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In horizontal wells or directional wells, a casing bends to be in accordance with the wellbore curvature of the wells. The collapse strength of a curved casing correspondingly decreases, which may cause well failure if neglected. Herein, a curved casing is taken as a bending beam under uniform load according to material mechanics. The differential equation of the deflection is established. The relationships among axial stress, hoop stress, radial stress of casing, and wellbore dogleg is obtained based on Lame theory. The equation of collapse strength of the curved casing is deduced using distortion-energy theory. To verify the theoretical result, a finite-element model of the casing is established with ANSYS software. The collapse strengths of casing in four cases are analyzed using theoretical and finite-element method. Results show that the theoretical results well match the numerical ones. The collapse strength of the casing decreases nonlinearly with increased curvature. For the casing with outer diameter (OD) of 139.7 mm and thickness of 10.54 mm, collapse strength decreases from 104.74 MPa to 99.30 MPa with increased wellbore curvature from 2°/30 m to 12°/30 m. The relative reduction in collapse strength increases nonlinearly with increased wellbore curvature. OD has a greater influence on the relative reduction than thickness. The maximum value of relative reduction is 6.099% when OD is 139.7 mm but only 4.039% when OD is 114.3 mm. These results provide a reference for casing selection in production or other cases.

Nomenclature

D

outer diameter of casing d inner diameter of casing Po external pressure of casing r distance from a certain position in the wall to the center of casing M equivalent bending moment y distance to the center axis Iz moment of inertia EI bending rigidity of casing k wellbore curvature

Introduction

In horizontal wells or directional wells, a damaged casing greatly influences production [START_REF] Dou | Summary of Oil Well Completion in High Temperature and High Pressure Deep Wells[END_REF]). Goswam et al. (2015) and [START_REF] Huang | A Theoretical Study of the Critical External Pressure for Casing Collapse[END_REF] believed that when the pore-pressure coefficient is greater than 2.0, the casing may collapse or deform under high external pressure, resulting in integrity failure in oil and gas wells. Affected by wellbore curvature, downhole casings bend laterally and then produce normal stress. A casing is also subjected to complex loads including external pressure, internal pressure, tensile force, and dynamic load throughout the processes of downhole, cementing, and completion. The formula provided in API BUL 5C3 standard is applicable to only straight casing (API BULLETIN 5C3, (1999)). [START_REF] Shen | Strength Analysis and Calculation of Outer Pressure of Casing[END_REF] analyzed the hoop and radial stresses of noncircular casing. They obtained the collapse strength of an ideal elastoplastic casing according to the casingcollapse criterion. [START_REF] Huang | Calculation of casing crushing strength in curved wellbore[END_REF] based on the theory of elastic mechanics, the effect of wellbore curvature is equivalent to the bending moment at both ends of the casing and non-uniform external pressure from cement and rocks. The formula of collapse strength of the casing is deduced and verified by finite-element method. Considering the wellbore curvature, Yang et al. (1996) established the mechanical model of a bending casing and obtained its maximum deflection and maximum bending stress. Due to the bending effect, the casing is crushed. The amount of flattening affects the axial stress and collapse strength of the casing. [START_REF] Yukihisa | Effect of Wear and Bending on Casing Collapse Strength[END_REF], [START_REF] Jiang | Finite element ANSYS analysis method for bending sleeve crushing strength[END_REF] and [START_REF] Liu | Establishment of finite element model and cross-section distortion of tube flattening-bending and bending continuous deformation process[END_REF] considered the bending moment at the ends of the casing, as well as the relationship between the maximum stress and bending curvature, the numerical solution of the collapse strength of the casing is obtained based on distortion-energy theory.

In previous research, the effect of reaction force from cement and rocks is idealized when establishing the mechanical model of a casing. Unavoidably, the deduced formula of collapse strength has errors. According to material mechanics, a curved casing can be taken as a bending beam under uniform load, which is closer to reality. Considering the influence of well type and confining pressure from cement and rocks, the mechanical model of curved casing is established and collapse-strength equation is deduced. [START_REF] Wang | Analysis of residual crushing strength of casing in curved section of medium and short radius horizontal well[END_REF] believed that when a casing enters the curved part of a horizontal well, the wellbore curvature forces the casing to bend and deform. The effect of wellbore curvature is equivalent to applying a bending moment at both ends of the casing. [START_REF] Wang | Analysis of confining pressure and fourth equivalent stress of downhole casing[END_REF] and [START_REF] Dou | Mechanical analysis and application of downhole tubular string in high temperature and high pressure deep well test oil well[END_REF] considered that the outer wall of the curved casing is subjected to external pressure from cement and rocks.

