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Stability of propagation features under time-asymptotic
approximations for a class of dispersive equations

Florent Dewez*

®Inria, Modal team-project, Lille—Nord Europe research center, France

Abstract

We consider solutions of dispersive equations on the line defined by Fourier
multipliers with initial data having compactly supported Fourier transforms.
In this paper, a refinement of an existing method permitting to expand time-
asymptotically the solution formulas is proposed. Here the first term of the
expansion is supported in a space-time cone whose origin depends explicitly
on the initial datum. As an important consequence of our refined method,
the first term inherits the mean position of the solution together with a
constant variance error and a shifted time-decay rate is obtained. Hence this
refinement, which takes into account both spatial and frequency information
of the initial datum, makes stable some propagation features under time-
asymptotic approximations and permits a better description of the time-
asymptotic behaviour of the solutions. The results are achieved firstly by
making apparent the cone origin in the solution formula, secondly by applying
precisely an adapted version of the stationary phase method with a new error
bound, and finally by minimising the error bound with respect to the cone
origin.

Keywords: wave packet, dispersive equation, oscillatory integral,

stationary phase method, frequency band
2010 MSC: 35B40, 35510, 35B30, 35Q41, 35Q40

1. Introduction

In this paper, we are interested in the time-asymptotic behaviour of wave
packets of the form

1 . .
Uf<t,$) = % /R.Fuo(p) eiltf(p)erp dp ) (1>
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wheret € R, x € Rand f : R — R is a strictly convex symbol. We suppose
that the Fourier transform Fug of uy € S(R) is supported in a bounded
interval [p1, p2|, where p; < py are finite real numbers. In terms of evolution
equations, wave packets of the form (1) are solutions of the following type of
dispersive equations:

{ [i0, — f(D)] us(t) =0 | 2

ur(0) = ug

for ¢ € R, where f(D) is the Fourier multiplier associated with f and
up € S(R) the initial datum supposed to be in the frequency band [py, po]. For
instance, the solutions of the free Schrodinger equation, of the Klein-Gordon
equation or of certain higher-order evolution equations can be described by
wave packets of the form (1); we refer to [9, Sec. 6] for further details. In the
present setting, the frequency band hypothesis prevents the wave packet (1)
from being too much localised in space according to the uncertainty principle
and makes hence challenging the task of describing its spatial propagation.

Some approaches solving this challenge time-asymptotically have been
developed. In [4], the authors propose to approximate the solution of the
Klein-Gordon equation on a star-shaped network by a spatially localised
function, the latter tending to the true solution as the time tends to infinity.
This has been achieved by applying precisely the version of the stationary
phase method given in [23, Theorem 7.7.5] to an integral solution formula of
the equation. The desired approximation is then given by the first term of
the asymptotic expansion from the stationary phase method. The principle
of the stationary phase method, which consists in evaluating the integrand
of the oscillatory integral of interest at the stationary point of the phase
function, combined with the bounded frequency band hypothesis leads to
an approximation supported in a space-time cone: this cone describes both
the motion and the dispersion of the solution for large times. In particular,
the results exhibit in this setting the influence of the tunnel effect on the
time-decay rate of the solution.

In [3], this approach has been adapted to the setting of the free Schro-
dinger equation on the line. In that paper, the initial data are assumed
to have integrable singular frequencies in order to study the effect of such
singularities on the time-asymptotic behaviour. The version of the stationary
phase method proposed in [18, Sec. 2.9] (also proposed in [17]) has been used
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since it covers the case of singular amplitudes; we mention that the authors
in [3] propose modern formulations and detailed proofs of the results from
[18]. The results show that a free particle with a singular frequency tends to
travel at the speed associated with this frequency. This is highlighted by the
existence of space-time cones, containing the direction given by the singular
frequency, in which the time-decay rates are below the rate of the classical
decay inherited from the classical dispersion.

However, the expansion provided in [3] is proved to blow up when ap-
proaching the space-time direction associated with the singular frequency:
this prevents the method from approximating uniformly the true solution in
regions containing this direction. This is due to the fact that the first term
of the expansion inherits the singularity of the initial datum; see [3, Sec. 3|
for more details. To tackle this issue, another approach has been proposed in
[9]: the precision of asymptotic expansions to one term is removed in favour
of less precise but more flexible uniform estimates. In particular, they cover
the above critical regions. Further this flexibility has permitted to consider
not only the free Schrodinger equation but also equations of type (2) with
initial data having singular frequencies. The uniform estimates for the so-
lutions have been achieved by applying a generalisation [9, Theorem 4.8] of
the classical van der Corput Lemma [28, Chap. VIII, Sec. 1, Proposition 2]
to the case of singular and integrable amplitudes.

The approach developed in [4] and the subsequent adaptations appearing
in [3, 9] permit then to describe both the motion and the dispersion of the
solutions via the inclination of space-time cones (which depends actually on
the frequency support of the initial datum). Nevertheless it is noteworthy
that the origin of the space-time cones resulting from the above methods is
always put at the space-time point (0, 0), whatever the localisation of the
initial datum is: the approximations provided by the method do not have
the right spatial positions. As a consequence this method, although asymp-
totically correct, leads to inaccurate approximations of the solutions on large
but finite time intervals [0, 7] for initial data spatially far from the origin.

In view of this, we aim at proposing time-asymptotic approximations
whose mean positions and variances are close (even the same) to those of
the solutions of equation (2) for a better description of the spatial propaga-
tion. To this end, we proceed in four steps, each of them containing a new
argument:
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1. The first step, which is actually independent from the setting of dis-

persive equations, consists in establishing new uniform and explicit
remainder estimates for asymptotic expansions of oscillatory integrals
of the form

Yw >0 / U(p) e“*® dp |
R

where the amplitude U : R — C is compactly supported and the phase
¥ : R — R is concave. The new remainder estimate we establish
involves the L?-norm of the first derivative of the amplitude and not
the L*-norm as in the original proofs [3, 18]. This is achieved by
applying Cauchy-Schwarz inequality to the integral representation of
the remainder term. We refer to Theorems 3.3 and 3.4 for the precise
statements of these results.

. As a second step, we introduce a space-time shift parametrised by a

two-dimensional parameter (to, zo) in the integral formula (1). Broadly
speaking, this new argument modifies the initial datum which is then
given by the solution at time ¢, spatially translated by zy. Inspired by
the main lines of the method developed in [4], we apply then carefully
a stationary phase method to this shifted solution formula to obtain
here a family of time-asymptotic expansions parametrised by (o, x¢).
This parameter turns out to be the origin of the cone in which lies the
support of the first term. This result is given in Theorem 2.2.

. Here we use our new version of the stationary phase method described

above to expand the formula (1). Since this version makes appear
the L2-norm of the derivative of Fuy, it offers the possibility to apply
Plancherel’s theorem. This leads to an error bound depending explicitly
on the spatial part of the initial datum and on (¢p,x¢). The third
step consists then in computing explicitly the parameter (¢*,2*) which
minimises the (o, x¢)-dependent family of error bounds provided in
Theorem 2.2. The expansion associated with this optimal parameter,
given in Corollary 2.5, is then the one whose error bound is the smallest.

. In the last step, we prove that the mean position of the first term

associated with (¢*,2*) is the same as the one of the solution (1) and
that the difference between the two variances is constant; this is stated
in Theorem 2.6. It is noteworthy that the proof of this theorem shows
that the first term associated with (¢*,z*) is actually the only one in
the family of first terms we provide which satisfies these two properties.
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Contrary to the original method developed in [4] and adapted in [3, 9], the
present refined approach offers sufficient flexibility to provide time-asymptotic
approximations for solutions of equations of type (2) which are more precise
and which verify expected propagation properties.

