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MINIMAL BV-LIFTINGS OF Wil (Q,S!) MAPS IN 2D
ARE “OFTEN” UNIQUE

EDUARD CURCA

ABSTRACT. Let S' be the unit circle,  a smooth, bounded and
simply connected domain in R?, and k a positive integer. We prove
that the set of configurations a = (ay, ...,ax) € QF for which each
u e WhHH(Q,8Y) N C(Q\{ay,...,ar}) admits a unique (mod2)
minimal BV-lifting ¢ € BV(£, R) is of full measure in QF.

In particular, this implies that the set of those u € W1:! (Q7 Sl)
that admit a unique (mod 27) minimal BV-lifting is dense in W1
(Q, Sl). This answers a question of Brezis and Mironescu.

1. INTRODUCTION

Suppose € is a smooth, bounded and simply connected domain in
R%. Tt is known (see [6, Section 6.2], [4], [8] and [2, Theorem 2.4]) that
for each u € W1 (Q,S!) there exists a BV-lifting of u on €, i.e., there
exists p € BV (€, R) such that u = ¢*? on Q. This is “the best one can
get”, since such u need not have a lifting ¢ € WH1(Q, R). For example,

if a € Q, than u(z) = % belongs to W11(€,S1), but has no lifting
r—a
© € WHHQ,R) [5], [2, Remark 2.6].!

Clearly, ¢ is not unique; if ¢ is a BV-lifting, then so is ¢ + 2k,
k € Z. Actually, non-uniqueness is much “richer”: if w C € is a finite

perimeter set and ¢ is a BV-lifting of u, then so is ¢ + 2k7 1,,, with
ke Z.

“Minimal” liftings are distinguished BV-liftings. By definition, ¢ is
a minimal BV-lifting of u if

(L1)  felgy = ui:neaﬁ 9l5y

2010 Mathematics Subject Classification. 46E35 (58D15).
Key words and phrases. W11 (Q, Sl) maps, minimal BV-lifting, minimal
connection.
1 Actually, one may prove that a BV lifting of u € W1(Q,S!) belongs to SBV
(but, in general, not to W11).
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where
9lpy = HDQSHM(Q,R?)

:sup{/ggo div( | ¢ € C(Q,R?), |V~ < 1}.

Minimal liftings appear naturally in connection with the “relaxed
energy” associated with a map u € WH(Q, S!). More specifically, set

(1.2)  E,q(u) ;= inf {liminf/ V| | (u,) € C°(Q,SY), u, — u}
n—oo 0

Then E,¢(u) equals the right-hand side of (1.1). Moreover, if (uy,)
is a minimizing sequence in (1.2), then, possibly up to a subsequence,
u, — €% in L'(Q), where ¢ is a minimal BV-lifting of u [2, Section
2.7).

Clearly, the infimum in (1.1) is attained, and thus minimal BV-
liftings do exist. In general, such a minimal BV-lifting is not unique,
even (mod2m). For example, the following functions have more than
one minimal BV-lifting (mod 27):

a) u(z) = i, on € := B(0,1) (the unit disc);

2]

27 —1 22+ 1 )
b = Q:=(-1,1)"
) ) = ey @ = Ch Y

(See Remark 10 below.)

In order to simplify the presentation, in what follows, uniqueness of
liftings is meant (mod27). We do not specify this anymore.

We are going to answer the following question raised in [2]: is the set
of functions v € Wh! (Q, S') which admit a unique minimal BV-lifting,
residual® in W1 (Q,S)?

The answer is positive. More specifically, we have the following re-
sult.

Theorem 1. Suppose 2 is a smooth, bounded and simply connected
domain in R?. Consider the set

U:= {u e wtt (Q, Sl) | u has a unique minimal BV —Zz'ﬁfz'ng} )
Then U is a Gs dense subset of W11 (€, S!).

2Recall that a residual (or comeagre) set is a countable intersection of sets with
dense interiors.