Establishment of Mechanical Model of the casing under Uniform Load

Assuming that a casing and a wall make uniform contact and that the wellbore curvature is coincident with the centerline of the curved casing, the curved casing model (Figure 1) under bending moment and external pressure is equivalent to the model of beam under uniform load (Figure 2). In this model, q is a uniform load, FAY and FBY are the reaction forces at the two ends, x is the distance to the left end, and L is the casing length. Uniform load can be obtained when the deformation of the casing under uniform load is compared with deformation under the constraint of wellbore curvature. 

Theoretical Method for the Collapse Strength of Curved Casings

To study the deformation and stress of curved casings, the internal force on the cross-section is needed. Due to the influence of well type, casings in the curved section of a horizontal well bent and deform. The exterior of a casing is in contact with cement and rocks. When the casing bents and deforms, the concave part is pressed and the convex part is pulled. The maximum tensile stress appears on the outer wall of the convex side. Yukihisa et al. (1994) and [START_REF] Yan | Design of Permissible Slope of Coal Mine Methane Multi-branch Horizontal Well Completion String[END_REF] believed that the maximum compressive stress appears on the outer wall of the concave side. The stress distribution in the central section BB of the curved casing is shown in Fig. 3. [START_REF] Zhuang | Stress analysis of casing in curved section of medium and short radius horizontal well[END_REF] believed that when entering the curved part of the horizontal well, the section of the casing changes from circular to elliptical, which reduces the collapse strength of the casing. [START_REF] Xu | Elastic Mechanics Concise Course Fourth Edition[END_REF].According to Lame theory, the hoop stress and radial stress of the casing are expressed as follows when internal pressure is zero:.
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The bending moment at any position is:
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According to the definition of advanced mathematics curvature, the approximate differential equation of deflection can be deduced: The uniform load can be deduced with Eq. ( 5). The uniform load and bending moment when x is L/2 are as follows:
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In a plastic zone, the expression of shear force parallel to the cross-section of B-B is:
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Given that shear stress is the ratio of shear force to cross-sectional area, it is zero at the middle of the casing. Substituting I,M, and q into Eq. ( 3), the relationship between the axial stress and wellbore curvature is obtained. 
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When the equivalent stress of curved casing equals its yield strength, the casing bends and deforms. The failure criterion is
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Taking the radial stress and hoop stress into Eq. ( 9) yields
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The collapse strength of curved casing is 11) shows that the collapse strength of a curved casing is smaller than that of a straight casing because the value in brackets is smaller than 1. The collapse strength of a curved casing varies with axial stress, which is a function of wellbore curvature and distance to the center of the casing.

Studies on the Collapse Strength of a Curved Casing in Four Cases

To verify Eq. ( 11), finite-element models of the casings (Fig. 4) are established using ANSYS software. Equivalent uniform load is exerted on the model to calculate the collapse strength. Sweep method is adopted to divide the model. The grid size is 3 mm. The total number of nodes is 320 343 and the number of elements is 66 900. The constraints are fixed at one end and axial freedom is constrained at the other end. Four casings (Table 1) are taken into consideration. The elastic modulus of the casing is 206 GPa, Poisson's ratio is 0.3, and density is 7800 kg/m3. The collapse strengths of curved casings in four cases are listed in Table 2 to Table 5. The theoretical and numerical solutions match each other well, and the maximum error is only 3.86%. 4.1 Influence of curvature on the collapse strength of the casing Fig. 5 shows the curves of collapse strength varied with curvature in the four cases. The collapse strength of the casing decreases nonlinearly with increased curvature. For the casing with OD of 139.7 mm and thickness of 10.54 mm, the collapse strength decreases from 104.74 MPa to 99.30 MPa with increased wellbore curvature from 2°/30 m to 12°/30 m. 

Influence of size on the collapse strength of the casing in varied curvatures

The relative reductions in collapse strength for the four cases are listed in Tables 6 and7. The collapse strength where wellbore curvature is zero is taken as the reference value, which can be calculated by Eq. ( 11) and the equation in API BUL5C3 standard. To obtain a clear tendency of relative reduction, the corresponding curves are plotted in Fig. 6. The relative reduction in collapse strength increases nonlinearly with increased wellbore curvature. OD has greater influence on the relative reduction than does thickness. The relative reduction is higher for larger ODs. The maximum relative reduction is 6.099% when OD is 139.7 mm but only 4.039% when OD is 114.3 mm. Thickness has little influence on relative reduction. For the casing with OD of 139.7 mm, the maximum relative reduction is 6.099% when thickness is 10.54 mm but only 5.866% when thickness is 12.7 mm. For the casing with OD of 114.3 mm, the maximum relative reduction is 4.039% when thickness is 8.56 mm but only 3.727% when thickness is 9.65 mm. 

