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Abstract

The present paper introduces an extension of the quantile periodogram
developed in [1] since the latter suffers from instabilities and spectral leak-
age. To overcome these drawbacks, a L1 regularised version is proposed.
The asymptotic properties of the new spectral estimator are discussed and
simulations are performed in order to show its efficiency in the presence of
hidden periodicities and under different types of noise.
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1. Introduction

Spectral analysis techniques aim to quantify the energy generated over the
frequency components of a given time series. The periodogram has commonly
been used as a non-parametric estimator of the spectrum. However, it may
not exhibit robustness, especially in the presence of heavy-tailed data or
outliers; see for example [2].

The ordinary periodogram uses least squares estimates for the projec-
tion of the time series onto the Hilbert space generated by the sinusoidal
base. The least squares estimates focus only on the conditional mean. The
quantile regression introduced in [3] attempts to evaluate the variation of
the conditional quantiles with respect to the response variable. The quantile
regression covers the whole distribution of the data and exhibits robustness
against outliers. The quantile periodogram introduced in [1] summarises the
impact of the cyclical behaviour on the distribution of the time series. The
random coefficients autoregressive models, as described in [4], are an example
for the application of the quantile periodogram.
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The quantilogram introduced in [5], has been used to evaluate the di-
rectional predictability in the time domain. The quantile spectrum studies
introduced in [4] and [6] use the level crossings for spectral estimation instead
of the time series. Based on the spectral density, the authors in [7] propose a
test for the sequential dependence of non-linear time series. The composite
quantile periodogram is proposed in [8] in order to overcome the problem of
the choice of the quantile of interest.

In order to improve the prediction accuracy and to reduce the variance
of estimators, different types of penalisation methods have been introduced.
The Lq penalisation family is among the most commonly used, with a wide
interest in the L1 penalty, such as the LASSO penalty (see, e.g., [9]) and the
L2 penalty used in ridge regression. Since the Lq penalisation family does not
satisfy the Oracle properties, different types of penalisation functions have
been proposed in [10] and [11].

The L1 norm was used in the classical spectral estimation in [12] and [13],
where the authors obtained robust estimators against leakage for noisy and
uneven data.

The present paper discusses a regularised version of the quantile peri-
odogram proposed in [1] to overcome its spectral leakage issue. Based on
the L1 norm, the penalised quantile periodogram could be used as a sparse
representation of the quantile spectra. The proposed estimator exhibits a
good frequency domain representation of serial dependence. In addition, it
can reduce the spectral leakage produced by the quantile periodogram as it
shrinks some elements towards zero. This is illustrated using the Fisher test
for processes with hidden periodicities. It is also demonstrated that the pe-
nalised quantile periodogram is related to the level-crossing spectrum. Thus,
it shares the invariance to non-linear distortions.

The paper is organised as follows. A brief introduction to classical spec-
tral analysis and the quantile periodogram is provided in sections 2 and 3
respectively; putting emphasis on definitions required for further develop-
ments. Our contribution is introduced in section 4, where the penalised
quantile periodogram is described. The asymptotic theory of the new es-
timator is presented in section 5. In section 6, comparative study on the
performances of the different spectral estimators on simulated as well as real
data is presented. The conclusion and future work are discussed in the last
section.
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2. Classical Spectral Analysis

Any real-valued time series {Y1, Y2, ..., Yn} can be written using a Fourier
representation as follows (see, e.g., [14])

Yt = λ+

q∑
j=1

β1j cos(ωjt) + β2j sin(ωjt), (1)

with ωj = 2πj/n, j = 1, .., q, the Fourier frequencies and q = [n/2], while
(λ, β1j, β2j) ∈ R3 are the coefficients to be estimated. Commonly used as
a non-parametric estimator of the spectral density, the periodogram is ex-
pressed as follows

I(ωj) =
1

n

∣∣∣∣∣
n∑
t=1

Yt exp(−itωj)

∣∣∣∣∣
2

.

The last expression can be written in an equivalent manner using (1) as
follows

I(ωj) =
1

4
n(|β1j|2 + |β2j|2) =

1

4
n ‖βj‖22 ,

with βj = [β1j,β2j]
T . The coefficients are estimated using a linear least

squares estimator of the form

β̂(ωj) = arg min
β∈R2

∥∥Yt − xT (ωj)β
∥∥2
2
,

where x(ωj) = [cos(ωj), sin(ωj)]
T are the harmonic regressors. The peri-

odogram is not a consistent estimator of the spectrum. Furthermore, it re-
quires the existence of the second moment to have a well defined asymptotic
distribution, as detailed in [2].

