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ASYMPTOTIC STABILITY OF PEAKONS FOR THE NOVIKOV
EQUATION

JOSE MANUEL PALACIOS

ABSTRACT. The Novikov equation is an integrable Camassa-Holm type equation with a cubic
nonlinearity. One of the most important features of this equation is the existence of peaked
traveling waves, also called peakons. This paper aims to prove the asymptotic stability
of peakon solutions under H*(R)-perturbations satisfying that their associated momentum
density defines a non-negative Radon measure. Motivated by Molinet’s work [26, 27, 28], we
shall first prove a Liouville property for H'(R) global solutions belonging to a certain class of
almost localized functions. More precisely, we show that such solutions have to be a peakon.
The main novelty in our analysis in comparison to the Camassa-Holm equation comes from
the fact that in our present case the momentum is not a conserved quantity and may be
unbounded along the trajectory. In this regard, to prove the Liouville property, we used a
new Lyapunov functional not related to the (not conserved) momentum of the equation.

1. INTRODUCTION

1.1. The model. This paper is concerned with the Novikov equation
Up — Uppy + 40Uy = BUUpUgy + U Uzpa, (t,x) € R2, (1.1)

where u(t,x) is a real-valued function. This equation was derived by Novikov [30] in a
symmetry classification of nonlocal partial differential equations with cubic nonlinearity. By
using the perturbative symmetry approach [25], which yields necessary conditions for a PDE
to admit infinitely many symmetries, Novikov was able to isolate equation (1.1) and derive
its first few symmetries. Later, he was able to find an associated scalar Lax-pair, proving the
integrability of the equation. On the other hand, Hone and Wang recently found a matrix
Lax-pair representation of the Novikov equation, specifically, they showed that (1.1) arises as
a zero curvature equation F; — G + [F, G] = 0 which is the compatibility condition for the
linear system [15]

U, =F(y,\)¥ and ¥;=G(y,\)VY,

where y = u — ug, and the matrices F' and G are defined by

0 Ay 1 3% — Uy %um — )\uzy ui
F=[|0 0 M|, G= U —% —%um — Ay
1 0 0 —u? Tu ﬁ + uuy

Moreover, by using this matrix Lax-pair representation, Hone and Wang showed how the
Novikov equation is related by a reciprocal transformation to a negative flow in the Sawada-
Kotera hierarchy.

© 2020 published by Elsevier. This manuscript is made available under the CC BY NC user license
https://creativecommons.org/licenses/by-nc/4.0/
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The Novikov equation possesses infinitely many conservation laws, among which, the most
important ones are given by

E(u) := /R (u2(t, x) + ui(t,:n)) dr and F(u):= / <u4 + 2u?u? — %ui)dl’. (1.2)

Solutions of (1.1) are known to satisfy several symmetry properties: shifts in space and time,
i.e. the mapping u(t,x) — u(t + tg,z + x¢) among solutions to (1.1) is preserved, as well as
space-time invertion, i.e. if u(¢,x) is a solution of (1.1), then u(—t, —x) is another solution.

One of the most important features of the Novikov equations is the existence of peakon and
antipeakon solutions [15] which are peaked traveling waves with a discontinuous derivative at
the crest. They are explicitly given by

+pe(x — ct) = +/ep(z — ct) = £/ce 1, c>0.

Moreover, the Novikov equation also exhibit multi-peakons solutions. More precisely, for
any given natural number n € N, let us denote by ¢ = (q1,...,¢,) and ' = (p1,...,pn) the
position and momenta vectors. Then, the n-peaked traveling wave solution on the line is
given by u(t,z) =Y ;" | pi(t) exp(—|x — ¢i(t)|), where p; and ¢; satisfy the following system of
2n-differential equations

dg; " li—as | —lgs—
S 2 (g) = Z pipre lai—a;|—la: Qk|’

di k=1
) Jik= . (1.3)
Di —lgi—as|—lgi—
= ~pa(ai)ua(a) = pi A%:lpjpk sgn(g; — qj)e” 19l
-]7 =

There exists some similar expressions for periodic peakons and multipeakon solutions but we
do not intend to deepen in this direction. On the other hand, equation (1.1) can be rewritten
in a compact form in terms of its momentum density as

Y + u?yy + 3uu,y =0, where Y= u — ugy, (1.4)

which can be regarded as a cubic nonlinear generalization of the celebrated Camassa-Holm
(CH) equation [2, 14],

Ut — Upgy = Ullggy + 2Uzlyy — JUl, equivalently v + uy, + 2uzy = 0, (1.5)
or the Degasperis-Procesi (DP) equation [11],
Up — Uty = UlUggy + SUgUzy — duu, equivalently  yy 4+ uy, + 3u,y = 0. (1.6)

It is worth noticing that the last three equations in terms of the momentum densities cor-
respond to transport equations for y(t). As a consequence, initial data with signed initial
momentum density give rise to solutions with the same property. This is one of the key
points to prove that smooth and decaying initial data with signed initial momentum density
give rise to global solutions.

Regarding the CH and the DP equations, both can be derived as a model for the propagation of
unidirectional shallow water waves over a flat bottom by writing the Green-Naghdi equations
in Lie-Poisson Hamiltonian form and then making an asymptotic expansion which keeps the
Hamiltonian structure [1, 2, 6, 17]. Moreover, both of them can be written in Hamiltonian
form

OB (u) = -0, F (u),
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where for the Camassa-Holm equation E(u) and F(u) are given by

E(u) ::/u2—|—u§ and F(u) ::/u3+uu§

while for the Degasperis-Procesi equation they are given by

E(u) f_/yv—/5v2+4vg+v§l, and F(u) :—/u37

where v := (4 — §2)~lu. Moreover, both of them belongs to the so-called b-family introduced
by Degasperis, Holm and Hones in [10],

Up — Utgy = bUglUpy + Ulggyr — (b4 1)uuy,.

In [25] it was shown that the b-family corresponds to an integrable equation only when b = 2, 3,
which corresponds exactly to the CH and the DP equations respectively.

On the other hand, the Novikov equation, as well as the CH and the DP equations, can also
be written in a nonlocal form in the following way. From now on we shall denote by p(z) the
fundamental solution of 1 — 92 in R, that is p := %e‘lz‘. Then, we can rewrite (1.1) as

up + Py = —p * (3utgug, + 2ud + 3utuy) (1.7)
which can be understood as a nonlocal perturbation of Burgers-type equations
Ut + %(U?’)x = 0,

or more generally as a nonlinear nonlocal transport equation. This latter fact has many
implications, for instance, from the blow-up criteria for transport equations we obtain that
singularities are caused by the focusing of characteristics.

At this point it is clear that the Novikov equation shares many of its remarkable analytic
properties with both the CH and the DP equations, as the existence of a Lax-pair, the
completely integrability and the bi-Hamiltonian structure [11, 15], but also all of them exhibit
both existence of peaked traveling waves as well as the phenomenon of wave breaking [2, 3, 6,
11, 30]. This latter one means that the wave profile remains bounded while its slope becomes
unbounded. As the authors explain in [3], understanding the wave-breaking mechanism not
only presents fundamental importance from a mathematical point of view but also a great
physical interest since it would help to provide a key-mechanism for localizing energy in
conservative systems by forming one or several small-scale spots. Finally, we remark that,
unlike the Novikov equation, peakon solutions for the CH and the DP equations have a slightly
different form, which is given by

Polx — ct) = cp(x — ct) := ce” P20t ce R\ {0}, zp € R.

It is worth noticing that in sharp contrast with the Novikov equation, CH and DP peakons
can move in both directions, left and right, just by changing the sign of ¢, while all Novikov
peakons and anti-peakons move to the right.

About the stability of these peaked solitary waves, the first proof of orbital stability was given
in the Camassa-Holm case for H'-perturbations assuming that their associated momentum
density defines a non-negative Radon measure [8]. The orbital stability for perturbations in
the whole energy space H'(R) was proved by Constantin and Strauss in [9] (see also [18] for
a proof in the Degasperis-Procesi case). Later, following the ideas in [9, 18] Liu et al. proved
the orbital stability for peakons in the Novikov case [19].
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From a physical point of view, these peakons, as well as the ones for the Novikov equation,
reveal some similarities to the well-known Stokes waves of greatest height, i.e. traveling waves
of maximum possible amplitude that are solutions to the governing equations for irrotational
water waves [4, 31]. These traveling waves (Stokes waves) are smooth everywhere except at
the crest, where the lateral tangents differ.

1.2. Initial data space. Before stating our results we need to introduce some functional
spaces and notation. Following the ideas of [7, 12, 13, 26] we define

Y = {U S H1<R) DU — Ugy € Mb}7
where Mj denotes the space of Radon measures with finite total mass on R. Moreover, from
now on we shall denote by Yy the subspace defined by Yy == {u € Y : © — uy € M;r},

where M;’ denotes the space of non-negative finite Radon measures on R. A crucial remark
in what follows is that, for any function v € C§°(R) we have

v(x) = ;/ZO e”:/*x(v — V) (2)d2 + ;/:O o= (v — vz ) (2)d’ (1.8)
and
V() = 7% /_Oo e T (0 — vge) (2 da! + % /m e (0 — Ve ) (2 )da! (1.9)

Therefore, if v — v, > 0 on R we conclude that |v,| < v. Thus, by density of C§°(R) in Y,
we deduce the same property for functions v € Y.

Remark 1.1. We recall the following standard estimate which shall be useful in the sequel:
[ullwra = [lp* (v = tee) [lwrr S [lu = tae |,
and hence it also holds that

[uzellm < Hlullpr + [[u — wzs|| m-
Thus, we have Y'(R) < {u€ WHH(R) : u, € BV(R)}, where BV(R) denotes the space of
functions with bounded variation.

With all of these definitions at hand we are able to introduce the most important definition
throughout this paper.

Definition 1.1 (H!-almost localized solution). We say that a solution u € C(R, H*(R)) of
equation (1.7) satifying u — uzy € Cy(R,M;") is H'-almost localized if there existe a C*-
function z(-) such that the following holds: For any e > 0, there exists R. > 0 such that for
allt € R we have

/ >R (w? +ug) (¢, +a(t))dr < e (1.10)

Remark 1.2. In [26]-[27], instead of using Definition 1.1, the author used what he called
Y-almost localization, i.e. he replaced the functional in (1.10) by

[ G20+ 20) $ —20)do + 00) — v, 0C 20 <5 0
and
(u(t) — ugy(t), (- — z(t))) <, (1.12)
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for the Camassa-Holm and the b-family respectively, where ® corresponds to any continuous
function 0 < ® < 1 satisfying supp ® C [—R., Rc]¢. This change is related to the fact that
the CH equation conserve both, the energy and the momentum, while the b-family conserve
the momentum. Nevertheless, in the case of the CH, DP and Novikov equations, since we
can prove that H'-almost localized solutions are uniformly exponentially decaying, all of
these characterizations are actually equivalent (see [27] for the equivalence between (1.11)
and (1.12)).

