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FISTA is an automatic geometrically optimized algorithm for
strongly convex functions

J-F. Aujol* Ch. Dossalf A. Rondepierret

Abstract

In this work, we are interested in the famous FISTA algorithm. We show that FISTA is
an automatic geometrically optimized algorithm for functions satisfying a quadratic growth
assumption. This explains why FISTA works better than the standard Forward-Backward
algorithm (FB) in such a case, although FISTA is known to have a polynomial asymptotic
convergence rate while FB is exponential. We provide a simple rule to tune the o parameter
within the FISTA algorithm to reach an e-solution with an optimal number of iterations.
These new results highlight the efficiency of FISTA algorithms, and they rely on new non
asymptotic bounds for FISTA.

Keywords: Nesterov acceleration, ODE, first order scheme, optimization.

1 Introduction

Let F' = f+h be a composite convex function defined from R” to R, such that V f is L—Lipschitz,
and the proximal operator of h can be easily computed. Throughout the paper, the function F is
assumed to satisfy a quadratic growth property Qi for some parameter p > 0 i.e.:

3> 0, Yo e RN, F(z) - F* > Ld(a, X7)? (1)

where: F* = inf I and where X* is the set of minimizers of F'. Moreover in the new results
presented in this article it is assumed that the function F' has a unique minimizer and this growth
condition becomes a strong minimizer property :

>0, Yz e RN, F(z) — F* > gux_a;*H?. 2)

These two conditions are actually in force when F' is p-strongly convex, but they are more
general as will be shown later. Under these hypotheses, the Forward-Backward algorithm (FB)
defines a sequence (z,,)n>0 satisfying F(z,) — F* = O(e~£"), i.e the number nX'? of iterations
necessary to get an e-solution satisfies nf’? = O(£log(1)).

Several accelerations of FB have been proposed when F' is convex or strongly convex. The
FISTA algorithm proposed by Beck and Teboulle [11] using an inertial scheme from Yurii Nesterov
[21], was built to improve the convergence rate of FB under a convexity assumption. Nesterov and
many others [21, 27, 9, 8, 26, 29, 24, 23, 15] proposed various schemes dedicated to the strongly
convex case. All these schemes necessitate an estimation fi of u such that i < p, and they reach

an e-solution with at most n, = O (\/E log(i)) iterations. The exact decay rate depends on the

considered algorithm and on the precise geometrical assumptions made on the objective F', see
Table 1 for details.
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In a high dimensional setting x := % < 1 and the square root gain may be crucial. It
explains why inertial algorithms are widely used, and why they behave numerically better than
FB, especially when [ is close to p.

The main contribution of this paper is to show that the version of FISTA proposed by Cham-
bolle and Dossal [14] and Su, Boyd and Candés [28] can reach an e-solution with at most

nfISTA — (\/7 log ) iterations under some quadratic growth condition, without any esti-

mation of y. This result applies to the LASSO problem which may not be strongly convex and for
which the estimation of the growth parameter x can not be tackled easily. This bound on nf’ STA
especially explains the better performance of FISTA comparing to FB on problems such hke the
LASSO problem on which FB is known to reach an exponential rate and where the previous
bounds on FISTA indicate that its rate was only polynomial.

Even though FISTA was built to produce acceleration in a convex setting, it has two main
advantages comparing to algorithms built for strongly convex functions:

e There is no need to estimate the growth parameter p and the convergence rate does not
suffer from any underestimation of the growth parameter p. Indeed, the bound on nf 7574

depends on the true p and not on an estimation fi of the true p.
e The bound on nf7ST4 applies under a quadratic growth condition which is a weaker as-

sumption than strong convexity and extends the field of applications of FISTA.

In Section 2, notations and definitions are given, the various algorithms and the notion of e —solutions
are detailed. The main contribution, Theorem 3, is stated and the comparison with the state of
the art is done. Section 3 is devoted to the non asymptotic study of the FISTA algorithm which
provides finite time bounds allowing to prove Theorem 3.

2 Number of iterations to reach an s-solution

2.1 Framework and notations

In this paper we focus on the class of composite functions: F = f + h where f is a convex,
differentiable function having a L-Lipschitz gradient and h is a proper lower semicontinuous (l.s.c.)
convex function whose proximal operator is known. The proximal operator of h is denoted by prox;,
and defined by:

. 1
pro% () = argmin ez () + 5l — oI ). @

For this class of functions a classical minimization algorithm is the Forward-Backward algorithm
(FB) whose iterations are described by:

2
Tpt1 = proxg, (xn — sV f(xy,)), s € <0, L> . (4)
Beck and Teboulle, based on the ideas of the Nesterov acceleration, propose an accelerated version
FISTA (Fast Iterative Shrinkage-Thresholding Algorithm) [11]:
t, — 1

tn+1

Yn = Tp + (Tn —Zn-1),  Tnt1 = Proxg,(Yn — sV f(yn))- (5)
where the sequence (t,)nen is recursively defined by: ¢1 = 1 and t,41 = (1 + /1 +4¢2)/2. In

this paper we consider the variant of FISTA proposed by Chambolle and Dossal in [14] and also
denoted by FISTA:

Yn = Tp + (mn - $n71>7 Tny1 = prOXsh(yn - 5Vf<y7l)) (6)

that ensures in addition the weak convergence of the iterates (when « > 3). We assume moreover
that the function F satisfies some global quadratic growth property Qz. Classically the quadratic



growth condition gg can be seen as a relaxation of the strong convexity, and it is equivalent in the
convex setting to a global Lojasiewicz property with an exponent % [18, 19, 12].

For this class of functions, the Forward-Backward algorithm ensures an exponential decay
whereas FISTA classically only ensures a polynomial asymptotic convergence rate. The main
contribution of this paper is to provide a non-asymptotic analysis of the FISTA algorithm and to
compare the convergence rate in finite time to state-of-the art algorithms like Forward-Backward
and the Nesterov accelerated algorithm for strongly convex functions [23]. Analyzing these algo-
rithms in finite time provides a different insight on these convergence rates.

More precisely, let € > 0 be the expected accuracy. The minimizers of a composite function F
can be characterized by the optimality condition 0 € 9F(x), or equivalently g(z) = 0 where:

g(x)=L(x —2"):=L <x —prox%h(x - EVf(x))) , z € RV, (7)

denotes the composite gradient mapping and: z* := prox 1, (z — +V f(x)). This last formulation
is convenient for defining an approximate solution to the composite problem, and thus to deduce
a tractable stopping criterion for a dedicated optimization algorithm:

Definition 1 (e-solution) Let ¢ be the expected accuracy. The iterate x,, is said to be an e-
solution of the problem mingcpn F(x) if:

lg(zn)ll < & (8)

Observe that in the differentiable case (i.e. when h = 0), we have: g(z) = Vf(z) so that an
e-solution is nothing more than an iterate z,, satisfying:

lgen) || = [IVE(zn)l| < e (9)

The notion of e-solution can be seen as a good stopping criterion for an algorithm solving
the composite optimization problem for mainly three reasons: first it is numerically quantifiable.
Secondly controlling the norm of the composite gradient mapping is roughly equivalent to having
a control on the values of the objective function. Indeed using the following property of the
composite gradient mapping proven in [22, Theorem 1] and [10]:

vz e RY, (@) < F(z) - F(a™), (10)

|
o1
we can prove that the composite gradient mapping is controlled by the values of the objective
function:

vz € RY, (z)||> < F(x) — F*. (11)

L
21,9

Conversely, as shown in [10, Lemma 3.1], we also have:
N + * 2 2
Ve eRY, F(a7) - F* < ﬁllg(ﬂf)ll - (12)

Thirdly, using (8) as a stopping criterion will enable us to analyze and compare algorithms in
terms of the number of iterations needed to reach a given accuracy .

2.2 Analysing state-of-the-art optimization algorithms in terms of c-
solution

2.2.1 FB and FISTA without the growth condition G,
Let us first recall the Forward-Backward algorithm (FB) described by Algorithm 1:



Algorithm 1 FB: Forward-Backward algorithm to minimize F' = f + h.
o Initialization: o € RN, e > 0.

e [terations (n > 0): update x, as follows:

Tn+41 = PIOX1p, (xn - ll;Vf(xn)> (13)

until ||g(z,)]| <e.

The FB algorithm provides the following bound when F' is convex [23, 11]:

< 2L ||z — x*||2
n

F(x,) — F* (14)
Using (11), this implies that a number of iterations of the order O (?—j) is required to get an
e-solution.

A. Beck and M. Teboulle propose in [11] an accelerated version of FB, known as FISTA (Fast

Iterative Shrinkage-Thresholding Algorithm). In this paper we focus on the version proposed by
Chambolle and Dossal [14] and Su, Boyd and Candes [28] and simply called FISTA from now on.

