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We consider two charities whose revenues are used on advertising to attract market share, on administrative expenditures to manage the charity, and on program expenditures. Assuming a finite planning horizon, we seek to answer the following research question: are there any circumstances under which the charities devote less funds to their programs when they cooperate than when they compete? We obtain that this may well be the case for some parameter values. In particular, if the charities are myopic, that is, if they disregard the future benefits they can earn after the current planning cycle, then they will always spend less on their social programs when they cooperate than when they do not.

Introduction

The private provision of public goods in modern economies is organized to a large extent by nonprofit organizations. Nonprofit organizations have been studied in economics (e.g., Andreoni and Payne (2013)), operations research (Feng and Shanthikumar (2016)), and other disciplines (Bekkers and Wiepking (2011)). This paper addresses the following research question: should nonprofits compete for donations, or should their fundraising activities be coordinated? In the US, the GDP share of donations is roughly constant (and equal to 2%) but the nonprofit firm (net entry) growth rate is approximately 3.4% (Harrison and Irving (2019)), which is slightly more than the 2% average growth rate of the GDP. This difference in growth rates could result in excessive fundraising expenses. That is, while greater competition is related to lower levels of per-firm fundraising expenditures, nonprofits may collectively spend an inefficiently high share of their revenues on fundraising [START_REF] Thornton | Nonprofit fund raising in competitive donor markets[END_REF]). (Rose-Ackerman (1982) already showed that when the aggregate amount of donations is relatively inelastic to fundraising, competition is socially wasteful.) An additional perverse effect of competing for donations is the "nonprofit starvation cycle" [START_REF] Lecy | Anatomy of the nonprofit starvation cycle: an analysis of falling overhead ratios in the nonprofit sector[END_REF]). As donors give preference to a lower overhead cost ratio, as measured by the money spent on administration and fundraising relative to the total budget, nonprofits react by decreasing their administrative expenses, which results in a drop in their administrative capacities as well as their programs; see [START_REF] Burkart | Funds allocation in NPOs: the role of administrative cost ratios[END_REF] for a thorough analysis of this issue. Aldashev et al. (2017) consider yet another possible problem associated to competition, namely, inefficient project clustering. For instance, during humanitarian crises, too many NGOs carry out emergency activities, and too few take care of post-emergency reconstruction work. These observations suggest that coordination among nonprofits could enhance welfare. Harrison and Irvin (2019) offers an overview of how greater cooperation among nonprofit organizations can be positive, on both the output and input sides. In particular, they provide reasons for fundraising via a united fund. Centralizing fundraising not only reduces the cost of running a fundraising campaign, it also in principle provides a solution to the agency problem arising between donors and charities, as the united fund can audit and monitor the programs run by the specialized charities. Such reasons explain why collective fundraising actually takes place through umbrella organizations like the American United Way and by the United Way Centraide Canada. But if competition is so bad, why then do nonprofit organizations not cooperate? This is all the more surprising, given that, contrary to the situation in the for-profit sector, collusion (or coordination) is legal in this case. There are at least three reasons why nonprofits do not cooperate. First, membership in a united charity imposes some costs, e.g., monitoring cost and the cost of moving closer to the preferences of the united charity [START_REF] Chua | The Role of United Charities in Fundraising: The Case of Singapore[END_REF]). Second, cooperation might not be a stable outcome [START_REF] Aldashev | Brothers in Alms? Coordination between Nonprofits on Markets for Donations[END_REF]). Third, donors may prefer to contribute directly to their favorite charities, especially when the allocation of donations received by the united fund to the different member charities does not reflect consumer preferences [START_REF] Bilodeau | Voluntary contributions to united charities[END_REF]). For this reason, some united funds now allow donors to designate the organization that will be the ultimate beneficiary of their contributions. The issue of the optimal structure for donations markets is notably taken up in [START_REF] Mungan | Fundraising and optimal policy rules[END_REF]. They show that competition among charities may not produce socially optimal results in a market without any intervention. They also show that a monopoly is not always the optimal market structure. The optimal policy involves controlling entry, taxing or subsiding donations, and redistributing them to charities. But the design of the optimal policy depends on the nonprofits' objectives and on whether there is resource diversion. Indeed, even though nonprofit managers can have altruistic motives it is unclear whether they always operate in the best interests of their constituents, an assumption made in [START_REF] Mungan | Fundraising and optimal policy rules[END_REF]. In this regard, [START_REF] Feigenbaum | Competition and Performance in the Nonprofit Sector: The Case of U.S. Medical Research Charities[END_REF] develops an empirical approach showing that, at least for the medical research industry, "increases in market concentration lead to reduced funding for research projects and greater discretionary expenditures." In the same vein, [START_REF] Glaeser | The Governance of Not-for-Profit Firms[END_REF] shows that wealthy nonprofit organizations tend to conform to the objectives of elite workers rather than those of the donors, and [START_REF] Malani | Are Non-Profit Firms Simply For-Profits in Disguise?[END_REF] establish that nonprofit compensation structures in hospitals promote similar goals as for-profit structures. [START_REF] Glazer | The profit-maximizing non-profit[END_REF] provides vivid examples of profit-maximizing nonprofits. There is a small emerging literature that studies the causes and consequences of fund diversion by nonprofits. [START_REF] Castaneda | Competition, Contractibility, and the Market for Donors to Non-Profits[END_REF] shows that an increase in the number of competing nonprofits reduces the amount of diverted funds and increases fundraising expenses. Aldashev and Verdier (2010) study how NGOs choose between fundraising and working on their projects when they can divert part of the donations for private use. They find that the relative level of easiness of entry determines the level of diversion and that multiple equilibria (with high and low diversion of funds) can occur. When fundraising competition is weak, NGOs devote most of their time to their project, and there is little diversion, and the reverse is true when fundraising competition is strong. To the best of our knowledge, the present paper is the first study to model charities as a dynamic game and to compare competition and cooperation among nonprofits when resource diversion is possible. We tackle this problem in a context where each charity's share of the donations depends on its advertising campaigns. We assume that the donations market size and the number of firms are constant, which is a reasonable assumption when concentrating on short-run effects. The paper also contributes to the scarce differential games literature with non-profit oriented players; see, e.g., [START_REF] Siciliani | Quality competition with motivated providers and sluggish demand[END_REF] and [START_REF] Buratto | HIV vs. the Immune System: A Differential Game[END_REF] for examples in health economics. We find that there can be more diversion when charities cooperate than when they compete. Our result is in line with, e.g., [START_REF] Feigenbaum | Competition and Performance in the Nonprofit Sector: The Case of U.S. Medical Research Charities[END_REF], but contrasts with the findings of Aldashev and Verdier (2010), which show that diversion increases with the number of firms. (Note that their model is static while ours is dynamic.) The rest of the paper unfolds as follows: In Section 2, we introduce the model, and in Section 3, we characterize the cooperative and noncooperative solutions. In Section 4, we compare these solutions, and we briefly conclude in Section 5.