1.3. Main results. The following theorem is the main result of this paper and give us the
asymptotic stability of peakon solutions for the Novikov equation.

Theorem 1.2. Let ¢ > 0 be fizred. There exists an universal constant 1 > €* > 0 such that
for any B € (0,¢) and initial data uy € Yy satisfying

8
[uo = el < s*(%) : (1.13)

then the following property holds: There exists ¢ > 0 with |c — ¢*| < ¢ and a C* function
x: R — R satisfying ©(t) — ¢* ast — +oo

u(t, -+ x(t)) = g in HY(R).
where u € C(R,Y,) is the global weak solution to equation (1.7) associated to ug. Moreover,
for any z € R the following strong convergence holds

Jm Ju(t) = ger (- = 2(@) i1 (~o0,20(8t,+00)) = 0- (1.14)

The main ingredient in the proof of Theorem 1.2 is a rigidity property of the Novikov equation.

Theorem 1.3. Let us suppose that u € C(R, H(R)) with u — ugy € Cyp(R, M) is a H'-
almost localized solution of (1.1) that is not identically zero. Then, there exists ¢* > 0 and
xg € R such that

u(t) = Vero(- — zg — ¢'t), vVt e R.

The main ingredients in the proof of Theorem 1.3 are the almost monotonicity of the en-
ergy, the finite speed of propagation of the momentum density, the existence of a Lyapunov
functional and some continuity results with respect to the initial data for the H'-topology.

Remark 1.3. This theorem implies, in particular, that an H'-almost localized solution with
non-negative momentun density cannot be smooth for any time. More precisely, if u €
C(R, H'(R)) with u — ugy € Cy(R, M;") is a H'-almost localized solution of the Novikov

equation that belongs to H3/2 (R) for some t € R, then u must to be the trivial solution.

Our method of proof is certainly strongly motivated by the remarkable work of Molinet in
[26] for the Camassa-Holm case (see also [27, 28]). However, as we shall see, due to the
lack of conservation of momentum, the Novikov equation presents several new difficulties
that we shall have to address. For instance, given a solution u(t), since the global well-
posedness requires the momentum density to have finite total mass on R, apriori we are not
allowed to study global limit solutions associated to wu(t). Nevertheless, by using an almost
monotonicity result for the H'-norm at the right of some curves, we shall be able to prove
that for solutions staying close enough to peakon’s trajectory, the associated limit objects are
uniformly exponentially decaying and belong to Y, for all times. Another new difficulty is
that the Lyapunov functional in [26] was related to the conservation of the momentum. Here
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we introduce a new Lyapunov functional that is simpler and seems to work for a wider class
of CH-type equations. We point out that this new proof gives a simplification of Molinet’s
approach for the rigidity result, which can be useful for several types of CH-equations with
peakon solutions.

It is important to point out that all of these results, as well as the ones obtained in [26, 27],
come from a series of remarkable previous works in the context of KdV-type equations. The
interested reader can consult [21, 22, 23] for these previous results.

Remark 1.4. From now on we shall focus on the peakon case ¢.. Nevertheless, notice that
by using the invariance u(t,z) — —u(t,z) we also deduce the asymptotic stability of the
antipeakon profile —p, where ¢ > 0, with perturbations in the class of H' functions with
momentum density belonging to M, (R).

1.4. Organization of this paper. This paper is organized as follow. In Section 2 we in-
troduce some definitions and state a series of results needed in our analysis, for instance,
the well-posedness result in the class of solutions we shall work with. In section 3 we prove
the rigidity result for the Novikov equation. Finally, in section 4 we prove the asymptotic
stability of peakon solutions.

2. PRELIMINARIES

2.1. Preliminaries and definitions. In the sequel we shall need the following family of
functions. Let {pn}nen be a mollifiers family definied by

ou(2) :”(/R p(é)d£>1p(m’), where  p(z) = (2.1)

1
ex?-1  for |z| <1
0 for |z| > 1.

Notice that for any n € N we have ||p,|[1 = 1. On the other hand, for any p € [1,00] and
any T' > 0 we shall denote by || f|| rr.p3 the norm given by

T p/2
gy = [ ([ 02+ 2)earan)

From now on we shall also denote by Cj(R) the set of bounded continuous functions on R,
and by C.(R) the set of compactly supported continuous functions on R. Throughout this
paper we shall also need the following definitions.

Definition 2.1 (Weakly convergence of measures). We say that a sequence {v,} C M con-
verge weakly towards v € M, which we shall denote by v, — v, if

(Un, @) = (v,0), for any ¢ € C.(R).

Remark 2.1. Notice that we are adopting the standard Measure Theory’s notation for the
weak convergence of a measure. Nevertheless, we recall that from a Functional Analysis point
of view this convergence corresponds to the weak-* convergence on Banach spaces.

Definition 2.2 (Tightly and weak continuity of measure-valued functions). Let I C R be an
interval.
(1) We say that a function f € Cy(I, My) if for any ¢ € Cyp(R) the map t — (f(t)p) is
continuous on 1.
(2) We say that a function f € Cy(I, M) if for any ¢ € C.(R) the map t — (f(t)¢p) is
continuous in I.
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Definition 2.3 (Weak convergence in Cy(I)). Let I C R be an interval. We say that a
sequence fp, — f in Cy(I, My) if for any ¢ € Cp(R) we have

(fu()o) = (f()¢) in C(I).

Let us finish this section by recalling a standard Measure Theory lemma (see for instance
[24], Theorem 1.24).

Lemma 2.4. Let Q be any locally compact metric space. Let us consider { i }neny C M4 (Q)
a sequence of Radon measures weakly converging to some p € My (Q) (see Definition 2.1).
Then, for every open set V C  we have

A
p(V) < lim inf 115, (V).

This weak-lower semicontinuity property shall be useful in our proof and shall enable us
to approximate the momentum density associated to solutions of equation (1.7) by smooth
solutions and pass to the limit.

2.2. Well-posedness. In the proofs of Theorems 1.2 and 1.3 we shall need to approximate
non-smooth solutions of equation (1.7) by sequences of smooth solutions. In this regard, we
shall need a global well-posedness result on a class of smooth solutions. In [33], following the
ideas of the seminal work of Constantin and Escher [5] on the Camassa-Holm equation, Wu
and Yin proved the smooth global well-posedness for initial data with non-negative momentum
density.

Theorem 2.5 ([33]). Let up € H® for s > 3, with non-negative momentum density yo
belonging to L'(R). Then, equation (1.1) has a unique global strong solution

u € C(R, H*(R)) N CY(R, H*"1(R)).

Moreover, denoting by y(t) := u(t) — uzx(t) we have that E(u) and ||y(t)| ;2/s are two con-
servation laws. Additionally, we have that y(t) and u(t) are non-negative for all times t € R
and |ug(t,-)| < wu(t,-) on R.

Unfortunately, since peakon profiles do not belong! to H 3/ 2(R), they do not enter into this
framework either, and hence this theorem is not useful for our purposes. Nevertheless, by
following the work of Constantin and Molinet [7], in the same work Wu and Yin also proved
a global well-posedness theorem for a class of functions containing peakons. This result shall
be crucial in our analysis. However, we shall need a slightly improved version of this theorem,
which we state below.

Theorem 2.6 ([33]). Let ug € H'(R) be a function satisfying yo := (uo — toze) € My (R).
Then, the following properties hold:

1. Uniqueness and global existence: There exists a global weak solution
ue C(R,H'(R)) N C(R, L*(R)),
associated to the initial data u(0) = ug such that its momentum density

y(t, ) == u(t, ) —ug(t,-) € C’ti(R,M;(R)).

1Actually, they do not belong to any WH%‘p(R) for any p € [1,400). However, peakon profiles do belong
to W°(R), where W*°(R) denotes the space of Lipschitz functions.
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Additionally I(u) and E(u) are conservation laws. Moreover, the solution is unique
in the class

{f € CR H'(R)} N {f — faw € L®(R, M)}

2. Continuity with respect to the initial data H'(R): For any sequence {ugn }nen
bounded in Y (R) such that ug,, — ug in H'(R), the following holds: For any T > 0,
the family of solutions {u,} to equation (1.7) associated to {ugn} satisfies

u, = u in C([-T,T), H'(R)) and yo, —y in Cu([~T,T],M). (2.2)

Proof. We refer to [26, 27], Propositions 2.2, for a proof of this theorem in both the Camassa-
Holm and the b-family case. Notice that the same proof applies to the Novikov equation,
provided Theorem 2.5 and the fact that the first point of the statement was proven in [33],
except for the fact that y € Cy;(R, M;), which can be proven in exactly the same fashion as
in [26]. |

3. LIOUVILLE PROPERTY FOR THE NOVIKOV EQUATION

3.1. Preliminary properties of almost localized solutions and almost monotonicity
lemma. This subsection aims to state some preliminary properties regarding the decay of
almost localized solutions that shall be useful in the sequel. Since the proof of these properties
plays no role in the study of Theorems 1.2 and 1.3, we postpone them to the appendix.

Proposition 3.1 (Time-uniform exponential decay). Let u € C(R, H'(R)) be an H'-almost
localized solution to (1.7). Then, there exists a constant C > 0 only depending on ||ugl| g
and the mapping € — R (see Definition 1.1), and K > 1 such that for allt € R, all R > 0
and all |x| > R we have

ult, z+ 2(t))] + / (2 +12) (¢, + a(t))de < Ce . (3.1)

|z|>R

The previous proposition, whose proof is found in Section 5.2, is actually a classical conse-
quence of an almost-monotonicity property of the energy (see Lemma 3.2) which, together
with the H'-almost localized hypothesis, implies the uniform exponential decay of the so-
lution. To prove this theorem and both Theorem 1.2 and 1.3 let us introduce some useful
notation. From now on we shall denote by ¥ the weight function defined by

U= %arctan (exp (%)), (3.2)

The idea of introducing this weight function is to measure u(t,z) at the right side of space.
Notice that as a direct consequence of the definition we have that ¥(z) — 1 as x — +o00 and

1 «
0< U<, | < E\I" and Vz <0, |¥(z)|+ ¥ (z)] < es. (3.3)

Finally, for any modulation variable z : R — R and any point g € R we define the modified
energy functional

Tto (t) := /R (u2(t) + ui(t))\li( =z — 2(t) + z(to) ) dw
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A key point in our analysis is the fact that Tto (t) approximates the energy of u(t) at the right
of z(t) = xg + 2(t) — 2(to). Moreover, by using the definition of ¥ in (3.2) we deduce that

~ 1
for all ty € R, L, (to) > §||u(t0, ')||H1(:Jco,+oo)' (3.4)

The next technical lemma states the almost monotonicity result of the energy at the right.
This lemma shall be crucial in the proofs of Theorems 1.2-1.3, and we shall use it repeatedly.

