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Abstract. We consider the problem of state observer design for wave PDEs containing Lipschitz nonlinearities in the domain and 

parameter uncertainties in the domain and at the boundaries. Using the decoupling-transformation design approach, we develop an 

adaptive boundary observer consisting of a state observer, a least-squares type parameter adaptive law, and a hyperbolic auxiliary 

filter. Using Lyapunov stability analysis, we show that the observer is exponentially convergent under a persistent excitation 

condition. The novelty is twofold: (i) the class of systems is much wider than those studied in previous works, it particularly accounts 

for structured disturbances acting on the domain and all boundaries; (ii) the proposed adaptive observer is quite different from existing 

ones for wave-type PDEs. 

1. INTRODUCTION

Designing state observers for PDEs has received an increasing 

interest over the last decade, e.g. (Smyshlyaev and Krstic, 2009; 

Vazquez et al., 2008, 2011; Guo and Guo, 2013;  Fridman, 2013; 

Meurer, 2013; Fridman and Terushkin, 2016; Ahmed-Ali et al., 

2015a; 2016a-b, 2017a-b, 2018a-b, Karafyllis et al., 2017). Most 

existing works proposed nonadaptive observers assuming the 

system model to be fully known. Results on adaptive observer 

design for PDEs are much less common (compared to nonadaptive 

observers). Furthermore, a certain portion of the available results 

were implicitly derived in the framework of output-feedback 

adaptive controllers (Smyshlyaev and Krstic, 2005, 2007a-b, 

2010; Krstic, 2010; Aamo, 2013; Guo and Guo, 2013; Guo, 2014; 

Bernard and Krstic, 2014; Anfinsen and Aamo, 2015, 2018; Guo 

et al., 2018). In that context, state and/or parameter online 

estimations are needed because the control is performed at the 

boundary. Also, the convergence of the parameter estimates to 

their true values is not required for the achievement of the control 

objectives (e.g. typically output-reference tracking). Wave PDEs 

were  considered in (Guo and Guo, 2013) and (Guo et al., 2018) 

but only the former involved an adaptive observer. 

The problem of designing adaptive observers for PDEs, outside 

the framework of output feedback control, has recently received 

interest. The problem has been addressed in (Ahmed-Ali et al., 

2016c-d) where exponentially convergent adaptive observers have 

been designed for linear and semilinear parabolic PDEs involving 

unknown parameters both in the domain and the boundary. In 

(Ahmed-Ali et al., 2017b), an adaptive observer design has been 

developed for cascade systems with parabolic PDE sensing. A 

similar result has been achieved in (Ahmed-Ali et al., 2016e) in 

the case of 1st order hyperbolic PDE sensing. In (Aamo, 2016), 

(Anfinsen et al., 2016), adaptive observers have been designed for 

coupled first order linear hyperbolic PDEs involving unknown 

parameters in the boundaries. The case of 2×2 first-order 

hyperbolic PDEs has been addressed in (Anfinsen and Aamo, 

2017). 

In the light of the above description, it is seen that quite a few 

previous works have been devoted to adaptive observer design for 

hyperbolic PDEs of wave type. In the present study, we develop a 

new adaptive observer design that applies to wave PDEs with 

Lipschitz nonlinear dynamics in the domain and unknown 

parameters in both the domain and the boundaries. The 

introduction of parameter uncertainty makes it possible to account 

for uncertain characteristics of the system or of external 

disturbances acting on its domain or its boundaries. We extend the 

(finite-dimensional) decoupling-transformation design 

technique (Zhang, 2002) to (infinite-dimensional) systems 

described by hyperbolic PDEs. The first generalization to 

infinite-dimensional systems has been made in (Ahmed-Ali 

et al., 2015b, 2016a,c) for systems involving heat type linear 

PDEs. The novelty of the present study is not only the 

extension of the approach to wave type PDEs, it is also its 

generalization to the case where the PDE includes Lipschitz 

nonlinearities and parameter uncertainty entering all (domain 

and boundary) equations. The resulting observers include 

three main components: (i) a state observer which is a copy 

of the system, augmented with domain and boundary 

feedback actions; (ii) a parameter adaptive law of the least-

squares type; (iii) an auxiliary filter defined by a hyperbolic 

PDE, that generates a vector signal defining the search 

direction for the parameter adaptive law. Finally, we show 

that the adaptive observer is exponentially stable, provided 

that the vector signal generated by the filter is persistently 

exciting. Compared to the conference version (Benabdelhadi 

et al., 2019), the present paper includes all technical proofs 

which were missing in the former. 

The paper is organized as follows: the considered observation 

problem is stated in Section 2; the adaptive observer design is 

presented in Section 3 and its analysis is dealt with in Section 

4. To alleviate the exposition, all technical proofs are given in

the Appendix.

