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Introduction

Throughout the paper κ will denote a regular uncountable cardinal, and λ a cardinal greater than or equal to κ. As usual, P κ (λ) (or P κ λ in the quotes below) denotes the collection of all subsets of λ of size less than κ. In the introduction to his article "P κ λ Combinatorics I : Stationary coding sets rationalize the club filter" [START_REF] Zwicker | λ Combinatorics I : Stationary coding sets rationalize the club filter[END_REF], Bill Zwicker states that "anyone who has tried to lift a theorem about a regular cardinal to an analogue about P κ λ is familiar with a host of things which can go wrong. For example, κ is well-founded under the order, a subset of κ can be closed by only one step of throwing in its limit points, a full-cardinality subset of κ is necessarily cofinal in κ, etc. P κ λ fails to have the analogous properties." He goes on to say that "we show that a large group (but hardly all) of these differences are related, and that there sometimes exists a stationary subset B of P κ λ which fixes the whole group up in the sense that relativizing the familiar club filter on P κ λ to B has the effect of removing some of the pathology normally present, and thereby makes the filter look more like the club filter on κ." Zwicker's approach consists in (a) defining a specific stationary subset B of P κ (λ) ;

(b) focusing on the restriction N S κ,λ |B of the nonstationary ideal N S κ,λ on P κ (λ) to the set B ;

(c) appealing to an auxiliary function h to define B.

The "coding" function h is a one-to-one function from B to λ (so that necessarily |B| = λ) with the property that for all a, b ∈ B, a ⊂ b if and only if h(a) ∈ b. B is called a coding set. Noteworthy properties of B include that of being a pseudo-Kurepa family (meaning that |B ∩ P (x)| < κ for all x ∈ P κ (λ)). By work of Shelah ([24], [START_REF] Shelah | More on stationary coding[END_REF]) and others (see [START_REF] Zwicker | λ Combinatorics I : Stationary coding sets rationalize the club filter[END_REF]), stationary coding sets are known to exist in a variety of situations. However at the end of his paper, Zwicker concedes that stationary coding sets "were constructed with the hope that some of the long-elusive P κ λ -analogues of well-known κ-theorems would appear as a result. None have yet, at least to author (sic)". As a result, stationary coding sets are now rarely mentioned in the literature (and the only case still considered is when the coding function is the sup function :

x → sup x).
It is a fact that some of the known examples of stationary coding sets are a bit weird (with B, for instance, consisting of sets x such that sup(x ∩ κ) and sup x are ordinals of different cofinalities), which did not help making them popular.

Just as Zwicker, we attempt to construct a stationary subset B of P κ (λ) that looks like a subset of κ, but we start with an application in mind. Our aim was to generalize to P κ (λ) a celebrated result of Shelah on diamond. Let µ be a regular infinite cardinal less than κ. The set of all limit ordinals less than κ of cofinality µ is denoted by E κ µ . Shelah's result [START_REF] Shelah | Diamonds[END_REF] asserts that if 2 <κ = κ, and κ is the successor of a cardinal ν of cofinality different from µ, then ♦ κ [J] holds for any κ-complete ideal J on κ extending N S κ |E κ µ (the restriction to E κ µ of the nonstationary ideal N S κ on κ). Thus our problem is to find a version for P κ (λ) of E κ µ (or rather of N S κ |E κ µ ). Note that size matters to us. We want our B to be as large as possible (so that the corresponding ideal N S κ,λ |B is a small as possible). What about putting for instance B = the collection of all x in P κ (λ) with cf(sup x) = µ (assuming of course that cf(λ) ≥ µ) ? This would not be unreasonable. However the trouble with this proposal is that for λ > κ, x cannot be reconstructed from its sup (take for instance λ = κ + . Then for any club subset C of P κ (λ), we can find two distinct elements of C with the same sup of cofinality µ). So let us have a closer look. What does it mean for an ordinal α below κ to have cofinality µ ? Maybe that it is uniquely determined by a subset of size µ ? No, this will not do, since this property is also satisfied by ordinals of cofinality less than µ. Refining our criterion, we are led to the following two assertions :

• There is an increasing function f : µ → α such that ran(f ) uniquely determines α.

• There is a size µ subset z of α such that any size µ subset t of z uniquely determines α.

In a way, the first assertion uses order types, whereas the other one relies on cardinalities. Let us use reformulations that will make the generalization to P κ (λ) easier. For h : κ → P κ (κ), let S h denote the set of all α ∈ κ for which there is a subset z of α of order type µ such that

• h(β) ⊂ h(γ) whenever β < γ are in z ;

• α ⊆ β∈z h(β).

The following is readily checked.

OBSERVATION 1.1. Let h : κ → P κ (κ) be such that ran(h) is cofinal in

(P κ (κ), ⊆). Then N S κ |E κ µ = N S κ |S h .
So a P κ (λ) version of N S κ |E κ µ could be N S κ,λ |S h , where h : λ → P κ (λ) is such that ran(h) is cofinal in (P κ (λ), ⊆), and S h denotes the set of all a ∈ P κ (λ) for which there is a subset z of a of order type µ such that • h(β) ⊂ h(γ) whenever β < γ are in z ;

• a ⊆ β∈z h(β).

Let us now consider the variant where it is no longer required for the sequence h(β) : β ∈ z to be increasing. For h : κ → P κ (κ), let X h denote the set of all α ∈ κ for which there is a subset z of α of cardinality µ such that α ⊆ β∈t h(β) for every subset t of z of cardinality µ. The following is easily verified. OBSERVATION 1.2. Let h : κ → P κ (κ) be such that ran(h) is cofinal in

(P κ (κ), ⊆). Then N S κ |E κ µ = N S κ |X h .
So another P κ (λ) version of N S κ |E κ µ would be N S κ,λ |X h , where h : λ → P κ (λ) is such that ran(h) is cofinal in (P κ (λ), ⊆), and X h denotes the set of all a ∈ P κ (λ) for which there is a subset z of a of size µ such that a ⊆ β∈t h(β) for every subset t of z of size µ. So which one should we work with : S h or X h ? Note that whatever choice we make, we will have to assume the existence of a cofinal subset of P κ (λ) of size λ. The fact that we are looking for a large B seems to tip the balance in favour of X h (since obviously S h ⊆ X h ). Another advantage of X h is that membership in it is easier to verify than membership in S h . Notice that as in [START_REF] Zwicker | λ Combinatorics I : Stationary coding sets rationalize the club filter[END_REF], our generalization to P κ (λ) involves an auxiliary function h, except that ours is from λ to P κ (λ) and not the other way around. Assuming the existence of a cofinal subset of P κ (λ) of size λ, we prove that there is an h such that X h is stationary and N S κ,λ |X h is minimal (in the sense that N S κ,λ |X h ⊆ N S κ,λ |X h for any h ). We denote this minimal ideal by J(µ, κ, λ). We show that almost all (in the sense of the ideal) members of P κ (λ) have uniform cofinality µ, and also that there is a function k such that J(µ, κ, λ) = N S κ,λ |S k (so that we did not have to choose, after all). Moreover, for λ < κ +ω , J(µ, κ, λ) is as small as it can be (for instance, for λ = κ + , it is the restriction of N S κ,λ to the set of all x such that cf(sup(a ∩ κ)) = cf(sup a) = µ). Not so surprisingly, we establish that J(µ, κ, λ) is a well-known ideal, namely the ideal N µ-S κ,λ dual to the µ-club filter. We thus answer a question of Krueger and Foreman, who asked whether N µ-S κ,λ is a restriction of N S κ,λ (see the discussion on page 246 of [START_REF] Dobrinen | κ-stationary subsets of P κ + λ, infinitary games, and distributive laws in Boolean algebras[END_REF] concerning the case κ = µ + ).

If (a) cf(λ) = µ and (b) for any cardinal τ with κ ≤ τ < λ, there is a cofinal subset of P κ (τ ) of size less than λ, the results just described remain valid (for the equality of J(µ, κ, λ) with N µ-S κ,λ , see [START_REF] Matet | The secret life of µ-clubs[END_REF]). What about other situations when there is provably no h such that X h is stationary ? A P κ (λ) version of N S κ |E κ µ that would not apply to all cases would be less convincing. We found a way to cover all cases, which we outline at the end of the paper. For the aforementioned applications to diamond, see [START_REF] Matet | Versions for P κ (λ) of two results of Shelah on diamond -Part 1[END_REF]. The paper is organized as follows. Section 2 recalls basic material concerning ideals and notions of Shelah's pcf theory. In Section 3 we establish basic properties of X h . In Section 4 we give sufficient conditions for the existence of a stationary S h . Section 5 is concerned with situations when there is no stationary X h . In Section 6 we show that SSH (Shelah's Strong Hypothesis) can be reformulated as an assertion about the existence of a stationary X h . In Section 7 (respectively, Section 8), we investigate the situation when µ = ω (respectively, µ = ω) and λ < κ +ω1 (respectively, λ < κ +ω ). It is simple to see that the restriction of N S κ to the set of all limit ordinals α less than κ of cofinality at least µ = the smallest κ-complete ideal J on κ extending P κ (κ) with the property that for any A ∈ J + and any f : A → P µ (κ) such that f (a) ⊆ a for all a ∈ A, there is H in J + ∩ P (A) and d in P κ (κ) such that f (a) ⊆ d for all a ∈ H. So it is not surprising that a P κ (λ) version of this fact plays a major role in this article. Section 9 is devoted to this strengthening of normality. In Section 10 it is shown that if there is a stationary X h , then there is a largest one (in the sense of the nonstationary ideal). In Section 11 we compare J(µ, κ, λ) with N µ-S κ,λ and the game ideal N G µ κ,λ . Section 12 (respectively, Section 13) is concerned with the case κ = µ + (respectively, λ < κ +µ + ). In Section 14, Shelah's weak approachability is used to find situations when some of our ideals are not equal. In Section 15 we consider situations when N µ-S κ,λ is not a restriction of the nonstationary ideal. In Section 16 we give sufficient conditions for N S κ |E κ µ to be the projection of J(µ, κ, λ) via the sup function. Finally in Section 17 we show how the definition of J(µ, κ, λ) can be extended to cover all remaining cases.

BASIC MATERIAL

In this section we recall basic definitions and facts that will be needed in the remainder of the paper. We start with ideals. DEFINITION 2.2. Let X be an infinite set. An ideal on X is a nonempty collection J of subsets of X such that • X / ∈ J.

• P (A) ⊆ J for all A ∈ J.

• A ∪ B ∈ J whenever A, B ∈ J.

Given an ideal J on X, we let J + = P (X) \ J, J * = {A ⊆ X : X \ A ∈ J}, and J|A = {B ⊆ X :

B ∩ A ∈ J} for each A ∈ J + . J is prime if J + = J * . For a cardinal ρ, J is ρ-complete if Q ∈ J for every Q ⊆ J with |Q| < ρ. cof(J) denotes the least cardinality of any Q ⊆ J such that J = A∈Q P (A). Given a set Y and f : X → Y , we let f (J) = {A ⊆ Y : f -1 (A) ∈ J}.
DEFINITION 2.3. For a regular infinite cardinal χ, I χ and N S χ denote, respectively, the noncofinal ideal on χ and the nonstationary ideal on χ.

Given a regular uncountable cardinal χ and a cardinal σ ≥ χ, I χ,σ and N S χ,σ denote, respectively, the noncofinal ideal on P χ (σ) and the nonstationary ideal on P χ (σ).

DEFINITION 2.4. An ideal

J on P κ (λ) is fine if I κ,λ ⊆ J.
REMARK 2.5. By an ideal on P κ (λ) we will always mean a fine ideal on P κ (λ).

DEFINITION 2.6. For F : λ × λ → λ, we let C F denote the set of all nonempty a ∈ P κ (λ) such that a ∩ κ ∈ κ and F "(a × a) ⊆ a.

The following is well-known (see e.g. [START_REF] Matet | Concerning stationary subsets of [λ][END_REF]).

FACT 2.7. Let C ⊆ P κ (λ). Then the following are equivalent :

(i) C ∈ N S * κ,λ . (ii) There is F : λ × λ → λ such that C F ⊆ C.
Since our goal is to use ideals that are as small as possible, we will, whenever we can, replace N S κ,λ with the smaller SN S κ,λ (the ideal dual to the strong club filter).

DEFINITION 2.8. A subset C of P κ (λ) is strongly closed if X ∈ C for all X ∈ P κ (C) \ {∅}. SN S κ,λ denotes the collection of all B ⊆ P κ (λ) such that B ∩ C = ∅ for some strongly closed, cofinal subset C of P κ (λ).
FACT 2.9. ( [START_REF] Matet | Concerning stationary subsets of [λ][END_REF]) Suppose λ > κ. Then the following hold :

(i) SN S κ,λ is a κ-complete ideal on P κ (λ). (ii) I κ,λ ⊂ SN S κ,λ ⊂ N S κ,λ .
(iii) Let j be a one-to-one function from λ × λ to λ, and D be the set of all a ∈ P κ (λ) such that j(α, β) ∈ a whenever α < β are in a. Then N S κ,λ = SN S κ,λ |D.

DEFINITION 2.10. For f :

λ → P κ (λ), let D f = {a ∈ P κ (λ) \ {∅} : f "a ⊆ P (a)}.
FACT 2.11. ( [START_REF] Menas | On strong compactness and supercompactness[END_REF]) Let C ⊆ P κ (λ). Then the following are equivalent :

(i) C ∈ SN S * κ,λ . (ii) There is f : λ → P κ (λ) such that D f ⊆ C.

Proof.

(i) → (ii) : Given C ∈ SN S * κ,λ , pick a strongly closed, cofinal subset A of C, and define f :

λ → A so that α ∈ f (α) for each α < λ. Then clearly, a = α∈a f (α) for every a ∈ D f . Hence D f ⊆ A ⊆ C.
(ii) → (i) : It suffices to observe that for any f : λ → P κ (λ), D f is a strongly closed, cofinal subset of P κ (λ). DEFINITION 2.12. Given two infinite cardinals µ < τ , E τ µ denotes the set of all limit ordinals α < τ with cf(α) = µ.

We next turn to Shelah's pcf theory. We start with the notion of scale. DEFINITION 2.13. Let A be an infinite set of regular infinite cardinals such that |A| < min(A), and I be an ideal on A. For f, g

∈ A On, let f < I g if {a ∈ A : f (a) < g(a)} ∈ I * , and f ≤ I g if {a ∈ A : f (a) ≤ g(a)} ∈ I * . For h ∈ A On, let h = a∈A h(a)
. We let A = h, where h(a) = a for all a ∈ A. Let h : A → On \ {0}, and π be a regular cardinal. We say that tcf( h/I) = π if there exists an < I -increasing sequence f = f ξ : ξ < π in h such that for any g ∈ h, there is ξ < π with g ≤ I f ξ . Such a sequence is said to be a scale of length π for sup(A). We omit the definitions of the pseudopower functions pp, pp χ , pp I and pp Γ(σ,π) that can be found in [27, pp. 39 and 41].

FACT 2.15. (See [START_REF] Matet | Versions for P κ (λ) of two results of Shelah on diamond -Part 1[END_REF]) Let χ and θ be two infinite cardinals such that cf(χ) < χ < θ = cf(θ) < pp + (χ), and either θ < χ +ω , or cf(χ) = ω and θ < χ +p (where p denotes the least size of any Z ⊆ [ω] ω such that (a) w ∈ [ω] ω for any finite nonempty subset w of Z, and (b) there is no A ∈ [ω] ω such that |A \ B| < ℵ 0 for all B ∈ Z). Then there is a set A of regular cardinals such that sup A = χ, |A| = cf(χ) < min A and tcf( A/I) = θ, where I is the noncofinal ideal on A.

We next turn to Shelah's covering numbers. DEFINITION 2.16. Given four cardinals ρ 1 , ρ 2 , ρ 3 , ρ 4 with ρ 1 ≥ ρ 2 ≥ ρ 3 ≥ ω and ρ 3 ≥ ρ 4 ≥ 2, cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ) denotes the least cardinality of any X ⊆ P ρ2 (ρ 1 ) such that for any a ∈ P ρ3 (ρ 1 ), there is Q ∈ P ρ4 (X) with a ⊆ Q.

