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Abstract

Given a bipartite graph G = (U u V,E), |U| < |V]|, the surplus of G is defined by the maximum number & such that a matching
covering all vertices of U still exists upon removal of any k vertices from V. Given a partition U = {Uj, ..., U,,} of U, the Multiple
Bipartite Complete Matching Vertex Blocker Problem (MBCMVBP) consists in finding a partition V = {Vi,...,V,,} of V such
that the smallest surplus among those of the induced subgraphs G[U; u V;] is maximized. The removed vertices are related to
the blocker notion. We show the strong NP-hardness of the MBCMVBP by using a reduction from the stable set problem. We
also propose two integer linear programs for solving this problem. After comparing these two models, we introduce some valid
inequalities for the model that outperforms the other one, and we analyze its facial structure. We then derive a Branch-and-Cut
algorithm based on these results and conclude by an analysis of the experimental results.

Keywords: matching interdiction/blocker problem, bipartite graph, polytope, integer linear programming, Branch-and-Cut

1. Introduction

Solving interdiction/blocker problems is a mean to determine the maximum possible perturbation such that, be-
yond that point, no valid solution exists for the studied problem. Practically, these perturbations can be triggered
by failures, attacks or absenteeism. Furthermore, such weakness analysis can be used to define tactical and strategic
investments to make the model robust.

The matching interdiction/blocker problem ([13], [14]) consists in finding the maximum number of edges or nodes
that can be removed such that a matching with a given cardinality still exists.

Given a bipartite graph G = (U v V,E), |U| < |V|, the complete matching problem on U consists in finding a
matching covering all vertices of U ([3], [10]). The bipartite complete matching vertex blocker problem (BCMVBP)
([8]) consists in finding the maximum number k such that a complete matching on U still exists after removal of any
k vertices in V. Let U = {U,, ..., U,,} be a partition of U. Given a partition V = {Vy,...,V,,} of V, we denote by k;
the solution of the BCMVBP associated with the induced subgraph G[U; u V;],i € {1, ..., m}. The Multiple Bipartite
Complete Matching Vertex Blocker Problem (MBCMVBP) consists in finding a partition V = {Vy, ..., V,,} of V such
that the minimum of {k, ..., k,,} is maximized.

To the best of our knowledge, this problem has never been studied before. It can be applied in different fields. For
instance, in nurse rostering and staff management, BCMVBP can be employed to identify the critical number of staff
with specific skills below which the system remains under-staff. When considering several time shifts, the idea is to
have the biggest common flexibility on each shift.
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Our contributions. The complexity of the problem is analyzed, and two Integer Linear Programs (ILP) are proposed.
Some polyhedral properties of the problem are identified including facets and valid inequalities to strengthen their
efficiency in a Branch-and-Cut algorithm. All the proposed algorithms have been tested to evaluate the practical
effectiveness of the algorithmic ingredients developed. Note that the instances are generated to represent real-life
assignment problems such as nurse rostering.

Related work. The notion of interdiction/blocker is relevant in several fields. For example, considering computer net-
works, it is primordial to guarantee the continuity of services in case of dysfunction of some routers or switches. These
problems are usually modeled by shortest paths ([1]), spanning trees ([2]) or network flows ([7]) in the underlying
graph.

In the field of human resources, being able to anticipate the potential absenteeism is essential in order to ensure
the proper running of a company. This class of problems can be formulated by matching or scheduling models.

The blocker problem allows the understanding of the strength of the graph according to a given property. It has
been studied on several well-known graph properties such as the independent set ([18], [19]) and related structures,
i.e. clique and chromatic number ([15], [17]) or path problem ([16]).

One of the problems related to the matching interdiction/blocker problem has been studied in [12], where the
authors consider the minimum d-blocker problem. The goal is to determine a minimum cardinality subset of edges
such that their deletion from the graph decreases the matching number by at least d units. This problem corresponds
to a particular case of the edge interdiction problem.

In [13] and [15], the authors studied two particular versions of the matching interdiction problem. The first one,
called edge interdiction problem, considers a graph in which each edge has a weight and an interdiction cost. The
goal is to find a subset of edges such that the value of a maximum-weight matching without these edges is minimized,
with respect to a cost constraint. The second problem is defined in a similar way, where costs are applied to vertices
instead of edges. These problems are shown as being NP-complete even in bipartite graphs, and some approximation
algorithms are proposed to solve them. The same author, in [14], extended his proof to show the NP-hardness of these
problems in the particular scope of bipartite graphs.

In [8], the authors showed the polynomiality of this problem when a complete matching is considered. This
problem is a particular case of the MBCMBVP when || = 1. It has been applied to a robust nurse assignment
problem which consists in affecting nurses to jobs according to their skills in such a way that possible absences may
not perturb the schedule.

Note that these models can be applied to study problems of assignment in any domain where the management of
staff or production with limited resources is needed (air or rail transports, timetabling, .. .).

Organization of the paper. In the next section, we give some basic definitions. In Section 3, the MBCMVBP is
defined, and its NP-completeness is proved. In Section 4, we propose and study two Integer Linear Programs. The
first one is based on the dual of the model used for the BCMVBP. The second one is an alternative with a reduced
number of variables but an exponential number of inequalities. We also analyze the associated polytope and present a
new family of inequalities. Then, some solving strategies and experimental results are presented in Section 5. In the
last section, we propose some directions for further research.

2. Basic notions and definitions

Let us first introduce some notations and recall some basic notions concerning graphs, stable sets, and matchings.

Graphs. Let G = (W, E) be a graph, where W is the set of vertices and E is a set of edges which are unordered
pairs of vertices of W. An edge {u, v}, where u and v are two vertices of W, is denoted uv (or vu). For each uv € E,
the vertices u and v are said to be neighbors. In the following, the neighborhood of a vertex v € W is denoted by
Ng(v) € W. We extend this notation to a subset W < W by Ng(W') = ey No(v).

Stable set. A subset S of vertices is a stable set if Ng(S) n S = . Equivalently, each edge in the graph has at most
one endpoint in S. The size of a stable set is its cardinality.
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Maximal stable set. A stable set S is said to be maximal if it cannot be strictly included in another stable set. The
problem of finding a maximal stable set of maximum size is called the maximum stable set problem and is an NP-hard
optimization problem. The stable set decision problem concerning the existence of a stable set of a given size K can
be solved in polynomial time if K is a fixed integer. However, if K is a part of the instance, the problem becomes
NP-complete in the strong sense.

Bipartite graph. Let {U, V} be a partition of the set of vertices W (ie. Uu V = Wand U nV = ) such that
Ng(U) € Vand Ng(V) € U. G = (W = U u V,E) is called a bipartite graph.

LetV eV, U c UandE[U'uV'| ={uw |ue U',ve V, uv e E}. Wedenote by G[U' V'] = (U'UV',E[U' uV'])
the subgraph of G induced by U’ U V.

Matchings. Given a graph, a matching is a subset of edges such that no two edges share a common vertex. The
matching problem consists in finding a matching with a maximal cardinality ([3], [9]).

Complete Matchings. LetG = (U u V,E),|U| < |V|, be a bipartite graph. A complete matching on U is a matching
covering all vertices of U, i.e. each vertex of U is incident with an edge of the matching. The associated problem
consists in finding a complete matching on U. If |U| = |V|, then a complete matching on U is called a perfect
matching.

The following theorem is a fundamental result about the existence of a complete matching in bipartite graphs ([6]).

Theorem 1 (Hall’s theorem). Let G = (U U V, E) be a bipartite graph. There exists a complete matching on U if and
only if [Ng(U")| = |U'| forall U' = U.