Notation. Euclidean norms in 
n

R  and 
mn

R (with 0n ) are 

denoted  . ],0[2 DL is the Hilbert space of square 

integrable functions 
nD R],0[: , for some integer 0n

and real 0D , and   is the associated 
2L -norm. )1,0(1H

(resp. )1,0(2H ) is the Sobolev space of absolutely 

continuous functions 
nD R],0[: , some integer 0n , 

with ],0[/ 222 DLdd  (resp. ],0[/ 2 DLdd  ). The 

following Wirtinger's inequality holds, for any scalar function 

)1,0(1H  such that 0)0(   or 0)1(  : 




D

x
Dx

dxxDx
0

22

0

)()(sup  (1) 

2. OBSERVATION PROBLEM STATEMENT

We are considering nonlinear systems that can be modelled 
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by the following class of wave PDEs: 

  txtxutxutxuftxutxu xtxxtt ,),,(),,(),,(),(),(  11 ),( qtx , 

         for  Dx 0 , 0t   (2a) 

332 )(),0(),0( qttuqtux  ,  0t    (2b) 

44 )()(),( qttUtDu  ,  0t    (2c) 

with initial condition uHu )0(., , ),,0()0(., 2 DLut   and 

 ;)0()0()0()(/),0( 44
1 qUDDHHu    

 )0()0()0()0()0( 332 qqx    

The various notation in (2a-c) have the following meaning: 

. 0D  is the known domain length; 

. ),( txu  ( Dx 0 , 0t ) is the unknown distributed state; 

. )),,0([0
RCU  is a known input signal; 

.  RR );,0[],0[30  DCf  is known globally Lipschitz with 

respect to u , xu  and tu , uniformly in ),( tx . 

.  im

i DC



11 );,0[],0[ R  ( 4,3,1i ) are known bounded 

functions; we will also need 4
  to be bounded; 

. im

iq R  ( 4,3,2,1i ) are unknown vector parameters. 

. 12 m  and  im1 ( 4,3,1i ) are known integers.  

For convenience, we introduce the following augmented 

(unknown) parameter vector: 

  nTTT qqqq R 4321 , with 4321 mmmmn   (2e) 

The goal of the study is to design an adaptive observer that 

provides accurate online estimates, ),(ˆ txu  and )(ˆ t , of the 

system distributed state ),( txu  ( Dx 0 ; 0t ) and the 

parameter vector  , based only on the input and output 

measurements )0);(),(( ttytU  with: 

)],0(),,0([)( tututy t ,  0t    (system output)   (3) 

Remark 1. 1) As pointed out in (Guo and Guo, 2013), in the case 

where   0,0,,,, 1  qtxuuuf xt , equations (2a-c) model the 

classical Rijke tube control experiment in combustion dynamics 

with control of a loudspeaker, and a pressure sensor 

(microphone) near the speaker, with )4,3()( iqt ii are 

external disturbances. On the other hand,  in the case where 

  txt uutxuuuf 10,,,,    and )41(0  iqi , equation 

(2a) reduces to the so-called damped sine-Gordon equation 

(Kobayash, 2003).   

2) Compared to (Guo and Guo, 2013) where an adaptive observer 

has been proposed for linear hyperbolic PDEs of wave type, the 

present study is more general in the sense that the domain 

equation includes nonlinear dynamics and parameter uncertainty 

is in the domain and both boundaries. In (Guo et al., 2018) an 

adaptive output-feedback controller was proposed that only 

involved a parameter adaptive law (no adaptive state estimation 

was required there)     

3. ADAPTIVE OBSERVER DESIGN 

3.1 Observer structure and error system 

Consider the following observer structure, which is a copy of the 

system model (2a-c) with additional inputs: 

 txtxutxutxuftxutxu xtxxtt ,),,(ˆ),,(ˆ),,(ˆ),(ˆ),(ˆ     

   ),()(ˆ),( 111 txvtqtx   (4a) 

)(ˆ)(),0()(ˆ),0(ˆ
332 tqttutqtux   

 )()),0(),0(ˆ( 2 tvtutua tt   (4b) 

)(ˆ)()(),(ˆ
44 tqttUtDu     (4c) 

where  ),(ˆ txu  denotes the state estimate; R0q̂ and 

nq R1
ˆ  are parameter estimates yet to be defined; 0a  is 

an observer gain; ),(1 txv  and )(2 tv  are additional feedback 

functions, introduced to cope with the parameter uncertainty 

(i.e. they are set to zero in the case of known  ). The gain a

, the couple of feedback functions, and the parameter adaptive 

law will be selected so that the following state and parameter 

estimation errors vanish exponentially: 

),(),(ˆ),(~ txutxutxu    (5a) 

iii qtqtq  )(ˆ)(~ ,  )4,3,2,1( i  (5b) 

For convenience, introduce the following notations:  

 TTTT tqtqtqtqt )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ 4321 , (5c) 

  )(ˆ)(
~

tt   (5d) 

Then, it readily follows from (2e) and (5b-c) that: 

 TTTT tqtqtqtqt )(~)(~)(~)(~)(
~

4321  (5e) 

The error system is obtained by subtracting, side by side, 

equations (2a-c) and the corresponding ones in (4a-c).  Doing 

so, we obtain the following error system: 

),(
~

),(~),(~ txftxutxu xxtt  ),()(~),( 111 txvtqtx   (6a) 

),0(~),0()(~),0(~
2 tuatutqtu tx  )()(~)( 233 tvtqt   (6b) 

)(~)(),(~
44 tqttDu      (6c) 

),),,(ˆ),,(ˆ),,(ˆ(),(
~

txtxutxutxuftxf xt  

 ),),,(),,(),,(( txtxutxutxuf xt  (6d) 

3.2. Decoupling transformation  

Consider the following zu ~  transformation: 