Model

We consider two charitable organizations that can act either noncooperatively or cooperatively. We retain a finite planning horizon for two main reasons. First, we wish to consider a setting where the donation market is constant and hence charities must manage their operations without being able to rely on market growth, or facing downturns due to, e.g., bad economic situation. Second, we want to keep our model as parsimonious as possible by leaving aside the possibility of entry and exit. Denote by x i (t) charity i's share of the total donations D, with x 1 (t) + x 2 (t) = 1 for all t ∈ [0, T ]. At each instant of time, the revenues available Dx i (t) to charity i = 1, 2 are allocated to three activities, namely, advertising a i (t), administrative activities (or consumption) c i (t) , and charity expenditures e i (t). Administrative expenses include all what is needed to operate the charity, e.g., renting spaces, salaries and social benefits, travel and entertainment expenses of managers and utilities. Following the literature in dynamic optimization and dynamic games (see the surveys in [START_REF] Huang | Recent developments in dynamic advertising research[END_REF] and Jørgensen and Zaccour (2014)), we suppose that the advertising cost is convex increasing and given by the quadratic function ω 2 a i (t) 2 , where ω is a strictly positive parameter. The budget constraint can then be written as follows:

Dx i (t) = c i (t) + ω 2 a i (t) 2 + e i (t). (1) 
The evolution a charity's market share depends on its own and the other charity's advertising and administration expenditures. The rationale behind this relationship is straightforward. First, in light of decades of research in the area (see [START_REF] Huang | Recent developments in dynamic advertising research[END_REF]), considering advertising effort as a driver of market share dynamics is not surprising. Second, it is intuitive to assume that donors are sensitive to how the charity is using their donations. In particular, they believe that charities should devote as much of their revenues as possible to charitable projects and not to their own consumption. One way of accounting for this is to suppose that administrative costs should not exceed a certain reasonable threshold c, which is common to all charitable organizations. An actual value below this threshold signals that the charity's main concern is its cause and not the wellbeing of its managers, and this boosts its market share. A higher value than the threshold leads to the reverse effect. Based on the above arguments, we specify the market share dynamics as follows:

ẋ1 (t) = σa 1 (t) -a 2 (t) -γ 1 (c 1 (t) -c) + γ 2 (c 2 (t) -c) -x 1 (t), x 1 (0) = x 0 1 (2) ẋ2 (t) = 1 -σa 1 (t) + a 2 (t) + γ 1 (c 1 (t) -c) -γ 2 (c 2 (t) -c) -x 2 (t), x 2 (0) = x 0 2 (3)
where σ > 1 is a parameter capturing the impact of charity 1's advertising on its market share, and γ i > 0 (respectively γ 3-i > 0) for i = 1, 2 is a parameter measuring the impact of own consumption (respectively, the other charity's) on ẋi (t). Before commenting on the rationale of the adopted dynamics in (2)-(3), we make the following comments: First, the efficiency in managing each charity affects both market shares. Indeed, a level c i (t) < c benefits charity i and hurts the other charity. Third, the parameters γ 1 and γ 2 have a priori different values, which means that donors do not necessarily judge deviations from the norm in the same way for both charities. Note that if γ 1 = γ 2 , then the impact of the norm c vanishes in the dynamics. Fourth, using the fact that the two market shares must sum up to one at each instant of time, we can save one state variable by setting

x 1 x and x 2 = 1 -x. ( 4 
)
Remark 1 The dynamics assume implicitly that the two charities are not fully symmetric.

To illustrate, suppose that both charities set a i (t) = 0 and c i (t) = c for all t, and suppose that they start with the same initial market share, i.e., x 0 1 = x 0 2 = x 0 , with x 0 1 +x 0 2 = 1. Then, solving the resulting dynamics, we get the following terminal market shares:

x 1 (T ) = 1 2 e -T and x 2 (T ) = 1 - 1 2 e -T ,
which are equal only if T = 0. 1

1 We thank a Reviewer for this remark.

Our formulation of the market-share dynamics follows the new n-player Lanchester model of advertising competition introduced by Dockner and Jørgensen (2018). Denote by g i (a) the attraction rate of firm i = 1, . . . , n, where a = (a 1 , . . . , a n ). The market share of player i is assumed to evolve as follows:

ẋi (t) = g i (a) (1 -x i (t)) - n j=1,j =i g j (a) x i (t) ,
that is, player i draws additional market-share points from competitors and loses to them. Further, invoking contest theory, Dockner and Jørgensen interpret g i (a) as the probability of attracting an extra unit. Consequently, n j=1 g j (a) = 1. Substituting in the above dynamics, we get

ẋi (t) = g i (a) (1 -x i (t)) -(1 -g i (a)) x i (t) = g i (a) -x i (t) ,
which corresponds, modulo the addition of the unproductive consumptions, to the form in ( 2)-( 3). Note that the terms σa 1 (t) -a 2 (t) and 1 -σa 1 (t) + a 2 (t) represent the linear contest success function introduced by Baik (1998).