Let us illustrate our main result in the case of the free Schrédinger equa-
tion on the line with initial datum ug € S(R), namely

. 1
i Opug(t) = —3 Orrtis (1)

us(0) = ug

, (3)

for t € R. We note that equation (3) is actually of the form (2) with symbol
f(p) = 1 p? and its solution is given by

V(t,z) eRxR  wug(t,z) = % / Fuo(p) e~ 2 gy (4)
R

In terms of quantum mechanics, the solution of the free Schrodinger equation
is the wave function associated with the free particle being in the state wug
at the initial time. Further the frequency band hypothesis means that the
particle has a momentum localised in the interval [p;, po]. According to the
physical principle of group velocity, the wave packet (4) will travel in space
at different speeds between p; and p, over time. Hence a free wave packet in
the frequency band [py, ps] is expected to be mainly spatially localised in an
interval of the form [pl (t—to)+x0, p2 (t—to) —i—xo} , where ¢y and xg have to be
fixed, illustrating the propagation of the associated particle. For instance,
a partial formalisation of this principle is given by Ehrenfest theorem [22,
Proposition 3.19] which describes the evolution of the mean position of the
particle (but not the dispersion).

In the following result, we apply Corollary 2.5 to the setting of the free
Schrodinger equation (3) to provide a time-asymptotic expansion of the solu-
tion (4) with explicit error estimates. According to Theorem 2.6, the resulting
approximation has the right mean position and its variance is equal to the
solution variance plus an explicit constant. This is actually the consequence
of the fact that the origin of the space-time cone, in which lies the support of
the approximation, is actually put at the mean spatial position of the solution
at the time when the variance of the solution is minimal. Hence the resulting
approximation describes both position and dispersion of the true solution



s and the theorem provides a formalisation of the principle of group velocity
s which seems to be more precise than Ehrenfest theorem in the setting of a
us free particle.
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Theorem 1.1. Consider the free Schrodinger equation on the line (3) with
initial datum uy € S(R). Let p1, pe, p1 and ps be finite real numbers such

that [p1,p2] C (P1,p2). Suppose ||ug|lr2wy = 1 and supp Fug C [p1,p2), and
define

e (" =argmin (/ x> |u5(7',x)’2dx — (/x |u5(7',a:)|2dx>2> :
T7€R R R

o I’ :/a:‘us(t*,xﬂzdx.
R

r—x*

t—

*

Then for all (t,x) € {(t,:c) € (R\{t'}) xR ‘pl < < pg}, we have

~

1 s\ T o z—a* 2 . x—x* xr — :L'* 1
tox) — —— e s9t—tT)ig —it(3235) +os=E F RS
us(t,a) — e ‘ wo () fe— v

2m
< Cl((saﬁlapZ) \// ? ’US@*,x)}Zd.T o (/$ ‘uS(t*vx)|2dx)2 ’t_t*‘ils )
R R

where the real number § is arbitrarily chosen in (1 §). And for all

(t,z) € {(t,x) e (R\{t'}) xR | = = } we have

—x*< <x—x*
or
PR D1 b2 PR

‘Us(tv@‘ < <C2(P1,p27151,252) \//RSU2 }us(t*,x)‘2dx - (/Ra:|us(t*,:1:‘)‘2dm>2

+ C3(p1, P2, P1, D2) HUOHLI(R)> |t — t*yil .

All the above constants are defined in Theorem 2.2.

See Corollary 2.5 for the general result. Let us now make some comments on
this result:

e On one hand, we observe that the first term is spatially well-localised
for a solution in a narrow frequency band; on the other hand, the er-
ror is bounded by the minimal value of the standard deviation of the

6
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solution. Combined with the uncertainty principle, this exhibits a com-
promise: a frequency well-localised solution (4) can be approximated
by a function supported in a narrow space-time cone but a time suffi-
ciently far from t* is required to achieve a good precision; on the other
hand, the approximation of the solution (4) with a small minimal stan-
dard deviation lies in a larger cone but the error bound is smaller than
in the preceding case.

e We remark that the time-decay rate is shifted by ¢*, which is the time
when the variance of the solution (4) is minimal; this corresponds to
the fact that the origin of the cone belongs to the vertical space-time
line {(t,z) € R x R|t=1t"}. Hence if we require an error smaller than
a certain threshold € > 0, then this precision is achieved for all ¢t € R
satisfying

|t —t*| > 01(5,]51,]52)% (/x2 ‘us(t*,x)|2dx
R

- (/Rﬂus(t*,x)fd:cy);égé
=:n(e) .

In particular if we are interested in the evolution of the solution for
positive times and if t* < —n(e), then the error of the approximation
is smaller than ¢ for all ¢ > 0. This has to be compared with the
results from the classical approach (as in [3, 4]) which always imply
the existence of a small time-interval [0,7] during which the error is
larger than a given threshold. This is due to the lack of flexibility of
the classical approach which enforces t* = 0 (the decay rate is then
t’%) and puts automatically the origin of the cone at the origin of
space-time.

Let us now comment on some possible improvements or applications of
the present results. First of all, an interesting issue would be to apply the
approach developed in this paper to more complicated settings. One may
consider dispersive equations on certain networks where integral solution
formulas are available, as for example the Schrodinger equation on a star-
shaped network with infinite branches [1] or on a tadpole graph [2]. In
both papers, the time-asymptotic behaviour is studied by a frequency band
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hypothesis and one may hope a better description of physical phenomena by
using our refined method.

We could also consider the Schrodinger equation with a potential. In [10],
the time-asymptotic behaviour of the two first terms of the Dyson-Phillips
series [16, Chap. III, Theorem 1.10] representing the perturbed solution is
studied by means of asymptotic expansions. The results concerning the se-
cond term of the series are interpreted as follows: if the initial state travels
from left to right in space, then the positive frequencies of the potential tend
to accelerate the motion of the second term while the negative frequencies
tend to slow down or even reverse it, exhibiting advanced and retarded trans-
missions as well as reflections. The application of the present results could
bring more information on these phenomena, in particular precise spatial
information on the transmitted and reflected wave packets.

As explained in this paper, the notion of frequency band is physically
meaningful and permits to describe time-asymptotically the propagation of
solutions of certain dispersive equations in a precise way. However it is a
restrictive hypothesis: for example, a function in a finite frequency band is
necessarily a C*>°-function. Hence it would be relevant to extend this notion
to functions whose Fourier transform is not necessarily compactly supported
but still localised in a weaker sense. In this setting, the first term of the
expansion is no longer supported in a space-time cone and so one has to
quantify the localisation by means of different tools. For instance, we can
consider approaches based on weighted norms; such norms have been used
in [19], [20] or in [21] to show that the continuous part of the perturbed
Schrodinger evolution transports away from the origin with non-zero velocity.

Our approach makes appear naturally the shifted decay rate |t — t*|_%,
where t* minimises the variance of the solution. It would be also interesting to
introduce this time-shift in other existing results to obtain greater precision.
For instance, one may consider the important L? — L*" estimates for which
a simple argument makes apparent the shifted decay; this is proved in the
following result:

Proposition 1.2. Consider the free Schriodinger equation on the line (3)
with ug € S(R) and define t* € R as follows:

I = arg min (/ 72 ’uS(T, x)fdm — (/ x ’US<T,.’L')‘2d$>2> )
TER R R



207

208

209

210

211

212

213

214

215

216

217

218

219

Then for all p € [2,00] and for all t € R\{t*}, we have

1

where p’ is the conjugate of p.

D=

Can] e S

Proof. For the sake of clarity, we use the one-parameter group (e_“a”)
which permits to describe the Schrodinger evolution as follows:

teR

VteR ug(t) = e "y,

Using the group property, we have for any ¢t € R,

— itz —i(t—t*)0as ,—it" Ona

(& Ug = € Uop ,

and by applying the classical L? — L”" estimate [6, Proposition 2.2.3] to the
above right-hand side, we obtain for all t # t*,

— it

st ey = [
1\ 7
g .
()
1 1
1\ ' 141
() st Dl =

Note that we are allowed to apply the classical LP — L?" estimate since
e~ W0y, € S(R) C LP (R) thanks to the hypothesis uy € S(R). O

Since the classical L? — LP" estimates are exploited to establish Strichartz es-
timates which are themselves used to study non-linear dispersive phenomena,
it is necessary to extend the above shifted L? — L?" estimates to spaces larger
than the Schwartz space in view of precise applications. In particular, one
may examine whether ¢* defined above still satisfies some optimal conditions;
this could be linked with the results established in [7].