3. Quantile Periodogram

Least squares techniques result in the estimation of the conditional mean
of the response variable given the predictors. Quantile regression techniques,
however, focus on the estimation of quantiles of the response variable. The
quantile periodogram introduced in [1] demonstrated an effective perfor-
mance in detecting hidden periodicities in time series providing a complete
view of the effect of the periodicities in each part of the distribution of the
data. Furthermore, it is robust against heavy-tailed noise and non-linear
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distortions. Using the quantile regression to estimate the coefficients in (1)
gives

λ̂ = arg min
λ

n∑
t=1

ρτ (Yt − λ),

and

β̂τ (ωj) = arg min
β∈R 2

n∑
t=1

ρτ (Yt − λ− xTt (ωj)β), (2)

with β̂τ (ωj) = [β̂τ,1(ωj), β̂τ,2(ωj)] and xt(ωj) = [cos(ωj), sin(ωj)]
T , while λ is

a suitable constant, typically the τ -quantile of {Yt}.
ρτ (u) is the loss function defined by

ρτ (u) = u{τ − I(u < 0)} =

{
−1(1− τ)u, if u < 0,

τu, if u ≥ 0,

where I(.) is the indicator function and τ is the quantile level. Therefore,
given the following expression

Ỹt = λ̂+

q∑
j=1

β̂τ,1(ωj) cos(ωjt) + β̂τ,2(ωj) sin(ωjt), (3)

the quantile periodogram (QP) of Yt is defined as follows

Qτ (ωj) =
1

4
n
∥∥∥β̂τ (ωj)∥∥∥2

2
. (4)

Theorem 2 in [1] pointed out that when estimating the quantile peri-
odogram at a given frequency ω0, spectral leakage may occur at other fre-
quencies (e.g., the integral multiples of ω0), especially, when the periodicity
is strong. This leakage is even stronger in the presence of multiple periodic-
ities, affecting significantly the estimation at some frequencies. In order to
overcome such a drawback, a regularised version of the quantile periodogram
is proposed.

4. Penalised Quantile Periodogram

The penalisation methods are a class of algorithms that transform a con-
straint optimisation problem into an unconstrained one by adding a term
called the penalty function.
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In order to overcome the problem of leakage exhibited by the original
quantile periodogram estimator, a penalised quantile periodogram is pro-
posed. It is based on the L1 penalty, that shrinks some of the predictors
towards zero.

For regression problems, the notion of the Oracle properties is related to
the consistency of both parameter estimation and variable selection (unbi-
asedness, sparsity and continuity). The non satisfaction of the Oracle prop-
erties may result in inconsistency in parameter estimation, variable selection
or both, as discussed in [15]. The authors in [10] show that none of the
Lq penalisation family satisfy the Oracle properties. In [11], a generalised
definition of the LASSO penalty is introduced using a weight function. The
authors proposed to use the reciprocal of the ordinary least squares estimates
raised to some power. For quantile regression, the authors in [15] proposed
the utilisation of the quantile regression estimates as weights.

The penalised quantile periodogram is defined by adding a penalisation
term to expression (2). The LASSO quantile periodogram based on the
typical L1 norm is defined as follows

Q(L)
τ,αn

(ωj) =
n

4

∥∥∥β̂(L)
τ,αn

(ωj)
∥∥∥2
2
, (5)

where

β̂(L)
τ,αn

(ωj) = arg min
β∈R 2

n∑
t=1

ρτ (Yt − λ− xTt (ωj)β) + αn ‖β‖1 . (6)

‖.‖1 represents the L1 norm, αn ≥ 0, is the regularisation parameter and
‖β‖1 denotes the penalty function of β.

In order to overcome the inconsistency problem exhibited by the LASSO
quantile periodogram, the adaptive LASSO quantile periodogram (ALQP) is
introduced as follows

Q(AL)
τ,αn

(ωj) =
n

4

∥∥∥β̂(AL)
τ,αn

(ωj)
∥∥∥2
2
, (7)

with

β̂(AL)
τ,αn

(ωj) = arg min
β∈R 2

n∑
t=1

ρτ (Yt − λ− xTt (ωj)β) + αn

2∑
i=1

ϑi|βi|, (8)

where ϑi = 1/|β̂(i)
τ |d for some d > 0 and β̂τ is as defined in (2).
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Let A
(n)
j = {i : β̂τ,αn(ωj) 6= 0} be the subset of non zero parameters at

each frequency. The variable selection procedure is consistent if and only
if limn P (A

(n)
j = Aj) = 1, where Aj is the correct subset model. The Or-

acle properties of (8) are demonstrated in the appendix. The asymptotic
properties of the ALQP estimator are detailed below.

