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ISO standards on geometrical product specifications and verification (GPS) define several geometrical operations, such as extraction, partitioning, filtration, and association. These operations are required for obtaining ideal or non-ideal features and acts at both specification and verification domains. Recently, another operation called reconstruction has become an important topic of discussion in the ISO GPS standards committee ISO/TC 213. The operation of reconstruction produces a continuous surface from a finite number of points. Different from association, which is an operation used to fit pre-defined ideal features to nonideal features or point-cloud, the main challenge of reconstruction is to guarantee that the topology of the underlying surface is preserved and its boundaries are well defined. This paper takes some initial steps toward a mathematical definition of the reconstruction operation and explores fundamental concepts for specification and verification. Challenges and future research are also highlighted.

Introduction

ISO GPS standards [START_REF]Geometrical product specifications (GPS) -General concepts -Part 1: Model for geometrical specifications and verification[END_REF] define several geometrical operations regarding both tolerancing (for specification) and metrology (for verification) domains. These operations are required for obtaining ideal or non-ideal features and acts at both specification and verification levels. Recently, another operation called reconstruction has become an important topic of discussion in the ISO GPS standards committee ISO/TC 213. The operation of reconstruction produces a continuous surface from a finite number of points while guaranteeing that the topology of the underlying surface is preserved and its boundaries are well defined.

Four major operations, including partition, extraction, filtration, and association, are described in ISO GPS standards. Partition is used to identify well-defined portions of ideal and non-ideal features; extraction enables to create specific points from a non-ideal feature; filtration is used to create a scale-dependent computable representation from a non-ideal feature; association is used to fit pre-defined ideal feature(s) to non-ideal feature(s) according to a criterion. These operations are applicable for both specification and verification. The specification operations work with continuous point-cloud while the verification operations are conducted with real point-cloud considering measurement uncertainties.

As a fundamental concept for ISO GPS, Skin Model is defined as the physical interface between a workpiece and its environment that combines inevitable geometric deviations. Mathematically speaking, a Skin Model is a continuous surface that is closed, i.e. compact and without boundary, and orientable. With respect to identification and simulation, particular Skin Model Shapes (SMS) are generated to represent Skin Model since the Skin Model itself is an infinite model to describe the allowable deviations of a part's shape [START_REF] Schleich | Skin model shapes: A new paradigm shift for geometric variations modelling in mechanical engineering[END_REF]. From a topological point of view, the Skin Model is a two-dimensional manifold (2-manifold) supplied with defined differentiable and metric structures [START_REF] Anwer | Toward a classification of partitioning operations for standardization of geometrical product specifications and verification[END_REF].

Reconstruction operation produces continuous feature from point-cloud. The input to the reconstruction problem is an extracted finite point-cloud scattered in three-dimensional Euclidean space. The continuous feature created by reconstruction (which is called reconstructed feature) from an extracted feature may be:

• the whole boundary of a Skin Model or a real part, that is a closed 2-manifold, i.e. compact and without boundary, and orientable;

• only a portion of the boundary (a partition feature, e.g. a limited plane surface with holes) of the Skin Model or the real part, that is a closed 2-manifold with boundary;

• or also, a curve from a finite point-cloud, that is 1-manifold with or without boundary; Reconstruction could be applied to either an integral feature or a derived feature. It produces continuous features from the point-cloud, that is, a continuum from a finite set. With reconstruction, it is possible to define an intersection between an extracted feature and an ideal feature.

Currently, the problem of shape reconstruction is not clearly defined since (1) a variety of surfaces that approximate the sample points can be retrieved and (2) the point-cloud can be characterized by a variable density as well as noise and outliers due to the acquisition process [START_REF] Anwer | From reverse engineering to shape engineering in mechanical design[END_REF]. Some initial steps are taken in this paper toward a mathematical definition of the reconstruction operation and we explore what it means to the specification and verification of geometrical products.

The rest of the paper is organized as follows. Section 2 explains the reconstruction in the context of GPS operations. Reconstruction by interpolation and approximation are comprehensively investigated in Section 3 and Section 4, respectively. In Section 5, extrapolation issues of reconstruction are addressed. The practical implications are given in the Section 6. The results are summarized and some concluding remarks are drawn in Section 7.

Association, Extraction and Reconstruction in GPS

According to ISO GPS [START_REF]Geometrical product specifications (GPS) -General concepts -Part 1: Model for geometrical specifications and verification[END_REF], the operation of association, extraction and reconstruction as well as the corresponding features are illustrated in Fig. 1. A portion of a geometrical feature is obtained by partition from the Skin Model. Extraction operation is used to identify specific points from the partitioned non-ideal feature.