BV-LIFTINGS OF W"! (Q,S") MAPS 3

Theorem 1 will be proved by using the geometrical description of the
minimal liftings given in [2], combined with some “generic” geometric
properties of k-tuples in ¥, where k is a positive integer. In fact,
our proof will give a somewhat more precise result. Consider u €
Wt (Q,SY) N C(Q\ {ay,...,ar}), where ay, ..., a are distinct points in
Q). It is easy to see (see Remark 9 below) that whether or not u admits a
unique minimal BV-lifting, depends only on the vector of singularities
a = (a1,...,a;) € QF and the vector of degrees d = (dy, ..., d), with
d; := deg(u, a;) (the topological degree of u on a small circle around
a;). We have that, “with probability 17, the minimal BV-lifting of such
u is unique:

Theorem 2. Suppose Q) is a smooth, bounded and simply connected
domain in R?. Let k be a positive integer. The set of configurations a =
(ar,...,ax) € QF for which every u € W (Q,S') N C(Q\ {ay, ..., ax})
admits a unique minimal BV -lifting (regardless the choice of dy, ..., dy, €
7) is of full measure in QF.

As we will see in Section 3 (see Remark 12), Theorem 2 implies
(and is actually equivalent to) the following geometric result. Consider
a = (ay,...,a;) € QF and (arbitrary) (dy,...,dy) € ZF. Then, with

probability 1, there exists exactly one rectifiable curve C C 2 of mini-
k

mal length among the rectifiable curves with boundary Z djda,. Here,
j=1

the boundary is considered in the sense of geometric measure theory,

ie.,

k
/cdgz S d;€(ay), VE € Q).
j=1

Theorem 1 follows from Theorem 2 combined with a density result
in [1] (see Lemma 13 in Section 3).

Acknowledgments. The author thanks Petru Mironescu for useful dis-
cussions and suggestions. He also thanks Pierre Bousquet for use-
ful suggestions. This work was supported by the LABEX MILYON
(ANR-10-LABX-0070) of Université de Lyon, within the program “In-
vestissements d’Avenir” (ANR-11-IDEX-0007) operated by the French
National Research Agency (ANR).
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2. “GENERIC” PROPERTIES OF k-TUPLES IN F

In this part, € is an open subset of R? such that Q # (), R
We start by fixing some notation. Given a point x € ), we will
denote by P, its set of projections on the boundary of €2, i.e.,

P, = {y € 00 | dist (z,00) = |z — y|}.

We say that z € 2 has a unique projection on 0f2 if P, contains only
one point. Also, given a set A C R? we denote by diam A its diameter.

For the convenience of the reader we mention some elementary geo-
metric facts.

Fact 1. Consider » > 0. Suppose P is a point in the open ball
B (0,r) C R? which is not its center. Consider o € [0,2n] and let
Qo € 0B (0,r) be such that the angle LPOQ, equals . Then the
distance |PQ,| is a strictly increasing function of «, for a € [0, 7].

Fact 2. Suppose P is a point in the open ball B (O,r) C R?, which
is not its center. Consider o« < 8 two angles in [0,7]. Suppose Q,
is as above and @} € R*\B (O, r) is a point such that that the angle

£POQY) equals 8. Then |PQ,| < |PQj|.

Fact 1 is a direct consequence of the cosine formula. Fact 2 is a
direct consequence of Fact 1 and the cosine formula. Indeed, with the
above notation, we have from Fact 1 that |PQ,| < |PQs|. Now, since
the function z — x? — 22|OP|cos 8 is increasing on (JOP|,o0) and
|0Q%| > 10Qs| = r > |OP|, we have

1PQL" = |0Qs|" —2|0Q5| 0P| cos 5 + |OPP?
> 10Qs|" = 2|0Qs| |OP] cos § +|OP[*
= |PQs|” > |PQu|".

Using these facts we prove the following geometric lemma.

|2

Lemma 3. Let 2 be an open subset of R? such that Q # (), R?. Suppose
that B (zg,r) C Q. Then, for any ¢ > 0, there exist two numbers «,
0 > 0 depending only on ¢, and a cone C,, of angle o, with vertex z,
such that for any z € C, N B (xg,0r) we have diam P, < ¢.

Proof. Choose x; € P,,. We can suppose without loss of generality
that r = |x; — x|. For each 0 < 8 < 27 we consider the open cone Cj
of angle [ with vertex xy and axis determined by the vector x; — xg.
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Let 0 < a < w/4 be an angle that will be chosen later. Fact 2 implies
that

(2.1) B(z, |z —21]) \B (20, |1g — 21|) C Caa
for any x € C,. Indeed, suppose by contradiction that there exists
y € B(z, |z — x1|) \B (o, |70 — x1]) such that y ¢ Cy,. In particular,
we have y € R?\ B (zg,r) and
|£L(y — 20,2 — x0)| > /2 > |4 (21 — m0,  — T0)].

Fact 2 gives now that [y — x| > |z; — 2|, which contradicts the fact
that y € B (z, |z — x1]).

