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CONVERGENCE OF NONLINEAR NUMERICAL APPROXIMATIONS FOR AN
ELLIPTIC LINEAR PROBLEM WITH IRREGULAR DATA

ROBERT EYMARD*® AND DAVID MALTESE

Abstract. This work is devoted to the study of the approximation, using two nonlinear numerical
methods, of a linear elliptic problem with measure data and heterogeneous anisotropic diffusion matrix.
Both methods show convergence properties to a continuous solution of the problem in a weak sense,
through the change of variable u = ¢ (v), where # is a well chosen diffeomorphism between (—1,1) and
R, and v is valued in (—1,1). We first study a nonlinear finite element approximation on any simplicial
grid. We prove the existence of a discrete solution, and, under standard regularity conditions, we
prove its convergence to a weak solution of the problem by applying Holder and Sobolev inequalities.
Some numerical results, in 2D and 3D cases where the solution does not belong to H'(£2), show that
this method can provide accurate results. We then construct a numerical scheme which presents a
convergence property to the entropy weak solution of the problem in the case where the right-hand side
belongs to L'. This is achieved owing to a nonlinear control volume finite element (CVFE) method,
keeping the same nonlinear reformulation, and adding an upstream weighting evaluation and a nonlinear
p-Laplace vanishing stabilisation term.
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1. INTRODUCTION

This paper is devoted to the numerical approximation of a second order linear elliptic equation in divergence
form with coefficients in L>°(Q2) and measure data. More precisely we consider the following problem: find a
function w defined on 2 such that

—div(AV@) = f in Q, (1.1)
supplemented with the boundary condition
% =0 on 01, (1.2)
under the following assumptions:
— QcR?(d>2), is a polytopal bounded open set (polygonal if d = 2, polyhedral if d > 3), (1.3a)
— A€ LOO(Q)dXd and there exists A, A > 0 such that, for a.e. z € Q,
A(z) is symmetric and, for all £ € RY \|¢[2 < A(x)€- € < M€, (1.3b)
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— f € M(Q), where we denote by M(2) the space of Radon measures, defined as the topological
dual space of C(ﬁ), the space of continuous functions on Q with its usual norm. (1.3¢)

This type of problem may arise for example in some models of underground oil or water resources management.
Then f is the source term of the quantity diffused by the system. In the case where it is possible to consider
f € L?(Q), the natural framework of the problem consists in considering the standard weak formulation of (1.1)
in H}(Q). But in the case where f is modeling a singular source term at the scale of the domain, the right-hand
side can be a measure instead of a function. For example, in underground fluid management [19], the wells,
which are used for injection or production purposes, are cylindrical holes with very small diameters compared
to the size of the domain. Therefore, the source terms are accurately modeled by measures supported by lines.

A proper mathematical sense to a solution of problems (1.1) and (1.2) under Assumptions 1.3 can be given
as follows.

Definition 1.1. We define the space S4(Q2) containing any solution and the space 7;(f2) containing the test
functions by
Sa@= [ W'@ad (@)= |J W@ cc@). (1.4)

re(1,74) re(d,+00)

We say that a function 7 defined over 2 is a weak solution of problems (1.1) and (1.2) if

u€ Sg(Q) and [ AVE-Vwdzr = / wdf, for any w € T4(), (1.5)
Q Q

where we denote by [, wdf the quantity (f, W) (e c(@)-

The existence of a weak solution for any d > 2 is given in [4]. Its uniqueness is proved for d = 2 in [20] for
general diffusion fields: the proof relies on a regularity result [22] which holds on domains Q with C? boundary,
extended in [21] to all domains with Lipschitz boundaries. In the case d > 3, this uniqueness result remains true
if A is sufficiently regular (see [15] for such a proof when A = Id), but it is no longer true for general diffusion
fields (as the ones introduced in the numerical examples in Sect. 4, inspired by the counter-example introduced
by Serrin [24] and detailed by Prignet [23]).

This paper is focused on the approximation of problem (1.5). Consistently with the space Sy(£2) introduced

in Definition 1.1, we investigate weak /strong convergence of approximate solutions in W17 () for r € (1, %)
Let us cite a few different works providing such convergence results.

In [15], a finite volume method is used. It relies on the Two-Point Flux Approximation in grids satisfying an
orthogonality condition, which is restricting the kind of meshes which can be used and the kind of anisotropy
that can be considered for A. The convergence of the approximate solution to the unique weak solution of the
problem is proved in the case A = Id. The method of proof implies the use of nonlinear functions of the discrete
unknown as test function, which is easily managed by the use of Two-Point Flux Approximation (see [18] for
a discussion about this problem). Since our goal is to consider general diffusion fields A, this scheme no longer
applies.

The standard finite element framework is considered in [8]: it consists in computing the solution uz to the
following linear discrete problem

ur € V7r(Q) and / ArVur - Vwde = / wdf, for any w € Vr(Q), (1.6)
Q Q

where V7 () is the finite dimensional space resulting from the use of the P! finite elements on triangles or
tetrahedra, and A7 is a piecewise constant approximation of A. This solution can always be computed, since
Vr(2) cC (ﬁ) But the study of its convergence cannot be done in the classical way, which consists in taking
w = ug for getting an estimate. Indeed, for d > 1, this method does not yield an estimate of ||“T||C(ﬁ)v which
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would be necessary for passing to the limit. Nevertheless, the convergence of the approximate solution to a
weak solution (which is moreover the renormalised solution or equivalently the entropy solution in the sense of
Def. 3.1) can be proved in the case where the finite element scheme is similar to that used in the finite volume
framework, that is when it relies on a Two-Point Flux interpretation of the finite element scheme. This requires
the use of P! finite elements on triangles or tetrahedra which satisfy strong geometrical constraints (in 2D,
for two triangles sharing the same edge, the sum of the two opposite angles must be lower than 7 in the case
A =1d). The assumption of general diffusion fields A only satisfying Assumption (1.3b) is incompatible with
this method of proof.

We therefore propose in this paper two nonlinear numerical methods for the approximation of this problem,
with different goals for the two methods. The first one concerns an accurate nonlinear finite element scheme,
for which a proof of convergence to a weak solution remains available on general simplicial meshes and fields
A. The second one concerns a nonlinear Control-Volume Finite-Element scheme (CVFE for short) for which, in
addition, a proof of convergence to the entropy weak solution holds in the case where f € L'(Q).

Notes applying to the whole paper

— We denote by || - || the norm of L"(Q) for any r > 1.
— The Lebesgue measure of any subset @ of R? is denoted by |Q|.

— We use several times the Sobolev inequalities provided by Lemma A.1, involving the coefficients C’é;’f).

2. STUDY OF THE NONLINEAR FINITE ELEMENT APPROXIMATION

2.1. Motivation and organisation

Section 2 of this paper explores a non-linear finite element formulation of the problem such that, when
taking the solution of the scheme as test function, we get an estimate leading to a convergence property to
some function @ € S§4(2). Hence we introduce a strictly increasing diffeomorphism ¢ : (=1,1) — R, and we
replace the function @ by the function ¢ (v) where v(Q2) C (—1,1). A similar idea, used in [5] for getting such an
estimate, relies on the functions ¢ under the form v — (W - 1)sign(v) for any m > 0, where sign(s) =1
if s > 0 and —1 if s < 0. Unfortunately, there is no fixed value for m providing the estimate w € VVO1 (Q) for
all r € (1,d/(d — 1)): one has to let m — 0 for covering the whole desired range of values for r. So this choice
cannot be kept in our framework.

Let us sketch the computations which lead to the expression of 1) chosen in this paper. We first transform
the problem (1.5) into the problem, formally given as follows: find a function v : Q — (—1,1), such that, for
any regular function w vanishing at the boundary,

/Q’(/}I(’U)AV’U -Vwdzr = /def. (2.1)

Assuming that v can be taken as a test function, and denoting for all s € (—1,1) by 8(s) = [ /¥'(t) dt, the
following relation holds

AVA@)2 = A / ()| Vol dz < / ¥ ()AVY - Voda = / odf < [ llare-

From this relation, using Holder and Sobolev inequalities, an estimate on ||V (v)||,, for all r € (1,d/(d — 1)),
is derived under the condition that, up to a quantity that can be controlled, 8’ is bounded by 8.
This leads to the following definition for ¢ (see Fig. 1 for a graphical representation of 1, ¥ and ():
(I (-1,1) —R
sl (2.2)
1—|s|

s (exp - 1) sign(s), where sign(s) =1if s > 0and —1if s <O0.
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Remark 2.1. In fact, the more general definition
Ve (-1,1) —R

als|

5 — (exp i 1>sign(3), (2.3)

for a given a > 0, is considered in the numerical section. Since choosing values « # 1 does not change the
methods of the mathematical analysis, we mainly let @ = 1 in this paper in order to avoid additional notations.

Note that for any s € (=1, 1), we have

1 5]

V) = TR P T

s|’
and the reciprocal function to ¢ is the function ¢! : R — (—1, 1) defined for any ¢ € R by

Sy tog(L+E])
P (t)—mblgn(ﬂ.

Note also that this function satisfies [(¢»~1)/(#)| < 1 for any ¢ € R. It is noticeable that the function ¢ — log(1+t|)
also plays an important role in the analysis done in [14] or [15].

It is then possible to define a finite element formulation of the nonlinear problem (2.1), and to prove its
convergence to a weak solution of the problem in the sense of Definition 1.1, hence providing a first proof for the
convergence of a numerical scheme, using a general simplicial mesh, for a general diffusion field and an irregular
right-hand side. Note that we are not able to prove, in the case where f € L*(£2), the convergence of this scheme
to the entropy weak solution in the sense of Definition 3.1 given below, contrary to the modified scheme studied
in Section 3. But, as shown in Section 4, this modification leads to a severe loss of numerical convergence order.

Section 2 is organized as follows. In Section 2.2, we present the numerical scheme and Section 2.3 provides
the main results that we are able to prove on this scheme. In Section 2.4, estimates of the discrete solution are
established, following the ideas sketched above. These estimates allow, in Section 2.5, to prove the existence
of at least one solution to the scheme, using the now classical topological degree arguments. Section 2.6 is
devoted to the convergence proof of a subsequence of discrete solutions to a weak solution of the problem (recall
that the uniqueness of this solution holds only if d = 2). The proof of the weak convergence of a sequence of
approximate solutions is based first on the compactness of the sequence of approximate solutions and then on
the identification of the limit.

2.2. The numerical scheme

Elements and nodes

We define a simplex in dimension d > 1 as the interior of the convex hull of a given set of d + 1 points
(called its vertices) which are not all contained in the same hyperplane (a simplex is a triangle if d = 2 and a
tetrahedron if d = 3).

We counsider a finite family of simplices 7 (called the mesh of the domain), which satisfies the following
properties.

(1) The family containing all the vertices of the elements of the mesh, called the family of the nodes of the
mesh, is denoted by (z;)ien, and, for an element K € 7 the family of the d 4+ 1 vertices of K is denoted
by (2i)ienw, with N C N. The set A is partitioned into N' = Niy¢ U Next, where for all i € Ny, 2; € 00
(the exterior nodes) and for all i € My, 2; €  (the interior nodes).

(2) The union of the closure of all the elements of 7 is equal to Q.

(3) The intersection of two different elements of 7 is empty.
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(4) For any K € T, and for any subset {i1,...,i4} of distinct elements of N, then, either {z;,,...,2;,} C 09,
or there exists a unique L € 7 different from K such that {iy,...,44} C N (which means that neighboring
elements share a complete common face).

Such a family 7 is then a regular simplicial mesh of  in the usual sense of the finite element literature [9].
For i € NV, one denotes by 7; the set of all K € T such that : € N.
For any K € T, we denote by | K| the measure in R? of K, by hx the diameter of K and by pr the diameter
of the largest ball included in K. Then, we define the mesh size A+ and the mesh regularity 67 by

hx
h7 = max hg, 07 = max —-
KeT KeT px

P! basis functions and barycentric coordinates

We denote, for any i € N, by ¢; the continuous function defined on Q which is piecewise affine in each K € 7,
continuous, and such that ¢;(z;) =1 and ¢;(z;) = 0 for all j € N\ {i}. Recall that, for any K € 7 and z € K,
(pi(x))ienr is the family of the barycentric coordinates of point & with respect to the vertices (z;);enr, of K.

Approximation space and scheme
We denote by V7 (£2) the conforming finite element space defined by
Vr () = span(@i)ien,. -

We approximate A by some piecewise constant function Az : Q — R%*? such that

Ar(z) =) Axlk(z), (2.4)

KeT

where for any K € 7, Ax € R%*? is assumed to be symmetric and to satisfy
MEP < Agé - € < NEP? for any € € RY. (2.5)

The value Ag can be chosen as the mean value of A7 on K, but it can also be chosen as the value of A at any
point of K if A is sufficiently regular (which is done in the numerical examples of Sect. 4).
We then consider the following approximation of problems (1.1) and (1.2).

Definition 2.2. We say that v is a solution of the numerical scheme if vr € V7 (£2), max g |vr(7)| < 1 and

/ ' (vr)ArVur - Vwdz = / wdf, for any w € Vr(Q). (2.6)
Q Q

We remark that, since A7, Vvr and Vw are constant in each element of 7, this numerical scheme leads to
the computation, for each K € 7, of the quantity fK Y’ (vr) de. We provide in Section A.1 the mathematical
computation of this quantity.

2.3. Main results of Section 2
The first main result of this section is the existence of a solution to the nonlinear scheme.
Theorem 2.3. There exists (at least) one solution vy € V() to Scheme (2.6) (in the sense of Def. 2.2).

Once we have a discrete solution vz € V7 (Q2) at hand for all meshes, then we can study the convergence of
the scheme when the discretisation parameter h tends to zero. More precisely, consider a sequence (T(m))
of meshes of €2 in the sense specified in Section 2.2 such that

m>1

hym) — 0, (2.7)
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and such that the sequence of regularity is bounded: there exists 8* such that

Ormy < 6%, for any m > 1. (2.8)
Let (Agm))m>1 be such that (2.4) and (2.5) hold and such that

Areny — Ain L"(Q)?4 for any r € [1, +00). (2.9)

Note that we do not assume that (2.9) holds for r = 400, which enables the convergence result to apply in the
cases considered in the numerical section.