5. Asymptotic Properties

In this section, several theoretical results concerning the asymptotic dis-
tribution of the ALQP defined in equation (7) are discussed.

Let {Yt} be a time series satisfying the assumptions in Theorem 1 (see
below). Let S(ω) be the level-crossing spectrum defined by

S(ω) =
∞∑

h=−∞

{
1− 1

2τ(1− τ)
γh

}
cos(ωh), (9)

where γh is the lag-h level crossing rate of {Yt} defined by

γt−s = P{(Yt − λ)(Ys − λ) < 0}.

The level-crossing spectrum can be regarded as an alternative spectral repre-
sentation of the serial dependence of a time series. It has been proven in [1]
that there exists a non-trivial transformation linking the level crossing rate
to the autocorrelation function under the Gaussian white noise assumption.
Therefore, it is possible to establish a direct relationship between the level
crossing spectrum and the ordinary power spectrum.

It is well known that the ordinary periodogram is related to the autocor-
relation spectrum. The quantile periodogram; similarly, is found to have a
relationship with the so-called level-crossing spectrum. In the next theorem,
we show that the ALQP preserves the same relationship using the adaptive
LASSO penalisation.

Theorem 1. Let Ft(u) and Ft,s(u, v) denote the univariate and bivariate
marginal distribution functions of {Yt}. Assume the following conditions are
satisfied for a fixed τ and λ

(C1) ft(u) := F ′t(u) exists for all u and Ft(u + λ) − Ft(λ) = ft(λ)u +
O(ud+1) uniformly for |u| ≤ u0.

(C2) Ft(λ) = τ and ft(λ) = κ > 0 for all t.
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(C3) {Yt} is stationary in λ-level crossings, that is P{(Yt− λ)(Ys− λ) <
0} = γt−s for all t and s.

(C4) {Yt} is an m-dependent process or a linear process of the form λ+∑+∞
l=−∞ φlel, where {et} is an iid random sequence with E(|et|) <∞ and {φl}

is an absolutely summable deterministic sequence such that∑
|l|>nr

φl = o(n−1) as n→∞,

for some constant r ∈ [0,
1

4
].

Given Q
(AL)
τ,αn defined by (7), assuming that S(ω) is finite and bounded

away from zero and also assuming that Aj is the correct subset model for
each frequency, let pj be the length of Aj. Then, because αn/

√
n → 0 and

αnn
(d−1)/2 →∞, we have

{Q(AL)
τ,α (ωj)}

A∼
{

1

2
η2S(ωj)(ξpj)

}
,

with η2 = τ(1− τ)/κ2 and ξpj ∼ χ2
pj

, pj ∈ {1, 2}.
See the appendix for the detailed proof of this theorem.
Theorem 1 states that the ALQP has a similar asymptotic behaviour

to the QP, in the sense that they are both proportional to the quantile
spectra (η2S(ωj) as defined in [1]). The difference arises with respect to
the limiting distribution, which is a chi-square with two degrees of freedom
for all frequencies in the case of the QP, whereas, in the case of the ALQP,
it could be a chi-square with one degree of freedom for some frequencies.

It is to be noted that at some frequencies, all the estimated parameters
could be shrunk towards zero. Therefore, in our context, the sparsity per-
tains to the selection of the harmonic regression parameters. Explicitly, this
implies that there could be some frequencies for which the ALQP is exactly
zero.

Due to the association of the quantile estimators with the level-crossing
spectrum, they are invariant to non-linear distortions. This means that any
non-linear memoryless transformation of the data affects only the scaling
constant in the asymptotic distribution. The ordinary periodogram does not
have this advantage, as non-linearity will deform the entire power spectrum
in a non-trivial way (see, e.g., [1, 16]). Furthermore, the level-crossings are
known to have the ability to provide richer information about the serial
dependence structure of time series.
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6. Numerical results

In this section, we provide some numerical results to demonstrate the
efficiency of the ALQP and to confirm the theoretical conclusions discussed
in the previous section. We demonstrate that the penalised quantile pe-
riodogram is a powerful tool for detecting hidden periodicities in different
parts of the distribution of the data, even with the existence of multiple
periodicities and under non-standard assumptions about the noise.