Extraction operation, in accordance with specified criteria, produces a finite number of points from the Skin Model or the partition feature. Two types of point-clouds from such operation are: (1) unordered collection of points, and (2) points collected on a grid/mesh pattern. Since the operation of extraction is used to identify a finite number of points from a non-ideal feature, extracted feature is the geometrical feature defining a set of finite number of points. When it is defined by an infinite number of points, the feature is not considered as extracted feature. Association is an operation used to fit pre-defined ideal features to non-ideal features or point clouds considering specified criteria, with objective function and constraints. These criteria can be classified as Gaussian (least squares), Chebyshev, and maximum inscribed or minimum circumscribed fittings. The pre-defined ideal feature corresponds to the seven invariance classes defined in ISO GPS, namely planar, cylindrical, helical, spherical, revolute, prismatic, and complex. Associated feature is the ideal feature that is established from a non-ideal surface model or a real feature by association. Considering the ideal feature is the feature defined by a parametrized equation, associated feature is continuous. However, association fails to preserve the internal/external boundaries of the feature because the associated feature is an infinite feature without boundary that is not homeomorphic to the underlying feature.

The input of reconstruction operation is point-cloud, i.e. non-continuous feature such as extracted feature, as shown in Fig. 2. The point-cloud can be sampled from either Skin Model or measurement. From the specification point of view, if the feature is extracted from Skin Model, ordered points and sampling quality are guaranteed since the Skin Model possesses a finite triangulation as a 2-manifold. From a verification point of view, if the feature is obtained from measurement result of a real part, the real point-cloud becomes the input of the reconstruction. Since real point clouds are produced by measurement systems, measurement strategies and measurement uncertainty should be taken into consideration. Reconstructed feature could be either finite (mesh) or infinite (smooth surface). Note that mesh has a -continuity and smooth surfaces should have higher order continuity. As the input of the reconstruction, the sampled point-cloud should "mirror" the underlying geometric features, that is, more sample points are required with the small local feature size compared to the region that is not. -sampling, which in practice could constitute a dense sampling by a parameter , can be adopted to sample the underlying feature regarding local feature size in specification. Since -continuous surface necessarily has nonzero feature size everywhere (Lipschitz property), -continuity is required for the input feature of the reconstruction.

For obtaining the homeomorphic condition on the underlying feature, two different types of reconstruction operations, called interpolation and approximation, are adopted in the process of reconstruction, as illustrated in Fig. 3.

Considering the extracted point-cloud from the underlying feature, interpolation means that the reconstructed feature interpolates the underlying feature from the sample points. Approximation is another type of method that reconstructs the feature by best fitting the sample points without having to contain these points.

Interpolation or approximation doesn't necessarily establish topological guarantees on the reconstructed feature for which another issue called extrapolation is introduced and discussed in section 5. 

Reconstruction by Interpolation

Various methods and algorithms have been developed for interpolation. In this paper, these interpolation approaches are classified as mesh and smooth surface categories based on the structure of the reconstructed feature, as shown in Fig. 4. The key properties of each interpolation method are further summarized in Table 1 and explained in Sections 3.1 and 3.2.

Meshing techniques are particularly useful for 3D visualization and geometric modeling of objects. The reconstructed surface is -smooth regardless the underlying feature that could be a -smooth surface. The reconstructed -smooth mesh provides the fundamentals for the other GPS operations such as partitioning [START_REF] Cai | A new partitioning process for geometrical product specifications and verification[END_REF].

Smooth surface class can be further categorized into local and global categories. A local interpolation technique interpolates the decomposed points sets separately and then a further connecting step is required. A global technique could interpolate all the point in the point-cloud once. Without generating a mesh of point-cloud, smooth surface techniques may help to circumvent computational issues of mesh-related methods. Characterizing implicit and explicit functions are the most common methods for reconstructing smooth surfaces. Implicit surface defines a surface as a set of points in the space verifying the same property while explicit surfaces use explicit or parametric functions to describe the surface in an explicit way. The following two subsections discuss interpolation techniques. 