Algorithm 2 FISTA: Nesterov accelerated algorithm for convex functions F' = f 4+ h

o Initialization: o € RN, x_1 =z, e >0, a > 3.
e [terations (n > 0): update z, and y, as follows:

n

n_'_a(xn_xn—l) (15)

Tp+1 = prox%h(yn - %vf(yn))

Yn = Tn +

until ||g(z,))|| < e.

The FISTA algorithm provides the following bound when F' is convex [23, 11, 14] and a > 3:

L _12 _ ex||2
Floy) - F+ < Mo Dleo )

(16)

Using (11), this implies that a number of iterations of the order O (%) is required to get an
e-solution.

2.2.2 FB and FISTA with a quadratic growth condition G

Assume now that F' additionally satisfies some quadratic growth condition gi:
>0, Vo e RN, F(z) — F* > gd(x,x*)z’ (17)

where: F* = inf F and where X* is the set of minimizers of F. Classically the FB method
provides then an e-solution in O (% log (1)) iterations [17], which is of course much better than
the previous case (without the QZ assumption). More precisely, from [17, Theorem 4.1], we can
derive the following result:

Theorem 1 Let FF = f + g where f is a convex differentiable function having a L-Lipschitz
gradient for some L > 0, and g a proper convex l.s.c. function. Assume additionally that F
satisfies a quadratic growth condition gﬁ for some real parameter p > 0.



Let € > 0 and:

1 2L M,
FB_ = ] 270 18
" = Tlog(l )] Og( 2 (18)

where k = % and Mo = F(x0) — F* denotes the potential energy at initial time. Let (x,),crn be a

sequence of iterates generated by the FB algorithm. If n > nf'B then the iterate x,, is a e-solution.

To provide bounds on the number of iterations to get an e solution, asymptotic bounds on n
are not sufficient. The dependencies of these bounds on o and x = £ are also crucial. The main
results of the paper (Theorems 3 and 4) are based on new explicit and non asymptotic bounds
developed in Section 3.

2.2.3 Algorithms devoted to strongly convex functions

Consider now the Nesterov scheme designed for strongly convex functions [23, Algorithm 2.2.11]
which is known to ensure obtaining an e-solution at most in O (ﬁ log (%)) iterations [23, Theorem

2.2.3]. More precisely:

Algorithm 3 NSC: Nesterov accelerated algorithm for strongly convex functions

e Initialization: xg € RN, x_1 =z, s € (0, %)

e Iterations (n > 0): update z, and y, as follows:

1—+k

T5 & ~ @n-1) (19)
Tn41l = Yn — %VF(yn)

Yn = Tn +

until [|g(zn)]| < e.

Theorem 2 Let F' be a convex differentiable function having a L-Lipschitz gradient and admitting
a unique minimizer ¢¥. Assume additionally that F is p-strongly convex for some real parameter

pu>0. Let e > 0. Then for k = % small enough,

Vn €N, F(z,) — F* < 2(1 — V&)™ (F(z) — F*),

which means that an s-solution can be obtained in at most:

1 4LM,
NSO _ I o). 2
" T =) °g< = (20)

where My = F(xg) — F* denotes the potential energy at initial time.

A crucial point to keep in mind with this result, is that iterations (19) depends on p, and thus, u
must be estimated a priori. In practice, 4 may be unknown and only an estimation fi of 1 can be
used to define the sequence (2,)n>0. To apply the previous theorem we must have fi < p and the
previous bound becomes :

1 ALM,
nlVSC = - log( = °> , (21)
log(1 —4/%)

&’

where [i < p is the one used to define x := % in (19). If i < p, this bound may be much higher
than the one given in Theorem 3.

The field of accelerated methods for strongly convex functions is a very active one. The fastest
one is the one proposed in [29] (which improves NSC with a 2 factor within the exponential decay).



The references [26] (with the additional hypothesis of the differentiability of the function F'), and
[9] (without additional assumption) propose a v/2 factor improvement with respect to NSC. Note
that the case of F' = f+ ¢ with F' convex satisfying a growth condition gg for some real parameter
w > 0 has recently been addressed in [27, 9, 8].

Notice that an accelerated scheme for strongly convex function, where the strong convexity
parameter 4 is automatically estimated, has been proposed by Nesterov in [22]. Such an approach
does not suffer from the estimation issue for p. This algorithm is not based on the NSC scheme,
and we refer the reader to Section 5.3 of [22] where the detailed algorithm is given. Y. Nesterov
shows that the number of iterations to reach an e-solution is at most:

e = 0 (‘Tﬁf’”) e (105%) log (ﬁ5)> : (22)

where £ := £. When ¢ = o(x), then nl'* = O (10\3;/(5) log (5))

2.2.4 FISTA restart

Restarting FISTA is another way to get a linear convergence in the case when F' is convex and
satisfies the growth condition G2 (see e.g. [20] or [25]). Indeed the inertia introduced by FISTA
allows fast convergences, but it also generates oscillations. Restarting FISTA is roughly equivalent
to set the inertia to zero at each restart which helps to reduce oscillations. A classical strategy
consists in restarting FISTA at regular time [21]. In the differentiable convex case, restarting every

LQe\/%J iterations ensures that F(xzy) — F* = O (e_%\/%k) for the class of u-strongly convex

functions [20], and this result can be extended to composite functions satisfying a quadratic growth
condition [25, 20]. Note that in these schemes an estimation of the growth parameter is required
which can be restrictive in applications since this parameter is rarely known.

In particular, there have been recent works where the growth parameter u is estimated on the
fly by the algorithms, see [2, 10, 16]. Adaptive restart schemes take advantage of each iteration to
estimate the geometry of F', and enables to fit the parameters of the algorithm progressively. In
[16] Fercoq and Qu provide an adaptive restart scheme for FISTA for the set of functions satisfying
Qg which builds a sequence of estimates of the growth parameter u. It requires a prior estimate
o and the convergence rate of the method is given by

_ V2-1 K
= L
O (e 2ve(2 HO) )

if po > p. Note that this rate significantly depends on 5—0 and that this method might be less
effective if ug is highly overestimated.

In [2] and [1], Alamo et al. introduce adaptive restart schemes for FISTA under a quadratic
growth assumption on F' and without any prior estimate of u. In [2] they provide a fast exponen-
tial decay O (eilﬁlﬁ\/%]ﬂ7 but the computational cost is quite heavy since their scheme relies on
computations of F(xy) at least at half of the iterations. On the other hand the scheme introduced
in [1] is based on gradient information and therefore it does not require to compute F. It provides
the convergence rate

o (gﬁm‘f”ﬂ

1o
which can be seen as a low exponential decay as e 4c(+vi+D) ik S o= £k for all k > 0.

Let us finally focus on a recent convergence result obtained in [10]: a new restart scheme that
does not require a priori knowledge of p, is proposed and it provides a fast exponential decay on the

values F(z,) — F* in O (e*TIZ\/%”). The authors prove that this method has a fast convergence

rate in terms of iterations and computational time as well, and the number of iterations to get an

e-solution is bounded by:
7.2 LM,
Restart 0
n; =7 (4.5 + log (1 +1.3 = )) (23)




Restart

so that n} is of order:

o(Ls (1)) -

2.3 FISTA is an automatic geometrically optimized algorithm

FISTA with a varying parameter « applied to strongly convex functions, or satisfying a quadratic
growth condition, has already been studied and is known to have a polynomial decay. In [28,

Theorem 9], the authors proved that if F' = f 4+ h and if f is strongly convex then for o > %

/ llzo — o Vi’
o — T
F F* < F — F"). 2
(zn) — Cla C(a) (fn) (F'(zo) ) (25)
In [5] and in [6], Attouch et al and Aujol et al. proved the following asymptotic decay :
N 1
Fzn,) - F"=0 (Q(x'y) (26)
n 2

which coincides with the previous bound (25) if & = 2 and v = 1, when F satisfies some flatness
hypothesis H.:

vz € RN, F(z) - F* (VF(z),2 — *). (27)

Q\'—‘

To provide bounds on the number of iterations to get an ¢ solution, asymptotic bounds on
n are not sufficient. The dependencies of these bounds on a and x = % are also crucial. The
following Theorem is based on new explicit and non asymptotic bounds developed in Part 3, and

given by Theorem 6: for a > 3 + % and k small enough:

2a

3« 9 8e E
Vn > =, F(z,)— F* < >e 2M, . 28
"z (@n) 4¢ o <3n\/ﬁa) (28)

Our main result is to prove that under some quadratic growth condition, the number of itera-
tions of FISTA to reach an e-solution is actually in O (ﬁ log(%)):

Theorem 3 Let FF = f + h where [ is a convex differentiable function having a L-Lipschitz
gradient for some L > 0, and h a proper convex l.s.c. function. Assume that F admits a unique
minimizer x* and satisfies a quadratic growth condition Qi for some real parameter p > 0.