The choice of the tuning parameter α is very crucial because it has a
strong relationship with the sparsity of the model. There are many tools
used in the literature for choosing an optimal tuning parameter, such as gen-
eralised cross-validation, the Akaike information criterion and the Bayesian
information criterion. In [17], the authors show that using the adaptive
LASSO penalty and the BIC tuning parameter selector can be as efficient as
the Oracle.

In this paper, the parameter α is chosen using the minimisation of the
BIC criterion for each frequency in a range of [10−1, 102]

BIC = log(
1

n

n∑
t=1

ρτ (Yt − βTxt)) +
log(n)

n
edf,

where edf is the number of non zero coefficients in β̂
(AL)
τ,αn . The procedure to

estimate α is performed for each frequency separately. We can also choose
to use a unique value by selecting the mean over all frequencies, for example.
Cross-validation techniques could also be used in this context. Nevertheless,
an automatic procedure for the detection of the minimum regularisation pa-
rameter is more indicated. The sensitivity of the ALQP to the choice of the
regularisation parameter is also discussed.

For simulation purposes, the following model is used

Yt = atXt, (10)

at = b0 + b1 cos(ω0t) + b2 sin(ω1t),

with (b0 = 1, b1 = 0.9, b2 = 1) and {Xt} is an AR(2) process, satisfying

Xt = φ1Xt−1 + φ2Xt−2 + ξt (t = 1, . . . , n), (11)

with φ1 = 2r cos(ωc) and φ2 = −r2 (r = 0.6, and ωc = 2π ∗ 0.22), while
{ξt} is the noise.
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We use ω0 = 2π×0.1 and ω1 = 2π×0.12. The parameter d mentioned in
equation (8) is chosen to be equal to 2. The goal is to test the ability of the
different estimators to detect multiple neighbouring periodicities. Different
simulations using different types of noises are used to compare the robustness
of the estimators against non-standard settings.

Like the ordinary periodogram and the quantile periodogram, the ALQP
could also serve as a representation of serial dependence in the frequency
domain for time series without hidden periodicities, as shown in Figure 1.
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Figure 1: Ensemble mean of 1000 smoothed periodograms of the AR(2) time series defined
in equation (11) with standard white noise. (a) shows the ordinary periodogram, (b) the
quantile periodogram and (c) the ALQP. The sample size used is n = 200. The quantile
value used is τ = 0.8.
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For all estimators, the smoothing was performed using a smoothing spline
function with the same parameter. The ALQP behaves similarly to the
quantile and ordinary periodograms exhibiting a ”bell-shaped” pattern, as
expected for a power spectrum of an AR(2) process.
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Frequency (Hz)
(c)

0
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Figure 2: Spectral density estimators for three types of noise for a single realisation of the
model defined by (10). (a) shows the ordinary periodogram, (b) the quantile periodogram
and (c) the ALQP. The dotted line (.) represents the standard Gaussian noise, the dashed
line (-) the large variance Gaussian noise and the solid line the student-t noise. The sample
size used is n = 200. The quantile value used is τ = 0.8.

In a first experiment, the estimators considered were obtained for a single
realisation for the time series model (10) with different added noise types,
as depicted in Figure 2. A quantile value τ = 0.8 was used for the quantile
estimators. It is clear that only our newly introduced estimator detects the
periodicities with different types of noises. For the quantile periodogram
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estimator, the presence of multiple strong periodicities affects significantly
the estimation of the spectrum at some frequencies.
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Figure 3: Mean of 5000 realisations of estimated spectral densities using student-t noise.
(a) represents the ordinary periodogram, (b) the quantile periodogram and (c) the ALQP.
The sample size used is n = 200. The quantile value used is τ = 0.8.

Figure 3 depicts a mean of 5000 realisations of the spectral estimators
for the time series model defined in (10) with student-t noise and using
τ = 0.8 for the quantile estimators. Both the QP and the ALQP detect
the correct periodicities. The quantile periodogram, however, suffers from
random spikes which occur next to the true periodicities and elsewhere, as
suggested by Theorem 2 in [1].