Surplus. The surplus of a subset U’ < U is defined as og(U’) = |Ng(U’)| — |U’|. When U’ = {u}, the surplus of
U’ is denoted by o (). The surplus of G is defined as 0°(G) = mingycy{og(U’)}.

k-Complete Matchings ([8]). Let G = (U u V,E) be a bipartite graph. We say that G is k-Complete Matchable
(k-CM) on U if and only if, for all V/ € V with |V’| = |V| — k, there exists a complete matching on U in the induced
subgraph G[U u V’]. Note that if a graph is k-CM on U, then it is also (k — 1)-CM on U, for k > 0.

Note that the particular case of k = |V| — |U| has been studied in [9], and such a bipartite graph is called k-critical.

In [8], the following result has been presented for the case when 0 < k < o(G).

Theorem 2 (Surplus form of Hall’s theorem). Let G = (U u V, E) be a bipartite graph. G is k-CM on U if and only
if, for all non-empty subset U' < U, |Ng(U")| = |U’| + k. The maximum value of k such that G is k-CM on U is equal
to o (G).

Theorem 3. o (G) can be computed in polynomial time.

Proof. As o is a submodular set function on U ([10]), its minimum value can be computed by a strongly polynomial-
time algorithm ([11]). O

The graph presented in Figure 1 is 2-CM (and so 1-CM) on U: after deleting any two vertices (in grey color)
from V, there still exists a complete matching on U (bold edges). It is not the case for more than two vertices, hence
o(G) =2.

Figure 1: 2-CM on U bipartite graph.
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3. Multiple Bipartite Complete Matching Vertex Blocker Problem (MBCMVBP)

First, we give some definitions, and we illustrate them on some examples. Then, we analyze the complexity of
this problem.

Definition 1. Let G = (U UV, E) be a bipartite graph, U = {Uy, ..., Uy} be a partition of U and 'V = {Vy, ..., V,,} be
a partition of V. Foralli e M = {1, ...,m}, we denote by H; the induced subgraph G[U; v V;]. We say that (G, U, V)
is k-Multiple Complete Matchable (k-MCM) on U if and only if, for alli € M, H; is k-CM on U,.

The graph presented on Figure 2 is I-MCM on U: H; = G[U; u V;]is 2-CM on U; and H, = G[U, u V5] is 1-CM
on U,.

\% \%
U (o) U ”
ur | >/ u | IT>—7 | v
. - .
> N
\\/ \/\//
VARVACEN
AN
N\ SN~
Uz —0 Uz —@ Vz
i )

Figure 2: An instance of a MBCMVBP and its solution.

Definition 2 (MBCMVBP). Let G = (U u V,E) be a bipartite graph and U = {U,,...,U,} a partition of U.
The Multiple Bipartite Complete Matching Vertex Blocker Problem (MBCMVBP) consists in finding a partition
V = {V1, ...V} of V such that min {o-(H,) | i € M} is maximum. We denote this maximum number by o(G, U, V).

In Figure 2, the solution of the MBCMVBP is given by the partition V = {V;, V,} with (G, U, V) = 1.

Let us now study the complexity of the MBCMVBP.

Remark that the case m = 1, i.e. |U| = 1, is equivalent to compute o-(G). So this subproblem is polynomial from
Theorem 3.

We now consider the complexity of the MBCMVBP when U is composed of more than one set. The decision
problem associated with this problem is denoted by dec-MBCMVBP. An instance of this decision problem is given by
agraph G = (U U V, E), a partition Y of U and an integer g. It consists in determining if there exists a partition V of
V, |V| = |U|, such that (G, U, V) is at least g-MCM on U. In order to show that dec-MBCMVBP is NP-complete,
it is sufficient to show that it is NP-complete when |U| = 2.

Theorem 4. The dec-MBCMVBP is strongly NP-complete when |U| = 2.

Proof. We first show that the dec-MBCMVBP is in NP. Let us consider a graph G = ({U;, U,} U V, E), an integer
g and a solution given by the partition V = {V|, V,} of V. By Theorem 3, it is possible to test in polynomial time
whether the surplus o-(G[U; U Vi]) = g and o(G[Uz U V2]) = g. Thus, MBCMVBP is in NP. We now show the
NP-completeness in a strong sense of the dec-MBCMVBP by a transformation from the stable set decision problem
presented in Section 2.

Let us consider an instance of the stable set problem G’ = (V’, E’) and a positive integer K < %J (see Figure 3a).
As the stable set decision problem is NP-complete for any K < |V’| (see [4]), it is sufficient to show that the stable
set decision problem with K < Yl can be polynomially reduced to dec-MBCMVBP. We assume, without loss of
generality, that the graph G’ is connected. Otherwise, we consider each connected component separately. We obtain
an instance of the dec-MBCMVBP by constructing a graph G = (U u V,E) and a partition U = {U,, U} (see
Figure 3b), as follows:

4
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— U =U; uU,where Uy = {ul,|¢’ € E'} and U, = {u*}.

- V=W uW,u W;, where W| = {v;,|e’ EE'}, W, = {v§,|v’ eV'}and W3 = {v§|je {1,..,|V'| = 2K}}. Note
that Wj is a set of fictitious vertices.

— E=E| UE, UE3U Ey, where E; = {v,ul,|¢ € E'}, E; = {V’u?[v* € W)},

Ez = {viul,|v2, € Wo,u!, € U, ¢ notincident to V' in G’} and E4 = {v*u'|\* € W3, u' € Uy}.
W I
W, -~
2 Tge
_ -z /f
P NS/ L ALy
s o EF S ’7‘"44 /
7 P { / _
Wy
a c
° °
\E/
e d W '
©) (G, U,{V,V>}) is 2-MCM on U,
(a) Stable set instance, K = 2. (b) Construction of G. Vi=W,uW;u Wy, Vo = Ws.,

Figure 3: Stable set problem instance and the associated bipartite graph.

Recall that G’ is supposed to be connected. Then, by the construction of graph G, the following observations hold.

Observation 1. For each non-empty subset W, of W, there exists at least one vertex of Uy having less than |W}|
neighbors in W},

Indeed, if each vertex of U; had exactly |W,| neighbors in W5, the vertices of G” associated with the vertices of W,
would be isolated vertices, and G’ would not be connected.

Observation 2. Let S be a non-empty proper subset of V' and let W} be a non empty proper subset of W, such that
S={xeV [vieW}and W) = {2 € W, | x€S}. Then S is a stable set of G’ if and only if each vertex of U; has
at least |Wy| — 1 neighbors in W5,

Indeed, if S is a stable set of G’, then each edge ¢’ € E’ is incident to at most one vertex of S and hence each vertex of
U, is adjacent to at least [W;| — 1 vertices of W;. Conversely, if W} is such that each vertex of U, is adjacent to at least
|W,| — 1 vertices of W), then each edge ¢’ € E’ is incident to at most one vertex of S and hence S is a stable set of G'.
Remark that the number of vertices of U; having exactly |W}| — 1 neighbors in W, is positive (by Observation 1) and
equal to the number of edges of E’ which are incident to exactly one vertex of S.

To complete the proof of the theorem, it is sufficient to show the following claim.

Claim 1. G’ contains a stable set of size at least K, K < I‘QJ if and only if there exists a partition V = {V|,V2} of V
such that (G, U, V) is at least (|V'| — K — 1)-MCM on U.
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Proof. (=) Let us suppose that G’ contains a stable set S of size K (S = {d, e} in Figure 3a). We split W, into W,
and Ws, W, being the set of vertices associated to the vertices of § (W, = {VZ, v2} in Figure 3¢c) and Ws = W,\W; .
Note that ‘W4| = K and |W5| = |V/| — K. Let H| = G[U] U V]] where Vi = W, u W3 U Wy, and H, = G[Uz U Vz]
where V, = Ws.

By construction of G, each non-empty subset U] of U, has |U]| neighbors in W; and |V’| — 2K neighbors in W3.
Thus, o(G[U; u (W) U W3)]) = [V'| — 2K. By Observation 2, each non-empty subset U| of U, has at least K — 1
neighbors in G[U; U W,] and hence o, (U7) = (|V'|—2K)+(K—1) = |V'|—K—1. Therefore, o-(H,) > |V'|-K—1.