Let e > 0 and

o, == 3log (3 LMO) and nFISTA : s¢” = 8621 (3' LMO)
< ev/2e ev2e )’

=—1lo 29
3f a1 e \/E g ( )
where k = £ and My = F(x9) — F™* denotes the potential energy at initial time. Let (2,),ern
be a sequence of iterates generated by the FISTA algorithm with parameter oy .. There exists
ko € (0,1) (independent from e) such that for any k < ko, if n > n{ 574 then the iterate x,, is
an e-solution.

Unlike Algorithm 3, the parameter of FISTA does not depend on p and it follows that nf IsTA
depends on the real value of 1, and not on any estimation. To set «, one only needs to define
an accuracy ¢, the value of L (which is supposed to be known, also to define the step), and the
value of My. The value of My should be chosen to bound the potential energy of the system. In
several situations, simple bounds can be found for Mj for instance when F™* is known (least square

problems) or can be estimated. Moreover since M, appears in the logarithm, nf gSTA is not very
sensitive to My. But we must keep in mind that a bound on My must be given to set a. It is not

surprising that a depends on the ratio % because this ratio measures the decay we want to reach

on the value of F(x,) — F*.



Theorem 3 does not provide a simple an explicit rule to fix a according to € since My is never
known precisely and since the bound on nf gSTA provided by Theorem 3 is probably not very
tight. The condition o > 3 + % is also technical and other choices may have be done. Our goal
was mainly to provide explicit bound on the number of iterations needed to get an e solution
and to prove that for a suitable choice of «, this number is quite optimal. The computations are
technical and we believe that the bounds could be improved but we prefer to avoid more technical
computations.

Consider now the subclass of convex differentiable functions (h = 0) additionally satisfying a
quadratic flatness property Hs: for any minimizer x*, we assume that:

¥z e RY, F(z) - F* < %(VF(:L’),J: — ). (30)

To have a better intuition of the geometry of functions satisfying Hs, observe that the flatness
property (30) implies that for any minimizer a*, there exists a real constant M > 0 such that:

Vo e RN, F(z) — F* < M|z — z*|)?, (31)

see [6, Lemma 2.2]. Thus any convex differentiable function satisfying both QZ and Hy for some
1 > 0 can be seen as almost quadratic. It naturally includes quadratic functions and least square
problems. For this subclass of functions, Theorem 3 can be improved:

Theorem 4 Let F be a conver differentiable function having a L-Lipschitz gradient and admitting
a unique minimizer r*. Assume that F satisfies a quadratic growth condition Qﬁ for some real
parameter > 0 and a flatness assumption Hs.

Let e > 0 and
4+/2L M, 19¢2 19¢2 4/2L M
ag. = 2log V22T and n§£STA = Qo = ° log VLM, (32)
, 3ee ) 8k 4/k 3ee

where k = % and My = F(x9) — F* denotes the potential energy at initial time. Let (Zy,)ncr™y

be a sequence of iterates generated by the FISTA algorithm with parameter as .. There exists
ko € (0,1) (independent from ) such that for any k < ko, if n > niiSTA then the iterate x,, is a
e-solution.

Proof of Theorems 3 and 4 The proof of Theorems 3 and 4 is based on new non-asymptotic
bounds for FISTA provided by Theorems 6 and 7 and of the form:

where My = F(x¢) — F*, which means that an e-solution can be obtained at most in

N

2+~
1 2LMy\ T
7o (55°)

iterations where:

8e (3" e [4\®

Thus with these bounds, the optimized numbers n. ., v € {1,2} of iterations to reach an e-solution
with FISTA, are respectively obtained for:

3v/ LM, 4+/2L M,
e =3log| ——— ], az.=2log|— ).
ev/2e 3ee

s

(33)



For these choices of «, the number of iterations to reach an e-solution is respectively given by:

2 2 LM,
prisra _ 5, 8¢ pop (BvIM (34)
’ 3VE T R ev/2e
,’,LFISTA _ 562 s _ % log 4\/2LMO (35)
2e NN 3ee '
|

2.4 Comparisons
2.4.1 Comparison with FB

Let us now compare the Forward-Backward algorithm to the FISTA scheme for a given accuracy
€ > 0. For a condition number x small enough and choosing:

I
ev/2e ’

we easily check that FISTA requires fewer iterations than the FB algorithm to reach an e-solution
of min, g~y F(z). Indeed,

4e? 9L M, 1 2L M,
FISTA 0 FB 0
ML N <262€2> " [log(1 — k)] Og( €2 ) (36)

Observe that the smaller « is, the better FISTA is compared to FB. Note also that since n2F éSTA <
nf ISTA | the comparison between FISTA and FB remains in favor of FISTA for nearly quadratic
functions (namely for differentiable functions satisfying both a quadratic growth condition and
some flatness assumption).

Even though FB is known to have an exponential convergence [17], and FISTA a polynomial
one [6], choosing the o parameter for FISTA enables to have a much better convergence rate in
term of e-solution then FB.

a=ay. = 310g<

2.4.2 Comparison with NSC

On this subsection only the comparison between FISTA and the inertial algorithm dedicated to
strongly convex functions proposed by Nesterov [23, Algorithm 2.2.11] is detailed but comparisons
with any other algorithms built for strongly convex functions described in [23, 27, 9, 8, 29] will
lead to the same conclusions.

The Nesterov algorithm for strongly convex functions (Algorithm 3) necessitates an estimation
& of the strong convexity parameter p that is usually not known. If p is underestimated (i.e.
it < p), the NSC algorithm will be miscalibrated and therefore slowed down. One of the strengths
of FISTA, revealed by our non-asymptotic analysis, is that FISTA is self-adaptative and will have
better performances than its NSC variant for strongly convex functions when the strong convexity
parameter is not known. Indeed, by choosing the « friction parameter only according to the
desired accuracy e, FISTA will generate a sequence of iterates until reaching an e-solution without
the need of any estimation of the strong convexity parameter pu. Note also that the number of
iterations to reach an e-solution for FISTA actually depends on the true value of p whether it is
known or not.

If the strong convexity parameter p of F' is known, it is clear that for small enough «, Algorithm
3 is faster than FISTA i.e.

n

1 ALM, de? 9LM,
NSC 0 FISTA 0
— ] < = log [ 2270 . 37
g log(1 — k)| 0g< e2 ) e N (26262> (37)

Hence the number of iterations needed to reach an e—solution is smaller for the scheme built for
strongly convex functions and using explicitly this parameter u at each step (19) (since k = %) of

10



the algorithm than the one necessary for FISTA to get the same accuracy. This better behavior
was indeed expected.

On the other hand if p is not perfectly known, which is often the case in large dimensional
problems, p should be estimated by i and to ensure that the exponential decay of these inertial
algorithms are in force, fi must be chosen such that i < u and

wsc_ 1 o (EMOY 1L, 58)
E - =) 7 Toa(i— vl B\ 2
log(1 — /£)

If i is close to j, one can expect that n¥9¢ < nfﬁSTA. But if g < w%,u then

néVSC > n{:£STA (39)
and thus if u is not known with a good accuracy, it may be better to use FISTA.

In practice, FISTA may outperform Algorithm 3 even for much smaller underestimation of
. The bound given in Theorem 3 may be pessimistic. We illustrate this lower performance of
this inertial algorithm with fixed friction term in the numerical experiments comparing to FISTA
in the subsection dedicated to numerical experiments. These experiments confirm that even for
fi = {5 the loss may be huge and FISTA is actually better for a large set of accuracies .

Indeed iterations of FISTA use the value of a parameter o which is defined from & and not
from an estimation of 4 which implies that n{ 2574 does not depend on any estimation of . The

fact that Y5 may be larger than n{’Z574 when 1 is not well estimated is a small surprise since

FISTA was not built for strongly convex functions. Moreover bounds on n{ 2974 apply under a
quadratic growth property and then extend the potential application of this result to a larger set

of functions F' such as the LASSO :
1
F(a) = 5 1A~ y|* + Az (10)

widely used in Statistics and Image and Signal processing. This function F' is not strongly convex
when A > 0 but it satisfies some growth properties, see for example [13].

To be fair in the comparison between both algorithm, we must emphasize that for FISTA,
the parameter a depends on the targeted accuracy €, and FISTA may be better than the other
inertial algorithms for this specific accuracy. If n goes to infinity, the algorithms built with a fixed
inertia (here ;ﬁ) may have a better behavior than FISTA, since for any fixed a, FISTA as a

polynomial decay rate, see for example [3, 4].
Let us finish this section by comparing with the scheme introduced by Nesterov in [22] for
strongly convex functions and that automatically estimates the strong convexity parameter. Re-

ferring to (22) we observe that:
log(k)] 1
Nu_ o (o8l (1)) 41
¥ = 0 (12 oy (2 (41)
However, we have for FISTA:

4e? 9L M, 1 1
FISTA 0y _ -
Me =g le ( 2¢%¢? > © <\/E ‘o (5>) ' “2)

Hence for small &, we lose a factor | log(x)| which makes the scheme of [22] less efficient.