)(
~

),(),(~),( ttxtxutxz   (7a) 

with 

ntxtxtxtxtx  1
4321 )],(),(),(),([),( R     (7b) 

where im
i tx R),(  )4,3,2,1( i  are auxiliary signals yet to 

be defined. To this end, the dynamics of the ),( txz  are 

identified first. These are obtained from (7a) using (6a): 

111 )(~~~ vtqfuz xxtt   
 ~~

2
~

 ttt ,   0t  

where the arguments ),( tx  are, and will continue to be, 

omitted to alleviate the expressions. Substituting 

)(
~

),(),( ttxtxz   to ),(~ txu , the above equality develops 

as follows: 


~

)(
~

1 ttxxxxtt fzz 
1)(

~
)(

~
2 vttt  


 (8a) 

with 
nT

mntxtx 

  1

11 ]0),([),(
1

R  (8b) 
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with 
1

0
mn

 the zero vector in 1mn
R . In view of (8a), we let 

),(1 txv  and ),( tx  be defined as follows: 

)(
~

)),()(
~

),(2)(1 ttxttxtv t 


   (9) 

),(),(),( 1 txtxtx xxtt    (10) 

Doing so, equation (8a) boils down to: 

 txftxztxz xxtt ,
~

),(),(   (11) 

Using the mean value theorem, (6b), (6d) and (7a) give: 

),(~),(),(~),(),(~),(),(
~

321 txutxftxutxftxutxftxf xt   

  )(
~

),(),(),(1 ttxtxztxf   

 






  )(
~

),()(
~

),(),(),(2 ttxttxtxztxf tt 


 

  )(
~

),(),(),(3 ttxtxztxf xx   (12a) 

with 

dstxtxutxutxustxu
u

f
txf xt 






1

01 ),),,(~),,(~),,(~)1(),((),(  

dstxtxutxustxutxu
u

f
txf xtt

t
 





1

02 ),),,(~),,(~)1(),(),,((),(

dstxtxustxutxutxu
u

f
txf xxt

x
 





1

02 ),),,(~)1(),(),,(),,((),(  

Since f  is globally Lipschitz in ),,( xt uuu , one has: 

),3,2,1(),(  itxf ii    0],,0[  tDx , (12b) 

where the i ’s denote the Lipschitz coefficients of f with respect 

to the arguments ,, tuu  and ,xu  respectively. To set the boundary 

conditions for PDEs (8) and (10), let Dx   in equation (7a): 

  )(
~

),()(),( 4 ttDttDz    

 using (6c), where  )(0)( 44 4
tt T

mn   .  Then, we let: 

0),(),( 4  tttD    (13a) 

so that we obtain: 

ttDz  ,0),(   (13b) 

For 0x , equation (7a) and (6b) yield: 

)(
~

),0(),0(~),0( tttutz xxx   

 )(
~

)),0(),0()((),0( 2 tttattaz xtt    

 )(
~

),0()(2 ttatv 


  (14a) 

with  
nT

m
T
m ttut  1

32 ]0)(),0(0[)(
41

R . Equality (14a) 

suggests the following definition and boundary condition: 

)(
~

),0()(2 ttatv 


  (14b) 

),0()(),0( 2 tatt tx    (14c) 

Doing so, equation (14a) reduces to: 

),0(),0( taztz tx   (14d) 

3.3. Adaptive parameter law 

Consider equation (7a) and write it at  0x  so that we get 

),0()(
~

),0(),0(~ tztttu   . Since ),0(~ tu  and ),0( t  are known 

quantities, the above equations turns out to be affine in the 

unknown vector )(
~

t . Therefore, the following least-squares 

algorithm is a suitable estimator: 

T

T

tt

tuttR
tt

),0(),0(1

),0(~),0()(
)(

~
)(ˆ










 (15a) 

T

T

tt

tRtttR
tRtR

),0(),0(1

)(),0(),0()(
)()(







  (15b) 

with initial value )0(̂  and 0  a forgetting factor both set 

by the user, where 
nntR R)(  is a matrix gain that is 

expected to be positive definite. To this end, we let 

0)0()0(  TRR  and assume the following persistent 

excitation condition to be true: 

PE assumption. The vector signal ),0( t  is persistently 

exciting (PE), in the sense that,  

0,0, 0  t :   Ids
ss

sst

t T

T

0
),0(),0(1

),0(),0(











   (16) 

where I  denotes the identity matrix of the matrix space 
nn

R

. Technically, (16) ensures the existence and positive 

definiteness of the inverse 
1)( tR  (Ioannou and Sun, 2006). 

Specifically, there exist scalars  100 rr  such that: 

tIrtRIr   ,)( 1
1

0  (17) 

It is checked using (15b) that 
1)( tR  satisfies the ODE: 

T

T

tt

tt
tRtR

),0(),0(1

),0(),0(
)()( 11







   (18) 

where )(1 tR  denotes the time derivative of )(1 tR
.  

3.4. Complete adaptive observer 

The full adaptive observer is constituted of the state estimator 

defined by (4a-c), (9) and (14b), the parameter adaptive law 

defined by (15a-b), and the filter defined by (10) and the 

boundary conditions (13a) and (14c). For convenience, the 

whole observer thus defined is recapitulated in Table 1. 