We then consider a sequence (vz(m)),,~, of solutions with respect to the sequence (T (m))m>1 and we study
the convergence of this sequence to a solution of the continuous problem in the sense of Definition 1.1. Thus
the second main result of this section is that this sequence converges, up to a subsequence, to a weak solution
of the continuous problem in the sense of Definition 1.1, as stated by the following theorem.

Theorem 2.4. Let (T(m))m>1 be a sequence of meshes of the computational domain € in the sense specified in

Section 2.2 such that (2.7) and (2.8) are satisfied and let (Azcm) ), , be such that (2.4), (2.5) and (2.9) hold.
For any m > 1, let vy be an arbitrary numerical solution in the sense of Definition 2.2 in the case where

T =7 (the existence of vym is given by Thm. 2.3). Then, there exists U € Sq()), weak solution of problems
(1.1) and (1.2) in the sense of Definition 1.1, such that, up to the extraction of a subsequence, (V(vym))),>1
converges to u weakly in WOM(Q) for allr € (1, ﬁ), strongly in L1() for all ¢ € [1,+00) if d = 2 and for
all g € [1,d/(d —2)) if d > 2, and almost everywhere in §Q.

Moreover, for all k > 0, Tiu € HL(Q) holds.

In the case d = 2, the whole sequence converges to the unique solution of the problem.

Remark 2.5. Note also that @ = ¢(v) where v is the limit of the subsequence (vy(m))m>1 in L1(Q) for any
g€ [l,+00)ifd=2o0rqe[1,2%)ifd>2.

The remaining of this section is dedicated to the proof of Theorems 2.3 and 2.4.

2.4. Estimates

As done in the introduction, we denote in the whole paper by || - || the norm in L"(£2) or in L"(Q)¢ for any
r € [1,400]. Following the arguments presented in the introduction, we define the following function

0 (-1,1) —R
s[5 VU (t)dt.

In Figure 1, we propose a graphical representation of functions 1, ¢’ and £.
The following lemma is used in the course of the following computations.

(2.10)

Lemma 2.6. For any e € (0, 1), there exists strictly positive reals a., be and c. only depending on €, such that

(1

Vs € (=1,1), /¥ (s) < ac|B(s)| /07 4 b and exp 72(1_ o) = celBEl 1. (2.11)
—|s
Proof. We have, for all e € (0,1) and s € (—1,1),
1 1
P'(s) 5 < C.exp i E)|S)|, (2.12)
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FIGURE 1. Functions v, ¢’ and .

where

C. = max 1 ex —i —gex (—1—1—5)
T ey TP\ T2 —qey ) T e 2

Besides, we have

1-— sl 1 — 1—
exp d=els| = / 2 c exp Sl dt +1
0

2(1 —1s)) L—[t)? 7 2(1 — ¢])
(1-¢) /'S 1 It] (1-¢)
< € dt+1=—"C; 1. 2.1
< C pr exp 50— 1) + ) C.|B(s)| + (2.13)
Consequently we obtain that
(1+e)s| _ ((1—e) (1+e)/(1=e)
< e 1 .

Owing to (2.12), this gives

)

i (14+e)/(1-¢)
wse (10, Vi < o (Bl +1)

which provides the conclusion of the lemma owing to a convexity argument. O

We have the following estimate.

Lemma 2.7. Let vy € V7 () be such that

max [vr(z)| < 1 and / Y (vr)ArVour - Vordz < / vr df. (2.14)
€N Q Q

Then there exists Cy depending only on A and || f||ar(q) such that
[VB(vr)lly < Ch. (2.15)

Proof. On one hand, using the fact that max_ g [v7(z)| < 1 we have

Awwsmmm
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and on the other hand, accounting for (2.5), we have

A / ¥ (07)|Vor 2 de < / ¥ (07 Ay Vor - Vor de.
Q Q

Hence we get
AMVB)IE < 1Fllae)-
O

The next lemma provides a lower bound on 1 — |v7| for any function v7 such that the estimate (2.14) holds.

Lemma 2.8. Let vy € Vr(QQ) be such that (2.14) holds. Then there exists Co € (0,1) depending only on
M fllar)» d, the measure |Q] of Q and on T such that

max |vr (z)| < Ca.
€

Proof. Owing to B(vr) € H}(Q) and Lemma A.1 with ¢ = 1, we can write

18(vr)ll, < CEPIVBr),-

By virtue of (2.11) with € = 1/2, together with Lemma 2.7, we obtain,

1 Jur] 2.1)
/Qexp<4 T le) do < c1/9C " Cr + 9.

Let n € N which will be chosen later, and let us define M, = mingc_q1)(1 — \s\)”exp(illfl‘s‘) =
w exp(n — i) Note that we have M,, > 0 and

M, (2,1)
e < e 503V 0+ 1.
/Q<1—|v:r|> 1/2Ch0n G114

Since |vr(z;)] < 1 for any i € N, and using the fact that

vr = Z vr ()i,

iEN

we get that, for a.e. x € ),
[Vor(z)| < esssup Y [V, (y)]
YeQ Gen
Let ig € A be such that 1 — [vr(2;,)| = mingen (1 — [v7(2:)]). Then denoting G = esssup,cq > _;icnr Vi (y)|
we have, for any z € (Q,
1= or(@)| < 1= oz (zi)| + Grle — 2,

which implies

M, M,,
S > _da
a (1= for]) o (L=lvr(zi)| + Grlr — zi|)
Let 77 > 0 be such that B(z;,r7) C Q for all i € N, and set Ry = (1 — |vr(2i,)|)r7 < rz. Then

M, M,

/Q (1= oz (zi)| + Grle — 2, ) B(zy.Rr) (1= 07 (2i)| + Gl — 2, )
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deRg’ Mn
T (L+Gr )" (1= Jur(zi))"
_ g M, (2.16)
(L+G7 )" (1= Jor(z,))"
where 4 > 0 only depending on d is such that |B(z;,, R7)| = v4R7? and
Va € Bz, Rr), 11— [or(zi,)| + Grle — 2, < (1= oz (z,))(1 + Gr r1).
We then obtain J
YaTF M, (2,1)
<C. 'Cy + |0 ,
T+ Gr o) A= oz G = (oo CLF 1Y
which gives
d
Ydl'T Mn n—d
< (@ = oz () )"
(1+Gr rr)" ¢V 410 ’
Taking n = d + 1 in the previous inequality gives
d
Yary Mg
<1 = oz ()],
1+ Gz rr) eV 4| ’
which concludes the proof. O

Lemma 2.9. Let r € [1,d/(d — 1)). Let vr € V7 () be such that (2.14) holds. Then, there exists C3 only
depending on r, d, A and || f||rr(q) such that

VY (or)lr < Cs.

Proof. We have
IV (o) = / ! (or)|[Vor | dz = / W (o) P72 |V B(or)|" de.
Q Q

Thanks to Holder’s inequality, letting a = 2/r, b = 2/(2 — r), we get, owing to Lemma 2.7,

IV )z < IV 51 (wr)l iy < (COT 1 (o)) y-

Owing to (2.11), we can write, for any € € (0, 1), and applying Holder’s inequality,

r/(2—r _ 2r/(2—r)
1’ (o)) < /Q(cuslﬁ(v:r)l(1+5>/<1 94 bs) dz < ac,||Bor)|8 + bz,
with a., > 0 and b, , > 0 only depending on € and r, and
_ 2r(1+¢)
BCERIED

Let us now choose ¢ in order that, for the above value of ¢, we can apply the Sobolev inequality provided by
Lemma A.1 to the function 3(v7) € H}(Q) and Lemma 2.7, which gives

18(vr)l, < CEOVB(or), < CEP 0. (2.17)

sob sob

— In the case d = 2, we can choose € = %
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— In the case d > 2, let us select € € (0,1) such that

2r l1+e¢ 2d
= < . 2.18
1=y 1= d=2 (2.18)

Since r € [1,d/(d — 1)) implies (2 — r)/r € ((d — 2)/d, 1], the quantity a, such that a, = %(1 + %227) is
such that 1 < a, < 452" (0,1) and (2.18).

For this value of €, which only depends on d and r, we get the conclusion of the lemma. (Il

2.5. Existence of a solution to Scheme (2.6)

The purpose of this section is to prove Theorem 2.3, which states the existence of a solution to the numerical
scheme in the sense of Definition 2.2, by applying the topological degree method [12].

Proof of Theorem 2.3. Let us define the continuous function

L: RVine — Y (Q)

(uz €N T Z ¢ Ul Pi, (2.19)
1E€Nint

and the function

F: RNine x [0, 1] — RNt
(2.20)

(u7 :U’) — f(“ﬂ/‘) = (fi(ua N))ie/\f;nm

where for any u = (u;)jen;,, € RV, € [0,1] and i € Ny, the quantity F;(u, ) is defined by

Filu, pr) —u(/w u))ArVL(u) - Vsoidx—/ﬂsoidf>+(1—u)ui

This mapping is well defined and continuous, since, for any u = (u;)ien,, € RVi*, we have max, g [L(u)(z)| <

int

max;en,, |~ (u;)| < 1 and £ is continuous. We also notice that the equation J—"(u7 1) = 0 gives

VZ€Mnt, /1/) ATV,C( ) Vgpzdx:/wldf
Q

In particular we obtain

W (L)) ATV L(u) - Vwdz = / wdf for any w € Vr(Q),
2 Q

which means that £(u) is a solution of the numerical scheme (2.6). Let p € (0,1] and let u = (u;)ien;,, € RVine

be such that F(u, ) = 0. We have, for any ¢ € Ny,
p [ W E@IATTEW - Viorde + (1= i = [
Q
Multiplying the previous identity by 1 ~!(u;) and summing over the internal nodes leads to

/ (L) ATVL() - VL) dz+ (1 - p) S wgp( / Llu

iEN
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Dividing by p and using 1_T“ D N u; )~ (u;) > 0, we get that
P (L(w)ArVL(u) - VL(uw)dz < | L(u)df,
Q Q

which means that (2.14) holds for £(u). Hence, from Lemma 2.8, we then obtain

max [£(u)(z)] < Cy.

€N
We then obtain that |[¢p~1(u;)| < Cs for all i € My, and therefore that
lui| < P(C3), Vi € M.
Define the relatively compact open set
U={u=(u)iex € RVt such that [u;] < ¢(Cy) + 1}.

For u = 0, the linear equation F(u,0) = 0 has the unique solution u = 0. The topological degree corresponding
to F(u,0) and U is therefore equal to 1 since u = 0 belongs to U. Hence for any p € [0,1] any solution to
F(u, u) = 0 necessarily belongs to U. Therefore, owing to the invariance of the topological degree by homotopy,
there exists at least one u € RNint (non necessarily unique) such that F(u, 1) = 0, which means that £(u) is a
solution to Scheme (2.6) in the sense of Definition 2.2. O

2.6. Convergence of the nonlinear finite element scheme

The goal of this section is the proof of Theorem 2.4, which uses the following lemma.
Lemma 2.10. Let Q be an open bounded subset of R with d > 2. Let (u(m))m>0 € Sa()N such that there
exists (Cy)r>0 € (RN satisfying, for any r € (1, ﬁ), B

HWm)

< C,, for any m > 0.
i

Then there exists T € Sq4() such that, up to a subsequence, (u(m))m>0 weakly converges to @ in all Wy (Q)
for all r € (1,d/(d — 1)), strongly in LI() for all ¢ € [1,400) if d = 2 and for all ¢ € [1,d/(d —2)) if d > 3,
and almost everywhere in €.

Proof. Let us first consider a given ry € (1, %) Let us select uw € Wol’TO (©) and an infinite set S; C N, such
that (u(m))mes1 weakly converges to @ in Wy "(Q). Let r € (1,d/(d—1)) be given. There exists @’ € W, (€2) and
an infinite set Sy C 57 such that (u(m))mes2 weakly converges to @' in W, " (Q). Then @ = @ in W&’min(r’m)(QL
which implies, by uniqueness of the limit, that we can take Sy = S7, and that w € Wol’max(r’m)(Q). Since this
holds for any r € (1,d/(d — 1)), the lemma is proved using Sobolev inequalities. O

We can now prove the weak convergence of a discrete solution to a solution of the continuous problem.

Proof of Theorem 2.4. For all m > 1, we let w = vy in (2.6) (recall that this would not be possible if we were
considering a simple linear finite element approximation of this problem, as we do for comparison purposes in
the numerical section). Hence (2.14) holds (it is in this case an equality instead of an inequality), and we can
apply Lemma 2.9. Therefore the sequence (¢(vzm))),,~; is bounded in Wol’T(Q) for any r € [1, %) Applying
Lemma 2.10, we get that there exists © € S4(£2) such that, up to the extraction of a subsequence, (V¥ (vzm))),,>1

weakly converges to @ in all Wol’r(Q) for all r € (1, ﬁ).
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For all m € N, we define the following interpolation operator

Prm) : C(2) — Vyem ()
S S L) (2.21)
i€ N (m)

This operator satisfies the following approximation properties (see [16]): for any ¢ € C°(Q),

d d
I = Prem (©)log + hrem Ve = VPrm (9)] oo < Cinterhom) Z Z (2.22)
k=1 ¢=

8.Z‘k6$g

where Cipter is increasingly depending on 64(m). For a given ¢ € C°(Q), we let w = Py (@) in (2.6). We get
for any m > 1,

/ AT(m) VQﬁ(’UT(m)) . VPT(m) ((,0) dz = / ,PT(m) (QO) df
Q Q

Owing to (2.22) and (2.8), we get that the sequence (Prem)(9))m>1 converges to ¢ in L*(£2) and that the
sequence (Azon) VPrm (9))m>1 converges to AVe in L™(2) for all r» € [1,400) owing to (2.9) and to the
convergence of (VPrm) (¢))m>1 to Vi in L°(Q). Since the sequence (¢ (vym)))m>1 weakly converges to @ in
all W,'"(Q) for all 7 € (1,d/(d — 1)) we then obtain that

lim Ay V(vremy) - VPrm () da = / AVT - Vepdz.
Q Q

m—00

The continuity property of f € M () implies

lim 777<m> )df = / edf.
Consequently, equation (1.5) holds for any ¢ € C2°(£2). By a density argument we obtain that (1.5) holds for
any w € Ty(Q2), which gives that @ is a weak solution of problems (1.1) and (1.2) in the sense of Definition 1.1.