Remark 2 Following the above logic, it is apparent that considering n charities do not cause any conceptual difficulties. However, the cooperative case would require considering all possible coalitions when computing the characteristic function values and the adopted solution concept, e.g., the core or Shapley value. To keep it simple, we restrict the analysis to the duopoly case.

Following Aldashev and Verdier (2010), Glazer (2016), and Crettez et al. ( 2019), we suppose that the utility of the charity's managers depends on their administrative and program expenses, which we denote by u i (c i (t) , e i (t)). The idea behind having c i (t) as an argument of the utility function is that this variable is a proxy for the managers' salaries and other prestige-based activities, e.g., travelling to visit project sites, attending social events with donors, etc. We assume that u i (c i (t) , e i (t)) is concave in c i (t) and linear in e i (t). 2 More specifically, we specify the utility function as follows:

u i (c i (t) , e i (t)) = ϕ i c i (t) - 1 2 c 2 i (t) + e i (t),
where ϕ i is a positive scaling parameter. Denote by s i (x i (T )) is the salvage value of charity i. Assuming utility-maximization behavior over the planning horizon, the optimization problem of charity i is as follows:

max c i ≥0,a i ≥0,e i ≥0 U i = T 0 ϕ i c i (t) - 1 2 c 2 i (t) + e i (t) dt + s i (x i (T )) ,
subject to the budget constraint in (1) and the market-share dynamics in (2)-( 3). The salvage value measures the payoff that a charity can achieve after the planning horizon.

Its computation depends on the context. Here, assuming a long-lived charity, the salvage value can correspond for instance to the discounted sum of a utility stream over an infinite horizon. Basically, we want to capture the feature that these charities will not disappear after T . To keep it as simple as possible, we suppose that the salvage value is linear and given by s i (x i (T )) = S i x i (T ). Using (1), we can express expenditures in charitable projects as

e i (t) = Dx i (t) -c i (t) - ω 2 a i (t) 2 .
Now, using (4), the two charities optimization problems can be written as follows:

max c 1 ≥0,a 1 ≥0 U 1 = T 0 (ϕ 1 -1) c 1 (t) - c 1 (t) 2 2 + Dx(t) - ωa 1 (t) 2 2 dt + S 1 x (T ) , (5) 
max c 2 ≥0,a 2 ≥0 U 2 = T 0 (ϕ 2 -1) c 2 (t) - c 2 (t) 2 2 + D (1 -x(t)) - ωa 2 (t) 2 2 dt +S 2 (1 -x (T )) , (6) 
subject to the state dynamics

ẋ(t) = σa 1 (t) -a 2 (t) -γ 1 (c 1 (t) -c) + γ 2 (c 2 (t) -c) -x(t), x (0) = x 0 1 . (7) 
To wrap up, by ( 5), [START_REF] Burkart | Funds allocation in NPOs: the role of administrative cost ratios[END_REF], and ( 7), we have defined a finite-horizon two-player differential game with two control variables for each player (c i , a i ) and one state variable x.

Solutions

In this section, we characterize the cooperative and noncooperative solutions. When the two charities cooperate, they optimize their joint payoff. When the game is played noncooperatively, the charities seek a feedback-Nash equilibrium. 3To have economically meaningful results, we make the following assumption:

Assumption 1 The parameter values satisfy the following two inequalities:

ϕ 1 > 1 + γ 1 D 1 -e -T + S 1 , ϕ 2 > 1 + γ 2 D 1 -e -T + S 2 .

Joint Optimization

When the two charities cooperate, their joint optimization problem is given by4 U = max

(c i ,a i ) i=1,2 ,c i ≥0,a i ≥0 T 0 D + 2 i=1 (ϕ i -1) c i (t) - 1 2 c i (t) 2 - ω 2 a i (t) 2 dt + (S 1 -S 2 ) x (T ) + S 2 , ẋ(t) = σa 1 (t) -a 2 (t) -γ 1 (c 1 (t) -c) + γ 2 (c 2 -c) -x(t), x (0) = x 0 1 , a i (t) ≥ 0, c i ≥ 0, i = 1, 2.
The following proposition characterizes the optimal solution.

Proposition 1 Under Assumption 1, if the charities cooperate, then the optimal values of consumption and advertising are given by

c * 1 (t) = ϕ 1 -1 -γ 1 (S 1 -S 2 ) e t-T , c * 2 (t) = ϕ 2 -1 + γ 2 (S 1 -S 2 ) e t-T , a * 1 (t) = σ ω (S 1 -S 2 ) e t-T , if S 1 ≥ S 2 , 0, otherwise, a * 2 (t) = 1 ω (S 2 -S 1 ) e t-T , if S 2 ≥ S 1 , 0, otherwise. 
Proof. See Appendix.

The results in the above proposition call for the following comments: First, in the optimal solution, only the charity with the higher marginal salvage value advertises. If S 1 = S 2 , then neither advertises. As advertising aims at increasing one's own market share and hurting the other charity's market share, then it is clear that it is never optimal in a cooperative setting to have both charities advertising at the same time. Second, under Assumption 1, both charities consume part of their revenues. If S 1 ≥ S 2 , then charity 1's administration cost is decreasing over time, while it is increasing for charity 2. The mirror result is obtained when S 1 ≤ S 2 . Third, the optimal advertising and consumption levels are independent of the threshold c. However, as can easily be seen in the next corollary, the market share and the program expenditures depend on c.