 

Table 1. Adaptive state observer 

State observer: 

 txtxutxutxuftxutxu xtxxtt ,),,(ˆ),,(ˆ),,(ˆ),(ˆ),(ˆ   

  )(
~

),()(
~

),(2)(ˆ),( 11 ttxttxtqtx t 


  (19a) 

)(ˆ)(),0()(ˆ),0(ˆ
332 tqttutqtux   

 )(
~

),0(),0(~ ttatua t 


  (19b) 

)(ˆ)()(),(ˆ
44 tqttUtDu   (19c) 

where ),0(),0(ˆ),0(~ tututu  , with any 0a  and initial 

condition satisfying uHu ˆ)0(.,ˆ  , ),0()0(.,ˆ 2 DLut   with 

 ;)0(ˆ)0()0()(/),0( 44
1

ˆ qUDDHHu    

 )0(ˆ)0()0()0(ˆ)0( 332 qqx    
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Parameter estimator: 

),0(~

),0(),0(1

),0()(
)(ˆ tu

tt

ttR
t

T

T










;  nt R)(̂       (19d) 

),0(),0(1

)(),0(),0()(
)()(

tt

tRtttR
tRtR

T

T







 ;  

nntR R)(    

 (19e) 

with 0 , )0(̂ , 0)0()0(  TRR   arbitrary. 

 

Filter: 

),(),(),( 1 txtxtx xxtt   ;   n 1
R  (19f) 

),0()(),0( 2 tatt tx   ,  (19g) 

0),(),( 4  tttD      (19h) 

with 
nT

mntxt 
  1

11 ]0),([)(
1

R  (19i) 

nT
m

T
m ttut  1

32 ]0)(),0(0[)(
41

R  (19j) 

  nT
mn tt 

  1
44 )(0)(

4
R  (19k) 

and  H)0(., , ),0()0(., 2 DLt   with 

 ;)0()(/),0( 4
1   DDHH )0(ˆ)0()0( 34 qx    

 

Remark 2. Like the adaptive observers in (Guo and Guo, 2013) 

and (Guo et al., 2018), the present adaptive observer requires both 

),0( tu  and ),0( tut . Except for this similarity, the present 

adaptive observer is quite novel. In effet, the main objective in 

(Guo et al., 2018) was to design a boundary output-feedback 

control of a wave PDE where parameter uncertainty came in solely 

through a structured boundary disturbance. Accordingly, the 

proposed controller only involved a parameter estimator (as no 

state observer was necessary). A nearly similar control problem 

was studied in (Guo and Guo, 2013), but the output-feedback 

controller proposed did involve an adaptive state observer. Again, 

parameter uncertainty entered only one boundary disturbance, 

unlike in the present study where parameter uncertainty comes in 

the domain and both boundary equations. Furthermore, Table 1 

shows that the present observer is quite different from existing 

ones because it involves two innovation actions entering the 

domain and one boundary equation, while the adaptive observer 

in e.g. (Guo and Guo, 2013) only involved an innovation action in 

one of the boundary equations   

4. ADAPTIVE OBSERVER ANALYSIS 

The analysis will mainly consist in proving that the observer error 

system )
~

,( z  is exponentially stable. As a preliminary result, we 

establish bounded properties of ),( tx . 

Lemma 1. The signal ),( tx  generated by the filter (19f-h) is 

bounded. Furthermore, 2/)(),(maxsuplim
10

Dtx M
xt

 









 with

)(DM  a  polynomial satisfying 0)0( M     

See Appendix A for the proof of this lemma. 

For convenience, let us rewrite equations (11), (13b), (14d), (15a) 

and (18) which describe the )
~

,( z -system: 

 txftxztxz xxtt ,
~

),(),(   (20a) 

ttDz  ,0),(  (20b) 

),0(),0( taztz tx   (20c) 

T

T

T

T

tt

tzttR

tt

ttttR
t

),0(),0(1

),0(),0()(

),0(),0(1

)(
~

),0(),0()(
)(

~

















 (20d) 

T

T

tt

tt
tRtR

),0(),0(1

),0(),0(
)()( 11







   (20e) 

where (20d) is obtained from (15a), using (7a). The analysis 

of the above error system is performed by making use of the 

following Lyapunov functional and function: 

 
D

t

D

xz dxtxzdxtxztV
0

2

0

2 ),(
2

1
),(

2

1
)(  

  
D

tx dxtxztxz
D

x

0
),(),()2(  (21) 

)(
~

)()(
~

2

1
)( 1

~ ttRttV T 


  (22) 

with any scalar 2/10   . It is readily checked that the 

functional (21) and the function (22) has the following 

properties: 

  
D

t

D

x dxtxzdxtxz
0

2

0

2 ),(),()
2

1
(    

   
D

t

D

xz dxtxzdxtxztV
0

2

0

2 ),(),()
2

1
()(   (23) 

2
1

~
2

0 )(
~

2
)()(

~

2
t

r
tVt

r



      (using 18b)) (24) 

To state the main result, we also introduce the following 

notations: 

2

)(

22

11
1

D

D

M
def 

  23
2

2

3



  (25) 

2121
3

1
22

022

1
2

2)(
4

2

)(
2

2















 

D
D

DDr
D

D

M

M

def

 

 3
22

02 3))(21(    DDr M  (26) 

2

)(
)()(

)(
2

)(

3
21

2
0

3
2

1
3

D
DDD

rDD
DD

M
MM

M
M

def











 

 

 )(
2

)(
)(2 3

232
02 D

D
DDr M

M
M 


  

 (27) 

where   is as in (21). Then, the main result states as follows: 

Theorem 1. Consider the system described by (2a-d) subject 

to PE assumption (16) and the adaptive observer of Table 1. 