Let us now prove that, for all k > 0, T u € H{(£2). Using that T} (s) = 0 for |s| > k and T}(s) = 1 for |s| < k,
we have that

/ IV Tt o |2 dz = / VTt (v m ) da = / W (07 om ) 2T (00 )| Voo [2 dee
Q

1// (U Y (v (k
(/ Az (Vg ) Vg - Vore dz < #”JcHM(Qy (2.23)
Using the above inequality, selecting a convenient subsequence, we have
/ |VT,a|? dz < lim inf / |V Tty om | da,
Q m—0 Jo
which leads to Tpu € H}(Q). O

3. STUDY OF THE NONLINEAR CVFE SCHEME

3.1. Motivation and organisation

As already noticed, for some diffusion fields A satisfying Hypothesis (1.3b), there exist non-zero weak solutions
to problems (1.1) and (1.2) in the sense of Definition 1.1 for f = 0. One such diffusion field is precisely considered
in the numerical examples presented in Section 4. But, among these solutions, there is one and only one which
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is in some sense the limit of more regular problems, as proved in [3]. This solution must satisfy a regularity
criterion which is the basis of the notion of entropy weak solution, in the case where f € L'(Q2). We give in
Definition 3.1 below this entropy weak solution sense, formulated in the particular case of bounded domains
and linear uniformly elliptic operators.

Definition 3.1. Entropy solution to the linear elliptic problem with right-hand side in L'(2).
Let S4(£2) be the set of functions defined in (1.4), and, for all & > 0, let T}, : R — R be the truncation function
defined by s +— min(]s|, k)sign(s). We assume that f € L'(Q).
An entropy solution of problems (1.1) and (1.2) in the sense of [3] is a function u € Sg(Q2) satisfying that

(1) for any k > 0, T),(u) € Hg(9),
(2) for any k£ > 0 and for any ¢ € C°(Q),

/ AVT-V(u— ¢)dz < / Ty (u— @) f(x)de. (3.1)
[u—o¢|<k Q
Remark 3.2. Tt is proved in [3] that it is equivalent to replace (3.1) and the truncations T} by

AVE - VT(@ — ) dz < / T - 6) f(z) de, (3.2)

Q Q

for any ¢ € C2°(Q) and for any T' € F, where F is defined as the set of all functions 7€ C?(R) N L*>°(R) such
that
T(0)=0, T'>0, T'(s)=0 for s large enough;

T(—s)=-T(s), T"(s)<0 fors>0.

Tt is also proved in [3] that the entropy solution exists, is unique and is a weak solution in the sense of Defini-
tion 1.1.

Remark 3.3. In fact, Andrea Dall’Aglio proved in 1996 that the inequality (3.1) can be replaced by an equality
[11]. This result is stated and briefly proved in Lemma A.6 in the appendix, as well as the fact that (3.2) can
also be replaced by an equality.

The above entropy solution sense is reviewed in Prignet [23], as well as different mathematical senses for a
solution to this problem. It is proved to be equivalent to the renormalised sense introduced in [8,10]. See [3,4,25]
for more detailed definitions and properties; one can also refer to [13,14] for some extensions to the case where
the problem is not coercive.

Recall that, in [8], the authors prove the convergence of the approximate solution obtained by the linear finite
element approximation (1.6) to the entropy (or renormalised) solution, but only under strong restrictions on the
meshes and A-fields that can be considered. These restrictions are not requested for the nonlinear finite element
scheme studied in Section 2 of this work, which is shown to converge to a weak solution of the problem on any
simplicial grid, with any diffusion field. Nevertheless, the convergence of this nonlinear finite element scheme
to the entropy solution of the problem could not be proved, mainly because no inequality can be obtained by
introducing nonlinear functions of the primary unknown as test functions.

We therefore propose in Section 3 of this paper a nonlinear scheme which holds for any simplicial grid and
for any diffusion field A satisfying Hypothesis (1.3b). We construct this scheme in such a way that we can prove
its convergence to the entropy weak solution of the problem, owing to three ideas.

(1) The first one is motivated in Section 2.1 above: it relies on writing @ = ¢ (v), using the function v defined
by (2.2). Then, as in Section 2, an estimate is deduced when one takes the approximation of the bounded
function v as test function in the numerical scheme.
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(2) The second one is the use of a control volume-finite element scheme (called for short CVFE in this work),
which allows to simultaneously adopt the finite element point of view, for computing the coefficients of a
rigidity matrix, and the finite volume point of view, for the computation of some nonlinear expressions with
respect to the unknown.

Then, following [2,6,7] and other works by the same authors, the evaluation of ¢’ is upstream weighted with
respect to the sign of the so-called “transmissibility” between control volumes (this quantity, which only
depends on the mesh and on A, is defined by (3.4)). Owing to this technique, it becomes possible to derive
estimates with using test functions under the form of nonlinear functions of the primary unknown. For this
purpose, these nonlinear functions must satisfy some specific properties (see (A.3)), which is restricting the
range of the nonlinear functions which can be considered: for example, truncations T} do not provide such
monotony inequalities, see Remark 3.16.

As in Section 2, Sobolev inequalities (see Lem. A.1) play an important role for establishing these estimates;
the application of these inequalities to the CVFE scheme is done through the equivalence property between
continuous and discrete norms (see Lem. A.2). The discrete Sobolev inequalities as stated in [17] could also
be used, up to the adaptation of the treatment of the homogeneous Dirichlet boundary conditions.

(3) We notice in Remark 3.11 that this upstream weighting yields a kind of weak p-Laplace stabilisation term
with p = 3 (in analogy with the Godunov scheme for scalar hyperbolic equation, which provides a weak
BV-inequality). Nevertheless, we could not conclude the convergence proof to the entropy solution only
using this weak inequality, and we had to introduce in the scheme a nonlinear vanishing stabilisation term,
based on a p-Laplace operator with p > 3. This term is not necessary for proving, up to a subsequence,
the convergence of the scheme to a weak solution; but it is strongly used in the proof of the convergence to
the entropy weak solution in the case where f € L1(£2). One of the difficulties in the definition of this term
is that it must be sufficiently large for bounding the expressions which must tend to zero, and sufficiently
small for vanishing against regular test functions.

The organisation of Section 3 is similar to that of Section 2. In Section 3.2, we present the CVFE numeri-
cal scheme and give the main results (existence and convergence) concerning this scheme in Section 3.3. In
Section 3.4, estimates on the discrete solution are established, including an inequality induced by the stabili-
sation term. These estimates allow, in Section 3.5, to derive the existence of a solution to the scheme, using a
topological degree argument (similarly to what is done in Sect. 2). Section 3.6 is first devoted to the convergence
proof of a subsequence of discrete solutions to a weak solution of the problem in the general case f € M(Q)
(recall that the uniqueness of this solution holds only if d = 2). Then the convergence of the whole sequence
to the entropy weak solution is proved in the case where f € L!(Q). This last proof strongly relies on the
presence of the p-Laplace stabilisation term. Let us observe that the complexity of these convergence proofs is
largely greater than that of the convergence to a weak solution of the nonlinear finite element scheme studied
in Section 2.

3.2. Definition of the scheme

The Control Volume Finite Element (CVFE) scheme is based on P!-finite elements on a primal simplicial
mesh, and on piecewise constant functions on a dual mesh (see Fig. 2 for an illustration in the case d = 2).
Let us introduce the geometrical objects used in the definition of this scheme, which will be considered in the
following to be all collected by the notation 7.

Primal mesh

We use the elements, nodes, P! basis functions defined in Section 2.2 which define the primal mesh of €.

Edges

We denote by £ the set of all pairs {i,j} such that there exists K € 7 with {i,j} C Nk. For any {i,j} € &,
the length of the segment [z;, ;] (called an edge of the mesh) is denoted by d;;. For all K € 7, we denote by Ex
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FIGURE 2. Triangular mesh 7 (solid line) and dual mesh M (dashed line).

the subset of £ containing all the edges of K, and for any {7, j} € £, we denote by 7;; the set of all K € T such
that {i,j} € Ex. Accounting for the fact that any simplex has d(d + 1)/2 edges, we define for any {i,j} € £,

2
mii = G > IK]

KeT;;
Dual mesh

Once the primal triangular mesh has been built, we can define its dual barycentric mesh M as follows. To
each i € N and K € 7;, we define the set w; g of all z € K such that ¢;(z) > ¢,(z) for all j € Nk \ {i} (we
then have K = UieNK Wi ). Then we define w; = UKeTi w; k and M = {w;,i € N'}.

Note that = Uien @i and w; Nw; = @ for i # j. We refer to Figure 2 for an illustration of the primary
and dual barycentric meshes in the 2D case. The Lebesgue measure of w; is denoted by m;. The geometrical
construction of w; ensures that

/goi(w)dac:/ 1dz =: m,, Vie N.
Q w

We then denote by x., : 2 — R the characteristic function of the subset w; for any i € N.
The space of all real families (v;),. 5 is classically denoted by RV. Then we set

Ry = {(Wi);en € RN, v; =0 for all i Next }-

For all v € RV and for any continuous function ¢ : R — R, we denote by g(v) the element of RV such that
(9(v))i = g(v;) for any i € N.

Given a family v = (v;),cp € RV, we denote II7v € C(Q) and Iy € L*(Q) the functions defined by

II7v = Z vip; and Ilpv = Z ViXw; -
iEN 1EN
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Transmissibility coefficients

In order to define the CVFE scheme, we define the transmissibility coefficients (whose sign is not specified,
contrary to the case of the finite volume-type schemes)

A¥ =— /K AV;-Vojdz =AY, VK eT, V(i,j) €N, (3.3)
and
/AV(,DZ Vgo]dx—ZAU, (i,5) € N2 (3.4)
KeT

Note that A;; = 0 unless {i, j} € £. Moreover, since Y V; =0, we have that:
i€ENK

A= ) Af>o (3.5)

JENK\{i}

As a consequence of (3.4) and (3.5), given v and w two elements of R}, one has

/AVHTU Vilywdz = Z Aij (v —vj)(w; —wj) Z Z A v;)(w; — wj). (3.6)

{igee KeT {i,j}ecx

Upstream weighted CVFE scheme
We then introduce, for all {i,;} € £, the function

Wi (-1,1)2 —R
(a,b) —> maxXger(a,p) ¥ (s) if Ay >0 (3.7)
’ mingerap ¥'(s)  if Agj <0,

where for any a,b € R, we denote by I(a,b) = [min(a,b), max(a,b)].
We then consider the following approximation of problems (1.1) and (1.2).

Definition 3.4. Let ag € [0,400) and p € (2,+00) be given. We say that v is a solution of the numerical
scheme if there holds v € R), max;ear [v;| < 1 and

Z (Aij U5 (i, v5) + 855 (0) (v — v5)(w; —wj) = / Il7wdf, for any w € R,
Q

{i,5}€€
, |vi — v; P2 / -
with S;;(v) = aOhTT Z | K| Z Y'(vg), for any {i,j} € &. (3.8)
ij KeT;; keENK

Remark 3.5. The term }_; ;¢ Sij(v)(vi — vj)(w; —w;) can be seen as a discrete p-Laplace stabilisation term

since, interpreting each “4—% as a gradient, it behaves as aghz [, V' (v)|Vo[P"2Vv - Vwdz. We notice that this
ij

stabilisation term vanishes as hy — 0, since the definition of the term S;;(v) implies that the term ngl) in the

proof of Theorem 3.7 behaves as hé—/ P thus decreasing the order of convergence if ag > 0. Note that, although
we let ag = 0 in the numerical results given in this paper, we observe suboptimal convergence orders, resulting
from the upstream weighting scheme used in the definition of ¥, ;(v;, v;).
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3.3. Main results of Section 3

The first main result of this section is similar to that of Section 2.
Theorem 3.6. There exists (at least) one solution v € RY to Scheme (3.8) (in the sense of Def. 3.4).

Therefore we can consider a sequence (T(m)) of meshes of 2 in the sense specified in Section 2.2 such

m>1
that (2.7) and (2.8) are satisfied. For this sequence, owing to Theorem 3.6, we can consider for all m > 1 a
solution v(™) to Scheme (3.8) with respect to 7 (™). The second main result of this section, also similar to that
of Section 2, is that the functions reconstructed from this sequence converge, up to a subsequence, to a weak

solution of the continuous problem in the sense of Definition 1.1, as stated by the following theorem.

Theorem 3.7. Let (T(m))m>1 be a sequence of meshes of the computational domain € in the sense specified in

Section 2.2 such that (2.7) and (2.8) are satisfied. Let ag > 0 and p € (2,400) be given. For any m > 1, let v(™)
be an arbitrary numerical solution to Scheme (3.8) in the sense of Definition 3.4 in the case where T = T™ and
let u(™) = w(v(m)) (the existence of v\™ is given by Thm. 3.6). Then, there exists U € Sq(Q), weak solution
of problems (1.1) and (1.2) in the sense of Definition 1.1, such that, up to the extraction of a subsequence,

(HTW)“(m)>m21 m>1
and (HM(m)u(m))m>1 strongly converge to @ in L1(QY) for all ¢ > 1 is d = 2 and for all ¢ € [1,d/(d — 2)) if
d>2.

Moreover, for all k > 0, Tiu € HL(Q) holds.

In the case d = 2, the whole sequence converges to the unique solution of the problem.

weakly converges to w in WOI’T(Q) for all r € (1, ﬁ), and the sequences (H7—<m>u(m))

Remark 3.8. Note also that, as in Section 2, @ = 1 (v) where v is the limit of the subsequence (HT(m)U(m))
in L9(Q), for all ¢ > 1 if d =2 and for all ¢ € [1,2d/(d — 2)) if d > 2.

m>1

Finally, we have the following important property in the case f € L'(2), which is not proved for the scheme
studied in Section 2.

Theorem 3.9. Under the hypotheses and conclusions of Theorem 3.7, moreover assuming that f € L'(Q),
ag # 0 and p € (3,400), then U is the unique weak entropy solution of problems (1.1) and (1.2) in the sense of

Definition 3.1, and the whole sequence converges in the sense specified in Theorem 3.7. Moreover, HT(m>u(m)
converges to @ in Wy (Q) for all r € (1, d%‘ll).

The remaining part of this section is dedicated to the proof of Theorems 3.6, 3.7 and 3.9.