Regarding long-term perspectives of our work, one could consider the full
soliton resolution for non-linear dispersive equations [11, 12, 13, 14, 15], which
aims at classifying the asymptotic behaviour of the non-linear solutions. A
key argument for the results contained in this series of papers is the channel
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energy method [26], which consists in estimating the associated free solution
outside a space-time cone or channel; this estimate is then used to prove that
a dispersive term appearing in the decomposition of the non-linear solution
tends to 0 in the energy-space. In particular, we mention that the authors of
8] have to shift in time the cones and channels to derive the desired estimates.
Hence one might hope that the ideas proposed in the present paper could
help to understand the requirement for this shift and more generally to refine
the channel energy method.

Finally we could also think about minimal escape velocities [25, 27] which
aim at exhibiting propagation features for evolution operators of type e~
where H is a general Hamiltonian; for instance, one may consider the opera-
tor H = —1 0., + V where V is real-valued potential. As explained in [24],
the method to establish these estimates generalises the integration by parts
which is actually crucial to describe the time-asymptotic behaviour of wave
packets, as illustrated in the present paper. Our approach could bring more
precision to the abstract setting and hence lead to estimates containing more
information on the propagation of general wave packets.

The paper is organised as follows: in the following section, we state the
main results on time-asymptotic expansions for dispersive equations of the
form (2). Since the proofs of the main results are substantially based on a
careful application of the stationary phase method, Section 3 is devoted to
our new version of this method. Finally Section 4 contains the proofs of each
result presented in Section 2.

2. Main results on time-asymptotic approximations for dispersive
equations

In this section, we present the main results of our paper. Prior to this,
we introduce the mathematical setting as well as some notations.

The Fourier transform Fu : R — C of a function u : R — C belonging
to the Schwartz space S(R) is defined by

VpeR Fu(p) := / u(z) e P dy .
R

The Fourier transform defines an invertible operator from S(R) onto itself,
and can be extended to the space of square-integrable functions L?(R) and

10
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to the tempered distributions &’'(R). Moreover, for u € L*(R), Plancherel
theorem assures the following equality:

1
2 :
Vue L*(R)  [lullr2w) = \/_2_7TH‘7:UHL2(R) ;
see [23, Theorem 7.1.6].
Consider now a C>*-function f : R — R such that all its derivatives

grow at most as a polynomial at infinity and consider the associated operator
f(D):S(R) — S(R) defined by

VaeR  f(Dule)i= o= [ f0) Fulp) e dp = 77 (£ Fu) (o)

which can be extended to the tempered distributions S’(R). The operator
f(D) : S'(R) — S'(R) is called a Fourier multiplier associated with the
symbol f.

Given such an operator, we introduce the following evolution equation on

the line,
{ [i0, — f(D)] us(t) =0
up(0) = ug

: ()

for t € R. If we suppose uy € S'(R) then the equation (5) has a unique
solution in C* (R, S’(R)) given by the following solution formula,

up(t) = F 1 (e_itf]:uo> .

We refer to [5] for a detailed study of this family of equations. In this paper,
we suppose that the symbol f is strictly convex; an important example of

such an equation is given by the free Schrodinger equation whose symbol is

fs(p) = 3 p*

For the sake of better presentation of the results, we consider initial data
uy belonging only to the Schwartz space S(R) to focus on the approach we
propose. We mention that it is possible to extend our results to the case of
initial data in L*(R) with additional assumptions on regularity and decay;
but this falls out of the scope of the paper.

Further the initial data are assumed to be in bounded frequency bands,
meaning that their Fourier transforms are supported on bounded intervals
[p1, pa2], where p; < py are finite real numbers. Under such hypotheses, the

11
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solution formula for the equation (5) defines a function uy : Rx R — C
given by

1 [P _ _
uslter) = 5 [ Fuolp)e Oy, (6)
27 Jp,
We define now the space-time cone related to the symbol f and to the
frequency band [py, pe] with origin (tg, zo) € R

Definition 2.1. Let ty, xo, p1 and ps be finite real numbers such that p; < po
and let f : R — R be a symbol.

1. We define the space-time cone Qf([ﬁl,ﬁg], (to,xo)) as follows:
Q:f([ﬁbﬁﬂa (t07 .I'0>)

{(m) e (R\{to}) x R| f'(7) <

T — 2o
t— 1

< f’(ﬁ2)} :

2. Let Cf([ﬁl,ﬁg],(to,xo))c be the complement of the space-time cone
Q:f([ﬁlaﬁ2]7 (toafo)) in (R\{to}) xR .

We present now our first main result. Theorem 2.2 provides a time-
asymptotic expansion to one term with explicit error estimate of the solution
(6) in the space-time cone (’If([ﬁl,ﬁQ], (tg,xo)), where [p1, p2] C (p1,p2) and
(to, o) € R? is arbitrarily chosen. A uniform estimate of the solution (6)
outside the cone is also established. The result shows that the solution tends
to be time-asymptotically localised in the cone € ( D1, Pal, (to, xo)).

Theorem 2.2. Let py, ps, p1 and ps be finite real numbers such that
[p1,p2] C (P1,P2). Suppose that ug € S(R) is a function whose Fourier
transform satisfies

supp Fug C [p1,p2]
and fix (tg, zo) € R% Then

1. for all (t,z) € €;([p1, P), (to, z0)), we have

o—sgn(t—to)i% ,—itf(po(t,))+izpo(t,) Fuo(polt, 7)) It — to|

f( ) /
u lf,ilj'
2 J //(po(t7x))

< <Cl(f7 57ﬁlyﬁ2> ||( o ZC()) Uf(to, ')HLQ(R)

+C2(f757}517ﬁ2) ||UOHL1(R)) |t_t0’_6 ) (7>

12



where the real number ¢ is arbitrarily chosen in (%, %) and

o polta) = <f'>-1(‘7”_“”°) ;

t—t

o Ci(f,6,p1,D2) = \/QEJ:;?)L(;Z (P2 — ]91)3 E c1(f,6,p1,P2) ;
o CO5(f,0,p1,D2) = % (P2 —151)272(S ca(f,0,P1,P2) ;

o alfidpum) = |, 5y min (1)

* (f5p1,p2 : ||f”HL°0 (p1,P2) Hf HLOO(ﬁlﬁg) n{f”}

3 ||f"H£oo<pl o 1V g,y min .
The constant L(5) > 0 is defined in (13);
2. for all (t,x) € €4 ([pr,Pa), (to, z0))°, we have
|ug(t,z)] < (Cs(fjpupz,ﬁhﬁz) (- = o) us(to, )| pogmy
+ Cilfyp1sp2, 51, 52) [ gy ) 1= tol 0 (9)
where

L 03(f7p17p27ﬁ17ﬁ2)
1 1

= = (= p)t min{£'(p) = £Gr). o)~ £/}

o  Cu(f,p1,p2,P1,P2) = % min{f’(?l) — f(p1), f'(P2) — fl(Pz)}_l .

283 To state the two other main results, we define the following moment-type
2  and variance-type quantities for normalized u € L*(R).

Definition 2.3. Let u € L*(R) such that ||ulzw = 1 and let
f R — R be a symbol. If they exist, we define the real numbers Mg(u)
and V¢(u) as follows,

- /Rf(iv) u(@)[*de . Vi(u) = Mp(u) = Mp(w)? .

13



If f(z) = x, then we note for simplicity
Mi(u) == Mp(u) , Ma(u) :i=Myp(u) , V(u):=Vi(u).

s Remark 2.4. The above quantities M (u), Ms(u) and V(u) are respectively
2 the mean, the second moment and the variance of |u|?.

287 The explicitness of the family of error bounds given in Theorem 2.2 allows
28 to compute the parameter (t*,z*) giving the smallest bound; this computa-
280 tion is carried out in Lemma 4.2.1. In the following result, we provide the
200 values of t* and z* and we provide the time-asymptotic expansion for the
21 solution of equation (5) associated with this optimal parameter.