Now, for any ¢’ > 0 there exists a § > 0 depending only on &', such
that, if | — x¢| < 0r, then
(2.2)  B(x,|r —x1]) C B (0, (1 + ") |20 — 21]) -

Fix ¢/ > 0 and choose § > 0 as above. From (2.1) and (2.2) we get
that, for any x € C, with |z — x| < Jr, we have the inclusion

(2.3) B (x, |z — 21|) \B (0, |70 — 71]) C Aaer,
where
Aaer = (Caa N B (0, (1 + &) |zo — 1)) \B (20, |20 — 21]) -

If 2’ € P,, then |z — 2’| < |v — z1], and hence P, C B (z,|z — x1]).
Also, we have P, C 09, and since B (zo, |to — 1|) contains no point
from 09, it follows that P, C B (z,|z — 21|) \B (0, |zo — 71|). Hence,
thanks to (2.3), we get P, C Ay

It remains to observe that, if  and ¢’ are sufficiently small, then
diam A, . < e. This implies

diam P, <diam A, <e
for any x € C, N B (o, 07). O

The above lemma implies the following proposition concerning the
smallness of the set of points with non-unique projections on the bound-
ary.

Proposition 4. Let 2 C R? be an open set such that Q # (0, R%. If M
is the set of the points of {2 which have unique projection on 02, then
Me = Q\M is a Lebesgue null set.

Proof. First we note that

M = ﬂMn where M,, :={x € Q| diam P, <1/n}.

n=1
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We will show that each M, contains a Lebesgue measurable set of
full measure and hence the exterior measure of each MY is 0. This will
show in particular that each M, is measurable, M is measurable and

m (M) <> m (M) =0.

n=1

Fixn > 1. Withe = 1/n, let @ and § be as in Lemma 3. If B(xq,r) C
2 and @ is a square centred at zp and such that Q) C B(xg,dr), by
applying Lemma 3, we can find a cone C of angle a with vertex zy such

that C' N Q C M,. Note that

m(C'N

mCneQ) 21,
m(Q)

where 0 < 1 < 1 only depends on « and hence it only depends on n.

(2.4)

Consider a nonempty open set V' C ). We claim that we may write

v=Ua,
j=1

with @); essentially disjoint squares such that, for each j, there exists
some ball B(z;,r;) C  (where z; is the center of @);) with Q; C
B(z;,0r;). Indeed, it suffices to consider first the Whitney decomposi-
tion

V=
k=1

of V, then cut each Qj, into a finite number of squares of size < dry,
where 7 is the distance from Q) to ).

Applying (2.4), we get a collection of cones Ct, C?... such that
C7NQ); are essentially disjoint and m(C?NQ;) > nm(Q;) for all j > 1.
Now, for A := U;>1(CY N Q;) we have

m(A) = S m(CN1Q;) =0 m(@,) = mm(V).

Note that, since each C7 N Q; is included in M,,, we have A C M,,.
This implies that, for any nonempty open set V' C Q (of finite measure)
and any 6 > 0, there exists a closed set A C V N M, such that

(2.5) ——=>n—0.
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We now introduce the following quantity

, m(A)
R:= inf sup ——=,
Ve Achmv m(V)

where inf is taken over all nonempty open sets V' C €2 and sup is taken
over all closed sets A C VN M,. By (2.5), we have n < R < 1. We
show that R = 1.

Let V be as above. Choose 0 < # < R. We can find a closed set
Ay € VN M, such that m(Ay)/m(V) > R — 6. The set V\A, is
nonempy and open. Hence, by (2.5) we can find A; C (V\Ay) N M,
such that m(A;)/m (V\Ay) > R— 0. We have that AgU A, C VN M,
and

m(Ao U Al) m(Ao) 4 m(Al)
m(V) — m(V)  m(V)

m (V\Ay)
m(V)
m(Ao)
= ) TEO) (1 (V) )
m(Ap)
m(V)
(1—R+9)(R—Q)+R—«9.

+R—-0

— (1—R+0)

v

Since 0 can be chosen arbitrarily small, we get
R>(1-R)R+R.
Hence, we have R =0 or R = 1. Since R > n > 0, we get R = 1.

This shows that M, has full measure in €2, concluding the proof of
the Proposition 4. O

A shorter proof of this proposition can be given by using Rademacher’s
differentiation theorem. The following proof was suggested to the au-
thor by P. Bousquet.