2.4.3 Comparison with FISTA restart

Under the assumption of quadratic growth it appears that the FISTA restart scheme has a con-
vergence rate similar to FISTA with optimal parameter. In both cases the bounds on the number

of iterations needed to get an e-solution is proportional to ﬁ log(—”gML). Preliminary numerical

11



experiments seem to indicate that the best solution may depend on the function F' to minimize
and both approaches deserve to be tested. In Theorem 1, F' is supposed to have a unique mini-
mizer, while one can notice that such an assumption is not needed for FISTA restart, even if in
practice, it does not seem to have any impact on the convergence rate. One can also observe that
the parameter of FISTA must be chosen according to the wished accuracy ¢ ; for this accuracy
FISTA will be efficient and almost optimal all along the trajectory. The main inconvenient of
FISTA restart scheme is its relative complexity where FISTA is really simple to implement.
When ¢ tends to 0, according to (23):

14.4 LM,
nRestart ~ 10g ( 0) (43)

© VE €
while
8e? LM, 19¢2 VLM,
nfISTA o X og O), nfISTA T g ). (44)
' NG € ' 4/k 5
Hence
59.2 LM, 35.1 LM,
ni T~ log ( 0) ;T e = log ( 0) : (45)
' VE 5 ’ VE €

i.e. the bounds for FISTA restart [10] are always slightly better then the one proposed here in the
paper. However, we will see in the next subsection that this slight theoretical edge for the worst
case analysis may not always prevail in practice. Moreover, it can be argued that FISTA restart
needs in general more calls to the function to minimize then classical FISTA (which has a negative
impact on its speed), and that it is slightly more complicated to implement.

2.4.4 Numerical comparisons

Let us first consider a function F(z) = ||Az — b||*> where A is 100 x 100 gaussian matrix width
independent and identically distributed components. On that example x ~ 4.7 x 10~7. On Figure
1, are given the values of log(||VF(xz,)|) along the trajectory for various algorithms.

The blue curve corresponds to the Gradient descend, the red curve to FISTA with o = 8, the
yellow curve to FISTA with o = 30, the green one to the Algorithm 3 of Nesterov for strongly
convex functions using the exact value of p computed from the realisation of the matrix A. The
grey curve corresponds to Algorithm 3 with g = % . The graph is displayed in Figure 1. From
this graph, several comments can be done :

e For small e, Algorithm 3 with the precise value of p (the green curve), seems to be the best
one, which was expected.

e If i is underestimated (grey curve), even of a 10 factor, the decay may be much smaller with
the FISTA schemes.

e For ¢ < e 1%, the parameter a = 8 (red curve) seems to be better than o = 30 for FISTA.
e For e > e~ 1%, the parameter o = 30 (yellow curve) seems to be better than o = 8 for FISTA.

More complete numerical experiments show in practice that the optimal value of « for a given
accuracy, that is the value of a ensuring the minimum number iteration to reach an e-solution, is
actually a non increasing function of the accuracy e, which illustrates Theorem 3.

We then illustrate the paper with a second example, where an inpainting problem is solved
using a LASSO formulation.

1
Fx) = §||M£E—M$O||2+AHTDCII1 (46)

12
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Figure 1: Example on the least square problem. Blue is the gradient descent (FB), grey is NSC
with a 10 factor underestimate of pu, red is FISTA with o = 8, yellow is FISTA with o = 30, and
green is NSC with the exact value of u.

Figure 2: An inpainting example (left: original image, middle: degraded image, right: inpainted
result)

where x° is a target image, M a random masking operator and 1" an orthogonal wavelet transform.
Figure 2 shows an example, with from the left to right, the original image x°, the masked image
Mzx° and the solution x* minimizer of F.

Figure 3 displays the curves of the trajectory of log(L ||z, — z;}||) for several algorithms. The
blue curve corresponds to the Forward Backward algorithm. The red curve corresponds to FISTA-
restart scheme described in [10], the yellow curve to FISTA with o = 3 (which is the classical
FISTA algorithm), the green curve to FISTA with a = 12 and the grey curve to FISTA with
a = 30.

Several comments can be done: first, all inertial schemes are better than FB (blue curve) for
any precision €. If we compare the three FISTA algorithms we observe that for large ¢, @« = 3
seems to be better. For small €, &« = 30 seems to be the better choice and in between o = 12
is better than the two others. That is what was expected from Theorem 3: the optimal value of
« is a non increasing function of e. Note that the restart FISTA [10] behaves quite well for any
precision and its efficiency seems to be close to FISTA with the best parameter for all accuracy.
The optimal value of a given in Theorem 3, depends on the accuracy €, and on M, which depends
on the distance of the initial point z° to the minimizer. In practical situations only an upper
bound on My can be known. The numerical experiments illustrate the fact that the optimal « is
a non increasing function of the desired accuracy. However, there is no explicit formula for « that
does not depend on the distance of zy to the minimizer. Theorem 3 explains the behaviour of «
with respect to the accuracy ¢, even though it does not provide an explicit formula.
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Figure 3: Example on a LASSO problem: FB is in blue, FISTA-restart in red, FISTA with a = 3
in yellow, FISTA with o = 12 in green, FISTA with o = 30 in grey.

3 Discrete non asymptotic analysis of FISTA

Let F = f + h be a convex composite function where f is a convex, differentiable function
having a L-Lipschitz gradient and h is a L.s.c. convex function whose proximal operator is known.
Furthermore, we assume that F' has a unique minimizer z*. Let F* = F(z*) = inf F.

In this section we provide a complete non-asymptotic analysis of FISTA [14]:

Yn = Tn + (Tn —Tp-1), Tpy1 = proXg,(Yn — sV f(yn)) (47)

n+«
for this class of convex composite functions F satisfying additionally some global quadratic growth
property Qﬁ (that becomes a strong minimizer property since we assume the uniqueness of the
minimizer)
Ju>0, Vo e RN F(z)— F* > ng—x*HQ. (48)

Our main contribution is this section is to provide non-asymptotic bounds on the values F(x,,)—F*
along the iterates generated by FISTA, see Theorem 6. We also prove that this bound could be
slightly improved when F' is nearly quadratic (i.e. satisfying both a quadratic growth condition
and a flatness condition Hs). Our analysis is based on Lyapunov energies:

E, = 25n2(F(:17n) — F*)+ || Mzp-1 — %) + n(z, — In—1)||2

that can be seen as discretizations of the Lyapunov energy introduced in the continuous setting:
* 1 * . 2
E() = (F(x() = F*) + 5 [Mx(t) = 2") + (1),

where x* denotes some minimizer the objective function F. In Section 3.1, assuming that F' is a
convex differentiable function, we provide the convergence rate analysis of the trajectories of the
ODE: o

Z(t) + ?x(t) +VF(z(t)) =0 (49)

associated to the Nesterov scheme. For the class of strongly convex functions, Su Boyd and Candes
[28, Theorem 8] prove that the ODE (49) achieves a convergence rate in O (t_%a) We prove that

this result can be generalized to the class of convex functions satisfying some quadratic growth
condition. More importantly, the analysis of the continuous case will give us a guideline for the
convergence rate analysis in the discrete setting: the main idea is to identify the key inequalities
whose discrete equivalents will be the milestones for our analysis of FISTA in Section 3.2.
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3.1 The continuous case, a guideline to analyse the discrete

Let F : RV — R be a convex differentiable function admitting a unique minimizer z*. In this
section, we study the convergence rates in finite time for the values F(z(t)) — F* along the
trajectories of the well-known ordinary differential equation:

(1) + %j:(t) FVF(z(t) =0 (50)

for any t > tg with t; > 0, associated to the Nesterov scheme. We assume that, for any initial
conditions (zg,v9) € RV x R¥, the Cauchy problem associated with the ODE (49) admits a unique
global solution satistying (z(to), Z(t0)) = (zo, vo).