Using the ordinary periodogram, a hypothesis test for the detection of
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hidden periodicities could be proposed. The Fisher g test defined by

g =
max1≤k≤m(In(ωk))∑m

k=1 In(ωk)
, m = [n/2], (12)

is used. The aim is to test the null hypothesis that the time series is a
Gaussian white noise against the alternative hypothesis that the time series
contains a periodic component. If the periodogram contains a value substan-
tially larger than the average value (i.e., if g is sufficiently large), the null
hypothesis is rejected. This test was applied in [1] by replacing the ordinary
periodogram in (12) with the quantile periodogram. The same concept could
be applied here as well for the ALQP under the assumption that the ALQP
of a white noise has a scaled χ2

2 distribution independent of the frequency ωj
(see [18]). This is clearly evident in Figure 4, where the distributions of the
QP and the ALQP estimators for white noise data are compared. Figure 4
represents the cumulative distribution, at a chosen frequency, of the ALQP
and the QP for 1000 simulated standard white noise samples.
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Figure 4: The cumulative distribution, at a fixed frequency, of the ALQP and the QP
estimated from 1000 simulated standard white noise samples.
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The null hypothesis is rejected if the P-value is less than α̃ at the signifi-
cance level α̃.

Significance level Periodogram
Qp

τ = 0.7 τ = 0.8 τ = 0.9
ALQP

τ = 0.7 τ = 0.8 τ = 0.9

0.01 0 0.2380 0.5100 0.2120 0.8410 0.9730 0.8480

0.05 0.01 0.3950 0.6870 0.4150 0.8700 0.9770 0.8680

0.1 0.02 0.4950 0.7680 0.5080 0.8810 0.9790 0.8680

Table 1: Power of Fisher’s test for 1000 Monte Carlo simulations of the time series defined
in the first example using one periodicity (ω0 = 0.1×2π). The sample size used is n = 200.

Table 1 indicates the power of the test calculated using the g statistic
defined in (12). 1000 Monte Carlo simulations were performed for the three
spectral estimators of the time series defined in (10) with a single periodicity
at ω0 = 0.1×2π (i.e., b2 = 0) and standard Gaussian noise. The results show
that at level 0.01, the ALQP has a 97.3% chance of detecting the periodicity
using τ = 0.8, whereas the quantile periodogram has only a 51% chance at
the same quantile level. We note that the ALQP is not as sensitive to the
choice of the quantile value τ as the quantile periodogram. Nevertheless, a
proper choice of τ is necessary to maximise the power of the test.

For the analysis of the sensitivity of the ALQP to the choice of the reg-
ularisation parameter, the same experiments were performed with different
values of α. Table 2 indicates the power of the test for 1000 simulations
of the ALQP with a unique α for all frequencies and τ = 0.8. Note that
the detection power is also α dependent. However, a large interval of values
records similar performances. Therefore, to maximise the power detection, a
proper range of α is required.

Significance level α = 1 α = 2 α = 5 α = 10
0.01 0 0.0030 0.8990 0.9830
0.05 0.02 0.0150 0.9630 0.9870
0.1 0.02 0.0410 0.9780 0.9890

Table 2: Power of Fisher’s test for the ALQP estimates with different regularisation values.
1000 simulations used with the quantile value τ = 0.8. The sample size used is n = 200.

Fisher’s test is only concerned with the largest value of the periodogram
ordinates, although it can be replaced with the true periodicity. An extended

13



Significance level
Periodogram
1st per 2nd per

QPeriodogram
1st per 2nd per

ALQP
1st per 2nd per

0.01 0.0000 0.0000 0.0440 0.0500 0.6600 6290

0.05 0.0000 0.0010 0.1160 0.1120 0.6930 6480

0.1 0.0010 0.0010 0.1580 0.1630 0.7130 0.6970

Table 3: Power of Fisher’s test for 1000 Monte Carlo simulations of the time series defined
in the first example using two periodicities (ω0 = 0.1× 2π, ω1 = 0.12× 2π).

version of Fisher’s test was therefore proposed in [19] for the detection of a
second peak by omitting the term of the largest peak from the denominator
of the g statistic and substituting (n − 1) for n in the distribution of the
latter. Thus, if the largest peak turns out to be significant, we can test for a
second peak using

g′ =
In(ω1)

{
∑m

k=1 In(ωk)} −max1≤k≤m(In(ωk))
. (13)

The same procedure can be repeated until the next largest ordinate is not
significant in the sense of the considered test.

Table 3 depicts the results of 1000 Monte Carlo simulations of the test
statistic defined in (13) for the three spectral estimators of the time series
defined in (10) with two periodicities. The obtained results show that at
level 0.1 the ALQP has a 71.3% chance of detecting the first periodicity and a
69.7% chance of detecting the second one, whereas, the quantile periodogram
has only a 15.8% chance for the first one and a 16.3% chance for the detection
of the second periodicity.