Recall that U, = {u?}. Since Ny, (u2) = Ws, the surplus of H, is o(H,) = |Ws| — 1 = |[V/| — K — 1.

By Theorem 2, H; is (|V/| — K — 1)-CM on U; and H, is (|]V/| — K — 1)-CM on U,. Thus, (G,U,V) is
(IV'|— K —1)-MCM on U.

(«<=) Suppose that there exists a partition V = {V;, V,} such that H; = G[U; u V;] is (|V/| = K — 1)-CM on U;
(ie. o(Hy) > |V'| — K — 1), i€ {1,2}.

Let Ws be any subset of W, of cardinality at least |V'| — K. By choosing V, = Ws, we have o-(H,) > |V/|—K — 1.

Let Wy be any subset of W,\Ws. Notice that |Ws4| < K. A necessary condition for o-(H;) to be greater than or
equal to |V'| — K — Lis that [Ny, (Uy)| = |Uy| + (|[V/| - K —1) = |E'| + (|[V/| — K — 1). Hence, the minimum size of
Viis |E'| + |V'| — K — 1 and, by construction of G, its maximum size is |E’| + |V’| — K. According to this necessary
condition, V; can be composed in three different ways :

- Vi =W, u W3 U W, where |Wy| € {K — 1,K},

- Vi =W, uWsu W, where W < Wy, [W]| = |[W| -1, |Wy| =K,

- Vi =Wy u W u Wy where W < W3, [Wi| = |[W3] — 1, |[W4| = K. Note that this composition of V; is only
possible when W is not empty, i.e. when |V’| > 2K.

Let Hi4 = G[U; u Wy] and Hpy = G[U; U (V{\Wy)]. Then, for each u' € Uy, the surplus of u' in H, is oy, (u') =
oy, (') + [Ny, (u')]. Therefore, a necessary condition for o(H) to be greater than or equal to |[V'| — K — 1 is

Ty, (u') + [Na, (uh)] = V'] = K = 1, Vuy € Uy (i)
We now study the effect of this necessary condition on W for each possible composition of V.

Case 1: Vi = Wy u W3 U Wy, [Wy| € {K —1,K}. Then, Hyyy = G[U; U (W, u W3)] and oy, , (') = |V'| — 2K, for
each vertex u; € U,. Condition (i) implies that |[Ng,, (u')] = (|V/| — K — 1) — (|V'| = 2K) = K — 1, for each
vertex u' € U,. By Observation 1, the cardinality of W, has to be equal to K and at least one vertex of U, has
exactly K — 1 neighbors in W,. By Observation 2, S = {x € V' | v2 € W,} is a stable set of size K of G'.

Case2: Vi = Wi u W3 u Wy, W] < Wy, |[W]| = |[Wi| — 1, |Wy| = K. Then, Hy\y = G[U; u (W] U W3)]. Let
{w} = Wi\W{ and let u be the unique neighbor of w in U;. Then op,,(u) = |V'| — 2K — 1 (as w ¢ W[) and
oy, (u') = |V'| — 2K, for each vertex u' € U;\{u}. Therefore, condition (i) implies that:

(V]=K=1)=(V|-2K=1) =K ifu' =u,

Vu' € Uy, [Ny, (u)| =
1 N () {(|v'|1<1)(|v'|21<):1(1 ifu' # u.

Thus, Wy is such that the unique neighbor of w in U; has exactly K neighbors in Wy, while the other vertices of
U, have at least K — 1 neighbors in Wy. By Observation 2, S = {x € V' | v € W4} is a stable set of size K of
G'.

Case 3: Vi = Wy u Wy u Wy, Wi © W3, |[WS| = [W3| — 1, [Wy| = K, |V'| > 2K. Then, Hy\4 = G[U; u (W; U Wj)]
and oy, (u') = [V'| — 2K — 1, for each vertex u; € U;. Condition (i) implies that Ny, (u')| = (|V'| — K —
1) — (|V'| — 2K — 1) = K, for each vertex u! € U;. By Observation 1, such a subset W, does not exist. For

such a composition of Vi, H; cannot be (|V'| — K — 1)-CM on Uj.
6
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We deduce from these cases that o(H;) > |V/| —K—1onlyif S = {x € V' | v2 € W4} is a stable set of size |Wy| = K
of G'.

We can conclude that if there exists a partition V such that (G, U, V) is (|V/| — K — 1)-MCM on U, then G’
contains a stable set of size K.

O
We can deduce the following corollary.

Corollary 1. MBCMVBP is strongly NP-Hard when |U| = 2.

4. Integer linear programs for MBCMVBP

In this section, we propose two models representing the MBCMVBP. The first model, called dual based formula-
tion, is based on the integer linear program to solve the MBCMVBP when |U| = 1. This problem has been introduced
in [8] and will be called BCMVBP for short. The second model, called natural formulation, contains an exponential
number of inequalities allowing to satisfy the property of Theorem 2, for all U; € U,i e M.

The comparison of these two models is presented in Section 5, where some possible improvements are also
proposed.

4.1. Bipartite Complete Matching Vertex Blocker Problem (BCMVBP)

We present the integer linear program given in [8] to solve BCMVBP.
Let x € {0, 1}/V%VI be defined by

1 ifuel’,
tu = { 0 otherwise, Vuel,
(1 ifve Ng(U"),
v = { 0 otherwise, vev

The BCMVBP can be formulated as follows:

min <va—2xu> 1)

veV uelU
Diw=1, 2
uelU
(IP) Xy —x, <0, Yuve E,ue U veV, 3)
x, € {0, 1}, YweUuV. )

The objective function expresses Theorem 2. Inequality (2) guarantees that the set U’ is not empty. Inequalities
(3) ensure that the variables x, associated with the neighborhood of U’ will be set to 1.
We denote by (P) the linear relaxation of (IP), replacing constraint (4) by

Xy < 1, YywelUuV, ()
—x, <0, YweUu V. (6)
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4.2. Dual based formulation

The first integer linear program is based on the dual of the model (P). If we maximize the smallest difference on
each graph H;= G[U; u V;], i € M, then we do not find o-(H;) since o-(H;) is given by the smallest difference. Hence,
the model of MBCMVBP cannot be derived directly from (P) by maximizing the smallest surplus. We propose to use
the dual formulation that can be generalized and verifies the integrality property.

Let us first study the BCMVBP. In order to convert the linear relaxation (P) of (IP) into a dual problem (D), we
consider the subproblem (P;) of (P) where it € U’ and the inequality (2) of (P) is replaced by the equality x; = 1:

min (Z X— ) xu>

vev el
Ya xa =1, 7

(Pz) Yuy - X, —x, =0, VuwweEuelUveV, (8)
Yy ! —x, = —1, Yvey, )

xy =20, Ywe (Uvu V)\{a}. (10)

Note that the optimal value of (P) is the smallest optimal value of all Pz, &t € U’.
For each i € U, the dual program (Dy) of (P;) is defined as follows:

i 30)
veV

Xai Y, Y —ya= 1, (1)
vENG (it)
(D) Xy N oyw =1, Vue U\{a), (12)
veNG (u)
X D Ye—w<l, WeV (13)
UeNG (v)
yw =0, Yw' e (UuV)\{al, (14)
Yo =0, Yuve E,ue UyveV (15)
v free. (16)

The minimum value of the (D;) programs, for all &z € U, corresponds to an optimal solution of the following linear
program (D):

max y (17)

Xt Y e —Yi=1, Vael, (18)
veNG (it)

Xy DV =1, Ve UNue U\{a}, (19)

VENG (u)

(D) Xt Y <L VieUWeV, (20)
ueNgG (v)

y<Yi= Y0l Vaed, @1)

veV

YL >0, VieUVwe (UuV)\{a}, (22)

yi >0, VieUVuve E,ue UyveV, (23)

yi free, Viie U. (24)

8
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Note that the matrix corresponding to (Dj) is totally unimodular (see [8]) and the coefficients of the objective
function and the right hand side constraints are integers. Therefore, the optimal solution and the objectif function
value are integer. By the duality Theorem, optimal solutions of both programs (D) and (P) are integer. Indeed, the
variable y maximizes the smallest value of each (D;), & € U, and the linear programs (Dj) are integer, and thus the
optimal solution given by y is integer.