Interpolation by meshing

The Voronoi diagram and the Delaunay triangulation which are the main basis of the existing meshing techniques, have been proven to be appropriate for structuring unstructured data points [START_REF] Dey | Curve and Surface Reconstruction: Algorithms with Mathematical Analysis[END_REF]. The subspace of Delaunay triangulation, called the restricted Delaunay, is a good approximation of the underlying surface with geometric and the topological guarantees. The problem of surface reconstruction from the combinatorial structures of Voronoi and Delaunay mostly seek to reproduce the restricted Delaunay. Mesh surface reconstruction techniques are mainly distinguished by the restricted Delaunay methods and/or process of completion (Fig. 5 (a)).

-hull: -hull is defined as the intersection of all closed generalized discs of radius 1/ that contain all the sample points for an arbitrary real . It is an approach that generates -smooth mesh [START_REF] Edelsbrunner | On the shape of a set of points in the plane[END_REF].

-shape: As the subset of Delaunay Triangulation, -shape is the space that all points covered by open 2-balls of radius around each point in the point-cloud [START_REF] Edelsbrunner | Triangulating topological spaces[END_REF]. It is a generalization of convex hull. Choosing an appropriate value will directly influence the reconstruction result. An example of unexpected hole is shown in Fig. 5 (b).

Crust: No longer depending on the global parameter , the Crust algorithm is able to create a linear piecewise manifold that is homeomorphic to the desired feature. Crust achieves topological and geometric guarantees with sufficiently dense sampling [START_REF] Amenta | The crust and the β-skeleton: Combinatorial curve reconstruction[END_REF].

Cocone: As a simplified alternative of Crust, Cocone provides a guarantee of homeomorphism between the reconstructed feature and the underlying feature by involving the concept of Poles [START_REF] Amenta | A simple algorithm for homeomorphic surface reconstruction[END_REF].

Wrap: Based on Delaunay complexes, Wrap is also developed with topological and geometric guarantees by extracting a sub-complex through repeated collapsing [START_REF] Edelsbrunner | Surface reconstruction by wrapping finite sets in space[M]//Discrete and computational geometry[END_REF].

N.N.I: In Natural Neighbors Interpolation (N.N.I) method, Voronoi diagram is used for construction an interpolator [START_REF] Boissonnat | Smooth surface reconstruction via natural neighbour interpolation of distance functions[END_REF]. The reconstructed surface by N.N.I. interpolates the data points and is implicitly represented as the zero set of some pseudo-distance function.

Interpolation by smooth surface

Smooth surface can be expressed by explicit function or implicit function. Local and global methods are further classified according to the process of reconstruction.

Splines: Use of splines, i.e. piecewise polynomial functions, is a local interpolation method that addresses two successive points by polynomial functions. We highlight that cubic splines are preferred in practical applications since they guarantee -continuity, as in Fig. 5 (c).

MPU: In the multi-level partition of unity (MPU) method, the partition-of-unity weights and the local piecewise quadratic function are used locally with an octree-based partitioning [START_REF] Ohtake | Multi-level partition of unity implicits[END_REF].

RBFs: Radial Basis Functions (RBFs) method construct implicit surface by calculating the weights of a set of RBFs such that they interpolate the given data points [START_REF] Carr | Reconstruction and representation of 3D objects with radial basis functions[END_REF]. RBFs can be robust in producing global smooth surface in the presence of non-uniform sampling and missing data.

Poisson: Poisson reconstruction is a global method that robustly approximate noisy data by solving a Poisson equation for all the points at once [START_REF] Kazhdan | Poisson surface reconstruction[END_REF].

Kriging: Kriging is a method of interpolation that predicts unknown values from data observed at known locations [START_REF] Oliver | Kriging: a method of interpolation for geographical information systems[END_REF].

This method uses variogram to express the spatial variation, and it minimizes the error of predicted values which are estimated by spatial distribution of the predicted values, as in Fig. 5 (d). Alternatives of Kriging methods include simple Kriging, Kernel interpolation, etc. 

Reconstruction by Approximation.

Approximation is another type of method for reconstructing features from point-cloud. The reconstructed feature approaches the control points without the requirement of these control points belonging to the feature.

The smooth surface can be created by either local or global approximation techniques. A global approximation technique reconstructs the feature by considering all the points in the point-cloud at once. A local technique decomposes the pointcloud into point sets and approximates them, respectively. A further step for connecting all the patches together is needed. The classification of approximation and main techniques are illustrated in Fig. 6. The key properties of each approximation method are summarized in Table 2. Partition of unity: The algorithm using the advantages of the space subdivision where the problems could be solved locally. Each subdivision contains a finite number of points with which a quadratic function is associated [START_REF] Tobor | Efficient reconstruction of large scattered geometric datasets using the partition of unity and radial basis[END_REF].