In this section F' is assumed to satisfy some general flatness assumption H. ensuring that F
is not too sharp: let v > 1. For any minimizer x*, we assume that:

1
vz e RN, F(z) — F* < —(VF(z),z — z*). (51)
Y
Note that any convex differentiable function automatically satisfies 1. To have a better intuition
of the geometry of functions satisfying #, for some v > 0, observe that the flatness property (51)
implies that for any minimizer x* € X*, there exists a real constant M > 0 such that:

vz e RY, F(z) — F* < M|z — 2|7, (52)
see [6, Lemma 2.2]. For this class of functions, we have:

Theorem 5 Let F : RN — R be a convez differentiable function admitting a unique minimizer
x*. Assume that F' satisfies both a quadratic growth condition gi and a flatness condition H~ for
somepu>0andy>1. Ifa>1+ % and for u small enough, we have:

2ay

ar® *

VE> >, F(x(t) — F* < Cren 2010 F (1) ( ar

(v +2)y/n t(7+2)\/ﬁ>

where E,(t) = F(z(t)) — F* + 3||@(t)||*> denotes the mechanical energy of the system, r* ~ 3 is
the unique positive real oot of the polynomial: r +— > — 12 — 2(1 4+ /2)r — 4 and
2 4 1 1+v2 4

Ci=14+=4— Ch=—+ :
1 * T*Q 2 P T*2 37’*3

Theorem 5 is a generalization of [28, Theorem 8] to the class of convex functions satisfying
some quadratic growth condition, and provides in particular an explicit bound on F(x(t)) — F*
decaying like t=% when v = 1 (respectively like t% when v = 2). This bound depends on the
growth parameter p and the friction coefficient a and is valid for sufficiently large enough ¢ namely

for
ar®

tZ2ty o= ——.
TR (v +2) vk

Actually this restriction is not really a problem. First because it is possible to reduce ¢, 4, in the
proof, which would lead to not as good asymptotic bounds and secondly because inequality such
that F(z(t)) — F* < Kt~ may not provide interesting bounds for small ¢. It turns out that for
most inertial algorithm, the decay of the F(x(t)) — F™* is not significant if ¢ < ﬁ Indeed, even
if finite time bounds are valid from ¢ = ¢y = 0, they only provide accurate bounds for ¢ > ﬁ

We can also observe that the bound given by Theorem 5 for a given ¢, is not a decaying function
of a which explains why it is not relevant to choose « as large as possible if we consider the ODE
on an interval [to, T].

The proof of Theorem 5 is detailed in Appendix A. We only detail hereafter the sketch of the

proof of Theorem 5 in the convex case (i.e. for v = 1) which will give us the main steps to follow

(53)
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for the study of the discrete case: considering the following Lyapunov energy which is a variation
of the one used in [28]:

1 2
E() = *(F(x(t) = F") + 5 [Mx(t) — 27) +ta()|*, A= ?a’ (54)
we first establish some differential inequality of the form:
a2
&)+ 2 2et) < oe) (55)
where the function ¢ is polynomial of order greater than 2 in 1. Let ®(t) = t+oo p(s)ds. The

function ¢ + £(t)t*~2e®(t) is so non-increasing. Integrating (55) between t; and ¢ for any t; > to,
we get:

A—2
Vit > to, E(t) < E(t) (ttl) e®t) =2 (56)

Choosing t; ensuring a control as tight as possible on the energy £ and noticing that £(t) >
t2 (F(x(t)) — F*), we eventually obtain the explicit control given in Theorem 5 on the values of F
along the trajectories of the ODE (49).

Finally observe that the choice of the parameter a can be optimized for a given ¢ by choosing:

(v+ 2)\/176—1—02

T*

(57)

Qopt = t

which implies a fast exponential decay rate on the values:

2yaopt

F(a(t)) = F* < CiBEnlto) (e7702) 77 enrzCel@om—1-3)
<

ClEm(to)e_(l+%)02€7%671702‘/ﬁt.
This optimal choice depends also on p that can be unknown in practice but we can remark that
if @ ~ t\/u, FISTA ensures a fast exponential decay which ensures the best possible decay for the
bound given in Theorem 5.

3.2 Non-asymptotic bounds for convex composite functions

Let
E, =2sn*(F(x,) — F*) 4+ M1 — %) + 0z, — zn1)|? (58)

be a well-chosen discretization of the Lyapunov energy (78) introduced in the continuous setting.
Our main result provides non-asymptotic bounds on the value F(z,) — F* along the iterates
generated by FISTA:

Theorem 6 Let FF = f + g where f is a convexr differentiable function having a L-Lipschitz
gradient for some L > 0, and g a proper convez l.s.c. function. Assume that F' admits a unique
minimizer x* and satisfies a quadratic growth condition gﬁ for some real parameter p > 0.

Leta > 3+ % and kK = % Then there exist kg > 0 such that for any 0 < k < Kq, the sequence

(n)nen generated by FISTA satisfies:
2a

3a 9 8e K
> F(z,) — F* < Ze %M, -
vn 5 (zn) 1€ 0 (3\/Ea) n

where My = F(xg) — F* denotes the potential energy of the system at initial time.

Y

(59)

Observe that in finite time (i.e. for a given number of iterations n), a fast exponential decay may
be obtained from Theorem 6 by choosing a that minimizes the function:

aHQ—alo e 8a
3 B\ 30k )
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A straightforward computation shows that the minimum value is reached for:

3
o nyv/K

60
o2 (60)
and with this choice of parameters we finally deduce:
9
F(x,) — F* < 1672 exp <_Z\e/f> M. (61)

The sketch of the proof of Theorem 6 is given in Subsection 3.3, while the proofs of the technical
lemmas are detailed in Appendix B.

Assume now that F' is a nearly quadratic convex differentiable function (h = 0) i.e. satisfying

both a quadratic growth condition and a flatness condition Hs i.e. for any minimizer z*:

Ve e RN, F(z) — F* < Z(VF(z),x — x*). (62)

N | =

Attouch et al. [5] and Su Boyd and Candes [28] proved that for strongly convex functions F(z,,) —
F(z*) = O (n=2%/3). Under the flatness assumption (62), Theorem 7 improves this decay to
O (n™%) for nearly quadratic convex and only differentiable functions:

Theorem 7 Let F : RY — R be a convex differentiable function having a L-Lipschitz gradient
and a unique minimizer x*. Assume additionally that F' satisfies a quadratic growth condition QZ
for some real parameter p > 0 and L > 0 and a flatness condition Hs.

Let o > 4 + 24/2. Then there exist ko > 0 and a real constant Cs > 0 such that for any
0 < k < Ko, the sequence (x)nen generated by FISTA satisfies

S 16 5a \“
Vn>——, Fla,) - F"< —(e—r=] e M 63
" (¥n) 9 (e 2n\/E> ¢ 0 (63)
where My = F(xg) — F* denotes the potential energy of the system at initial time.

The proof of Theorem 7 is based on a variant of the Lyapunov energy (58):

En:%n%ﬂ%J—FﬂﬂE@mq—ﬁyun—%x%—xwgw (64)

and follows the exact same steps than those of the proof of Theorem 6. The sketch of the proof
of Theorem 7 is given in Appendix C, while the proofs of the associated technical lemmas are
omitted here, but can be found in [7].

3.3 Sketch of the proof of Theorem 6

The proof of Theorem 6 is based on the Lyapunov energy (58) which can be seen as a discretization
of the Lyapunov energy (54) introduced in the continuous setting. Stating:

n 2c

n:2F n_F* n — n_*Q n = n — In— 2 n = =
wn = 25(F(zn) )y b = llam =27 00 = Jlon — 2 ®, on =m0, A==, (65)
the energy E,, can be rewritten as:

En =nw, + (A = An) hy—1 + (n? = An) 6, + Anh, (66)

As in the continuous setting, the first step of the proof consists in establishing some discrete
version of the differential inequality (55):
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Lemma 1 Let k = . There exists kg > 0 such that for any k < ko and for any o > 3 + %,
there exists some real constants ¢, and ¢o such that:

4o 2 _ En En 1
Vn>ﬁ, E, 1 — (1— 3n )EngCl(a,n)Tﬂ—l—Cg(a,n)m (67)
with:
Chlayr) = Z % [;(a _3) (ia _ 3) _ 1} (14 VA)? (1 + &1v/mtéar) (68)
Cola, k) = Z % (2;‘ — 1) (1+VE)2(1 +2V2k). (69)

The proof of Lemma 1 is detailed in Appendix B.1. The next step consists in integrating the
inequality (67):
Lemma 2 Let a > 3+ \% and ng = 34%. If the energy E,, satisfies (67) then we have:
(%3
Yn = ng, E, < Ep, <n> e®(m0) (70)

no

with
D(ng) = 67510\/2(& -3) <£a - 1> (1 + 03H1/4) . (71)

The proof of Lemma 2 is detailed in Appendix B.2. Remembering that F(z,) — F* < ﬁEn for
any n, we thus have:

4 E, 2a_ 20
Vi > % O (n03 2@<b<no>) % (72)

A good choice of ng is one ensuring a control as tight as possible on the values F(x,) — F*. For

that, ng is chosen such that it minimizes the function f : z — 2% 2e2@) A straightforward

computation gives:

no = i\/z(ma— 1)(1+ Cyr'/4). (73)

103

Note that the optimized value of ng satisfies: ny > 34% for any k > 0. Observe that f(ng) =

(e no)%a*2 and that for any k small enough:

5 /2,16 3o

We deduce:

3a e PEny _2a 20 _ E,. ., /eng\ %
Vn > —, Fx,) — F* < 28077, %5 (eno)(S 2) = 2877%6 2(70) ° (75)

Observe now that the energy of the system is controlled by the mechanical energy of the system
at initial time tp:

Lemma 3 Let M,, the mechanical energy: M, = F(x,) — F* + 2—1S||xn —xp_1||>. Then we have