Real data

The yearly sunspot dataset is used to illustrate the performance of the
different estimators in the case of a real example. This dataset is known
to have an 11-year cycle. In [1], the quantile periodogram was shown to be
able to detect a clear peak at 0.09=1/11, at lower quantiles. The ordinary
periodogram had extra peaks on both sides of the real periodicity as a result
of spectral leakage. In our case, we added a student-t noise to the dataset,
as in Figure 5.
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Figure 5: Yearly sunspot numbers time series with added student-t noise.

Figure 6 depicts a single realisation of the different spectral estimators.
The quantile value used is 0.25 as it presented the best results for the quan-
tile estimators. The regularisation parameter was estimated using the BIC
criterion. We can observe the ability of the ALQP to detect the only and
true periodicity.

7. Conclusion

A new frequency domain estimator is proposed by augmenting the quan-
tile periodogram with the adaptive LASSO penalisation term. This choice
has been motivated by the presence of spectral leakage in the estimation of
the quantile periodogram. We have demonstrated that the proposed esti-
mator is related to the level-crossing spectrum and, consequently, shares the
property of invariance to non-linear distortions. In addition, it could serve as
a viable serial dependence representation in the frequency domain. Our sim-
ulations demonstrate that the penalised quantile periodogram outperforms
the other spectral estimators in terms of detecting hidden periodicities, and
is robust against deviation from standard white noise. However, future re-
search is required to develop methods to determine the appropriate values of
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Figure 6: Spectral estimators for the yearly sunspot numbers with added student-t noise.
(a) represents the ordinary periodogram, (b) the quantile periodogram and (c) the pe-
nalised quantile periodogram.
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the quantile and the regularisation terms.
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8. Appendix

8.1. Penalised Quantile Regression Theorem

For the proof of the main theorem, the asymptotic theory of the penalised
quantile regression problem is discussed. With respect to the work that
has been done in [1] and [18], a more general problem of penalised quantile
regression is considered. For each j = 1, .., q, let {xjt} be a bounded sequence
of deterministic vectors in Rp for some p ∈ N.

Let Yt take the form Yt = ut + εt where {ut} is a deterministic sequence
and {εt} is an m-dependent random process having the marginal distribu-
tion functions Gt(u), marginal densities gt(x) = G

′
t(x), while Gt,s(u, v) de-

notes the bivariate marginal distribution function. Let rts(u, v) = Gts(u, v)−
Gt(u)Gs(v). For any constant vector βj ∈ Rp, let wjt = xTjtβj − ut.

Assume that there are positive numbers d, c and N0 and positive definite
matrices C0 and Λ0. In addition, let Aj = {i : βj,i 6= 0}, be the right subset
model and assume without loss of generality that Aj = {1, 2, .., pj}, pj ≤ p
such that

(i) gt(wjt) = O(1) uniformly in t ∈ N for all j.
(ii) Gt(ut + wjt) − Gt(wjt) = gt(wjt)u + O(ua+1) uniformly in t ∈ N for

|u| ≤ c and all j, a > 0.
(iii) Cjkn = n−1

∑n
t=1

∑n
s=1 rts(wjt, wks)xjtx

T
ks ≥ C0 for all j, k and n ≥

N0.
(iv) Λjn = n−1

∑n
t=1 gt(wjt)xjtx

T
jt ≥ Λ0 for all j and n ≥ N0.

Under these conditions, the following results can be established. For
instance, let β̂

(L)
j,αn

be defined by

β̂
(L)
j,αn

= arg min
β∈Rp

n∑
t=1

ρτ (Yt − λ− xTjtβ) + αn

p∑
i=1

|βi|.
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Lemma 1. If αn/
√
n→ 0 and αn →∞, then

n

αn
vec[β̂

(L)
j,αn
− βj]qj=1 →

p
arg min(Vn(δ)),

where

Vn(δ) = −δT ζjn +
1

2
δTΛjnδ + αn

p∑
i=1

[δisgn(βi)I(βi 6= 0) + |δi|I(βi = 0)] .

ζjn has a N (hjn, Cjkn) distribution.

Remark 1. The LASSO penalisation has been shown to be an effective
estimator only under some restrictive conditions. To overcome this problem,
the adaptive LASSO penalty proposed in [11] is used.

Thus, the Oracle properties of the ALQP problem are established in the
special case presented in this paper. Assume that β̂

(AL)
j,αn

defined in (8), can

be written as β̂
(AL)
j,αn

= [β̂
(AL)
j,αn1

, β̂
(AL)
j,αn2

] where β̂
(AL)
j,αn1

∈ Rpj and β̂
(AL)
j,αn2

∈ Rp−pj .

