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Large Eddy Simulations (LES) of an over-expanded conical nozzle are performed to study the complex interaction between the turbulent boundary layer, the internal shock wave and the separated mixing layer. Both wall-modeled (WM) and wall-resolved (WR) LES strategies are employed to investigate the three-dimensional unsteady aspect of shock-wave boundary-layer interaction (SWBLI). First, a comparison of flow behavior in a conical nozzle against an equivalent planar nozzle is made. It was found that whilst both configurations may share common flow features such as large-scale turbulent structures and shock-wave patterns, they show contrasts on the symmetry of the flow and the shock dynamics. In particular, the latter was found to have a shorter excursion length in conical nozzle compared to the planar one. The strong adverse pressure gradient tends to reduce the amplitude of the shock movements in conical flows. Additionally, the dynamic mode decomposition (DMD) analysis showed the existence of two unsteady modes; the non-helical modes which are low-frequency based, appearing mainly in the streamwise forces and the helical

Introduction

With the renewed interest in supersonic flights, studying supersonic nozzle flows is becoming of such importance especially for reusable rocket launchers. As a matter of fact, during the take-off and the first phase of flights, the ratio between the atmospheric pressure and the nozzle exit pressure is significantly higher than the nominal ratio. The nozzle then operates in an over-expanded regime. The boundary layer at the wall no longer withstand the adverse pressure gradient and separates from the wall, creating thereby an oblique shock. The distribution of this separation is often random, making the flow asymmetrical and promoting the appearance of lateral (or side) charges. Besides, the fluctuations in the values and directions induced by this separation can affect the characteristics of the resulting thrust vector and adversely affect the overall performance of the vehicle. These unsteady phenomena occur at low frequencies which may involve scales that are likely to constitute a source of aerodynamic excitation of certain eigenmodes of the structure and be detrimental to its integrity. Lateral forces are therefore a limiting factor in the design of nozzle geometries, since they generally result in a choice of thicker (and therefore heavier) nozzles. In such nozzle flows, additional instabilities may also occur resulting from different sources including the boundary layer, the mixing layer and the recircula-tion zones, which makes this flow quite complicated and challenging to study. To this end, many studies have been conducted to shed more light on these complex phenomena. In terms of flow separation, two type of configurations can be found; Free Shock Separation (FSS) and Restricted Shock Separation (RSS). The transition between them leads to a sudden change in the wall-pressure distribution resulting in strong side-loads generations [START_REF] Hadjadj | Numerical study of shock/boundary layer interaction in supersonic overexpanded nozzles[END_REF][START_REF] Hadjadj | Nozzle flow separation[END_REF][START_REF] Zmijanovic | Assessment of transition regimes in a dual-bell nozzle and possibility of active fluidic control[END_REF]. A literature review of shock-wave boundary layer interaction (SWBLI) brings clear evidence of the existence of broadband and energetically-significant low-frequency oscillation (LFO) in the vicinity of the separated shock. This phenomenon which is associated with complex flow structures, including vortex shedding, jet oscillations and multiple shock reflections, was investigated by many researchers [START_REF] Zaman | Investigation of a transonic resonance with convergent-divergent nozzles[END_REF][START_REF] Han | Assessment of a hybrid RANS/LES simulation method and URANS method in depicting the unsteady motions of flow structures in a scramjet combustor[END_REF][START_REF] Bourgoing | Experimental analysis of unsteady separated flows in a supersonic planar nozzle[END_REF][START_REF] Touber | Large-eddy simulation of low-frequency unsteadiness in a turbulent shock-induced separation bubble[END_REF][START_REF] Weipeng | Large-eddy simulation of shock-wave/boundary-layer interaction control using a backward facing step[END_REF][START_REF] Johnson | Instability of shock-induced nozzle flow separation[END_REF][START_REF] Olson | Large-Eddy Simulation of an over-expanded planar nozzle[END_REF][START_REF] Verma | Analysis of shock unsteadiness in a supersonic over-expanded planar nozzle[END_REF][START_REF] Dussauge | Unsteadiness in shock wave boundary layer interaction with separation[END_REF][START_REF] Dupont | Space and time organisation of a shock wave/turbulent boundary layer interaction[END_REF]. Two main categories of LFO mechanisms can be broadly found: The first points out the influence of the upstream boundary conditions through the incoming boundary layer [START_REF] Ganapathisubramani | Effects of upstream boundary layer on the unsteadiness of shock-induced separation[END_REF], while the second concerns the downstream influence via the interaction between the separated boundary layer, the recirculation region, and the shock system. In their experimental studies of SWBLI over a compression ramp, Ganapathisubramani et al. [START_REF] Ganapathisubramani | Effects of upstream boundary layer on the unsteadiness of shock-induced separation[END_REF] reported the existence of very long coherent structures of fifty boundary-layer thicknesses long in the upstream boundary layer. They found a correlation between the low-frequency response of the separation point and these large-scale regions of the incoming turbulent boundary layer. Furthermore, the structures are found to scale with ū/2λ, where ū is the upstream free-stream velocity and λ is the size of the structure. This scale was confirmed when comparing with the work of [START_REF] Dupont | Space and time organisation of a shock wave/turbulent boundary layer interaction[END_REF]. In addition, Ünalmis et al. [START_REF] Ünalmis | Decay of wall pressure field and structure of a Mach 5 adiabatic turbulent boundary layer[END_REF] considered the LFO as a result of thickening and thinning of the upstream boundary layer. This hypothesis as refused later by Beresh et al. [START_REF] Beresh | Relationship between upstream turbulent boundary-layer velocity fluctuations and separation shock unsteadiness[END_REF]. The later found a correlation between the LFO of the shock and the upstream velocity fluctuations for the same configuration of a compression corner. However, many studies can be found in the second category. They may defer in the mechanism in which the low-frequency phenomena occur but they are all produced by the downstream conditions. Piponniau et al. [START_REF] Piponniau | A simple model for low-frequency unsteadiness in shock-induced separation[END_REF] propose a model which explains breathing of the separation bubble and low-frequency shock motion in terms of fluid entrainment in the mixing layer, whereby fluid from the separation bubble is continuously entrained in the mixing layer, shed downstream, and must be replenished at a time scale corresponding to the low-frequency shock oscillations. Daussage et al. [START_REF] Dussauge | Unsteadiness in shock wave boundary layer interaction with separation[END_REF] considers the eddies in the separated region as the main excitation source of the LFO. Pirrozoli et al. [START_REF] Pirozzoli | Direct numerical simulation of impinging shock wave/turbulent boundary layer interaction at M = 2.25[END_REF] proposed that the LFO may be produced by acoustic disturbance resulting from the interaction of the coherent structures, shed by the mixing layer next the separation point, and the incident shock. Zaman et al. [START_REF] Zaman | Investigation of a transonic resonance with convergent-divergent nozzles[END_REF] investigated experimentally and theoretically the shock-wave oscillation in transonic diffusers. They concluded that the mechanism creating those low-frequency oscillations is stimulated by acoustic resonance, where the low-frequency mode corresponds to the case when the one-quarter wavelength is fitted within the approximate distance from the foot of the shock to the nozzle exit. The same conclusions were made by Johnson et al. [START_REF] Johnson | Instability of shock-induced nozzle flow separation[END_REF] when investigating, experimentally, the flow in a supersonic planar nozzle. Olson et al. [START_REF] Olson | Large-Eddy Simulation of an over-expanded planar nozzle[END_REF] investigated the same nozzle as [START_REF] Johnson | Instability of shock-induced nozzle flow separation[END_REF] numerically and confirmed the previous findings. Martelli et al. [START_REF] Martelli | Characterization of Unsteadiness in an Overexpanded Planar Nozzle[END_REF] found, for the same nozzle, that the self-sustained oscillation is driven by a pressure imbalance between the pressure level downstream the shock and the ambient. Based on the above, it is clear that supersonic nozzle flows, and in particular the associated low-frequency unsteadiness, are still an active research field where no consensus on their origin is found. Intending to shed more light on this complex flow, three-dimensional large-eddy simulations are used in this study. Both wall-resolved WR-LES and wall-modeled WM-LES are used to simulate an over-expanded conical nozzle. A comparison is made with an equivalent planar nozzle. The objective is to gain insightful understanding of the SWBLI phenomena and the LFO in nozzles by means of high-fidelity large eddy simulations. A dynamic mode decomposition is also performed for further analysis of the unsteady aspects of the SWBLI phenomenon.