The program (D) allows to solve the BCMVBP.

We denote by (ID) the program associated with U; € U. Now we extend this formulation to solve the MBCMVBP
by merging the programs (ID%), i € M. We define the binary variables

Vve VandVie M.

i { 1 ifVGVi,
X =

V71 0 otherwise,

We can deduce the following integer linear program:

max y
D oVE =iz, Vie MVieU, (25)
VENy, (i)
Z yi =1, Yie M,Vie U,VYue U\{i}, (26)
VENy, (u)
Dok i<, YieMYveV,VaeU, @7
u€Ny,; (v)
Y <yE =Yy Vie MVie U, (28)
veV
(D) y<y, VieM, (29)
Ve, <ux, Vie M\Viie U,Vuve E,ue U,veV, (30)
Vo< px, Vie M\Vie U,WeYV, (€]
dix=1 eV, (32)
ieM
Yo =0, Vie M,VieU,Ywe (U;u V)\{ii}, (33)
yi =0, VieM\VieU,Yuve E,ue U,veV, (34
Z free, Vie M,Yiie U, (35)
xbe{0,1}, VieM,YveV, (36)

where u is a big constant value.

Inequalities (25) — (28) extend (18) — (21), (29) is derived from the objective function (17) and (30) — (32) ensure
the partitioning. Indeed, Vv e V,ie M, if x{, = 1, then all variables y associated with v in (30) — (31) are free, thanks
to the constant u. Otherwise, all these values are equal to 0 and thus are not considered in the subset V;. A solution
where all x; are fixed to O or 1 implies an integer value for all variables.

The following proposition can improve the dual formulation by reducing the number of variables and inequalities.

Proposition 1. Let iy, ii; € U and let (P;,) and v(Pz,) be the values of (Pz,) and (Py,), respectively. If Ng(ii)) <
Ng(it2) then v(Pgz,) < v(Pz,).

Proof. For all U’ < U containing i; and @i, we have

ING(U")| = [U'] = [Na(U"\{in})| = |U"] < [Na(U"\{i })| — [U"\{itr }].

Let U’ be a subset associated to the optimal solution of (Py,). The inequality above implies that it; € Us.
9
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Let U/ be any subset of U containing i, but not ii,. By constructing a subset U, = (U;\{ii;}) U {ii2} for each
U/, we obtain all subsets of U containing i, but not ii;. As Ng(ity) S Ng(it2), the inequality |Ng(Up)| — |Uj| <
ING(U})| — |Uj]| holds for all U, where U} = (Uj\{@t}) u {ii2}. According to Theorem 2, v(Py,) < v(Py,).

O

We denote by U the set of vertices it € U such that there does not exist any i’ € U verifying Ng(it') < Ng(ii).
Considering only the variables associated with U in the dual formulation is sufficient. The impact of this property will
be analyzed in the experimental study of Section 5.3.1.

4.3. Natural formulation

In this section, we propose an alternative formulation using a smaller number of variables and without the big
constant y.

4.3.1. Integer linear program formulations
Recall that our goal is to find a partition V = {Vi,..., V,;} of V such that (G, U,V) is o7(G, U, V)-MCM on U.
We now present the integer linear program formulated to find V. Let xi, Vv € V,Vi € M, be defined as in
Section 4.2, and let z € N be the value of o-(G, U, V). The expressed model follows:

maxz
D=1, eV, 37
ieM
(P) > x—z=|U| Vie MU c U, (38)
VENG(U/)
xe{0,1}, YveVVieM, (39)
zeN, (40)

where equalities (37) ensure that each vertex v € V belongs to only one set of the partition V and inequalities (38)
verify Theorem 2 on each subgraph H;= G[U; u V;],i € M.

4.3.2. Polyhedral study
To simplify the polyhedral study without modifying the optimal solution, we relax the constraints (37) as follows:

DX <1 eV 41)
ieEM

Let P(G, U) be the convex hull of the solutions of program (P’), that is,

P(G,U) = conv({(x,2) € {0, 1}V x N | x,zsatisfy (38) and (41)}).

Replacing inequalities (37) by (41) implies that some vertices may not be assigned to any set of the partition V.
The set of these vertices is denoted by Vp. Thus, a solution of P(G,U) is a couple ((V, 7') where P = {‘70, Vi, Vm}
is a partition of V and 7’ is an integer such that 7/ < o"(G, U, V\Vp). The incidence vector x;, € {0, 1}IV1*" of the
partition V is then defined by

i—{l ity e V; Ve V,Vie M.

V71 0 otherwise,
Note that, for all ¥ € Vo, >, xi = 0.
Hypothesis 1. For all v € V, there exists a matching in G\{v}.

This hypothesis can be verified in polynomial time. If the hypothesis does not hold, then z = 0.
10
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Proposition 2. The polytope P(G,U) is full dimensional if and only if a I-MCM solution exists.

Proof.
(=) If a I-MCM solution does not exist, then z = 0 and the polytope is not full dimensional.

(<) We suppose that P(G, U) is contained in a hyperplane defined by the linear equation
ax+bz =« 42)

where a = (ai,ve V,ie M) e RV*" b e Rand @ € R. We show thata = 0, b = 0 and P(G, U) cannot be included
in the hyperplane (42), since it is not empty. As there exists a 1-MCM solution, there exists a solution where z = 1.
We denote this solution by (¥, 1). It is clear that (V,0) is also valid for P(G,U) and thus verifies (42). Then we
deduce b = 0.

Let v € V. There exists a solution (V,,0) which is valid for P(G,U) where YV, = Vooo Vils - oo Vo) and
Ve Vv,o. Otherwise, a 1-MCM solution does not exist.

Leti € M and let (Vv,i be the partition obtained from (Vv by moving the vertex v from ‘7\/,0 to \V/V,i. Then, the
solution (V,;,0) is also valid for P(G,U). We deduce that, for all i € M, a¥* = aV». This equality holds for any
vertex v € V, we can thus conclude that a = 0 and hence P(G, U) is full dimensional. O

Proposition 3. [f a I-MCM solution does not exist, then dim(P(G,U)) = |V| x m.

Proof. Clearly, we have the equality z = 0. Now we prove that all equalities of P(G, U) are equivalent to z = 0. We
suppose that P(G, U) is contained in a hyperplane defined by the linear equation

ax =« 43)

where a = (a',v € V,i € M) € RIV*" and @ € R. We show that a = 0 and that P(G, U) cannot be included in the
hyperplane (43), since it is not empty.

Letv e V,ie M and let V,, V,.; be defined as in the proof of Proposition 2. By Hypothesis 1, there exists a
solution (V,,0) which is valid for P(G,U), where v € V, 9. The solution (V,;,0) is also valid for P(G, U) and we
deduce that, for all i € M, ¥ = aV. Thus, a = 0 and dim(P(G, U)) = |V| x m. O

In the following, for a better understanding of the proofs, we consider that a 1-MCM solution exists. The proofs
can be adapted for the case when no 1-MCM solution exists.

Proposition 4. The inequality (41) associated with v € V defines a facet of P(G,U).

Proof. Let us denote by ax + bz < « the inequality (41) associated with v € V. Let a’x + b’z < 8 be a facet defining
an inequality of P(G,U) such that {x € P(G,U) : ax+ bz = o} < {x € P(G,U) : d'x + b’z = B}. We show that
a’ = pa and b’ = pb for some p € R.

As a 1-MCM solution exists, there exists a solution where z = 1. We denote this solution by (V, 1). It is clear
that (V,0) is also valid for P(G, U) and thus verifies (42). Then, we deduce b = 0.