Another proof of Proposition 4. Consider the function ¢ : 2 — R de-
fined by ¢(z) := (dist(z, Q))>. Choose = € Q such that ¢ is differen-
tiable in . Fix v € R2. If 2/ € P,, then

oz +tv) < |z+tv—2
= |z—2P+ 2w,z —2)+ o]

= ox)+ 2w,z —a)+ |

b
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for any t € R with  + tv € Q. Hence, if t > 0 is as above, we get

t —
et =0 oy oy e,

and letting ¢ — 0, we obtain (Vp(z),v) < 2(v,z —2'). By a similar
argument (considering t < 0) we get (Vp(z),v) > 2 (v,x — 2’). Since
v is arbitrary, we get Vip(z) = 2 (x — ). In particular, we obtain that
P, = {2'} (« has unique projection on 0f2). (This argument is taken
from [7, p. 14].)

Since ¢ is locally Lipschitz, the set of points z € €) such that ¢ is
differentiable in x is of full measure in 2. By the above observation we
get Proposition 4. O

Lemma 5. Suppose dy, dy € N* and K C (0,1)" x (0,1)® is a closed
set with m (K) > 0. For any y € (0,1)® define

K, = {x e (0,)" | (z,y) € K} .
Then, there exists a measurable set A C (0,1)® x (0,1)®, with
m (A) > 0, such that for all the pairs (y1,y2) € A, m (K,, N K,,) > 0.

In particular, there exists a point P = (y1,y2) € A such that all of its
2d, coordinates are pairwise distinct and m (K, N K,,) > 0.

Proof. For (y1,12) € (0,1)® x (0,1)® we write

m (Ky1 N K92> = /(\0 1)d1 ]]-Kyl (37) ]1Ky2 (x) dx

= [, ek e
0,1)%1

Integrating on (0,1)* x (0,1)®, and using the Cauchy-Schwarz in-
equality, we get

/ / m (K, N K,,)dydy:
(0,1)%2 J(0,1)%
= (/ 1k (x,41) dy1) (/ 1k (2,92) dy2) dx
1% \J(0,1)% (0,1)%2
2
(/ 1k (x,y) dy) dx
(0,1)%2
2
> ( / 1k (x,y) dyda:)
0,14 J(0,1)%
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whence the first claim.

To get the second claim we observe that the set of the points in
(0,1) x (0,1)*™ for which at least two of the 2d, real coordinates
coincide, is contained in a finite union of hyperplanes, and hence is
a Lebesgue null set. Hence, its complement is of full measure and
intersects A. O

We now use the above lemma to prove the following.

Lemma 6. Let Q C R? be an open set such that Q # 0,R? and
k € N*. Consider some real numbers a;, 1 <i <k, a;5, 1 <i<j <k
not all zero, and ¢ € R. Almost everywhere on ¥, we have

Z a; dist (x;, 002) + Z Qi — xj] # e

1<i<k 1<i<j<k

Proof. Consider the function f : Q% — R defined by

f(X)= Z a; dist (z;, 02) + Z a;j |z — x|,

1<i<k 1<i<j<k

where X := (1, ...,7;) € QF.

Suppose by contradiction that the set M = {z € Q% | f(X) =c}
has nonzero measure. Since f is continuous, the set M is closed. By
Lemma 5, we can find some Y} = (zi,...,71),Ys = (23,...,73) € QF!
such that the elements 3, ..., z;, 23, ..., 37 are pairwise distinct and
m (My, N My,) > 0. We have that, for any = € M’ := My, N My,
C Q,

k
(2.6) ap dist (z,002) + Zalj ’35 - 33]1| = o,
j=2
k
(2.7) ay dist (x,00Q) + Zalj ’iU - $?| = &
j=2

where ¢; and ¢, are some constants. By subtracting the above equali-
ties, we get for any x € M’,

k k

§ : 1 E 2| _
Oélj‘l'—SCj|— 041j|$—$j‘—03

=2 =2
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for some constant c3. The function g : Q\ {3, ..., 2}, 23,..., 22} = R
defined by

k k

_ 1 2

g(x) = E ay |z —xf| — E ayj |z — 27|
=2 j=2

(which is real analytic) is constant on M’. Since m(M’) > 0, it follows
that g = ¢3 on €.
Suppose now that oy, # 0 for some j, > 2. We can write

k k
(2.8) oz-‘a:—x1|—— a-|m—x1‘+ a-}x—aﬂ—kc
. 170 Jjol — 15 7 1y J 3
=2 =2
J#jo

on . However, in a neighborhood of z; , the right hand side of (2.8)
is a C! function, while the left hand side is not. Hence, we must have
ap; = 0 for all j > 2.