FACT 2.17. ([27, pp. 85-86], [START_REF] Matet | Large cardinals and covering numbers[END_REF]) Let ρ 1 , ρ 2 , ρ 3 and ρ 4 be four cardinals such that ρ 1 ≥ ρ 2 ≥ ρ 3 ≥ ω and ρ 3 ≥ ρ 4 ≥ 2. Then the following hold :

(i) If ρ 1 = ρ 2 and either cf(ρ 1 ) < ρ 4 or cf(ρ 1 ) ≥ ρ 3 , then cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ) = cf(ρ 1 ). (ii) If either ρ 1 > ρ 2 , or ρ 1 = ρ 2 and ρ 4 ≤ cf(ρ 1 ) < ρ 3 , then cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ) ≥ ρ 1 . (iii) cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ) = cov(ρ 1 , ρ 2 , ρ 3 , max{ω, ρ 4 }). (iv) cov(ρ + 1 , ρ 2 , ρ 3 , ρ 4 ) = max{ρ + 1 , cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 )}. (v) If ρ 1 > ρ 2 and cf(ρ 1 ) < ρ 4 = cf(ρ 4 ), then cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ) = sup{cov(ρ, ρ 2 , ρ 3 , ρ 4 ) : ρ 2 ≤ ρ < ρ 1 }. (vi) If ρ 1 is a limit cardinal such that ρ 1 > ρ 2 and cf(ρ 1 ) ≥ ρ 3 , then cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ) = sup{cov(ρ, ρ 2 , ρ 3 , ρ 4 ) : ρ 2 ≤ ρ < ρ 1 }. (vii) If ρ 3 > ρ 4 ≥ ω, then cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ) = sup{cov(ρ 1 , ρ 2 , ρ + , ρ 4 ) : ρ 4 ≤ ρ < ρ 3 }. (viii) If ρ 3 ≤ ρ 2 = cf(ρ 2 ), ω ≤ ρ 4 = cf(ρ 4 ) and ρ 1 < ρ +ρ4 2 , then cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ) = ρ 1 .
(ix) If ρ 3 = cf(ρ 3 ), then either cf(cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 )) < ρ 4 , or cf(cov(ρ 1 , ρ [START_REF] Shelah | Advances in cardinal arithmetic[END_REF], see also [START_REF] Matet | Large cardinals and covering numbers[END_REF]) The following are equivalent :

(i) SSH holds.

(ii) pp(σ) = σ + for every singular cardinal σ of cofinality ω.

(iii) Given two uncountable cardinals κ and λ such that cf(κ ) = κ ≤ λ , u(κ , λ ) equals λ if cf(λ ) ≥ κ , and (λ ) + otherwise.

FACT 2.22. ( [START_REF] Matet | Large cardinals and covering numbers[END_REF]) Suppose that SSH holds, and let θ , κ and λ be three infinite cardinals such that θ = cf(θ ) [START_REF] Matet | Two-cardinal diamond star[END_REF], [START_REF] Matet | Guessing more sets[END_REF]) Let τ ≤ σ be two infinite cardinals. Then the following hold :

≤ κ = cf(κ ) ≤ λ . Then cov(λ , κ , κ , θ ) equals (λ ) + if θ ≤ cf(λ ) < κ ,
(i) σ ≤ d(τ, σ) ≤ σ τ .
(ii) d(τ, σ) = σ if and only if cf(σ) = cf(τ ) and d(τ, χ) ≤ σ for any cardinal χ with τ ≤ χ < σ.

(iii) Suppose that χ <τ ≤ σ < χ τ for some cardinal χ. Then d(τ, σ) = σ τ .

(iv) d(τ, χ) ≤ d(τ, σ) for any cardinal χ with τ ≤ χ ≤ σ.

(v) d(τ, σ + ) = max{d(τ, σ), σ + }.

(vi) Suppose that σ is a limit cardinal with cf(σ) = cf(τ ). Then d(τ, σ) = sup{d(τ, χ) : τ ≤ χ < σ}.

(vii) If σ < τ +cf(τ ) , then d(τ, σ) = max{d(τ, τ ), σ}.

(viii) d(τ, σ) ≥ |Q| for all Q ∈ MAD τ,σ . (ix) If d(τ, τ ) < d(τ, σ), then |Q| = d(τ, σ) for all Q ∈ MAD τ,σ . 3 X h µ,κ,λ,σ
Throughout Section 3-5, σ will denote a cardinal greater than or equal to λ.

DEFINITION 3.1. For h : σ → P κ (λ), we let X h µ,κ,λ,σ denote the set of all x ∈ P κ (σ) for which there is z ∈

[x] µ such that x∩λ ⊆ α∈t h(α) for all t ∈ [z] µ .
This section collects some elementary facts concerning X h µ,κ,λ,σ .

OBSERVATION 3.2. Suppose that X h µ,κ,λ,σ ∈ I + κ,σ for some h : σ → P κ (λ). Then cov(λ, κ, κ, µ + ) ≤ σ. REMARK 3.3. In Definition 3.1 we can w.l.o.g. add the requirement that z has order type µ.

OBSERVATION 3.4. Let h : σ → P κ (λ). Then C ∩ X h µ,κ,λ,σ ⊆ {x ∈ P κ (σ) : ∃z ∈ [x] µ ∀t ∈ [z] µ (x ∩ λ = α∈t h(α))}, where C = {x ∈ P κ (σ) : ∀α ∈ x (h(α) ⊆ x)}.
Let us next deal with the question whether z is cofinal in x.

FACT 3.5. ( [START_REF] Menas | On strong compactness and supercompactness[END_REF]) Let θ be a cardinal with κ ≤ θ < λ. Then N S κ,θ = p(N S κ,λ ), where p : P κ (λ) → P κ (θ) is defined by p(x) = x ∩ θ. OBSERVATION 3.6. Suppose that σ = the least cardinal π ≥ λ such that X k µ,κ,λ,π ∈ N S + κ,π for some k : π → P κ (λ). Let h : σ → P κ (λ) be such that X h µ,κ,λ,σ ∈ N S + κ,σ , and for each a

∈ X h µ,κ,λ,σ , let z a ∈ [a] µ be such that a ∩ λ ⊆ α∈t h(α) for all t ∈ [z a ] µ . Then {a ∈ X h µ,κ,λ,σ : sup z a = sup a} ∈ N S κ,σ .
Proof. Suppose that S ∈ N S + κ,σ , where S = {a ∈ X h µ,κ,λ,σ : sup z a = sup a}. Define f : S → σ by f (a) = the least β in a with β > sup z a . We may find T ∈ N S + κ,σ ∩ P (S) and β < σ such that f takes the constant value β on T . Note that λ ≤ β, as λ ⊆ α<β h(α). Put θ = |β|, and select a bijection j : θ → β. Let C be the set of all a ∈ P κ (σ) such that j"(a ∩ θ) = a ∩ β. Define k : θ → P κ (λ) by k(γ) = h(j(γ)). We set B = {a ∩ θ : a ∈ C ∩ T }.

Claim. B ⊆ X k µ,κ,λ,θ . Proof of the claim. Given b ∈ B, pick a ∈ C ∩ X h µ,κ,λ,σ such that b = a ∩ θ. Set w = j -1 (z a ). Note that w ∈ [b] µ . Now let u ∈ [w] µ . Put t = j"u. Then since t ∈ [z a ] µ , a ∩ λ ⊆ α∈t h(α) = γ∈u h(j(γ)) = γ∈u k(γ). Furthermore, b ∩ λ = (a ∩ θ) ∩ λ = a ∩ λ. Thus b ∩ λ ⊆ γ∈w k(γ)
, which completes the proof of the claim. By Fact 3.5 B lies in N S + κ,θ , and hence by the claim so does X k µ,κ,λ,θ , which brings the desired contradiction. OBSERVATION 3.7. Suppose that κ is weakly inaccessible, and let h :

σ → P κ (λ). Then there is C ∈ SN S * κ,σ such that |a ∩ λ| = |a ∩ κ| for all a ∈ C ∩ X h µ,κ,λ,σ .
Proof. Let C be the set of all a ∈ P κ (σ) such that

• µ ⊆ a ; • o.t.(h(β)) ⊆ a ∩ κ for all β ∈ a.
The following simple observation is crucial.

PROPOSITION 3.8. Let h : σ → P κ (λ), x ∈ X h µ,κ,λ,σ , and z ∈ [x] µ such that x ∩ λ ⊆ α∈t h(α) for all t ∈ [z] µ . Then |{α ∈ z : e \ h(α) = ∅}| < µ for every e ∈ P µ (x ∩ λ).

Proof. For γ ∈ λ, let Q γ = {α ∈ z : γ ∈ h(α)}. Claim. |z \ Q γ | < µ. Proof of the claim. Suppose otherwise. Set t = z \ Q γ . Then |t| = µ, but γ / ∈ α∈t h(α)
. This contradiction completes the proof of the claim.

Now fix e ∈ P µ (x ∩ λ). If e is empty, then clearly |{α ∈ z : e \ h(α) = ∅}| = 0. Otherwise, it follows from the claim that | γ∈e (z \ Q γ )| < µ. It remains to observe that γ∈e (z \ Q γ ) = {α ∈ z : e \ h(α) = ∅}. REMARK 3.9. It follows that X h µ,κ,λ,σ is the set of all x ∈ P κ (σ) for which there is z ∈ [x] µ such that |{α ∈ z : γ / ∈ h(α)}| < µ for every γ ∈ x ∩ λ.
We will now show that for any h :

σ → P κ (λ), x ∩ λ is of uniform cofinality µ for almost all x ∈ X h µ,κ,λ,σ . DEFINITION 3.10. Given a cardinal θ ≥ κ, we let Y κ,θ µ
denote the set of all nonempty a ∈ P κ (θ) such that

• for any α ∈ a, α + 1 ∈ a ;

• for any regular infinite cardinal ρ ∈ κ \ {µ}, and any increasing sequence β ξ : ξ < ρ of elements of a, sup{β ξ : ξ < ρ} ∈ a ∪ {θ}.

DEFINITION 3.11. We let E κ,λ µ (respectively, E κ,λ ≥µ , E κ,λ ≤µ ) denote the set of all a ∈ P κ (λ) such that for any cardinal τ ≤ λ of cofinality greater than or equal to κ, sup(a ∩ τ ) is a limit ordinal of cofinality µ (respectively, greater than or equal to µ, less than or equal to µ) that does not belong to a.

REMARK 3.12. Y κ,λ µ ⊆ E κ,λ µ . PROPOSITION 3.13. Let h : σ → P κ (λ). Then {x ∈ X h µ,κ,λ,σ : x ∩ λ / ∈ Y κ,λ µ } ∈ SN S κ,σ . Proof. Define k : σ → P (λ) by k(α) = {δ ∈ λ : sup(h(α) ∩ δ) = δ}. Claim. |k(α)| < κ.
Proof of the claim. Suppose otherwise, and pick u ⊆ k(α) with o.t.(u) = κ. Let δ i : i < κ be the increasing enumeration of u. For i < κ, select e i ⊆ h(α)∩δ with sup e i = δ. Now define g : κ → h(α) by g(i) = min(e i+1 \ δ i ). Then the function g is one-to-one. This contradiction completes the proof of the claim.

Let C be the set of all x ∈ P κ (σ) such that {α + 1} ∪ k(α) ⊆ x for all α ∈ x. Now let x ∈ C ∩ X h µ,κ,λ,π . We will show that x ∩ λ ∈ Y κ,λ µ . Thus let ρ be a regular infinite cardinal with ρ ∈ κ \ {µ}, and β ξ : ξ < ρ be an increasing sequence of elements of x ∩ λ. Suppose that δ = λ, where δ = sup{β ξ : ξ < ρ}.

Pick z ∈ [x] µ such that x ∩ λ ⊆ α∈t h(α) for all t ∈ [z] µ . Case 1 : ρ < µ.
By Proposition 3.8, we may find α ∈ z such that {β ξ : ξ < ρ} ⊆ h(α). Then δ lies in k(α), and hence in x. Case 2 : ρ > µ.

There must be e ∈ [{β ξ : ξ < ρ}] ρ and γ ∈ z such that e ⊆ h(γ). Then clearly sup e = δ, and moreover sup e ∈ k(γ). Thus δ ∈ x.

EXISTENCE OF A LARGE X h µ,κ,λ,σ

Let us now see whether we can find h : σ → P κ (λ) such that X h µ,κ,λ,σ is large. What do we mean by "large" ? Well of course, if X h µ,κ,λ,σ is not cofinal in P κ (σ), it will not be considered large. On the other hand in view of Proposition 3.13, the best we can hope for is that

X h µ,κ,λ,σ ∈ (N S κ,σ |{x : x ∩ λ ∈ E κ,λ µ }) * .
Optimal results of this kind will be given in Sections 7 and 8 (where we assume that σ = λ). In this section we present several results asserting that X h µ,κ,λ,σ ∈ (N G µ κ,σ ) * for some h, where N G µ κ,σ is an ideal on P κ (σ) such that (N S κ,σ |{x :

x ∩ λ ∈ E κ,λ µ }) * ⊆ (N G µ κ,σ ) * .
DEFINITION 4.1. For A ⊆ P κ (σ), G µ κ,σ (A) denotes the following two-person game consisting of µ moves. At step α < µ, player I selects a α ∈ P κ (σ), and II replies by playing b α ∈ P κ (σ). The players must follow the rule that for

β < α < µ, b β ⊆ a α ⊆ b α . II wins if and only if α<µ a α ∈ A. N G µ κ,σ denotes the collection of all A ⊆ P κ (σ) such that II has a winning strategy in G µ κ,σ (P κ (σ) \ A). FACT 4.2. ([14]) (i) N G µ κ,σ is a normal ideal on P κ (σ). (ii) Let ν > σ be a cardinal. Then N G µ κ,σ = p(N G µ κ,ν ), where p : P κ (ν) → P κ (σ) is defined by p(x) = x ∩ σ. (iii) Y κ,σ µ ∈ (N G µ κ,σ ) * .
DEFINITION 4.3. For h : σ → P κ (λ), we let S h µ,κ,λ,σ denote the set of all x ∈ P κ (σ) for which one can find z ⊆ x such that

• o.t.(z) = µ ; • h(β) ⊂ h(α) whenever β < α are in z ; • x ∩ λ ⊆ α∈z h(α). REMARK 4.4. S h µ,κ,λ,σ ⊆ X h µ,κ,λ,σ .
OBSERVATION 4.5. Given h : σ → P κ (λ) and x ∈ P κ (σ), the following are equivalent :

(i) x ∈ S h µ,κ,λ,σ .
(ii) There is

ξ i ∈ x for i < µ such that • h(ξ j ) ⊆ h(ξ i ) whenever j < i < µ ; • x ∩ λ ⊆ i<µ h(ξ i ) ; • (x ∩ λ) \ h(ξ i ) = ∅ for all i < µ. Proof. (i) → (ii) : Trivial. (ii) → (i) : Set Q = {ξ i : i < µ}. We claim that |Q| = µ. Suppose otherwise.
Then we may find e ∈ [µ] µ with the property that for j < i in e, ξ j = ξ i (and hence h(ξ j ) = h(ξ i )). Contradiction. Now define i k < µ for k < µ by

• i 0 = the least j < µ such that ξ j = min Q ; • for k > 0, i k = the least j < µ such that ξ j = min(Q \ {ξ p : p ≤ sup{i l : l < k}}).
Note that if l < k < µ, then i l < i k , and moreover ξ i l < ξ i k . It is now simple to see that x ∈ S h µ,κ,λ,σ .

THEOREM 4.6. Suppose that one of the following holds :

(i) u(µ, cov(λ, κ, κ, µ + )) ≤ σ. (ii) u(κ, λ) ≤ σ.
(iii) cf(λ) = µ, and u(κ, ρ) ≤ σ for every cardinal ρ with κ ≤ ρ < λ.