E, 402 do 200 \?
< 1 M,=(1+—+| M, 76
2sn? ( + 9kn? + 3\/En> ( * 3\/En) (76)
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Applying Lemma 3 Whose proof is detailed in Appendix 3, to uniformly bound the energy E,,

and the fact that ng > 3 \F’ we have:
E 2a \” 9
o L 14— M,, < -M,,. 7
25102 ( * 3\/En0) o T4 (77)

Since the mechanical energy associated to the Nesterov scheme is non-increasing (see [14, Corollary
2]) and x_1 = xo, we then get:

2a
3a 9 5e¢ 16 B 2a
Vn>—, F(z,) — F* < e 2M —a-1 -
n> e Flan) 1° 0(2\/%(150‘ >> "
2a
3
< Z€2M0(3§;EOL> n=s

where My = F(xg) — F™*.
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A The continuous case - Proof of Theorem 5

Our analysis is based on the following Lyapunov energy:

1 . 2ce
E(t) = (F(a(t) = F*) + 5 M (1) —a*) + te@)|*, A= — (78)
2 v+2
where the parameter A is chosen accordingly to [6]. Remember that the expected asymptotic
convergence rate is polynomial in O (f%) [6] with an exponent equal to Ay. Differentiating

the Lyapunov energy &£, we easily prove that:

() + Mt_ 26t) = Mt (F(x(t)) o %(VF(x(t)),x(t) - x*>>
2 _
PR ) a4 (1)~ A ) (n(t) — 0", (1)

2
O+ —a+ L5 1E0))3

Using the flatness assumption and replacing A = we finally get:

v+2 g

YA —2
t

£(t) + 6<t><K<a>((7+2) e <>—x*||2+<x(t>—x*m<t>>) (79)

where: K(a) = ﬁigy(a -1- %) We now need to control the scalar product whose sign is
unknown. Combining the following two inequalities:

(2 (t) — 2%, &(t))] < fllw( t) — " +2\7||x( )II* (80)
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where the coefficients to bound the scalar product /i are chosen to get the tightest control on
the energy, and

RO < (1405 ) N0 —a)+ 01+ (14 5 ) ot -1 s)

for any 6 > 0, we get:

o+ B2e0 < [ 2 (14 ot ) + G g b0 -
+;{\/<%)2 (1 + 9%) IA(() — 2*) + ti ()| (82)
< oo [+ e (1 ) * ey ) - P
t5 i (14075 ) ()=o) + 6001 (53

using the growth condition g;i. We then choose the parameter 6 to make equal the coefficients
before 75 in t*(F(x(t)) — F*) and 3 [|A(z(t) — 2*) + ti(t)]|%, i.e. such that:

2 2« 1 O

z 1+ ) = = 84

u(7+2)< (v +2)6 [ s
or equivalently:

(v+2)%0° —4(y+2)0 —4=0. (85)

A straightforward computation shows that this last equation has exactly one positive root:

2
0=——(1+V2). 86
—51+vD) (36)
For these choice of parameters, we have:
A—2 K(a) 20 40 )
)+ 2" Zem) < 14+V2) + ——— ) gt). 87
0+ 2 2e) < S5 (Ve om0V g ) 0. (D)
Let us now define:
K(a) < 2a 40 >
0= L (VIt o VD G (38)
and: ®(t) = f;roo o(x)dz. We so have:
YA —2

Vt > to, E'(t) + E(t) < p()E(R).

t

Consequently the function ¢ — &(t)t*~2¢®® is non-increasing, and for any ¢; € R, we get:

¢ Avy—2
Vit >ty E(t) < E(t) (;) e®t) =2 (89)

A good choice of t; is one ensuring a control as tight as possible on the energy £. For that, t; is
chosen such that ¢; minimizes the function u — u*’~2¢®(®) i.e. such that ¢, satisfies the equation:

M—-2
u

p(u) =0 (90)

20



Noticing that: Ay — 2 = WT“K («) and simplifying the equation by K(«), the equation can be
rewritten as:
y+2 1
au  pu?

20 4a?
(o G+ D i) o

Introducing r = (y + 2) \/ﬁu, we finally have to solve:

=12 —2(14+V2)r —4=0. (92)

A straightforward computation shows that the polynomial r + 73 — 72 — 2(1 + v/2)r — 4 has only

one real root: r* ~ 3 (for which Python gives us an analytical value).

Defining t; = Wr*, the control on the energy is given by:

* YA—2
o * ar L2 (t1) =2 ()
aroa (s av) (82)

V>t E(t) < &

Observe now that the term £ can be bounded by the mechanical energy of the system:

(e
Ep(t) = F(z(t) — F* + %Hi(t)ﬂ2 (94)

Note that this energy is non-increasing since: E/, (t) = (VF(z(t)) + i(t),2(t)) = —2[|2(¢)[* <0,
hence E,, is uniformly bounded on [tg, +00[. We then have:

2

£(0) = B(P(a() - F*) + 5 | 225 a(t) = o) + ()

2«
v¥+2

t(x(ty) — a2, (1))

20[2 112
CED lz(t) — =[|” +

— B(F(a(t) - "+ 5 e ) + tio(t) — o, ()

2c
v+ 2

20&2 N2
5 lle(t) — ™| +

= t%Em(tl) + m

Using again (80) to control the scalar product combined with the quadratic growth condition QIQL,
we can prove that:

2a(ts) —a*,i(t)) < Valatt) -]+ \/lﬁllf'v(tl)ll2

2 1 2
< —=(F(x(t)) = F*) + —|j&(t)||* = —=En(t
\/ﬁ( (z(t1)) ) \/ﬁl\ ()|l N (t1)
Noticing that the quadratic growth condition also implies:
* (12 2 * 2
[z(t1) — 2% < —(F(x(t1)) = F*) < —Em(t1)
K M
and remembering that t; = Wr*, we finally get:
202 2 2x
E(ty) KB (t) + ——— |o(ty) — 2%||° + — =t B (t 95
(1) < BBltn) + 17 Ioltn) =21+ gyt Bnli) (95)
40 2a
< |2+ ti| Emt) =1+ +>t2Emt 96
[1 (Y +2?2p (v+2)/k 1} () ( s e ) B (96)
4
< (1 to s 2B, (to) (97)
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Observe that the primitive ®(t) = f;roo p(z)dzx of ¢ has a simple analytic expression showing

that ® is non-positive and:

Ka) {1 1+v2 4
O(t) =(v+2)—— (T 2 T (98)
We finally obtain the following control on the values:
20y
ar* T 2y 12
F(x(t)) — F* < C1E,(t - 5 C2(a 2) 99
(@(1) O G (99)

where: C’1:1—|—T%-|-;%27 CQZTL*+1+*\2/§_|_343.

B Technical Lemmas for Theorem 6
The proof of Theorem 6 is based on the following Lyapunov energy:
E, =2sn*(F(x,) — F*) + [ Map_1 — %) + n(z, — 2n_1)|]? (100)
which can be rewritten as:
E, =n*w, + (A = An) hp—1 + (n* — An) 6, + Anh,, (101)

using the reduced notations (65).

B.1 Proof of Lemma 1.

First step: using the reduced notations (65), we prove that:

2a
EnH(l 5 )En < M%+A1(n,a)57,,+Bl(n,a)(hn_1—hn)

n 3
—|—B3(7’L, a)(hn+1 - hn - 6n+1) (102)
with:
2 2 _ 3 _ 2
Ai(n,0) = 17a” _8a  ,_ o007~ Ba+9ntTa’ ~ 12a +6O‘,
9 3 3(n—|—a)2
2 4 13a—2a3 1 8a? — 2402 2
Bi(n,a) = —§Oz2 + 3%~ 1+ 3Thra + 7 Bs(n,a) = 3%~ 1.
Indeed:
2a _ 2a _
Eny1— (1— 3n >En = (n+1)2wn+1— (1— 3n >n2wn
2a _
+((n+1)2=An+1))6ps1 — <1 -3 - ) (n* — An) 6,

20

2
+<)\2—)\(n+1)—)\n<1— 3n >)hn+)\(n+1)hn+1

2o
—(\% = An) (1 - -3 - ) - (103)
Observe now that:
2a _ 2a _ 9 2a _
(n+ 1w, 1 — (1 — -3 ) nw, = (1 — 3 ) n?(Wng1 — wy) + ((n—l— 1) — n? (1 -3 >> Wyt 1
n n n
2 2
—n (n - (?0‘ - 2)) (W1 — wp) + (?O‘n + Dwpin



Combining the two following inequalities
Wht1 — Wn < A28, — Opt1 (104)

n

from [14] and:
Wnt1 < ([T + (T — Tn-1) — x*”Q — | Tng1 — x*HQ

from [3], or equivalently with our notations:
Wny1 < (14 an)hn — aphp_1 — hpi1 + (an +02)6, (105)

we then deduce:

2o
(n 4 1) *wpi1 — (1 - -3 ) n*w,
n

2 2
<n (n - ?a + 2) (@26, — Ony1) + (—an +1) (14 an)hn — anhp—1 = hygr + (an + ai)én)