By a similar argument we get that all the coefficients o;; are zero.

The relation (2.6) reads now as a; dist (x,02) = ¢; on M’. Suppose
a; # 0 and consider the set

={r e Q| dist (z,00) = c1/a1}.

Since M’ C S, the set S has positive measure. Hence, there exists a
Lebesgue point xj in S, i.e., some xy € S satisfying

. m (SN B(xg,7r))
(29 = Blaor)

Let z; € 02 such that |zg — 1| = dist (zo, 9€2). Using the notation
from the proof of Lemma 3, we have that Cy/3 NSNB(x, |9 — 21]) =
0. Indeed, if z € Chr/sNB(zo, |zo — x1]), then dist (x,00) < c1/a;.
Hence,

=1

m (SN B(xg, 7)) I m ((S N B(zo, 7)) \Cor/3)

li —
0 m (B(xo, 7)) 0 m (B(zo,7))
2r —27/3 2
< ==
- 2 3

which contradicts (2.9).

Hence a; = ¢; = 0. By a similar argument we get also that all the
coefficients a; are zero, obtaining a contradiction. O

With this results we can easily prove the following
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Proposition 7. Let @ C R? be an open set such that Q # 0, R?
and k € N*. For almost all X = (x1,...,2;) € QF we have that the
numbers dist (z;,00Q), 1 <i <k, |z; —xj|, 1 <i < j <k are linearly
independent over Z and each x; has a unique projection on 0f).

(We will say that a point X as above has the property (P).)

Proof. Let v1, vy, ..., be an enumeration of the set Z™¥\ {0}, where N :=

k
k+ (2>, and for each X = (x4, ..., 7;) € QF consider the vector

A = ((dist (25, 09))1cip » (125 = 350 iy ) € RY.

Let A, := {X € Q" | (v,,A(X)) =0} for n > 1. By Lemma 6 we
have that m (A,,) = 0 for all n > 1. Hence, the set

A: = {X € Q| there exists v € ZV\ {0} with (v, A(X)) =0}
= U
n=1

is Lebesgue null.
This fact combined with Proposition 4 gives the result. U

Remark 8. It is easy to see that Lemma 3, Proposition 4, Lemma 6
and Proposition 7 remain true in R for d > 3. The adaptations of the
above proofs are obvious.

3. GEOMETRIC PROPERTIES OF LIFTINGS IN 2D

From now on we suppose that 2 is a smooth, bounded and simply
connected domain in R?. We are going to apply the Proposition 7 in
order to obtain the prevalence of the set of those u € Wh!(Q,S!),
with a finite number of singularities, that admit a unique minimal BV-
lifting. We will use the conventions and several facts from [2, Chapter
3] to describe the minimal liftings (and the minimal configurations)
of a given u € WH (Q,S') with a finite number of singularities. We
quickly recall these conventions and facts.

Consider a function v € W' (Q,SHNC(Q\ {ay, ..., ar}) where ay, . . .,
ap € § are pairwise distinct points. To the vector of singularities
a = (ay, as, ..., ar) we associate the vector of degrees d = (dy, ds, ..., dy,)
where d; := deg (u, a;) is the degree of u computed on a small circle
around a;. We consider a fictitious point a4 € 0f2, of degree

k
div1 =~ d;.
j=1
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We split the family of points ay, as, ..., ag, ax+1 in two disjoint parts:
the family of “positive points” whose degree is positive and the family
of “negative points” whose degree is negative. We omit the points of
zero degree. The points from the first family will be denoted P, and
those from the second family N;. With these points we create a list
{P, Ni},.<,, by repeating |d;| times each point of degree d;. It is
easy to see that there are as many positive and negative points, and
therefore these points can be matched in pairs.

We introduce the following pseudometric on Q:

diStS (Al, AQ) ‘= min {|A1 - A2| s dist (Al, 89) + dist (AQ, 89)} s
for Ay, Ay € Q.

With this we define the quantity:
(3.1) L(a,d):= min dist, (Pl, No(l)) .