3.4. Estimates

As in Section 2, we use the function 3 defined by (2.10) (also represented in the left part of Fig. 3). We define
for any ¢ € [0,1) the functions ¢, : (—1,1) — R and %, : (—1,1) — R, for any s € (—1,1) (represented in the
left part of Fig. 3), by

¥(s) if |s| <q, N .
Ye(s) = ¥(@) +¢'(q)(s — q) if s>q, andg(s)= [ VU/(t),/¥)(t)dt. (3.9)
—(q) + ' (9)(s+q) if s < —q, /0 F

Note that we have for any s € (—1,1),

N ¥(s) if |s| <gq,
Pg(s) = ¥(@) + V¥ (@B(s) = Ba)  if s>q, (3.10)
—(q) + V¥'(0)(B(s) + B(q)) if s<—q.
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FIGURE 3. Left: functions %, 3, ¥, and wq with ¢ = 5 Rzght functions o, and o, with ¢ = 3
The lines y = 94(£1) are the asymptotes of the functlon 04 at oo.

We finally define the functions o, : R — R and 6, : R — R, for any s € R (represented in the right part of
Fig. 3), by N
o4(8) =1, (1/)_1(5)) and c4(s) = ¢, (1/}_1(8)). (3.11)
Note that, for all |s| < ¥(q), 4(s) = T4(s) = s.
We have the following estimate.

Lemma 3.10. Let v € RY be such that

riré%(|vi| <1 and Z AW 5 (vi, ) (v; — v;) (v — ;) < /HTvdf (3.12)
{i,j}€€&
Then we can write
£ laree) \
VL7 B(v)|2 < — ) (3.13)

As a consequence, for any r € [1,d/(d—2)) if d > 2 and for any r € [1,+00) if d = 2, and for any v € [0, +0c0)
there exists Cy’w, which also depends on A, ||f|lar(o), d and Q such that

' (v)

<ol 3.14
Tl (3.14)

e

Proof. On one hand, using that max;c |v;] < 1, we have
[ Trods < 1l
On the other hand, for any {4, j} € £, since 5(v;) — B(v;) = /¥ (vi;)(v; — v;) with v;; € I(v;, v;), we can write

Aij(B(vi) — B(vj)) 4 Tij = Aij Wi (vi, v5) (v — ;)7

with
2
Tij = Nij (Wi (vi, 05) = ¥ (vig)) (vi = v3)" = 0.
(Recall that if A;; > 0, then W;;(v;,v5) > ¢'(vs5), and if A;; <0, then ¥, (v, v;) < 9'(vi;).) Hence we get

VI B(0)|2 < / AVILB(0) - VB dz = 5 Ay(B(o) = Bo)? < [ Flwcey,

{i,j}€€
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which concludes the proof of (3.13). Let us now turn to the proof of (3.14). For any € € (0,1) and s € (—1,1),

we have 2y
11[},(5) 1 |S| < 2+ esf(2+'y) exp (1 +5)|S‘_
A=fs)7 ~ a=Js 2 P s = e 1—|s|
We deduce from (2.13) in the proof of Lemma 2.6 that

CLIB(s)| + 1.

2(1+4¢)
l—e

Vs € (—1,1), (%) < a1|B(s)|"™" + as, (3.15)

where a; > 0 and as > 0 are only depending on ¢, v and r thanks to Holder’s inequality.

Gathering the above results and denoting by p := we obtain that

— In the case d = 2, let us define ¢ = % Then a Sobolev inequality (see Lem. A.1) and the equivalence of
norms (A.1) provide

TImB),., < ngbw)C VT B(0) 2.
— In the case d > 2, let us select € € (0, 1) such that

1+e 2d 1+e d
2 < ——, which that < .
1" < g_g Which means tha = S -2
This is possible, since a, := ﬁ € (1, 7%]. It suffices to choose ¢ = “TH (0,1) for obtaining rp <

%.Then a Sobolev inequality and the equivalence of norms (A.1) lead to

ITM Bl < €5 VT B2
The above relation and (3.15) yield (3.14). O

Remark 3.11. We get from the previous proof that ; ¢ I'ij remains bounded, where I';; behaves as a
weak 3-Laplace stabilisation. Indeed, such a stabilisation would involve a term [, [Vv|Vv- Vwdz whose discrete

(1)1—1)J)

version, when w = v, behaves as }°; ;) cc(mi+m;) . In the term I';;, since U;;(v;, v;) —¢'(v;5) behaves as

v; —v; and A;; behaves as d*;"“ the sum of terms F” happens to behave as h [, |[Vo|Vv-Vwdz. Nevertheless,

we need a greater stablhsatlon in the convergence proof to the entropy solution.

As a consequence of the previous result, we can obtain a bound away from one on a function |II7v| such that
the estimate (3.12) holds.

Lemma 3.12. Let v € RY be such that (3.12) holds. Then there exists Cs € (0,1) depending only on
A fllaroy, d, 12| and on T such that
max |v;| < Cs.
ieN
Proof. Owing to Lemma A.1 with » = 1 and to (A.1), we can write
2,1
M) < GG VT B(0) o

Consequently using Lemma 3.10 we obtain

Fllrco 1/2
Zmzlﬁ )| < C(l sob (H”)A\ﬂ) ’

iEN
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which gives in particular for any i € N,

B(us)] < C§1)C§§,;1) <f||M(Q)>1/2.

Using the fact that the function [ is a continuous strictly increasing one-to-one function from (—1,1) to R, we

then obtain for any i € My,
0(1)0(2’1) ||f||M Q 1/2
; < Cs = —1 7 sob (2) 1.
|U | >~ U5 6 (miﬂieNmt m; A <

O

Remark 3.13. Note that the proof of Lemma 3.12 is shorter and simpler than the proof of Lemma 2.8, owing
to the finite volume point of view allowed by the CVFE scheme.

Lemma 3.14. We define, for any 1 < r < oo, the following norm on R{)\/:

ollf pne =Y mi

{i,j €&

T
Ui—Uj

(3.16)

ij

Let v € [1,d/(d — 1)) and let v € RY be such that (3.12) holds. Then, denoting by u = (v), there exists Cq
only depending on r, d, A, ||fllar() and increasingly on 61 such that

llull1,rm < Co. (3.17)

Proof. We have for any {i,j} € £, using max,es(u,,0;) V/¥'(5) = maX(\/w’(vi), \/1/1’(113')),

i) — vt = | [ VIRV 88| < 810 - 00 (VT + )

which gives

Summing over the edges, we then obtain

Z msj §2T71 Z ey

{i,j}e€ {i,j}e&

r
’LLZ'—U]‘

B(vi) — B(v;)
di]'

j

Using Hlder’s inequality with conjugate exponents % and 2% gives

3r—2

[ulltrae =272

1B)11,2,m Z mij (w’(vj)ﬁ Jrq//(vj)ﬁ)

{i,j}e&

Recall that owing to Lemma 3.10 and to (A.2) in Lemma A.2, we have

o221
18I 5,00 < (O %) =512

Note that, referring to the geometrical definitions of m;; and m;, we have
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y — _21K| )P = ) s
Z mij (¢ (v;) 7 + 9" (v ) Z Z Z d(d+ 1) lker ke, ¥ (vi) —221#(%) m.
{i,j}€€ ieEN jeN\{i} KeT ieN
This provides
| )
Since, for d = 2, we have r € [1,2) and therefore r/(2 — r) € [1,+00), and for d > 2, r < d/(d — 1) implies
r/(2—1r)<d/(d—2), we can apply (3.14) in Lemma 3.10, which provides

r

)1 2opdlTact’ @)1 E= = (2080120 Mae’ ()] 22

3=

.0
L <=

2

ITLme’ (v))]

Gathering the preceding inequalities provides the conclusion of the lemma. O

Lemma 3.15. Let v € R)Y be a solution of the numerical scheme (3.8), and let u = (v). Then, for any
€ (0,1), we have
£l az e

3 (v(q) +¢'(9)(1 = q)). (3.18)

VLT o (u)ll, <

Proof. We take 14(v) in the numerical scheme (3.8) and we obtain

ST AW (n,05) (0 — 03)(g(05) — g (0) < / Mty (v) .

{i,j}e&

Using the definition of v, we have

/Q Tyt (0) df < 1 e (0() + (@) (1 — g))-

Using Lemma A.4, we obtain for v; # v;,

(Balw) — Bl

min  ¢'(s) < < max
N Al CoEr A A R ) RS e A
This yields
~ 2 ,
/ AV () - VIrdy () do = > iy (F4(0) = Fo(0)) < 1 Lo (9(@) + ¥/ (@)(1 = @),
{i,j}€€
By definition (3.11) of &4, we have the equality 7,(u) = {/;q(v), which provides the conclusion. O

Remark 3.16. One cannot directly get an estimate on Tj(u) by taking Ty (1 (v)) as test function in (3.8).
Indeed, letting ¢ = 1! (k), this would request that, for any (a,b) € (—1,1)% with T,(a) # T,(b), it holds

((Ty (b)) — ¥(Ty(a)))?

min ¢'(s) < < max 9/(s).

s€l(a,b) = (b= a)(W(T,(b) — ¥(Ty(a))) ~ sel(ab)
But, although the right above inequality holds, this is not the case for the left one: considering 0 < a < ¢ <b
2
and letting a tend to ¢, then —la—v(a)” _ tondg to 0 whereas minger(q,5) ¥’ (s) > 1. Recall that the left side,

> (b—a)(P(a)—¥(a))
only used in the case A;; < 0, is not used in finite volume-type approaches.
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Lemma 3.17 (Weak p-Laplace inequality). Let v € RY be such that Scheme (3.8) holds. Then it holds

ahr Y2 P ST K]S 0w < Il (3.19)

{i,j}e€ ij KET;; kENK

Proof. We let v as test function in the numerical scheme (3.8) and we obtain

Z (Aijl’i,j(vi,vj)(vi — vj)z + Sij(v)> (v; — vj)z = /QHTU df.

{i,j}e€

Since the proof of Lemma 3.10 provides }_r; ;e Aij Wi j(vi, v)) (v — vj)2 >0, we get

Z Sij(v)(vs _Uj)2 < /QHT”df < I fllare);

{i,j}e€&

which yields, introducing the expression of S;;(v),

> aohr U ST K] YD ) < .

{i,j}e& v KeT;; keNK
This is (3.19). O

3.5. Existence of a solution to CVFE Scheme (3.8)

The purpose of this section is to prove Theorem 3.6, which states the existence of a solution to the numerical
scheme in the sense of Definition 3.4, by applying the topological degree method [12]. This proof follows the
same lines as that of Theorem 2.3.

Proof of Theorem 3.6. We define the canonical basis (6%) e

- of RY, by setting 6 = 1if i = k and 0 otherwise,
for any i € N. Let us define the continuous function

F: RY x [0,1] — RY

(1) = F s 1) = (it ) (3.20)

where for any u = (u;)ien, ¢ € [0,1] and for any k € Noxt, Fr(u, ) := 0 and for any k € Ny, the function
Fi(u, ) is defined by

Tl ) i=p | D (M Wi j(vi, ) + Sij () (vi — v;)(8F — 6F) — / 76" df | 4+ (1 — p)ur,
{ij}eE Q

where for all i € A/, we denote by v; = ¥ ~!(u;) (notice that II76* = ¢;). This mapping is well defined and
continuous, since, for any u = (u;)jen € R{)\/, we have max;en |19~ (u;)| < 1. We also notice that the equation
F(u,1) = 0 is equivalent to state that v = 1~ (u) € R} is a solution to Scheme (3.8). Let u € (0,1] and let
u = (u;)ien € RY be such that F(u, ) = 0. Multiplying Fi (u, 1) by ¥~ (ux) = vj, and summing on k € My,
we obtain

pl D0 (AW (i) + Sij () (vi — v;)? */QHT’Udf + (=) Y wp () = 0.

{i,jre€ kE€Nins
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This implies, since p € (0,1] and S;;(v) > 0, that (3.12) holds for v. Hence, from Lemma 3.12, we obtain
max |v;| < C5 < 1,
iEN

leading to
lu;| < ¥(Cs), Vi e N.

Define the relatively compact open set
U= {u=(u;)ien €RY such that |u;| < ¢(C5) + 1 for all i € N'}.

For y = 0, the linear equation F(u,0) = 0 has the unique solution v = 0. The topological degree corresponding
to F(u,0) and U is therefore equal to 1 since u = 0 belongs to Y. Hence for any p € [0,1] any solution to
F(u, u) = 0 necessarily belongs to Y. Therefore, owing to the invariance of the topological degree by homotopy,
there exists at least one u € RY (not necessarily unique) such that F(u, 1) = 0, which means that v = 1)~ (u)
is a solution to Scheme (3.8) in the sense of Definition 3.4. O

3.6. Convergence to a weak solution in the general case f € M ()

The goal of this section is the proof of Theorem 3.7. In this section, it is possible to let ag = 0, which
means that the convergence results to a weak solution also hold without the stabilisation term. We could as
well consider p € (1,2] in the stabilisation term under a suitable definition of S;;(v) in the case v; = v;. The
first step is the following compactness lemma.

Lemma 3.18. Let Q be an open bounded subset of R® with d > 2. Let (T(m))m>o be a sequence of simplicial

meshes in the sense of Section 3.2, such that (2.7) and (2.8) hold. For any m > 0, let v™ be a solution to
Scheme (3.8) and let u(™ = v (v(™). Then there exist @ € S4(Q) and a subsequence of (T(m),v(m))m>0, again

denoted (T(m), v(m)) such that:

m>0’

(1) for allr € [1,d/(d — 1)), V7w ul™ weakly converges to Va in L"(Q)4,

(2) for all s € [1,4+00) if d = 2 and for all s € [1,d/(d —2)) if d > 2, Wy ul™ and I\ omu™ converge to T
in L*(Q) and almost everywhere in Q,

(3) for all g € (0,1), VILz(m Gq(u™) weakly converges to Vo, (@) in L?(Q) and 5,(w) € H}(Q) which implies
that Ty (u) € HY(Q) for all k > 0.

Proof. Let us denote the initial sequence by (7™, v(m))meN. Thanks to (3.17) in Lemma 3.14 and to (A.2)
in Lemma A.2, for a given ry € (1, d%'ll), we can select u € W(}’TO(Q) and an infinite subset S; C N such that

(HT(m,>u(m))m s weakly converges to @ in WO1 "0(Q) and converges almost everywhere in .