Lemma 3.2 (Almost-monotonicity of the energy at the right). Let ¢ > 0 and 6 € (0,1) be
two fized parameters. Assume that u € C(R, H'(R)) with y € Cy(R, M) is a solution to
equation (1.1) such that there exists Ry > 0 and a C' function x : R — R with infg #(t) > ¢
satisfying

(1—=9)c

T where b := 2% max{1, |[uo|| ;1 }.  (3.5)

for all t € R, Hu(t)HL"O(\x—:r:(t)bRo) <
Then, for R > Ryq sufficiently large, v € (0,8) and any C* function z : R — R satisfying
(1—=08)z(t) < 2(t) < (1 —v)z(t), forall t €R, (3.6)

the following property holds: Let tg € R be a fixed time. Define the energy functionals
IiR(t) = / (w? () + u2 () (- —Z;ER))dl‘ where zf;R(t) =x(to) £ R+ 2(t) — z(to).
R

Then we have
Yt < to, I(to) —If(t) < Ce /5 and Vit >to, L T(t) -1 (to) < Ce /S, (3.7)
for some constant C > 0 only depending on d, v, ¢, Ry and E(u).

Remark 3.1. Notice that we are not assuming that u(t) is an H!-almost localized solution.
This shall important to study limit objects in Section 4, where hypothesis (3.5)-(3.6) shall be
guaranteed by a modulation argument.

Proof. See the appendix, Section 5.1. |

3.2. Comments on the method of proof of Theorem 1.3. Before going further, for the
sake of clarity, let us sketch the ideas of the proof of Theorem 1.3. We shall proceed as follows:
First, we start by studying properties of solutions with compactly supported momentum
density. In particular, we shall prove that for this class of solutions there exists a Lyapunov
functional, which is related to the last point on the support of the momentum density. Then,
in the next section, we shall prove that every H!-almost localized solution of equation (1.7)
has compactly supported momentum density, and hence all the properties proved in the
previous section hold. This shall be a consequence of the finite speed of propagation of the
momentum density and the time-uniform exponential decay of H'-almost localized solutions.
Then, by using the Lyapunov functional we shall prove that u(t) evaluated at the integral
line associated to the last point of the support of the momentum density is constant in time.
Finally, we show that the latter fact forces u(t) to be a peakon.
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3.3. A Lyapunov functional for solutions with compactly supported momentum
density. In this section we shall assume that we are working with a solution of equation
(1.7) such that the support of its momentum density is bounded from above. In the next
sections we shall prove that almost localized solutions enjoy this property.

Before going further, we need to introduce the flow ¢ associated with «?, which is defined by
t,x) =u?(t,q(t
qt( 7:(}) u ( 7q( 7'T))7 (38)
q(0,z) = .
From [34] we know that the solutions associated to this ODE satisfy, for every ¢ € R,
3
y(t,q(t, @) gz (t, )2 = yo(x) (3.9)
Moreover, by differentiating (3.8) with respect to 2 € R we also obtain

t
q:(t,z) = exp <2/ u(s,q(s,x))uw(s,q(s,x))ds> . (3.10)
0
Now we intend to study what consequences the existence of this last point on the support of
y(t) has. In this regard, we shall need the following definition
x4 (t) :=inf{xr € R: suppy(t) C (—oo,z(t) + x]}.
We emphasize that during this section we are assuming that z(-) is well-defined. The

following lemma show us that under these assumptions the map ¢t — x(t) + x4 (¢) is actually
an integral line of u?(t).

Lemma 3.3. Suppose that u € C(R, H'(R)) is an H'-almost localized solution of (1.7) with
infr & > ¢ > 0. Moreover, assume that there exists 1 € R such that for all t € R it holds

suppy(t, - + z(t)) C (—oo,r]. (3.11)
Then, for all t € R, we have
£(t) + 24.(t) = (1, 2(0) + 24 (0)), (3.12)
where q(-,-) is defined by

{qt(t, r) = u? (t, q(t, l‘)), (t,z) € R?, (3.13)
q(0,z) =z, x € R.
Additionally, for allt € R and z > x4 (t) we have

u(t,z(t) + z) = —uy (¢, z(t) + 2). (3.14)
Proof. See the appendix, Section 5.3. |

In the sequel we shall need the following definitions associated to the operator (1 — 92)~1.
From now on we denote by py and p_ the following operators
e

py * fx) = g /_I ef(z)dz and p_* f(x):= ;/OO e “f(z)dz.

Note that p = p;+ + p—. The following crucial lemma give us the existence of a Lyapunov
functional for solutions with compactly supported momentum density.

Lemma 3.4. Under the hypothesis of Lemma 3.3, the map t — u(t,z(t) + 24 (t)) defines a
bounded increasing function on R.
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Proof. The proof follows from some direct computation together with a regularization argu-
ment and (3.14). We point out that the computation of the time derivative along character-
istics has already been made in [3].

Let € > 0 small enough. We set the point . = x(0) + x4 (0) + . Now, we define the integral
line associated to x., that is, x.(t) = q(t, zc), where ¢(-,-) is defined in (3.13).

Now, notice that ||ug(t)||r~ < C, and hence u(t) is Lipschitz continuous with respect to the
space variable. Therefore, by using Cauchy-Lipschitz’s Theorem for ODEs we deduce that

ze(r) > z(:) +24(-) in C(R) as € — 0.
Moreover, since u(t) is continuous the latter convergence result implies that
u(-,xe(r)) > u(z(c) +24() in C(R) as € — 0. (3.15)
Notice that by using (3.14) together with the previous convergence result we also obtain that
g (, 2:()) = —u(,z(-) + 4+(-)) in C(R) as € — 0.

On the other hand, since suppy(t) C (—oo,z(t) + x4 (t)], we deduce that u(t) is H? in a
neighborhood of z.(t). Therefore, by using the equation and recalling that (px-) : L? — H?,
we conclude that w(t) is differentiable with respect to x in a neighborhood of x.(t).

Now we intend to compute the time-derivative of u along the integral line z.(t). For the sake
of simplicity we shall actually compute the time-derivative of the map t — wu, (¢, z.(t)), which
turns out to be easier. In fact, using Lemma 3.3 we get

1 3 1
e (1,2:(0) = s+ 0 = — 2+~ (S 4 0) — Lp

dt 2 2
Thus, after integration by parts and by using the operators p4 we obtain
d 1 1
auw(tﬂﬁs(t)) = §U(U2 —u3) — §(p+ s (u—ug)® + po* (u+ ug)?), (3.16)

where all the right-hand side is evaluated at * = z.(t). Hence, by using (3.14) and due to
the fact that the kernels of p4 and p_ are both positive and that |v,| < v for any v € Y, we
deduce

iux(t,xg(t)) <0, and therefore %u(t,ms(t)) > 0.

dt
Thus, u(t,z-(t)) is increasing, and hence, by using the convergence result (3.15) we conclude
that u(t, z(t) + x4(t)) is increasing, what finish the proof of the lemma. |

As a corollary of the previous analysis we obtain the following key property.

Corollary 3.5. Both maps x(t) + x4+ (t) and ©(t) + ©4(t) define non-decreasing functions.
Moreover, these are C' and C° functions respectively and there exists cx+ > 0 such that

. . . . 2
tl&rinoox(t) +a4(t) = t_lgcnoou (t,x(t) + x4 (t)) — cx.

Proof. This is just a consequence of Lemma 3.3 and the fact that u(¢, z(t)+z4(t)) is monotone
on R and bounded, and hence we immediately conclude the existence of both limits at +oco. W
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3.4. Almost localized solutions have momentum density with compact support.
The following property ensures that the momentum density associated with an H'-almost
localized solution is compactly supported. This is the key fact of our proof. Notice that once
we prove this property, all the results in Section 3.3 hold for y(t) = (u — ugs)(t).

Proposition 3.6. Suppose that u € C(R,Y,) is an H'-almost localized solution to equation
(1.7). Then, there exists r € R such that for all t € R it holds

supp y(t,- + z(t)) C (—oo,7]. (3.17)

Proof. First of all notice that it is enought to prove the result for ¢ = 0. Moreover, notice that
due to the fact that y € M, it is enough to prove the following property: Let ¢ € C*°(R)
any function satisfying

¢(x) =0 for reR_, ¢(x)=1 for x € [1,00) and ¢'(z) >0VreR.
Then, there exists r* € R sufficiently large such that the following equality holds

(y(0),6(- — 2(0) = %)) = 0. (3.18)
Now, in order to prove (3.18) we start by approximating ug by a sequence of smooth functions
UQ,n *= Pn * UQ € HOO(R> N Y+ (R) and Yo,n — Yo in M7

so that (2.2) holds for any 7' > 0. We emphasize that the latter weak convergence is in
the sense of Definition 2.1. Notice that by Theorem 2.5 we obtain that the solution wy(t)
associated to ug, belongs to C(R, H°(R)) and its momentum density y, € C, (R, L(R)).

On the other hand, notice also that for all n € N, the solution wu,(t) is also H!-almost
localized with the same localizing function z +— z(¢) and a radius R? that converges to R.
as n — +o0o. Moreover, since the mollifier family p, have compact supports, by adding an
universal constant to the one in front of the exponential in (3.1) we conclude that all the
sequence uy(t) have the same time-uniform exponential decay, i.e.,

un(t, -+ x(t)) < Ciexp(—|z|/K), forall neN,
for some constant Cy > C and some K > 1.