We recall that ([2, Chapter 3, Lemma 3.4]) we can further add points
from 02 to the collection {F}, Ni},,,,, to obtain a possibly larger
collection { P, Ni}, ., satisfying the properties:

n k n k
(32) > bp =) dids,, > 6nx =Y did,, inD'(Q),
=1 j=1 =1 j=1

d;>0 d; <0

and
(33) L(a,d)=)_|P—Ny|.
=1

We will say that a collection of oriented segments (P, N;), ., (counted
with multiplicities) formed with points satisfying (3.2) and (3.3) is a
minimal configuration associated with (a,d). Note that, in general
there is more than one minimal configurations for a given wu.

A connection associated with (a, d) is an R?-valued measure u on €
of the form

on = Z ViHl L(Sz N Q) s
=1
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where S; are Borel subsets of C! oriented curves in R? of normal vectors
Vi, with

> H(SiNQ) < oo,
=1

and satisfying

k
curl p = Zdj Oa, -
j=1

A minimal connection (associated with (a,d)) is a connection u (as-
sociated with (a,d)) such that ||yl ,, = L(a, d).

It is known (see [2, Chapter 3]) that there is a one-to-one corre-
spondence between the minimal connections and the minimal liftings
of a given u € WH (Q,S') N C(Q\ {ai, ...,ar}). (Recall that, by our
convention, two minimal liftings are equal if they differ by an integer
multiple of 27.)

Remark 9. The above one-to-one correspondence between the min-
imal liftings and the minimal connections gives us that the property
that u € WH (Q,SY)YNC(Q\ {a, ..., a.}) admits a unique minimal BV-
lifting depends only on the vector of singularities a = (a1, ..., ax) € QF
and the vector of degrees d = (dy, ..., dy).

Remark 10. Let us discuss the examples, presented in the introduc-
tion, of maps having several minimal BV-liftings.

a) In the case of u(z) := %, on Q2 = B(0, 1), we have one singularity

at the origin, of degree +1. The minimal configurations are given
by the pairs (P;, N7) where P, = 0 and V; is any point on 9D(0,1)
(considered with the degree —1). Hence, there are infinitely many
minimal configurations. Each one of these configurations corresponds
to a minimal connection, hence we have an infinite number of minimal
BV-liftings for this w.

b) In the case of u(z) = 2i_ L2zl ,on Q = (=1,1)°, we
122 — 1] |22 + 1|

have two singularities, a; = —1/2, respectively as = 1/2, of degrees

d; = +1, respectively ds = —1. We have in this case exactly two

minimal configurations. One configuration is given by the collection

of oriented segments (P, N7), (P, N3), where P, := —1/2 (of degree

+1), Ny := —1 (of degree —1), Ny := 1/2 (of degree +1), P, := 1

(of degree +1). Another minimal configuration is given by the oriented
segment (P;, Ny) (the same notation). Each one of these configurations
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corresponds to a minimal connection, hence we have two minimal BV-
liftings for this u.

Remark 11. In order to prove Theorem 2, we will use a property
weaker than the bijective correspondence between the minimal con-
nections and the minimal liftings. More specifically, we rely on the
fact that there is a surjective correspondence between the minimal
configurations and the minimal liftings of a given v € WhH (Q,S') N
C(2\{a1,...,ax}). In particular, if there exists only one minimal con-
figuration for u as above, then, there exists only one minimal lifting of
u. (See [2, Chapter 3, Remark 3.8].)

We need to introduce some new notation. Let u € WhH (Q,S') N
C(N\ {a1,...,ax}) and (a,d) be given as above, and suppose the vector
a = (a,as, ...,a;) € QF has the property (P) described in Proposition
7, namely, the numbers dist (a;,0Q), 1 <i <k, |a; —a;], 1 <i<j<k
are linearly independent over Z and each a; has unique projection on
0€). Let P be a positive point and N a negative point as above. We
observe that one and only one of the following may happen:

(i) dists(P, N) = |P — NJ|;

(ii) dists(P,N) = |P — N'| + |P' — N| for some P',N' € 0 with
dist (P,092) = |P — N'| and dist (N,09Q) = |P' — N|. Thanks to prop-
erty (P), the points N’ and P’ are unique.

Indeed, the definition of dy ensures that the pair (P, NV) is in at least
one of the above cases. Also, thanks to the fact that |P — N|, |P — N'|,
|P" — N| are linearly independent over Z, we have that only one of the
above situations is possible.

Consider the set of oriented segments
M : ={(P,N;)|1<14,5<m, (P,N;) is in case (i)
U{(P,N))|1<i,j<m, (P,N;) is in case (i) }
U{(P,N;)| 1 <i,j <m, (P, N;) is in case (ii)},

respectivelly the set of numbers
My - ={|P,—N;||1<i,5<m, (P, N;) is in case (i)}

U{|P = N{||1<i,j<m, (P,N;) is in case (ii)}
U{|P/ — N;|| 1 <i,5 <m, (P, N;) is in case (ii)}.