Let r € (1,d/(d—1)) be given. Owing again to the same arguments, we deduce that there exists @’ € W' ()

and an infinite subset Sy C S7 such that (H7<m,)u(m))m652 weakly converges to @ in Wol’T(Q). Then w = in

VVO1 ’min(r’m)(ﬂ)7 which implies, by uniqueness of the limit, that in fact we can take S = S; and that we have

u € W&’III&X(T’TU)(Q). Since this holds for all r € (1,d/(d — 1)), we get that @ € S4(?) and that the sequence
(T(m), U(m))mesl satisfies the weak convergence property for any r € (1,d/(d — 1)). This concludes the first
item.

The second item is a direct consequence of Sobolev inequalities for the convergence properties of
(HT(m)u(m))mesl in L*(Q2) and almost everywhere in 2. Then the application of (A.1) in Lemma A.2 and

of Lemma A.3 provides the same conclusion for (HM(,,L)u(m))mesl.

We then get, remarking that o, (HM(m)u(m)) = Iy m0q (u(m)) (important property of the piecewise func-

tions) that (ILym o4 (u(m))) converges to 7,(u) in L*(), and applying again Lemma A.3 in addition

meSy
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to Lemma 3.15, we get that (H7<m>5q (U(m)))mesl

Lemma 3.15, the weak convergence of VILm 5, (ul™) to V&, (@) in L*(Q).

We then get that o,(u) € H(Q) by considering the convergence of the continuation by 0 outside Q of
7m0 (u™) in L2(R?) and the weak convergence of its gradient in L?(R?). In order to prove that T}, (W) €
H} () for any k > 0,we choose g € (0,1) such that 1 (q) > k. Since we have

Ty (u) = Ty (04()),

converges to d,(w) in L?(€2). This yields, accounting from

we get that, applying Stampacchia’s results [25],

[ IVn@F e = [ (VTG @) dr = [ (16, @)V, @) de.
Since |T},(s)| < 1, we deduce that
IVTk(@)l2 < [V (@)]l2,
which proves that T,u € H(Q). O

We now turn to the convergence proof to a weak solution of the continuous problem.

Proof of Theorem 3.7. Applying Lemma 3.18, let us prove that u is a weak solution of problems (1.1) and (1.2)
in the sense of Definition 1.1.
For all m € N, we rewrite (2.21) and (2.22) with the notations of CVFE schemes: the interpolation operator

Prom: | C2(Q) — RY™ o)
3.21
(m)
¢ <¢(22 ))ie/\/(m’
satisfies the following approximation properties (see [16]): for any ¢ € C°(Q),
LTI
¢ — Irem Prom (&)l o + hrem [V = VI Prom (8)|| o < Cm{ﬁm) hoom Y Z 0207, || (3.22)
k=1 (= o0

where C; Or(m) ; is increasingly depending on 01(m). For a given ¢ € C°(Q), we let Pym)(¢) in (3.8). Dropping

inter

some indices m and denoting for short ¢; instead of ¢(z;), we get for any m > 1,

with

B(m) Z Aij Wi (i, v5)(vi —v5)(9i — 95),

{i.j}e€

B(m) Z S” )((151 . ¢j)7

{i,j}€€

B{™ = / 7 Pr(¢) df.
Q
From (3.22) and the continuity property of f € M(f), we get that

lim B{™ = / ¢ df.
m—0oQ Q
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Studying Bém), we have the existence of Cy such that |¢; — ¢j\ < Cgd;; for all {i,j} € €. Therefore

]Bgmy < B™ = Chaoht Z A Z K]S (o).

{i,j}e& ij KeT;; kENK

This provides, thanks to Holder’s inequality with exponents p/(p — 1) and p, and using Lemma 3.17,

=

1 p—1 m
[BG| < Colaohr)? (1) ™ (BS)7,

with

B = Y YK Y v = A < W epo,

2
{i,j}e€& KeTy; keENK

owing to (3.14) in Lemma 3.10. Hence we get

lim BY™W = lim B{™ =0.

m— 00 m— 00

Let us now turn to B\™ = B{" 1 B{7" defining

= > il — ) (¢ — &) = / AVILy oyt - Vg (o) Py (¢) daz,
{i,j}€€ Q
= > Ai(Wi(vi ) = ¥ (v15)) (0 — v;) (b5 — &),
{ijte€
with
v1,ij € I(v;,v;) such that u; —u; = ¢ (v1,45)(vi — vj). (3.23)

Owing to (3.22) and (2.8), we get that the sequence (Ilzom) Prom) (4)),,>; converges to ¢ in L>(Q2) and that
the sequence (VILym)Prom) (q[)))le converges to V¢ in L>(£2). Since the sequence (HT<m>u(m))m>1 weakly
converges to @ in all W,?(Q) for all p € (1,d/(d — 1)) we then obtain

lim B = lim [ AVILyomu - VI Pron (¢) do = / AV - V¢ dz.
Q

m— 00 m— 00

Turning to the study of BYQ”), we have, again using |¢; — ¢;| < Cpd;; and writing [A;;] < A ZKeT |K| R

B < B =% 3 30 K1 (0n0y) = (o)l = | Cods
{i,jte& KeT;; ”

We observe that
\I/i’j (’Ui, Uj) = ’Q/Jl(’l)z’ij) with V2,i5 € I(?)i,’l)j)7 (324)

and |1 (ve5) — ' (v1,45)] < MaXe7(v;,0;) P'(s) — MiNger(y, ;) 1’(s). This provides
Vi — V.
B < Cox S0 3 KIS )+ 0 )G,
{i,jte€& KeT;;

with , ) ,
maXse(v;,v;) 7/) (S) — MMgse 1 (v;,v5) lb (S)

V' (vi) + ' (v;)

Cij = € [07 1)
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For a value € € (0, %) such that 0 < e < 54 —1ifd > 2, e = 1 if d = 2, we apply (A.4) in Lemma A.5. We
thus get
™ < R 13() — 5(oy)
Bl < Cobidve Do 3> Km0 (2 (8007 + 18(0p)] )G

d.:
{i,jle€ KET; t

2 -
Owing to the Cauchy—Schwarz inequality, we have (B:E%)) < 3(C¢9%—/\V€)23$nl) Bg;) with

B = 3 e A

{i,j}e€ KeTy;

and

B = S ST K4+ 18P+ [Bu))PHE) .

{i,j}e& K€T;;
We have, applying (A.2) in Lemmas A.2 and 3.10,

d(d+1)

d(d+1)
L) dld+1)

2

d(d+1)
2

o I lasey

07.2))> or,
By = 18@IE 200 < () Ivnrs(0)3 < oy

Turning to Bg;), we have

By =" wi(2+ [Bvi) %) ¢

iEN

= S IK Y G

' KeT; FENK\{i}

defining for all i € NV,

This yields
By, = /Q T (2 + [B(0)| %) ¢ da.

We now apply Holder’s inequality with conjugate exponents ey, e5, where e is such that e; (2+2¢) = 2d/(d —2)
if d > 2 (hence e; > 1 owing to the choice of €), ey = 2 if d = 2, and ey > 1 is such that 1/e; + 1/e; = 1. We
obtain

m 1/e e
B < (a2 + 130, ) T (Mgl e

This choice of e; suffices for obtaining that ||ILy(2 +[B(v)[**2¢)||, remains bounded thanks to (A.1) in
Lemma A.2; to Lemma 3.10 and to a Sobolev inequality.
Applying Lemma 3.19 below, we get that

:07

€2

; o r(m)
oy

which suffices to prove that
: (m) _ s (m) _ s (m) _
ot Brog = lm Bray = lim Bip” =0.
Consequently, equation (1.5) holds for any ¢ € C°(Q). By a density argument we obtain that (1.5) holds
for any ¢ € T4(2), which gives that @ is a weak solution of problems (1.1) and (1.2) in the sense of

Definition 1.1. O

Lemma 3.19. Under the hypotheses of Theorem 3.7, the function HM(m>C(m) defined in the proof of this the-
orem is such that
Vr € [1,+00), lim HHM<m><(m>H —0.
m—oo r
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Proof. Using v’ > 1, we first remark that, for all i € NV,

G YUk Y (L v min ).

sel(vi,v; sel(vi,vj
ZKGT JENT\{i} (vi,vj) (vi,v5

Since for all s € (—1,0) U (0, 1), we have [¢"(s)| = (?:‘QSIIS)L Y’ (s), we have for any a < b € (—1,1)

max 1'(s) — min ’(s /|w" |ds<3/ ((S)ds

s€l(a,b) s€l(a,b) 1- | |)

0]
1—|a\> a2 )

=3(8(b) - Bla ))(Cﬁ Vi) )

IA
i
%
&
—

1= Ja)2 T =)

We therefore get, dividing and multiplying by d;;, that

s T w3 M (O,

iEN KET; JENK\{3}

Applying the Cauchy—Schwarz inequality provides

T¢I < 97 (Z LY W)

ieN KeT; FJENK\{i} ij

) Y)W V)
(ZZ'K' 2 ((lvi|)4+(1vjl)4>)

iEN KeT; JENK\{i}

Using (3.13) in Lemma 3.10 and (A.2) in Lemma A.2, we have

) )2
Sk Y BB a1y a0 < a1 (e @) e,
€N KeT;  jeNk\{i} ij h

and using (3.14) in Lemma 3.10, we have

SRS <(W”") AC) >:2d(d+1)||HM ()4||1<2d(d+1)0 9,

_ )4 _ )4
iEN KET; FENK\{3} L —vi]) (1= vs]) (1= o))

The preceding inequalities imply that
lim HHMm)C(m)H —0
m— 00 1

Remarking that ¢; € [0, d(d + 1)], we have, for r > 1
TSl < (d(d + 1) T

hence concluding the proof. O
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3.7. Convergence to the entropy solution in the case f € L1(Q)

In this section, we assume that the right hand side of (1.1) is defined by f € L'(Q), and that ag > 0 and p > 3,
which are requested in the course of the convergence proof. The next lemma provides a general convergence
result due to the presence of the p-Laplace stabilisation term. This result is used several times in the proof of
convergence to the entropy solution.

Lemma 3.20. Let (T(m))m>1 be a sequence of simplicial meshes of Q such that (2.7) and (2.8) hold. Let

(v7em) )m>1 be a sequence of solutions to the numerical scheme (3.8) in the sense of Definition 3.4 with ag > 0
and p > 3. Let us define, for any o € (0,3], v € [0,+00), and for any m > 1 (dropping some indices m in the
discrete quantities involved in the right-hand side),

A =hy Y R S 3 e (3.25)

{i,j}€€& ” KeT;; keENK
then
lim A" (a, ) = 0. (3.26)

Proof. Applying Holder’s inequality with exponents 2 and —£-

a p—a

where p > 3 > o we get

A 0, ) < b (40) 7 (agm) T

with | .
m Vi — U
A = 3 I SR Y W),
{i.j}€€ K KeT; kENK
and o)
m Vi
A =% Z|K|27.
{i,j}€€ KET;; kENK (1= [vkl)?

Let us reorder the sum in Aém). We have, from the definition of the dual mesh,

d+ 1) Y’ (v)

M p
(1~ Jol) 5

my d(d+1)
AN ==y

pen (1— \”k\ e KET;,

Applying (3.14) in Lemma 3.10, we get

Aém) < d(d; 1) Cil %)

Therefore Aém) remains bounded for all m > 0. Since, from Lemma 3.17, we have that

(PRI

A <
! G,Oh']’

we conclude using the fact p > 3 > « that

. o (|If P\ P/
A () < ()5 (L) T2 g,

ao

which implies that (3.26) holds. O
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We now turn to the proof of convergence to the entropy solution.

Proof of Theorem 3.9. Let us prove that @ satisfies (3.2), for any function T' € F and ¢ € C°(Q) (see Rem. 3.2).
Denoting by sy > 0 such that T'(s) = 0 for all |s| > sr, let us select ¢ € (0,1) such that ¥(q) > sr +

maxzeq |¢(z)]-
Let us denote ¢; = ¢(z;) for any i € N. We remark that

T(u;j — ¢i) = T(oq(ui) — ¢i) = T(g(vi) — ¢i)-
Letting w = T'()4(v) — Pr¢) in (3.8), we get
D (i Wi (vi,05) + Sij(0)) (0 = 0;) (T (g (vi) = ¢i) = Tty (v5) — ¢5)) = / T (3pq(v) — Pre¢)dz
{i.j} €€ Q
This implies
D (M Wi (vi,07) + Sij(0)) (0 = )T (wis) (Vg (Vi) — g(v;) = (di — 65)) = / ST T (1hg(v) — Pro) da
{i,jte€ Q

where w;; € I(Yg(v;) — ¢4,%4(v;) — ¢;). We then have

AT A — Al — Al = A, (3.27)
with
AT = 3T Ay Wior,v) (0 — )T (wig) (g (v:) — g (v7)),
{i,j}e&
A = 7 85 (0) (v — )T (wig) (g (v:) — g (v))),
{i,j €&
AT = 3T Ay Wi, v) (v — )T (wig) (65 — ;)
{i,5}€€
AfY = > S (0) (i — )T (wis)(di — 65),
{i,j}e€
and

Al = / FILrT (g (v) — Pro)da
Q
The remaining of the proof consists in studying the limit or the limitinf of each of these terms.

Term Aqq
Using Lemma A.4 and 7" > 0, we have

~ ~ 2
AT =37 AT (i) (Fa(0) = Balv)) = AT + ALY, (3.28)
{1,5}€€
with, denoting by

wK = wq (’Uz'o) — d)io with io S NK such that |1/)q(11i0) — ¢ZU| = Z_Iélj%x |1/)q(112) — d)il, (329)
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and by ws the function defined on €, equal a.e. to w® on K € 7, we have

A =Y S AT W) (o)~ Do) = [ T(wr) AV, () TTlg ) de,

KeT {i,j}e€x

and

~ ~ 2
AT =30 N AR (T (wig) = T (w)) (S (v) = Ba(wy)
KeT {i,j}e€k
Definition (3.29) for w¥ is motivated, on one hand, by defining a piecewise constant function on the elements,
on the other hand, by the fact that 7" (w) # 0 implies that max;e v [1q(vi)] < 1(q), used in the proof of the
convergence of the gradient. Note that, owing to the inequality [b; — b;,| < Zje/\/’;( |bj — by, | for any i,i9 € Nk
and (b;);eny, we have the relation

T (wr) - DTy (0) ~ Prol, < max(Tar Y KL 5~ 5 Ml = a0
KeT iENK JENK Y

Remarking that 14 (vi)—1q(v;)| < ¢’ (q)|vi—vj|, we can apply the Cauchy-Schwarz inequality and the inequality
K| (vi —v))? K| (B(vi) — B(v)))?
P e BB B I IE e S O
KeT 1ENFK JENK v KeT i€ENK jENK &

Owing to (A.2) in Lemma A.2 and to (3.13) in Lemma 3.10, this leads to

Jim |7 () = e T (0 (o) = PE0) | =0
and therefore that ) ) . -
Jim [[7(w?) = e — 01, =0
Up to the extraction of a subsequence we can assume the convergence a.e. of T’ (wg-m)> to T'(oq (@) — ¢).
Term Aq11
We have A7) = AT, 42417, — AT, with

A= /Q T' (wr)A(VIL154(u) — Vg (n)) - (VIIrd,(u) — V&, () de > 0,
A / T (w7 )AL, (u) - V5, (7) d,
Q

AT, = / T/ (wr)AVG,(T) - V5,(T) dr.