Corollary 1 Under Assumption 1, the market share of charity 1 and the program expenditures are as follows:

• If S 1 ≥ S 2 , then x * (t) = x(0) - 1 2 (S 1 -S 2 ) e -T σ 2 ω + γ 2 1 + γ 2 2 e -t + 1 2 (S 1 -S 2 ) e t-T σ 2 ω + γ 2 1 + γ 2 2 -(γ 1 (ϕ 1 -1 -c) -γ 2 (ϕ 2 -1 -c)) 1 -e -t , e * 1 (t) = Dx * (t) -ϕ 1 -1 -γ 1 (S 1 -S 2 ) e t-T - σ 2 2ω (S 1 -S 2 ) 2 e 2(t-T ) , e * 2 (t) = D (1 -x * (t)) -(ϕ 2 -1 + γ 2 (S 1 -S 2 ) e t-T ) • If S 2 ≥ S 1 , then x * (t) = x(0) - 1 2 (S 1 -S 2 ) e -T 1 ω + γ 2 1 + γ 2 2 e -t + 1 2 (S 1 -S 2 ) e t-T 1 ω + γ 2 1 + γ 2 2 -(γ 1 (ϕ 1 -1 -c) -γ 2 (ϕ 2 -1 -c)) 1 -e -t , e * 1 (t) = Dx * (t) -(ϕ 1 -1 -γ 1 (S 1 -S 2 ) e t-T ), e * 2 (t) = D (1 -x * (t)) -(ϕ 2 -1 + γ 2 (S 1 -S 2 ) e t-T ) - 1 2ω (S 2 -S 1 ) 2 e 2(t-T )
Proof. See Appendix.

To assess the impact of the threshold c on the results, we compute

∂x * (t) ∂c = (γ 1 -γ 2 ) 1 -e -t , ∂e * 1 (t) ∂c = D (γ 1 -γ 2 ) 1 -e -t , ∂e * 2 (t) ∂c = -D (γ 1 -γ 2 ) 1 -e -t ,
which leads to the following conclusion:

sign ∂x * (t) ∂c = sign ∂e * 1 (t) ∂c = -sign ∂ (1 -x * (t)) ∂c = -sign ∂e * 2 (t) ∂c = sign (γ 1 -γ 2 ) .
The interpretation is straightforward: the charity having the highest γ, increases its program expenditures with c, while the other does the reverse.

Corollary 2 Assuming that the two players are symmetric in all the parameters but σ, i.e., ϕ 1 = ϕ 2 = ϕ, γ 1 = γ 2 = γ and S 1 = S 2 = S, the optimal solution is as follows:

c1 (t) = c2 (t) = ϕ -1, ã1 (t) = ã2 (t) = 0, ẽ * 1 (t) = Dx(0) -ϕ + 1, ẽ * 2 (t) = D (1 -x(0)) -ϕ + 1, x * (t) = x(0)e -t .
Proof. It suffices to set ϕ 1 = ϕ 2 = ϕ, γ 1 = γ 2 = γ and S 1 = S 2 = S in Proposition 1 and Corollary 1 to get the result. When the two charities are symmetric, advertising, which is of the offensive type in our model, becomes a pure waste of resources. Similarly, the positive and negative effects of administration expenditures on the dynamics of market share cancel out.

Nash Equilibrium

The following proposition characterizes this equilibrium.

Proposition 2

The unique feedback-Nash equilibrium strategies are given by

a N 1 (t) = σ ω (D 1 -e t-T + e t-T S 1 ), a N 2 (t) = 1 ω (D 1 -e t-T + e t-T S 2 ), c N 1 (t) = ϕ 1 -1 -γ 1 D 1 -e t-T + e t-T S 1 , c N 2 (t) = ϕ 2 -1 -γ 2 D 1 -e t-T + e t-T S 2 .
Proof. See Appendix.

Whereas the optimal levels of advertising and consumption are determined by taking into account the collective objective, at equilibrium each player looks after its own interest (and own parameters). Interestingly, advertising efforts are positive for all parameter values. For equilibrium consumptions to be positive, the following conditions must be satisfied:

c 1 (t) > 0 ⇔ ϕ 1 > 1 + γ 1 D 1 -e t-T + e t-T S 1 , c 2 (t) > 0 ⇔ ϕ 2 > 1 + γ 2 D 1 -e t-T + e t-T S 2 .
It is easy to verify that the above conditions are satisfied under Assumption 1.

It is clear that if the marginal utility (i.e., ϕ i ) of administrative expenses is high, then those expenses will always be positive. When the cost of deviating from the consumption norm c is large (i.e., when the parameters γ i are high), then the marginal utility of consumption must be especially high for the nonprofit organization to spend on administrative expenses. In the same spirit, when the salvage value (S i ) is high, each nonprofit is better off spending donations on advertising in order to increase its market share of the donations market. Finally, as in the joint optimization solution, the advertising and consumption strategies are independent of c, but the market share and program expenditures are not, as highlighted in the next corollary.

Corollary 3

The market share of charity 1 and the program expenditures are as follows:

x

N 1 (t) = x N (t) = (x(0) -e -T A/2 -B)e -t + e -T +t A/2 + B, e N 1 (t) = Dx N (t) -ϕ 1 -1 -γ 1 (D 1 -e t-T + e t-T S 1 ) - σ 2 D 1 -e t-T + e t-T S 1 2 2ω , e N 2 (t) = D 1 -x N (t) -ϕ 2 -1 -γ 2 D 1 -e t-T + e t-T S 2 - D 1 -e t-T + e t-T S 2 2 2ω ,
where

A = σ 2 + ωγ 2 1 ω (S 1 -D) - (1 + ωγ 2 2 ) ω (S 2 -D), B = σ 2 -1 D ω -γ 1 (ϕ 1 -1 -Dγ 1 -c) + γ 2 (ϕ 2 -1 -Dγ 2 -c).
Proof. First, we solve the market share's first-order differential equation to obtain x(t). Second, we use the budget constraints

Dx N 1 (t) = c N 1 (t) + ω 2 a N 1 (t) 2 + e 1 (t), Dx N 2 (t) = c N 2 (t) + ω 2 a N 2 (t) 2 + e 2 (t),
to get e N 1 (t) and e N 2 (t). The program expenses are obtained by substracting advertising cost and unproductive consumption from the budget. In the cooperative case, these expenditures are independent of D, which is, however, not the case here. As a consequence, the expressions of e N 1 (t) and e N 2 (t) are polynomials of degree 2 in D, which can be written as

e N i (t) = x i + y i D -z i D 2 , i = 1, 2,
where x i , y i and z i are positive. One implication is that for sufficiently high market size D, program expenditures may decrease in D. In the cooperative case, e * 1 (t) and e * 2 (t) are affine and increasing in D for all parameter values. This shows an important qualitative difference between the two solutions.