Then there is h :

σ → P κ (λ) such that S h µ,κ,λ,σ ∈ (N G µ κ,σ ) * .
Proof. First assume that (i) holds. Put χ = cov(λ, κ, κ, µ + ) and ρ = u(µ, χ). Select b l ∈ P κ (λ) for l < χ such that for each a ∈ P κ (λ), there is w ∈ P µ + (χ) with a ⊆ l∈w b l , and e α ∈ P µ (χ) for α < ρ such that P µ (χ) = α<ρ P (e α ). Define h : σ → P κ (λ) by : h(α) = l∈eα b l if α < ρ, and h(α) = ∅ otherwise. Now define a winning strategy τ for II in G µ κ,σ (S h µ,κ,λ,σ ) as follows. Consider a run of the game where I's successive moves are x 0 , x 1 , . . . For i < µ, pick w i ∈ P µ + (χ) so that x i ∩ λ ⊆ l∈wi b l , and let l i δ : δ < µ be an enumeration of w i . Inductively define α j < ρ and ξ j < σ for j < µ so that

• i≤j {l i δ : δ ≤ j} ⊆ e αj ;
• e α k ⊆ e αj for all k < j ;

• ξ j = min(λ \ h(α j )).
We set τ (x 0 , x 1 , . . . , x j ) = x j ∪ {α j , ξ j } for all j < µ. Put x = j<µ x j . Then clearly the following hold :

• {α j : j < µ} ⊆ x ; • h(α k ) ⊆ h(α j ) whenever k < j < µ ; • x ∩ λ ⊆ j<µ h(α j ) ; • (x ∩ λ) \ h(α j ) = ∅ for all j < µ.
Hence by Observation 4.5, x ∈ S h µ,κ,λ,σ . Next assume that (ii) holds. Select Z ∈ I + κ,λ with |Z| ≤ σ, and an onto function

h : σ → Z. Define f : P κ (σ) → σ by f (x) = the least α < σ such that x ∩ λ ⊆ h(α). We define a winning strategy τ for player II in G µ κ,σ (S h µ,κ,λ,σ ) by τ (x 0 , . . . , x j ) = x j ∪ {f (x j ), ξ j } ∪ h(f (x j )), where ξ j = min(λ \ h(f (x j ))).
Finally assume that (iii) holds. Let λ i : i < µ be an increasing sequence of cardinals greater than κ with supremum λ, and h : σ → P κ (λ) be a function with the property that for any j < µ and any b ∈ P κ (λ j ), there is α < σ with b ⊆ h(α) ⊆ λ j . Define f : µ × P κ (σ) → σ by f (j, x) = the least α such that x ∩ λ j ⊆ h(α) ⊆ λ j . We define a winning strategy τ for player II in G µ κ,σ (S h µ,κ,λ,σ ) as follows. Consider a play of the game where I's successive moves are x 0 , x 1 , . . . . For each j < µ, we let τ (x 0 , . . . , x j ) = x j ∪ {f (j, x j ), ξ j } ∪ h(f (j, x j )), where ξ j = min(λ \ h(f (j, x j ))). Note that

j<µ x j = j<µ (x j ∩ λ j ) ⊆ j<µ h(f (j, x j )). Furthermore for j < i < µ, h(f (j, x j )) ⊆ x i ∩ λ i ⊆ h(f (i, x i )).
REMARK 4.7. Suppose that (i) holds, and moreover κ = µ + . Then cov(λ, κ, κ, µ + ) = λ, and therefore we may set b l = {l} for each l < χ. The corresponding h is defined by h(α) = e α . Note that this h is a function from σ to P µ (λ).

Let us compare assumptions (i) and (ii) in Theorem 4.6. 

χ = cf(χ) ≤ ν < θ. Suppose that u(χ, ν) ≤ cov(θ, ν + , ν + , χ). Then u(ν + , θ) = u(χ, cov(θ, ν + , ν + , χ)).
Thus if κ = ν + and λ is large enough (so that cov(λ, κ, κ, µ + ) ≥ u(µ + , ν)), then by Facts 4.8 and 4.9, u(µ, cov(λ, κ, κ, µ + )) ≤ max{u(µ, µ), u(µ + , cov(λ, κ, κ, µ + ))} = u(µ + , cov(λ, κ, κ, µ + )) = u(κ, λ). On the other hand if λ < κ +ω , then u(κ, λ) = λ ≤ u(µ, cov(λ, κ, κ, µ + )) = u(µ, λ). For more on this matter see Remark 6.6. OBSERVATION 4.10. Suppose that there is h :

σ → P κ (λ) such that X h µ,κ,λ,σ ∈ (N G µ κ,σ ) * . Then |T | ≤ d(µ, σ) for some T ∈ (N G µ κ,λ ) * . Proof. Let C be the set of all x ∈ P κ (σ) such that α∈x h(α) ⊆ x. Put T = {x ∩ λ : x ∈ C ∩ X h µ,κ,λ,σ }. Then by Fact 4.2, T ∈ (N G µ κ,λ ) * . For each x ∈ C ∩ X h µ,κ,λ,σ , pick z x ∈ [x] µ so that x ∩ λ = α∈t h(α) for all t ∈ [z x ] µ . Then clearly, |z x ∩ z y | < µ for any two members x, y of C ∩ X h µ,κ,λ,σ with x ∩ λ = y ∩ λ. Hence by Fact 2.26, |T | ≤ d(µ, σ).
PROPOSITION 4.11. Suppose that the following hold :

(a) u(µ, χ) ≤ σ for any cardinal χ with µ ≤ χ < σ ; (b) there is h : σ → P κ (λ) such that X h µ,κ,λ,σ ∈ I + κ,σ .
Then there is k :

σ → P κ (λ) such that S k µ,κ,λ,σ ∈ (N G µ κ,σ ) * . Proof. Case 1 : cf(σ) ≥ µ. Then u(µ, cov(λ, κ, κ, µ + )) ≤ σ, since cov(λ, κ, κ, µ + ) ≤
σ by (b) and Observation 3.2, and u(µ, σ) = σ by (a) and Fact 2.17. The desired conclusion now follows from Theorem 4.6. Case 2 : cf(σ) < µ. Select an increasing sequence σ q : q < cf(σ) of cardinals greater than κ with supremum σ. For x ∈ X h µ,κ,λ,σ , pick a subset s x of x of order type µ such that x ∩ λ ⊆ α∈t h(α) for every t ∈ [s x ] µ . Define ψ : X h µ,κ,λ,σ → cf(σ) by ψ(x) = the least q < cf(λ) such that |s x ∩ σ q | = µ. There must be l < cf(σ) such that ψ -1 ({l}) ∈ I + κ,σ . Put χ = σ l . Claim. χ ≥ λ. Proof of the claim. Suppose otherwise. Then clearly, χ + ⊆ λ ⊆ α∈χ h(α), and hence we may find α ∈ χ such that |h(α)| = χ + . This contradiction completes the proof of the claim.

Set Y = {x ∩ χ : x ∈ ψ -1 ({l})} and j = h|χ. Then clearly Y ∈ I + κ,χ
, and moreover Y ⊆ X j µ,κ,λ,χ . Hence by Observation 3.2, cov(λ, κ, κ, µ + ) ≤ χ, and consequently, u(µ, cov(λ, κ, κ, µ + )) ≤ u(µ, χ) ≤ σ. By Theorem 4.6, the desired conclusion follows. COROLLARY 4.12. Suppose that u(µ, χ) ≤ σ for every cardinal χ with µ < χ < σ. Then the following are equivalent :

(i) X h µ,κ,λ,σ ∈ I + κ,σ for some h : σ → P κ (λ). (ii) S k µ,κ,λ,σ ∈ (N G µ κ,σ ) * for some k : σ → P κ (λ).
COROLLARY 4.13. Suppose µ = ω. Then the following are equivalent :

(i) cov(λ, κ, κ, µ + ) ≤ σ.
(ii) X h µ,κ,λ,σ ∈ I + κ,σ for some h : σ → P κ (λ).

(iii) S k µ,κ,λ,σ ∈ (N G µ κ,σ ) * for some k : σ → P κ (λ).

Proof. By Observation 3.2, Theorem 4.6 and Corollary 4.12.

REMARK 4.14. Let χ be the least cardinal π ≥ λ such that

X h µ,κ,λ,π ∈ I + κ,π
for some h : π → P κ (λ). Then by the argument used in the proof of Proposition 4.11, either cf(χ) = µ, or cf(χ) ≥ κ.

WHEN EVERY X h µ,κ,λ,σ IS SMALL

In this section we show that the existence of certain scales entails that X h µ,κ,λ,σ is small for every h : σ → P κ (λ).

THEOREM 5.1. Let A be an infinite set of regular infinite cardinals with |A| < min A, I be an ideal on A such that {A ∩ a : a ∈ A} ⊆ I, and π be a cardinal. Suppose that κ < sup A ≤ λ, σ < π and either |A| < µ, or |A| < κ and I is µ + -complete. Suppose further that there is an increasing, cofinal sequence f ξ : ξ < π in ( A, < I ). Then X h µ,κ,λ,σ ∈ I κ,σ for all h : σ → P κ (λ).

Proof. Fix h : σ → P κ (λ). Suppose toward a contradiction that X h µ,κ,λ,σ ∈ I + κ,σ . For α < σ, define g α ∈

A by : g α (a) equals sup(a ∩ h(α)) if a ≥ κ, and 0 otherwise. There must be ξ < π such that g α < I f ξ for every α < σ. Pick x ∈ X h µ,κ,λ,σ with ran(f ξ ) ⊆ x. Then there is z ∈ [x] µ such that x ∩ λ ⊆ α∈t h(α) for all t ∈ [z] µ . Case 1 : |A| < µ. By Proposition 3.8, there must be β ∈ z such that ran(f ξ ) ⊆ h(β). But then for all a ∈ A \ κ, f ξ (a) ≤ g β (a). Contradiction. Case 2 : |A| < κ and I is µ + -complete. It is simple to see that there must be t ∈ [z] µ and B ∈ I such that A ∩ κ ⊆ B, and {a ∈ A :

g α (a) ≥ f ξ (a)} ⊆ B for all α ∈ t. Then for each a ∈ A \ B, f ξ (a) ∈ x \ ( α∈t h(α)). Contradiction.
COROLLARY 5.2. (i) Suppose that there are two cardinals τ and χ such that cf(χ) ≤ τ < µ, κ < χ ≤ λ and σ < pp τ (χ). Then X h µ,κ,λ,σ ∈ I κ,σ for all h : σ → P κ (λ).

(ii) Suppose that there is a singular cardinal χ such that κ < χ ≤ λ and σ < pp Γ(κ,µ + ) (χ). Then X h µ,κ,λ,σ ∈ I κ,σ for all h : σ → P κ (λ).

COROLLARY 5.3. Suppose that cf(λ) ∈ κ \ {µ} and σ < min{λ +ω , pp(λ)}. Then X h µ,κ,λ,σ ∈ I κ,σ for all h : σ → P κ (λ).

Proof. Use Fact 2.15.

PROPOSITION 5.4. Suppose that

• λ is less than the least fixed point of the aleph function greater than κ if κ is a successor cardinal, and less than κ +(κ•ω) otherwise.

• cf(λ) ∈ κ \ {µ}.

• u(κ, λ ) < u(κ, λ) for each cardinal λ with κ < λ < λ and cf(λ ) = µ.

• u(κ, λ) > σ.

Then X h µ,κ,λ,σ ∈ I κ,σ for all h : σ → P κ (λ).

Proof. By results of [START_REF] Matet | Applications of pcf theory to the study of ideals on P κ (λ)[END_REF], there must be a cardinal θ such that

• κ < θ ≤ λ. • cf(θ) ∈ κ \ {µ}. • u(κ, λ) = pp(θ). • pp(θ) = pp I cf(θ) (θ) in case cf(θ) > ω.
Notice that if cf(θ) > µ, then I cf(θ) is µ + -complete. The desired conclusion now follows from Theorem 5.1.

Suppose for instance that λ is a singular cardinal such that κ < λ < κ +ω1 and u(κ, λ) > σ. Then X h µ,κ,λ,σ ∈ I κ,σ for every h : σ → P κ (λ).

PROPOSITION 5.5. Assuming SSH, the following are equivalent :

(i) X h µ,κ,λ,σ ∈ I + κ,σ for some h : σ → P κ (λ). (ii) S k µ,κ,λ,σ ∈ (N G µ κ,σ ) * for some k : σ → P κ (λ). (iii) σ > λ if cf(λ) ∈ κ \ {µ}, and σ ≥ λ otherwise.
Proof.

(i) ↔ (ii) : By Fact 2.21 and Corollary 4.12. (i) → (iii) : By Fact 2.14 and Theorem 5.1. (iii) → (i) : By Facts 2.21 and 2.22, the following hold :

• u(κ, λ) equals λ if cf(λ) ≥ κ, and λ + otherwise.

• cov(λ, κ, κ, µ + ) equals λ + if µ < cf(λ) < κ, and λ otherwise.

• u(µ, cov(λ, κ, κ, µ + )) equals λ + if cf(λ) ∈ κ \ {µ}, and λ otherwise. By Theorem 4.6, the result easily follows.

THE CASE λ = σ

From this point on we concentrate on the special case σ = λ. DEFINITION 6.1. We put X h µ,κ,λ = X h µ,κ,λ,λ

We will consider situations when either cf(λ) ≥ κ, or cf(λ) = µ. Let us first explain why these two cases are handled separately.

PROPOSITION 6.2. Suppose that there is h :

λ → P κ (λ) such that X h µ,κ,λ ∈ I + κ,λ . Then either cf(λ) = µ, or cf(λ) ≥ κ.
Proof. It follows from Fact 2.17((i) and (ii)) and Observation 3.2 that cov(λ, κ, κ, µ + ) = λ. Hence by Fact 2.17(ix), either cf(λ) ≥ κ, or cf(λ) < µ + . It remains to observe that by Fact 2.14 and Theorem 5.1, cf(λ) ≥ µ. DEFINITION 6.3. We let H cov (µ, κ, λ) assert that u(κ, ρ) ≤ λ for every cardinal ρ with κ ≤ ρ < λ, and either cf(λ) = µ, or cf(λ) ≥ κ.

Making σ = λ in Theorem 4.6, we obtain the following.

PROPOSITION 6.4. Suppose that either H cov (µ, κ, λ) holds, or u(µ, cov(λ, κ, κ, µ + )) = λ. Then there is h :

λ → P κ (λ) such that S h µ,κ,λ ∈ (N G µ κ,λ ) * .
REMARK 6.5. u(µ, cov(λ, κ, κ, µ + )) = λ if and only if u(µ, λ) = λ = cov(λ, κ, κ, µ + ).

REMARK 6.6. Let us comment on the hypothesis of Proposition 6.4. The reader may wonder whether one of the two assertions involved is stronger than the other. We will show that this is not the case. Let us concentrate on the special case when λ is the successor of a cardinal τ . It is simple to see that in this setting H cov (µ, κ, λ) means that u(κ, λ) = λ. By a result of Merimovich [START_REF] Merimovich | Extender-based Radin forcing[END_REF], it is consistent relative to a cardinal ν with o(ν

) = ν +(ω+2) + ω 1 that 2 ℵ1 = ℵ 2 + ℵ ℵ1 ω1 = ℵ ω1+ω+2 + ℵ ℵ0 ω1+ω = ℵ ω1+ω+1 .
In this model, set µ = ω 2 , κ = ω ω1+1 and λ = ω ω1+ω+1 . Then by results of [START_REF] Matet | Scales with various kinds of good points[END_REF],

u(κ, λ) = u(κ, ω ω1+ω ) = pp(ω ω1+ω ) = ω ω1+ω+1 = λ, whereas u(µ, cov(λ, κ, , κ, µ + )) = u(µ, λ) = u(µ, ω ω1+ω ) = ℵ ℵ1 ω1+ω = ℵ ℵ1 ω1 = ℵ ω1+ω+2 = λ + .
Next let us work in the model of Cummings [START_REF] Cummings | A model in which GCH holds at successors but fails at limits[END_REF], obtained from a strong cardinal, where for each infinite cardinal ν, 2 ν equals ν + if ν is a successor, and ν ++ otherwise. We assume that λ = τ + for some cardinal τ of cofinality µ. Then

u(κ, λ) = u(κ, τ ) = τ <κ = 2 τ = λ + , whereas u(µ, cov(λ, κ, κ, µ + )) = u(µ, λ) = max{λ, u(µ, τ )} = λ.
THEOREM 6.7. The following are equivalent :

(i) SSH holds.