The present paper is organized as follows. The governing equations and the numerical method are presented in the next section 2. Then, the simulation setup will be presented. Right after, the results and the discussion will be introduced. The last section will be devoted to the DMD analyses, performed based on the spectral analysis results. Concluding remarks are given at the end of the paper.

Governing equations and numerical method

In this section, an LES methodology in curvilinear coordinates is developed in which a curvilinear coordinate system and domain decomposition are used to treat accurately complex geometries. The starting point is the filtered Navier-Stokes equations written in arbitrary curvilinear coordinate systems, which implies a transformation from the computational to the physical space. However, the computational space needs an additional transformation to reconstruct the physical space employ-ing the following mapping transformation ξ i = (ξ, η, ζ). By mapping the chain rule and using metrics, we have :

∂ ∂x ∂ ∂y ∂ ∂z T = J ∂ ∂ξ ∂ ∂η ∂ ∂ζ T (1) 
where J = ∂(ξ, η, ζ)/∂(x, y, z) is the Jacobian matrix of the transformation. The governing equations are then written in the conservative form as follows:

∂ρ ∂t + ∂ρ U j ∂ξ j = 0 (Continuity) J ∂ρ u i ∂t + ∂ρ u i U j ∂ξ j = - ∂J ξ j i p ∂ξ j + ∂J ξ k j τ ij ∂ξ k - ∂J ξ k j τ ij ∂ξ k (Momentum) J ∂ρ e ∂t + ∂(ρ e + p) U j ∂ξ j = ∂J ξ k i τ ij u j ∂ξ k - ∂J ξ k j qj ∂ξ k - ∂J ξ k i τ ij u j ∂ξ k (Energy)
with:

τ ij = µ(T ) ξ l i ∂ ũj ∂ξ l + ξ l j ∂ ũi ∂ξ l - 2 3 δ ij ξ l m ∂ U m ∂ξ l (3) qj = -λ(T ) ξ l j ∂T ∂ξ l , (4) 
where ρ, u i , U j , p, T and e are the filtered density, velocity components, j th contravariant velocity component, pressure, temperature and total energy, respectively.

The subgrid shear-stress tensor, τ ij , and the subgrid heat-diffusion flux, qj , are modeled according to the eddy-viscosity hypothesis [START_REF] Germano | A Dynamic Subgrid-Scale Eddy Viscosity Model[END_REF][START_REF] Lilly | A Proposed Modification of the Germano Subgrid-Scale Closure Method[END_REF]. µ(T ) and λ(T ) are the viscosity and the thermal conductivity corresponding to the filtered temperature T and δ ij is the Knonecker's symbol. Note that the generalized form of the equations contains three times more terms than the Cartesian ones, implying an extra computational time. Although the conical nozzle is best described in cylindrical coordinates, this choice comes with the centerline-singularity issue and the associated time-step restriction. A possible compromised solution is to use a domain decomposition (DD) method. The basic idea of the DD method used in this work is detailed in [START_REF] Piquet | A Parallel High-Order Compressible Flows Solver with Domain Decomposition Method in the Generalized Curvilinear Coordinates System[END_REF]. As for the wall modeling strategy, we use a wall model which combines two well-known wall models of Kawai et al. [START_REF] Kawai | Johan Dynamic non-equilibrium wall-modeling for large eddy simulation at high Reynolds numbers[END_REF] and Duprat et al. [START_REF] Duprat | Olivier A wall-layer model for large-eddy simulations of turbulent flows with/out pressure gradient[END_REF].

The first model is suitable for equilibrium boundary layers at high Reynolds number and non-equilibrium shock/boundary-layer interaction problem, while the second one allows to better account for the presence of streamwise pressure gradient. Following the present methodology, improvements of the mean pressure profile have been obtained, mainly in the recovery regime downstream of the separation zone [START_REF] Zebiri | Shock-Induced Flow Separation in an Overexpanded Supersonic Planar Nozzle[END_REF].