The nonnegativity of A:(lrlnll implies
lim inf A7, > 0.

By weak convergence in L? of VII75,(u) (proved in Lem. 3.18) and strong convergence in L? of T (w7) V&, (%)
(indeed, ||(T"(wr) — T'(04(@) — ¢))Va,(w)||3 tends to 0 a.e. with being dominated by 2max(7")|Va,(u)|* €
L'(Q)), we obtain

m—00

lim Agnz— hm A1113—/QT,(Uq( ) — gb)AVaq( ) - Vcrq( )dz.

Therefore

liminf A7) > /Q T (04(W) — §)AVG, (W) - V&, (u) dz.

m—00
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Term A112

We remark that, for all s € (—1,1), since 9;(s) < 1'(g), the function ¢, admits the Lipschitz constant ¢’(q).
Besides, we have, for all a,b € (—1,1),

(Pule) = ¥ (/\/ $)y(s ) 0)(/ (@) + /() (a — )2,

This enables to write, denoting by Cr a bound of T",

A < ore @33 S Y W@l + G Y Bl 2w ) + ),

KeT {k, l}eSK {igyeex K

We obtain, using ¢ (vi) +¢'(v;) < 3 en ¢’ (v(™) and the Young inequality vy, — v;|(v; — v;)° < log — ul®+

3 m m .
%‘Ui — 5%, 112)‘ < A§12)1 + A§12)2 with
[ = Cr'(q )‘TZ >y |vk—vl| +5lvi — v > ¥ (),
KeT M {k1}eEx {ij}eEK LeNTF
and

. - d(d+1
A = Cr) (q)N0%Cyhr ( )

> 2 |h£2|(vi — ;)2 (W (03) + ¢ (v))).

KeT {ij}eex K

We get, using d;; < hg,

1)hf[z:|K| Z _ 21/) ve),

KeT {i,jYex iJ LeNK

m — o d(d+
A < Cpl (g)2h02 X

which provides

d+1)

m — 5d
A§12)1 < CTW(Q)Q)\OQT(TA("L)(?% 0),

where A(™)(.,.) is defined by (3.25), and

(d+1)

A, < O (q)M02C, Al (2,0).

Applying Lemma 3.20, we get that

n}nn A1121 = W%lm A1122 = hm A(171712) =

Hence the conclusion of the study of Aj; is

m—00

liminf A7 > / T (04(W) — §)AVG, (W) - V5, (u) dz. (3.30)
Q

Term Aqs
We have A(lgl) > 0, therefore
liminf A7V > 0. (3.31)

m—00
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Term Agq
Using vy ;; defined by (3.23), va ;; defined by (3.24), w’ and the function w7 defined above, we have AgT) =
Al 4 A 4+ A with

211 = Z AU (’LUK)((ﬁz — (bj) = / T'(wT)AVHTu . VHTPT(de?,
{i,j}e€ Q
212 = Z Aij (¥ (v2,35) — ' (v1,i5)) (vi )Tl( )(‘bZ — &5,
{i,jte€
A213 = Z AijWij(vi,v5)(vi — Uj)(T,(wij) - Tl(wK))(¢i — ;).
{i,j}e&

We have, by weak convergence of VIIyu in L" for any 1 < r < d/(d — 1) and strong convergence of
T (wr)VIIrPr¢ in L™ with 1/r +1/r" =1 (recall that T" is bounded, hence dominated convergence applies),

m—00

lim A{T) = / T (0,(@) — $)AVT - Vo da.
Q

Turning to Ag}g, we have, referring to the proof of Theorem 3.7,
A7) < max(T") By
515 < max(T")Biyg

which proves that this term tends to 0 as m — +o0.
Studying Aé’{?, we write

’AQB‘ < max(T")\ Z Z |K| 07 Z P (ve)|v; — vyl Z (W' (@)|vk, — vi] + Cphi)Cyphk.

KeT {i,j}€€xk W LEN K {k,1}e€x

Following the treatment of A112 , where Young’s inequality is replaced by |v; —v;||vr —vi| < §(v; —v;)* + & (v, —

v)?, we get

d(d+1)
2

which also shows that this term tends to 0 as m — 4o0.
Hence the conclusion of the study of Aoy is

AL | < max(T)Cy03 X (v (@A™(2,0) + C,A™(1,0)),

lim A{™ = / T (0,(@) — $)AVT - Vo da. (3.32)
m—00 Q
Term Ass

Comparing A( ™) with Term Bég”) in the proof of Theorem 3.7, we remark that
|G| < max(T") B,
which shows that
lim A5 =o0. (3.33)
Term Az
We have, by almost everywhere and dominated convergence,

lim A{™ = /Q T(o,(W) — ¢) f dz. (3.34)

m—0o0
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Conclusion from (3.27), (3.30)—(3.34)

We deduce from these equations that
/ T (o4(u) — $)AVa,(n) - Vo, (u) — / T (o4(u) — $)AVT - Vopda < / T(oq(w) — @) f(x)de. (3.35)
Q Q Q

Since 9(q) > s +max |¢|, recalling that o, = 74 = Id on [—¢(q), ¢ (q)], we get that T"(o4(w) — ¢) = T" (T — ¢),
ay(a) = 1if T'(o4(a) — ¢) # 0, and T'(04(u) — ¢) = T(u — ¢). This allows to conclude that (3.2) holds, which
implies that @ is the unique entropy solution of the problem. From the uniqueness property of the limit, we
deduce that the convergence properties proved by Lemma 3.18 (except the almost everywhere convergence) hold
for the whole sequence.

Let us now turn to the strong convergence of the gradient

We let ¢ = 0, and, for a given function T' € F, we again denote by sy > 0 such that T'(s) = 0 for all
|s| > s, and define ¢ € (0,1) such that 9 (g) > sr. Letting w = T'(¢4(v)) in (3.8), we consider all the terms A;,
i=1,11,2,... as defined above, and we get (3.27), which leads, owing to (3.28) to

)+ AT+ A~ A~ AP < A
Since ¢ = 0 implies Agl") = 0 and using A(lgn) > 0, we obtain
AT+ AT — A < A,
Since we prove above that the terms Aﬁnz) and Agzn) tend to 0 as m — oo, using Lemma A.6, we get

lim sup Ag’lnl) < ”}i_{noo Aém) = /QT(aq(ﬂ))f de = /

m— oo Q

T(ﬂ)fdx:/QT’(ﬂ)AVﬂVﬂ.

We have Ang)l = AETB - 21453”1)2 + A§T1)3, which leads to

lim sup Ang)l < lim sup Ag’lnl) - 2/ T'(u)AVu - Vu + / T'(u)AVu - Vu < 0.
Q Q

m—0oQ0 m— 00

This proves that

lim T'(wT(m))A(VHT(m)Eq (u<m>) - vaq(a)) : (VHT(m)gq (u<m>) — V5, (a)) da =0,

m—0o0 Q

and therefore that )

lim T/(wT(m))‘VHT(m&q (u(m)) — Vo, (ﬂ)‘ dx = 0.
m—00 Q
From Definition (3.29) of wz, T'(wzwm ()) # 0 means that, if K € 7™ is such that € K, we have
max;eny |¥q(vi)| < ¥(g), which implies that VIL;n) oy (u(m))(:z:) = VI mu™ (x). We thus get
2
lim T'(wT(m)‘VHT(m)u(m) ~ V3, (a)‘

m—00 Q

dz = 0. (3.36)

The remaining of the proof is dedicated to show that (3.36) implies the strong convergence of VHT(m)u(m) to
Vu.

We now denote a given representative of the functions @, Va and for any m € N, of wym) and of VILy(mul™),
defined everywhere in €2, by the same notation.
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Step 1. Construction of a decreasing sequence (N,,),en of infinite subsets of N, and of a sequence (£2,,)nen of
subsets of 2 such that
- 12\ Q,] — 0 as n tends to infinity.
— For alln > 1 and = € Q,, VIIzwu™ (z) converges to Vi(z) as m € N,, tends to infinity.

We let Ny = N.

We suppose that, for a given strictly positive integer n, is given an infinite set N,_; C N.

We then define T, € F such that T,,(s) = s for all |s| < n, and ¢ € (0,1) such that n < sy, < 1(q) (which
means that T),(s) = 0 for all |s| > 1(q)). Letting Qo ,, be defined by

Qon = {z € Qu(z)] < n},

we get [\ Qo] < 1L We then have &, (u(z)) = u(z) and T/, (5, (u(z))) = T’ (u(x)) = 1 for all z € Qq,,..

We now define €,, nC Qg with |Q0,, \ Q] = 0 and an infinite set N,, C N,,_1 such that
— for any x € ,, we have Vu(z) = Vo, (u)(z), since it holds Vo, (u)(z) = o, (u(x))Vu(z) for a.e. x € Qo
from [25];
— using the convergence in L' of T (wzwm)) to T,(u) and extracting a subsequence, for any z € ,,
T! (wgmm (x)) converges to T) (u(xz)) =1 as m € N,, tends to infinity;
— using (3.36) and extracting a subsequence, for any x € Q,, T, (Wy@m) (m))’VHT(m)u(m)(x) - Vaq(ﬂ(ac)){2
tends to 0 as m € N, tends to infinity.
We have, for any z € €,,, that T}, (wzom (2)) > % for m € N,, large enough, which means that VIIzmu(™ (z)
tends to Vo, (u(z)) = Vu(x).
We then have [\ Q,| = |\ Q.| < 15k

n

Step 2. Diagonal process and convergence almost everywhere of the gradient.

Since all the infinite sets (N,)nen are ordered, we denote by NT(Lk) the kth element of N,. The property
N,, C N,,_1 implies that N,S’“ > N,(;:l). The diagonal process consists in defining

No, = {Nﬁb"),n c N},

which therefore satisfies that {Néf), k> n} C N,,. Then we denote by

Qo = U 0,.

n>1

We remark that [Q\ Qx| < @ for all n > 1 implies that |2\ Qo| = 0. For any = € Q, there exists n > 1
such that = € Q,,. Since {Néf), k> n} C N, we deduce that VIIzmu™ (z) converges to Vai(z) as m € Nuo
tends to +oo.

This concludes the proof that there exists a subset o, C € such that |2\ Q4| = 0, and a subsequence of

approximate solutions indexed by m € N, such that, for all # € Qu., VI u™ (z) converges to Vi(z) as
m € N4 tends to +oo.

Step 3. Convergence in L7 for 1 < g < d/(d —1).

We now apply a classical reasoning. Since (VHTW)U(m))meN is bounded in L"(Q) for a given r € (1,d/(d—

1)) by Lemma 3.14, it is therefore equi-integrable. Since € is bounded, and since (VHT<m)u(m)) converges

meN,
almost everywhere to Vu, we deduce from Vitali’s theorem that (VHf[(m)u(m))m cn. converges in L) to
V. By interpolation LY — L, we get that this convergence holds for any ¢ € (1,d/(d — 1)). By uniqueness of
the limit, we conclude that the whole sequence converges for this topology. (Il
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4. NUMERICAL TESTS

We present here some illustrations of the behavior of the numerical schemes (2.6) and (3.8) with d = 2 or
d = 3. The implementation of Scheme (3.8) is simply done in the case ap = 0, using a Picard iteration for
handling the term ¥;;(v;, v;).

Let us detail the implementation of Scheme (2.6). We also adopt a simple Picard iteration method for
approximating the solution of the resulting systems of nonlinear equations, since we observe good convergence

properties in the studied test cases. It consists in computing the sequence (vgC )> such that v? ) =0
k=0,...,

and, forall k=1,..., N,

/ )’ (vgg_l))ATvaC) Vwdz = / fwdz for all w € V7.
Q Q

The value N is determined by the criterion vac ) vgc 71)|| L) < 0wl In the following examples, we let

ool = 1078 and N is about 10 in the numerical examples. This choice of an L criterion is done in order to
accurately approximate the large values of the unknown function; it can be expected that an L' criterion would
lead to a smaller number of iterations.

The implementation of this Picard iteration method leads to the evaluation of f % P (Ugc 71)) dz for any
K € 7. We use the formulas given in Section A.1l, which implies to numerically determine which case of
equality is satisfied by the values (vi)i:17___7 a+1- This is done by comparing the differences between the values
with 1073 (smaller values lead to less precise results due to the divisions by these differences).

A second problem in the implementation of the method, in the case where the measure f is in fact an
element of L'(Q2) and f(x) is singular at some points 2 of the domain, is the computation of the right-hand
sides fQ f(z)p;(x) dz. The key point for the precision of the method is to preserve the exactness of the integrals:
the use of approximate quadrature formulas with Gauss points leads to very poor accuracy in this case. We
complete this goal by replacing [, f(z)¢i(x)dz with fwi f(z)dz, where w; is a dual cell associated with the
vertex z; (the exact shape of w; has no influence on the precision of the computation), and by computing the
exact integration of [, f(x)dz.

Finally, let us observe that, in the examples below, we compare numerical solutions computed with polygonal
meshes to analytical solutions available on non-polygonal domains (circles, cylinder). These analytical solutions
are vanishing at the boundary of these domains, which leads to an error lower than k2, where h is the size of
the mesh.

4.1. Case d = 2, measure

We consider the case where 2 = B(0, 1) and

14+ -1 1? —1)-Zaz2
Az) = O-Vamm G-Dd | G 3 =5 forall z € Q. (4.1)

(6 =125 1+ (8- 1)15%5

This heterogeneous and anisotropic diffusion field corresponds in 2D to the case described by Prignet [23] and
Serrin [24]. We replace the average values of A in the elements by the values at the center of gravity of the
elements.