Let v € V\{v} and i € M. By hypothesis, there exists a solution (V,s,0) which is valid for P(G,U) where
V' € V. Itis clear that the solution (V,/;,0) is also valid for P(G, U). We deduce aVv = aViforallie M. Thus,
al, = 0forallie MandV' e V\{v}.

Furthermore, there also exists a valid solution (V],0) for P(G, U) where v € V/ o Itis clear that the solution

(7 .,0) is also valid for P(G,U). We deduce that aVi = Vi for all i, j € M. Weseta, = p and we deduce

Vi’

a =a,=pforalli,je M. O

Proposition 5. The inequality (38) associated with i € M and U’ < U; defines a facet of P(G,U) if and only if
1. if U' < U, then there does not exist U" < U; where U’ < U” such that |Ng(U")| — |U’| = |[Ng(U")| — |U"

>

2. there does not exist U" < U; where |U"| = |U’| such that Ng(U") < Ng(U’),

11
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3. G[U" u Ng(U")] is connected,

4. there exists a partition V = {Voy . Viu} and k > 0 such that (G, U, (V) is k-MCM on ‘U, satisfying |V; N
Ng(U")| = |U'| + k.

Proof.

=)

1. Suppose there exists U” < U;, where U’ < U”, such that |[Ng(U’)|—|U’| = |Ng(U”)|—|U"|. Then, the inequality
(38) associated with i and U” can be expressed as follows:

S i Y W+
VveNG(U") VeNG (U")\Ng(U")

The inequality (38) associated with i and U’ is a linear combination of the latter inequality and the trivial inequali-
ties

e —x\ > —1,forallve Ng(U")\Ng(U"),
e 0= —1,|U"\U'| — [Ng(U")\Ng(U")| times.

2. If there exists U” < U; where |U”| = |U’| such that Ng(U") < Ng(U’), then the inequality (38) associated with i
and U’ is a linear combination of the inequality (38) associated with i and U” and the trivial inequality x{ > 0 for
all v e Ng(U")\Ng(U").

3. Suppose that G[U’ U Ng(U’)] is not connected. Let U; < U’ such that G[U; u Ng (U, )] is a connected component.
In this case, the inequality (38) associated with i and U’ is a linear combination of the inequality (38) associated
with i and Uy, the inequality (38) associated with i and U’\U; and the trivial inequality z > 0.

4. Suppose that there does not exist a partition V= {\70, s Vm} such that (G, U, (f/) is &-MCM on U, satisfying
Vi A Ng(U")| = |U'| + k. Then, |V; n Ng(U")| > |U’| + k, for all k-MCM solutions (G, U,V = {V, ..., V,n}).
We deduce that the inequality Y,y xi —z = |U'| + 1 is valid and dominates the inequality (38) associated
with i and U’".

(<) Let us denote by ax + bz < a the inequality (38) associated with i € M and U’ < U;. Letad'x + b’z < Bbea
facet defining an inequality of P(G,U) such that {x € P(G,U) : ax+ bz = a} < {xe€ P(G,U) : d'x+ bz = B}. We
show that @’ = pa and b’ = pb for some p € R.

Conditions 1-3 ensure that there exists a matching A such that |[A n G[U’,V']| = |U’|, for all V/ = Ng(U’) where
|[V'| = |U’|. Letv € V\Ng(U’). By Hypothesis 1, there exists a complete matching A on U where v is not covered by
A. The solution associated with A is denoted by ((VV, 0)4. It is clear that the solutions ((VV, j»0)a, where j € M, are
valid. All these solutions are valid for P(G, ) and verify the inequality (38) associated with U’ to the equality. We
deduce ¥+ = g+, for all j € M. Thus, for all V! = Ng(U’) where |V'| = |U’
ve V\Ng(U").

Let v € Ng(U’). By Hypothesis 1, there exists a complete matching A on U where v is not covered by A. The
solution associated with A is denoted by (V,,0)4. It is clear that the solutions (V, j,0)4, where j € M\{i}, are valid.
All these solutions are valid for P(G, U) and verify the inequality (38) associated with U’ to the equality. We deduce
aV = gV, for all j € M\{i}. Thus, we have a// = 0, for all j € M\{i} and v € Ng(U").

Let vi,va € Ng(U’'). By Hypothesis 1, there exists a complete matching A; without v; and with v,. As
G[U’,Ng(U’)] is connected, there exists an alternative path between v, and v,. We define the complete match-
ing A, using this alternative path. The solutions (V,,0)4, and (V,,,0)4, associated respectively to A; and A, are
valid for P(G,U) and verify the inequality (38) associated with U’ to the equality. We deduce aV = aV». Thus,
al = a = p, forallvi,vs € No(U').

By condition 4, there exists a partition V = {Vj, ..., V;,} such that (G, U, V) is k-MCM on U, satisfying |V; N
No(U")| = |U'| + k. Letv e V;and V' = {Vy U {v}, VA{v}. (V}) jem (0.} The solutions (V,k) and (V’,k — 1) are
valid for P(G, U) and verify the inequality (38) associated with U’ to the equality. We deduce a”' + bV =aV +bV.
Thus, @/, = —b and so b’ = —p. O

12
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In the following lemma, we show that condition 4 does not imply condition 1. Moreover, condition 4 is stronger
than conditions 2 and 3, but these two conditions are easier to implement, as verifying condition 4 is NP-hard (since
the k.-MCM property must be checked).

Lemma 1. Let us consider the inequality (38) associated with i € M and U’ < U,. If there exists a partition
V = {Vo, ..., Viu} and k > 0 such that (G, U,V) is k-MCM on U, satisfying |V; n Ng(U')| = |U’| + k, then

1. if U’ < U, then there can exist U" < U; where U' < U” such that |[Ng(U")| — |U’| = |Ng(U")| — |U”

>

2. there does not exist U" < U; where |U"| = |U’| such that Ng(U") < Ng(U’),
3. G[U" u Ng(U")] is connected.

Proof.

1. If Ng(U’) < V; then, by hypothesis, we have |V; n Ng(U")| = |[N(U")| = |U’| + k. Let U"” < U, where U’
U” andlet [Ng(U")| = [Ng(U")|+¢, and |U"| = |U’|+¢€,. We have |[Ng(U")|—|U"| = |[Ng(U")|—|U’ |+, —C>.
By choosing ¢; = {5, we obtain |Ng(U")| — |U’| = |[Ng(U")| — |U"| = k.

2. We suppose that there exists a subset U” < U;, where |U”| = |U’|, such that Ng(U") < Ng(U’). Then,
ING(U")| < |Ng(U")|, so we have |U”| + k = |U'| + k = |V; n Ng(U")| > |V; n Ng(U")| and so k >
|V; " Ng(U")| — |U"| which leads to a contradiction with the extended Hall theorem: k < |V; n Ng(U")|—|U"|.

3. The graph G[U’ U (Ng(U’) n V;)] is connected, otherwise |V; n Ng(U’)| — |U’| > k x €, where € is the number
of connected subgraphs in U’. We deduce that G[U’" U Ng(U’)] is connected.

O

4.3.3. Valid inequalities

Recall that inequalities (38) give an upper bound on z when considering each subset U; € U = {Uy,...,U,}
separately. We now extend this family of inequalities by considering these subsets two by two, simultaneously.
We illustrate the interest of this approach in the following example. Let U,,U; € U, s # t, and suppose that
|Us| = |U;| = 2 and Ng(Uy) = Ng(U,) with cardinality 4. Using inequalities (38), z is bounded by 2. However, it is
straightforward that z = 0.

For any subsets U, € U and U, € U,, the set of common neighbors of U’ and U/ is denoted by Ng(U.U!) =
Ng(UY) n Ng(U)) . Let us consider Ng(U") = Ng(U")\Ng(U.U!) the set of vertices belonging exclusively to the
neighborhood of U’. In the same way, we define Ng(U!) = Ng(U])\Ng(ULU!).