(ii) Let µ < κ be two regular infinite cardinals, and λ ≥ κ be a cardinal such that either cf(λ ) = µ , or cf(λ ) ≥ κ . Then there is h : λ → P κ (λ ) such that S h µ ,κ ,λ ∈ (N G µ κ ,λ ) * . (iii) Let σ be an uncountable cardinal of cofinality ω. Then there are two regular uncountable cardinals µ < κ < σ, and h : σ

+ → P κ (σ + ) such that X h µ ,κ ,σ + ∈ I + κ ,σ + .
Proof.

(i) → (ii) : By Proposition 5.5. (ii) → (iii) : Trivial. (iii) → (i) : Suppose that SSH fails. Then by Fact 2.21, we may find a singular cardinal σ of cofinality ω such that pp(σ) > σ + . By Fact 2.15, there must be a countable set A of regular uncountable cardinals such that sup A = σ and tcf( A/I) = σ ++ , where I is the noncofinal ideal on A. Let κ and µ be two regular uncountable cardinals such that µ < κ < σ. Then by Theorem 5.1, X h µ ,κ ,σ + ∈ I κ ,σ + for all h : σ + → P κ (σ + ). Thus (iii) fails.

PROPOSITION 6.8. Let µ ⊆ Q ⊆ λ and h : λ → P κ (λ). Then |C ∩ X h µ,κ,λ ∩ P (Q)| ≤ d(µ, |Q|), where C = {x ∈ P κ (λ) : ∀α ∈ x (h(α) ⊆ x)}. Proof. For x ∈ C ∩ X h µ,κ,λ , pick z x ∈ [x] µ such that x = α∈t h(α) for all t ∈ [z x ] µ . Select T ⊆ [Q] µ with |T | = d(µ, |Q|) so that for any z ∈ [Q] µ , there is t ∈ T with t ⊆ z. Now define f : C ∩ X h µ,κ,λ ∩ P (Q) → T so that f (x) ⊆ z x for all x ∈ C ∩ X h µ,κ,λ ∩ P (Q).
Then clearly, f is one-to-one. REMARK 6.9. Let h and C be as in the statement of Proposition 6. . This means that D ∩ X h µ,κ,λ is a cofinal pseudo-Kurepa family. Hence by a result of [START_REF] Matet | Covering for category and combinatorics on P κ (λ)[END_REF], |D ∩ X h µ,κ,λ | = u(κ, λ).

The remainder of the paper is mostly concerned with the following two questions.

Is there an h such that X h µ,κ,λ is in some sense maximal ? Asuming that this is the case, how does N S κ,λ |X h µ,κ,λ look like ? DEFINITION 6.10. We let H min (µ, κ, λ) assert the existence of h : λ → P κ (λ) such that X h µ,κ,λ ∈ N S + κ,λ , and moreover

N S κ,λ |X h µ,κ,λ ⊆ N S κ,λ |X k µ,κ,λ
for any k : λ → P κ (λ) such that X k µ,κ,λ ∈ N S + κ,λ . Assuming the existence of such an h, we set J(µ, κ, λ) = N S κ,λ |X h µ,κ,λ .

7 WHEN µ = ω and λ IS CLOSE TO κ

Given a regular infinite cardinal µ < κ, we attempt to find h : λ → P κ (λ) such that X h µ,κ,λ is maximal in the sense that E κ,λ µ \ X h µ,κ,λ ∈ N S κ,λ .

DEFINITION 7.1. We say that (κ, λ) is µ-good (respectively, µ-very good) if there is h :

λ → P κ (λ) such that X h µ,κ,λ (respectively, S h µ,κ,λ ) lies in N S + κ,λ and N S κ,λ |X h µ,κ,λ (respectively, N S κ,λ |S h µ,κ,λ ) equals N S κ,λ |E κ,λ µ .
REMARK 7.2. By Proposition 3.13, (κ, λ) is µ-good (respectively, µ-very good) if and only if there is h :

λ → P κ (λ) and C ∈ N S * κ,λ such that C ∩ E κ,λ µ is included in X h µ,κ,λ (respectively, S h µ,κ,λ ). REMARK 7.3. If (κ, λ) is µ-good, then H min (µ, κ, λ) holds, and moreover J(µ, κ, λ) = N S κ,λ |E κ,λ µ .
OBSERVATION 7.4. Suppose λ = κ. Then (κ, λ) is µ-very good.

Proof. Let h be the identity function on κ, and C be the set of all limit ordinals less than κ. Then clearly, C ∈ N S * κ,λ , and moreover

C ∩ E κ,λ µ = E κ µ ⊆ S h µ,κ,λ .
PROPOSITION 7.5. Suppose that µ = ω, and let k : λ + → P κ (λ). Then there are C ∈ N S * κ,λ + and h : λ

+ → P κ (λ + ) such that {a ∈ C ∩ S k µ,κ,λ,λ + : cf(sup a) = µ} ⊆ S h µ,κ,λ + .
Proof. Select a bijection j : λ + × i<ω (λ + \ (λ + λ)) i+1 → λ + and for λ + λ ≤ δ < λ + , a bijection δ : λ → δ \ λ. Now define h : λ + → P κ (λ + ) as follows.

Given i < ω and (ζ, δ 0 , . . . ,

δ i ) ∈ λ + × (λ + \ (λ + λ)) i+1 , set h(j(ζ, δ 0 , . . . , δ i )) = k(ζ) ∪ l≤i δl "(k(ζ)
). Note that h(j(ζ, δ 0 , . . . , δ i )) ⊆ max{δ 0 , . . . , δ i }. Let C be the set of all a ∈ P κ (λ + ) such that

• a \ (λ + λ) = ∅ ; • for any α ∈ a, {α + 1} ∪ h(α) ⊆ a ; • for any δ ∈ a \ (λ + λ), a ∩ (δ \ λ) = δ"(a ∩ λ) ; • j"(a × i<ω (a \ (λ + λ)) i+1 ) ⊆ a ; Note that C ∈ N S * κ,λ + .
Let us show that C and h are as desired. Thus let a ∈ C ∩ S k µ,κ,λ,λ + be such that cf(sup a) = µ. Pick an increasing sequence δ i : i < µ of ordinals in a \ (λ + λ) cofinal in sup a, and an increasing sequence

ζ i : i < µ of ordinals in a such that • k(ζ l ) ⊂ k(ζ i ) whenever l < i < µ ; • a ∩ λ ⊆ i<µ k(ζ i ).
For i < µ, set ξ i = j(ζ i , δ 0 , . . . , δ i ). Then clearly, the following hold :

• ξ i ∈ a for all i < µ ; • h(ξ l ) ⊆ h(ξ i ) whenever l < i < µ ; • a ⊆ i<µ h(ξ i ) for all i < µ ; • a \ h(ξ i ) = ∅ for all i < µ.
Hence by Observation 4.5, a ∈ S h µ,κ,λ + .

COROLLARY 7.6. Suppose that µ = ω and (κ, λ) is µ-very good. Then (κ, λ + ) is µ-very good.

Proof. Select H ∈ N S * κ,λ and g : 

λ → P κ (λ) such that H ∩ E κ,λ µ ⊆ S g µ,κ,λ . Define k : λ + → P κ (λ) by : k(ζ) equals ∅ if ζ ∈ λ + \ λ,
→ P κ (λ + ) such that {a ∈ C ∩ S k µ,κ,λ,λ + : cf(sup a) = µ} ⊆ S h µ,κ,λ + . Put D = {a ∈ C : a ∩ λ ∈ H}. Note that D ∈ N S * κ,λ + . Let us show that D ∩ E κ,λ + µ ⊆ S h µ,κ,λ + . Thus let a ∈ D ∩ E κ,λ + µ . Then a ∩ λ lies in H ∩ E κ,λ
µ , and therefore in S g µ,κ,λ . It immediately follows that a ∈ S k µ,κ,λ,λ + . Since a ∈ C and cf(sup a)) = µ, we can conclude that a ∈ S h µ,κ,λ + .

PROPOSITION 7.7. Suppose that µ = ω and λ = sup{λ n : n ∈ ω}, where λ n : n < ω is a strictly increasing sequence of cardinals greater than or equal to κ. Suppose further that (κ, λ n ) is µ-very good for every n < ω. Then (κ, λ) is µ-very good.

Proof. For n < ω, select H n ∈ N S * κ,λn and k n :

λ n → P κ (λ n ) such that H n ∩ E κ,λn µ = H n ∩ S kn µ,κ,λn . For 0 < n < ω, pick a bijection j n : λ 0 × • • • × λ n → λ n \ λ n-1 .
Let j 0 denote the identity function on λ 0 . Define h : λ → P κ (λ) as follows. Given n < ω and (β 0 , . . . ,

β n ) ∈ λ 0 × • • • × λ n , set h(j n (β 0 , . . . , β n )) = m≤n k m (β m ). Note that h(j n (β 0 , . . . , β n )) ⊆ λ n . Let C be the set of all a ∈ P κ (λ) such that • ω ∪ {λ n : n < ω} ⊆ a ; • for any α ∈ a, h(α) ⊆ a ; • for any n ∈ ω, a ∩ λ n ∈ H n ; • for any n ∈ ω \ {0}, j n "((a ∩ λ 0 ) × • • • × (a ∩ λ n )) = a ∩ (λ n \ λ n-1 ). Notice that C ∈ N S * κ,λ . Let us prove that C ∩ E κ,λ µ ⊆ S h µ,κ,λ . Thus fix a ∈ C ∩ E κ,λ µ . For each n < ω, a ∩ λ n ∈ H n ∩ E κ,λn µ
, and therefore we may find an increasing sequence β n i : i < µ of ordinals in a ∩ λ n such that

• k(β n l ) ⊂ k(β n i ) whenever l < i < µ ; • a ∩ λ n ⊆ i<µ k(β n i ).
For i < µ, set ξ i = j i (β 0 i , . . . , β i i ). Then clearly, the following hold :

• ξ i ∈ a for all i < µ ;

• h(ξ l ) ⊆ h(ξ i ) whenever l < i < µ ;

• a ⊆ i<µ h(ξ i ) for all i < µ ;

• a \ h(ξ i ) = ∅ for all i < µ.

Hence by Observation 4.5, a ∈ S h µ,κ,λ + .

THEOREM 7.8. Suppose that µ = ω and λ < κ +ω1 . Then (κ, λ) is µ-very good.

Proof. By Observation 7.4, Corollary 7.6 and Proposition 7.7.

8 WHEN µ > ω and λ IS CLOSE TO κ I THEOREM 8.1. Suppose that λ < κ +ω . Then (κ, λ) is µ-very good.

Proof. Let λ = κ +n . For m ≤ n, put K m = κ if m = 0, and K m = κ +m \ κ +(m-1) otherwise. Select a bijection g :

K 0 ×K 1 ו • •×K n → λ.
For 0 < m ≤ n and γ ∈ K m , pick a bijection c(γ) : K m-1 → γ. Now let C be the collection of all a ∈ P κ (λ) such that

• {κ +m : m < n} ⊆ a ;

• ξ + 1 ∈ a for all ξ ∈ a ;

• a ∩ κ ∈ κ ;

• for 0 < m ≤ n and γ ∈ a ∩ K m , c(γ)"(a ∩ K m-1 ) = a ∩ γ ; • g"((a ∩ K 0 ) × (a ∩ K 1 ) × • • • × (a ∩ K n )) = a ;
• given l ≤ n, γ 0 0 ∈ a ∩ K 0 , and for 0 < q ≤ n, γ 0 q < γ 1 q in a ∩ K q , there is

γ 1 0 in a ∩ K 0 such that (c(γ 0 l ) • • • • • c(γ 0 1 ))"γ 0 0 ⊆ (c(γ 1 l ) • • • • • c(γ 1 1 ))"γ 1 0 .
Note that C ∈ N S * κ,λ . We define h : λ → P κ (λ) as follows. Given (γ 0 , . . . ,

γ n ) ∈ K 0 × • • • × K n , we let h(g(γ 0 , . . . , γ n )) = γ 0 ∪ c(γ 1 )"γ 0 ∪ (c(γ 2 ) • c(γ 1 ))"γ 0 ∪ • • • ∪ (c(γ n ) • • • • • c(γ 1 ))"γ 0 . Notice that h(g(γ 0 , . . . , γ n )) ⊆ γ n . We will show that C ∩ E κ,λ µ ⊆ S h µ,κ,λ . Thus fix a in C ∩ E κ,λ µ .
For each m ≤ n, pick an increasing sequence ξ i m : i < µ of elements of a ∩ K m such that sup{ξ i m : i < µ} = sup(a ∩ κ +m ). Proceeding by induction, we define (α i 0 , . . . , α i n ) in m≤n (a ∩ K m ) for i < µ as follows :

• for each m ≤ n, α 0 m = ξ 0 m ;

• if i > 0, α i 0 = the least η in (a ∩ κ) \ ξ i 0 such that α j 0 ≤ η for any j < i, and (c(α

j l l ) • • • • • c(α j1 1 ))"α j0 0 ⊆ (c(α i l ) • • • • • c(α i 1 
))"η whenever 1 ≤ l ≤ n and j 0 , j 1 , . . . , j l < i ;

• given 0 < m ≤ n and 0 < i < µ, we let α i m = the least η in (a ∩ K m ) \ ξ i m
such that α j m ≤ η for every j < i.

Claim 1. Let j < i < µ. Then h(g(α j 0 , . . . , α j n )) ⊆ h(g(α i 0 , . . . , α i n )). Proof of Claim 1. It suffices to observe that α j 0 ⊆ α i 0 , c(α j 1 )"α j 0 ⊆ c(α i 1 )"α i 0 , . . . , (c(α j n ) • c(α j n-1 ) • . . . c(α j 1 ))"α j 0 ⊆ (c(α i n ) • c(α i n-1 ) • . . . c(α i 1 )
)"α i 0 . Thus the proof of the claim is complete.

Claim 2. a ⊆ i<µ h(g(α i 0 , . . . , α i n )). Proof of Claim 2. Let ζ ∈ a. First assume that ζ ∈ K 0 . Then there must be i < µ such that ζ ∈ ξ i 0 . Now use that ξ i 0 ⊆ α i 0 ⊆ h(g(α i 0 , . . . , α i n )). Next assume that ζ ∈ K l , where 0 < l ≤ n. Successively pick j l , j l-1 , j l-2 , . . . , j 0 < µ so that ζ < α j l l , ζ ∈ c(α j l l )"α j l-1 l-1 , ζ ∈ (c(α j l l ) • c(α j l-1 l-1 ))"α j l-2 l-2 , . . . , ζ ∈ (c(α j l l ) • • • • • c(α j1 1 
))"α j0 0 . We may find i < µ such that i > j l , j l-1 , . . . , j 0 . Then (c(α j l l ) • c(α

j l-1 l-1 ) • • • • • c(α j1 1 ))"α j0 0 ⊆ (c(α i n ) • c(α i n-1 ) • • • • • c(α i 1 )
)"α i 0 ⊆ h(g(α i 0 , . . . , α i n )), and therefore ζ ∈ h(g(α i 0 , . . . , α i n )), which completes the proof of the claim.

It now follows from Claims 1 and 2 and Observation 4.5 that a ∈ S h µ,κ,λ .

(µ, κ)-NORMALITY

This section is devoted to the (apparently new) notion of (µ, κ)-normality.