Clearly, the function § : M — My, defined by 6 (P, N) := |P — N/,
is a bijection.



BV-LIFTINGS OF W"! (Q,S") MAPS 15

Fix o0 € S,,. Consider the sum

Ly =Y dist, (P, Now) -
=1

Note that, thanks to the definition of dist,, this is a sum with ele-
ments from M. Proposition 7 allows us to define the set

¢ ={ (67" (r),n)| (r,n) € My x N, r appears
exactly n times in (3.4)}.
If

¢, = {(5_1 (r1) ,nl) 3 (5_1 (rp) vnp)} ’

let C, be the collection
S ey (1) ey 67 (1) o 67 (1)

vV V
np times np times

Thanks to Proposition 7, we immediately see that if 1,05 € S, are
such that L,, = L,,, then C,, = C,,. If 0 is minimal, i.e, L, = L(a, d),
then C, is a minimal configuration. In particular, it follows that there is
only one minimal configuration. Hence, we get Theorem 2 (see Remark
11). O

Remark 12. Consider a connection p associated with (a, d) as above.
We can associate with g a unique 1-rectifiable current given by

C —Zﬂ (8N Q),

where 7; is obtalned from v; by a rotation of —m/2 (hence 7; is tangent
to the C'! curve that supports S;). We have

(3.5) aC = Zd 0a,.

Also to each 1-rectifiable current satisfying (3.5) we can associate a
unique connection p. In case where p is a minimal connection, C is a
mass minimizing 1-rectifiable current.

In the language of geometric measure theory, Remark 9 and Remark
11 give the following: if there exists only one minimal configuration for
(a,d) as above, then, there exists only one mass minimizing 1-rectifiable
current (i.e., “least length curve”) with (measure geometric) boundary

Z dj 64, (See [2, Chapter 3, Section 3.9.4] for details.) Thus the proof
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of Theorem 2 implies the following: for a.e. (ay,...,ar) € QF, and for
every (dy,...,dy) € Z*, there exists exactly one least length curve with
k

boundary Z djda,.
j=1
We next explain how Theorem 1 follows from Theorem 2 . From now

on, we consider domains ) which are bounded, simply connected and
smooth.

Fix k € N. Let d = (dy, ..., dy,) € (Z\ {0})" and consider the set W, of
those u € WLt (Q, S for which there exist some distinct ay, ..., ap € Q
such that uw € W' (Q,S') N C(Q\ {a4, ...,ar}) and deg (u, a;) = d; for
all 1 < j < k. The set Wy is a metric space with the norm induced by
whi(Q,sh).

It is easy to see that each u € Wy can be written as u = u,e™ with
a = (ay,...,a;) as above, with u, given by the formula

bl —a; \Y
H( j) , 2 €Q,
iy 2 — aj]

and ¢ € WH(Q,R).

This can be proved as follows. From [2, Chapter 3|, we have

k
J(u) = J (u,) = ﬂZdjéaj

where J (u) := curl (u A Vu) /2 is the distributional Jacobian of u.
Hence, if v := u, 'u = U,u, then v € W1 (Q,S') and

(3.6) J(v)=J () +J(u) =—J (ug) +J (u) =0.
Here, we have used the properties
J(uv) = Ju+ Jv, J(@) = —Ju, Yu,v € WH(Q,Sh);
see [2, Section 2.2].

Combining (3.6) with [2, Chapter 2, Lemma 2.8], we find that there
exists some ¢ € W (Q,R) such that v = ™.

We have the following.

Lemma 13. Fix k € N. For each d € (Z\ {0})", the set U, := U N W,
is dense in W,.



BV-LIFTINGS OF W"! (Q,S") MAPS 17

Proof. Let ¢ > 0 and u € W;. From the above observation, we can write
u = uge™ for some a = (ay,...,a;) € QF, and » € WH (Q,R). If ¢’ €
QF and the distance |a — /| is sufficiently small, then ||V (u, — ua)|| ;1 <
£/2 and

/Q|ua—uafr|wrdx<a/<2+2uwuﬂ>.
For v’ := uye™ we have
IV (= @)l < IV (0 — ) s+ / ta — uar| [V] der < <.