On the other hand, notice that for any fixed T' > 0, there exists ng € N such that for all
n > ng the following inequalities holds

r .
lun = ull Lge y < 75 min{ Ve, [luofl - (3.19)
Moreover, by the H!-almost localized hypothesis we deduce that there existe r > 1 sufficiently
large such that

1 c
[1(8) 173 ot r—1) < 75 min {276 NG ||u0|yH1} , forall teR. (3.20)

Notice that due to Sobolev’s embedding, inequality (3.19) implies that for all n > ny we have
1
up(t,r + z(t)) < gmin{ﬁ, lluoll g1} for all (|z|,t) € [r —1,4+00) x [-T,T].  (3.21)

2

i)

2
{Z:(Z((ltw 9;):;% (t,an(t, 7)), (3.22)

Finally, we need to introduce the flow ¢, associated to our approximate solution u
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We recall that (see [34]) the solutions associated to this ODE satisfy, for every ¢ € R,
Yn (t7 Qn(tv x))Q:L‘,n(ta l‘)

Moreover, by differentiating (3.22) with respect to = € R we also obtain

don(ts ) = exp <2 /0 t un(s,qn(s,m))ux’n(s,qn(s,m))ds> | (3.24)

3
2

= yn(0, ) (3.23)

Now we claim that due to the H'-almost localization of u(t) we have

t 1
gn (t,z(0) + 1) —a(t) > r+ C|2‘ and N < Gun(t,z(0) + 7+ ) < Cy, (3.25)
0
for some Cy > 0. For the sake of simplicity we shall show this fact at the end of the proof.

Thus, assuming the previous inequalities and by using (3.23) we deduce

00 +o0o
[ o= [ (bl e s
z(0)+r—1 z(0)+r—1

1/2 400
S CO yN(t7QTL(t7$))qz,n(t,fL')d.fC
z(0)+r—1

Now, by using (3.25) together with the uniform exponential decay of both wy (¢, z + x(t)) and
Un,z(t, & + x(t)) (see Proposition 3.1) we obtain

+00 +o0
/ Yn (t, qn(t, ) gen(t, ©)dz < / yn(t, z + 2(t))dx
z(0)+r—1 r—1+3lt
< (r=1+c|t]/2) /K /+°° _lzl | t—oo
Se + e  Kdx —— 0.
r—1+5t

Therefore, due to the sequential weak-lower semicontinuity given in Lemma 2.4 and the
positivity of yg and y, for all n € N, we have that

(y(0), (- — x(0) — r)) < liminf /+OO yn(0,2)dz = 0,
n—+00 z(0)+r—1

and hence, up to the proof of both inequalities in (3.25), we conclude the proof of the propo-

sition.

Proof of (3.25): The proof is straightforward in some sense and only requires to integrate.
In fact, it is enough to notice that due to (3.20) and Sobolev’s embedding we have

Un(t, qn(t, z(0) + 1)) < \f

Hence, by plugging the latter inequality into (3.22) and using the fact that infg Z(t) > ¢ we
infer that for all ¢ < 0 we have

d
Za(t,2(0) +7) < = which implies g, (t,2(0) +7) —a(t) = 7+ S|t
what finish the proof of the first inequality in (3.25).

Finally, let us prove the boundedness of ¢, (t). Recall that due to the H'-almost localization
hypothesis and by using Proposition 3.1 we have, in particular, that u,(t) has time-uniform
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exponential decay. Thus, by using the exponential decay of wu,(t), the almost monotonicity of
the energy, Sobolev’s embedding and inequality (3.25) we deduce that for any s € R it holds

2r+c|s|>

Blsalsa© ) < s adse) Sew (2

xzx(s)JrrJr%c\s\

Hence, due to the latter inequality and the fact that |v,| < v for any v € Y} we obtain

+o00
/0 U (8, qn (8, 2(0) 4+ 7))tz n (s, gn(s, 2(0) + 1)) ds < C.

Therefore, by plugging the latter inequality into formula (3.24) we deduce the existence of a
constant Cy > 0 such that % < Gan (t, x(0) + r) < C for all t € R, what ends the proof. W

3.5. Proof of Theorem 1.3. In this section we assume that we are under the hypothesis of
Theorem 1.3.

Motivated by the study made in Section 3.3, we define x4 the corresponding quantity which
give us the position of the last point on the support of y(t), that is,

x4 (t) :=inf{xr € R: suppy(t) C (—oo,z(t) + x]}.
Note that Proposition 3.6 ensures that the map t — 2 (t) is well-defined and bounded from

above.

Before getting into the details, let us start by explaining the idea of the proof: We shall
proceed in two steps: First, we intend to prove that u(t,z(t) + x4 (t)) does not depend on
time, i.e. it is constant. Then, we shall prove that this property forces u to achieve an equality
only achievable by peakons.

The following technical (but straightforward) lemma shall be crucial in the proof of Proposi-
tion 3.8 below. We postpone their proofs for the Appendix.

Lemma 3.7. Let v € Y. Then, the following inequality holds

px (3002 + 50%) > 20%(2), VreR. (3.26)
Moreover, equality holds in (3.26) for some xo € R if and only if v(-) is a peakon, that is,
there exists ¢ € Ry such that v(x) = \/ce~1#=ol,
Proof. See the appendix, Section 5.4. |

Proposition 3.8. Let u € C(R,H') be an H'-almost localized solution to equation (1.7).
Then, u(t) must to be a peakon.

Proof. First of all, we recall that by space-time reflection invariance we know that if u(t, z) is
a solution to (1.7), then so is v(¢,x) := u(—t, —x). Moreover, notice that from the definition
of v(t) it is direct to check that

veCR,H(R)) and v — vy € Cp(R, M),

and hence v is a H!'-almost localized solution of (1.7) localized at Z(-) := —z(—-) and the
same mapping € — R.. On the other hand, by applying Lemma 3.3 and Corollary 3.5 we
deduce the existence of a positive constant 7 € R and a C! function 7, : R — (—o00,7], such
that

lim v(t,2(t) + T4(t)) = /cx or equivalently  lim u(t,z(t) — T4 (—t)) = \/Cx.

t—+o0 t—Foo
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Step 1: We claim that this implies c;. = ¢ = ¢, = ¢_. Indeed, first of all notice that from
the monotonicity of ¢ — u(t, z(t) + x4 (t)) we have c_ < ¢4 and c— < ¢;. Now, let us prove
by contradiction that ¢y < ¢_. In fact, if this were not true, then there would exists ty € R
such that for all t > t¢y we would have

u(t,z(t) — T4 (—t)) < u(t,z(t) + z(t)) —¢, (3.27)
for some € > 0. On the other hand, notice that by Lemma 3.3 it holds

z(t) + z4(t) = q(t — to, z(to) + z+(t0)),
and
z(t) — T4 (—t) = q(t — to, x(to) — T4+ (—to))-
Thus, by using (3.13) and (3.27) we obtain

2 () + T (—t) = 24 (to) + By (—to) + / ai(7 — to, 2(to) + - (t0))dr

t
— / qt(’i' — t(),af(t()) - 5+(—t0))d7’
to

> e(t —to) + 24 (o) + T+ (—to)-
Since the right-hand side goes to 400 as ¢t — 400, this contradicts the fact that, by Proposition

3.17, both = (t) and 74 (t) are bounded from above. Notice that in the same fashion we also
obtain that ¢; < c_, what ends the proof of the claim. Therefore, we conclude that

u(t,z(t) + 24 (1) = ei VEeR.
Step 2: Now, we claim that this forces u(t) to be a peakon. We proceed by contradiction, that
is, let us assume that u(t) is not a peakon, and hence by Lemma 3.7, inequality (3.26) is strictly
satisfied. We claim that this forces the following strict inequality to hold at x = x(t) + x4 (¢)

1 3 1
—iuui +u® —px <2uu§ + u3> — Pa ud < —2pxud, VteR. (3.28)

In fact, by using Lemma 3.7 we know that for all ¢ € R it holds

Wt z(t) + 24 (t)) —px <;uui + 2u3> (t,z(t) + z4(t)) <O.

On the other hand, since |vy| < v for any v € Y we have
1 1 1
—iuui + oP u® + 5Pa xul <0,

Hence, gathering the last two inequalities we conclude the claim.

Step 3: Now we intend to use the latter two steps to conclude that u(¢) must to be a peakon.
We recall that we are still in the contradiction argument of Step 2, so inequality (3.28) holds.

In fact, by using (3.14) together with formula (3.16) and the previous claim we obtain
d d
T (t,z(t) + z4(t)) < —2p = ud  or equivalently au(t, z(t) + x4 (t)) > 2p* ul.

On the other hand, recall that if u(t) € Yy, then u(t) > 0 on R. Therefore, the latter
inequality together with the non-negativity of u(t) and p(x) implies that

d
$u(t,x(t) +z4(t)) >0, forall teR,



16 J.M. PALACIOS

but this contradicts the fact that w(t,z(t) + x4 (t)) = \/cx. Therefore, u(t) must to be a
peakon. The proof is complete. |

4. PROOF OF THEOREM 1.2

4.1. Modulation around peakons. In the sequel we shall closely follow the approach made
by Molinet in [26] (see also [21, 22, 23] for previous results using this approach for different
equations). From now on we assume we are in the context of Theorem 1.2, that is, from now
on let us assume that there exists ¢ > 0 and ug € Y, such that

l|uo — ﬁ@”Hl < \/558, for some 0<e<e. (4.1)

Then, according to the orbital stability result for peakon soltuions (see [19]), there exists
a function £ : R — R such that the global solution u(t) to equation (1.7) associated to wug
satisfies
sup [Ju(t) - Vep(- =)l See?, e:=min{ve, Vel (4.2)
te
where £(t) € R corresponds to any maximum point of u(t,-) and the implicit constant only
depends on? |lug||1. Before going further we shall need a modulation lemma for solutions
close to a peakon.

Lemma 4.1. There exists g > 0 small enough, C > 1, ¢ > 0 and ng € N such that if a
solution u € C(R,Y,) to equation (1.7) satisfies

sup [[u(t) — Vep(- — 2(1) |l < veeo, (4.3)

teR

for some function z : R — R then the following properties hold: There exists a unique C*
function x : R — R such that

ig{g |x(t) — 2(t)| < o and /Ru(t)(pno o) (- —z(t) =0, VteR, (4.4)
where py, is defined in (2.1) and ng € N satisfies:
Forall —3 <y< 3, /ch(-—y)(pn()*apl):() — y=0. (4.5)
Moreover, the function satisfies
ilelﬂg |z(t) — | < g (4.6)

Additionally, let 0 < € < ceq, then the following property holds:

. 2
if sup lu(t) = Veo(- — 2(O)lm < 5z then sup lu(t) — Veo(- — z()l|m < Ce. (4.7)
te te
Proof. The existence and regularity of z(t) is a standard application of the Implicit Function
Theorem. We postpone this proof for the appendix (see Section 5.5). |

2In [19] the implicit constant appearing in (4.2) does depends on |[ug|| 3. Nevertheless, it is easy to check
that it can actually be sharpened to depend only on ||uo,z|ze. Here, since up € Yy we have ||ugz|r~ <
l|luol|Loe < |luo||z1. The interested reader can consult to [29] for a simplification of this proof without the sign
assumption of the momentum density.
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At this point, let us consider 8 € (0, ¢) fixed. We define d := max{c?/2,¢=3/2} and

€y 1= % min {2%, Vego, ﬁ} , (4.8)

where C' > 0 is the constant involved in (4.7). Due to the orbital stability result, we infer that
if up € Y, satisfies (4.1) with this €., then (4.2) ensure us that (4.3) is satisfied and hence
(4.6) holds. Thus, we obtain that i(t) > 3¢ and hence u(t) fulfills the hypothesis of Lemma
3.2 for any 6 € (0,1) satisfying 1 — § > %. Notice that in particular we can choose § = %
Moreover, notice that by defining * as

1 €0 8
* _ 1 :
9 —Csmln{210d,6d} y

we infer that hypothesis (1.13) implies that inequality (4.1) is satisfied with e, as in (4.8).