Let us denote by

oo = max { |[No(U))] = U], ING(UD = U] | and o = min { [NG(U2)] = U], INa(U)] — U] }
the upper bounds of the optimal solution for U, and U, when considering only the exclusive neighborhoods. Then,
it is clear that the upper bound kg, of the optimal solutions is less than or equal to kwin + |Ng(U;U;)|. In order to

improve kqyp, we complete Ng(U]) and/or Ng(U’) with some vertices of the common neighborhood Ng (U, U}) . Two
cases have to be studied:

1. kmax —kmin = |[NG(ULU!)|: only one of the two subsets, N (U”) or Ni(U’), can be completed with the common
vertices in such a way that kg = kmin + [Ng(ULU7)|.

2. kmax — kmin < |Ng(U.U?)|: first, one of the two subsets, N (U") or N (U!), can be completed with Knax — Kmin
common vertices. Then, the remaining common vertices can complete both N (U”) and Ng(U!) equally. We

deduce that kyy = Fnax + (|NG(U; U] — (Fanax — icmm)) /2.

13
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A common vertex v € Ng(U'U!) cannot be used to complete Ng(U’) or Ng(U!) if it is assigned to a subset V;
in a solution, where i € M\{s,t}. Then, ks, will be decreased by at least 1/2. Let £ = s if |[Ng(U})| — |U}| <
\NG(U})| — |Uj|, let £ = t otherwise. A vertex v € Ng(U}) cannot be used to complete Ng(U}) or Ng(Uy;) if it is
assigned to a subset V; in a solution, where i € M\{s,t}. Then, kep will be decreased by 1. Thus the following
inequalities are valid for all U’ and U}:

1
zt5 > (=x—x)+ D (1—x—x) < k. (44)
veNG (ULU!) veNG(Uy)

5. Implementation and experimental results

We first present the strategies used to solve our problems, explain how instances have been produced, and then
analyze the obtained results.

5.1. Solving strategies

For the exact solution, we use a Branch-and-Cut algorithm where the separation strategies are based on inequalities
(38) and (44). We also propose some improvements for the first one and explain how our Branch-and-Cut algorithm
is managed.

5.1.1. Separation algorithm

Given a solution (x*,z*) € R‘flxm x R, the separation problem for a family of inequalities consists in de-
termining whether (x*, z*) satisfies these inequalities. If it does not, it consists in finding one of these inequalities
being violated by (x*,z*). An algorithm solving this problem is called a separation algorithm associated with these
inequalities.

Separation of inequalities (38). The number of inequalities (38) in (P’) is exponential. Hence, a polynomial-time
separation algorithm is necessary to allow the use of these inequalities inside a cutting plane algorithm. The equiva-
lence between separation and optimization in combinatorial optimization [5] implies that the linear relaxation of the
problem (P’) can be solved in polynomial time. Let (x*,z*) € }RLV‘ “™ x R, be a solution of the linear relaxation. For
all i € M, we have to find a set U! € U; such that ZveNG(U[) xi* — 7% < U],

We decompose the problem into m subproblems. Each subproblem is associated with a single set U; < U. In
the following, we consider the graph G[U; U V]. Let w : v — R be the weight function, where w(v) = x'* for
all v € V. The separation problem consists in solving the integer linear program (P’) with the objective function
Z = min (¥,cy w(v)x, — Yy, Xu)- Let Ul be given by the optimal solution of (P'). If z/ < z*, the inequality
ZVeNG(U;) x, — z > |U]| is violated when respecting (x*,z*). In this case, we add the inequality associated with i and
U! to the model. Otherwise, all inequalities (38) are verified.

As the added constraint might not define a facet, we propose some improvements according to conditions 1 — 3 of
Proposition 5.

Improvement 1. If the resulting U/ does not respect condition 1, there exists a set U] where D veNs (0)\We(U?) w(v) =
|U!| and |Ng(U!)\Ng(U?)| = |U}], implying w(v) = 1 for all v € Ng(U/)\Ng(U!). Thus, we aim to maximize
|U!|. We ensure the maximality of U/ by substracting > .., €x, from the objective function, where € is a
small value. Figure 4a shows an example of valid U ! allowing to enforce the inequality (38) associated with
U/ = U/\U/. Indeed, the inequality associated to U is a linear combination of the one associated to U/ and
some trivial inequality.

Improvement 2. If the resulting U! does not respect condition 2, then there exists a set U’ < U; with |U/'| = |U!| such
that N (U}") < Ne(U}). Then, 3.y wrywe(ury W(v) = 0. Thus, we aim to minimize |[Ng(U})|. We ensure the
minimality of Ng(U/) by adding »;, ., €x, to the objective function, where € is a small value. Figure 4b shows
two sets U/ and U/ of same size, where the inequality (38) associated with U strengthen the inequality (38)
associated with U!. Indeed, U; shows that the maximum surplus is 0, whereas U, has a surplus of value 1.

14
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Improvement 3. If G[U! U Ng(U!)] is not connected, then, for each connected component, if the induced inequality
is violated, it is added to the model. In Figure 4c, the inequality associated to U is a linear combination of the
inequalities (38) associated with U, and U?,.

(a) Improvement 1. (b) Improvement 2. (c) Improvement 3.

Figure 4: Improvements of the separation algorithm.

Separation of inequalities (44). We propose a heuristic for solving the separation problem associated with the in-
equality. Let M' € M and U’ = {U!,i € M’} be the set of sets found by the previous algorithm. For all couples

1

(ULU) el 2_if the inequality (44) associated with this couple is violated, then it is added to the model.

5.1.2. Branch-and-Cut algorithm

In this section, we present a Branch-and-Cut algorithm for solving (P’). We aim to address the algorithmic
applications of the model and the theoretical results presented in the previous sections. To start the optimization, we
consider the linear program with the objective function

max{z|x e [0,1]""] z € N, , x satisfies (37)}.

An important task in the Branch-and-Cut algorithm is to determine whether an optimal solution of the linear
relaxation of the MBCMVBP is feasible. An optimal solution x* of the linear relaxation is feasible for the MBCMVBP
if x* is integer and x* satisfies inequalities (38). Thus, whether or not x* is feasible for MBCMVBP can be verified
in polynomial time. If not, the Branch-and-Cut algorithm uses the inequalities (38) and (44) and their separations
are successively performed. We note that all inequalities are global (i.e. valid in all the Branch-and-Cut tree) and
several inequalities may be added at each iteration. Testing the two versions of the algorithm shows that the integer
vector-based separation outperforms the fractional vector-based one. Thus, only the integer vector-based separation

method is used to separate vectors (x*,z*) € N‘X'X"’ x N,.

5.2. Instances

Recall that our study was motivated by real-life applications. We are especially focused on human resources
problems, such as people assignment to time shifts (hospitals, factories, etc.) according to their own skills.
The following parameters have been used to produce our randomly generated instances for the MBCMVBP:

— m: the number of slots (2 or 5),

— ny: the size of U; (10, 25, 50, 75),

— ny: the size of V (1.25 x ny, 1.5 x ny, 1.75 x ny),

— d: the density of the graph (10%, 20%, or 40% of ny).

As the resources are often limited regarding the jobs, we have chosen the values of ny not too big relatively to
the values of ny. The density of the graph expresses the multi-skilling degree of people and depends on the studied
domain. This value is a key feature of the generated instances, being of great importance on execution times. With
these parameters, the graph instances could have been randomly generated. Nevertheless, to ensure not to generate
trivial instances, we are using the following strategy. The instance generator first builds a matching. Then, the obtained
graph is randomly completed using two different generators.

15
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First generator. We consider a uniform degree distribution on V. This generator completes the graph by randomly
adding edges to ensure the uniformity of the distribution.

Second generator. We consider a global density (Wilwl) and the generator completes the graph by randomly adding
edges to ensure the global density.