Corollary 2.5. Assume that the hypotheses of Theorem 2.2 are satisfied and
assume in addition that |ugllr2m) = 1. Then the (to,xo)-dependent right-
hand sides of inequalities (7) and (8) in Theorem 2.2 have a global minimum
at the point (t*,x*) c R? with

o ' =argminV(us(r,.));
TER
[ ] .TZ‘* = M1<Uf<t*, )) .
In this case, for all (t,z) € €;([p1, Po, (t*, 7)), we have
1 —sgn(t—t*)i% efitf(p*(t,x))+ixp*(t,x) .FUO (p*(t’ l‘)) ’t . t*lfé

up(t,x) — —e
f \/ﬁ ’f”(p*(t,x))

< (Cl(f, 9, P1, P2) ITIlelHIg( V(uf(T,.)))
+ Co(f, 6, D1, P2) HUOHLl(R)> It —t*|7°,

where the real number ¢ is arbitrarily chosen in (%, %) and

plt,z) = (f)! (x _ x) |

t—t*
And for all (t,z) € Q:f([ﬁl,ﬁg], (t*,x*))c, we have

‘Uf(tai)‘ < <C3(f7P1,P2,]51,252) TTﬂelﬂle( V(Uf(Ta )))

+ C4(f7p17p27ﬁ17ﬁ2) HuoHLl(R)) |t - t*’_l .
20 All the constants are defined in Theorem 2.2.
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In the last result of this section, we consider mean position and variance
of the time-asymptotic approximation of the solution (6) associated with the
optimal parameter (¢*,z*). Theorem 2.6 claims that the mean position of
this approximation is equal to the one of the true solution and the difference
between the two variances is constant; the value for this constant is provided.

Theorem 2.6. Assume that the hypotheses of Theorem 2.2 are satisfied and
assume in addition that |Juo||r2®) = 1. For allt € (R\{t*}) and z € R, we
define

Hy(t, x,ug, t*, z*)

1 e—sgn(t—t*)z% e—itf(p*(t,:c))+izp*(t,z) Fug (p*(t,l')) |t o _1

v2r J7(pa(t, x))

Y

where t* and x* are introduced in Corollary 2.5 and p.(t,z) == (f')71 (2=%).
Then for all t € R\{t*}, we have

Ml(u]c(t, )) - Ml(Hf(t, .,Uo,t*, J]*))
V(uf(t, )) — V(Hf(t, L U, T, x*)) = min V(Uf(T, ))

TER

3. Explicit error estimates for a stationary phase method via Cau-
chy-Schwarz inequality

The proof of Theorem 2.2 is substantially based on a careful application
of a new version of the stationary phase method for oscillatory integrals of
the form

Vw >0 / U(p) e“¥® dp | 9)
R

where the amplitude U : R — C is a continuously differentiable function
supported on a bounded interval and the phase ¥ : R — R is a strictly
concave C*-function having a unique stationary point p,. The remainder
estimates we provide here are explicit, uniform with respect to pg and involve
the L2-norm of the first derivative of the amplitude. This plays actually a
key role in the proof of Theorem 2.2.

This section is fully devoted to this new version since it is generic and
independent from the setting of Section 2. The asymptotic expansions to-
gether with the uniform and explicit remainder estimates are established in

15
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Theorems 3.3 and 3.4.

We start by stating two technical lemmas which will be substantially used
in the proof of Theorem 3.3.

The first step to expand w-asymptotically integrals of type (9) consists
in making simpler the phase function in order to integrate then by parts. To
do so, we use the diffeomorphisms ¢; (j = 1,2) defined and studied in the
following lemma. The values of these diffeomorphisms at the stationary point
po are provided in order to compute explicitly the first term of the expansions
and two inequalities for ¢; are established to bound the remainders of these
expansions.

The proof of the following result lies mainly on an integral representation of

¥j-

Lemma 3.1. Let pg, p1 and ps be finite real numbers such that
po € (P1,P2). Suppose that ¢ € C3(R,R) is a strictly concave function which
has a unique stationary point at py. Then, for j = 1,2, the function

w;j I — [0, 54]
p — (v(po) — ¥(p))

where I := [p1,po], Ia = [po,P2] and s; = @;(p;), satisfies the following
properties:

N

1. the function p; is a C*-diffeomorphism between I; and [0,s;] ;
2. we have

() = (-1~

3. for all p € I, the absolute value of ';(p) is lower bounded as follows:

P1,p2) ’

/ 1 . " n|—3
soj(p)‘ > 5 min {=v"Hvll2,

4. we have the following L>-norm estimate for (goj_l)”:

3 . 7
[ Iy 1 gy i £ =0}
1 5 _9
(3) ; _
L [ R L S

16



328

329

330

331

Proof. Let j € {1,2} and fix py € (p1,p2). The proof of the present lemma
is mainly based on the following integral representation of the function ¢;:

wi(p) = (=1) (p — po) (/01 /01 U(p,7,v) dvdT)% : (10)

for all p € I;, where

zZ(p, T, V) = —w"((l —71)(1=v)p+ (v —vr+ T)po) (1—7).

This representation can be derived by noting firstly that

Y(po) — / V' (po) — V' (¢) dt:/ppo /tpo —"(v)dvdt,

where we have used the hypothesis ¢'(pg) = 0 to obtain the first equality.

Then we make the change of variable (v, 7) = (p”o_tt, - p) leading to

(po) — (p) = (p — po)? / 1 / Fp.7.v) dvdr

and we take finally the square root of the preceding equality to obtain the
desired representation (10).

1. Since 7 is a strictly concave function on R, the function ; is actually
the square root of the non-negative C3-function p — ¥ (pg) — ¥ (p),
showing that ; is twice continuously differentiable on I;\{po} (¢; is
actually a C3-function on this domain). Let us prove that it is also
twice differentiable on the whole ;. To do so, note that we have for

p € Ii\{po},

@]()Z——w ) (V(po) — ¥(p))

([ )

(<p ) [ = (1= i) ) )
) (/1 —¢"((1 = t)p + tpo) dt)

([ [ smier) : 1)

17
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The preceding equality combined with the positivity of the C!-function
—" shows that ¢’ is continuously differentiable on I; whose derivative
is given by

<_T1)j </01 P ((p = po)t +po) (1 —1) dt)

X /Ol/olzﬁ(p,f,y)dud7>_

N (_21)j (/01 — " ((1 = t)p + tpo) dt)

(1Y o Jo 9(p 7 ) dvdr
(),

fo fo (p,T,v dl/dT)

©i(p) =

N

3

for all p € I, where

@/Vz(p, T, V) = —1/)(3)((1 —1)(1—=v)p+ (v—vr+ T)po) (1—-7)(1—-v).

33 Now, according to equality (11), we observe that ¢ is negative for
333 j = 1 and positive for 7 = 2 since —¢” > 0. By the inverse function
334 theorem, we deduce that ¢; is a C*-diffeomorphism.

2. Thanks to the integral representation (10), we have

Pj (p) - %‘ (po)

©5(po) = lim

pP—Ppo

— Jllm(//¢p,TdedT)
pP—Po

¥ (po)
= (~1
(1yy -2
335 3. From equality (11) (which holds actually for all p € I;), we deduce the
336 following lower estimate for ¢’:
vpel; |g(p )‘ 7 mmin, {-v"} HW'HLOO . (12)

4. From the expression of ¢} computed above, we obtain the following

18
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338

339

340

341

342

343

344

345

346

347

348

349

upper estimate:

‘ = 2\/_ ||w HL°° pl,pg) 51 pn]{ w//}_7
\/_ Hw//”lfx’ (P1,p2) ||w HLOO (p1,p2) (1,5 Hl { w//}_7

for all p € I;. By combining the preceding inequality with estimate
(12) and the following relation,

(0 (s))

Vs e l0,s; ]'—1 "(s) = — 3
€l0.s] (7)) ()

we obtain finally for all s € [0, s;],
3 ) -7
‘(90]71)”(5)) < ”w”Hz‘x’(ﬁl,ﬁz) Hw(g)HL"O(ﬁl,ﬁz) [gl,%n { N w"}

1 5
5 19Ny 19N ey oim { = Yy

7ﬁ2)
[

After having applied the above diffeomorphism to the integral (9) (pre-
viously split at pp), the phase becomes the quadratic function s — —s%.
In order to make an integration by parts, creating then the first and the
remainder terms of the integral, one needs an expression for a primitive of
the function s € [0, so] — e %" € C, for fixed s, w > 0. In the following
lemma, a useful integral representation of such a primitive is given. As in the
preceding result, its value at the origin and an inequality are also provided
to compute respectively the first term of the expansion and an upper bound
for the remainder term.