Theorem 2. . Assuming that (i) to (iv) are satisfied and that αn/
√
n → 0

and α
(d−1)/2
n →∞, then we have

√
nvec[β̂

(AL)
j,1 − βj,1]qj=1

A∼ N (θAj
,ΣAj

),

where ΣAj
= [Λ−1j,Aj

Cj,Aj
Λ−1j,Aj

]qj=1, θAj
= vec{Λ−1j,Aj

hj,Aj
} and hj,Aj

= n−1/2
∑n

t=1{τ−
Gt(wjt)}xjt,Aj

.
A∼ means asymptotically distributed as.

Proof of Theorem 2

Beginning with the single regressor case, we drop j and k for simplicity.
For any vector δ ∈ Rp, assume A to be the correct subset model with length
p0 and let

Zn(δ) =
1

2

n∑
t=1

{ρτ (ut−vt)−ρτ (ut)}+
p∑
i=1

αn√
n|β̂τ,i|d

[∣∣∣∣βi +
δi√
n

∣∣∣∣− |βi|] , (14)

where ut = Yt − xTt β0 = εt − wt and vt(δ) = n−1/2xTt δ.
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By taking Zn(δ) = Z1n(δ) + Z2n(δ), where

Z1n(δ) =
1

2

n∑
t=1

{ρτ (ut − vt)− ρτ (ut)}, (15)

and

Z2n(δ) =

p∑
i=1

αn√
n|β̂τ,i|d

[∣∣∣∣βi +
δi√
n

∣∣∣∣− |βi|] . (16)

Following the steps in [20], the following result could be established by the
boundedness of {xt},

Z1n(δ) = Z̃1n(δ) + op(1),

for each fixed δ ∈ Rp, with Z̃1n(δ) = −δT ζn + 1
2
δTΛnδ and ζn

A∼ N (hn, Cn).

For Z2n, if βi 6= 0, then |β̂τ,i|d −→
p
|βi|d and

√
n

[∣∣∣∣βi +
δi√
n

∣∣∣∣− |βi|]→ δisgn(βi).

Then, by Slutsky’s theorem,

αn√
n|β̂τ,i|d

[∣∣∣∣βi +
δi√
n

∣∣∣∣− |βi|]→p 0.

If βi = 0, then
αn√
n|β̂τ,i|d

[∣∣∣∣βi +
δi√
n

∣∣∣∣− |βi|] = |δi|,

and
αn√
n|β̂τ,i|d

→
p
∞.

Therefore, we have

Zn(δ) =

{
δTAζ

A
n + 1

2
δTAΛAδA if δi = 0, ∀i /∈ A,

∞ otherwise.

δTA and ζAn ∈ Rp0 , ΛA is a p0 × p0 matrix. Moreover, under assumption

(iii), Z̃1n(δ) has a unique minimiser δ̃1,n = Λ−1n ζn with Λn ≥ Λ0 for n ≥ N0.

Thus, by the convexity of Z1n(δ), it can be shown that δ̂1,n− δ̃1,n −→
p

0, where
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δ̂1,n denotes the minimiser of Z1n(δ). Therefore, δ̂1,n has the same asymptotic

distribution as δ̃1,n.
The function Zn(δ) could be reparametrised as a function of β = β0 +

δn−1/2 as follows

Zn(δ) =
1

2

∑
{ρτ (Yt − xTt β)− ρτ (ut)}+

p∑
i=1

αn√
n|β̂τ,i|d

[∣∣∣∣βi +
δi√
n

∣∣∣∣− |βi|] .
Since this function is minimised at β = β̂

(AL)
τ,αn , it follows that

δ̂n =
1√
n

(β̂(AL)
τ,αn
− β0).

Using the same arguments as in [21] and [22] and assuming δ = (δT1 , δ
T
2 )T

where δ1 contains the first p0 elements of δ, we have

δ̂2,n →
d

0,

and δ̂1,n →
d
N (θA,ΣA),

with ΣA = Λ−1A CAΛ−1A and θA = Λ−1A hp0 .
Now, consider the case of multiple regressors. As pointed out in [20],

let q = 2. In order to prove the asymptotic normality of β̂1n and β̂2n, it is
sufficient to consider Zn(δ1, δ2) = Z

(1)
n (δ1) +Z

(2)
n (δ2), where Z

(j)
n is defined in

the same way as Zn(δ) in equation (14) replacing xt by the multi-regressor

xjt. By taking Z
(j)
1n and Z

(j)
2n as defined in equations (15) and (16) respectively,

it has been shown that Z
(j)
1n (δj) = −δTj ζjn + 1

2
δTj Λjnδj + op(1) uniformly in

δj ∈ ∆, where ζjn
A∼ N (hjn, Cjjn). Therefore, we only need to calculate

Cov(ζ1n, ζ2n) which is by definition Cov(ζ1n, ζ2n) = Λ12n. The remaining
argument is the same as in the one regressor setting.