3
It follows:
20 _9
Ent1— (1 — -2 - ) En < A1(n, a)dn+Aa(n, a)bni1+B1(n, @)hp—1+Ba(n, a)h,+ Bs(n, )by
(106)
where:
170 8« (1002 — 18 + 9)n + Ta? — 12a2 + 6« 2«
A = 2— A —1-==
1(n,) g ~ 3 T 3(n+ a)2 o Az(n,a) 3
2 4 13a — 203 1 8a® — 2402
B = P+ -a—-1+-= -
1(n, @) 0 T3 T T 3 e T
and
2 13a — 203 2
B —a —2 2— —— B =—-a—1. 107
2(71,0{) ga o+ 3 n+a ) 3(7’1,0{) 30{ ( )
Observe now that: As(n,a) = —Bs(n,«) and:
8a?a —3 4aK( )
Bi(n,a) + Ba(n,a) + Bsz(n,a) = > 3
so that (106) becomes:
2a_9 4aK(a)h
EnJrl - (1 -3 n ) En < QT@?” + Al(nva)én + Bl (’II, Oé)(hnfl - hn)
+B3(n, a)(hnﬂ - hn - §n+1) (108)

Step 2: First observe that comblmng the growth condition 92 with the control of the values by
the energy (namely: E,, > nw, for all n), we have:

hn Wn, E, E,
EN S S S - B

so that applying the following Lemma whose proof is detailed in Appendix B.4:

Lemma 4 For alln > 1 and any (A, B) € R?

V2|B| 4a? E,
Ab, 4+ B(hy_1 —h 2|A+ B 1
+ ( 1 ) < | + | +— /7,11, < + 9sun2> (n 2a
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we can prove that:

A0K(@) P 4 (ny )60 + Br(n, @)ty — hy) < S En (109)
3 n (n — 304)2
and: _
Co(n,a, k) By
B hpt1 — by — O, =11 T 110
3(n7a)( +1 +1) (n+17 236!)2 ( )
where:

2a° | da _
Ci(n, a, k) —2| o —4—a+1+R(n a)|+\/§<|_ ot 3 1+Q(”704)> <1+ 4a? >+4aK(a)

3 VE 9kn? 3kn
(111)
with:
) 4 8a’
IR(a,n)| = |Ai(n,a)+ Bi(n,a) — (202 — — +1)| < 2%
3 3 n
a? 3 —2a? a—3 a?
5 = 5 8 < >
Qe m)] 3n na2(n+oz) * v ‘ n
and:
~ 2 V2 402
C! =(——-1) 44+ — 1+ — 112
Q(naaaﬁ) ( 3 )( + \/E) < + 9/{(71—}—1)2) ( )
Finally observe that since & € [0, 1], for all n > f’ we have:
! <7(1+\F) and ! <t (1+ k) (113)
n— % n+1-—2¢ " n+1
hence:
da 52 2 (& E. = Enpr
Vn > N E,— (1 - ) E, <(1+vVk) Cl(n,am)? —i—Cg(n,a,ﬁ)m .
(114)

Step 3: The last step is to uniformly bound the coefficients Cy(n, o, k) and Csy(n, o, x) with

respect to n. For any n > 2% and a > 3, we have:

3VE
Co(n,a, k) = (2?& -1) <4+:/[%> <1+ £M£Oi1)2>
< g i(?—1>(1+2\/ﬂ)

The calculations to bound the coefficient Cy (n,a, k) are similar but a little more painful. For all
n > 2% we have:

3VR’ )
4@K(a)<2a(a—3) and 4o gl
3kn IvVk 9kn2 ~ 4
. 4o .
so that for all n > eV
5(’110[,%) = 2|§ 2—4064—1+Rna|+\/7—+—1+62(na) 4o —&-4047[(((1)
I B 3 3 9kn? 3kn
5 [2 202 da W 2a(a—3) 415 , 4da
< A/ |l-———t+t5 1 , —FF - |za" = —+1 ,a)| V2
1 ﬁ[ s T3 +Q(n )‘+ 15 +r |3 3 + R(n,a)| V2K



Assuming now that o > 3 + %, we have: —% + %0‘ — 1) = %(a —3)2 — 1, and:

415 4
+1Q(n, @) —&—5 '3042— ?O‘+1+R(n,a)

Ci(n,o,k) < —4/= f(a—3)2—1+%5_3)

5 /22
4V k|9

5

Let The coefficient Cy(n, v, k) can be rewritten as:

Vn > 34%7 Ci(n,a, k) < Z\/Zp(a) [1_,_ ‘Q](;Z;j) n

Studying the variations of the functions o — % and o +— 50‘21;(%, we easily prove that they

are uniformly bounded for any real @ > 3 + %, so that there exists a real constant B > 0 such
that:

(e ey

3

Q(n, @)

Vn = ; < BV/k.
"2 37 P | S wp@) SPVF
Likewise: R ) 5
4o n,o «
Vn = ; : < BV,
"3 ) | S b SPVE
It finally exists some real constants ¢; and ¢s such that for any o > 3 + % and any n > 34\7%,
~ 5 /2 - -
Ci(n,a, k) < 1 EP(a) (1+ &1VE+éak) . (115)

Combining (113) and (115), the inequality (67) holds as expected for any o > 3 + % and without
any condition on k:

4o 2a Ci(a,k)E, Cya,k)Eni1
v 2 o /0 En — 1= . En < : b , =
" 3VE 1 ( n ) n? + (n+1)2
with:
5 /22 8 9 - -
Cila, k) = V= §(a - 3) sa—3)-1 (1+ Vk)? (1 + é1vVE+Ek) (116)
5 12 (2« 9
Co(a, k) = Va3~ 1) (1+VE)?(1+2V2k). (117)
|
B.2 Proof of Lemma 2
Assume that the energy F,, satisfies:
2 _2 Ci(o,K)E Cy(o, K)E,
En . 1— 3 En g ) n ) n+1
o ( n ) n? (n+1)?
ie.: )
Ca(a, k) 3 2 Ci(wk)
<1 — m Epr—(1- - + 2 E, <0. (118)
Let ng > 34%. We then deduce:
n 1_ 2e_2 + Cl(o;n)
vn > no, IOg(En+1) - log(Eno) < Z IOg L Cz(a’,{)k (119)
k=ng 1 - (k+1)2
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Using now the following classical inequalities:

T
1, -2 <log(l+a) < 12
Vo > ’x—i—l_og( +x) <z, (120)
we get:
2 _9  (Oy(a,k) 22 oK)
| 1— 3 ) < _ 3 1 ? 121
og ( A + 2 ) = k + k2 (121)
and Cola, k) Co(a, k)
1 1_ 200, K < 200, K 122
og ( (k+ 1)2> (k+1)2 — Co(a, k) 122
We therefore get:
2a_9 C1(a,k) 2c
1— 3= 4 Sl = -2 Cilayk) Ca (o, K)
lOg k G aﬁk‘ S _ 3 + 2’ + 5 ? (123)
1- (li-(l-l’)z) k K (b +1)* = Calan k)
Hence:
n 22 (oK) Ca(a, k)
log(Ep+1) — log(En,) < — ’ ’ 2
08(Ent1) — log(Ey,) kz < T T 1)2 - Cz(oz,li)) 12y
=ng
Cs(a,k)

We are now going to make use of the fact that the functions =z — %, T ?12 and = — oo
are decreasing functions on (Cy, 400). Observe that all coefficients in the very last inequality are

actually non negative since a > a9 > 3. We then have:

k+1 k
dzx 1 1 dzr
< - < - 1
/k x — Kk’ k2 — /k_l x? (125)
and: -
Co(a, k) / Co(a, k)
< —= ' 7 d 126
Fr 12— Colarm) =Sy = Colarm) ™ (126)
so that:

2 " g " dx ntl dx
log(En1) —1log(En,) < — <3 - 2) /n ?+Cl(0@/€) /n01 ﬁJrCz(Oh/f)/ 22— Colarr)

0 no

Noticing that:

1 1 1 - 1
—Co(a, k) 2 Oy, k) \z — /Co(a, k)  z++/Cala,r) ]’

10g(Ens1) — 10g(Eng ) (2;‘ 2) log( ) + Ci(a, k) ( 01_ 1 i)

am)lo (n+1- CQO[H (no + v/Ca(a, k)) (127)
(n+1+4++/Co(a,k))(ng —/Ca2(e, K))

we eventually get:

le.:

log(Eni1) — log(En)) < — <2§‘ - 2) log (” * 1) +Ci(a, k) ( LI 1) (128)

ng ngp—1 n

Co(a, k) n+1—+/Csoa, k) ng + 1/Ca(a, k)
+ 2 <log <n+1+\/02(a,/ﬁ)> —|—log< CQ(O(,H)))
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Taking the exponential, we get:

n -(%-2) 3 N
Enir < B, ( 7:)1> exp(®(ng) — B(n + 1)) (129)

with:

= COi(a,k) Ca(a, k) n++/Ca(a, k)
(n) = no1 2 1Og<n— Cg(a,m)>'

Let us finally compute a more tractable bound on the function <i>(n) using the inequality log(1 +
z) <z for x <1, we have:

o n+ /Ca(a, k) o 24/Cs(a, k) 24/Cs(a, k)
OSIg(n— Cg(a,m)> lg<1+n— Cg(Ct,/i)) gn— Ca(a, k) (130)

Hence we deduce that:

0 < Ca(a, k) log (n—i— Cg(owi))) < Cy(a, k) (131)

B 2 n—/Cs (0‘7 "{) Co (av H)
Now, using the definition of the coefficients C1(a, k) and Ca(a, k) given in Lemma 1, we get:

Cy(a, k) Cy(a, k) o 2C (o, k) + C’g(a, K)

0<®(n < 132
< ®(n) n—1 n—+/Ca(a, k) n Co(a, k) (132)
2 1 2\/2
> (1+f)2 2P(a) (14 &k + ék) + -1 even
4Tl 1— Cg(a K)
where: P(a) = %(a 3) (( %)a - 3) —1. Observe then that for x small enough and n > 34%,
1 1 Co(a, k)
< <142¥ ="
1— v Ca(a,k) 3\/02((1 K) f o \/E

so that there exists a real constant ¢3 such that for k small enough and o > 3 + % we have:

<1+ G364
Cg(oz,li) X + C3K
n

1-—

4o .

Therefore we finally get for any n > ENGE

N 5 i i 5
®(n) < = \/>(1+\f) ( P(a) (1+ &ivk + ék) + <; - 1) (1 + 2v2r) (14_63%1/4))
(133)
We then deduce that there exists Cs > 0 (independent to «) such that

L P 2(2P( )+2a—1> (1—&-03,%1/4)

3VE an 3
5 2 2

< 2P 1 1/4

an ( (a) + 3)( + Car )

where: 2P(ar) + 2% = Z(a — 3)(12a — 1). Let us introduce:

®(n) = (5571\/3(@ —3) Gga - 1) (1 + 0351/4) .

27



Let a > 3+ f and ng > ﬁ As expected we finally get:

2
1 ~(3-2)
Vn 2= ng, Eny1 < Ep, <n+ ) ) (134)
o
|
B.3 Proof of Lemma 3
Let M,, the mechanical energy:
My = F(ea) ~ F* + o | I”
n = Ty) — — ||y — Tp— .
2s !
Let us prove that for any n € N, we have:
E, 40 da 20 \?
< [14+ =2 M, = M, 135
2sn? ( * 9kn? * 3\/En> < 3\fn> (135)
First remark that:
2 2
2a 2a 2ce
bn = ||=—(tn-1—2")+n(xy —2p1)|| =||=(@n—2")+ n— — | (@n — Tpn_1)
3 3 3
4a? 2 4 2
= gl =@t P (0= T en — @I+ 0 = T — @0 — 20m)
402 y 4o 2c %
< —llen—2 H2 —|—n2||mn Ln— 1” + (= )T — 2", 20 — Tp1)
9 3 3
Using a discrete version of the inequality (80), we have:
Hxn — 2%, 2 — 2p1]) < ?”xn - 1'*”2 f”In l’n—1||2 (136)
so that:
2an
b < 20 o= 2 o a4 207 (Vi a7 P+ el = i) (13)
\/>
Hence:
E, N 1
gon? = T = g
202 N o " 1
= Mn + m HfEn — X ||2 + % (\//2”1"” — X ||2 + ﬁ“fﬁn - JCTL_1||2>
Using now the quadratic growth condition gﬁ and remembering that: sy = k, we get:
E, 40 da 20 \?
< (1+2 + 22 VYm, = (1 M,
2sn? ( + 9kn? * 3\/En> ( + 3vEn )
B.4 Proof of Lemma 4
Let us prove that for all n > 1 and any (4, B) € R?
B 2 E,
A6y + B(hn—1 —hn) < | 2|A+ B| + V2BLY (), da — (138)
NG 9spun? ) (n — 2*)2
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Firstly notice that

Ab, + B(hp—1—hyp) = (A4 B)op + B(hp—1 — hyp — 0y) (139)
and for any 6 > 0
|hn—1 — hp — 0| = 2|{(xpn — Tp—1,Tpn — 27)| < %l + 09,,. (140)

Combining the last two inequalities, it follows that for any 6 > 0:

Abp + B(hp—1 — hn) < (A+ B+ 0|B|)d, + %hn (141)

To bound the coefficient of d,, we use a specific expression of b,,:

2
20 (o — 2+ (1= 22 (i — 1)

b, =
‘3 3

Applying the inequality [[ul|® < 2[ju +v[*+2]v]|* to u = (n—22)(zy—2p—1) and v = 2 (2, —2*),
we get:

2 2
(n— ?O‘) G < 26y + —83 B (143)

It follows that )

2 S8a
on < —50n + —hn (144)
(n—%)? 9(n — 5)?
and thus
2 |B| 8a?

A8, + B(hp_1 — hy) < (JA+ B| 4 0| B|) ————b,, — ) h, 145
# B0y~ < 14+ B+ 1B gt (4 s Y ()

Using now the growth condition h,, < ﬁwn for all n € N, we get:

2 1B| 8a?
Aén -I-B(hn,l — hn) < (|A+B| +0|B|)ﬁb + S,LLH + m Wn, (146)
3

Choosing 0 = \/2157 we finally deduce:

B bn 2|B 2|B 402
Abp+B(hn-1=hn) < (2|A+B|+f| ) )2+<‘[| |+(2|A+B|+\ﬂ | = >w

v -z Vo) Dspln — %2
(147)
and /s
2|B| 402 E,
Abp + B(hp—1 — hy) < <2|A+B| + NG > (1+ 95;m2> (n— %})2, (148)

which concludes the proof of the lemma.

C Sketch of the proof of Theorem 7

The proof of Theorem 7 follows the same line than the proof of Theorem 6, and is based on the
following Lyapunov energy:

En = 25m?(F(aa) = F* + | S (@ncs = %) + (0 — e - mn,l)HQ. (149)

As in the proof of Theorem 6, the first step of this proof consists in establishing some discrete
version of the differential inequality (87):
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Lemma 5 Let a > 4 + 22 and k = %. There exists ko > 0 such that for any k < ko, there

exists some real constants ¢; and ¢z such that:

730[ a—2 E En+1
> —(1- < _Ent1
Vn > SN Enia (1 - > E, < Ci(a, n) + Ca(a, k) 1) (150)
where:
Cl(Oé,KJ) = %(a— 2)(2a _ 1) [1 +51\/E+521<;} (1 + \/E)Q (151)
19(

Cy(a, K) 2" (14 11Vk) (1 + k). (152)

72V 2k

As in the proof of Theorem 7, the next step consists in integrating the inequality (150):

Lemma 6 Let a >4+ 2v2 and ng > ;’ﬁ If E,, satisfies (150) then there exists a real constant
C3 > 0 such that:

no a—2 n
Vi > ng, En < Enp (;> e2(n0) (153)
with 19(cr — 2)(3a — 2)
o — o —
®(n) = 14 Csrt/4). 154
() 24n+2x ( - ) (154)

The proofs of Lemma 5 and Lemma 6 are very similar to those of Lemma 1 and Lemma 2 and are
omitted here. They can be found in [7].

A good choice for ng is one ensuring a control as tight as possible on the values F(x,) — F*.
For that ng is chosen such that it minimizes the function f : z — z®~2e®®) A straightforward
computation gives:

19(3
ng = 12030 —2) (1+03/-@1/4). (155)
C4V2k
Observe that f(ng) = (e no)af and that for any a > 4+ 2/2, the optimized value of ng satisfies:
ng > 3 f without any condition on s and that reducing k¢ if needed, we get:

3o 19(3a -2) 1 Sa
>4+ 22, 14 C3rt/t) < ——=. 156
N TVl G A (156)
Hence: 5 P B
o * n 7, no\“ 42
Vn 2 —=, Flzn) — F(27) < <5 (— 157
" 2k (@n) (@) 2sn?  2sn3 (n) (157)
i.e.:
Sa E 5a¢ \“
Vn> ——, F(z,) - F(z*) < -0 158
" V2K (@) (@) 2se2n? ( an) (158)

[e3

Uniformly bounding the energy E,, and noticing that: S0 T < %, we have:

En, a \? 16
2sn3 ( + 2n0\/E> 0 0

where M,, denotes the potential energy: M,, = F(z,,) — F*+ ||z, —2,_1||%. Since the mechanical
energy associated to the Nesterov scheme is non-increasing (see [14, Corollary 2]) and z_; = zy,
we then get:

5o 16 S\
> ——, F(z,) - F(z") < ~? M. 1
Vn o () (") 9 (e 2n\/ﬁ> e 0 (159)
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