Simulation setup

The code used in this work is a curvilinear explicit finite-difference Navier Stokes solver with WCNS (Weighted Compact Nonlinear Scheme) /Central hybrid scheme for space discretization and RK4 (4th-order Runge Kutta) for time integration. The code uses the HDF5 library for IO and the MPI library for parallelization, it also uses the wall-model developed in [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF]. Fig. 1 shows the wall-resolved grid representation with the two overlapping grids. The internal grid, Ω 1 , uses constant spacing in both y and z directions, while the external grid Ω 2 is stretched in the radial direction to ensure WR-LES grid resolution close to the wall. The overlapping limit between the two grid is set to R Ω 1 = 0.6 R(x), where R(x) is the outer radius of the cross section at the streamwise position x. The buffer zone between the inlet and the throat is approximately 28 inlet BL thickness δ i , allowing sufficient extent for the boundary layer to develop. The outside domain is similar to the planar nozzle flow of [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF] with 25H t length where H t is the nozzle-throat height. For convenience, all figures presented in this paper will use the classical wall-normal notation y equivalent to the radius coordinates y = (r -R Ω 1 ) cosθ. The angular/spanwise direction θ will be represented by the z-direction with z = (r -R Ω 1 ) sinθ, unless otherwise specified.

The incoming boundary layer characteristics are similar to the planar case [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF].

The Reynolds number Re = u i,∞ R t ν i,∞ 90000 
, where u i,∞ , ν i,∞ and R t are the inlet freestream velocity, the kinematic viscosity and the nozzle throat radius, respectively.

The boundary layer conditions at the inlet, use in this work, are the same as [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF],

using the inflow technique of Xie and Castro [START_REF] Xie | Efficient generation of inflow conditions for large eddy simulation of street-scale flows[END_REF] extended to compressible flows by [START_REF] Touber | Large-eddy simulation of low-frequency unsteadiness in a turbulent shock-induced separation bubble[END_REF]. The method has been adapted for the cylindrical coordinates r-θ. For the outlet boundary condition, we use a buffer area combined with pressure far-field boundary conditions to damp the acoustic waves. Both wall-resolved and wall-modeled simulations are conducted using the same boundary layer parameters compared to the planar flow [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF].

The product δ R (R being the curvature of the wall and δ the boundary layer thickness at the point of maximum curvature) is close to zero due to the high radius of curvature of the divergent section. Thus, the present wall-model from [START_REF] Zebiri | Shock-Induced Flow Separation in an Overexpanded Supersonic Planar Nozzle[END_REF][START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF] can be used for the present configuration as long as the transverse curvature compared to the boundary layer thickness is low enough, i.e. δ R < 0.25. In the present study, the characteristic surface-curvature parameter is about δ th R = 0.05.

To make the comparison more meaningful, we kept the same incoming boundary layer as in the planar case of [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF]. Also, the shock position must be similar for both nozzles. In order to fit the shock position of the planar case, two solutions are proposed: (i) the nozzle geometry is kept but the pressure gradient across the boundary layer will be changed. (ii) The pressure gradient follows the planar case while the geometry (area ratio ε) is decreased. Since reducing the divergent angle to the adequate value ( second solution) leads to a pipe flow (ε = 1.2), the first solution is decided. Furthermore, the NPR is adjusted according to the isentropic relation and set to 2.0, so that the isentropic profiles between the planar and the cylindrical nozzles are the same.

The grid configurations for both WR-and WM-LES is shown in table 1. The wall-unit grid spacing is similar to the planar case of [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF]. The angular spacing in wall units R∆θ + = 20 is set up to match the value of the planar nozzle flow. From the literature [START_REF] Unger | Numerical simulation of fully developed turbulent pipe flow[END_REF][START_REF] Eggels | Direct numerical simulation of turbulent pipe flow[END_REF][START_REF] Rudman | Large eddy simulation of turbulent pipe flow[END_REF][START_REF] Xu | Large eddy simulation of compressible turbulent pipe flow with heat transfer[END_REF], the angular spacing in LES of pipe flow should be in the range of 15-40. The number of points of the internal grid Ω 1 is set as an odd integer, so that we get the centerline aligned with the grid. The wall-normal r-direction is stretched in the wall-resolved case to match the resolution near the wall, i.e. ∆y + < 1.

As for the planar case of [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF], the WR-and WM-LES are initialized using the Klein method [START_REF] Klein | A digital filter based generation of inflow data for spatially developing direct numerical or large eddy simulations[END_REF]. The results are averaged using slices extracted from the simulation during a dimensionless time (t = t.u i,∞ /δ i ) t ∼ 4000 for the wall-resolved simulation 154 and t ∼ 18000 for the wall-modeled simulation.
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Results and discussion

Incoming boundary layer

In the present LES, the incoming boundary layer is not fully-developed across the section. The boundary layer thickness is about 5% of the radius at the throat. Fig. 2-a shows the Van Driest velocity profiles downstream of the inlet at x/δ i = -10 for the wall-resolved simulation. The velocity in the overlap region and the outer layer is shifted upward compared to the planar flow but the slope of the log-law follows the planar case. It confirms the conclusions on the pipe flow of [START_REF] Piquet | A Parallel High-Order Compressible Flows Solver with Domain Decomposition Method in the Generalized Curvilinear Coordinates System[END_REF] where the Von Karman constant κ of the log-law is constant and the coefficient C is affected by the transverse curvature effects.

Conversely, Fig. 2-b shows the second-order statistics along the wall-normal direction where all the solutions show a good agreement between the cylindrical and the planar flow from [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF]. For fully-developed pipe flow, the effect of transverse curvature can be important on the wall-normal Reynolds stress and the wall-normal r.m.s fluctuations [START_REF] Ghosh | Compressible turbulent channel and pipe flow: similarities and differences[END_REF]. In the present wall-resolved simulation, the wall-normal Reynolds stress is similar to the planar nozzle flow. Second-order statistics do not seem to be influenced by the wall curvature.