DEFINITION 9.1. An ideal J on P κ (λ) is (µ, κ)-normal (respectively, [λ] <µnormal) if for any A ∈ J + and any f : A → P µ (λ) with the property that f (a) ⊆ a for every a ∈ A, there is d in P κ (λ) and B ∈ J

+ ∩ P (A) such that f (a) ⊆ d (respectively, f (a) = d) for all a ∈ B.

FACT 9.2. ([20]

) There is a [λ] <µ -normal ideal on P κ (λ) if and only if ρ <µ < κ for any cardinal ρ < κ.

OBSERVATION 9.3. (i) J is [λ] <µ -normal if and only if it is (µ, κ)-normal and ρ <µ < κ for any cardinal ρ < κ.

(ii) Assume µ = ω. Then J is (µ, κ)-normal if and only if it is normal.

(iii) If J is (µ, κ)-normal (respectively, [λ] <µ -normal), then it is (ν, κ)-normal (respectively, [λ] <ν -normal) for every regular cardinal ν with ω ≤ ν ≤ µ.

(iv) Suppose that there exists a (µ, κ)-(respectively, [λ] <µ -) normal ideal on P κ (λ), and let K denote the intersection of all (µ, κ)-(respectively, [λ] <µ -) normal ideals on P κ (λ). Then K is a (µ, κ)-(respectively, [λ] <µ -) normal ideal on P κ (λ).

REMARK 9.4. Let us consider the following example. Suppose that µ is uncountable, and K is a prime normal ideal on P κ (λ). Let P be a µ-cc forcing notion, and G be P -generic over V . In the generic extension, let J be the set of all B ⊆ P κ (λ) such that B ∩ A = ∅ for some A ∈ K * . Then (see Proposition 8.5 in [START_REF] Matet | Large cardinals and covering numbers[END_REF]) J is a normal µ-saturated ideal on P κ (λ), and in fact for any h : P κ (λ) → λ with h(a) ∈ a for every nonempty a in P κ (λ), there are C ∈ J * and e ∈ P µ (λ) such that h(a) ∈ e for all a ∈ C. Now let f : P κ (λ) → P µ (λ) be such that f (a) ⊆ a for all a ∈ P κ (λ). For a ∈ P κ (λ), set η a = o.t.(f (a)), and let α a j : j < η a be the increasing enumeration of f (a). For i < µ, define h i : P κ (λ) → λ by : h i (a) equals η a if i = 0, and α a i otherwise, and select C i ∈ J * and e i ∈ P µ (λ) such that h i (a) ∈ e i for all a ∈ C i . Put C = i<µ C i , η = sup(e 0 ∩ µ) and e = 0<i≤η e i . Then clearly C ∈ J * , |e| < µ, and f (a) ⊆ e for all a ∈ C. Thus J is (in a strong sense) (µ, κ)-normal.

OBSERVATION 9.5. Let h : λ → P κ (λ) be such that X h µ,κ,λ (respectively, S h µ,κ,λ ) lies in N S + κ,λ . Then N S κ,λ |X h µ,κ,λ (respectively, N S κ,λ |S h µ,κ,λ ) is (µ, κ)- normal.
Proof. Use Proposition 3.8. FACT 9.6. ( [START_REF] Matet | The secret life of µ-clubs[END_REF]) N G µ κ,λ is (µ, κ)-normal. DEFINITION 9.7. We let N S µ,κ,λ denote the smallest (µ, κ)-normal ideal on P κ (λ). Assuming the existence of a [λ] <µ -normal ideal on P κ (λ), we let N S We next attempt to generalize to N S µ,κ,λ the following easy fact concerning

N S

[λ] <µ κ,λ .

FACT 9.11. ( [START_REF] Matet | Cofinality of normal ideals on P κ (λ) I[END_REF]) Suppose that there exists a [λ] <µ -normal ideal on P κ (λ), and λ <µ = λ. Let j : P µ (λ) → λ be a bijection. Then N S

[λ] <µ κ,λ = N S κ,λ |A, where A denotes the set of all a ∈ P κ (λ) such that j(e) ∈ a for all e ∈ P µ (a). DEFINITION 9.12. Given s : λ → P κ (λ), we let T s µ,κ,λ denote the set of all a ∈ P κ (λ) such that for any e ∈ P µ (a), there is ξ ∈ a with e ⊆ s(ξ). OBSERVATION 9.13. Suppose that T s µ,κ,λ ∈ I + κ,λ . Then cov(λ, κ, µ, 2) = λ (and hence by Fact 2.17, cf(λ) ≥ µ). REMARK 9.14. It can be shown (see [START_REF] Matet | Large cardinals and covering numbers[END_REF]) that under SSH, cov(λ, κ, µ, 2) equals λ if cf(λ) ≥ µ, and λ + otherwise. OBSERVATION 9.15. Let s : λ → P κ (λ). Then X s µ,κ,λ ⊆ T s µ,κ,λ . Proof. By Proposition 3.8. PROPOSITION 9.16. Let s : λ → P κ (λ) be such that T s µ,κ,λ ∈ N S + κ,λ . Then N S µ,κ,λ = N S κ,λ |T s µ,κ,λ . Proof. It is simple to see that N S κ,λ |T s µ,κ,λ is (µ, κ)-normal. It follows that N S µ,κ,λ ⊆ N S κ,λ |T s µ,κ,λ . For the reverse inclusion, fix a (µ, κ)-normal ideal J on P κ (λ). We will show that N S κ,λ |T s µ,κ,λ ⊆ J. Suppose otherwise. Then we may find A ∈ J + such that A ∩ T s µ,κ,λ ∈ N S κ,λ . Put B = A \ T s µ,κ,λ . Notice that B ∈ J + . Define f : B → P µ (λ) so that for any a ∈ B, f (a) ⊆ a, but f (a) \ s(ξ) = ∅ for all ξ ∈ a. There must be H ∈ J + ∩ P (B) and

d ∈ P κ (λ) such that f (a) ⊆ d for all a ∈ H. Now select b ∈ T s µ,κ,λ and a ∈ H such that d ⊆ b ⊆ a. Since f (a) ⊆ b, we may find ξ in b (and hence in a) such that f (a) ⊆ s(ξ). Contradiction. DEFINITION 9.17. A subset A of P κ (λ) is µ-closed if i<µ a i ∈ A for every increasing sequence a i : i < µ in (A, ⊂). A subset C of P κ (λ) is a µ-club if it is a µ-closed, cofinal subset of P κ (λ).
We let N µ-S κ,λ be the set of all B ⊆ P κ (λ) such that B ∩ C = ∅ for some µ-club C ⊆ P κ (λ).

FACT 9.18. (i) ( [START_REF] Matet | Concerning stationary subsets of [λ][END_REF]) N µ-S κ,λ is a normal ideal on P κ (λ).

(ii) ( [START_REF] Matet | Ideals on P κ (λ) associated with games of uncountable length[END_REF]) N µ-S κ,λ ⊆ N G 

MINIMALITY I

We continue our quest for the smallest ideal on P κ (λ) of the form N S κ,λ |X h µ,κ,λ .

DEFINITION 10.1. For h : λ → P κ (λ), we let U h µ,κ,λ denote the set of all x ∈ P κ (λ) such that x ⊆ α∈z h(α) for some z ∈ P µ + (a). REMARK 10.2. X h µ,κ,λ ⊆ U h µ,κ,λ .

FACT 10.3. ( [START_REF] Matet | Ideals on P κ (λ) associated with games of uncountable length[END_REF]) The following are equivalent :

(i) cov(λ, κ, κ, µ + ) = λ. (ii) U h µ,κ,λ ∈ (N G µ κ,λ ) * for some h : λ → P κ (λ).
(iii) U h µ,κ,λ ∈ I + κ,λ for some h : λ → P κ (λ). FACT 10.4. ( [START_REF] Matet | Ideals on P κ (λ) associated with games of uncountable length[END_REF]) Let h and k be two functions from

λ to P κ (λ) such that {U h µ,κ,λ , U k µ,κ,λ } ⊆ I + κ,λ . Then U h µ,κ,λ U k µ,κ,λ ∈ SN S κ,λ .
DEFINITION 10.5. We say that s : λ → P κ (λ) is easy if η∈s(ξ) s(η) ⊆ s(ξ) for all ξ < λ.

LEMMA 10.6. Let r : λ → P κ (λ). Then there is an easy s : λ → P κ (λ) such that r(ξ) ⊆ s(ξ) for every ξ < λ.

Proof. By induction on n < ω, define a n ξ for ξ < λ by

• a 0 ξ = r(ξ) ; • a n+1 ξ = a n ξ ∪ ( η∈a n ξ ( m≤n a m η )).
Finally define s : λ → P κ (λ) by s(ξ) = n<ω a n ξ .

THEOREM 10.7. Suppose that H norm (µ, κ, λ) holds. Then there is h : λ → P κ (λ) such that U g µ,κ,λ \ S h µ,κ,λ ∈ N S µ,κ,λ for every g : λ → P κ (λ).

Proof. We can assume that cov(λ, κ, κ, µ + ) = λ, since otherwise by Fact 10.3 there is nothing to prove. Pick s : λ → P κ (λ) such that T s µ,κ,λ is stationary. By Lemma 10.6, we can assume that s is easy. Select ϕ : P κ (λ) → P µ + (λ) and ψ : λ → P κ (λ) so that for any x ∈ P κ (λ), x ⊆ γ∈ϕ(x) ψ(γ). Define h : λ → P κ (λ) by h(ξ) = γ∈s(ξ) ψ(γ). Let us check that h is as desired. Thus fix g : λ → P κ (λ). Let D be the set of all a ∈ T s µ,κ,λ such that

• ϕ(g(α)) ⊆ a for all α ∈ a ; • a \ h(ξ) = ∅ for all ξ ∈ a.
Note that by Proposition 9.16, D ∈ N S * µ,κ,λ . We will show that D ∩ U g µ,κ,λ ⊆ S h µ,κ,λ . Thus let a ∈ D ∩ U g µ,κ,λ . We may find α m ∈ a for m < µ such that a ⊆ m<µ g(α m ). For m < µ, let γ m n : n < µ be an enumeration of ϕ(g(α m )). Now inductively define ξ i ∈ a for i < µ so that {ξ j : j < i} ∪ {γ m n : m, n ≤ i} ⊆ s(ξ i ). Claim 1. Let j < i < µ. Then h(ξ j ) ⊆ h(ξ i ).

Proof of Claim 1. Since s is easy and ξ j ∈ s(ξ i ), we have s(ξ j ) ⊆ s(ξ i ), and hence h(ξ j ) ⊆ h(ξ i ), which completes the proof of the claim.

Claim 2. a ⊆ i<µ h(ξ i ). Proof of Claim 2. Clearly, a ⊆ m,n<µ ψ(γ m n ) = i<µ m,n≤i ψ(γ m n ) ⊆ i<µ h(ξ i
), which completes the proof of the claim.

It now follows from Claims 1 and 2 and Observation 4.5 that a ∈ S h µ,κ,λ .

COROLLARY 10.8. Suppose that µ = ω and cov(λ, κ, κ, µ + ) = λ. Then there exists h :

λ → P κ (λ) such that U k µ,κ,λ S h µ,κ,λ ∈ N S κ,λ for any k : λ → P κ (λ) such that U k µ,κ,λ ∈ I + κ,λ .
Proof. By Observation 9.23, Fact 10.3 and Theorem 10.7, we may find h : λ → P κ (λ) such that S h µ,κ,λ ∈ (N G µ κ,λ ) * , and U g µ,κ,λ \ S h µ,κ,λ ∈ N S κ,λ for all g : λ → P κ (λ). For any k :

λ → P κ (λ) such that U k µ,κ,λ ∈ I + κ,λ , S h µ,κ,λ \ U k µ,κ,λ ⊆ U h µ,κ,λ \ U k µ,κ,λ
, and therefore by Fact 10.4, S h µ,κ,λ \ U k µ,κ,λ ∈ N S κ,λ .

COROLLARY 10.9. Suppose that cov(λ, κ, κ, µ + ) = λ and H norm (µ, κ, λ) holds. Then the following hold :

(i) H min (µ, κ, λ) holds.

(ii) There is h :

λ → P κ (λ) such that J(µ, κ, λ) = N S κ,λ |S h µ,κ,λ .
(iii) J(µ, κ, λ) = N S µ,κ,λ |U g µ,κ,λ for every g : λ → P κ (λ) such that U g µ,κ,λ ∈ I + κ,λ . Proof. Let h be as in the statement of Theorem 10.7. Then by Remark 10.2, U g µ,κ,λ \ X h µ,κ,λ ∈ N S µ,κ,λ for every g : λ → P κ (λ). By Proposition 9.24 and Facts 9.18 and 10.3, there is f :

λ → P κ (λ) such that U f µ,κ,λ ∈ N S + µ,κ,λ . It follows that X h µ,κ,λ ∈ N S + µ,κ,λ . Now let k : λ → P κ (λ) be such that X k µ,κ,λ lies in N S + κ,λ . Then by Remark 10.2, X k µ,κ,λ \ X h µ,κ,λ ∈ N S µ,κ,λ .
Hence by Observations 9.3 and 9.5,

N S κ,λ |X h µ,κ,λ = N S µ,κ,λ |X h µ,κ,λ ⊆ N S µ,κ,λ |X k µ,κ,λ = N S κ,λ |X k µ,κ,λ . Thus H min (µ, κ, λ) holds, and moreover J(µ, κ, λ) = N S µ,κ,λ |X h µ,κ,λ . Since by Remark 10.2 X h µ,κ,λ \ S h µ,κ,λ ∈ N S µ,κ,λ , S h µ,κ,λ ∈ N S + µ,κ,λ , and more- over N S µ,κ,λ |S h µ,κ,λ ⊆ N S µ,κ,λ |X h µ,κ,λ . On the other hand, by Remark 4.4, N S µ,κ,λ |X h µ,κ,λ ⊆ N S µ,κ,λ |S h µ,κ,λ . Hence by Observation 9.5, J(µ, κ, λ) = N S µ,κ,λ |S h µ,κ,λ = N S κ,λ |S h µ,κ,λ
. Finally let g : λ → P κ (λ) be such that U g µ,κ,λ ∈ I + κ,λ . Then by Observation 9.3 and Fact 10.4, U g µ,κ,λ U h µ,κ,λ ∈ N S µ,κ,λ . As S h µ,κ,λ ⊆ U h µ,κ,λ by Remarks 4.4 and 10.2, it follows that U g µ,κ,λ ∈ N S + µ,κ,λ . Furthermore,

N S µ,κ,λ |S h µ,κ,λ ⊆ N S µ,κ,λ |U g µ,κ,λ = N S µ,κ,λ |U h µ,κ,λ ⊆ N S µ,κ,λ |S h µ,κ,λ .
COROLLARY 10.10. The following are equivalent :

(i) cov(λ, κ, κ, µ + ) = λ and H norm (µ, κ, λ) holds.

(ii) H min (µ, κ, λ) holds.

(iii) There is h :

λ → P κ (λ) such that X h µ,κ,λ ∈ N S + κ,λ . Proof.
(i) → (ii) : By Corollary 10.9. (ii) → (iii) : Trivial. (iii) → (i) : By Observations 3.2 and 9.15. REMARK 10.11. Suppose that either H cov (µ, κ, λ) holds, or u(µ, cov(λ, κ, κ, µ + )) = λ. Then by Proposition 6.4 and Corollary 10.10, H min (µ, κ, λ) holds. COROLLARY 10.12. (κ, λ) is µ-good if and only if it is µ-very good.

Proof. Use Remark 7.3.

MINIMALITY II

In this section we are comparing J(µ, κ, λ) with N µ-S κ,λ and N G µ κ,λ .

LEMMA 11.1. Suppose that H min (µ, κ, λ) holds, and let r : λ → P κ (λ). Then there is an easy s : λ → P κ (λ) such that

• J(µ, κ, λ) = N S κ,λ |X s µ,κ,λ ;
• r(ξ) ⊆ s(ξ) for every ξ < λ.