8.2. Proof of Theorem 1

To establish the results in Theorem 1, it is sufficient to apply the results
in Theorem 2 to Yt − λ, with xjt = xt(ωj), β0 = 0 and ut = 0 such that

β̂jn = β̂(ωj), εt = Yt − λ and wjt = 0.
Then, we have Gt(u) = Ft(λ+ u) and Gts(u, v) = Fts(λ+ u, λ+ v). This

implies that gt(wjt) = ft(λ) = κ by (C1), so (i) is satisfied. Similarly, (ii) is
satisfied because using (C2), we have

Gt(u+ wjt)−Gt(wjt) = Ft(λ+ u)− Ft(λ) = gt(wjt)u+O(ua+1).
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Now, let {δj} denote the Kronecker delta sequence. Then, we have by the
trigonometric identities

1

n

n∑
t=1

xt(ωj)x
T
t (ωk) =

1

2
δj−kI + o(1). (17)

We note that Λj,Aj
is directly implied from assumption (iv) and the form of

θAj
in Theorem 2. Then, we have from (C2),

Λj,Aj
= n−1

n∑
t=1

ft(λ)xt,Aj
(ωj)xt,Aj

T (ωj) =
1

2
κIpj + o(1),

where Ipj is an identity matrix with pj elements, such that (iii) is satisfied.
We have

xtx
T
t−h =

[
chc

2
t + shctst chctst − shc2t

chctst + shs
2
t chs

2
t − shctst

]
,

where ct = cos(ωt) and st = sin(ωt). It has been shown in [20] that∑
c2t = 1

2
n + o(1),

∑
s2t = 1

2
n + o(1) and

∑
ctst = O(1). Therefore, for any

fixed h,

n−1
min(n,n+h)∑
t=max(1,1+h)

xt(ωj)x
T
t−h(ωk)→Mj,h =

1

2

[
cj,h −sj,h
sj,h cj,h

]
.

Then, we have

n−1
min(n,n+h)∑
t=max(1,1+h)

xt,Aj
(ωj)xt−h,Aj

T (ωk)→

{
cj,h, if pj = 1,

Mj,h, if pj = 2.

By (C3), we have

rts(wjt, wks) = Fts(λ, λ)−Ft(λ)Fs(λ) = Fts(λ, λ)− τ 2 = τ(1− τ)− (1/2)γt−s.

Now, since {rh} is absolutely summable, we obtain Cjn →
∑
rhMj,h. Because

rh is an even function of h, we have
∑
rhsh = 0 and

∑
rhcj,h = 1

2
τ(1 −

τ)S(ωj).
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From the above equations and using the results of Theorem 2, Cjkn from
(iii) reduces to

Cj,Aj
= n−1

∑
|h|<n

{τ(1− τ)− (1/2)γh}
min(n,n+h)∑
t=max(1,1+h)

xt,Aj
(ωj)x

T
t−h,Aj

(ωk)

=
1

2
τ(1− τ)S(ωj)δj−kIpj + o(1).

Hence, (iv) is satisfied. Finally, under (C2), we have

hjpj = n−1/2
n∑
t=1

{τ − Ft(λ)}xt,Aj
(ωj) = 0.

Therefore, we derive

√
nvec[β̂

(AL)
j,1 (ωj)]

q
j=1

A∼ N (0, (2/κ2)τ(1− τ)S),

where S = diag{Spj(ω1), .., Spj(ωq)}, such that Spj(ωj) = S(ωj) if pj = 1

and Spj(ωj) = {S(ωj), S(ωj)} if pj = 2. This implies that the Q
(AL)
τ,α (ωj) are

asymptotically independent and

{Q(AL)
τ,α (ωj)}

A∼ {(1/2)η2S(ωj)(ξpj)},

for each j with η2 = τ(1− τ)/κ2 and ξpj ∼ χ2
pj

for pj ∈ {1, 2}.
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