Fig. 3 shows the wall turbulent structures at y + ∼ 20. The streaks observed in [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF] are again captured by the wall-resolved LES. The effect of the synthetic boundary condition is captured in the region extending from the inlet to x/δ i ∼ -15

corresponding to the length of the coherent structure observed by [START_REF] Xie | Efficient generation of inflow conditions for large eddy simulation of street-scale flows[END_REF] of about 10-15 δ. Downstream of the throat, the turbulent structures seem to be affected by the favorable pressure gradient present in the divergent section of the nozzle. One can also notice a small difference in the separated region where the wall-resolved distribution is smoother than the wall-modeled one. This behavior is due to stronger compression waves in the wall-modeled simulation in the interaction zone upstream of the separation point. As explained in [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF], the coarse grid of the wall-modeled case reduces the length of interaction and increases the strength of the compression waves.

u + x = y + u + = 1 κ l o g ( y + ) + C u + V D y + ( 
Fig. 6 shows the root mean square (r.m.s ) of wall pressure p for the WM-LES.

The p is slightly reducing along the boundary layer upstream of the separation. At the separation, i.e. x/δ i = 37.1, the p is intermittent in the interaction zone, as explained by [START_REF] Kistler | Fluctuating wall pressure under a separated supersonic flow[END_REF]. In fact, the wall pressure jumps back and forth between a lower mean value p 1 in the region ahead of the separation and a higher value p 2 in the separated region as observed by [START_REF] Kistler | Fluctuating wall pressure under a separated supersonic flow[END_REF] follows:

p = p 2 + (1 -) p 1 (5) 
where = (p/p 1 -1)/(p 2 /p 1 -1) is the intermittent factor with p is the mean pressure at the point of interest.

The mean-square fluctuation p 2 around the wall mean pressure can be predicted using Kistler's equation from [START_REF] Kistler | Fluctuating wall pressure under a separated supersonic flow[END_REF]: 

p 2 = (1 -) (p 2 -p 1 )
Kistler's function is plotted along with the present WM-LES computation (Fig. 6), the result indicates that the theoretical function is accurately capturing the fluctuations of the pressure field within the interaction length. Fig. 7-a shows the separation location for both wall-resolved and wall-modeled simulations. The separation location x s is given by the location where the near-wall velocity becomes negative; u w (x s (t), t) < 0 with u w is the θ-averaged streamwise velocity at the first point near the wall [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF]. The amplitude of the separation line is moderate compared to the planar nozzle. In the cylindrical nozzle flow, the amplitude of the separation line is of the order of two boundary-layer thickness magnitude compared to eight in the planar case. The difference of the separation magnitude is due to the strong adverse pressure gradient developing upstream of the separation that acts on the boundary layer in the planar case. Fig. 7-b shows the normalized spectrum of the separation location. Three peaks of energy can be extracted from this spectrum. The tone at a Strouhal number (S t = f.δ i /u i,∞ ) of S t = 0.0067 is the most energetic one and can be assimilated to the resonant tone illustrated in [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF].

Zaman proposed the following correlation to compute the resonant tone:

f r = c 2 0 -u 2 e 4 c 0 L s,e , (7) 
with U e and c 0 are the averaged velocity at the nozzle exit and the speed of sound, respectively. L s,e is the length between the mean separation location and the nozzle exit. This equation can be used for the present cylindrical nozzle as it fits the requirements proposed by Zaman (mild opening angle of divergent, low-Reynolds number, subsonic Mach jet). The predicted Strouhal number of resonance can be computed by:

St = 1 -M 2 e M e δ i 4L s,e , (8) 
where M e is the averaged Mach number at the nozzle exit. The computed Strouhal number of resonance is about 0.007 which is close to the peak of energy observed in Fig. 7-b. The two-way coupling between the separation and the nozzle exit seems to fit one-quarter wavelength as observed in the planar nozzle flow [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF].

A second peak can be observed around Strouhal number 0.015 is due to the recirculation bubbles developing in the separated zone upstream of the nozzle exit.

Above St = 0.015, the spectrum collapses and no energy can be extracted from the high-frequency range.

Side-loads analysis

The streamwise force (F x ) and side-loads (wall-normal force F y , span-wise forces F z ) are computed using the following relation [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF]:

F = S (p w -p a ) • n ds, (9) 
where p w is the wall pressure, p a the ambiant pressure, ds the local surface element where the force apply, n i the normal vector to the surface and S the total surface of the nozzle. The forces are integrated along the azimuthal direction θ from the inlet to the exit of the nozzle. Table 2 shows averaged and r.m.s forces in each directions. The averaged y-and z-direction forces are close to zero, which means that the exhaust plume is, on average, mostly symmetric. The side-loads, i.e. ydirection and z-direction forces, can be combined to form a resultant vector (F n ).

F n = F 2 y + F 2 z , (10) 
The angle (Θ F ) between F y and F z using: they follow a two-dimensional Gaussian distribution with equal variance, and zero mean which fits the Rayleigh distribution: with x is a random value of the side-loads amplitude and σ is the r.m.s level of the amplitude.

Θ F = tan -1 F z F y . (11) 
f (x; σ) = x σ 2 exp -x 2 /(2 σ 2 ) , (12 
F i / F i t (a) -2 0 2 -2 0 2 F z /F z,rms F y /F y,rms (b) 
The computed side-loads probability density function, depicted in Fig. 9, is compared with experimental results and URANS data from [START_REF] Deck | Unsteady side loads in a thrust-optimized contour nozzle at hysteresis regime[END_REF]. The present LES seems to indicate that the distribution of the side-loads amplitude follows a Rayleigh distribution as proposed by many authors [START_REF] Dumnov | Unsteady side-loads acting on the nozzle with developed separation zone[END_REF][START_REF] Terhardt | Flow separation and side-load behavior of truncated ideal rocket nozzles[END_REF][START_REF] Deck | Numerical simulation of side loads in an ideal truncated nozzle[END_REF][START_REF] Deck | Unsteady side loads in a thrust-optimized contour nozzle at hysteresis regime[END_REF]. The scale parameter σ ∼ 0.8862 fits reasonably the prediction of the Rayleigh distribution function (< 0.1%) where the URANS computations of [START_REF] Deck | Unsteady side loads in a thrust-optimized contour nozzle at hysteresis regime[END_REF] was about 2%. These correlations shows that the two components of side-loads are not correlated. Thus, the side-loads do not have any twirling movement and the angle of the force is acting randomly on the structure of the nozzle. 