4.2. Comments on the proof of Theorem 1.2. Before going further let us sketch the
ideas of the proof of Theorem 1.2. We shall proceed as follows: First, we start by studying
limiting objects associated to wu(t,- + z(t)) where u(t) corresponds to our original solution.
We shall prove that these limit objects enjoy better properties than the solution itself. In
particular, we shall prove that solutions associated to this class of limit functions corresponds
to H'-almost localized solutions, and hence they are peakons.

The main difficulty here in comparison with the Camassa-Holm and the Degasperis-Procesi
equations is that our sequence u(t,, - + x(t,)) associated to our original solution shall not be
bounded in Y, due to the non-conservation of the momentum. In consequence, we shall not
be able to use a general continuity result of the flow-map with respect to the weak topology
for bounded sequences in Y, as it was the case for these last equations. Instead, we shall
take advantage of the almost monotonicity result to prove that for a solution u staying close
enough to a peakon, the limit objects associated to ¢t — u(t, + ¢, + z(t, + t)) is uniformly
exponentially decaying, and thus has a finite momentum. This shall be enough to ensure the
weak continuity of the flow-map with respect to our sequence.

Once we know that the limit object corresponds to a peakon, we shall be able to slightly
improve our previous strong convergence result in H, llo; to strong convergence in H, llo .- Finally,
with this latter property, together with the modulation lemma and the weak convergence in
the whole space H!, we shall conclude the proof of Theorem 1.2.

4.3. Study of limit solutions. In the rest of this paper we shall need to explicitly study
the behavior of the solution w(t) on both, the left and right part of the space. Let us start
recalling the definition of the weight function ¥ given in (3.2):

2
U(zx) = — arctan (exp($)), sothat U(z)—1 as x — +oo. (4.9)

Before going further we shall need to introduce some additional notation. For v € Y and
R > 0 we define the functionals 7 and J given by

TFE={(*+v2,9(-—R)) and J"=(v*+v2,1-U(-+R)).

Now we fix tp € R and let v = 1. Considering 2(t) = 2x(t) we have that z(t) satisfies

condition (3.6) and hence we obtain

TE(u(t, + 1) > IF(t), vt <to,
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where IfI(¢) is the functional defined in Lemma 3.2. Moreover, notice that in particular we
have J7 (u(to, + x(to))) = Ifi (to). Thus, by using (3.7) we deduce
TR (ulto, + 2(to))) < TF(ult, +x(t)) + Ce 6,V < to, (4.10)
where C' > 0 is the constant appearing in (3.7). On the other hand, for the sake of notation
we also introduce the functional If} (¢) given by
ItRO(t) = <u2 + ui, 1-— \Il( . —%l‘(to) + R — %l’(t))> = FE(u) — I%R(t).
Notice that due to the energy conservation together with inequality (3.7) it holds
TR(t) > T (tg) — Ce B/S. (4.11)
Therefore, for all ¢t > ¢ty we have
R
T (ult, -+ (1)) > T (ulto,  + (to))) — Ce™ . (4.12)
With these definitions at hand, we can get into the proof of the main theorem of this paper.
As we already discussed, the proof of theorem 1.2 consists of studying limiting objects which
enjoy better properties than the solution itself. The following property ensures that the w-

limit set for the weak H'-topology of the orbit of ug consists of initial data that give rise to
H'-almost localized solutions.

Proposition 4.2. There exists € > 0 small enough such that for every ug € Y. satisfying
(4.1) with e < € the following holds: For any strictly increasing sequence t, — +oo there ezists
a function ug € Yy, a subsequence ty(,) and a Cl-function = : R — R satisfying (4.4)-(4.6)
such that

u(tg(n), . —|—x(tg(n))) — uf in H' and u(to.(n), . +x(t0(n))) — ug in Hlloz (4.13)
Moreover, the solution u*(t) of equation (1.7) associated to ufj is H*-almost localized.

Proof. First of all notice that due to (4.1), (4.7) and Lemma 3.2 both inequalities (4.10) and
(4.12) are satisfied by wu(t), the solution to (1.7) associated to ug. Now, on the one hand due
to (4.6) the family of functions {x (¢, + -) — x(t,)} is uniformly equicontinuous, and hence by
Arzela-Ascoli’s Theorem we deduce the existence of a subsequence {t,, }reny and a function
x* € C(R) such that, for all T > 0 we have

z(tn, + ) — x(tn,) = 2*(-) in C([-T,T]). (4.14)

Now we set uy(t) := u(t, +t,- + x(t, + t)). Notice that u,(t) defines a bounded sequence in
C(R, HY(R)) with {yn }nen bounded in L (R, M™*) and hence there exists a function

u* € LR, H'(R)) with (1—8?)u* € LR, M™),
and a subsequence {uy, , Yn, } such that
Up, = u* in LR, H'R)) and yp, — (1 —-9*)u* in L®R,M")
On the other hand, since {d;uy,, } defines a bounded sequence in L>®(R, L?(R)), Aubin-Lions’
compactness Theorem ensures us that, up to a subsequence, we have
Up, — u* a.e. in R2.
Moreover, recalling that {Jyup,} is bounded in BV, from Helly’s selection Theorem we

deduce
* : 2
Oz, — u) a.e. in R~
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Since {up, } and {0y u,, } are uniformly bounded on R we can pass to the limit on the Novikov
equation (1.7) to deduce that u* also satisfies the equation in the distributional sense. In
particular, we deduce

uf € L°(R,L*(R)) and therefore u* € C(R, L*(R)).

Finally, notice that {Ou,, } defines a bounded sequence in L°°(R, L?(R)), and hence we have
that for any ¢ € C°(R), the map t — (ug, ¢) defines a bounded uniformly equicontinuous
sequence of continuous functions. Thus, by Arzela-Ascoli’s Theorem and by density of C2°(R)
in H'(R) we obtain that for any 7' > 0

Up, — u* in Cu([~T,T), H (R)), (4.15)

in particular, u,, (0) — u*(0). Now, for the sake of simplicity we split the proof in two steps.
The first of them is devoted to prove the time-uniform exponential decay of uw*(t), while in
the second one we intend to prove that (1 — 9%)u* € L>(R, M;").

Notice that once we prove the latter property, and due to the fact that Y, (R) — H 3/27 (R),
we immediately conclude that

w € L°(R,H? (R)),
which, combined with u* € C(R, L?(R)), ensures us that v* € C(R, H!(R)). Therefore, u*(t)

belongs to the uniqueness class given in Theorem 2.6, and hence w*(t) is the solution of the
Novikov equation given by Theorem 2.6 associated to u*(0).

Step 1: We claim that the limit function w*(¢) has time-uniform exponential decay. First of
all, notice that since by (4.15) for all ¢ € R we have

u(tn, +t,-+x(tn, +1)) = u*(t,- +2*(t)) in HY(R),

we deduce that it is enough to prove the claim at time ¢ = 0. On the other hand, since we
have uniform bounds at the right (see Lemma 3.2), we immediately obtain the exponential
decay of uf at the right. In fact, let us consider the time sequence ty,, = t,, given by the
convergence results at the beginning of this proof. Then, it is enough to notice that, by using
the definition of ¥ in (3.2) and due to the fact that @(¢) > (1 + €)2(t) for ¢t € R for some

e > 0, by taking the limit {5 — +o00 we infer
Ifg (0) -0 as tp — +oo, and hence limsup ItROn (tom,) < e /K
k—+4o00 Tk

On the other hand, notice that by weak convergence in H' we deduce that for all R > 1
sufficiently large so that (3.5) holds, we have

* * * C— R —R/K
[ (0 4 06.7) - = @)W ~ Bydo < limint 1, (t0,) < V5.

Therefore, by Sobolev’s embedding we conclude the exponential decay of wj at the right of
z*(0).

It only remains to prove the decay of u on the left. In fact, we shall prove the following
property: There exist some constants C > 0, ¢ > 0 and R > 1 such that for all A >r > R
we have

[l i ((—a,—ry) < Ce™.
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Notice that the latter inequality together with Sobolev’s embedding implies the exponential
decay of uj. We proceed by contradiction, that is, let us suppose that for all C,¢ > 0 and all
R > 1 there exist A > r > R sufficiently large such that

gl ((—a,—r) = Ce ™ +¢, for some £ > 0.

Thus, let us consider 1 > ¢ > 0 small enough and C > 0 to be specified later. Notice that by
the weak convergence result (4.15) and due to the sequentially weakly lower-semicontinuity
of the H'-norm we have

bim inf flu(t, , -+ 2 ()l ((-4,-) 2 gl ((—a,—r)-

Therefore, there exists T>1and ko > 1 sufficiently large such that for all £ > kg we have
tny 2 T and Hu(tnk7 “t+ x(tnk))”Hl((—A,—T‘)) > Ce™ ™ + %5'

Now we consider a refinement of this subsequence which, for the sake of simplicity, we shall
denote it by {ty, }nen, satisfying ¢, > T for all n € N and such that z(t,,4+1) —x(tn) > 5(A+7).
Then, by the almost monotonicity of the energy at the left (see (4.11)) we obtain

[w(tnt1, + (1) |51 (—00,—r)) =
> [[ultnsrs -+ &ty | (= a-m) + [ultn, -+ 2 ()1 ((—o0,—ry) — Ce™"7°
>Ce @+ le+Ce ™ +5—Ce /0> 1Ce ™ +¢, (4.16)

where we are considering ¢ and C such that Ce /6 < %Ce_gr. Notice that repeating the
argument above, due to the fact that x(t,42) — z(tn+1) > 5(A + r), we can bound from
below the H'-norm on (—oc, —r) at time #,,2 by the H'-norm on (—A, —r) at the same time
plus the H'-norm at time t, 11 on (—o0o, —7), plus some small error term. Therefore, by an
iterative argument we conclude that |u(t,, - + z(t,))|| g1 — +o0o0 as n — +o00, contradicting
the energy conservation of the equation. Hence, we obtain that uf} has exponential decay.