CAD parametric: CAD parametric techniques are the popular approximation methods that used in the 3D CAD geometry representation. Examples include Bézier, B-splines and NURBS, etc [START_REF] Piegl | The NURBS book[END_REF]. These surfaces are locally defined by a set of ordered control points and expressed parametrically by the basis functions.

Least squares: Least squares is a global approximation method in which the overall solution minimizes the sum of the squares of the residuals made in the results of every single equation, as in Fig. 5 (e).

MLS: Moving Least Squares (MLS) is a method via the calculation of a weighted least squares measure biased towards the region around the point at which the reconstructed value is requested. It keeps same topology and approximate geometry of the sampled surface under a uniform sampling condition [START_REF] Kolluri | Provably good moving least squares[END_REF].

RANSAC: Random sample consensus (RANSAC) is an iterative method to estimate parameters of a mathematical model from a set of observed data that contains outliers, when outliers are to be accorded no influence on the values of the estimates [START_REF] Schnabel | Efficient RANSAC for point-cloud shape detection[C]//Computer graphics forum[END_REF].

Kriging Approximation: Kriging approximation algorithms can be applied to large data sets while retaining the advantage of Kriging interpolation. The idea behind is classified as (1) partitioning the whole data set into smaller portions and use a subset or a full set of them, (2) approximation using sparsity [START_REF] Van Stein | Cluster-based Kriging approximation algorithms for complexity reduction[END_REF].

RBFs approximation: RBFs approximation method can be established by involving a fitting tolerance parameter of RBFs interpolation that smooths the interpolation results [START_REF] Tobor | Efficient reconstruction of large scattered geometric datasets using the partition of unity and radial basis[END_REF]. 

Extrapolation Issues

Reconstruction by interpolation and approximation enables to obtain the representation of the underlying feature that verifies a series of conditions and adapts to the point-cloud. However, reconstruction methods are likely to leave behind a number of gaps and holes corresponding to the limitation of the operation.

Issues are shown in Fig. 7 with different situations. In Fig. 7 (a), two disjoint patches are reconstructed from the pointcloud. This is a common type of issue of continuity and connectivity of the reconstruction methods. The reconstructed feature may not be homeomorphic to the underlying feature as the cases in Fig. 7 (b) and (c), respectively. This leads to another reconstruction problem, i.e. how to retain geometrical and topological information. On one hand, the reconstruction may generate topology that does not exist in the underlying surface like the hole in Fig. 5 (b); on the other hand, the existing topology such as a real hole in the underlying feature may be mistakenly lost by the implemented techniques.

Extrapolation in reconstruction enables to add missing information to reconstruction accurate topology by trimming and expanding. Interpolation and approximation will not define the boundary of the underlying feature. Extrapolation is able to define the boundary as in Fig. 7 to create a closed feature without altering other parts of the reconstruction results. Expanding provides the possibility to connect the two disjoint patches in Fig. 7 (a) or to cover the hole in Fig. 7 (b). Trimming helps generate the hole in Fig. 7 (c) by intersecting a cylinder with the continuous feature. One should note that features reconstructed by approximation automatically fill the holes, so that no post-processing hole-filling techniques are required. Scale space meshes are a special case. Indeed, there exist (at least) two resolutions: the coarse scale mesh and the fine scale mesh. At which scale should the extrapolation such as hole-filling process take place?

Practical Implications

Since the input point-cloud of reconstruction comes from Skin Model or measurements, the quality of point-cloud should be considered. From the perspective of specification, surface reconstruction algorithms perform well on wellsampled, smooth surfaces without boundaries. However, it is impossible to ensure ε-sampling with small feature size for measurement point-cloud in verification. As shown in Fig. 8, different forms of point-could artifacts will have impact on the reconstruction operation. Non-uniform sampling point-cloud could be addressed by some specific reconstruction methods such as Kriging and Delaunay. Approximation approaches are suitable for noisy data since there is no requirement for each point in the point-cloud belonging to the feature. Algorithms such as Principal Components Analysis (PCA) before reconstruction operation could be implemented to eliminate outliers.

Under-sampling and oversampling problems, missing data or misaligned scans, should also be addressed as difference situation regarding reconstruction. If the input point-cloud is not dense enough, reconstruction methods may lose the qualities of homeomorphism and generate reconstruction gaps or holes. Moreover, misaligned scans will cause a problem of increasing the computational and space complexity.

Reconstruction evaluation should also be considered in the ISO GPS by quantitatively identifying the reconstructed feature. The evaluation should be applied for both geometric accuracy and topological accuracy regarding the ground truth.