Cooperation vs. Competition

In this section, we compare cooperative and noncooperative strategies.

Proposition 3 When the charities cooperate, then 1. their total administrative expenses are higher than when they compete; 2. their total advertising expenditures are lower than when they compete.

Proof. See Appendix. If one thinks of administrative and advertising expenditures as "necessary evils" when running a charity, then the above proposition offers one piece of good news and one bad. Let us start with the good news, namely, the decrease in advertising expenditures. It is clear that these expenditures are partly unproductive since they increase the market share of donations for one firm, and necessarily, decrease the market share of the other firm. It is not, however, optimal to never advertise. Instead, cooperating charities should concentrate the advertising expenditures on one kind of charity. This is because these charities have a priori different salvage values functions, i.e., different ways of transforming the terminal market share of the donations market into actual resources.

The bad news, however, is that administrative expenses always increase under cooperation. Saving on advertising expenditures, and better allocating these expenditures between charities, yields more available resources for cooperating charities. That enables them to increase their unproductive spending and to better manage the negative effects of the latter on the shares of the donations market. What about programs expenses? Recall from the charities' budget constraints, that the total program expenditures are equal to the difference between their resources (which depends on the size of the market and is constant) and the sum of advertising and administrative expenditures. Comparing these expenditures under cooperation and noncooperation cannot give clear-cut results since advertising expenditures are lower under cooperation, whereas administrative expenditures are higher. To advance the analysis of the difference between the total program expenditures under cooperation and noncooperation, we introduce the following second-degree polynomial:

f (D) = pD 2 + qD + r, where p = 1 -e t-T 2 1 + σ 2 > 0, q = 2 1 -e t-T e t-T S 2 + σ 2 S 1 -ω (γ 1 + γ 2 ) , r = S 1 σ 2 -1 + 2S 2 S 1 e 2(t-T ) -2ωe t-T (S 1 γ 2 + S 2 γ 1 ) . Let ∆ = q 2 -4pr = 4 1 -e t-T 2 e t-T S 2 + σ 2 S 1 -ω (γ 1 + γ 2 ) 2 -1 + σ 2 S 1 σ 2 -1 + 2S 2 S 1 e 2t-2T -2ωe t-T (S 1 γ 2 + S 2 γ 1 ) .
When ∆ > 0 denote by D 1 the lowest root and by D 2 the largest root of f (D).

Proposition 4 Suppose that S 2 ≥ S 1 . Then,

(e * 1 (t) + e * 2 (t)) -e N 1 (t) + e N 2 (t) = 1 2ω f (D) ,
and we have the following cases:

(a) If r > 0 and q > 0, or if r > 0, q < 0 and ∆ < 0, then f (D) ≥ 0 for all D ∈ R + .

(b) If r ≥ 0, q < 0 and ∆ > 0, then f (D) ≤ 0 for all D ∈ [D 1 , D 2 ] . (c) If r < 0, then f (D) ≤ 0 for all D ∈ [0, D 2 ] .
Proof. See Appendix.

A similar result can be established for the case where S 2 ≤ S 1 .

The main message from Proposition 4 is that different outcomes can occur depending on the parameter values. In particular, case (b) shows that, under some conditions, the charities may well spend less on their programs when they cooperate than when they compete. Notice that if S 2 + σ 2 S 1 < ω (γ 1 + γ 2 ), then, q < 0. The economic intuition behind the results in the above proposition is as follows: Considering the expressions in Proposition 1, we note that the market size D does not affect advertising and unproductive consumption when the two charities cooperate. Also, recall that in this scenario, only one charity advertises. These results are due to the facts that advertising is efficiently chosen and it is impossible to increase the market size. In the noncooperative scenario, charities' advertising expenses increase with D and decrease with ω, whereas unproductive consumptions are decreasing in D and independent of ω. Further, note that the program expenses of each charity is the difference between an affine increasing function of D and a quadratic function of D (with the latter being the advertising cost ( ω 2 a 2 i (t)). When ω is sufficiently small, it pays to increase advertising in the noncooperative case, which leaves less funds for program expenses, and as a consequence we have case (a). (Of course, the other parameter values must be such that the other conditions of this case hold.) If ω is sufficiently large, then advertising becomes less affordable and keeping its own market share passes through keeping its unproductive consumption below the norm. As a result, the charities devote a larger part of their budget to program expenses in the noncooperative case than under cooperation (cases (b) and (c)). If the two charities are myopic, that is, they disregard after-the-season benefits by acting as if the salvage value parameters S 1 and S 2 were equal to zero, then case (b) would always occur. Indeed, in this setup, we have r = 0, q < 0 and

∆ = 4 1 -e t-T 2 ω 2 (γ 1 + γ 2 ) 2 > 0.
The conclusion is that, for all other parameter values, myopic charities spend less on their programs when they cooperate than when they do not. Notice that case c) can happen when ω is very large.

Concluding Remarks

Using a simple model, we analyze the behavior of two charities under both cooperative and noncooperative modes of play. Our main research question is whether these charities devote less of their available funds to their social programs under cooperation than under noncooperation. We obtain that this may well happen under some conditions on the parameter values. In particular, if the two organizations behave myopically, that is, if they do not account for time beyond the current planning cycle, then they will indeed devote less to their cause when they cooperate. Our analysis suggests the following managerial insights. Coordination among nonprofits about the input size, and notably fundraising, should in theory bring about a reduction in the costs of fundraising campaigns and thereby increase the resources devoted to programs. We know, however, that charities do not always cooperate because the costs of coordinating can be significant. Yet, those who seek to enhance coordination, be they governmental organizations, or foundations, should be cautious. Simply put, one cannot a priori be sure that any increase in resources allowed by more collaboration (through a decrease in advertising expenditures) will be spent on programs, and not only on administrative expenses.