To prove Lemma 3.2, we refer to the paper [3] which gives actually the
successive primitives of more general functions by using essentially complex
analysis; see [3, Theorems 6.4, 6.5 and Corollary 6.6].

Lemma 3.2. Let w, sy > 0 be real numbers and let ¢(.,w) : [0, s0] —> C be
the function defined by

o(s,w) == —/ e~ gy
A(s)

19



where A(s) is the half-line in the complex plane given by

A(s) := {s—i—te_’% EC‘t}O} :

0 1Then
351 1. the function ¢(.,w) is a primitive of s € [0, so] — e~ e C ;
2. we have

1 Y 1
50.0) = — g Ve Tuh
3. the function ¢(.,w) satisfies
Vse (0,50  |o(s,w)| <L) s P w™,

352 where the real number § is arbitrarily chosen in (%, 1) and the constant
353 L(6) > 0 is defined by

20—1
W= (e faey) -

3¢ Proof. The function ¢(.,w) of the present paper corresponds actually to the
5 function ¢§2> (.,w,2,1) defined in [3, Theorem 2.3|. Hence we apply the results

16 established in [3] to the present situation:

a

357 1. One proves this first point by applying [3, Corollary 6.6], which is a

358 consequence of Theorems 6.4 and 6.5 of [3], in the case n = 1, j = 2,
359 P = 2 and ;= 1.

360 2. The proof of this point lies only on basic computations which are carried
361 out in the fourth step of the proof of [3, Theorem 2.3].

362 3. The combination of Lemmas 2.4 and 2.6 of [3] assures this last point.
363 D
364 Thanks to the two preceding lemmas, we are now in position to establish

s the desired asymptotic expansions with respect to the parameter w for oscil-
36 latory integrals of type (9). In the following theorem, we are interested in the
7 case where the stationary point py of the phase belongs to a neighbourhood
e Of the support of the amplitude. We emphasise that the remainder estimate
30 we provide is different from those appearing in the original paper [18] and in

370 [3] .

20



sn Technically speaking, we split the integral at the stationary point py and we
sz study separately the two resulting integrals. In each situation, the method
;i3 consists firstly in using the diffeomorphism introduced in Lemma 3.1 to make
s the phase function simpler, secondly in integrating by parts to create the ex-
w5 pansion by using Lemma 3.1 point 2, Lemma 3.2 point 1 and point 2, and
s finally in bounding the remainder term by combining Lemma 3.1 point 3,
;77 point 4 and Lemma 3.2 point 3 with Cauchy-Schwarz inequality.

Theorem 3.3. Let pi, pa, p1 and ps be finite real numbers such that
[p1, 2] C (P1,P2). Suppose that v € C3(R,R) : R — R is a strictly concave
function which has a unique stationary point at py € (p1,p2). And assume
that U € CY(R, C) is a function satisfying

suppU C [p1,pa] -
Then we have for all w > 0,

NI

/ Ul(p) e W) dp — /27 e '% eivﬂb(po)M o
: — 4" (po)

< <C5(¢’57ﬁ1,ﬁ2) HU,”LQ(]R) + 06(w75aﬁ17ﬁ2) HUHL‘X’(R)> w_(S )

where the real number § is arbitrarily chosen in (1 §) and

2014
2541 1,(5) 86
C 75a~a~ = (P2 P 2 757~7~ ;
° 5(@/) h p2) m (Pz Pl) C5(¢ Y4 Pz)
o P V1 0) EPS o
o Cs(v,0,p1,p2) == TES) (P2 —P1)2 » c6(¥, 0, P1, P2) ;

3_ _3
L C5(¢75,]§1;]§2) = Hw””zood(ﬁl’ﬁQ) [glnﬁlgl] { - w”} ’ )

55

b CG(¢767]§17252) = Hw//”z (P1,P2) ||w(3)HLoo( mln} { - w//}_%

P1,P2) [p1,p2
L = T P R E
3 Lo (p1,p2) L=(Prp2) (5 o) |

s The constant L(5) > 0 is defined in (13).

Proof. Let w > 0 and choose py € (p1, o). First of all, since the support of
the amplitude is included in [p1, ps] C (p1,P2), we have clearly

D2
D1

/ U(p) e ® dp = / U(p) e dp =: I(w) .
R

21



Splitting the above integral at the point py and using the two C2-diffeomor-
phisms defined in Lemma 3.1, we obtain

](CU) = _/ 1 (U O (pl_l)(p) ((pl_l)/(p) e—iw52 dS eiwq/)(po)
0
+ / (U ows) ) (p5)) () e ds v
0

note that we have used the fact that ¢, and (, are respectively decreasing and
increasing. We integrate now by parts by using the primitive s — ¢(s,w)
given in Lemma 3.2 and the regularity of ¢;:

V[ o)) (o) (e ds
= (1P [(U 0 )(5) (7)) () bls,)]
S [T (o) () @ ot ds

= (=17 (Ue ) (0) (¢;71)(0) 6(0,w)

!/

4 (—1)H! /Osj ((U o) (¢Jf1)'> (s) P(s,w)ds ;

the second equality has been obtained by using the fact that U(p;) = 0 and
the last one by applying Lemma 3.1 point 2 and Lemma 3.2 point 2. Hence
it follows

I(w) = V2m e7iT ¥ w0) 7@{)) o
2 5
+ Z( 1)it+t ((Uo <Pj_1) (% 1)/) (5) 6(s,w) ds oWt (po)
0

22



To estimate each term of the remainder, we proceed as follows:

‘(—1)j+1 /05]' ((U o ij—l) (80]'—1)/>’(S) o(s,w) ds

/Osj (U’ e 80]—1)(8) <<g0j—1)’(s)> H(s,w) ds
[ o6 () 0ot as

(U 0 o570 (s) ((%—1)’(3))2 st>é (/O |¢(s,w)’2ds)2

+ / 05, s |0 ey || (7"

let us remark that we have applied Cauchy-Schwarz inequality to the first
integral. We continue the proof by estimating each resulting term; first of
all, by making the change of variable p = gpj’l(s) and by using Lemma 3.1

point 3, we obtain
(U o)) () (5) d)

/Sj
0
3 1Zi % . " _% /
< 20 H¢ HLOO(ﬁl,p‘Q) [gl}ﬁr;} {-v"} HU ||L2(R) :

<

+

< ( [

L%°(0,s5)

2

Then we use the point 3 of Lemma 3.2 to derive the two following inequalities:

° / J |o(s,w)|ds < L(6)/ "1 g0 < ﬂ%(ﬁj)zaa W
0 0 2 — 25

. (/ |¢<s,w>12ds)% <o)

By using the integral representation (10) of ¢;, we obtain

;i wa HLOO o) P2 = D1)

23



which permits to deduce

8 1 L(6) 2-25 || 5.
* /0 ’qb(s,w)‘ds 921-6 9 _ 25(192 ) ||2// HL°° (p1.52) ¥ ' ’

55 9 1 L(o 3483 -
’ </0 |¢(S’W)‘ ds) S 240 \/%( pl) de HLOOépl P2) w?