Conclusions

A curved casing is taken as a bending beam under uniform load, and a finite-element model is established to verify the theoretical solution. The following conclusions are drawn from the above study.

(1) The theoretical solution of collapse strength well matches the numerical solution. The maximum error is only 3.86%. The adopted method and results can serve as a reference for similar cases.

(2) With increased curvature, the collapse strength of the casing decreases nonlinearly.

(3) Relative reduction in collapse strength increases nonlinearly with increased wellbore curvature. OD has greater influence on the relative reduction than does thickness.
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 1 Fig. 1 Mechanical model of curved casing.
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 2 Fig. 2 Model of beam under uniform load.
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 3 Fig. 3 Stress distribution in the central section B-B of a curved casing
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 5 Fig. 5 Influence of curvature on the collapse strength of casing in four cases

  

Table 1

 1 Dimensions of casing in four cases

	Case	OD (mm)	Thickness (mm)	Material	Yield strength (MPa)
	1 2	139.7 139.7	10.54 12.70	P110	758
	3 4	114.3 114.3	8.56 9.65	TP140V	965

Table 2

 2 Comparison of theoretical and numerical solutions of collapse strength of casing with OD of 139.7mm and thickness of 10.54 mm in different wellbore curvatures

	Wellbore curvature	Wall thickness 10.54 mm	
	(°/30 m)	Theoretical Solution /MPa	Numerical Solution /MPa	Error /%
	2	104.74	104.90	0.15%
	4	103.71	104.32	0.58%
	6	102.65	103.76	1.07%
	8	101.56	103.15	1.54%
	10	100.44	102.55	2.06%
	12	99.30	101.95	2.60%

Table 3

 3 Comparison of theoretical and numerical solutions of collapse strength of casing with OD of 139.7 mm and thickness of 12.70 mm in different wellbore curvatures

			Wall thickness 12.7 mm	
	Wellbore curvature (°/30 m)	Theoretical Solution /MPa	Numerical Solution /MPa	Error /%
	2	124.14	124.86	0.58%
	4	122.96	123.34	0.31%
	6	121.76	119	-2.26%
	8	120.52	118.2	-1.92%
	10	119.25	117.23	-1.69%
	12	117.94	115.33	-2.21%
	Table 4 Comparison of theoretical and numerical solutions of collapse strength of casing with OD of 114.3 mm and thickness of 8.56 mm in
		different wellbore curvatures	
	Wellbore curvature		Wall thickness 8.56 mm	
	(°/30 m)	Theoretical Solution /MPa	Numerical Solution /MPa	Error /%
	2	132.86	131.00	-1.40
	4	132.01	129.67	-1.77
	6	131.11	129.62	-1.14
	8	130.30	129.56	-0.57
	10	129.42	129.30	-0.09
	12	128.31	129.00	0.54

Table 5

 5 Comparison of theoretical and numerical solutions of collapse strength of casing with OD of 114.3 mm and thickness of 9.65 mm in different wellbore curvatures

	Wellbore curvature		Wall thickness 9.65 mm	
	(°/30 m)	Theoretical Solution /MPa	Numerical Solution /MPa	Error /%
	2	148.30	150	1.14%
	4	147.40	149	1.08%
	6	146.48	148.6	1.44%
	8	145.54	144	-1.05%
	10	144.59	139	-3.86%
	12	143.63	138.6	-3.50%

Table 6

 6 Relative reduction in collapse strength of casing with OD as 139.7 mm Relative reduction in collapse strength of casing in four cases

	Wellbore curvature(°/30 m)	Wall thickness 10.54 mm Theoretical Solutio n /MPa Relative Reduction/%	Wall thickness 12.7 mm Theoretical Solution Relative /MPa Reduction /%
	0	105.75	0	125.29	0
	2	104.74	0.955	124.14	0.918
	4	103.71	1.929	122.96	1.860
	6	102.65	2.931	121.76	2.817
	8	101.56	3.962	120.52	3.807
	10	100.44	5.021	119.25	4.821
	12	99.30	6.099	117.94	5.866
	Table 7 Relative reduction in collapse strength of casing with OD as 114.3 mm	
	Wellbore curvature (°/30 m)	Wall thickness 8.56 mm Theoretical Solution Relative Reduction /MPa /%	Wall thickness 9.65 mm Theoretical Solution Relative Reduction /MPa /%
	0	133.71	0	149.19	0
	2	132.86	0.636	148.30	0.597
	4	132.01	1.271	147.40	1.200
	6	131.11	1.945	146.48	1.816
	8	130.30	2.550	145.54	2.447
	10	129.42	3.208	144.59	3.083
	12	128.31	4.039	143.63	3.727
		Fig. 6			
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