St F(φ) * = St F(φ) St St F(φ) dSt . ( 13 
)
As observed in the planar case [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF], the streamwise force is sensitive to the lowfrequency oscillations of the separation line while the side-loads seems to be receptive to the higher frequency ranges. The same peaks observed in Fig. 7b are captured in the streamwise force spectrum. The main tone computed by the spectrum is about St = 0.0067, similarly to the previous analysis of the separation location. The second peak at St = 0.016 is also captured within the streamwise force. Another peak of energy is observed in the high-frequency range at St = 0.1. As observed in the planar nozzle [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF] and according to literature [START_REF] Dupont | Space and time organization in a shockinduced separated boundary layer[END_REF][START_REF] Touber | Large-eddy simulation of low-frequency unsteadiness in a turbulent shock-induced separation bubble[END_REF], the fluctuations of about a tenth of the Strouhal number originate from the mixing layer downstream of the separation.

A mild peak is also noticeable in the low-frequency range at St 2 × 10 -3 . This The side-load spectrum is plotted in Fig. 11. Similarly to the planar nozzle Case respectively, the main peak is found at St D 1. According to the previous studies [START_REF] Tanna | An experimental study of jet noise part ii: shock associated noise[END_REF][START_REF] Bodony | Current status of jet noise predictions using large-eddy simulation[END_REF][START_REF] Bühler | Simulation of subsonic turbulent nozzle jet flow and its near-field sound[END_REF], the nozzle lip is known to generate trailing-edge noises at St D = 1. This noise affects the exit pressure field which generates acoustic waves upstream through the subsonic recirculation area (Fig. 15). Changing the lip curvature or reducing the flange width could lead to a shifted range of frequencies as observed by [START_REF] Ponton | The effects of nozzle exit lip thickness on plume resonance[END_REF].

F x /F isen F n /F isen F x,
Based on the side-load spectra, one can characterize and identify the origin of the peaks. As for the planar flow [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF], time-resolved probs along the circular wall are used. The probs capture a large range of frequencies from Strouhal number 10 -4 to 10. peak captured at St = 6.7 × 10 -3 similar to the peak observed in the separation spectrum (Fig. 7). The resonant tone is also captured at the nozzle exit along with the recirculation bubble St = 1.6 × 10 -2 and with the trailing-edge noises at St = 4 × 10 -2 . Fig. 13 shows the frequency analysis using the centerline slice. For each point in the x-y plane, the Strouhal number associated with the maximum energy from the normalized pressure field spectrum is displayed using iso-contours values of the different phenomena captured. A color is associated with each phenomenon,

• St = 0.0067, the resonant tone predicted by [START_REF] Zaman | Investigation of a transonic resonance with convergent-divergent nozzles[END_REF] is captured at the separation, in the λ-shock and in the second shock train at x/δ i ∼ 50. It is interesting to notice that the second shock oscillates at the same resonant tone compared to the first λ-shock (Fig. 14).

• St = 0.016, the subsonic flow downstream of the separation, at x/δ i ∼ 60, is trapped between the mixing layer and the wall producing small unsteady eddies oscillating at this specific frequency. This phenomenon is strongly impacting the lateral forces (side-loads).

• St = 0.04, the trailing-edge noises from the lip is captured at the nozzle exit and in most of the atmosphere, as explained by [START_REF] Bühler | Simulation of subsonic turbulent nozzle jet flow and its near-field sound[END_REF]. The frequency at which noises are captured is similar to the vortex shedding phenomenon taking place outside of a nozzle jet plume.

• St = 0.1, the mixing layer developing from the separation to the exit is observed at this frequency as explained in section 4. Helmholtz vortices impact the exit conditions, modifying the effective exit area and the position of the separation shock.

• St = 1, upstream of the separation, the pressure fluctuations are dominant in the range of turbulent boundary layer (fig. 14) frequencies. The position of the shock is slightly correlated with the upstream condition. However, the asymmetry of the separation is strongly influenced by the incoming boundary layer turbulence, particularly observed in the planar flow.

Dynamic Mode Decomposition

A DMD analysis is conducted in order to identify the selected frequencies in the spectra and to link them with the corresponding physical phenomena.

Given the wide range of frequencies involved in this flow (see Fig. (MrDMD) [START_REF] Kutz | Multiresolution Dynamic Mode Decomposition[END_REF] is used. The algorithm is able to split robustly the complex systems into a hierarchy of multi-resolution time-scale components.

Over 500 equid-time spaced snapshots of pressure fluctuations p are used and sampled at St = 1 which gives a Nyquist frequency of St = 0.5. Each snapshot is a full 3D flow field (the entire flow; inside, outside, and downstream of the nozzle).

Thus, the entire range of frequency from Fig. 10 and Fig. 11 is covered.

The objective of this analysis is indeed to look for the energetic modes which appear in the different spectra presented, more particularly, we look for the ways in which these modes behave, how and where they act precisely.

First, let us take a quick look at the shape of the modes that we found. In fact, one distinguishes mainly two varieties of mode; non-helical modes and helical modes. Non-helical modes (flopping modes) are low-frequency modes which appear in the spectra of the stream-wise forces Fig. [START_REF] Olson | Large-Eddy Simulation of an over-expanded planar nozzle[END_REF]. However, helical modes are highfrequencies modes compared to the first type; they appear in the spectra of the side-loads Fig. [START_REF] Verma | Analysis of shock unsteadiness in a supersonic over-expanded planar nozzle[END_REF]. The degree of torsion of structures, in this type of modes is noticed to be a function of frequency, the higher is the frequency, the greater is the torsion. Fig. (16-c, 20, 21-c) Another important remark to be mentioned concerns the shape of the structures of the modes outside the nozzle. One can notice that for some modes the structures are larger and united whereas for some it is the opposite, in fact, the structures are smaller and divided into several parts, these modes are harmonies of the first type of modes. Now, we try to truck the frequency peaks appearing in both Fig. (10 ,11 ) and highlight the physical meaning of each mode. The mode corresponding to St = 0.0028: This mode observed at a very low frequency is essentially related to the shock structures as shown in Fig. [START_REF] Beresh | Relationship between upstream turbulent boundary-layer velocity fluctuations and separation shock unsteadiness[END_REF]. With the presence of a Mach disc rotation and a very slow convection downstream, this mode can be considered as a standing mode as already explained by Larusson [START_REF] Larusson | Dynamic Mode Decomposition of a Separated Nozzle Flow with Transonic Resonance[END_REF].