And, from Lemma 3.1 point 4, we recall that

|ty Wllm 6]

=

(B1:P2) [, 5 1n { w”}—i
5 . 9
T3 ”MHzmml,ﬁz) 19 ey o] A

Putting everything together provides the desired estimate, namely,

L>2(0 (P1,P2)

D=

[(W) — V2 e~ i1 gwd(po) M -

—¢"(po)

2 . 5 N |
< Z (—1)]+1/0 ((U o gp;l) (gpjfl) ) (S) ¢(s,w) ds et (po)

j=1

25+1L 0) (- =5 " % " 1
<2 = ) Ny i {0}y

2071L(6
+TE;)(P2 )" U ey

E) . _T
. (”MHEOO (P1,P2) HQ/J(3>HL°°(ﬁ1ﬁz) I}llp { _w//} i

# g I 19 ey g { =07} )

379 D

380 We end this section by providing an explicit and uniform bound for os-
s cillatory integrals of type (9) in the case where there is no stationary point
;2 inside the support of the amplitude, making the decay with respect to w
33 faster. As above, the estimate involves the L?-norm of the first derivative of
;¢ the amplitude.

s The proof of the following result lies on classical arguments (as those in [28,
36 Chap. VIII, Sec. 1, Proposition 2]) combined with Cauchy-Schwarz inequali-
a7 ty.
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Theorem 3.4. Let py, pa, p1 and Py be finite real numbers such that
[p1, 2] C (P1,D2). Suppose that v € C*(R,R) : R — R is a concave function
such that || > 0 on [p1,ps]. And assume that U € CY(R,C) is a function
satisfying

suppU C [p1,pa] -

Then we have for all w > 0,

/RU(p) lwd) dp' <C7(¢7p17p2) ||U/HL2(]R) + 08(%191,]?2) HUHLOO(]R)> w_l )
where
1 1
o Cr(Y,p1,p2) == (p2 — p1)? mi {W D1 ‘ W D2 |} ;
d 08(77Z)7p17p2) = min { ,(p2)|}_1

Proof. Let w > 0. Since v’ is monotonic and has a constant sign on [p;, ps],
we have

,(pQ)’} = mm,pz(zﬁ/) >0.

Vp € [p1,p2) |¢'(p)’ > min{

Hence we are allowed to integrate by parts as follows:

P2 ) P2 /] / ‘
/U(p) iwp(p dp / U(p) ezmﬁ(P) dp — —i/ <_/) <p) ezww(p) dpw_l
R p1 P1 77/1
Moreover we have
Uy
- [(5) wee dp\
p1
D2
/ U/ —1 ’wa dp‘ /
p1

P2
<0 e 16 s+ 10y |
1

as in the preceding proof, we have applied Cauchy-Schwarz inequality to
the first integral. Now the hypotheses ¥"” < 0 and ¢’ is monotonic with a

Up) ¢ (p) ' (p) 2| dp

w//(p) 2ﬂ/(p)72
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constant sign allow to carry the following computations out:

/p2
P1

'l/}” (p) —

= ’ ¥'(p)~? dp‘

‘ = (p)
1p2(¢)

Furthermore, we have

H<w/)71HL2(P1,p2) < Mpypo (d/)il (p2 - pl)% .

Consequently we obtain

[ 0000 ] < (im0 2 0 10

1M,y (V)7 HUHLOC(]R)> wt

388 D

50 4. Proofs of the main results

300 This section is devoted to the proofs of the results stated in Section 2.

s 4.1. Proof of Theorem 2.2

302 The proof of Theorem 2.2 is inspired by the one of [3, Theorem 5.2]: it
303 consists mainly in rewriting wisely the solution formula (6) as an oscillatory
s integral with respect to time and in applying then a version of the stationary
35 phase method.

306 In the present paper, the expansions in cones with arbitrary origin are
37 obtained thanks to a space-time shift in the integral defining (6). And the
38 explicitness of the error bounds with respect to the origin of the cones is
300 achieved thanks to the new generic remainder estimates given in Theorems
wo 3.3 and 3.4; this allows the application of Plancherel theorem in the present
401 setting.

w2 Proof of Theorem 2.2. The cases t > ty and t < ¢ are distinguished for the
w3 sake of readability.

404

26



405

Case 1: t > tg
We rewrite the solution formula as an oscillatory integral by proceeding as
follows!

1 —1 LT
wita) = - [ Fulp)e IO dp

—itof(p)+inop ilt—to) (52— £())

1
= Q—FUO(P)G P
R 470

- / U (p, to, o) eit=t0)¥ s (Pt to.zo) g,
R

We note that the amplitude
1 —ito f(p)+iz
Uf(p7 to,ﬂfo) = 92 ‘Fu()(p)e o1tP op )
T

which is actually the Fourier transform of s-ug(to, . + ), is a C>-function
(with respect to the variable p) whose support is included in [p1, ps]. The

phase function
r — X9
—— f ()

is a C*°-function on R which is strictly concave since we have supposed f” > 0
in this section.

Now we remark that the existence of a stationary point for the phase inside
the interval [ := (p1, p2) depends on the value of %folz it exists and is unique

\ij<p7 t7 €, tO? .T()) =

T—xQ

€ f’(f). In this case, the stationary point po(t, z) is given

it = (1) (5552)

t—to

Let us now distinguish two sub-cases to apply Theorem 3.3 and Theorem 3.4.

if and only if
by

T—xQ

o (Case e € f’(f). In this case, the stationary point belongs to I.
Hence we are allowed to apply Theorem 3.3 to the oscillatory integral

n [3, 9], the parameters to and xq are implicitly equal to 0. Allowing these parameters
to be arbitrary produces a space-time shift in the solution formula and permits to consider
cones with arbitrary origin.
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I¢(t, z,up, to, xo) with w =t — ty:

I¢(t, @, ug, o, 7o)

1
\ 2T

1
g_ C \11757~7~ ‘
2%(5( f p1p2)

with 0 € (1 §) and the constants C5(Vy, 9, p1, p2), Cs(Vy, 6, p1, p2) > 0

271

™

e~ 15 e~ itf(po(t,z))+izpo(t,x) S uo (p—o(t, x)) (t — to)_%

f"(po(t, z))

8, [Fuo(-) e ol 040 ‘

T Co(Wy, 0,1, 52) Hmumm) (t— 1)

are defined in Theorem 3.3. Since we have

ai\ljf(p,t,x,to,l‘o) = _f//(p) 3 6§\Df(p,t,l',t0,$o) = _f(g)(p) )

and since the constants C5(VUy, 6, p1,pe) and Cg(Vy, d, p1, p2) depend
only on the second and third derivatives (with respect to p) of the
phase, we can claim that these constants depend on f rather than
V. Furthermore, Plancherel theorem and standard properties of the

Fourier transform provide

|

Op []—“uo(.)e_itf(')HxO}

12(®)

r— o F! [Fuo(.)e’“()f(')”xo'] (7) ’

L2(R)
r— z F! []—“uo(.) e_itOf(‘)} (x + xo)‘

L2(R)

x— (x — o) F ' [Fuo(.) e_it‘)f(')} (x)’

L2 (R)

x— (x — :co)uf(to,x)‘

L2(R)

28
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Hence we obtain finally

i —itf(po(t))+izpo(tye) }%m(p0“7?12<t__mﬂf%

us(t,z) — e
2T 1 (po(t, a:))
< (L C 3, p1, P t
X \/ﬁ 5(_f7 7p17p2)H('_$0)uf( 0")HL2(R)
1 S =)
+ o Co(—f,0,P1, P2) HU’OHLI(R)> (t—1t0)™",
406 where we have used the classical estimate || Fuo|, .. ® S 20| 21 (w)-

e Case i ¢ f (f ) As previously, we rewrite the solution formula as
the oscillatory integral I (¢, x, uo, to, 7o). Here the phase Wy(.,t,z, o, 7o)

has no stationary point inside the interval I = (p;, o) and one has
T — TIg ,
r— f'(p)

where m;(f) := min {f'(p1) — f'(51), ['(B2) — f'(p2)}. Consequently
we can apply Theorem 3.4 which provides

aquf(pa t? x, th .CI§'0> =

Vp € [p1,po] > mj(f) >0,

|Uf(t>$)’ < (\/% C?(—f,ﬁl,@) H( - xo) Uf(toa ')HLQ(R)

1 - _
+ 508(—]”,]91,]92) HuOHLl(R)> (t—to)™",

a07 where the constants C;(—f, p1,p2), Cs(—f,D1,p2) > 0 are defined in
408 Theorem 3.4.
Case 2: t < tg

Here we have

2_ J—_'uo(p) e—ztof(p)-‘,-za:ope (¢ to)( t—t(?p f(P)) dp
R 470

B 1
g 2w

= /mei(to_t)qu(p,t,m,to,xo) dp )
R

up(t,x) =

fuo (p) e—itof(p)-l-ia:op ei(toft) (t:fgp - f(p)) dp
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Following the arguments and computations of the preceding case t > ¢4, we
obtain

ett i e —itf(po(t,z))+izpo(t,z) M (to _ t)_%

Vor 7 (po(t, )

1 R
g (E 05(_fa 57p17p2)||(‘ - ZL‘Q) uf(t07')||L2(R)

up(t,x) —

1 o _
+ % 06(_f7 57?17?2)”“0”L1(R)> (tO - t) b )

for all (¢,z) € (—00,19) x R such that =2 € ' ) and

|ug(t, z)| < (L Cr(—f, b1, p2) || (- — o) g (to, ')HL2(R)

V2r
1 c - . " -1
+% 8<_f7p17p2)Hu0HL1(R) ( 0~ ) )

for all (¢,z) € (—00,1p) x R such that J=2 ¢ (I ) leading to the desired
estimates. [

4.2. Proof of Corollary 2.5

This subsection is devoted to the proof of Corollary 2.5. It is based on
a combination between Theorem 2.2 and the following Lemma 4.2.1. This
lemma gives the minimum of the function (¢, o) — H — o) us(to, . HL2
which is involved in the error estimates in Theorem 2.2. This functlon 1s
actually the moment of order 2 of the function z — ‘uf(to,x + xo)‘Q for
fixed (to,xo) € R2.