Note that Theorem 2 allows us to choose a’ € QF as above and such
that «' € Uy admits a unique minimal BV-lifting. U

Note that, since the set of those u € W' (€, S') with a finite number
of singularities is dense in W1 (Q, S') (see [1]), Lemma 13 immediately
implies that U is dense in Wh1 (Q,S!). This gives the density part in
Theorem 1.

To complete the proof of Theorem 1, it remains to prove that U is a
Gs set in W (Q,S'). We present below the argument.

For each u € Wh! (Q,S'), we consider the set £ (u) of all minimal
BV—liftings ¢ of u satisfying

(3.7 /¢ ) dz

We endow L (u) with the L' metric and we consider p : £ (u) X
L (u) — [0,00) deﬁned by

p(p1,2) = inf o1 — w2 +27k|[ 1, (o1, 02) € L(u)x L(u).
Define

(3.8) diam, L (u) := sup p(¢1,¢2),
$1,02€L(u)

<.

and consider the sets
D, :={ueW" (Q,S")| diam, £ (u) <1/n},n>1.

We easily check that U = N,,>; D,, and hence it suffices to prove that
each D,, is open in W1 (Q, Sh).

For this purpose we start by establishing some useful properties.

First, let (um),,5; be a sequence in W' (Q,S") converging to some
u e Wh (Q,8'), and let (¢™),,~, be a sequence in BV (Q2,R) such that
©" is a minimal lifting of u,, for each m > 1. If ©™ converges to some
© € BV (Q,R) in the L' norm, then ¢ is a minimal lifting of w.
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Indeed,
et = €|y = 1€ = €%l 11y < 0™ = @lliga) = 0,

when m — oo. It follows that u,, — € € BV (,S') in the sense of
distributions and hence u = €%, i.e., ¢ is a BV-lifting of w.

Define, for u € Wh1 (Q, S?),

hY = inf - D .
(u) d)EBl\I/l(Q,]R)HU/\VU Ol 4

The relevance of ¥(u) in the study of minimal liftings is provided by
the following result [2, Corollary 2.4] (see also [3]): if ¢ € BV(Q,R) is
a BV-lifting of u, then v is a minimal lifting if and only if
(3.9)  |JluAVu— Dp||pm = 2(u).

(We emphasize the fact that (3.9) by itself does not suffice to deduce
that ¢ is a minimal lifting of u. We also need to know that ¢ is a
BV-lifting of u.)

By (3.9), we have
(3.10) X (tm) = ||thm A Vi, — Dp™|| -

Since ¢ is a BV-lifting of u, in order to show the minimality of ¢, it
suffices to prove that

AV — Dl < llu A Vo — Dl
for any ¢ € BV (Q, R).
Fix ¢ € BV (2, R). By (3.10) we have, for all m > 1,
(3.11) |Jum A Vg, — D™ || oy < [Jtum A Vg, — DYl -
Since Uy, A Vi, — u A Vu in L', we immediately see that
|t A Vg, — D oy = [Jlu A Vu — Dl .

Also, D™ — Dy in the sense of distributions and hence, from (3.11)
we get

lu AVu—Dol|l,, < l%nrriioréf||umAVum—D¢m||M
< |luANVu— Dyl ,,.

A second observation is that the supremum in (3.8) is attained. In-
deed, by the above observation, £ (u) is compact in L' (). Since
L (u) x £ (u) is compact in L' (Q) x L' (Q) and p is continuous, there
exist @1, w2 € L (u) such that

(3.12) p(p1,¢p2) = diam, L (u).
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Going back to the proof Theorem 1, it remains to prove that D¢ is
a closed set. We have that:

D; ={ueW" (,S") | diam, £ (u) > 1/n}.

Suppose that (u,),,; is a sequence in DY converging to some u €
W (Q,S'). From (3.12), there exist two sequences (DT )z (95")ms1
with @7, o € L (u,,) for all m > 1, such that u,, = ¢l" = %" and

(3.13) p(el", ¢y") = diam, £ (u,,) > 1/n.

Since (), >, is bounded in Wt (Q,S%), we get |07 |gy » 95 |y <
|tmllyia S 1. Hence, there exist ¢y, @2 € BV (Q,R) such that ¢* —
©1, 3" — o in L' possibly up to a subsequence. According to our
observation, ¢; and 9 are minimal liftings of u. We have from (3.13)
and the continuity of p that p (¢1, p2) > 1/n. Also, ¢1, @ satisfy (3.7).
Therefore, we have u € Dy.

The proof of Theorem 1 is complete. U
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