Proof. Select h : λ → P κ (λ) such that J(µ, κ, λ) = N S κ,λ |X h µ,κ,λ . By Lemma 10.6, we may find an easy s : λ → P κ (λ) such that h(ξ) ∪ r(ξ) ⊆ s(ξ) for every ξ < λ. Then since h(ξ) ⊆ s(ξ) for all ξ < λ, X h µ,κ,λ ⊆ X s µ,κ,λ , and hence

J(µ, κ, λ) ⊆ N S κ,λ |X s µ,κ,λ ⊆ N S κ,λ |X h µ,κ,λ = J(µ, κ, λ).
LEMMA 11.2. Let s : λ → P κ (λ) be easy. Then X s µ,κ,λ is µ-closed.

Proof. Let a l : l < µ be an increasing sequence in (X s µ,κ,λ , ⊂), and set a = l<µ a l . For l < µ, select z l ∈ [a l ] µ such that a l ⊆ ξ∈t s(ξ) for every t ∈ [z l ] µ , and let α l j : j < µ be an enumeration of z l . For each i < µ, we may find ξ i in a i such that {α l j : l, j < i} ⊆ s(ξ i ). Then for any v ∈ [µ] µ , a ⊆ i∈v l,j<i s(α l j ) ⊆ i∈v s(ξ i ). Thus a ∈ X s µ,κ,λ .

PROPOSITION 11.3. Suppose that H min (µ, κ, λ) holds. Then J(µ, κ, λ) ⊆ N µ-S κ,λ .

Proof. By Fact 9.18 and Lemmas 11.1 and 11.2.

THEOREM 11.4. Suppose that u(κ, λ) = λ. Then H min (µ, κ, λ) holds, and moreover J(µ, κ, λ) = N µ-S κ,λ .

Proof. By Remark 10.11, H min (µ, κ, λ) holds. Hence by Proposition 11.3, J(µ, κ, λ) ⊆ N µ-S κ,λ . Let us now prove the reverse inclusion. Pick r : λ → P κ (λ) so that ran(r) ∈ I + κ,λ . By Lemma 11.1, we may find an easy s : λ → P κ (λ) such that

• J(µ, κ, λ) = N S κ,λ |X s µ,κ,λ ;
• r(ξ) ⊆ s(ξ) for every ξ < λ.

Note that ran(s) ∈ I + κ,λ . Now fix A ∈ (J(µ, κ, λ)) + and a µ-club subset C of P κ (λ). Let D be the set of all a ∈ P κ (λ) such that • s(α) ⊆ a for all α ∈ a ;

• for any α ∈ a, there are c ∈ C and β ∈ a such that s(α) ⊆ c ⊂ s(β).

Note that D ∈ SN S * κ,λ . We will show that

A ∩ D ∩ X s µ,κ,λ ⊆ C. Thus fix a ∈ A ∩ D ∩ X s µ,κ,λ . Select z ∈ [a]
µ such that a ⊆ ξ∈t s(ξ) for every t ∈ [z] µ , and let α k : k < µ be an enumeration of z. Inductively define k i < µ, β i ∈ a and c i ∈ C for i < µ so that

• s(α ki ) ⊆ c i ⊂ s(β i ) ; • {α kj : j < i} ∪ {β j : j < i} ⊆ s(α ki ). Notice that for j < i < µ, s(α kj ) ⊆ c j ⊂ s(β j ) ⊆ s(α ki ) ⊆ c i . Furthermore i<µ c i ⊆ a ⊆ i<µ s(α ki ) ⊆ i<µ c i . It follows that a ∈ C.
FACT 11.5. ( [START_REF] Matet | Ideals on P κ (λ) associated with games of uncountable length[END_REF]) Suppose that cov(λ, κ, κ, µ + ) = λ, and ρ <µ < κ for any cardinal ρ < κ. Then N G µ κ,λ = N µ-S κ,λ .

PROPOSITION 11.6. Suppose that H min (µ, κ, λ) holds, and ρ <µ < κ for any cardinal ρ < κ.

Then J(µ, κ, λ) = N µ-S κ,λ = N G µ κ,λ . Proof. Select h : λ → P κ (λ) such that (X h µ,κ,λ ∈ N S + κ,λ and) J(µ, κ, λ) = N S κ,λ |X h µ,κ,λ . Set J = N S κ,λ |X h µ,κ,λ .
Then by Corollary 10.10, Proposition 11.3 and Fact 11.5, J ⊆ N µ-S κ,λ = N G µ κ,λ . To show that N G µ κ,λ ⊆ J, fix A ∈ J + . Let B be the set of all a ∈ A ∩ X h µ,κ,λ such that h(α) ⊆ a for all α ∈ a. We will show that B ∈ (N G µ κ,λ ) + . Let C ∈ (N G µ κ,λ ) * , and τ be a winning strategy for player II in G µ κ,λ (C). For a ∈ B, select z a ∈ [a] µ such that a = α∈za h(α), and let α a i : i < µ be an enumeration of z a . We define f : B × µ → P κ (λ) as follows. Given a ∈ B, we define inductively b a i and f (a, i) for i < µ by

• b a 0 = ∅ and f (a, 0) = τ (b a 0 ∪ h(α a 0 )) ; • for 0 < i < µ, b a i = j<i f (a, j) and f (a, i) = τ (b a 0 ∪ h(α a 0 ), b a 1 ∪ h(α a 1 ), . . . , b a i ∪ h(α a i )).
Let H denote the collection of all a ∈ B such that f (a, i) \ a = ∅ for some i < µ.

Claim. H ∈ J.

Proof of the claim. Suppose otherwise. Then we may find S ∈ J + ∩ P (H) and i < µ such that f (a, i) \ a = ∅ for every a ∈ S. By Observation 9.5, there must be T ∈ J + ∩ P (S) and d ∈ P κ (λ) such that {α a j : j < i} ⊆ d for all a ∈ T . Since there are less than κ many functions from i + 1 to d, we may find w ∈ P κ (λ) such that f (a, i) ⊆ w for all a ∈ T . But then w \ a = ∅ for every a in T . This contradiction completes the proof of the claim.

Using the claim, select a in B \ H. Then clearly, a ⊆ i<µ f (a, i), and therefore a ∈ C. COROLLARY 11.7. Suppose that µ = ω and cov(λ, κ, κ, µ + ) = λ. Then H min (µ, κ, λ) holds, and moreover J(µ, κ, λ) = N µ-S κ,λ = N G µ κ,λ . Proof. Use Observation 9.23 and Corollary 10.10.

12 THE CASE κ = µ + This section is concerned with the (very special) case κ = µ + . LEMMA 12.1. Let ρ 1 , ρ 2 , ρ 3 and ρ 4 be four cardinals such that ρ 1 ≥ ρ 2 ≥ ρ 3 ≥ ω and ρ 3 ≥ ρ 4 ≥ 2. Suppose that ρ 3 is regular and ρ 2 = ρ + 3 . Then cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ) = cov(ρ 1 , ρ 3 , ρ 3 , ρ 4 ).

Proof. Set χ = cov(ρ 1 , ρ 3 , ρ 3 , ρ 4 ) and τ = cov(ρ 1 , ρ 2 , ρ 3 , ρ 4 ). Notice that by Fact 2.17, τ ≥ ρ 3 . It is immediate that τ ≤ χ. For the reverse inequality, select x i ∈ P ρ2 (ρ 1 ) for i < τ such that for any e ∈ P ρ3 (ρ 1 ), there is t e ∈ P ρ4 (τ ) with e ⊆ i∈te x i . For each i < τ , let x i α : α < ρ 3 be an enumeration of x i , and set x i,j = {x i α : α < j} for all j < ρ 3 . Now given e ∈ P ρ3 (ρ 1 ), we may find j i < ρ 3 for i ∈ t e such that e ∩ x i ⊆ x i,ji . Then e ⊆ i∈te x i,ji . PROPOSITION 12.2. Suppose that κ = µ + . Then the following are equivalent :

(i) There is s : λ → P κ (λ) such that T s µ,κ,λ ∈ I + κ,λ .

(ii) There is h :

λ → P κ (λ) such that S h µ,κ,λ ∈ (N G µ κ,λ ) * . (iii) u(µ, λ) = λ.
(iv) H min (µ, κ, λ) holds.

(v) H norm (µ, κ, λ) holds.

Proof.

(i) → (iii) : By Observation 9.13 and Lemma 12.1. (iii) → (ii) : By Proposition 6.4 and Remark 6.5. (ii) → (iv) and (iv) → (v) : By Corollary 10.10. (v) → (i) : Trivial. PROPOSITION 12.3. Suppose that κ = µ + , and let s : λ → P κ (λ). Then X s µ,κ,λ = T s µ,κ,λ .

Proof. By Observation 9.15, X s µ,κ,λ ⊆ T s µ,κ,λ . For the reverse inclusion, fix a ∈ T s µ,κ,λ , and let α j : j < µ be an enumeration of a. For each i < µ, select ξ i ∈ a such that {α j : j < i} ⊆ s(ξ i ). Then clearly, for any t ∈ [µ] µ , a ⊆ i∈t s(ξ i ).

COROLLARY 12.4. Suppose that κ = µ + and u(µ, λ) = λ. Then H min (µ, κ, λ) holds, and moreover J(µ, κ, λ) = N S µ,κ,λ .

Proof. H min (µ, κ, λ) holds by Proposition 12.2. By Remark 9.9 and Proposition 9.10, N S µ,κ,λ ⊆ J(µ, κ, λ). The reverse inclusion holds by Propositions 9.16 ad 12.3. REMARK 12.5. It follows that if µ = ω and κ = µ + , then (κ, λ) is µ-very good.

13 WHEN µ > ω and λ IS CLOSE TO κ II

In this section we will generalize Theorems 7.8 and 8.1.

FACT 13.1. ( [START_REF] Matet | Ideals on P κ (λ) associated with games of uncountable length[END_REF]) Suppose that λ < κ +(µ + ) . Then there are g :

λ → P κ (λ) and D ∈ N S * κ,λ such that D ∩ E κ,λ µ ⊆ U g µ,κ,λ .
THEOREM 13.2. Suppose that λ < κ +(µ + ) and H norm (µ, κ, λ) holds. Then H min (µ, κ, λ) holds, and moreover J(µ, κ, λ) = N S µ,κ,λ |E κ,λ µ . Proof. By Fact 13.1, we may find g : λ → P κ (λ) and D ∈ N S * κ,λ such that D ∩ E κ,λ µ ⊆ U g µ,κ,λ . By Fact 2.17, cov(λ, κ, κ, µ + ) = λ. Hence by Corollary 10.9, H min (µ, κ, λ) holds, and moreover J(µ, κ, λ) = N S µ,κ,λ |U g µ,κ,λ ⊆ N S µ,κ,λ |E κ,λ µ . It remains to observe that by Remark 9.9, N S µ,κ,λ |E κ,λ µ ⊆ J(µ, κ, λ). REMARK 13.3. By Observation 9.23 and Corollary 10.12, Theorem 7.8 follows.

LEMMA 13.4. Suppose that λ < κ +θ , where θ is a regular infinite cardinal less than µ. Then N S µ,κ,λ = N S θ,κ,λ |E κ,λ ≥µ . Proof. The proof is a modification of that of Lemma 4.7 in [START_REF] Matet | Ideals on P κ (λ) associated with games of uncountable length[END_REF] that asserts that N S

[λ] <µ κ,λ = N S [λ] <θ κ,λ |E κ,λ ≥µ . Fix A ∈ N S +
θ,κ,λ ∩ P (E κ,λ ≥µ ), and let e a ∈ P µ (a) for a ∈ A. We will show that there are G ∈ N S + θ,κ,λ ∩ P (A) and y ∈ P κ (λ) such that e a ⊆ y for all a ∈ G. For each singular cardinal ν with κ < ν ≤ λ, pick an increasing sequence π ν i : i < cf(ν) of successor cardinals greater than κ with supremum ν. Set T = n<ω n (λ ∪ {λ}), and select a bijection f : T → λ. For κ ≤ α < λ, let c(α) be a bijection from |α| onto α. Now let C be the set of all a ∈ P κ (λ) such that

• µ ⊆ a ; • a ∩ κ ∈ a ;
• for any cardinal ρ with κ ≤ ρ < λ, ρ ∈ a ;

• for each singular cardinal ν with κ < ν ≤ λ, {π ν i : i < cf(ν)} ⊆ a ;

• for m ≤ m t 0 , ϕ a (t|m) ⊆ e a ; • for 0 < l ≤ j t and m t l-1 < m ≤ m t l , ϕ a (t|m) ⊆ c(α t l-1 ) -1 (c(α t l-2 ) -1 (. . . c(α t 0 ) -1 (e a ) . . . )) ; • for m t jt < m ≤ dom(t), ϕ a (t|m) ⊆ c(α t jt ) -1 (c(α t jt-1 ) -1 (. . . c(α t 0 ) -1 (e a ) . . . )).

Hence, ψ(ϕ a (t), t) ⊆ e a . That e a ⊆ t∈[Ta] ψ(ϕ a (t), t) can be easily derived from the following observation. Suppose that t ∈ T a \ [T a ] and ξ ∈ ϕ a (t). Then

• if |suc Ta (t)| = 1, then ξ ∈ ϕ a (v) for some v ∈ suc Ta (t) ;

• if suc Ta (t) = {w}, then either ξ ∈ ϕ a (w), or κ ≤ |α| < α and ξ ∈ {c(α)(ζ) : ζ ∈ ϕ a (w)}, where α = t(dom(t) -1).

This completes the proof of the claim.

Define F : H × T → κ by : F (a, t) equals t(dom(t) -1) if t ∈ [T a ], and 0 otherwise, and f : H → κ by f (a) = sup{F (a, t) : t ∈ [T a ]}. Notice that f (a) ∈ a. There must be K ∈ N S + θ,κ,λ ∩ P (H) and σ ∈ κ such that f takes the constant value σ on K. Observe that for a ∈ K and t ∈ [T a ],

ψ(F (a, t), t) ⊆ ψ(f (a), t) ⊆ ψ(σ, t). Hence e a ⊆ t∈[Ta] ψ(σ, t) for all a ∈ K. Finally we may find G ∈ N S + θ,κ,λ ∩ P (K) and Q ∈ P κ (T ) such that [T a ] ⊆ Q for all a ∈ G. Then for any a ∈ G, e a ⊆ t∈Q ψ(σ, t).

Thus N S θ,κ,λ |E κ,λ ≥µ is (µ, κ)-normal, and therefore N S µ,κ,λ ⊆ N S θ,κ,λ |E κ,λ ≥µ . The reverse inclusion follows from Observation 9.3 and Proposition 9.10. PROPOSITION 13.5. Let θ be a regular infinite cardinal less than µ. Suppose that λ < κ +θ , and H norm (µ, κ, λ) holds. Then H min (µ, κ, λ) holds, and moreover J(µ, κ, λ) = N S θ,κ,λ |E κ,λ µ . Proof. By Observation 9.5, Theorem 13.2 and Lemma 13.4. REMARK 13.6. By Proposition 9.21, Observation 9.23 and Corollary 10.9, Theorem 8.1 follows.

APPROACHABILITY

In this section we use Shelah's (weak) approachability to separate some of the ideals we have considered. DEFINITION 14.1. Given a regular uncountable cardinal χ, I[χ] denotes the collection of all S ⊆ χ for which there are a sequence u ξ : ξ < χ of subsets of χ, and a closed unbounded subset C of χ such that for any α ∈ S ∩ C, • α is an infinite limit ordinal with cf(α) < α ;

• there is a cofinal subset B of α such that o.t.(B) = cf(α) and {B ∩ η : η < α} ⊆ {u ξ : ξ < α}.

Given two infinite cardinals θ and χ such that max{ω 1 , θ} ≤ χ = cf(χ), I[χ; θ] denotes the collection of all S ⊆ χ for which there are a sequence u ξ : ξ < χ of elements of P θ (χ), and a closed unbounded subset C of χ such that for any α ∈ S ∩ C,

• α is an infinite limit ordinal with cf(α) < α ;

• there is a cofinal subset B of α such that o.t.(B) = cf(α) and {B ∩ η : η < α} ⊆ ξ<α P (u ξ ).