Lemma 4.2.1. Assume that the hypotheses of Theorem 2.2 are satisfied and
assume in addition that ||uo||2y = 1. Then the function g : R*> — Ry
defined by

g(to, z0) = H — o) us(to, ) ||L2

has a global minimum at (t*,2*) € R? with

e (" =argmin V(uf(T, )) ;
TER

o ot =M (uy(th,.)) .
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Proof. For fixed tg € R, differentiating twice the function g(to, .) with respect
to its second argument shows that

(920g(t0,a:0) =2>0.

x

Hence ¢(to, .) is a polynomial function of degree 2 whose unique global mini-
mum is

T(ty) = / x|uf(t0,:v)}2d$ = M (us(to,.)) -
R
It follows that

g(to, (o)) = /

R

(:L‘ — M (ug(to, )))2 ‘Uf(to,l')Fde = V(uy(to,.)) -

Lemma Appendix A.3 assures that tp € R — V(uf(to, )) € R, is a poly-
nomial of degree 2 whose leading coefficient is Vy (\/%}"uo). Since we have
by simple calculations,

Vf/(\/lz_ﬂ_]:’LLo> :Mf/2<\/%]:Uo) —Mf/(\/%]:UO)
1 1 2 2
=5 R(f/(P)—Mf’(\/%}_“O)) [Fuo(p)|"dp .

and since f is supposed to be strictly convex in this paper, the leading coeffi-
cient Vy (\/%fuo) is necessarily positive. Thus ¢y € R — g(to, i;(to)) eR,
has a global minimum at a certain t* € R, i.e.,

t* = argmin V (uy(r,.)) .
TeER

Finally we define
ot = E(t7) = My (ug(t', ) .
O

Remark 4.2.2. The polynomial nature of t, € R — g(to, Z(tg)) € Ry
permits to derive the following formula for t*:

1 )(‘%%(@'@)ﬂmm@

A
Vf/(\/%—ﬂqu

1

+Mf/(mfuo> Ml(uo)) . (14)
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Furthermore, from Lemma Appendix A.1, we have

Ml(Uf(t*, )) = Mf/(\/% fU()) t* + ./\/ll(uo) )

inserting formula (14) into the preceding equality provides

. = @( _ %s( [ £0) Fualy) Fuo) dp)
1 1

fo/<\/%fuo) +Mf/2(\/%}“uo> Ml(u0)>.

We are now in position to prove Corollary 2.5.

Proof of Corollary 2.5. We apply Theorem 2.2 with ¢, = t* and zg = z*,
where t* and z* are defined in Lemma 4.2.1, to the solution formula (6). This
provides the time-asymptotic expansions appearing in (7) and (8) together
with the error bounds in which the following term appears:

1= ) g, )| oy = Vo)

where g : R?> — R is defined in Lemma 4.2.1. By the definitions of ¢* and
r*, we obtain

* * * * 2 * .
gt z*) = /R(x — ") |uy (8, 2)|" do = V(up(t*, ) = Egﬂg}V(Uf(T,.)) :
Further it is clear that minimising the two families of (¢, z)-dependent error
bounds given in inequalities (7) and (8) is equivalent to minimising the func-
tion g. By Lemma 4.2.1, the parameter (¢*, 2*) minimises these two families,
which ends the proof. O

4.8. Proof of Theorem 2.6

We prove Theorem 2.6 in this last subsection. This will be done in two
main steps: for arbitrary (to,z¢) € R?, we first compute the mean position
of the term H(t, ., uo,to,zo) defined in the statement of Theorem 2.6 and
compare it to the mean position of the solution (6); a similar study for the
variances is carried out. Theorem 2.6 is finally a direct consequence of these
two studies.

In the first proposition, we compute the mean position of H¢(t, ., uo, to, zo)

for all t # t.
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438

Proposition 4.3.1. Let (ty,19) € R%. Assume that the hypotheses of The-
orem 2.2 are satisfied and assume in addition that ||ug||L2m) = 1. Then for
all t € R\{to}, we have

1
M1 (Hf(t, ., Ug, tg,Io)) = X9 + Mf/(ﬁ FUO> (t — to) .

Proof. Let t € R\{to}. First of all, we note that
zo+ f'(p1)(t —to) <xo+ fl(p2)(t —ty) <= t>tg.

Hence using the definition of H(t, x, u, to, zo) given in Theorem 2.6, we have

/ Zz ‘Hf<t,$,U,0,t0,.fE0)
R

_sgn(t —to) [0 Fug (po(t, x)) |
L /ro+f'(m)(t—to) f"(po(t, x))
1 zo+f'(p2)(t—to) ‘fuo(po(t,x))‘z
T oo P (ol 2)

We make now the change of variable x = x¢ + f'(p)(t — ty) to obtain the
desired result:

/35 ‘Hf(t,a:,u(),tg,mo)rdz
R

- %/:Q (w0 + F'(p)(t = 10))| Fuo(p)|* dp

2

dz

2
dx |t —to| ™

dr (t —to) " .

1 1
= Xy +Mf/(EFUO) t— Mf/(ﬁfﬂg) to )

note that we have used the fact that %”]:uOHiQ (1) = 1, which is a direct
consequence of the assumption ||uo||z2w) = 1. O

In the following result, we prove that the mean positions of the solution
of equation (5) and of the term H(t, ., uo, to, ¥o) are equal if and only if z
is equal to the mean position of u (%, .).

Proposition 4.3.2. Let (ty, 1) € R%. Assume that the hypotheses of The-
orem 2.2 are satisfied and assume in addition that ||uo| 2wy = 1. Then for
all t € R\{to}, we have

Ml(Uf(t, )) = M1<Hf(t, . Uo,t0,$0)> e o = Ml(Uf(to, )) .
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Proof. Let t € R\{to}. According to Propositions 4.3.1 and Appendix A.1,
we have

1
—Fugy | t;
V2T 0)

1
° Ml(Hf<t,.,uO,t0,$0)) :$0+Mf/(\/—2—ﬂ_flto> (t—to) .

Hence these two mean positions are equal if and only if

o« Mi(us(t,)) = Muluo) + Mff(

1
/\/ll(uo) = X9 — Mf/<\/_2_7r IUO) to ,

which is equivalent to zo = M (uy(to,.)). O

Remark 4.3.3. The definitions of t* and x* from Corollary 2.5 and the
preceding proposition assure that the mean positions of u¢(t,.) and the term
Hg(t, ., up, t*, 2*) are equal for all ¢ # t*.

In the two following results, we focus on the variances of the solution
us(t,.) and of the term H(t, ., uo, to, xo) for all ¢ # t,. We give firstly a
formula for the difference between the two variances for arbitrary (o, xo).