We let f = 30(0,0), which corresponds to the analytical solution given by w(z) = —i log |z| (see the right
part of Fig. 4 for a representation of the numerical solution).

In this test case, the solution is no longer in Hg () nor in L>°().

We use triangular meshes which are refined around the point (0,0) (see the left part of Fig. 4), and we
compute 1 (vr) solution to Scheme (2.6), II7u solution to the control-volume finite-element scheme (3.8) with
ap = 0 (as detailed in Sect. 3, this value suffices for the convergence of the scheme to a weak solution, but



3078 R. EYMARD AND D. MALTESE

1.00 4

VWi
\ \\\m Wi

N7
Q}Q t\‘u‘x‘x’%ﬁyr /

N\
\Q‘!‘h I:
Ny

0.751

0.50 1

—0.254

7 N NN
7NN
TN
/"Avm“\‘
M \

T T T T T T T
-15 -1.0 -0.5 0.0 0.5 1.0 15

—0.50

—0.751

—1.004

FIGURE 4. Domain 2 and mesh in the case n = 817 (left), numerical solution with n = 12481
(right).

TABLE 1. L'(2) errors in the measure 2D case (n is the total number of vertices).

n erT,, 1 Order erry, 11 Order erry, 111 Order erry,,; Order erry,yr Order erry, yir Order

217 0.00437 0.0151 0.00523 0.193 0.198 0.221

817 0.00106 2.14 0.00635 1.31 0.00128 2.12 0.101  0.98 0.106 0.94 0.116 0.97
3169 0.000263 2.06 0.00289 1.16 0.000318 2.05 0.0513 1.00 0.0542 0.99 0.0590 1.00
12481 0.0000649 2.04 0.00138 1.08 0.0000793 2.03 0.0258 1.00 0.0274 1.00 0.0297 1.00
49537 0.0000162 2.01  0.000672 1.04 0.0000198 2.01 0.0129 1.01 0.0138 1.00 0.0149 1.00

not to the entropy solution; in practice, increasing ag leads to an increase of the observed numerical error) and
ur € V7 solution to the linear scheme (1.6). These solutions are respectively denoted by I, IT and IIT in the
tables below.

We let @ = 10 in the definition (2.3) of v,; in this case, the Picard iterations do not converge with o = 1.

The quantities erry1 := |[Ya(vr) — @l|L1(q) for Scheme I, erry 1 := ||lzrta(vr) — @l p1(q) for Scheme II,
and erry 1 = [|ur — l[z1(q) for Scheme (1.6), erryy1 = [|Vba(vr) — V| z1(q) for Scheme I, errv, 1 :=
|VIIT ¢ (vr) — V| 1 (q)y for Scheme II, and erry, m = ||Vur — V| 11 (q) for Scheme (1.6) are provided in

Table 1, using 5 meshes whose the total number of vertices is denoted by n. In this table, we define the meshsize
as n~ /2 and we compute the order of convergence with respect to the preceding line. The errors on the gradients
are computed at the mid-edges of the triangles.

We observe that the non-linear method I provides slightly more accurate results than the linear method III,
and that a numerical order, approximately equal to 2, is observed for @ and an order 1 is observed for Vu.
Method IT seems to provide an order 1, both for w and Vu.

4.2. Case d = 2, f € L' ()

We consider the case where Q = B(0, 1) and A is defined by (4.1). We let f(z) = Bv(1—7)(—log|z[)?~2/|z|?
with v = 3/4, which corresponds to the analytical solution given by u(z) = (—log |z|)¥ — (—log(3))” (see Fig. 5
for a representation of the numerical solution).

In this test case, the solution is no longer in H}(2) nor in L°(f2) (recall that it belongs to Ha () only for
v € (0,3)). The right-hand side f is then in L'(£2), but this is not the case for the product fu which is not
locally integrable around the point 0 (this prevents from using the solution as test function at the continuous
level).

We use triangular meshes which are refined around the point (0,0) (see Fig. 5 for an example of solution

computed with such a mesh), and we again compute the solutions to Schemes I given by (2.6), II given by (3.8)
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FIGURE 5. Numerical solution with n = 12481.

TABLE 2. L'(Q2) errors in the 2D case (n is the total number of vertices).

n €rITy 1 Order erry, 1 Order erry i Order erryy,; Order errvy,m Order erryymm Order

217 0.00272 0.0735 0.0136 0.335 0.667 0.584

817 0.000896 1.68 0.03854 0.97 0.00315 2.21 0.177 0.96 0.386 0.83 0.319 0.91
3169 0.000308 1.58 0.0203 0.95 0.000770 2.08 0.0896 1.00 0.207 0.92 0.163 0.99
12481 0.0000840 1.90 0.0105 0.96 0.000197 1.99 0.0446 1.02 0.107 0.96 0.0817 1.01
49537 0.0000162 2.39 0.00533 0.98 0.0000485 2.03 0.0223 1.01 0.0546 0.98 0.0409 1.00

with ag = 0 and III given by (1.6). Letting o« = 10 and using the same notations as in the preceding section,
we obtain the results provided in Table 2.
The orders of convergence are similar to the ones observed in Table 1.

4.3. Case d = 3

In accordance with the introduction of this paper, we detail the example provided by Prignet [23] for the

non-uniqueness of a solution in the sense of Definition 1.1. One considers 2 = B(O7 %) x (=1,1) C R3, and one
defines the following diffusion field: denoting any point « € Q with x = (z1, z2, z3), let us define

2
1 + (ﬂ - 1) 2‘701 2 (ﬂ - 1) 1;131:22 0
m1+w2 I1+m
Aw) = (B- 1);%fng 1+ (8- 1)z§afzg 0 (4.2)
0 1

with 8 = 16 (we then have 8 = % with e = I € (0, 1)). Then, for any pair of reals (11,72) # (0,0), the function

52

1—d—e
Wy, o (T) = (MT1 + M2T2) (m) for any x € Q2
is shown to satisfy:

— —div(A(z) VW, n,) () =0 a.e. in Q,

~ Wy € WHT(Q) for r € (1, d%'ll) and W,, », ¢ H'(Q),

— the restriction of W,, ,, to the boundary of Q belongs to H'/2(9(2), which means that there exists Z,, ., €
HY(Q), with the same trace, solution to the non-homogeneous Dirichlet problem

Yw € H (), / AVZ,, n, - Vwdz = 0.
Q
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TABLE 3. L'() errors in the 3D case (n is the total number of vertices).

n eIT,, 1 Order err, ;7 Order err,yy Order erry,; Order erry, 1 Order erry, r Order
135 0.139 0.260 0.128 5.19 4.00 5.72

765 0.0221 3.18 0.245 0.10 0.0661 1.14 2.64 1.17 3.28 0.34 3.56 0.82
5049 0.00911 1.41 0.200 0.32 0.0220 1.75 1.33 1.09 2.55 0.40 1.92 0.98

36465 0.00282  1.78 0.151 0.43 0.00591 1.99 0.651 1.08 1.85 0.49 0.974 1.03
276705 0.000731 2.00 - 0.00146 2.07 0.319 1.06 - 0.485 1.03

Therefore, problem (1.5) with f = 0 has both the strong solution 0 and the weak solutions Wy, n, —Zn, n, # 0
for any (111,72) € R*\ {(0,0)}.

We then denote, for all © = (x1,x2,23), by v(x) = <flog(\/x% + ac%))V — (=log(3))”, with v = 3/4, and

by
(-t 555))

x%er%

y—2

g9(x) = —div(AVD)(z) = By(1 - 7)

and we define
flx) = (1—a3)g(x) + 20(),

for all « € . Then the function given by u(z) = (1 — 23)v(x) is a weak solution in the sense of Definition 1.1,

as well as U+ Wy, 5, — Zyyme for any (n1,72) € R\ {(0,0)}. In this test case, none of these solutions belongs
to H(£2) or to L>(2). We know from Prignet [23] that, for (1,72) # (0,0), the truncated functions Tjw,, 4,
for any k > 0, are not in H'(Q). This is not the case for . We extend the 2D refined triangular meshes of
B (O, %) (see the preceding section) on 2 by generating prisms with constant height, which are then shared into 3
tetrahedra. Letting o = 1, the following L' (Q) errors compared to that given by the linear method are provided
in Table 3, with respect to the weak solution @ (the references to the 3 schemes compared in this numerical
section being the same as in the 2D case). In this table, we define the meshsize as n='/® for computing the
order of convergence.

One notices that all schemes seem to converge to @ (recall that we proved that the truncations of the limit
belong to H} (), which excludes any solution including a non-zero term w,, ,, —Zn, 5, )- The non-linear method I
seems to provide slightly more accurate results than the linear method III, with a numerical order of convergence
close to 2 for the values and 1 for the gradients considering the finest meshes. The linear scheme was not expected
in this case to numerically converge to any weak solution different from @, since in the case where f = 0, the
only solution of the linear scheme is 0. The numerical order of convergence for method II seems to be closer to
1/2 than to 1, both for @ and V.

5. SOME OPEN AND CLOSED PROBLEMS

The two nonlinear methods presented in this paper are proved to converge to a weak solution of the linear
elliptic problem with general measure data and heterogeneous anisotropic diffusion fields, which does not seem
to have been proved for earlier schemes. The convergence of the nonlinear CVFE scheme to the entropy weak
solution seems also to be the first one in this framework. But it was necessary to assess the numerical performance
of these schemes, which is done in Section 4, where we present numerical results for 2D and 3D cases obtained
with these two schemes and with the simpler linear scheme (1.6) (for which no convergence properties are proved
for general meshes and diffusion field). We observe that the accuracy of the nonlinear finite element scheme is
comparable to that of the simpler linear scheme (1.6), but that of the CVFE scheme is disappointing.

Two questions (at least) remain open problems.
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The first one is to prove the convergence for a stronger topology of the gradient of the numerical solution
obtained by the nonlinear finite element scheme, since it seems to be observed in the numerical results.

The second one is to prove that the nonlinear finite element scheme or the nonlinear CVFE scheme without
the stabilisation term converge to the entropy solution, which could be expected since the entropy solution is
in fact designed to be the limit of the solutions to regularised problems.

APPENDIX A. TECHNICAL LEMMAS

We first recall the following Sobolev inequalities (see [1]).

Lemma A.1. Let Q be an open bounded Lipschitz subset of R? and let r € [1,4+00). Let q € [1, d’fr} if r <d,

q€[l,400) if r =d and q € [1,400] if r > d. Then there exists Cs(gi)q), also depending on d and |QY|, such that
for any u € Wy (Q) we have
lully < €37 1V ull,-

A.1. Computation of some integrals in simplices

We consider here the discrete framework of Section 2. Let us compute, in the cases d = 2 and d = 3, the
quantity | - C(vr) dw, where ¢ is any continuous function on R. For any continuous function x on R, we denote
by Z () the primitive of p equal to 0 at point 0. For a given K € 7, let us denote the values of v7 at the vertices
of K by (vi);—;. . 4.1 The following holds:

Case d = 2.
— If v1 = v = v3, then
1
T /K Cor (@) dz = C(wn).

— If vy # vy = v3, then

1 I(Q)(v)  TAQ)(va) — T2()(v)
— [ Cor(@)da =2 - '
xiJe ( )

(v2 —v1) (v2 —v1)?

— In the case where all the values v; are distinct, we get

3

e 72(0)(vs)
K|/K<< r)dr =23 o

S epasp g (i —v5)

Case d = 3.
— If v1 = vy = v3 = vy4, then

% /K Clor(@)) dz = ((vy).

— If v # vy = v3 = vy, then

U 2 VU 3 vo) — I3 U1
ul(/KC(vT(x))dx%( Z(Ov2)  I3(O(wa) | I°(Q)(v2) = I(O)( ))_

2(ve —v1) (v —v1)? (va —v1)3

— If v1 = v3 # vo = vy, then

L[ o as =6 QDI TGe) T - L)),

(v2 —v1)? (v2 —v1)3



3082 R. EYMARD AND D. MALTESE

— If v1 # vy # v3 = vy, then

1 o () dar — *(Q(vs) Z3(¢) (vs)
T R (o e R T T
Z3(¢)(vs) Z3(¢)(v1) Z3(¢)(v2) .
(v3 — v2)(v3 — v1)? - (v1 — v3)?(v1 — v2) * (v2 —v3)*(v2 — Ul))

— In the case where all the values v; are distinct, we get

4

b o (2)) da — °(Q)(vi) .
| K| /K ((or(@)d 62 Hje{1,2,3,4}\{i}(vi —vj)

=1

Since the numerical results are computed in the particular case where ¢ = ¢/, we have Z({) = 1. Let us
now provide expressions for Z2(¢) = Z(¢o) and Z3(¢) = Z%(¢a)-
We introduce the so-called “expintegral” function, defined by

T ot —h et T ot
Vo <0, Ei(x) := / ?dt and Vo > 0, Ei(z) := lim / N dt+/ n de |.
h

—co h—0,h>0

We then have

Vs € [0,1), T(va)(s) = (1 S)<1 exp(la_ss>> + ;(Ei<1is> Ei(a))’

with Z(1a)(—8) = Z(1a)(s) for all s € [0,1), and

with Z2(1he)(—8) = —Z%(1)4)(s) for all s € [0,1).

A.2. Equivalence of norms

Partial proofs of the following lemma are done in the literature, for example in [6], and we only provide the
sketch of the proof for the sake of completeness.