Given three infinite cardinals θ, ρ and χ such that max{ω 1 , θ} ≤ ρ = cf(ρ) < χ = cf(χ), I[ρ, χ; θ] denotes the collection of all S ⊆ P ρ (χ) for which there are a sequence u ξ : ξ < χ of elements of P θ (χ), and a closed unbounded subset D of P ρ (χ) such that for any a ∈ S ∩ D,

• sup a is an infinite limit ordinal with cf(sup a) < sup a ;

• there is a cofinal subset B of sup a such that B ⊆ a, o.t.(B) = cf(sup a) and {B ∩ η : η < sup a} ⊆ ξ∈a P (u ξ ). OBSERVATION 14.4. Suppose that θ = ω, and let S be the collection of all a ∈ P ρ (χ) such that sup a is a limit ordinal of cofinality ω. Then S ∈ I[ρ, χ; θ].

Proof. Let u ξ : ξ < χ be a one-to-one enumeration of P ω (χ), and let D be the collection of all a ∈ P ρ (χ) such that sup a / ∈ {ω} ∪ a and P ω (a) = {u ξ : ξ ∈ a}. Given a ∈ S ∩ D, pick an order type ω subset B of a with sup B = sup a. Then clearly, {B ∩ η : η < sup a} ⊆ P ω (a) ⊆ ξ∈a P (u ξ ). For each i, select a sequence u i ξ : ξ < χ of elements of P θ (χ), and a closed unbounded subset D i of P ρ (χ) such that for any a ∈ S i ∩ D i ,

• F "(a × a) ⊆ a.

• a ∩ κ ∈ κ.

• sup a = α.

• a ∈ E κ,λ µ .

PROPOSITION 14.10. Suppose that λ is regular,

E λ µ / ∈ I[λ; κ] and H norm (µ, κ, λ) holds. Then there is W ∈ N S + λ ∩ P (E λ µ ) such that {a ∈ E κ,λ µ : sup a ∈ W } ∈ N S µ,κ,λ \ (N S κ,λ |E κ,λ µ ).
Proof. Pick s : λ → P κ (λ) such that T s µ,κ,λ ∈ N S + κ,λ . Then by Proposition 9.16, N S µ,κ,λ = N S κ,λ |T s µ,κ,λ . By Corollary 14.8, there is

D ∈ N S * κ,λ such that W ∈ N S + κ,λ , where W = E λ µ \ {sup a : a ∈ D ∩ T s µ,κ,λ }. Set K = {a ∈ E κ,λ µ : sup a ∈ W }.
Then by Fact 14.9, K / ∈ N S κ,λ |E κ,λ µ . On the other hand K ∈ N S κ,λ |T s µ,κ,λ since K ∩ D ∩ T s µ,κ,λ = ∅. REMARK 14.11. Let us observe that by results of [START_REF] Matet | Two-cardinal diamond star[END_REF] and [START_REF] Matet | Scales with various kinds of good points[END_REF], the following holds. Suppose that there is a cardinal k ≤ κ such that

• k is λ-supercompact (or just λ-Shelah) ; • λ = σ + , where cf(σ) < k.
Then E λ τ + / ∈ I[λ; σ] (and hence E λ τ + / ∈ I[λ; κ]) for cofinally many cardinals τ < k with cf(τ ) = cf(σ). Notice that by results of [START_REF] Matet | Large cardinals and covering numbers[END_REF], in such a situation, u(κ, λ) = λ, and hence by Observation 9.15 and Theorem 11.4, H norm (τ + , κ, λ) holds for every infinite cardinal τ < k. COROLLARY 14.12. Suppose that λ is regular and E λ µ / ∈ I[λ; κ]. Then (κ, λ) is not µ-good.

Proof. Use Observation 9.15. REMARK 14.13. In Remark 14.11, we described some situations when κ is large, λ is regular and E λ µ / ∈ I[λ; κ]. Let us observe that largeness of κ is not a necessity here. In fact by a result of Shelah (see [START_REF] Shelah | On successors of singular cardinals[END_REF], [5, pp. 55] and [START_REF] Foreman | A very weak square principle[END_REF]), it is consistent relative to a supercompact that ω ω is a strong limit, but E It is known (see [START_REF] Donder | Stationary sets and game filters[END_REF], [START_REF] Huuskonen | On the κ-cub game on λ and I[λ][END_REF], [START_REF] Huuskonen | On potential isomorphism and non-structure[END_REF], [START_REF] Matet | Ideals on P κ (λ) associated with games of uncountable length[END_REF]) that (non-)approachability can be used to get examples of situations when N G µ κ,λ = N µ-S κ,λ . As the following shows, (non-)weak approachability suffices. PROPOSITION 14.14. Suppose that λ is regular, and θ is a cardinal such that µ ≤ θ ≤ κ and cov(λ, θ, µ, 2) = λ. Then (N G µ κ,λ ) * ∩ I[κ, λ; θ] = ∅.

• sup a = α ;

• B α ∪ y α ⊆ a ; • a ∩ λ = x.
Thus a ∈ T . To complete the proof, we establish the following two claims.

Claim 1. a ∩ κ ∈ κ. Proof of Claim 1. Given η ∈ a ∩ κ, we may find v ∈ P ω (x) and n < ω such that η ∈ c v n . Then η ⊆ c v n+1 ⊆ G(v) ⊆ a, which completes the proof of the claim. Claim 2. Let (η, ξ) ∈ a × a. Then F (η, ξ) ∈ a.
Proof of Claim 2. We may find v and w in P ω (x) such that η ∈ G(v) and ξ ∈ G(w). Then η, ξ ∈ G(v ∪ w), so there must be m < ω such that η, ξ ∈ c v∪w m . But then F (η, ξ) ∈ c v∪w m+1 , where c v∪w m+1 ⊆ G(v ∪ w) ⊆ a, which completes the proof of the claim. REMARK 14.18. We failed to achieve our original goal, which was to show that {a ∈ P

κ (λ + ) : sup a ∈ H and a ∩ λ ∈ W } ∈ I[κ, λ + ; θ]. PROPOSITION 14.19. Let T ∈ N S + κ,λ + ∩ I[κ, λ + ; κ] be such that • cf(sup a) = µ for all a ∈ T ;
• there is k : λ + → P κ (λ) such that T ⊆ X k µ,κ,λ,λ + .

Then there are h : λ + → P κ (λ + ) and C ∈ N S * κ,λ + such that C ∩ T ⊆ X h µ,κ,λ + .

Proof. We may find a sequence u ξ : ξ < λ + of elements of P κ (λ + ), and a closed unbounded subset D of P κ (λ + ) such that for any a ∈ T ∩ D,

• a \ λ = ∅ ;

• there is a cofinal subset B a of sup a such that B a ⊆ a, o.t.(B a ) = µ and {B a ∩ η : η < sup a} ⊆ ξ∈a P (u ξ ).

Pick a bijection j : λ + × λ + → λ + , and for each α

∈ λ + \ λ, a bijection c(α) : λ → α. Define h : λ + → P κ (λ + ) by h(j(ξ, γ)) = α∈u ξ \λ (k(γ) ∪ c(α)"k(γ)). Let C be the set of all a ∈ D such that • j(ξ, γ) ∈ a whenever ξ, γ ∈ a ; • c(α)"(a ∩ λ) = a ∩ α for every α ∈ a \ λ.
Now fix a ∈ C ∩ T . Let δ l : l < µ be the increasing enumeration of B a . There must be an order type µ subset z of a with the property that a ∩ λ ⊆ γ∈t k(γ) for every t ∈ [z] µ . Let γ i : i < µ be the increasing enumeration of z. For i < µ, select ξ i ∈ a such that {δ l : l < i} ⊆ u ξi , and put η i = j(ξ i , γ i ). Note Proof. Use Fact 2.14.

MORE ON J(µ, κ, λ) AND THE SUP FUNC-TION

We have seen in Section 14 examples of situations when {a ∈ P κ (λ) : sup a ∈ W } ∈ J(µ, κ, λ) for some W ∈ N S + λ ∩ P (E λ µ ). In contrast to this we establish the following. THEOREM 16.1. Suppose that λ = cf(λ) > κ, and u(κ, τ ) < λ for every cardinal τ with κ ≤ τ < λ. Then {a ∈ P κ (λ) : sup a ∈ S} ∈ (J(µ, κ, λ)) + for every S ∈ N S + λ ∩ P (E λ µ ).

Proof. For α with κ ≤ α < λ, select a cofinal subset W α of P κ (α) with |W α | = u(κ, |α|). Pick a bijection h : λ → κ≤α<λ W α . Then by (the proof of) Theorem 4.6, S h µ,κ,λ ∈ (N G µ κ,λ ) * . We will show that {a ∈ S h µ,κ,λ : sup a ∈ S} ∈ N S + κ,λ for any S ∈ N S + λ ∩ P (E λ µ ). Fix S ∈ N S + λ ∩ P (E λ µ ) and F : λ × λ → P κ (λ). We define g : P κ (λ) → P κ (λ) as follows. Given w ∈ P κ (λ), define w n for n < ω by w 0 = w, and w n+1 = w n ∪ ( {F (δ, δ ) : (δ, δ ) ∈ w n × w n }). We let g(w) = n<ω w n . Note that F (δ, δ ) ⊆ g(w) whenever (δ, δ ) ∈ g(w) × g(w). Let D be the collection of all α < λ such that • κ ≤ α ;

• β<α W β = h"α ;

• g(h(ξ)) ∈ β<α P (β) for all ξ ∈ α.

Since D is a closed unbounded subset of λ, we may select α in S ∩ D. Let α i : i < µ be an increasing sequence of ordinals with supremum α. Define a i ∈ β<α P (β) and ξ i ∈ α for i < µ by • a 0 = ∅ ;

• a i ⊆ h(ξ i ) ;

• a i = j<i a j in case i is an infinite limit ordinal ;

• a i+1 = g(h(ξ i )) ∪ {ξ i , α i }. Now set a = i<µ a i = i<µ g(h(ξ i )). It is simple to see that

• sup a = α ;

• F (δ, δ ) ⊆ a whenever (δ, δ ) ∈ a × a ;

• ξ i ∈ a for all i < µ ;

• a j ⊆ h(ξ j ) ⊆ a j+1 ⊆ a i ⊆ h(ξ i ) whenever j < i < µ ;

• for any j < µ, there is i such that j < i < µ and h(ξ j ) ⊂ h(ξ i ).

Thus a ∈ S h µ,κ,λ , and moreover sup a ∈ S. COROLLARY 16.2. Suppose that λ = cf(λ) > κ, and u(κ, τ ) < λ for every cardinal τ with κ ≤ τ < λ. Then the following hold :

• E λ µ ∈ I[λ; κ].
• N S λ |E λ µ = g(J(µ, κ, λ)), where g : P κ (λ) → λ is defined by g(a) = sup a.

Proof. Use Proposition 14.10.

CONCLUSION

We have seen that some properties of the game ideal N G µ κ,λ are satisfied by smaller ideals such as N S µ,κ,λ |E κ,λ µ , J(µ, κ, λ) or N µ-S κ,λ . Some, but not all. One important property that we have been unable to transfer is the projection property : For any cardinal τ with κ ≤ τ < λ, N G µ κ,τ = p(N G µ κ,λ ), where p : P κ (λ) → P κ (τ ) is defined by p(x) = x∩τ . Notice that there are corresponding statements for the nonstationary ideal (Menas [START_REF] Menas | On strong compactness and supercompactness[END_REF]) and the noncofinal ideal (folklore). It is not difficult to see that N µ-S κ,τ ⊆ p(N µ-S κ,λ ), but we do not know whether the reverse inclusion holds. Another essential property of the game ideal is the following (see [START_REF] Matet | Ideals on P κ (λ) associated with games of uncountable length[END_REF]) : Suppose that cov(λ, κ, κ, µ + ) = λ, and let Z ⊆ P κ (λ) be such that |Z| = λ and for any a ∈ P κ (λ), there is w ∈ P µ + (Z) with a ⊆ ∪w. Let z β : β < λ be a one-to-one enumeration of Z. Now define g : P µ + (λ) → P κ (λ) by g(x) = x∪( β∈x z β ). Then N G µ κ,λ = g(N G µ µ + ,λ ) (which shows that the case κ = µ + is, in a sense, more representative than one would think). With the additional assumption that u(µ + , λ) = λ, we can show that N µ-S κ,λ ⊆ g(N µ-S µ + ,λ ), but here again we do not know whether the reverse inclusion holds. Another important point to make is that N µ-S κ,λ and N G µ κ,λ always exist, which is not the case for J(µ, κ, λ) (as defined in Definition 6.10). We have seen that the existence of J(µ, κ, λ) depends of that of an h : λ → P κ (λ) such that X h µ,κ,λ ∈ N S + κ,λ . We formulated various sufficient conditions for the existence of such an h, but we are still missing a nice set of necessary and sufficient conditions. The present situation is awkward. Consider for instance Corollary 14.8 (i) which shows that if λ is regular, then there is S ∈ I[λ; κ] such that {a ∈ P κ (λ) : sup a ∈ S} ∈ (J(µ, κ, λ)) * . This improves the result ([14, Proposition 6.3], [START_REF] Matet | Scales with various kinds of good points[END_REF]Proposition 2.18]) that if λ is regular and cov(λ, κ, µ, 2) = λ, then there is S ∈ I[λ; κ] such that {a ∈ P κ (λ) : sup a ∈ S} ∈ (N G µ κ,λ ) * , provided of course that the conditions for the existence of J(µ, κ, λ) are satisfied. One suspects that this improvement could be made unconditional by extending the definition of J(µ, κ, λ). So let us try to define J(µ, κ, λ) when there is no h : λ → P κ (λ) such that X h µ,κ,λ ∈ N S + κ,λ . We will rely on the following.

LEMMA 17.1. (i) Let σ be a cardinal greater than or equal to λ, and h : σ → P κ (λ) be such that ran(h) ∈ I + κ,λ . Then X k µ,κ,λ,σ \ X h µ,κ,λ,σ ∈ SN S κ,σ for every k : σ → P κ (λ).

(ii) Suppose that cf(λ) = µ. Let σ be a cardinal greater than or equal to λ, and h : σ → P κ (λ) be such that for any d ∈ κ≤γ<λ P κ (γ), there is α ∈ σ with d ⊆ h(α). Then X k µ,κ,λ,σ \ X h µ,κ,λ,σ ∈ SN S κ,σ for every k : σ → P κ (λ). Proof.

(i) : Fix k : σ → P κ (λ). Let C be the collection of all a ∈ P κ (σ) such that • (a ∩ λ) \ h(β) = ∅ for all β ∈ a ;

• for any α ∈ a, there is β ∈ a such that k(α) ⊆ h(β).

Then clearly, C ∈ SN S * κ,σ . Now let a ∈ C ∩X k µ,κ,λ,σ . Select an increasing sequence α i : i < µ of elements of a with the property that a ∩ λ ⊆ i∈e k(α i ) for every e ∈ [µ] µ . For i < µ, pick β i ∈ a so that k(α i ) ⊆ h(β i ). We claim that |{β i : i < µ}| = µ. Suppose otherwise. Then there must be j < µ such that |{i : k(α i ) ⊆ h(β j )}| = µ. But then a ∩ λ ⊆ h(β j ), which yields the desired contradiction. It is now readily checked that a ∈ X h µ,κ,λ,σ . (ii) : Fix k : σ → P κ (λ). Select an increasing sequence λ i : i < µ of cardinals greater than or equal to κ with supremum λ. Let C be the collection of all a ∈ P κ (σ) such that • (a ∩ λ i ) \ h(β) = ∅ for any i < µ and any β ∈ a ;

• for any α ∈ a, and any i < µ, there is β ∈ a such that k(α) ∩ λ i ⊆ h(β).