Let us further assume that the system parameters 

),,,( 321 D  and the parameter a  are such that the 

following inequalities hold: 


 21 a

a
, 01  , 02  ,   10 4    (28) 

with 
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




00

3
4

2

)21(

4

r

D


 ,   ),min( 210    (29) 

 Then, the estimation errors )0(),(~ Dxtxu   and )(
~

t  are 

exponentially converging to zero, as t , for any initial 

conditions )0(
~
 , uHu ~)0(.,~  , ),,0()0(.,~ 2 DLut   with  

 ;)0(~)0()(/),0( 44
1

~ qDDHHu    

        )0(~)0()0()0(~)0( 332 qqx       

The proof of Theorem 1 includes three parts. First, using (21) and 

(23), we show that the mapping )](.,)(.,[)(
~

tztzt tx  is input-

to-state-stable (ISS), where z  and 
~

 are governed by equations 

(20a-e) and using the following notations: 
222

)(.,)(.,)](.,)(.,[ tztztztz txtx    (30) 


D

xx dxtxztz
0

22
),()(., ,  

D

tt dxtxztz
0

22
),()(.,  (31) 

Then, using (22) and (24), we show that the mapping (inverse) 

)(
~

)](.,)(.,[ ttztz tx   is also ISS. Finally, invoking a small-

gain-theorem like argument, we establish the result of Theorem 1. 

Being a bit long, the detailed proof is placed in Appendix B.    

Remark 3. 1) In view of (25)-(27), the last three inequalities in 

(28) entail conditions on the system characteristics 

),,,( 321 D . Accordingly, we cannot have D  and 

),,max( 321   simultaneously large. If the former is large, the 

latter must be small and vice-versa. In the particular case of 

linear systems, i.e. when f  is null in (2a-c), then 

),,max( 321   is zero and, consequently, D  is allowed to be 

arbitrarily large. Of course, Theorem 1 provides sufficient 

conditions for the observer exponential convergence. No formal 

analysis is currently available of whether the conditions are 

necessary. 

2) The above comment highlights the fact that the presence of the 

nonlinearity f  entails a limitation on the admissible domain 

length D . This limitation stands even in the absence of 

parameter uncertainty, see e.g. the LMIs in (Fridman, 2013; 

Fridman and Terushkin, 2016; Terushkin and Fridman, 2019). 

3) The first inequality in (28) entails a condition on the observer 

gain a . Accordingly, the gain must be positive. The value 1a  

is particularly interesting as then the condition is satisfied for all 

2/10      

5. SIMULATION 

Throught this section, the finite difference method is used to 

simulate both the system and observer, with time step and space 

step of 0.01 and 0.011, respectively. We used spatial grid size 

.91N  To illustrate the theoretical result of Theorem 1, we 

consider the following system, which is of the form (2a-e): 

11 ),(),((),(),( qtxtxuftxutxu xxtt  ,   10  x , 0t  

with the mixed boundary conditions: 

332 )(),0(),0( qttuqtux  ,  0t    

44 )()(),1( qttUtu  ,   0t    

where 

)),(sin(),(( 1 txutxuf  ,  









 tt

D

x
Atx )sin()sin(),( 13121111  , 

  )4,3()sin()sin()( 21  ittAt iiii  , 

 )sin()sin()( 210 ttAtU   . 

For simulation purpose, the parameters of the system and 

associated signals are given the following values: 

8.01 q , 12 q , 5.03 q , 24 q ,  31  ,  2.12   

1,2,2 43011  AAAA , 

,2.0,24.0,2.0 131211    

 5.1,2,5.0,2.0 42413231  . 

The system initial conditions are 2)()0,( 0  xuxu , 

0)0,()0,(  xuxu xt , for all )1,0[x  and 

0)0()0()0,1( 44  qUu  . 

We apply the adaptive observer of Table 1 to get state 

estimates ),(ˆ txu  )10(  x  and parameter estimates 

)41(ˆ iqi . The observer gain is given the value 1a  and 

8.0  which proves to be convenient. The observer initial 

conditions are set as follows: 

0)0,(ˆ,0)0,(ˆ)0,(ˆ  xuxuxu tx ,    for all ]1,0[x  

 T]5555[)0(ˆ   and )25,25,25,100()0( diagR  .  

Fig. 1 shows the time evolution of the state estimate ),( txu  

at two particular positions in the domain, as well as the 

corresponding estimates. Clearly, the estimates get very close 

to their true variables after a transient period of ).(4 s  Fig. 2 

shows that the result holds for the state ),( txu , for all 

10  x . Fig. 3 shows that the parameter estimation quality 

is also quite satisfactory as the estimates are accurate after just 

a transient period of ).(4 s  The above observations confirm 

the theoretical asymptotic performance stated in Theorem 1. 