Proposition 4.3.4. Let (ty, 7o) € R%. Assume that the hypotheses of The-
orem 2.2 are satisfied and assume in addition that ||uo| 2wy = 1. Then for
all t € R\{to}, we have

V(uf(t’ )) - V(Hf<t7 - Ug, Lo, 1’0))
1

=253 [ 10 Fuale) Fea) W) = Moo =P ) M)

+ Vi (\/% fu0> to) t+ V(ug) — W(\/l?_ﬂ Fu0> te . (15)

Proof. Let t € R\{to}. Similarly to the arguments employed in the proof of
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Proposition 4.3.1, we have
M2 (Hf(ta -, Uo, t07 xO))
1 [zo+f (p2)(t—to) Fu (t,z) 2
= — ’ /?(Po )| dx (t—to)_l
27 Jaot £ (1) (t-to0) " (po(t, )

:_/p2 (w0 + F'(p)(t — o)) | Fuo(p)|" dp

1
= ZL'02 +Mf/2< ,FU()) (t — t0>2 +2$0Mf/(—fu0) (t —to) .

V2r V2r

Moreover, applying Proposition 4.3.1 gives
2
My (H(t, ., uo, to, o))
1

V2r

1 2
:x02+/\/lf/(—.7:u0) (t—t0)2+2x0./\/lf/(

Nirs Fu0> (t —to) .

It follows:

V(H;(t, . o, to, 70)) = (Mfa(\/%_ﬂ fuo) —Mf(\/%_ﬂ fuo)2> (t —to)?

Using the formula for V(u (2, )) from Proposition Appendix A.3, we obtain
finally

V(ug(t,.)) — V(Hf(t, .,uo,to,x0)>
:vf,<¢12_ﬂ )t2+2(%%(/Rf’(p)qu(p)(fT)'(p)dp>
_ Mf/(\/lz_w}"uo> M1<u0>>t - V(uo)
— Vf/(\/% fu0> (t —to)?
= 2(% %(/R £(p) Fuo(p)mdp) - Mf/(\/;_ﬂm) M (uo)
+ Vp (\/% .Fuo> t0> t 4+ V(ug) — vf/(\/z_ﬂ ]-"uo) to

446 [
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In view of the preceding result, the difference between the variances of
up(t,.) and Hy(t, ., ug, %o, o) is an affine function with respect to ¢. Conse-
quently the unique way to make this difference constant is to choose ty in
such way that the leading coefficient is equal to 0. It turns out that the
unique ty satisfying this property is the one minimising the variance of the
solution (6), namely ¢* introduced in Corollary 2.5.

Proposition 4.3.5. Let (ty,19) € R%. Assume that the hypotheses of The-
orem 2.2 are satisfied and assume in addition that |uo|| 2wy = 1. Then we
have the following equivalence:

JCeR VteR\{to}  V(ug(t,.)) = V(Hs(t, ., up, to,z0)) =C

= to =t* ;= argmin V(ug(r,.)) .
TER

In particular, we have

C =minV(uy(r,.)) .

TER
Proof. According to Proposition 4.3.4, the difference between the variances

of us(t,.) and H(t, ., ug, to, zo) is constant if and only if

1

:W <__d</f ) Fuo(p) (Fuo)'(p )dp>

My (= Fuo) M) )

Lo

3 which is equal to t* according to Remark 4.2.2. By evaluating equality (15)
e at t*, we obtain for all ¢t € R\{t*},

V(Uf(t, )) — V(Hf(t, . UO,t*,l‘o) = V(U/O) - Vf/(\/% fuo) (t*)Q . (16)
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We note now that

_ Mf/( ! .7-"u0> Ml(u0)>t* + V(o)

(e ) 20 ) i

fu0> ()2 + V(up) - (17)

1
:—V/
f(m

From equalities (16) and (17), it follows finally
V(uf(t, )) — V(Hf(t, .,uo,t*,xo) = V(uf(t*, )) = rTnei]gV(uf(T, )) ,

the last equality being obtained by the definition ¢* = arg min V (u (T, )) . g
TER

Theorem 2.6 can be now proved in a straightforward way.

Proof of Theorem 2.6. Let t € R\{t*}. According to Proposition 4.3.2 (and
Remark 4.3.3), we have

M1 (Uf(t, )) = Ml (Hf(t, ., Ug, t*, JZ*)) s
and Proposition 4.3.5 assures that

V(uf(t, )) — V(Hf(t, .,uo,t*,:c*)) = minV(uf(T, )) ,

TER

which ends the proof. n

Appendix A. Mean position and variance of the free wave packet

In this appendix, we give the formulas for the mean position and the
variance of the wave packet defined in (1). The proofs we propose here are
substantially based on the fact that the wave packet is defined via the Fourier
transform, permitting to apply some properties of this transform.

We begin with the formula for the mean position.
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Proposition Appendix A.1l. Suppose that ug € S(R). Then for allt € R,
we have )

Ml(Uf<t, )) = Mf,(\/ﬂ

Proof. For t € R, we have

fUO) t+ Ml(U()) .

/Rx’uf(t,x)‘Qda:—/xuf(t,x)mdx

R

— % /R}"[:c — muf(t,x)} (p) }"[x — ug(t, ZE)} (p) dp

=5 Rﬁp}"[a: = up(t, z)] (p) Flz — up(t, z)] (p) dp ;
(A1)

the second and third equalities have been obtained by applying Plancherel
theorem and basic properties of the Fourier transform. Using now the formula
(1), we obtain for all p € R,

o OF |z up(t,z)](p) = e’itf(p)( — it f'(p) Fuo(p) + (]:uo)l(P)> ;

° .7-"[3: — uf(t,a:)] (p) = et ) Fuo(p) -

By combing the two last equalities with (A.1) and by using again basic pro-
perties of the Fourier transform, it follows

/Rm‘uf(t,x)}de

o (—@'tf/(p) Fuo(p) + (]—"uo)'(P)) Fuo(p) dp

T or R
= % /R F0) |[Fuolp)*dpt + /R (Fuo)'(p) Fuo(p) dp
= %/Rf/(p) |]:UO(p)|2dpt + %/R]:[x — 2 ug()] (p) Fuo(p) dp

= %/Rf’(p) |}"u0(p)|2dpt + /R:c}uo(a:)fdx,

w5 leading finally to the desired equality. O
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Remark Appendix A.2. The preceding formula is actually an extension
of the well-known Ehrenfest theorem [22, Proposition 3.19] to the family of
dispersive equations of type (5). We recall that Ehrenfest theorem in the
setting of the free Schrodinger equation (3) gives the following formula for
the mean position of a free particle:

1
Mi(ug(t,.)) =M Fug |t + My(up) .
(us(,) (m 0) ()
466 The formula for the variance is provided in the following result.

Proposition Appendix A.3. Suppose that ug € S(R). Then for allt € R,
we have

1

V(ust, ) :vf,(mfu()) t2+2(%%<4f/(p)fuo(p)mdp)

~ M, (V% .ruo) Ml(uo))t +V(uo)

Proof. Following the computational arguments of the proof of Proposition
Appendix A.1, we have for all t € R,

/x2|uf(t,x)|2dx:/‘xuf(t,:v)fdx
R R

— % A ]-“[x — xuf(t,x)] (p)rdp
- % A OpF [z + up(t, )] (p)(zdp
— % Ll it f'(p) Fuo(p) + (Fuo)'(p) Cdp. (A.2)

Inserting the following relation

VpeR (Fuo)'(p) = —i}—[x = xuo(w)}(p)
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into (A.2) and expanding then the square of the absolute value provides

/R:zcz|uf(t,31:)]2clgc:%/]Rf’(p)z!fw(p)fdpt2 + /RxQ‘uo(a:)Fdx

21 /R R(i /(1) Fuolp) (Fuo) (v) ) dpt

/e

— Mf/z(\/;_ﬁ}“uO) t* + Mo(ug)
+ %%(/R F'(p) Fuo(p) (Fuo)'(p) dp) t

Now by using Proposition Appendix A.1, we have

2

My (uf<t7 ))

1 2 1
= My Fug | 24+ M 2+2M,<—f )M t,
f(\/ﬂ U0> 1(uo) AW 1(uo)

which leads finally to

V(uy(t, ))
= M (ug(t,.)) = M (us(t,.))”
= Mgn ]-"uo) 2 + May(ug)
%$</f ) Fuo(p) (Fuo)'(p )dp)

1 1
_ Mf,(\/—2_7r fu0> - Ml(u0)2 — 2Mf/(\/%flbg> Ml(UQ>t
- Vf’( 1 ]—“uo) 2+ V(ug)

467 D
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