the SAR. Moreover, since (as in FT MRI) the rf pulses 

only affect a chosen slice, multi-slice applications can be realised more easily. The quality of the images 

shown in this work suffers (most likely) from the fact that the quadratic gradient could not be gated 

during the pulse sequence. Moreover, the z2 shim coil that has been used generates a gradient described 160 

by the following equation [28]: 

 

 2� ∝ 2�� − �4� + 5�
 (6) 

In a slice parallel with the YZ plane centred on a value x0, the term x2 is constant, but the y2 term leads 

to some distortions in our images. For this method to become competitive, MRI scanners would need to 

be equipped, in addition to three standard linear pulsed field gradients, with quadratic pulsed field 165 

gradients, which would probably need a significant technological development. Only after performing 

our method with such a gradient system, and checking whether nerve stimulation effects are different 

from those induced by linear gradients, a meaningful and thorough comparison with different variants 

of conventional SPEN techniques (i.e., with 90° or 180° chirp pulses) can be made.  Furthermore, using 

spin echoes to refocus field inhomogeneities and super-resolution reconstruction techniques merit 170 

further investigation since they could ameliorate this work. 
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Figure 1: Multi-shot and single-shot spatio-temporal encoding sequences used in this work. Slice selection and k-encoding are 255 
performed by linear gradients like in Fourier imaging sequences. Spatio-temporal encoding is achieved using a quadratic, and linear 
blipped gradients. Note that, in contrast to conventional SPEN methods, no chirp pulse is used in this method.  



 

 

Figure 2: Top row: three SPEN images obtained by the multi-shot sequence of Figure 1 (a), using a quadratic encoding gradient, 260 
with the following parameters: matrix size 128 × 128, TE = 3.3 ms, flip angle 30˚, TR = 100 ms, and readout bandwidth bw = 500 
kHz. In (a) the amplitude of the quadratic encoding gradient was α ≈ 0.22 T.m-2 (corresponding to a bwse = 38.6 kHz) and the FOV 
= 63.5 × 32.0 mm; in (b) α ≈ 0.34 T.m-2 (corresponding to a bwse = 25.7 kHz) and the FOV = 42.3 × 32.0 mm; and in (c) α ≈ 0.45 
T.m-2 (corresponding to a bwse = 19.3 kHz) and FOV = 31.7 × 32.0 mm. These images result from hybrids of spatio-temporal 
encoding (along the vertical z axis) and phase encoding (along the horizontal y axis). Increasing the amplitude of the quadratic 265 
encoding gradient will decrease the FOV in the spatio-temporal encoding direction. Bottom row: (d, e, and f) images obtained by 
applying a Fourier transformation also in the vertical direction (2D FT) on the same raw data as the top row. (d) Raw data of image 
(a); (e) raw data of image (b); (f) raw data of image (c). For all bottom row images, the FOV was 32.0 × 32.0 mm. 



 

Figure 3: Top row: three SPEN images obtained with the multi-shot sequence of Figure 1(b), using a quadratic encoding gradient, 270 
with the following parameters: matrix size 128 × 128, TE = 3.3 ms, flip angle 30˚, TR = 100 ms, and readout bandwidth bw = 500 
kHz. In (a) the amplitude of the quadratic encoding gradient was α ≈ 0.22 T.m-2 (corresponding to a bwse = 38.6 kHz) and FOV = 
63.5 × 32.0 mm; in (b) α ≈ 0.34 T.m-2 (corresponding to a bwse = 25.7 kHz) and FOV = 42.3 × 32.0 mm; and in (c) α ≈ 0.45 T.m-2 
(corresponding to a bwse = 19.3 kHz) and FOV = 31.7 × 32.0. These images are hybrids of spatio-temporal encoding (along the 
vertical z axis) and frequency encoding (along the horizontal y axis). Increasing the amplitude of the quadratic encoding gradient 275 
leads to a decrease of the FOV in the spatio-temporal encoding direction. Bottom row: (d, e, and f) images obtained by applying a 
Fourier transformation also in the vertical direction (2D FT) on the same raw data as the top row. (d) Raw data of image (a); (e) raw 
data of image (b); (f) raw data of image (c). For all bottom row images, the FOV was 32.0 × 32.0. Aliasing is evident in three 
images of the bottom row. 



 280 

Figure 4, panels (a) to (d): Single-shot SPEN images obtained with the sequence shown in Figure 1(c). The experiments have been 
performed with different values of quadratic and linear blip gradients (indicated with red stars in Figure 1(c)), and with the 
following parameters: matrix size 64 × 64, TE = 7.2 ms, flip angle 90˚, evolution time τ = 2.66 ms, and readout bandwidth bw = 
652 kHz. In (a) the amplitude of the quadratic encoding gradient pulse was α ≈ 0.13 T.m-2 (corresponding to a bwse = 9.3 kHz), and 
FOV = 40.3 × 32.0 mm; in (b) α ≈ 0.20 T.m-2 (corresponding to a bwse = 6.2 kHz), and the FOV was 26.9 × 32.0 mm; in (c) α ≈ 285 
0.13 T.m-2 (corresponding to a bwse = 37.2 kHz), and FOV = 80.6 × 32.0 mm; in (d) α ≈ 0.13 T.m-2 (corresponding to a bwse = 2.3 
kHz), and FOV = 20.1 × 32.0 mm. These images are hybrids of spatio-temporal encoding (along the vertical z axis) and frequency 
encoding (along the horizontal y axis). Increasing the amplitude of the quadratic encoding gradient will decrease the FOV in the 
spatio-temporal encoding direction. Conversely, increasing the amplitude of the linear blip gradient will increase the FOV in the 
spatio-temporal encoding direction. Note that there is a non-negligible mis-registration of the voxels. The images have been 290 
corrected to compensate for this effect. Panel (e): for comparison, a traditional single-shot SPEN image obtained by the RASER [7] 
sequence (using a chirp pulse and linear gradient), with the following parameters: matrix size 64 × 64, TE = 37.8 ms, FOV = 32.0 × 
32.0 mm, flip angle 90˚, chirp pulse duration = 9.08 ms, readout bandwidth 652 kHz, and spatio-temporal encoding bandwidth bwse 
= 7.8 kHz. 