The structures observed in this mode are initially normal, but little by little, they will form under elongated helical structures which stretch between the downstream of the shocked zone and the exit of the nozzle. Fig. (16-c).

The mode corresponding to St = 0.0068: This mode, defined as the main tone, is a witness of many physical phenomena such as shock system oscillations and the Mach disc rotation Fig. (17-a,-b). It is also a witness of the presence of some acoustic waves that propagate downstream. The way in which these waves move was already described by [START_REF] Jovanović | Sparsity-promoting dynamic mode decomposition[END_REF]. Worthy of being recalled, the hopping movement of the waves starts from this frequency and becomes more and more important as the frequency increases.

The mode corresponding to St = 0.0168: the animation of this mode reveals the presence of a very intense convective activity outside the nozzle, with structures that hop, more clearly, when moving downstream towards the atmosphere. This mode can be associated mainly with the shock train and some recirculation bubbles located downstream of the shocked region as shown in Fig. [START_REF] Pirozzoli | Direct numerical simulation of impinging shock wave/turbulent boundary layer interaction at M = 2.25[END_REF]. The structures observed, here in this mode, show a tendency to be helical from the beginning, but with a lesser degree of torsion.

The mode corresponding to St = 0.019: This mode is very similar to the previous mode but it is more energetic, as a result, it is strongly damped. The only remarkable difference comparing to the previous mode is the presence of more evident helical structures and more explicit hopping movement Fig. [START_REF] Martelli | Characterization of Unsteadiness in an Overexpanded Planar Nozzle[END_REF].

The mode corresponding to St = 0.0396: Several physical phenomena can be noticed during the animation of this mode, starting with the back flow noticed in the atmospheric part and which goes up until the interior of the nozzle. This back flow is essentially due to the imperfect none-reflective-boundary-condition used at the outlet of the nozzle. The reason behind the use of this type of condition was explained by [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF]. In addition to that, there is a remarkable acoustic activity at the The mode corresponding to St = 0.2753: this mode is also associated with the activities of the mixing layer, it is a convective mode with vortex shedding becoming more and more finer. A stronger acoustic activity towards the exit of the nozzle is clearly noticed.

The mode corresponding to St = 0.3753: This mode is convective. It mainly represents mixing layer instabilities. When we look to the form of the structures just downstream of the exit of the nozzle, we can easily note that this mode is a harmonic mode.

After describing each mode, one can to link them to their corresponding phenom-ena. To do that, we will compare the results of the DMD with the different spectra.

As a result, Modes can be classified into three categories:

-St ∈ [..., 0.0168]: the modes in this interval are flopping modes, they are at the origin of the streamwise forces amplification through the oscillatory movement of different structures of the shock.

-St ∈ ]0.0168, 0.10]: The modes are found to be helical for this frequency range.

They represent vortical structures of different sizes that become finer when increasing the frequency. These structures appear very close to the wall of the nozzle downstream of the shocked area which leads to consider these modes as the major responsible for side-loads amplification.

-St ∈ [0.10, 0.40]: These modes represent high energy vortical structures, of which the origin is the mixing layer. These modes manifest close to the axis of the nozzle and they participate less in the spectrum of the side-loads.

Conclusion

In this paper, we have presented results from large-eddy simulations of supersonic conical nozzle flow. A good agreement of the second-order statistics, in the normal direction, between both the cylindrical and the planar nozzle from [START_REF] Piquet | Physical analysis and numerical simulation of the separation phenomenon in over-expanded nozzle flow[END_REF] can be remarked. Thus, second-order statistics seems not to be influenced by the curvature.

The turbulent structures seem to be influenced by the favorable pressure gradient present in the divergent section of the nozzle. Furthermore, the amplitude of the separation line is less important in the cylindrical case because of the increased pres-sure gradient, upstream the throat, resulting from the reduced cross-section in this case compared to the planar one which does not use side walls. The frequency analysis of the flow shows the existence of low-frequency phenomena resulting mainly from the oscillation of the shock system. The same analysis shows that the sideloads are affected by the high-frequency range oscillations arising from the separated flow downstream of the shock. The DMD analysis was able to capture the same frequencies as the spectral analysis. Also, it shows the existence of two varieties of modes; the non-helical modes (flopping modes) which are low-frequency modes that appear mainly in the spectra of the stream-wise forces and the helical modes which are high frequencies modes compared to the first type, and they appear especially in the spectra of the side-loads.

As explained in the section 5, the DMD method used in this work is the Multiresolution DMD (MrDMD) [START_REF] Kutz | Multiresolution Dynamic Mode Decomposition[END_REF]. The reason we make this choice is the wide range of frequencies involved in this flow and in order to focus mainly on the low frequencies.

The algorithm is able to split robustly the complex systems into a hierarchy of multi-resolution time-scale components. It consists of applying a simple DMD by Schmidt [START_REF] Schmid | Dynamic mode decomposition of numerical and experimental data[END_REF] to the given set of snapshots, initially organized in a matrix, where n is the number of spatial measurement par time snapshot and m is the number of snapshots.

Q m-1 0 = {q 0 , q 1 , q 2 , ..., q m-1 }

The eign-decomposition approximation of the best fit linear operator A, that relates two successive states, is given by q j-1 Aq j . Considering the previous, one can write that Q m-1

1

= {q 1 , Aq 1 , A 2 q 2 , ..., A m-2 q 1 }. By choosing A that minimizes the 

A = Q m 2 V Σ -1 U * (15) Ã = U * AU = U * Q m 2 V Σ -1 (16) 
The eigenvectors (W ) and the corresponding eigenvalues (λ k ) are then computed by eigendecomposing Ã, ( ÃW = W Λ), where Λ is a diagonal matrix containing λ k .