In any modelling exercise, some simplifying assumptions have to be made, and this paper is no exception. First, it is worth relaxing the duopoly structure of the game as, in reality, there are more than two charities competing for donation dollar and this case is surely worth studying. Second, we supposed that the threshold c is common to all charitable organizations, which is probably a reasonable assumption if the two charities are of similar size. If not, one can define the threshold in relative terms for each organization, e.g., cDx i (t). 5 Third, one could study the infinite-horizon planning scenario, assuming that these charitable organizations are here to stay. Fourth, one can refine the modelling of cooperation by paying more attention to the case where fundraising and resource-sharing are realized by an umbrella organization that is separate from the charities benefiting from those resources. Finally, a question that is of conceptual and methodological interest is how to deal with a case where the charities cooperate till T , and may not continue the coordination of their activities afterwards? 6The above modifications can be carried out while maintaining the assumption that the donations are constant. (Everything would remain conceptually the same if we let D vary exogenously over time.) Undoubtedly, this assumption affected significantly our results and an effort to relax it is surely worth conducting. One line of thought is to let D depend on both charities advertising expenditures and on their consumption levels. Here, one can even distinguish between two types of advertising having specific objectives, that is: (i) generic advertising aiming at increasing the market potential, i.e., the total donations; and (ii) offensive advertising aiming at stealing market-share points to rival. 7 In this paper, if one charity is corrupted, it loses some revenues that directly go to the other. In the limit, if both charities are equally corrupted, then nothing really happen, that is, donors would still give D and the two charities share it. Allowing D to depend on the consumption levels, and possibly on the acceptable threshold(s), amounts at giving the donors the option of stop donating or reducing their donations if they do not like how the charities are behaving. Such extensions lead to market-share dynamics that are non linear, with the implication that there will be no hope of getting analytical results.

6 Appendix: Proofs

Proof of Proposition 1

Omitting the time argument, the Hamiltonian is given by

H (t, x, c 1 , c 2 , a 1 , a 2 , λ, ν 1 , ν 2 , µ 1 , µ 2 ) = (ϕ 1 -1)c 1 - 1 2 c 2 1 + D - ω 2 a 2 1 + (ϕ 2 -1)c 2 - 1 2 c 2 2 - ω 2 a 2 2 + λ (σa 1 -a 2 -γ 1 (c 1 -c) + γ 2 (c 2 -c) -x) + ν 1 c 1 + ν 2 c 2 + µ 1 a 1 + µ 2 a 2 ,
where λ(.) is the adjoint variable and ν 1 (.), ν 2 (.), µ 1 (.) and µ 2 (.) are the multipliers associated to the nonnegativity constraints. The first-order optimality conditions (FOC) are Optimality conditions :

∂H ∂c 1 = ϕ 1 -1 -c 1 -γ 1 λ + ν 1 = 0 ⇔ c 1 = ϕ 1 -1 -γ 1 λ + ν 1 , ∂H ∂c 2 = ϕ 2 -1 -c 2 + γ 2 λ + ν 2 = 0 ⇔ c 2 = ϕ 2 -1 + γ 2 λ + ν 2 , ∂H ∂a 1 = -ωa 1 + σλ + µ 1 = 0 ⇔ a 1 = σλ ω + µ 1 ω , ∂H ∂a 2 = -ωa 2 -λ + µ 2 = 0 ⇔ a 2 = - λ ω + µ 2 ω , Complementarity conditions : c 1 ≥ 0, ν 1 ≥ 0, ν 1 c 1 = 0, c 2 ≥ 0, ν 2 ≥ 0, ν 2 c 2 = 0, a 1 ≥ 0, µ 1 ≥ 0, µ 1 a 1 = 0, a 2 ≥ 0, µ 2 ≥ 0, µ 2 a 2 = 0, Adjoint equation : λ = λ, λ (T ) = S 1 -S 2
It is easy to verify that H is strictly concave with respect to c 1 , c 2 , a 1 , a 2 , and therefore the solution of the FOC is the unique solution of the problem. The solution to the adjoint equation is λ(t) = (S 1 -S 2 )e t-T . Therefore, sign λ(t) = sign (S 1 -S 2 ) > 0, ∀t. This solution depends upon the sign of λ thus upon the sign of S 1 -S 2 .

If c 1 (t) = 0 for some t, then ν 1 (t) = -ϕ 1 + 1 + γ 1 λ = -ϕ 1 + 1 + γ 1 (S 1 -S 2 )e t-T < 0, which violates Assumption 1. Therefore, c 1 (t) = 0 and ν 1 (t) > 0 are not optimal. Consequently, c 1 (t) > 0, and ν 1 (t) = 0 for all t, and

c 1 (t) = ϕ 1 -1 -γ 1 λ(t) = ϕ 1 -1 -γ 1 (S 1 -S 2 )e t-T . Similarly, if c 2 (t) = 0 for some t, then ν 2 (t) = -ϕ 2 + 1 -γ 2 λ = -ϕ 2 + 1 -γ 2 (S 1 -S
2 )e t-T < 0, which violates Assumption 1. Therefore, c 2 (t) = 0 and ν 2 (t) > 0 are not optimal. Consequently, c 2 (t) > 0, and ν 2 (t) = 0 for all t, and

c 2 = ϕ 2 -1 + γ 2 (S 1 -S 2 )e t-T .
Case S 1 -S 2 > 0 : If a 1 (t) = 0 for some t, then µ 1 ω = -σλ ω < 0 but this contradicts µ 1 ≥ 0. Hence, for all t, a 1 (t) > 0, µ 1 (t) = 0 and

a 1 (t) = σλ ω = σ(S 1 -S 2 )e t-T ω .
If a 2 (t) > 0 for some t, then µ 2 (t) = 0 but this implies a 2 (t) = -λ(t) ω < 0. So for all t, a 2 (t) = 0.