Step 2: For the sake of simplicity, from now on we denote by y*(t) := (1 — 92)u*(t). Now,
we intend to prove that y* € L2(R, M;r) First of all, notice that in the same fashion as in
the proof of Step 1, since for any ¢ € C.(R) and any ¢t € R we have

<y(tnk +t,-+ x(tTZk + t))? (b) — <y*(t7 -+ l'*(t)), ¢>7

we deduce that it is enough to prove the claim at ¢t = 0. On the other hand, notice that for
every compact set K C R and any k£ € N we have

ly(tngs - + 2t ) M) < C,

where the constant C' > 0 only depends on K and |[ug||g1. Therefore, by using Helly’s
selection Theorem we obtain that uax € BVj, and hence yj is a positive Radon measure
(locally finite possibly with infinite total mass on R).

Now, we intend to take advantage of Lemma 2.4 so that we shall be able to estimate y; by
approximating ug by a sequence of smooth functions. Hence, we define the approximating
sequence

UG 2= pm ¥ up € HP(R) N YL (R), so that yg,, —y5 in M.

0,m *—
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We emphasize again that the previous weak convergence is in the sense of Definition 2.1.
Now, notice that due to the positivity of yj,, on R and by using Young’s inequality, recalling
that ||pm||z1 = 1, we infer that for all m € N we have

/ Wom = / W < sl

Hence, by the sequential weak lower semicontinuity given in Lemma 2.4 we conclude
I lae < Timin [l 14 < 1]
Therefore, y; belongs to the space of finite Radon measures M;. The proof is complete. W

4.4. Proof of Theorem 1.2. Let {t, },en be any strictly increasing time sequence satisfying

that ¢, — +o0o. Then, by the previous property we have that there exists a subsequence

{tn, }ren and an element uf € Y, such that the solution associated to wuf is H!-almost

localized, and hence by Theorem 1.3 we infer the existence of g € R and ¢* > 0 such that
uy = e (- — 20)-

Step 1: Now, as we discussed before, once we know that the asymptotic object corresponds

to a peakon, we are able to improve our local strong convergence result. In fact, due to the
local strong L? convergence we deduce that for all K C R compact we have

kgr_f_loo Hu(tnkv T+ ‘T(tnk)) - QOC*HL?(K) =0.
On the other hand, due to the fact that |v,| < v for any v € Y we deduce
tiinf g (g, + () z200) S 1 [ty + 2t ) ) = e 12y

Hence, by using again that ||¢'||z2(x) = [¢llL2 (k) We obtain

o 2 2 2

%gﬁgg [u(tn,, -+ ‘r(tnk)>HH1(K) < 2H‘Pc’*”m(}() = H‘PC*HHl(K),
Thus, by a standard result in Functional Analysis we know that the weak convergence result
together with the previous inequality implies that

U(tn,,  +(tn,)) — per — 0 in HL. as k — +oo. (4.17)

Step 2: Our aim now is to prove strong H'! convergence in (—A, o) for any fixed A > 0.
In fact, first of all, notice that the weak convergence result (4.13) together with the uniform
estimate (4.7) and the definition of e, implies that

c
loer (- — x0) — el < Cey and e — | < Ce, < 2

and hence, by using the local strong convergence (4.17) we infer that |xg| < 1. On the other
hand, notice that the weak convergence result (4.13) forces uf to satisfy the orthogonality
condition (4.4). Therefore, by using (4.5) we obtain that zp has to be equal to zero. Finally,
notice that the convergence result (4.17) together with (4.7) implies that

Ver = lim mﬂgxu(tnk).

k——+o0

Thus, defining p(t) = maxg u(t) we deduce that as k — +o0o we have
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Since this is the only possible limit we conclude that as ¢ — +o00 we have
u(t,- +x(t)) —pt)p =0 in H' and wu(t,-+z(t)) — p(t)p — 0 in H} .. (4.18)

Now, we claim that the latter convergence result implies that for any fixed A > 0, as t — 400,
the following convergence holds:

u(t,- +x(t)) — p(t)p — 0 in H'((—A,0)). (4.19)
In fact, let 6 > 0 be fixed and consider R > 1 sufficiently large such that
jTR(u(O, 4+ 2(0)) <& and Ce /6 < 6,
where C' > 0 is the constant involved in (4.10). Then, from the almost decay of the energy
at the right (4.10) we infer that
TE(u(t, +z(t)) < 26, forall teR.

Nevertheless, the latter inequality together with the local strong convergence in H! given in
(4.19) immediately implies that, for any A > 0 we have

ut, -+ z(t) — pt)e 2520 in H'((—A,0)). (4.20)
Step 3: Now we intend to prove that p(t) — v/c* as t — +oo. In fact, let € > 0 arbitrarily
small but fixed and consider R > 1 sufficiently large such that Ce=®/6 < ¢. Then, by using
(4.12) as well as the energy conservation we obtain that for all ¢ > ¢’ we have

/ (u? +u2) ()W (x — a(t) + R) < e + / (u? +ud) ()W (x — 2(t') + R).

On the other hand, due to the strong convergence result (4.19) and the exponential localization
of both ¢ and V¥, we infer that there exists tg > 1 sufficiently large such that for all £ > g
we have

‘ / (u® +u3) ()P (- 2(t) + R) — p*() E(p)| < .

Plugging the last two inequalities together we conclude that for any pair of times (¢,#') € R?
satisfying t >t > T we have

PP E(p) < p*(1)E(p) + 3e.
Since € > 0 was arbitrary, the latter inequality forces p(t) to have a limit at +o0o0 and thus to
converge to

lim p(t) = Ve

t——+00
Step 4: Now let us prove that #(t) — ¢* as t — +00. For the sake of readability let start by
introducing some notation. Let v, w, wy, : R — R the functions given by

o(t) == u— Ve —(t), wi= V(- —a(t) and wy, == Ve (o, * 9)(- — a(t)).

Then, by differentiating the orthogonality condition in (4.4) and recalling that ¢ satisfies the
equation ¢ — ¢ = 2§ we obtain

/ T / ot ), (1, )z — 2/ / o(t, 2)pmg (z — 2(t))dz.

On the other hand, by using that ¢ solves (1.7) we infer that w(¢,x) satisfy the following
equation:
3 1
wy + (& — ) wy + wiw, = p, (w3 + §wwi> — 5P w?
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Therefore, by using that w(¢) also solves (1.7), by replacing u = v + w and then using the
equation satisfied by w we obtain

v — (& — wy = —(v + w)?vy — (V2 + 20w)w, — %p x (V2 + 3viw, + 3vw?) (4.21)
+ P * <v3 + 3v%w + 3vw? + gv(vm +w,)? + gvgw + 2vmwwx).
Now, notice that due to (4.20) and the exponential decay of w and wy,, we infer that
[V*Wng 2l Lt + |02Wng ] L1 + / |vwn, |dz + / [v(t, ) pny(z — x(t))|dz — 0 as t — +oo.

Therefore, by taking the L?-inner product from equation (4.21) against wy, , and noticing
that (we(t), wng,«(t)) 2,12 = constant > 0 for all times ¢ € R we conclude
T—c*—0 as t — 4o0.

Step 5: Now we intend to prove the strong H' convergence on (t, +00). In fact, let us start
by recalling that from (4.20) we have that as ¢ — 400 the following convergence holds

u(t,") — e (- — x(t)) = 0 in H'(R) and u(t,-+z(t)) — e (-) = 0 in HY((—A, 00)).
Now, let 7 > 0 arbitrarily small but fixed. Let us consider R > 1 sufficiently large such that
2 _
HSDHHl((,OO’,g)) <n and [¥ 1‘|Loo((g7+oo)) <mn (4.22)

Thus, by the previous convergence results we infer the existence of a time point tg > 0
sufficiently large for which z(¢g) > R and such that for all ¢ > ¢y, we have

[ult -+ 2(8) = el g (-2 4oy <70

On the other hand, by using (4.22) and the latter inequality we deduce that for all » > R and
all t > tg we have

E(pe) — / (ult, -+ 2(8))per + talt, -+ 2(0))le) U(-+ 1) <. (4.23)

From now on we consider z(t) = 33t. Notice that with this choice of 2(t) and due to the

fact that x(t) satisfies (4.6), by straightforward computations we deduce that z(t) satisfies
the hypothesis of Lemma 3.2 with 1 — § = 4% and v = %. Moreover, as we discussed at the
beginning of this section, u(t) satisfies the corresponding hypothesis of Lemma 3.2 for such
choice of . Hence, by using inequality (3.7) we obtain that for all ¢ > ¢y, we have

/ (u? +u2) (t,)F ( —x(to) — S(t —to) + R)
< Ce /6 4 / (u? + u2) (to,)¥ (- — x(to) + R),

where the constant C' now depends on 6. Now, we define the variable v(t) := u(t) — Ve (- —
x(t)) and notice that

/(UQ £t (-~ alto) ~ £t — to) + R)
= / (v +u2) (t,)V ( —x(to) — 5(t —to) + R)
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+ c*/ (% +¢2) (L, — 2(1)T ( — x(to) — B(t —to) + R)

=2V [ (utol- ~ o0) + us®)g' -~ 2(t) ¥ (-~ alto) - 5t~ ) + R)
=T+ 11 +1IL
On the other hand, notice that for all ¢ > tg we have
x(t) — z(to) — 5(t —to) + R > R.

Hence, by using inequality (4.23) and then the exponential decay of ¢ we infer that
[+ 11410 < / (“2 + Ui) (to, )V (- — z(tg) + R) + Ce B/6
+ C*/ (¢% + ¢2) (to, - — x(t0))¥ (- — (tg) + R) + Ce F/6
=2V [ (ulto)il: ~ alto)) + uslto)g'( = 2(t0)) W (- = a(t) + B) + C

S / (U2 + Ui)(t()’ )\IJ( - IE(to) + R) + e_R/6 +n
Sn+eF0,

where we have used the exponential decay of ¢ to obtain the latter inequality. Therefore, by
taking R > 1 sufficiently large and t; > to such that 5t; > x(to) + g(tl —tp) — R, we conclude
that for all ¢ > t; we have

[+ v o <o
which completes the proof the claim.