 
Fig. 1. State ),( txu  (dashed) and its estimate ),(ˆ txu  (solid) 

for 1.0x  (top) and 7.0x  (bottom)  

 

6. CONCLUSION 

We have investigated the problem of adaptive observer design 

for the class of hyperbolic systems of wave type described by 

(2a-c). The complexity lies in the nonlinearity entering the 

domain and the parameter uncertainty entering the domain 

equation and both boundary equations. The proposed 
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observer involves both domain and boundary output injection, and 

so differs from the other existing adaptive observers which only 

involve boundary correction. The present research can be pursued 

in many directions. One topic for possible future investigations is 

the extension of the proposed adaptive observer design approach 

to n-D domain PDEs. The case of n-D domains of regular shapes 

(e.g. rectangular) should not be an issue. However, it is not clear 

whether the approach can be extended to more general shape 

domains (of higher dimension). 

 
Fig. 2. State estimation error ),(),(ˆ),(~ txutxutxu  , 10  x  

 

 

 
Fig. 3. Fixed value of the parameters 41 qq    (dashed), and their 

estimates (solid): 1q  (top) and 4q  (bottom). 

APPENDIX A. PROOF OF LEMMA 1 

To analyze the system (19f-h), we consider the following 

Lyapunov functional candidate (similar to (20)): 

 
D

t

D

x dxtxdxtxtV
0

2

0

2

),(
2

1
),(

2

1
)(     

  
D

t

T

x dxtxtx
D

x
0

),(),()2(   (A1) 

with any .2/10   It is readily checked that: 

 
D

t

D

x dxtxdxtx
0

2

0

2

),()
2

1
(),()

2

1
(   

 
D

t

D

x dxtxdxtxtV
0

2

0

2

),()
2

1
(),()

2

1
()(   (A2) 

The time-derivation of V  gives, using (19f): 

 
D

tt

T

t

D

xt

T

x dxtxtxdxtxtxtV
00

),(),(),(),()( 
    

  
D

t

T

xt dxtxtx
D

x
0

),(),()2(   

  
D

tt

T

x dxtxtx
D

x
0

),(),()2(   (A3) 

Applying the integration by part to the first term on the right 

side of (A3) becomes: 

 
D

tx

T

x

D

xt

T

x dxtxtxdxtxtx
00

),(),(),(),(   

   ),0(),0()()(),( 24 ttatttD t

T

t

T

x     

 
D

t

T

xx dxtxtx
0

),(),(   

 
0

2

42
0

2
0

2

)(
),0()

2
(),(

2 







 t
tatD tx


  

 
D

t
T
xx dxtxtx

t

0
0

2

2
),(),(

2

)(





 (A4) 

for any real scalar 0, 00  , where the first equality is 

obtained using similar argument as in (Fridman and 

Terushkin, 2016), the second equality is obtained using an 

integration by part and (19g-h), the last inequality is obtained 

applying Young’s inequality. Similarly, the remaining terms 

on the right side of (A3) are bounded as follows: 


D

ttt dxtxtx
0

),(),(  
D

xxt dxtxtx
0

),(),(   

 
D

t dxtx
0

21 ),(
2





D

dxtx
0

2
1

1

),(
2

1



 (A5) 

for any scalar 01  , where the last inequality is obtained 

using Young’s inequality. 

In turn, the third term on the right side of (A3) develops as 

follows, applying integration by part: 

 
D

txt dxtxtx
D

x
0

),(),()2(   

 ),0()( 22
4 tt t   

D

t dxtx
D 0

2 ),(


 (A6) 

The last term on the right side of (A3) gives, using (19f): 

 
D

ttx dxtxtx
D

x

0
),(),()2( 

 
D

xxx dxtxtx
D

x

0
),(),()2(   

  
D

tx dxtxtx
D

x

0
),(),()2(   

  
D

x dxtxtx
D

x

0 1 ),(),()2(   

)(2),0(2),(
2

2
2

222 ttatD tx 


  

 
D

x dxtx
D 0

2 ),(
2




  

 
D

t

D

x dxtxdxtx
0

2

2
0

2
2 ),(),( 




  

 
DD

x dxtxdxtx
0

2
1

3
0

2
3 ),(),( 




  (A7) 
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For any real scalar 0, 32  . Using (A4) to (A7) and rearranging 

terms, inequality (A3) gives: 

),0(2
2

),(
22

)( 22020 taatDtV tx 





 
















  

 









D

t dxtx
D 0

21 ),(
2





D

x dxtx
D 0

2
3 ),()

2
( 


 

 )(
2

1
)(

2

1
2 2

4
0

2
2

0

tt 





 



























  

 












D
dxtx

0

2
1

31

),(
2

1







 (A8) 

Let the free scalar   be small so that: 

02 2  aa     (A9) 

Then, we let the remaining free positive scalars be as follows (this 

is not a unique choice): 

2
0


  , 

2

0 2 aa   , 
D


 1 ,  22  , 

D4

1
3  .  