To wrap up, if S 1 -S 2 > 0, then we have

a 1 = σ(S 1 -S 2 )e t-T ω , a 2 = 0, c 1 = ϕ 1 -1-γ 1 (S 1 -S 2 )e t-T , c 2 = ϕ 2 -1+γ 2 (S 1 -S 2 )e t-T .
Case S 1 -S 2 < 0 : If a 1 (t) > 0 for some t, then µ 1 (t) = 0 but this implies a 1 (t) = -σλ(t) ω < 0. So for all t, a 1 (t) = 0.

If a 2 (t) = 0 for some t, then µ 2 ω = λ ω < 0 but this contradicts µ 2 ≥ 0. Hence, for all t, a 2 (t) > 0, µ 2 (t) = 0 and

a 2 (t) = -λ ω = -(S 1 -S 2 )e t-T ω .
To wrap up, if S 1 -S 2 < 0, then we have

a 1 = 0, a 2 = (S 2 -S 1 )e t-T ω , c 1 = ϕ 1 -1-γ 1 (S 1 -S 2 )e t-T , c 2 = ϕ 2 -1+γ 2 (S 1 -S 2 )e t-T .
Notice that it is impossible to have both a 1 (t) > 0 and a 2 (t) > 0. The case a 1 (t) = a 2 (t) = 0 only happens if S 1 = S 2 .

Proof of Corollary 1

Solving for x(t) using

ẋ(t) = σa 1 (t) -a 2 (t) -γ 1 (c 1 (t) -c) + γ 2 (c 2 -c) -x(t). If S 1 ≥ S 2 : ẋ(t) = σ 2 ω (S 1 -S 2 ) e t-T -γ 1 (ϕ 1 -1 -γ 1 (S 1 -S 2 ) e t-T -c) +γ 2 (ϕ 2 -1 + γ 2 (S 1 -S 2 ) e t-T -c) -x(t).
Integrating, we obtain

x(t) = x(0) - 1 2 (S 1 -S 2 ) e -T σ 2 ω + γ 2 1 + γ 2 2 + γ 1 (ϕ 1 -1 -c) -γ 2 (ϕ 2 -1 -c) e -t + 1 2 (S 1 -S 2 ) e t-T σ 2 ω + γ 2 1 + γ 2 2 -γ 1 (ϕ 1 -1 -c) + γ 2 (ϕ 2 -1 -c). If S 2 ≥ S 1 : ẋ(t) = - 1 ω (S 2 -S 1 ) e t-T -γ 1 (ϕ 1 -1 -γ 1 (S 1 -S 2 ) e t-T -c) +γ 2 (ϕ 2 -1 + γ 2 (S 1 -S 2 ) e t-T -c) -x(t).
Integrating yields

x(t) = x(0) - 1 2 (S 1 -S 2 ) e -T 1 ω + γ 2 1 + γ 2 2 + γ 1 (ϕ 1 -1 -c) -γ 2 (ϕ 2 -1 -c) e -t + 1 2 (S 1 -S 2 ) e t-T 1 ω + γ 2 1 + γ 2 2 -γ 1 (ϕ 1 -1 -c) + γ 2 (ϕ 2 -1 -c).
To ) 2 e 2(t-T ) .

Proof of Proposition 2

Introduce the players' Hamiltonians:

H 1 t, x, c 1 , a 1 , λ 1 , ν 1 , µ 1 = (ϕ 1 -1)c 1 - 1 2 c 2 1 + Dx - ω 2 a 2 1 + λ 1 σa 1 -a 2 -γ 1 (c 1 -c) + γ 2 (c 2 -c) -x + ν 1 c 1 + µ 1 a 1 , H 2 t, x, c 2 , , a 2 , λ 2 , ν 2 , µ 2 = (ϕ 2 -1)c 2 - 1 2 c 2 2 + D(1 -x) - ω 2 a 2 2 + λ 2 σa 1 -a 2 -γ 1 (c 1 -c) + γ 2 (c 2 -c) -x + ν 2 c 2 + µ 2 a,
where λ 1 (.) and λ 2 (.) are the adjoint variables and ν 1 (.), ν 2 (.), µ 1 (.) and µ 2 (.) are the multipliers associated to the nonnegativity constraints. The first-order equilibrium conditions are:

∂H 1 ∂c 1 = (ϕ 1 -1) -c 1 -γ 1 λ 1 + ν 1 = 0 ⇔ c 1 = ϕ 1 -1 -γ 1 λ 1 + ν 1 , ∂H 2 ∂c 2 = (ϕ 2 -1) -c 2 + γ 2 λ 2 + ν 2 = 0 ⇔ c 2 = ϕ 2 -1 + γ 2 λ 2 + ν 2 , ∂H 1 ∂a 1 = -ωa 1 + σλ 1 + µ 1 = 0 ⇔ a 1 = σ ω λ 1 + µ 1 ω , ∂H 2 ∂a 2 = -ωa 2 -λ 2 + µ 2 = 0 ⇔ a 2 = - 1 ω λ 2 + µ 2 ω .
c 1 ≥ 0, ν 1 ≥ 0, ν 1 c 1 = 0, c 2 ≥ 0, ν 2 ≥ 0, ν 2 c 2 = 0, a 1 ≥ 0, µ 1 ≥ 0, µ 1 a 1 = 0, a 2 ≥ 0, µ 2 ≥ 0, µ 2 a 2 = 0, λ1 = λ 1 -D, λ 1 (T ) = S 1 , λ2 = λ 2 + D, λ 2 (T ) = -S 2 .