Step 6: Finally, it only remains to prove the convergence in (—oo, z) for any z € R. This is
a consequence of a more general property, noticed by Molinet in [28], ensuring that all the
energy of solutions associated to initial data in Y, is traveling to the right. In fact, we shall
prove the following lemma which immediately conclude the proof of the theorem.

Lemma 4.3. For any ug € Yy and any z € R, the corresponding solution u € C(R, H'(R))
to equation (1.7) associated ugy satisfies

m [Ju(t)]| g1 ((—o0,2)) = O

t——+o0

Proof of Lemma 4.3. First of all notice that, for U defined in (4.9), for any time ¢ € R fixed
the map

Z / (u? +u2) (t,2)¥(- — z)dz,

defines a decreasing continuous bijection from R into (0, [lug||%:). Therefore, by setting any
0 <7 < |luol:, we deduce that the map z, : R — R defined by the equation

/ (u2 + ui) (t, )W (- — xy(t))dx =, (4.24)
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is well-defined. Moreover, recalling that u € C(R, H'(R)) we infer from (4.24) that z, is
a continuous function. Now, notice that in order to conclude the proof of the lemma it is
enough to show that for any v € (0, lug||3,1) we have

lim () = +o0. (4.25)

t——+o0

For the sake of readability we split the proof of the latter property in two steps.

Step 1: First we claim that for any A > 0 and any ¢t € R we have

Ty (t+A) —a(t /H_A/ (t, ) — x(t))dz > 0. (4.26)

First of all, notice that by continuity with respect to the initial data it is enough to prove the
claim for solutions u € C°(R, H*(R))NL>*(R, H'(R)). On the other hand, as an application
of the Implicit Function Theorem we obtain that x+(t) is of class C'. In fact, let us define
the functional

Y(v,2) = / (v +v2) V(- — 2)da.

Notice that 1 clearly defines a C! function on H'(R) x R. Moreover, notice that since any
function v € Y4 \ {0} cannot vanish at any point € R, we deduce that for any function
ve H*®NY, and any z € R we have

I _
0z

Recalling equation (5.2) from the proof of Lemma 3.2, we obtain
a'cw/ (u? +u2) V(- —2y) = /u2u§\II’ + /{p % (Buu? + 2u®) Jul’ + /{pm s ulul’,

Now, due to the fact that |v,| < v for any v € Y, we deduce p * uu2 + p, * u> > 0. On the
other hand, since u(t) is positive, from Lemma 3.7 we infer

(v +02) (- — 2) > 0.

p* (3uu? + 5u?) > 2u® in particular p* (2uu? + 2u3) > gu?’

Hence, by using again that |v,| < v for any v € Y, and the previous inequalities we infer that

4
2j:7/u2\11’(- — Zy) > /u2ug26\11’+5/u4\11’.

Therefore, due to the fact that ¥’ is a non-negative function with ||¥’||;1 = 1, by using
Hoélder’s inequality we obtain

2
() 2 7 [ V(o O)d
Integrating in time between ¢t and ¢ + A we conclude the claim.

Step 2: Finally, in this last step we intend to conclude the proof of (4.25). First of all notice
that from the claim of the previous step we deduce, in particular, that z-(-) is increasing and
hence it has a limit 25° € R U {400}, i.e.

1 = a3’
A o) =25
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Therefore, the proof of (4.25) is equivalent to prove that x3° = +o00. We proceed by contra-
diction, i.e. let us suppose that z3° € R. Thus, this fact together with inequality (4.24) and
the fact that |u,| < u < |luo|| g for all (t,z) € R? implies

lim [ (u®+u2)(t2) V(- —ay(t) = lim [ (u®+ul)(t,2)P(-—2) = 1. (4.27)

o0 . >
On the other hand, by taking A =1, from (4.26) and the convergence of z(t) we obtain
t+1 1
tlg,—noo . /UQ\P/(' —24(t) = tli-s-moo ) /uQ\I/’(- — xzo) =0.

Notice that the latter equality implies, in particular, that there exists a sequence of times
t, — 400 such that for any compact set K C R the following holds:

lim [[u(tn) Lo (s = O- (4.28)

n——+0oo

Now we choose any v < v < ||ug|| g1, arbitrary but fixed. Then, we consider the compact set
K := [z — M,z + M],

with M > 1 sufficiently large such that 25° — M < z.,,(0). Hence, by using (4.28), the

monotonicity of ¢t — x./(t) and recalling that x./(0) < x~(0) we conclude

lim (u? +u2) (t, 2) (- — 22°) =+

n—-4o00 v

However, this contradicts hypothesis (4.27) and hence the proof is complete. |

5. APPENDIX

5.1. Proof of Lemma 3.2. The following computations can be made rigorously by standard
approximation and density arguments by considering, for instance, the convolution of ug with
the mollifiers family p,, defined in (2.1) and by using the second statement in Theorem 2.6.
We refer to [12] for a complete justification of this argument.

Our aim is to prove the first inequality in (3.7) by integrating its time derivative. In fact, by
direct differentiation from the definition of I, (t) we obtain

%Iﬁ(t) iy / (vt + upttar) ¥ — (1) / (W2(t) + w2()) '

I /(u2(t) ()W (5.1)

On the other hand, by using both equations (1.1) and (1.7), after integration by parts we get

J= 2/ (ut — utm)u\I/ — Z/uum\ll'
= 2/ (3uuxum + u2umx — 4u2ux)u\ll
+2 /(uQum + 2uu? + pp * (Bungtg, + 2ui + 3uug ) )ud’

S 4/u2ui\IJ' +2 / w42 /{px s (Butipzy + 2u3 4 3ulug) Jul’.
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On the other hand, recalling that for any L? function f: R — R we have p* f, = p, * f, and
by using that p is the fundamental solution of (1 — §2), we obtain

20 * (BUlgligy + 2u> + 3uuy) = —2u® — 3uu? 4 3p * uu? + 2p * ud + py * ud.
Hence, by plugging this into (5.1) we get
d
—1R(t) = —Z(t)/ (u? + u2) ¥ + /uQUi\I/’ + /{p * (Buu? + 2u®) Jul’ + /{pz s ul Ju '’
- _z(t)/(u2+u§)\1ﬂ+J1+J2+J3. (5.2)

In order to bound J;, for i = 1,2, 3, we split R into two complementary regions related to the
size of u(t). In fact, we start by rewriting J; as

J1 = / uPu +/ WiV = 31 + 33
|z—2z(t)|<Ro |z—x(t)|>Ro

Now notice that (3.6) ensures that &(t) — 2(t) > ~c for all ¢ € R, and hence by using the
definition of z{1(t) we deduce that for |z — z(t)| < Ry we have

T — zﬁ(t) =z —x(tg) — R — 2(t) + 2(to) < Ry — R — ~ye(to — t). (5.3)

Therefore, due to the decay property of W/, Holder’s inequality and by using Sobolev’s em-
bedding together with the conservation of the H'-norm we obtain

T1 S o[ (o fimettom0),

On the other hand, by using (3.5) we infer that for all t < ¢y we have

(1-90)c
S HuH%oo(ﬂxm(t)|zRo})/Ui‘I’/ S 26/“3‘11'

Thus, the latter integral can be absorbed by the first integral term of (5.2). Now, in order to
bound Jy we proceed similarly by decomposing the space into two regions related to the size
of u(t). In fact, rewriting Jo as

Ty = / {p* (Bunu? + 2u®) Ju¥’ + / {p* Buu? + 2u®) }uV =: Ji + J3.
lz—a(t)|<Ro lz—a(t)|>Ro

Now, we recall that by standard Fourier analysis the operator (1 — 92)~1 : L2(R) — H?*(R)
is continuous. Thus, due to the decay property of ¥, by using Sobolev’s embedding together
with the conservation of the H'-norm we obtain

Jy = / {p* (3u? + 2u%) Jul 5 fJug| s en(Ro~R-elto=1),
|x—x(t)|<Ro
On the other hand, notice that since ¥’ is positive and due to (3.3) we have
1
(1—-0Hv > 5\1/, what implies that (1 —92)~ 10/ < 20/, (5.4)
and hence, by using the previous inequality together with (3.5), we infer that

(1-=9)c
J% S Hu0||H1(|zfx(t)\>Ro)||u0||H1 /UQ‘I’/ S T 96 u?v.
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Therefore, we can absorb this term by the first integral on the right-hand side of (5.2), and
hence it only remains to bound J3. Now, in order to bound it we proceed again by decomposing
the space into two regions

ng/ {px*ui}u\lﬂ—}—/ {pr *u}u¥’ =: J} + J2.
|z—z(t)|<Ro |z—2z(t)|>Ro

Thus, due to the decay property of W', by using Sobolev’s embedding together with the
conservation of the H'-norm we obtain

ng?. — 2/ {px % ui}qu! S ||UOH‘;Ileé(Ro—R—’YC(to—t)).
|z—z(t)|<Ro
On the other hand, by using (5.4) and (3.5) again, we obtain
1—-90)c
J3 = 2/ {pe % w3 }u¥" < [uoll i (ja—a(t) > ro) [w0 ]l 0 /Ui‘l’/ S % /ui«‘l"
|z—x(t)|>Ro 2

Thus we can absorb this term by the first integral on the right-hand side of (5.2). Therefore,
gathering all of these inequalities we infer that for R > Ry there exists C' > 0 only depending
on 0, 7, ¢, Rp and ||upl| g1 such that for all ¢ < ¢y it holds

d A (Retto—t) _ (1)
Zln(t) < Ce L(R4re(to—t)) _ = / (2 + u2) V.
Finally, integrating between t and ty we deduce that for all ¢t < ¢

L, (to) — Ly (t) < Ce 6.