Doing so, it is readily checked that: 

02
2

,0
22

200  aa 


 (due to (A9)) (A10) 

0
22

1 
DD


,  0

42
3 

DD





   (A11) 

where la last inequality is a consequence of the second part of 

(A12). In view of (13)-(A5), it follows from (A11) that: 


D

t dxtx
D

tV
0

2 ),(
2

)( 



 )(),(

4 0

2 Ddxtx
D

M

D

x   


 

 )()(
)21(

DtV
D

M


 



 (A12) 

using (A2), with M  a positive real constant defined as follows: 


























 2

4

2

22

1

)2(2

1
2)( dMM

aa
D 





  

 













 DD

D
M

2

14
2




 (A13)

),(sup),(sup 2

4

2

4

2

2

2

2 tt
t

d
t

M   ),(sup 2
1

0
0

2
1 tx

t
Dx

M 




  (A14) 

Applying the comparison theorem to (A12), we get that 

)(
)21(

)(suplim D
D

tV M
t





 


 . The rest of the proof is 

straightforward using (A2) and (1) ■ 

APPENDIX B. PROOF OF THEOREM 1 

Part 1. Proof that )](.,)(.,[)(
~

tztzt tx  is ISS. 

Time-derivation of zV  gives, using (20a-c): 

 
D

ttt

D

xtxz dxtxztxzdxtxztxztV
00

),(),(),(),()(    

  
D

txt dxtxztxz
D

x

0
),(),()2(  

  
D

ttx dxtxztxz
D

x

0
),(),()2(  (B1) 

In the next lines, the different terms on the right side of (B1) 

will be focused on. The aim is to show that the right side of 

(B3) is bounded by )(tVz . According to Lemma 1 we have 

)(),(max
10

Dtx M
x

 


, for t  sufficiently large. This result 

will be used several times in the sequel but, to alleviate the 

text, it will not be recalled each time that the result holds for 

t  sufficiently large. The first term on the right side of (B1) is 

processed as follows: 

 
D

txx

D

xtx dxtxztxzdxtxztxz
00

),(),(),(),(  

 
D

txxt dxtxztxztaz
0

2 ),(),(),0(  (B2) 

where the first equality is obtained using similar argument as 

in (Fridman and Terushkin, 2016) and the second by applying 

an integration by part and the boundary conditions (20b-c). 

The second term on the right side of (B3) develops as follows, 

using (20a), (12a-b) and Lemma 1 and applying Young’s 

inequality several times: 


D

ttt dxtxztxz
0

),(),( 
D

xxt dxtxztxz
0

),(),(  

 
D

t dxtxztxzf
0 1 ),(),((.) 

D

t dxttxtxzf
0 1 )(

~
),(),((.)   

 dxttxttxtxztxftxz
D

ttt 






 
0 2 )(

~
),()(

~
),(),(),(),( 


 

 dxttxtxztxftxz
D

xxt 
0 3 )(

~
),(),(),(),(   


D

xxt dxtxztxz
0

),(),(  

  
DD

t dxtxzdxtxz
0

21

0

21 ),(
2

),(
2


 

 
2

1

0

21 )(
~

2

)(
),(

2
t

DD
dxtxz MD

t
M 


   

 dxtxz
D

t
0

2

2 ),(
2

2

0

22 )(
~

)(
2

),(
2

tDdxtxz M

D

t 


   

 dxtxz
D

t
0

22 ),(
2






 

2
2

0
22 )(

~
)(2)(

2
trDDD MM 


 

 

 

 D

xM dxtxzrD
0

22
0 ),()(2  

dxtxzdxtxz
D

x

D

t  
0

23

0

23 ),(
2

),(
2


 

 
2

3

0

23 )(
~

)(
2

),(
2

tDdxtxz M

D

t 


   (B3) 

with )(DM  as in Lemma 1, where we have used the 

inequality: 


 

D

xMM dxtxzDrtDrt
0

22
0

2
22

0

2

),()(2)(
~

)(2)(
~




 (46) 

where we have used (20d), (20b) and (1). Applying 

integration by part, the third term on the right side of (25) 

writes as follows: 

 
D

txt dxtxztxz
D

x

0
),(),()2(  

 ),0(2 tzt 
D

t dxtxz
D 0

2 ),(
2


 (B5) 
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Using (20a), the last term on the right side of (B1) is bounded from 

above as follows, where the arguments of z ,   and the if ’s are 

omitted to alleviate the expressions: 

 
D

ttx dxzz
D

x
0

)2(  

 
D

xxx dxzz
D

x
0

)2(  
D

x zdxfz
D

x
0 1(.))2(  

  
D

x dxtfz
D

x
0 1 )(

~
(.))2(   

D

tx dxzfz
D

x
0 2 (.))2(  

  
D

tx dxtfz
D

x
0 2 )(

~
(.))2(    

D

x dxtfz
D

x
0 2 )(

~
(.))2( 


 

  
D

x dxfz
D

x
0 3

2 (.))2(  
D

xx dxtfz
D

x
0 3 )(

~
(.))2(   (B6) 

The various terms on the right side of (B8) are further processed 

in the next lines. Applying an integration by part to the first term 

one gets, using the boundary conditions (20b-c): 

 
D

xxx dxtxztxz
D

x

0
),(),()2(  

 ),0(),(
2

222 tzatDz tx 


 
D

x dxtxz
D 0

2 ),(
2


 (B7) 

Applying Young’s inequality to the two terms containing (.)1f  on 

the right side of (B8) and using (12b) and Lemma 1, we 

respectively get: 