Note that C ∈ SN S * κ,σ . Now let a ∈ C ∩X k µ,κ,λ,σ . Select an increasing sequence α i : i < µ of elements of a with the property that a ⊆ i∈e k(α i ) for every e ∈ [µ] µ . For i < µ, pick β i ∈ a so that k(α i ) ∩ λ i ⊆ h(β i ). We claim that |{β i : i < µ}| = µ. Suppose otherwise. Then there must

DEFINITION 2 . 1 .

 21 For a set A and a cardinal ρ, we set P ρ (A) = {a ⊆ A : |a| < ρ} and [A] ρ = {a ⊆ A : |a| = ρ}.

FACT 2 .

 2 14. ([27, Theorem 1.5 p. 50]) Let χ be a singular cardinal. Then there is a set A of regular cardinals such that o.t.(A) = cf(χ) < min A, sup A = χ and tcf( A/I) = χ + , where I is the noncofinal ideal on A.

FACT 4 . 8 .

 48 ([4]) Let ρ, τ and π be three infinite cardinals such that ρ = cf(ρ) ≤ τ < π. Then u(ρ, π) ≤ max{u(ρ, τ ), u(τ + , π)}.

FACT 4 . 9 .

 49 ([28, Claim 2.1(1)]) Let χ, ν and θ be three infinite cardinals such that

  8. Set D = {x ∈ C : µ ⊆ x}. Then |D ∩ X h µ,κ,λ | ≤ d(µ, λ), and moreover |D ∩ X h µ,κ,λ ∩ P (a)| ≤ d(µ, |a|) for any a ∈ P κ (λ) with µ ⊆ a. Now suppose that X h µ,κ,λ ∈ N S + κ,σ and κ = ν + , where d(µ, ν) = ν. Then |(D ∩ X h µ,κ,λ ) ∩ P (a)| < κ for all a ∈ P κ (λ)

REMARK 9 . 8 .REMARK 9 . 9 .

 9899 Assume the existence of a [λ] <µ -normal ideal on P κ (λ). Then by Observation 9.3 (i), N S [λ] <µ κ,λ = N S µ,κ,λ . It follows from Proposition 3.13 and Observation 9.5 that if H min (µ, κ, λ) holds, then N S µ,κ,λ |E κ,λ µ ⊆ J(µ, κ, λ). PROPOSITION 9.10. {a ∈ P κ (λ) : ∀e ∈ P µ (a) (sup e ∈ a ∪ {λ})} lies in N S * µ,κ,λ (and hence so does E κ,λ ≥µ ). Proof. Suppose otherwise, and put A = {a ∈ P κ (λ) : ∃e ∈ P µ (a) (sup e / ∈ a ∪ {λ})}. Define f : A → P µ (λ) so that for any a ∈ A, f (a) ⊆ a but sup f (a) / ∈ a ∪ {λ}. There must be B ∈ N S + µ,κ,λ ∩ P (A) and d ∈ P κ (λ) such that f (a) ⊆ d for all a ∈ B. Let r = d ∪ {δ} ∪ {sup(d ∩ α) : α ∈ d}, where δ equals sup d if cf(sup d) < µ, and 0 otherwise. Pick a ∈ B with r ⊆ a ∪ {λ}. If sup f (a) = sup d, then sup f (a) = δ. Otherwise sup f (a) = sup(d ∩ α), where α = min(d \ sup f (a)). Thus sup f (a) ∈ r, which yields the desired contradiction.

FACT 14 . 2 .

 142 (i) (Shelah (see e.g. Proposition 3.4 in [5])) Suppose that χ / ∈ I[χ]. Then I[χ] is a normal ideal on χ. (ii) ([16]) Suppose that χ / ∈ I[χ; θ]. Then I[χ; θ] is a normal ideal on χ. (iii) ([16]) Let σ < χ be a regular uncountable cardinal such that ρ <σ < χ for every infinite cardinal ρ < θ. Then P (E χ σ ) ∩ I[χ; θ] = P (E χ σ ) ∩ I[χ]. OBSERVATION 14.3. Let S ∈ I[ρ, χ; θ]. Then {sup a : a ∈ S ∩ D} ∈ I[χ; θ] for some closed unbounded subset D of P ρ (χ).

REMARK 14 . 5 .

 145 Thus if θ = ω and ρ = ω 1 , then P ρ (χ) ∈ I[ρ, χ; θ]. OBSERVATION 14.6. Suppose that P ρ (χ) / ∈ I[ρ, χ; θ]. Then I[ρ, χ; θ] is a normal ideal on P ρ (χ). Proof. It is immediate from the definition that N S ρ,χ ⊆ I[ρ, χ; θ], and P (S) ⊆ I[ρ, χ; θ] for all S ∈ I[ρ, χ; θ]. Suppose now that S i ∈ I[ρ, χ; θ] for i < χ.

  ω ω+1 ]. In the resulting model set µ = ω 1 , κ = ω m and λ = ω ω+1 , where 1 < m < ω. Then by Fact 14.2, P (E λ µ ) ∩ I[λ; κ] = P (E λ µ ) ∩ I[λ], and therefore E λ µ / ∈ I[λ; κ].

REMARK 15 . 4 .COROLLARY 15 . 5 .

 154155 Suppose that π = 2 sup A , E π µ ∈ I[π] and either I is µ +complete, or µ > cof(I). Then by Corollary 15.3, cof(N S κ,λ ) ≤ 2 λ = π < cof(N S π ) ≤ cof(N µ-S κ,λ ), and hence N µ-S κ,λ = N S κ,λ |T for every T ∈ N S + κ,λ . Suppose that E λ + µ ∈ I[λ + ], cf(λ) ∈ κ \ {µ} and 2 λ = λ + . Then there is no T such that N µ-S κ,λ = N S κ,λ |T .

  and λ otherwise.

	We finally turn to density numbers.
	DEFINITION 2.23. Given two infinite cardinals τ ≤ σ, d(τ, σ) denotes the
	least cardinality of any X ⊆ [σ] τ with the property that for any e ∈ [σ] τ , there
	is x ∈ X with x ⊆ e.
	REMARK 2.24. Thus d(τ, σ) = the cofinality of the poset ([σ] τ , ⊇).
	DEFINITION 2.25. Given two infinite cardinals τ ≤ σ, MAD τ,σ denotes the
	collection of all Q ⊆ [σ] τ such that
	• |a ∩ b| < τ for any two distinct members a, b of Q ;
	• for any c ∈ [σ] τ , there is a ∈ Q with |a ∩ c| = τ .
	FACT 2.26. ([9],

  and g(ζ) otherwise. By Proposition 7.5 we may find C ∈ N S * κ,λ + and h : λ +

  Let s : λ → P κ (λ). Then T s µ,κ,λ is µ-closed. PROPOSITION 9.21. Suppose that either H cov (µ, κ, λ) holds, or u(µ, cov(λ, κ, κ, µ + )) = λ. Then there is s : λ → P κ (λ) such that T s µ,κ,λ is a µ-club subset of P κ (λ). We let H norm (µ, κ, λ) assert the existence of s : λ → P κ (λ) such that T s µ,κ,λ ∈ N S + κ,λ . OBSERVATION 9.23. Suppose µ = ω. Then H norm (µ, κ, λ) holds. Furthermore, N S µ,κ,λ = N S κ,λ . PROPOSITION 9.24. Suppose that H norm (µ, κ, λ) holds. Then N S µ,κ,λ ⊆ N µ-S κ,λ .Proof. By Proposition 9.16, Fact 9.18 and Observation 9.20.

	OBSERVATION 9.19. Y κ,λ µ	is a µ-club since it is cofinal by Fact 4.2, and
	obviously µ-closed.	
	OBSERVATION 9.20. Proof. This is immediate from Remark 4.4, Theorem 4.6 and Observations
	9.15 and 9.20.	
	DEFINITION 9.22.	
	µ κ,λ .	

Acknowledgements. The author is greatly indebted to the referee for an extensive list of corrections and suggestions for improvement.

• for any n ∈ ω and any t : n → a ∪ {λ}, f (t) ∈ a ;

• for any β ∈ a, β + 1 ∈ a ;

• for any α ∈ a \ κ, a ∩ α = c(α)"(a ∩ |α|).

Note that C ∈ SN S * κ,λ . Set H = {a ∈ A ∩ C : e a \ κ = ∅}. If H ∈ N S θ,κ,λ , then we may find G ∈ N S + θ,κ,λ ∩ P ((A ∩ C) \ H) and η < κ such that for any a ∈ G, η ∈ a and moreover e a ⊆ η. Let us now assume that H ∈ N S + θ,κ,λ . For t ∈ T , set M t = {m ∈ dom(t) : m ≥ 1 and κ ≤ |t(m -1)| < t(m -1)}. Given t ∈ T with M t = ∅, let m t l : l ≤ j t be the increasing enumeration of M t . For l ≤ j t , set α t l = t(m t l -1). We define ψ : P (κ) × T → P κ (λ) as follows. Let r ⊆ κ and t ∈ T . If M t = ∅, we let ψ(r, t) = r. Now suppose that M t = ∅. If α t l < |α t l-1 | for any l with 0 < l ≤ j t , we let ψ(r, t) = (c(α t 0 ) • . . . • c(α t jt ))"r. Otherwise we let ψ(r, t) = ∅. For a ∈ H, we will define a tree T a ⊆ n<ω n (a ∪ {λ}), and a labeling function ϕ a : T a → P µ (a) with the property that for any t ∈ T a \ {∅}, ϕ a (t) ⊆ t(dom(t) -1). Thus let a ∈ H. For t ∈ T a , the set {v ∈ T a : t ⊂ v and dom(v) = 1+dom(t)} of immediate successors of t in T a will be denoted by suc Ta (t). We put

• suc Ta (∅) = {t 0 }, where t 0 = {(0, λ)} ;

• ϕ a (t 0 ) = e a . Now suppose that t ∈ T a \ {∅} and ϕ a (t) have been constructed. Put dom(t) = m, t(m -1) = α and ϕ a (t) = d. Case 1 : α < κ. We let suc Ta (t) = ∅. Case 2 : α = κ or α is a successor cardinal greater than κ. Setting β = the least γ ∈ a such that d ⊆ γ, put w = t ∪ {(m, β)}, and let suc Ta (t) = {w} and ϕ a (w) = d.

Case 4 : α is a singular cardinal greater than κ.

i for every i < cf(α). Note that T a has no infinite branches since each t in T a \ {∅} is a decreasing function. Put [T a ] = {t ∈ T a : suc Ta (t) = ∅}. Clearly, |suc Ta (t)| < θ for every t ∈ T a , so each level of T a has size less than θ, and therefore

Claim. e a = t∈[Ta] ψ(ϕ a (t), t). Proof of the claim. Let us first show that t∈[Ta] ψ(ϕ a (t), t) ⊆ e a . It is simple to see that for t ∈ [T a ] with M t = ∅, ψ(ϕ a (t), t) = e a ∩t(dom(t)-1) ⊆ e a . Given t ∈ [T a ] with M t = ∅, it is readily checked that • sup a is an infinite limit ordinal with cf(sup a) < sup a ;

• there is a cofinal subset B of sup a such that B ⊆ a, o.t.(B) = cf(sup a)

and {B ∩ η : η < sup a} ⊆ ξ∈a P (u i ξ ).

Pick a bijection j : χ × χ → χ, and let D be the set of all a ∈ i<χ D i such that j"(a × a) = a. For i < χ and ξ ∈ χ, set

Let us now show that N S κ,λ |E κ,λ µ and N S µ,κ,λ may be different.

PROPOSITION 14.7. Suppose that λ is regular, and let s :

Proof. Let D be the set of all a ∈ P κ (λ) such that sup a / ∈ (µ + 1) ∪ a. Note that D ∈ SN S * κ,λ . Now given a ∈ D ∩ T s µ,κ,λ with cf(sup a) = µ, select an order type µ subset B of a such that sup B = sup a. Then for any η < sup a, we may find ξ ∈ a such that B ∩ η ⊆ s(ξ). COROLLARY 14.8. (i) Suppose that λ is regular and H norm (µ, κ, λ) holds.

Then there is

(ii) Suppose that λ is regular, and s :

Proof. (i) : Use Observation 14.3.

(ii) : By Observation 14.3, we may find

. By Fact 14.2, it follows that H \ K ∈ N S + λ . FACT 14.9. (Folklore) Suppose that λ is regular, and let 

Put a = i<µ a i . Then clearly the following hold :

Proof. Select u ξ ∈ P θ (λ) for ξ < λ such that for any e ∈ P µ (λ), |{ξ < λ : e ⊆ u ξ }| = λ. Define a strategy τ for player in G µ κ,λ (P κ (λ)) by τ (a 0 , . . . , a i ) = a i ∪ {ξ i }, where ξ i = the least ξ > sup(a i ) such that {sup(a j ) : j ≤ i} ⊆ u ξ . Let A be the set of all a ∈ P κ (λ) such that a = i<µ τ (a 0 , . . . , a i ) for some sequence

Proof. By Fact 4.2 and Proposition 14.14, we may find

Then by Fact 14.15,

We end the section with the following two observations. PROPOSITION 14.17. Let θ ≤ κ be an infinite cardinal,

Proof. We may find a sequence u ξ : ξ < λ + of elements of P θ (λ + ), and a closed unbounded subset C of λ + such that for any α ∈ H ∩ C,

• α is a limit ordinal greater than λ ;

• there are a cofinal subset B α of α with o.t.(B α ) = cf(α), and y α ⊆ α with |y α | ≤ cf(α) such that {B α ∩ η : η < α} ⊆ ξ∈yα P (u ξ ).

Let T be the collection of all a ∈ P κ (λ + ) such that

REMARK 14.20. Note that by Observation 14.4, what we obtain in case µ = ω is a variant of Proposition 7.5 where S k µ,κ,λ,λ + and S h µ,κ,λ + are respectively replaced with X k µ,κ,λ,λ + and X h µ,κ,λ + .

N µ-S κ,λ

This section is concerned with situations when N µ-S κ,λ = N S κ,λ |T for every T ∈ N S + κ,λ . Suppose that λ < π = tcf( A/I), where A is an infinite set of regular cardinals with |A| < min A and cf(sup A) ≤ |A| < κ < sup A ≤ λ, and I is an ideal on A such that {A ∩ a : a ∈ A} ⊆ I. Let f = f ξ : ξ < π be an increasing, cofinal sequence in ( A, < I ). Define (i) Let b j : j < µ be an increasing sequence in (P κ (λ), ⊆). Then h( j<µ b j ) = sup({h(b j ) : j < µ}).

PROPOSITION 15.2. Suppose that either I is µ + -complete, or µ > cof(I).

Then the following hold : 

Hence, a ∩ λ = j∈u (a ∩ λ j ) ⊆ i∈u h(β i ). Thus a ∈ X h µ,κ,λ,σ .

PROPOSITION 17.2. Suppose that H cov (µ, κ, λ) holds, and let h : λ → P κ (λ) be such that for any d ∈ κ≤γ<λ P κ (γ), there is α ∈ λ with d ⊆ h(α).

Then J(µ, κ, λ) = N S κ,λ |X h µ,κ,λ .

Proof. By Remark 10.11 and Lemma 17.1.

We now use Lemma 17.1 to complete the definition of J(µ, κ, λ) as follows.

DEFINITION 17.3. Assuming that there is no h : λ → P κ (λ) such that X h µ,κ,λ ∈ N S + κ,λ , we let J(µ, κ, λ) = p(N S κ,σ |X h µ,κ,λ,σ ), where

• σ equals u(κ, λ) if cf(λ) = µ, and sup{u(κ, ρ) : κ ≤ ρ < λ} otherwise ;

• h : σ → P κ (λ) is such that for any d ∈ κ≤γ<λ P κ (γ), there is α ∈ σ with d ⊆ h(α) ;

• p : P κ (σ) → P κ (λ) is defined by p(x) = x ∩ λ.

It remains to be seen whether this definition can be used to extend the results of this paper so that they will hold unconditionally. (Note added in print : the research project outlined above has been carried out in [START_REF] Matet | The secret life of µ-clubs[END_REF]).