For a better understanding of the results, we present the experiments on instances with a uniform partition of U:
|U;j| = |U|/m for all i € M. We randomly generated 5 instances for each set (m, ny,ny,d) of parameters, and thus
obtained 700 different instances.

All the tests have shown that these two strategies do not have any influence on the obtained results. Thus, for the
sake of clarity, we only present results on the instances given by the first generator.

5.3. Results

All the models of BCMVBP and MBCMVBP are implemented in Java using CPLEX 12.6 solver, on an Intel core
i5 running at 3.4 GHz, with § GB RAM.

5.3.1. Dual formulation

In Section 4.2, we proposed an improvement in order to reduce the size of the ILP: by replacing U with U in the
dual formulation, only a restricted number of variables are considered (Proposition 1). We used our benchmark to
investigate the efficiency of this method. Considering the high computing times of the dual formulation, we restricted
our study to the 110 smallest instances of our benchmark. In Table 1, we show the four instances where the method
effectively reduced the size of the ILP. The first three columns identify the instance. The computing time of the ILP
without improvement (resp. with improvement) is indicated in seconds in column CPU]I (resp. column CPU2). The
number of nodes of the branching tree for both variants is given in columns #Nodes! and #Nodes2, respectively. The
last column presents the number of nodes not being considered in the dual formulation.

| [U] [ [V] | density ]| CPUI | CPU2 | #Nodesl | #Nodes2 | [U\U] |

50 | 62 10 2 2 0 0 1
50 | 62 10 0 1 0 0 5
50 | 62 10 0 0 0 0 1
50 | 75 10 1 2 0 0 1

Table 1: The 4/110 instances for which the improvements reduce the size of the ILP.

We can note on lines 2 and 4 that, even with a reduced sized model, the computing time is greater. This is due
to the time spent to compute U. Moreover, as less than 4% of the instances benefit from the method, the obvious
conclusion is that this improvement is useless. We aimed to generate random instances and hence did not take into

account the fact that the neighborhood of a vertex of U can be included in the neighborhood of another one !.

5.3.2. Comparison between formulations

The goal of this section is to evaluate the dual formulation proposed in Section 4.2 and the natural formulation
presented in Section 4.3. Table 2 presents some results on these formulations without improvement. Each line
represents five randomly generated instances, sharing the same parameters. Our benchmark is restricted to the smallest
instances, allowing to solve at least one instance over five, in less than one hour.

The first three columns identify the instance (|U|, |V|, graph density). In column CPUI (resp. column CPU2) is
indicated the average computing times over the five instances, in seconds, of the dual formulation (resp. the natural
formulation). In columns #Nodes! and #Nodes2 are given the average number of nodes of the branching tree for
both variants, respectively. The last two columns (optl and opz2) present the ratio of instances solved in less than one
hour.

!n a real-life application, it could correspond to the fact that some people are more experienced than others in a given area, thus having a wider
range of skills.
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| U] | V] | density [| CPUI | CPU2 | #Nodesl | 4Nodes2 | optl | opi2 |

50 | 62 10 14 0 494.6 0 5/5 5/5
50 | 62 20 429.8 1.4 254.4 9.8 5/5 5/5
50 | 62 40 1428 0 566.4 0 5/5 5/5
50 | 75 10 2.8 0.6 0 0 5/5 5/5
50 | 75 20 123.8 2.6 553.2 4.6 5/5 5/5
50 | 75 40 1926.6 1.6 708.8 2.6 4/5 5/5
50 | 87 10 3.6 0.6 18.6 0 5/5 5/5
50 | 87 20 379 3 330.4 11.8 5/5 5/5
50 | 87 40 2298.4 4 462.8 1562.6 2/5 5/5
100 | 125 10 1241.8 4 44.2 6 4/5 5/5
100 | 125 20 32342 | 19.6 69.4 11480.6 | 2/5 5/5

Table 2: Comparison of the two formulations.

With a computing time limited to one hour for each instance, the dual formulation only solves 47 instances over
55, whereas the natural formulation allows solving all instances. Furthermore, the computing times of the natural
formulation is much faster. Indeed, the longest computing time is 50 seconds. The standard deviation of the number
of nodes in the branching tree for the dual formulation is smaller than in the natural formulation. As the natural
formulation leads to models considering fewer variables, the computing times and memory amount needed to solve
are better than the ones for the dual formulation. We can notice that instances (50,87,40) and (100,125,20) are the
most difficult to solve using the dual formulation (see Table 2). Indeed, the number of nodes generated by the dual
formulation is smaller than the number of nodes generated by the natural one. The optimality has not been reached in
the allotted time for three instances out of five. Thus only a few numbers of nodes have been explored in the branching
tree. Furthermore, the number of nodes in the branching tree is larger for these instances with the natural formulation,
due to the separation algorithm. As mentioned in subsection 5.1.2, only integer vectors are separated, implying that
lots of nodes might be explored in the branching tree in order to find the best solution. Remark that these instances
are also the ones having many edges. Nevertheless, the execution times remain small for these instances.

5.3.3. Natural formulation and improvements tests

We now focus on the natural formulation and the different improvements proposed in Section 5.1.1.

First, we present an analysis of computing times for some instances. We have excluded instances having less than
50 vertices, for which the computing times are too tiny to expect any improvement. The execution time results are
represented by grouped bar charts in Figures 6, 7 and 8 for various densities and graph sizes.

Each instance has been solved using inequalities (38), and adding one or a combination of the following variants:

— imprv0: with no improvement,
— imprvI: with improvement 1,
— imprv2: with improvement 2,
— imprv3: with improvement 3,

— imprv4: using inequalities (44).

The results are presented in Figure 6 (for 2 slots), in Figure 7 (for 5 slots) and in Figure 8 (for large instances and
5 slots). On the left side, we show the results obtained by testing each improvement separately; on the right side, we
combined the different improvements.

Let us start with some general observations without focusing on the improvements. For the overall benchmark,
we can notice that for a given couple (density, degree), the computing times are growing as a function of the size of
the instances, as expected. We can also observe in Figure 5 that the difficulty is related to the triplet (number of slots,
density, |V|) for instances with the same |U| value. We present the computing times for 2 slots and |U| = 100. As it
is the case for many algorithms designed for optimization problems, the most difficult instances are not the very small
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or very large ones. Indeed, we notice that the time is first increasing until reaching a specific density and then it is
decreasing. We can also remark that the density of the hardest instances increases with their size.

We can explain these observations as follows. For low and high densities, the surplus values of the subsets of U
are homogeneous (small values for low densities and large values for high densities). Thus, only a limited number of
inequalities is generated, hence reducing the computing times. The hardest instances are those where the variations of
the surplus (on the power set of U) is the most important.

2 slots — |U| = 100

6o|=IVI=175 | A ]

——|V| =150
o —— V| =125
o}
< ol N
o 4o
E
e
E 20 gt A N |
@]

0.1 0.2 0.3 0.4 0.5
density

Figure 5: Execution time results for 2 slots and different densities.

Considering the results for single improvements, we can notice that imprv3 has no real influence on the computing
times for our benchmark. Indeed, most of the subgraphs produced by the separation procedure are connected. Other-
wise, to be considered as a valid solution for the separation procedure, all components of these subgraphs must have
the same surplus. The way the instances are generated rarely enables the application of imprv3.

Observations on 2 slots. Let us observe the efficiency of each improvement independently (see the left side of Figure
6). We notice that with a small density (0.1), the optimal solutions are quickly found by the linear program (P’), and
the improvements have no significant impact. Imprv4 can lead to a reduction of computing times with degree 15, but
the difference remains very small. Medium density (0.2) instances lead to the same observations when the number
of edges is small. Imprv4 has a stronger impact on larger instances (degree 30). For high density (0.4), imprvl and
imprv2 allow to enforce inequalities (38), thus giving better results for larger instances when the degree is equal to
60. The efficiency of imprv4 is limited to large instances, needing high computing times. Indeed, for these instances,
a lot of inequalities (38) are generated. As our separation heuristic is based on the set of vertices associated with
inequalities (38), inequalities (44) are more likely to be generated by our heuristic.