 
D

x dxtxzftxz
D

x

0 1 ),((.)),()2(  

  
DD

x dxtxzdxtxz
0

2
10

2
1 ),(),(   (B8) 

 
D

x dxttxftxz
D

x
0 1 )(

~
),((.)),()2(   

 
2

10

2

1 )(
~

)(),()( tDDdxtxzD M

D

xM     (B9) 

The next three terms containing (.)2f  on the right side of (B6) are 

similarly handled. The first of the three gives, applying Young’s 

inequality and using (12b): 

 
D

tx dxtxzftxz
D

x
0 2 ),((.)),()2(  

  
D

t

D

x dxtxzdxtxz
0

2
20

2
2 ),(),(   (B9) 

The second term in (.)2f  on the right side of (B6) yields, using 

Young’s inequality: 

 
D

tx dxttxftxz
D

x
0 2 )(

~
),((.)),()2(   

 
2

20

2

2 )(
~

)(),( tDdxtxz M

D

x     (B10) 

The last term containing (.)2f  on the right side of (B6) implies: 

2

20

2
2

0 2

)(
~

),(

)(
~

),((.)),()2(

tDdxtxz

dxttxftxz
D

x

M

D

x

D

x
















 

  
D

xM dxtxzDr
0

22
0

2
2 ),(21   

 
2

2
0

3
2 )(

~
2 tDrM     (B11) 

where we have used (B4) in the last inequality.  

The last couple terms containing (.)3f , on the right side of 

(B6), are next processed in order. First, the penultimate term 

is simply bounded from above, using (12b): 

 
D

x

D

x dxtxzdxtxftxz
D

x
0

2

30 3

2 ),(2),(),()2(   (B12) 

The last term, on the right side of (B8), is bounded as follows, 

using (12b) and applying Young’s inequality: 

 
D

xx dxttxtxftxz
D

x
0 3 )(

~
),(),(),()2(   

 
2

30

2
3 )(

~
)(),( tDdxtxz M

D

x     (B13) 

Using (B4) to (B13), we obtain from (B1), rearranging terms: 

),0()()( 22 tzaatV tz   ),(
2

2 tDzx


 

D

t dxtxz
0

2
1 ),(  

 
D

x dxtxz
0

2
2 ),(

2

3 )(
~

t  

 
2

30 )(
~

)( ttVz     (B14) 

with  210 ,min   , where the last inequality is obtained 

using (28). It follows from (B14) that: 





t st

z
t

z dsseVetV
0

2
)(

3 )(
~

)0()( 00  
 

which together with (23), (30) and (31) gives 

    22
)0(.,)0(.,

21

21
)(.,)(., 0

tx
t

tx zzetztz










 

 





t st
dsse

0

2
)(3 )(

~

21

2
0 



 
 (B15) 

Following a well known argument (see e.g. Appendix C in 

Folin et al., 2016), it follows from (B15) that, for all 0t : 

  )(.,)(.,sup 2/

0

szsze tx
s

ts





 

  )(
~

sup
)21(

4

00

3
0 seM s

ts




 


  (B16) 

for any 2/0 0  , with 

 )0(.,)0(.,
21

21
0 tx zzM








 . This proves Part 1. 

Part 2. Proof that the mapping )(
~

)](.,)(.,[ ttztz tx   is 

ISS. 

Time-derivation of 

~V  gives, using (23) and (20d-e): 

)()( ~~ tVtV



Ttt

tt

),0(),0(1

))(
~

),0((

2

1 2






  

 ),0(
),0(),0(1

),0()(
~

tz
tt

tt
T

TT






     (using (7a)) 

 )(~ tV


 
D

x dxtxz
D

0

2 ),(
2

     (using (20d)) (B17) 

where the last inequality is obtained using successively 

Young’s and Schwarz inequalities. Inequality (B17), together 
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with (24), implies the ISS property for the mapping 

)(
~

)](.,)(.,[ ttztz tx  , just as (B14) did for the mapping 

)](.,)(.,[)(
~

tztzt tx . Accordingly, we get the following 

inequality, for any 2/0   : 

 )(.,)(.,sup
2

)(
~

sup 2/

00
1

2/

0

szsze
r

D
Mse tx

s

ts

s

ts








  (B18) 

with )0(
~

0

1
1 

r

r
M  . This proves Part 2. 

Part 3. Proof of the theorem result.. 

Using (28) and (29), it follows from (B16) and (B18) that for any 

)2/,2/min(0 0   : 

  





















1

0

3
0

4

2/

0 )21(

4

1

1
)(.,)(.,sup MMszsze tx

s

ts 





  

  (B19) 




















0

0
1

4

2/

0

2

1

1
)(

~
sup M

r

D
Mse s

ts 


 (B20) 

It readily follows from (B19) and (B20) that )(
~

t , 
D

t dxtxz
0

2 ),(  

and 
D

x dxtxz
0

2 ),(  converge exponentially to zero as .t  By 

(1), it turns out that ),(sup
0

txz
Dx

  also converges to zero as 

.t  On the other hand, one immediately gets from (7a) using 

Lemma1:  

)(
~

),(sup),(~sup
00

ttxztxu M
DxDx




,  0t    (B21) 

using Lemma 1. Inequality (B21) implies that ),(~sup
0

txu
Dx

 also 

goes to zero as . t . Theorem 1 is established  ■   
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