Notice that the second inequality in (3.7) is obtained in exactly the same fashion, except for
obvious modifications, so we omit it. The proof is complete. |

5.2. Proof of Proposition 3.1. First of all notice that in order to conclude the proof it is
enough to show that I;,(t) — 0 as t — —oo. In fact, by plugging this limit property into the
first inequality in (3.7) we obtain

R

Ito(tO) < Ce™ 5. (55)

Hence, let us prove that the limit equality holds. In fact, we start by spliting the space as
before. In concrete, for R, > 1 to be specified later, we decompose I, (¢) into

Ito(t):/ (u2+u§)\1f+/ (W +u2)V =1 + 1.
lz—=(t)| <R |z—z(t)|>Re

Now, on the one-hand, by the H'-almost localized hypothesis, for any ¢ > 0 we can choose R,
sufficiently large such that Iz < 5. On the other hand, by monotonicity of ¥ and by Sobolev’s
embedding we get

I < ol ¥ (Re + () — 2(to) — R — 2(t) + z(to)). (5.6)

Finally, recalling that &(t) — 2(¢) > ~c for all ¢t € R, we deduce that for |z — z(t)| < R. we
have

x — zfz(t) =z —x(tg) — R— 2(t) + 2(to) < Re — R — ~ye(to — t).
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Thus, by plugging the latter inequality into (5.6) and due to the fact that U(z) — 0 as
x — —oo we obtain that I; — 0 as ¢t — —oo. Finally, notice that gathering (3.4) with (5.5)
we infer that for any zg > 1 sufficiently large and all ¢ € R it holds

T

(e, - + @) ]z, 00) < Ce 0 -

On the other hand, since the Novikov equation is invariant under space-time inversion, that
is, invariant under the transformation (¢, z) — (—t, —x), the latter inequality also leads us to

zo

Jult, - + ()| g1 (—o0.m0) < T

Therefore, we conclude the proof by using Sobolev’s embedding. The proof is complete. M

5.3. Proof of Lemma 3.3. First of all notice that (3.14) follows directly from combining
formulas (1.8)-(1.9) with (3.11). On the other hand, notice that the remaining part of the
Lemma would follow directly from the definition of z(-) and ¢(-, ) if the initial data were in
H3(R), and hence we shall proceed by approximating the solution at some convenient time
by smooth functions as before. Moreover, the proof follows by contradiction, i.e., from now
on we assume that there exists t* € R such that
q(t*, x(0) + z4(0)) = z(t") + =4 (") +¢,
for some € # 0. Notice also that without loss of generality we can assume that t* € (0,1).
We split the proof in two cases regarding the sign of ¢.
(1) Case € < 0: In this case we approximate the initial data ug by the family of smooth
functions
Uopn = pn * ug € HP(R) N YL (R).
Now, by continuity and monotonicity of the map = — ¢(¢,x) we deduce that there
exists 0 > 0 such that

q(t*,2(0) + 24 (0) + 6) < 2(t*) + 24 (t*) + 3¢,

On the other hand, notice that by definition of p,, there exists ng € N sufficiently
large such that for all n > ng we have

Yo =0 on [2(0) + 24(0) + 6, 00).

Thus, denoting by u,(t) the solution to (1.7) associated to wg,, we consider the
characteristic ¢, : R — R defined by

gty = (L an(t,2)), tER,
4n(0) = 2(0) + 2, (0) + 6.

It is clear from the definition that y,(0,:) = 0 on [g,(0), +00). Therefore, by using
formula (3.9) we obtain that

Yn(t*,) =0 on [g,(t"),+00).
Finally, since ¢,(-) — q(-,2(0) +z4(0)+9) in C(]0, 1]) and by using (2.2) we conclude
that, for n € N sufficiently large,
Y, ) =0 on [o(t7) + 24 (#7) + e, +00),

what contradicts the definition of x4 (t*) due to the fact that ¢ < 0. The proof of this
case is complete.
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(2) Case € > 0: In this case we approximate the solution at time t* by the family of
smooth functions
u) = pn * (u(t*)) € HX(R) N Y (R).
Now, by continuity and monotonicity of the map = +— ¢(¢,x) we deduce that there
exists § > 0 such that
At 2(0) + 24 (0) = 8) > a(t") + w4 () + Le,

On the other hand, by denoting u,(t) the solution to (1.7) such that u,(t*) = u}, we
deduce by definition of p, that there exists ng € N sufficiently large such that, for all
n > ng we have

Un(t*) =0 on [q(t*,2(0) 4+ 21 (0) — ),00).
Thus, as before, we consider the characteristic ¢, : R — R defined by

{gtqnu) = @ (1, qu(t, 7)), tER,
an(t*) = q(t*, 2(0) + 24.(0) — ).

It is clear from the definition that y,(t*,:) = 0 on [g,(t*),+0o0). Hence, by using

formula (3.9) we obtain that

Un(0,-) =0 on [gn(0),+00).
In the same fashion as before, by using (2.2) we conclude that, for n € N sufficiently
large we have
y(0,-) =0 on [z(0) + 24+(0) — %(5, +00),

what contradicts the definition of x4 (0). The proof of this case is complete.

Therefore, the proof is complete. |

5.4. Proof of Lemma 3.7. Step 1: Let us first prove inequality (3.26). In fact, let € R
arbitrary but fixed. Then, on the one-hand, by using a® + b > 2ab we have

T

e [ erwin v @)an 2 2 [ enpennin

—00 —0o0

2 27" [*
= 2o - 2o [ e,

and hence,

e [ e (v + G ) an = 5 o)

On the other hand, by using a? 4+ b?> > —2ab we obtain
+o0o +00
e [ e o) + P m)n = 267 [ ety

2 2¢® +o0
@) - [ e

and hence
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Gathering both inequalities we conclude (3.26). |

Step 2: Let us prove now the second part of the statement. In fact, from the proof of the
first step we see that equality holds if and only if

w2 + 0% = 20%0, a.e. on (—o0o,x9) or equivalently v, =v a.e. on(—o0,xg).

By solving the ODE and by continuity of v this forces it to be v(z) = Ce* on (—o0,x¢). In
the same fashion, equality holds in (3.26) if and only if

w02 + 03 = 20?0, ae. on (xg,+00) or equivalently v, = v a.e. on (xg,00).
z ) q Yy )

Thus, by solving the ODE we obtain that v(z) = Be™* on (zg, +00). Therefore, by continuity
of v in R we conclude that v(x) = Ce~l*=%0l. The proof is complete. |

5.5. Proof of Lemma 4.1. We shall follow Molinet’s proof [26]. Let ng € N to be specified.
Consider the functional given by the ortogonality condition we are looking for, that is, consider
the functional given by

Vetuws) = [ulpny + 0o =y —2)

Notice that Y, : H!(R) x R — R defines a C! functional in a neighborhood of (g, 0). Moreover,
since by definition both p,, and ¢ are even functions, we have Y, (0, (- — z)) = 0. On the
other hand, notice that by direct computations we have

oY,

S =200) = [ oy ) = I = i) = 1 = (o), (57)

where () satisfy £(n) — 0 as n — +oo. Hence, we are able to take ng € N large enough such
that

oY,

Thus, from the Implicit Function Theorem we deduce the existence of € > 0, § > 0 small
enough and a C! function y.(-) : B(p(- — 2),¢€) — (=4, ) such that

Y.(u,y.(u)) =0, forall ue B(p(-—2),¢),

N | —

where B(p(- — z),€) denotes the H!-ball of radius € centered at ¢(- — z). In particular, as a
consequence of the Implicit Function Theorem we deduce the existence of a constant Cy > 0
such that for any € < € we have

if uwe B(p(-—2),¢) then |y.(u)] < Cpe. (5.8)

Notice that by a translation invariance argument, the constants €, § and Cy are independent
of z € R. Therefore, by uniqueness we can define a C'' map

x: U B(p(-—2),80) — (—6,8) given by 7 :=2z+y.(u) for ue B(p(- — 2),¢).
z€R
On the other hand, notice that Y, is also of class C! viewed as a functional Y, : L?(R) xR — R.
Moreover, by the same computations as before we have

Tl =) = [e@ ol r o) -z - o
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Hence, arguing in the same fashion as before we deduce the existence of a constant € > 0 and
a C! function

z: |J Ble(- = 2).m) = (=, 8), (5.9)
z€R

such that for all u € B we have Y, (¢(- — 2—),y.(u)) = 0 if and only if y,(u) = Z(u), where
the set B is given by

B:=J B(e(- —2),m).
z€R

Notice that in both (5.9) and the definition of B we are denoting by B(p(- — 2),7) the L%-ball
centered at ¢(- — z). Thus, by setting e* := min{e, n}, due to the uniqueness given by the
Implicit Function Theorem we conclude that T =  on By (¢(- — 2),e*). Hence, Z(-) is also a
C! function on U,cr By (¢(-—2), %) endowed with the L? norm. This fact shall be important
in the sequel. Now, for the sake of readability we split the proof in several steps.

Step 1: Our first aim is to prove (4.4). In fact, notice that as a direct consequence of (4.3)

we have
{%u(t, ) te R} - U B(p(- — 2),20)
z€R
Therefore, by making ey smaller if necessary, we can define x(t) := Z(u(t)), and hence z(-)
satisfies both conditions in (4.4) by construction.

Step 2: Now we intend to prove (4.7). In fact, it is enough to notice that from the hypothesis
given in (4.7) together with (5.8) we conclude that for any ¢ > 0 and any 0 < € < cgp we have

| eute) ot —=t00] , < ()" + ool =2l St Gy'’e.
|21<Co( %

Step 3: Our aim now is to prove (4.6). For the sake of simplicity let us start by defining
some new variables:

o(t) = u = Vep(- — (1)), wi= Vap(-—a(t) and wny = ve(pn +9)(- — 2(t))
Now we recall that in view of (1.7) we know that any solution u € C(R, H!(R)) of the Novikov
equation satisfies

u; € C(R,L*(R)) and hence u € CY(R, L*(R)).

This ensures that the mapping ¢ — x(t) = Z(u(t)) is of class C! on R. Thus, by differentiating
the orthogonality condition (4.4) we obtain

/vtwROJ = a':/v(t, T)Wng 22 (t, )de = —& / Uz (L, &) wpy 2 (t, x)dx
On the other hand, by using ¢ — ¢” = 20 we infer that w satisfies the following equation

3 1
wy + (& — ¢)wy + wwy = py <w3 + §wwi> — 5P * wi.

Replacing the latter equation together with « = v 4+ w into (1.7) we obtain that v satisfies
1
v — (& — Q)wy = —(v + w)?vy — (V2 + 20w)w, — S * (vg + 302w, + 3vwwi)

3 3
+ pg * <v3 + 302w + 3vw? + Zv(v, + we)? + Sv?

2 2 W+ 2vxwwx>.
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Taking the L2-inner product on the latter equation against wy, , and by using (4.7) we get

(& —¢) /wzwno,zdw +cO([[olla)| < Ol|vllmr) S eCeo.

Therefore, by using (5.7), considering ng € N sufficiently large and ¢y sufficiently small so
that Cep < 1, we conclude (4.6).

Step 4: Finally, it only remains to prove (4.5) for ng € N large enough. In fact, it is enough
to notice that

[ ¢ @ste -y = @ - e,

Hence, for ng € N large enough we have

d 1 _

ay | o) —y) = /w’(pno #)(—y) 2 e on [-5.3].
Therefore, the mapping y — [ ¢(pn, * ¢)'(- — y) is increasing on [—3.3]. The proof is
complete. |
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