Lemma A.2. For any r € (1,400), there exists Cy) > 0, also depending on d, such that, for any v € RV,

C;)nnﬂu < [Meell, < O Tzo]),, (A1)
and tl/z\?re exrists CéeT’T) > 0, which is increasing with respect to O and also depending on d, such that, for any
v eRY,

Céng,)IIVHrvr <ol < CET VT, (A.2)
where || - ||1.-.m is defined by (3.16).
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Proof. We denote by K| the reference simplex with vertices 0 and all the extremities of the canonical unit
vectors. Let ux be the affine mapping which transforms Ky into K € 7 with vertices (z;,,...,2:,). Then
II7v o puk is an affine function on Ky with values (v;,,...,v;,) at the vertices of Ky. By equivalence of norms
in finite dimension, there exists C' > 0 only depending on d and r such that

d
1
& [ Mool dr < Yo, <€ [ o)l de.
0 k=0 0

Then (A.1) results from
K]

| Kol J e,

Denoting by Dug the Jacobian matrix of the change of variable, we have

K]

|K0‘ Ko

[ o) as - Mo (@) de.
K

/ |VIIzv(z)|" da = |Dux V(Ilzv o puk)(z))|" dz,
K

where V(II7v o pug)(z) is the constant vector with components (v;, — Vi, )k=1,... ¢- Remarking that

d 1/2
IV(zvo uk)(z)| = (Z(Uu - %)2) ;

k=1

equation (A.2) follows from the equivalence of norms in finite dimension spaces, from a bound of the coefficients
of Dug by hg, from hg < d;;0x and from a bound of the coefficients of (Dug)~! by h‘}{l/|K\ involving
Ok. O

The following lemma and its proof can be found in [6].
Lemma A.3. For any 1 <r < oo, there exists Co(r) such that, for all v = (v;);cpr € RV,
ITIrv — T pmol]r < Co(r)hr||VIIro|,.

Proof. Writing |[Hzv(z) — Hpu(z)|” = |VIIzu(z) - (x — 2;)|" for € w; x and @ € N, the conclusion follows
from the upper bound of |x — z;| by hs and the integration on w; k. O
A.3. Comparison lemmas
The next lemma plays an important role in the convergence properties of Scheme (3.8).
Lemma A.4. For any (a,b) € (—1,1)? with a # b and for any q € [0,1), we have
~ ~ 2
(Fa(a) = 54(0))

Ly V) S R @ = o)) < w28y V) (4-3)

where the function ¢ is defined by (2.2) and the functions g, {/qu are defined by (3.9).

Proof. Note that (A.3) is proved for ¢ = 0 in the proof of Lemma 3.10, since it holds 120 = (3 and ¥ = Id.
Let (a,b) € (—=1,1)? and ¢ € [0,1). We assume that a < b. Let us begin with the right inequality of (A.3).

50 e = [ 0= [ D0
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Consequently, we get, owing to the Cauchy—Schwarz inequality,

~ ~ 2 b b
(a0) = dul@) < [ W@t [ w0 dt < (00) ~ vl@) W) ~ vafa)) < max ¥ (s)(b— @)(wa(b) — v (@)
which proves the right inequality of (A.3). Let us now turn to the left inequality of (A.3). We prove this
inequality considering the different possible cases for —1 < a < b < 1 (which are ¢ <a < b, —g < a < ¢q <D,
a<—q<qg<b —q<a<b<qg,a<—-g<b<ganda<b< —gq). In the next computations, we denote, for
short, by %a b= Minger(q,p) ¥’ (5)-

Case 1. Let us assume that ¢ < a < b, which also handles the case a < b < —q by symmetry. We have

{ (a) V' (q)(B(a )) +¥(q) and ¥, (a) = ¥(q) + ' (q)(a — q),
(b) = V' (q)(B(b) — +¢( ) and ¢,(b) = ¥(q) +¢'(¢)(b — q).

We then obtain, writing 3(a) — 8(b) = /¢'(¢)(a — b) with ¢ € I(a,b),
(Bala) ~ 3ul))” =¥ (@)(Bla) ~ B0)? = ¥/ (@)4 (o — b
Since it holds ¥4(a) — ¢q(b) = ¥'(¢)(a — b), we obtain

(Fula) = Ba()) = ¥'()(W(a) — vu(®)a—b) > ¥, (Wy(a) — vy(B))(a —b).

N———

Case 2. Let us assume —q < a < g < b, which also handles the case a < —q¢ < b < g by symmetry. In this case
we have

Y(a) and y(a) = ¥(a),
¥(q) + /¥ (@)(B(b) — B(q)) and 1by(b) = 1(q) +¥'(q)(b — q)-

We have (Jq(a) - wq(b)) =, (b= )W () = Yy(@)) = Ty + Tp + T + Ty with

Ty =/ (q)(B(b) — B(a)* = ¥y, , ¥ (9) (b — )%,
Ty = '(q)(B(b) = B(g) (¥ ( ) v(a)) = ¢, (b= ) (W(g) = ¥(a)),
Ts = V¥ (0)(B(0) = B(@)((g) = (a)) = ¢, ;¥ (9) (b= 9)(g — a),
Ty = (6(g) — 6(@))? — ¥, (0 — @) (wlg) — ¥(a).
Using the fact that ¢ € I(a,b) and writing 3(b) — 8(q) = \/¥'(¢)(b — q) with ¢ € I(q,b) C I(a,b), we have
V(@) (B0) = B(9)* = (v () (b - 0)* = ¥, , ¥ (0) (b ),

which proves that 77 > 0. We can also write

Y (@)(B6) = B@)(¥(a) — ¥(a)) = VI (VP ()b — ) (¥(q) — ¥(a) = ¥, , (b= a)((g) — P(a)),

hence proving that T, > 0. Owing to ¥(¢)—(a) = ¢’ (e)(¢—a) with e € I(a,q) C I(a,b), and to ¥’'(c) > ¥’'(q)
since 0 < ¢ < ¢ < b, we have
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Y'(q)(B(b) — B(q))((q) = VY () VY )(q—a)
zw( )( )1/1( )(q—a)zy[a,bz/}( q)(b—q)(q — a),

which shows that T3 > 0. We now write
(¥(a) = ¥()* = ¥'(e) (g — a)(¥(a) —(a) = ¥, , (¢ — a)(¥(q) — ¥(a)),

hence concluding that T, > 0, which completes the study of Case 2.
Case 3. a < —q¢ < ¢ < b. In this case, we have ﬂa o= 1 and

{wq( q + /' (q)(B ) and pg(a) = =¥ (q) + ¢'(q)(a + q),
wq =

V' (q)(B(b) and 4 (b) = ¥(q) + ' (q)(b — q).

Since
ha(b) — (a) = 20(q) + V¥ (q)(B(b) — B(a) — (B(a) + B(q)))
b—a=2q+b—q—(a+q),
Y (b) — g(a) = 2¢(q) +¢'(q)(b — ¢ — (a +q)),

we compute ({/Iq(b) - {p“q(a))Q — (b— a)(1hy(b) — 1h(a)) = ATy + 2T + 2T5 + T} with

Ty = ¥(q)* — q(q),
Ty = ¥(q) V' (9)(B(b) — B(q) — (B(a) + B(q))) — ¢ (@) (b — ¢ — (a + q)),
T3 = ¥(q) V¥ (9)(B(b) — B(q) — (B(a) + B(q))) — ¥(q)(b— g — (a + q)),

Ty =9/ (q)(B(b) — Ba) — (B(a) + B()* — ¥ (g)(b— g — (a +q))*.
d

The property 1(q) > g immediately implies that 77 > 0.
Owing to 8(b) — B(q) = /¢'(q)(b — q) and (ﬁ( +B(q

B(b) — B(q) — (B(a) + B(q)) = V¥'(q)(b—q—(a+q)) > 0.

Multiplying by 1 (¢)+/v'(q) > q+/¥'(¢) > 0, we obtain Ty > 0. Since 1/¥’(¢q) > 1, we have

V' (q)(B(b) — B(q) — (B(a) + B(q))) > b—q— (a+q)) >0,

)) > /' (q)(—(a+ q)) which gives

which gives T5 > 0, and the inequality

Bb) = Blq) — (Bla) + B(q)) 2b—q—(a+q)) 20,

implies that Ty > 0, hence concluding the study of Case 3.
Case 4. Let us assume that —g < a < b < gq. We have

{ Wg(a) = vg(a) = ¥(a)
Pq(b) = 1hy(b) = ¢ (b)-

We then obtain B _ )
(wq(a) - zbq(b)) = ((a) = 9(b))* = (¥(a) — »(b))((a) — (b))

Now we write (¢¥(a) — (b)) = ¢'(¢)(a — b) with ¢ € I(a,b). Using the monotonicity of ¢ we have
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(¥(a) = ¥(b))(1(a) = ¥ (b)) = ¥'(c)(a = b)((a) = $(b)) = ¥y, , (@ = b)(¥(a) — (b)),

which concludes the proof of the lemma.

The following lemma is needed for the proof of the convergence to a weak solution.

Lemma A.5. For any ¢ € (0, %), there exists v, > 0 only depending on € such that, for any a,b € (—1,1), it
holds

[b—al(y'(a) + ' (b)) < ve|B(b) — B(a)] (2+ |B(a)]*+= +[B(b)[*F), (A.4)
where ¥ is defined by (2.2) and B is defined by (2.10).

Proof. We first remark that, if a < 0 < b, setting ¢ = max(|a|, |b|) € [0,1), then
b —al(¥'(a) + /(b)) < 4cy’(c) < 4le - 0[(¥'(c) +'(0)),

and
1B(c) = BO)] (2+ [B(e)[F2 + [B(0)[1F2) <1B(b) = Bla)| (2 + B(a)[*F +18(b)]*F9).

It is therefore sufficient to prove (A.4) in the case 0 < a < b, which includes the case where 0 < a:=0<b:=c.
Denoting by A =a/(1 —a) and B =b/(1 —b), let us prove that, for any v € (0, 1), we have

(evB _ euA) (e(1+v)B +e(l+u)A) < <e<%—u)B _ e(%—y)A) (e(%+3y)3 +e<%+3u)A). (A.5)
Indeed, we have
(e(%—u)B _ e(%—u)A) (6(%+3V)B _,’_e(%-i-?)u)A) _ (euB _ euA) (€(1+V)B n €(1+u)A) _ e(1+21/)AfV(B — A),
with, for all z € [0, +00),
fulz) = (e(%_")m - 1) (e(%””)x + 1) — (" —=1) (e(H”)I + 1).
After simplification, we obtain
fo(z) = e _ vz _ (5+3v)z + e(3—v)z _ e(l—l—u)a;(l —e ) — e(%+3u)x(1 _ 6—41/1-).
Using the fact that v € (0, i) implies 1 4+ v > % + 3v, we can write

ez > ((3H30)7 5nq 1 e >1— e M7,

Therefore we get that f, () > 0, which proves (A.5). Following the computations of Lemma 2.6, we recall that
there exists p > 0 only depending on v > 0 such that we have

' (a) < pe 4 and ¢ (b) < pe+E,
b—a < p(e? —e?),
(3B _ (324 < (3(b) - f(a),

and
(3704 < p]3(a) 7 + 1 and lFF)P < u|B @) 4 1.

Gathering the previous inequalities and (A.5) provides (A.4), letting ¢ = 7Tv with v € (O, i) a
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Lemma A.6. Let u € S4(2) be an entropy solution of problems (1.1) and (1.2) in the sense of Definition 3.1.
Then, for for any k > 0 and for any ¢ € C°(Q), we have

/ AVu-V(u—¢)dx = / Ti(w— ¢)f da. (A.6)
[u—¢|<k Q
As a consequence, we obtain
/ AVT-VT(u — ¢)dx = / T(u— ¢)fde, (A7)
Q Q

for any ¢ € C(Q) and for any T € F, where F is defined in Remark 3.2.

Proof. We first use Lemma 3.3 of [3], which proves by a density argument that (3.1) also holds for any ¢ €
H}(2) N L>(Q). We therefore let ¢ = 2T} (u) — ¢ in (3.1), for given h > 0 and ¢ € C°(2). This gives

/QAVH-VTk (a—2Th(ﬂ)+$) dxg/QTk(ﬂ—2Th(ﬂ)+$)fdw. (A.8)
Let M =k + ||¢||so. For h > M, we obtain that:
- Ty(@—2T(@) + §) =T+ 2h+  for [a+2h+ 4| <k,
— Ty(@— 2T3,(T) + ¢) = —u + ¢ for —ﬂ+q§’ <k,
~ Ty(a— 2Th(a )+¢>)—u—2h+¢for u—2h+¢>’ <k,
— otherwise Tk( — 2Ty (u ) = +k,
and that

Tk(ﬂ—QTh( )+¢) ( u+¢) if [a] < 2h — M. (A.9)

This leads to
VTk(ﬂ— 2T} (1) +<Z) - VTk(—nJrq?) +VTk<u+ 2h+$) + VTk(ﬂ— 2% + %).
We thus obtain
/QAW- VT, (ﬂ _ 9Ty (@) + 5) de = /QAVE v:rk(—m %) dz + Ry,

with
|Rp| < X/ val(|val + ‘va‘) de
2h— M <[] <2h+M

Applying Lemma A.7, we get that
lim Rh =0.

h—oo

Besides, we get from (A.9) that

QTk(H—QTh(ﬂ) +$)fdx—/QTk(fﬂ+$>fdx

<2k / |f| dz.
|| >2h— M

By dominated convergence, we get that

lim |f]dz = 0.
h—oo Jig|>2n—M
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Letting h — oo in (A.8), we therefore obtain
/ AVT - VT, (—ﬂ—l— (5) dz < / Tk(—ﬂ+ g)fd%
Q Q

which, in addition to (3.1) with ¢ = ¢, provides (A.6).
We then deduce (A.7), using for any T' € F the relation

+oo
Vs > 0, T(s) = /0 (=T" (k))Te(s) dF,

multiplying (A.6) by (=T"(k)) and integrating with respect to k (as it is suggested in [3]). O
Lemma A.7. Let u € S4(2) be an entropy solution of problems (1.1) and (1.2) in the sense of Definition 3.1.
Then, for all k > 0, we have

lim |Va|* dz = 0. (A.10)
h—+co Jh_k<|u|<h+k

Proof. As in the proof of Lemma A.6, we use the fact that (3.1) also holds for any ¢ € H(2) N L>°(£2). Letting,
for given k,h > 0, ¢ = T},(7w) in (3.1), we get

/ AV - VT4 (T — Ty (@) da < / FT4(@ — Ty (@) da.
Q Q
Using Vu = VT (u— Ty, (w)) for a.e. x such that VT, (u — T}, (w))(z) # 0, we get, denoting by Ej, = {z € Q,h <
()] < h+k},
MVl < [ FT(E=Th(@)d
which gives
MVl < [ Hflde
[@|>h

By dominated convergence, we get

lim k|f|dz =0,
h—+oo Jig|>h

and therefore we obtain
. — N2 _

Note that (A.11) implies, replacing h by h — k, that
lim V@) dr = lim |Va|* dz = 0,
h—+co Jh<m|<h+k h=+o0 Jh_k<|m|<h

hence providing (A.10). |
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