Considering ISO GPS operations, reconstruction could be applied for the partitioned/non-partitioned point-could. However, if the point-cloud is partitioned, the partitioned feature will follow the seven invariance classes. Then the operation could also be addressed as an association. If the point-cloud has not been partitioned, the reconstruction operation could be applied. As a continuous non-ideal feature, reconstructed feature is able to facilitate other GPS operations, like filtering.

Summary and Concluding Remarks

This paper provides a scientific basis toward a mathematical definition of the reconstruction operation. Reconstruction by interpolation and approximation are addressed and key issues such as extrapolation and practical implications are highlighted in this paper to explore what it means to the specification and verification of geometrical products. The classification of reconstruction problems is one of the first tasks that must be completed before detailed standards on reconstruction can be developed to support digitization of manufacturing.

The work presented in this paper is consistent with current efforts in standardization of reconstruction operations spearheaded by the ISO/TC 213/AG 12 (Mathematical Support Group). The committee will address further standards on reconstruction in the future.

More research is still needed for detailed exploration of the reconstruction operation for Skin Models and point-clouds. Machine learning based surface reconstruction, pattern recognition, and geometric deep learning will provide new insights for reconstruction [START_REF] Zhou | Surface reconstruction based on extreme learning machine[END_REF][START_REF] Mescheder | Occupancy networks: Learning 3d reconstruction in function space[END_REF][START_REF] Bronstein | Geometric deep learning: going beyond euclidean data[END_REF]. Moreover, industrial test cases and benchmarks should be developed as ground truth. Key indicators for estimating the reconstruction performance have to be established to benefit product development phases. The international research community in computer-aided tolerancing can play an important role in this regard.
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 2 Fig. 2. Reconstruction operation in ISO GPSContinuous feature that is homeomorphic to the underlying feature is created as the output after the operation of reconstruction, including the whole boundary, a portion of the boundary, or a curve. It enables the implementation for other operations such as partition, filtration and association.
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 5 Fig. 5. An ordered sampling from a planar surface is used as input of different reconstruction methods: (a) Delaunay triangulation (b) -shape with unexpected holes (c) cubic spline (d) Kriging (e) least square plane fitting
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 7 Fig. 7. Extrapolation issues (a) and (b) expanding; (c) trimming
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 8 Fig. 8. Different forms of point-cloud artefacts, shown in the case of a curve in 2D [21] (a) original shape (b) Nonuniform sampling (c) Noisy data (d) Outliers (e) Misaligned scans (f) Missing data

Table 1 .

 1 Comparison of interpolation methods

		Method	Output	Smoothness	Output
					The ability of topology
	1	α-hull	mesh		preservation depends on the
					global value of .
					It reconstructs curves and
	2	α-shape mesh		surfaces from globally uniform sample that is sufficiently
					dense.
	3	CRUST mesh		Local uniformity of the sampling is needed.
					A cleaning step is necessary to
	4	Cocone mesh		weed out some triangles from
					the set of Cocone triangles.
	5	Wrap	mesh		No fixed requirement for the point-cloud as input.
					A hybrid method combines an
	6	N.N.I	mesh		implicit method and Delaunay
					triangulation.
	7	Splines	piecewise polynomial functions	(cubic spline)	Ordered points are required as input for Spline.
	8	RBFs	implicit surface	High degree smoothness	Oriented normal is needed as the input.
	9	MPU	implicit surface	Determined by weight functions	Oriented normal is needed as the input.
	10 Poisson	implicit surface	Global smooth surface	Oriented normal is needed as the input.
	11 Kriging	implicit surface	Global smooth surface	It is not able to keep the topology of the underlying feature.

Table 2 .

 2 Comparison of approximation methods

		Method	Output	Smoothness	Comments
	1	Partition of unity	implicit surface	Determined by weight functions	It preserves sharp features from large point sets.
	2	CAD parametric	parametric surface	Determined by the amount of the control points	Local approximation methods defined by a set of control points.
	3	Least squares	polynomial feature	Determined by the polynomial	A global method that is not able to preserve topology.
	4	MLS	implicit surface	Determined by local smooth functions	A uniform sampling with normal is needed as input.
	5	RANSAC	parametric surface	Determined by local smooth functions	It can robustly deal with data containing outliers.
	6	Kriging Approximat ion	implicit surface	Global smooth surface	It is proposed for complexity reduction.
	7	RBFs Approximat ion	implicit surface	High degree smoothness	Oriented normal is needed as the input.
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