The damping factor ξ and the frequency f are given by arg(µ) = 2πf ∆t + 2πb and ξ = ln µ ∆t where b is an integer that can be safely assumed to be zero [START_REF] Larusson | Dynamic Mode Decomposition applied to a Detached-Eddy Simulation of Separated Nozzle Flow[END_REF]. The solution at a given instant t, q DM D (t), is given by

q DM D (t) = m k=1 b k (0)ψ k (ξ)e (wt) (17) 
= Ψdiag(e (wt) )b [START_REF] Pirozzoli | Direct numerical simulation of impinging shock wave/turbulent boundary layer interaction at M = 2.25[END_REF] where ξ is the spatial coordinates, b k (0) is the initial amplitude of each mode, Ψ is a matrix containing the eigenvectors ψ k , diag(e (wt) ) is a diagonal matrix containing the eigenvalues e (w k t) and b is the vector of the coefficients b k .

From the initial pass through the data, the slowest modes (m1) are removed, and the set of data is divided into two sets. The size of each set is m/2. A DMD is once again performed on each set and again the lowest modes (m2) for each set are removed. The algorithm is repeated next until the desired termination. Mathematically, one can write:

q DM D (t) = m k=1 b k (0)ψ (1) 
k (ξ)e (w k t) (

) 20 
The first sum represents the slow mode dynamic, whereas the second one is everything else. The second part Q m/2 is divided into two parts:

X m/2 = X (1) m/2 + X (2) m/2 (21) 
For each level, slow modes are computed, the process continues by splitting in half each time, X m/2 , X m/4 , X m/8 , ..., and performing DMD on each part until the desired decomposition is achieved.

Figure 1 :

 1 Figure 1: (a) Schematic of the nozzle geometry, (b) Grid representation from the Wall-Modeled case showing every 5th grid-line, with Ω 1 is the internal mesh (Cartesian coordinates) and Ω 2 is the external mesh (cylindrical coordinates).

Figure 2 :

 2 Figure 2: (a) Van Driest velocity profiles along the wall-normal direction at x/δ i = -10; : cylindrical WR-LES, : planar WR-LES, : u + = y + and : the log-law (u + = 1 κ ln(y + ) + C) with κ = 0.41 and C = 6.2. (b) WR-LES: Normalized velocity RMS along the wall-normal direction at x/δ i = -10; : u + rms , : v + rms , : w + rms , : turbulent shear stress, : planar WR-LES [26].
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 34 Figure 3: WR-LES: Instantaneous velocity fluctuations in x-θ plane at y + ∼ 20.
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 4 Fig. 4-b shows the Clauser's parameter β = δ τw

Fig. 5 - 1 .Fig. 5 -Figure 5 :

 5155 Fig.5-a shows the grid resolution near the wall in wall-unit. The first grid spacing along the nozzle wall of the wall-resolved case satisfy the condition of ∆y + min ≤ 1.Fig.5-b shows the wall pressure distribution for the wall-resolved and the wallmodeled simulation. The concordance between the two solutions shows that the wall-modeled simulation is able to properly capture the pressure gradient effect.

Figure 6 :

 6 Figure 6: WM-LES: Normalized pressure r.m.s at the wall along the x-direction; : present WM-LES , •: Normalized pressure r.m.s located in the separation area given by Kistler's function (Eq. 6).

Figure 7 :

 7 Figure 7: (a) Separation location over time; : WM-LES, : WR-LES. (b) Normalized premultiplied spectrum of the separation location from; : time-resolved WM-LES, : WR-LES.

Fig. 8 -

 8 Fig. 8-a shows the streamwise force and the side-loads as function of time. One can notice that the fluctuations of the streamwise force are weak compared to the side-loads. The mild opening angle of the divergent and the small fluctuations of the separation line result in a weak r.m.s of the streamwise force. Fig. 8-b shows a typical polar plot of the side-loads. One can notice the isotropic and random behavior of the fluctuating side-loads. Both y-direction and z-direction forces are uncorrelated.

Figure 8 :

 8 Figure 8: (a) WM-LES: Forces over time; : streamwise direction F x , : wall-normal direction F n . (b) WM-LES: Polar plot of the side-loads over time.

Fig. 10 and

 10 Fig. 10 and 11 show the normalized spectrum of the streamwise force and the sideloads, respectively. The normalized spectrum StF(φ) * of a function φ is computed

  tone originates from the outlet boundary condition reflecting some of the acoustic waves created by the separation unsteadiness. The length between the exit of the nozzle and the outlet boundary condition is about 200 δ i . Using the averaged speed of sound in the ambient region, one can compute the time/frequency of a wave to propagate and reflect from the outlet which ends up to a tone at St 2 × 10 -3 . Despite the use of a far-field boundary condition and a sponge layer close to the outlet boundary condition, a part of the acoustic waves created by the separation is reflected by the outlet condition creating this mild peak in the spectrum. This issue has been corrected by implementing non-reflecting boundary conditions.

flow [ 26 ]

 26 , the side-loads are affected by the high-frequency range oscillations arising from the separated flow downstream of the shock. The two side-loads components have similar spectrum abroad the frequency range of study. The main peaks around St = 4 × 10 -2 . When using the Strouhal number based on the nozzle exit conditions defined as St D = εD e /(δ i M e )St, with ε, D e , δ i and M e are the area ratio, the exit diameter, the boundary layer thickness at the inlet and the Mach number at the exit,

Fig. 12 shows

 12 the spectra of the normalized fluctuating pressure field at the wall for different x-locations. One can notice from the spectrum at the throat that the energy is centered around St = 1, following the definition of the Strouhal number based on the boundary-layer characteristics. At the separation location, the

Figure 9 :

 9 Figure 9: Probability Density Function of the side-loads F n ; : current WM-LES,: Rayleigh distribution, •: experiment from[START_REF] Deck | Unsteady side loads in a thrust-optimized contour nozzle at hysteresis regime[END_REF], : URANS from[START_REF] Deck | Unsteady side loads in a thrust-optimized contour nozzle at hysteresis regime[END_REF].
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 101124102112 Figure 10: WM-LES: Normalized pre-multiplied spectrum of the fluctuating streamwise force F x /F x,rms .