Solving for the adjoint equations, we obtain: λ 1 (t) = (S 1 -D)e t-T + D = (1 -e t-T )D + e t-T S 1 > 0, λ 2 (t) = (-S 2 + D)e t-T -D = (e t-T -1)D -e t-T S 2 < 0.

Since H 1 (respectively H 2 ) is strictly concave with respect to c 1 , a 1 (respectively, c 2 , a 2 ) the solution of the FOC is the unique solution of the problem. This solution depends upon the sign of λ i If c 1 (t) = 0 for some t, then ϕ 1 -1-γ 1 λ 1 = -ν 1 ≤ 0, that is, ϕ 1 -1-γ 1 ((1-e t-T )D+e t-T S 1 ) ≤ 0, which contradicts Assumption 1. If c 2 (t) = 0 for some t, then ϕ 2 -1+γ 2 λ 2 = -ν 2 ≤ 0, that is, ϕ 2 -1-γ 2 ((1-e t-T )D+e t-T S 2 ) ≤ 0, which contradicts Assumption 1.

Therefore, for all t, we have c 1 (t) > 0 and c 2 (t) > 0, which implies ν 1 = ν 2 = 0 and c 1 (t) = ϕ 1 -1 -γ 1 ((1 -e t-T )D + e t-T S 1 ), c 2 (t) = ϕ 2 -1 -γ 2 ((1 -e t-T )D + e t-T S 2 ).

If a 1 (t) = 0 for some t, then µ 1 ω = -σ ω λ 1 < 0, which contradicts µ 1 ≥ 0.

If a 2 (t) = 0 for some t, then µ 2 ω = 1 ω λ 2 < 0, which contradicts µ 2 ≥ 0. Therefore, for all t, we have a 1 (t) > 0 and a 2 (t) > 0, which implies µ 1 = µ 2 = 0 and a 1 = σ ω ((1 -e t-T )D + e t-T S 1 ), a 2 = 1 ω ((1 -e t-T )D + e t-T S 2 ).

Proof of Proposition 3

The difference in administrative expenses is given by c 

  compute e 1 (t) and e 2 (t), we use the budget constraintsDx 1 (t) = c 1 (t) + ω 2 a 1 (t) 2 + e 1 (t), Dx 2 (t) = c 2 (t) + ω 2 a 2 (t) 2 + e 2 (t). If S 1 ≥ S 2 , then e 1 (t) = Dx(t) -(ϕ 1 -1 -γ 1 (S 1 -S 2 ) e t-T ) -σ 2 2ω (S 1 -S 2 ) 2 e 2(t-T ) , e 2 (t) = D (1 -x (t)) -(ϕ 2 -1 + γ 2 (S 1 -S 2 ) e t-T).

If S 2 ≥ S 1 , then e 1 (t) = Dx (t) -(ϕ 1 -1 -γ 1 (S 1 -S 2 ) e t-T ), e 2 (t) = D (1 -x (t)) -(ϕ 2 -1 + γ 2 (S 1 -S 2 ) e t-T ) -1 2ω (S 2 -S 1

  * 1 (t) + c * 2 (t) -c N 1 (t) + c N 2 (t) = (S 1 γ 2 + S 2 γ 1 ) e t-T + D(γ 1 + γ 2 )(1 -e t-T ) > 0.

	Now, total advertising expenditures under noncooperation are given by
	a N 1 (t) + a N 2 (t) =	σ ω	S 1 +	1 ω	S 2 e t-T +	σ ω	+	1 ω	D 1 -e

t-T .

If we think of c (t) as the consumption by managers of the resource, then it is standard to assume concavity.

When the game is played non-cooperatively, it is well-known that the equilibrium solution varies with the adopted information structure. In a feedback information structure, the players' strategies depend on time and the state, whereas they only depend on time in an open-loop information structure. A feedback information structure is conceptually more appealing than its open-loop counterpart. However, as our differential game is of the linear-state kind, the choice between the two options is immaterial as open-loop and feedback equilibria coincide (see, e.g., Haurie et al. (2012)).

Here, cooperation is not realized through an umbrella organization separate from the charities. Instead, we consider the case where charities directly coordinate their activities, as they are sometimes advised to do.

We thank a Reviewer for suggesting this idea.

We thank a Reviewer for suggesting this idea.

Doing so, however, is unlikely to change our results. While there may be more resources devoted to advertising expenditures, cooperation will always make it possible to save on those expenditures and to increase administrative ones.

We thank three anonymous referees for stimulating comments on a previous version of this work. The third author's research is supported by NSERC Canada, grant RGPIN-2016-04975.

Under cooperation, the sum depends on the values of S 1 and S 2 as follows:

When S 2 ≤ S 1 , we have

and when S 2 ≥ S 1 , we have

S 1 e t-T + D 1 -e t-T > 0.

Proof of Proposition 4

Total cooperative program expenditures are given by

Noncooperative expenditures are given by

Suppose S 2 ≥ S 1 , and compute the difference

where f (D) is a polynomial of degree 2 that can be written as follows:

The roots are given by

,

where

and ∆ = 4 1 -e t-T 2 ∆ .

When the two roots are real, i.e., ∆ ≥ 0, denote by D 1 the lowest root and by D 2 the largest root. Keeping in mind that f (D) is only defined for D > 0, then

• If r > 0, q > 0 and ∆ > 0, then there are 2 negative roots, so f (D) > 0 for D > 0.

• If r > 0, q > 0 and ∆ < 0, then there are no real roots and f (D) is always positive.

• If r ≥ 0, q < 0 and ∆ < 0 then there are no real roots and f (D) is always positive.

• If r ≥ 0, q < 0 and ∆ > 0 then there are 2 positive roots, so then f (D) ≤ 0 for D ∈ [D 1 , D 2 ] .

• If r < 0, then there are 2 roots of opposite signs, so f (D) ≤ 0 for D ∈ [0, D 2 ] .