Considering combined improvements (see the right side of Figure 6), imprv3 not being relevant, we studied the
combination of the three other ones. As seen earlier, it is better not to use any improvement for small densities.
For medium densities, none of the combinations achieves to give better computing times than imprv4. For example,
combining imprvI and imprv2 decreases the performance for small and medium densities because of the presence of
€ in the objective function of the separation algorithm. Indeed, € is subtracted when applying imprvi and added when
applying imprv2. Then, if k is small, one can cancel the benefit of the other.

Combinations show some efficiency for high density graphs, but none of them are suitable for all instances.

Observations on 5 slots. On 5 slots (see Figure 7), the efficiency of the improvements is limited to instances of larger
size. Moreover, one can remark that imprvi, imprv2 and imprv4 are more efficient for five slots than for 2 slots, when
dealing with high-density instances. Indeed, the number of inequalities is greater for 5 slots (5 choose 2). For small
and medium densities, the different improvements never achieve to give better computing times, for the same reasons
as for 2 slots. The combinations of the improvements do not go any further except for high-density instances. The
results concerning larger instances are presented in Figure 8, Tables 3 and 4. Note that large instances of density 0.4
are more difficult to solve than those of density 0.5. When considering density 0.5, we note that imprv4 is efficient for
a few instances for which the time lost by generating the inequalities without a good impact is weak. Unfortunately,
for the instances with lots of nodes, checking the improvement needs a lot of time, and their impact is not enough to
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compensate the time used to generate the inequalities. For density 0.4, the instances are hard, as mentioned before,

and none of the improvements is efficient.
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Figure 6: Execution time results for 2 slots.
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Figure 7: Execution time results for 5 slots.

In this end of section, we focus our analysis on the biggest instances of our tests; details are presented in Tables 3
and 4. The entries in these tables are:

Oy . the degree of all v € V (given by the first generator)

|U| . the size of U,

\4 : thesize of V,

imprv : the associated improvement,

CPU . the total CPU time in seconds,

Ct3sy :  the number of generated inequalities (38),

Ctusy : the number of generated inequalities (44),

No : the number of generated nodes in the Branch-and-Cut or Branch-and-Bound tree.

Table 3 shows the results for instances generated using density 0.4. After focusing on computing times in previous
analysis, we now study the number of generated inequalities and the size of search space. We first note that the
number of nodes in the branching tree (given in the last column) is not correlated with the improvements proposed in
the previous section. Indeed, the number of nodes is similar in most cases, but we also have some instances showing
significant variations. Furthermore, we can notice that the number of nodes is relatively small regarding the size of
instances. This shows the efficiency of our algorithm in terms of memory usage. Secondly, our algorithm finds an exact
solution using only a few inequalities (Iess than 250), which implies good CPU and memory performances. The results
also show that our improvements do not systematically reduce the number of constraints, whereas improvements 1
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Figure 8: Execution time results for large instances on 5 slots.

and 2 theoretically should strengthen the inequalities Ct3g).

Table 4 shows the results for instances generated using density 0.5. We first notice that all instances are solved in
less than 10 minutes. Secondly, comparing to the results of Table 3, the branching tree size is even smaller (less than
2). Furthermore, the size of the instances does not influence the number of nodes. Finally, the number of inequalities
generated by the Branch-and-Cut algorithm (C#g), Ct44)) is always less than 25. The fact that only a small amount of
them is needed to solve the instances proves the strength of our inequalities. Thus, we can conclude that our algorithm

is well fitted for high-density graphs.
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[ o [ul [ vi [imprv [ cPU [ Cray | Cray | No | [ o [qul [ vl [ imprv [ cPU [ Crgs | Cruasy | No |
0 712 14.2 1.6 0 47.6 6.8 1.4
420 1 65.6 13.0 1.6 420 1 51.2 6.8 1.4
2 93.6 14.6 2.4 2 52.6 6.8 1.4
4 82.6 14.4 10.0 2.4 4 472 6.4 10.0 1.0
0 355.6 62.0 40.8 0 50.2 9.6 1.0
374. . 39. . . k
120 300 | 450 ! 4.0 61.2 o0 150 300 450 ! 36.0 26 1.0
2 607.4 65.8 41.6 2 60.6 9.6 1.0
4 359.6 60.8 10.0 35.0 4 59.0 9.6 10.0 1.2
0 1105.6 180.6 232.0 0 88.8 11.0 1.2
480 1 1482.4 228.6 1173.8 480 1 93.6 11.0 1.2
2 1438.2 203.6 427.6 2 109.0 11.2 1.4
4 1159.4 193.6 10.0 233.6 4 87.0 10.8 10.0 1.6
0 168.2 11.0 1.2 0 134.0 6.4 1.2
560 1 164.0 11.6 1.4 560 1 140.0 6.4 1.2
2 225.0 11.8 1.2 2 149.0 6.4 1.2
4 174.2 124 10.0 1.4 4 136.0 72 10.0 1.0
0 809.8 46.4 24.2 0 145.0 9.8 1.4
1 . 48.4 2. 1 171.2 . 1.4
160 | 400 600 9868 8 326 200 400 600 o8
2 1129.2 46.6 23.6 2 163.8 9.8 1.4
4 864.6 46.6 10.0 23.8 4 141.4 9.2 10.0 1.0
0 >1h 223.8 430.6 0 233.4 10.4 1.8
640 1 >1h 225.8 459.4 640 1 242.0 10.2 1.2
2 >1h 214.6 340.6 2 225.0 10.2 1.2
4 >1h 232.6 10.0 324.6 4 187.2 10.2 10.0 1.0
0 322.6 10.6 1.2 0 302.6 6.4 1.2
700 1 361.2 10.8 1.2 700 1 358.0 6.4 1.2
2 359.6 10.8 1.2 2 309.0 6.4 1.2
4 402.8 12.0 10.0 1.6 4 304.0 6.2 10.0 1.0
0 1593.6 43.0 19.2 0 303.4 8.2 1.2
1 1999.6 42.0 17.6 1 404.8 8.2 1.0
200 500 750 2 250 500 750
2 2557.6 43.6 18.2 2 347.2 8.2 1.2
4 1937.4 46.8 10.0 22.0 4 316.2 7.8 10.0 1.0
0 >1h 96 69.8 0 436.2 10.2 1.2
300 1 >1h 99 65.6 300 1 520.0 10.2 1.2
2 >1h 93 68.8 2 480.2 10.2 1.4
4 >1h 98 10.0 59.6 4 472.0 104 10.0 1.0
Table 3: 5 slots — density 0.4 — generator 1. Table 4: 5 slots — density 0.5 — generator 1.

6. Conclusion

We have studied the Multiple Bipartite Complete Matching Vertex Blocker Problem (MBCMVBP). Within the
field of staff management, it can be used to identify the critical number of people below which the system becomes
understaffed. The NP-completeness of the problem has been shown using a reduction from the stable set problem.
Two mathematical formulations have been proposed. The first one is based on the dual formulation of a particular
case and the second one (natural formulation) is based on the surplus form of Hall’s theorem. These models have been
compared using randomly generated instances.

A further study has been made for the natural formulation, which has been shown as outperforming the dual one.
We proposed a Branch-and-Cut algorithm to solve the natural formulation of the problem, providing good results.
Based on the polyhedral approach, we derived some improvements and a separation procedure for a new family of
inequalities. We tested the performance of these improvements and explained in which case they are efficient.

In future work, we aim to generalize the valid inequalities to more than two subsets and to propose a dedicated
separation algorithm. Another lead is trying to take advantage of some specific graph structures to propose some
ad-hoc strategies.

A variant of the problem taking into account priorities on some subsets of vertices or considering incompatibility
constraints might be studied as well.
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