2 . 10 Figure 13 :

 21013 Figure 13: WM-LES: Frequency analysis in the x-y plane showing the Strouhal number associated with the most dominant frequencies extracted from the normalized pressure field spectra StF(p /p rms ); Orange zone (St ∼ 1): boundary layer turbulence , yellow zone (downstream the shock) (St ∼ 0.1): mixing layer unsteadiness, (upstream the shock): inlet profile unsteadiness , green zone (St ∼ 0.04): trailing-edge noises, cyan zone (St ∼ 0.016): recirculation bubbles and blue zone (St ∼ 0.0067): resonant tone.

Figure 14 :Figure 15 :

 1415 Figure 14: Cylindrical WR-LES: iso-contour of Q criterion colored by the velocity field (blue: slow, red: fast); MS: Mach stem, SS: separated shock, RS: reflected shock, A e : effective exit area; grayscale surface: Numerical schlieren picture at θ = 0, white volume: iso-volume of the velocity gradient ∇||u||.

Figure 16 :

 16 Figure 16: Isovolume of the real part with negative and positive pressure fluctuations, p , for DMD mode at St = 0.0028. Red to yellow color indicates positive pressure fluctuations, yellow being the highest. Dark blue to light blue indicates negative pressure fluctuations, light blue being the lowest.

Figure 17 :

 17 Figure 17: Isovolume of the real part with negative and positive pressure fluctuations, p , for DMD mode at St = 0.0068. Red to yellow color indicates positive pressure fluctuations, yellow being the highest. Dark blue to light blue indicates negative pressure fluctuations, light blue being the lowest.

Figure 18 :

 18 Figure 18: Isovolume of the real part with negative and positive pressure fluctuations, p , for DMD mode at St = 0.0168. Red to yellow color indicates positive pressure fluctuations, yellow being the highest. Dark blue to light blue indicates negative pressure fluctuations, light blue being the highest.

Figure 19 :

 19 Figure 19: Isovolume of the real part with negative and positive pressure fluctuations, p , for DMD mode at St = 0.0190. Red to yellow color indicates positive pressure fluctuations, yellow being the highest. Dark blue to light blue indicates negative pressure fluctuations, light blue being the highest.

Figure 20 :

 20 Figure 20: Isovolume of the real part with negative and positive pressure fluctuations, p , for DMD mode at St = 0.0396. Red to yellow color indicates positive pressure fluctuations, yellow being the highest. Dark blue to light blue indicates negative pressure fluctuations, light blue being the highest.

Figure 21 :Figure 22 :Figure 23 :Figure 24 :

 21222324 Figure 21: Isovolume of the real part with negative and positive pressure fluctuations, p , for DMD mode at St = 0.0471. Red to yellow color indicates positive pressure fluctuations, yellow being the highest. Dark blue to light blue indicates negative pressure fluctuations, light blue being the highest.

Frobenius norm of [Q m 2 - 1 ] 2 AQ m- 1 1 1 0 0 =U

 212110 AQ m-1 F , one can write according to Kutz [53] Q m Using reduced SVD factorization, Q m-is written as following Q m-1 ΣW * where U contains the left singular vectors (POD modes), W contains the right singular vectors and the singular values are in Σ. The A matrix and its projection onto POD modes ( Ã) are given by:

k

  (ξ)e (w k t) Fast modes.

Table 1 :

 1 Grid parameters of the cylindrical nozzle flows.

	896 99	99	72	512	2.8	36 [1 : 30]	20	41 M
	WM-LES 672 81	81	26	256	2.8	60	45	40	8.8 M

Table 2 :

 2 rms /F isen F y,rms F z,rms /F isen Averaged/r.m.s forces of the cylindrical WM-LES compared to WR-LES scaled by the isentropic normal force F isn = S (p isn -p a ) • n ds.

	WR-LES	0.440	0.780	0.008	0.590	0.590
	WM-LES	0.500	0.840	0.014	0.670	0.670
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Appendix

Multiple studies on Dynamic Mode Decomposition applied to nozzles have been performed by several researchers [START_REF] Larusson | Dynamic Mode Decomposition applied to a Detached-Eddy Simulation of Separated Nozzle Flow[END_REF][START_REF] Larusson | Dynamic Mode Decomposition of a Separated Nozzle Flow with Transonic Resonance[END_REF][START_REF] Jovanović | Sparsity-promoting dynamic mode decomposition[END_REF]. The studies were mainly focused on the acoustic of the issuing jet from the nozzle.

For instance, Larusson et al. [START_REF] Larusson | Dynamic Mode Decomposition applied to a Detached-Eddy Simulation of Separated Nozzle Flow[END_REF][START_REF] Larusson | Dynamic Mode Decomposition of a Separated Nozzle Flow with Transonic Resonance[END_REF] investigated a supersonic jet using a DMD method. In their case, the algorithm was applied on a set of data resulting from a series of LES simulations of a conical nozzle as well as 2D RANS simulations.

The authors reported that the LES DMD results are comparable to those of RANS DMD. In addition, the modes resulting from the LES DMD are found to be more damped compared to those resulting from the RANS DMD and the Arnoldi method.

The authors also noted that the damping of low frequencies decreases by increasing the cycle of perturbations added to the sampling average. The modes extracted in this study mainly correspond to the shock-cell movement and acoustic radiations.

Further flow features have been studied throw DMD analysis, such as the shear layer which has been studied using the spatiotemporal DMD method developed by Lu et al. [START_REF] Lu | Spatio-temporal dynamic mode decomposition in a shear layer flow[END_REF]. The proposed method can capture the dominant unsteady vortices in the flow field and obtain the quantitative information of the streamwise development.

The DMD was, also, applied to the mixing layer [START_REF] Dong | Direct numerical simulation of fine flow structures of subsonic-supersonic mixing layer[END_REF]. It was found that there is a certain dominant frequency in the flow structure, which can provide a reference for the active mixing enhancement method.

Another interesting study was conducted by Jovanovic et al. [START_REF] Jovanović | Sparsity-promoting dynamic mode decomposition[END_REF] in which the screech mode was identified, and described as a flopping mode. Jovanovic et al.

linked the upstream propagation of acoustic waves to the time-periodic-compression caused by the oscillations of the shock. They also noticed that acoustic waves propagate upstream by jumping between negative spots. In fact, the mixing layer rotates the shock cells. In this case, the outer end of the cell will pass from upstream to downstream, generating an impulse for the exterior acoustic perturbation which will push it upstream to the next cell.