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Abstract

In this study, we present an efficient numerical solution for studying hydraulic fracturing
under coupled thermal-hydraulic conditions in an elastic-plastic porous medium. The prop-
agation of macroscopic fracture is described by using an extended finite element method.
Both the fluid flow through the porous medium and the exchange between the medium and
fracture are taken into account. It is the same for the heat transfer. An efficient itera-
tive scheme is then proposed to deal with the coupling between material deformation with
fracture growth, fluid flow and heat transfer. The proposed method is assessed through
comparisons with analytical solutions for a number of well-established problems. A series
of numerical calculations are further performed in order to investigate the effect of plastic

deformation and temperature change on the process of hydraulic fracture propagation.
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o total stress tensor

o’ Biot’s effective stress tensor
b body force vector

€ total strain tensor

de total strain increment

de®, de?, de? elastic, plastic and thermal strain increment

do stress increment

C elastic stiffness matrix

e Biot’s coefficient

P pore fluid pressure

1 second-order identity tensor

Kp bulk modulus

T temperature

s(o’) deviatoric stress

Jo second invariant of deviatoric stress
I first invariant of principal stress

7, C rock plastic parameters

[0) internal friction angle

c cohension

H, H; rock hardening parameters

d~y plastic multiplier

Ccer, Ch consistent elasto-plastic tensors

m, subscripts denoting the matrix and fracture, respectively
M Biot’s modulus

Omf fluid cross-flow between matrix and fracture
S, area of matrix element

U fluid velocity in the matrix

ko matrix permeability
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fluid dynamic viscosity

thermal fluid mass change coefficient

linear thermal expansion coefficient of fluid

linear thermal expansion coefficient of solid

porosity of matrix

point position in the fracture

fracture width

area of fracture element

fluid injection rate

fracture length

effective permeability between matrix element and fracture segment
contact area of matrix element and fracture segment

contact length of matrix element and fracture segment

mean vertical distance of nodes in the matrix element with respect to the fracture
vertical distance of one point in the matrix element with respect to the fracture
equivalent density of porous matrix

equivalent heat capacity of porous matrix

equivalent thermal conductivity of porous matrix

volume strain

heat exchange between matrix and fracture

subscripts denoting the solid and fluid, respectively

fluid velocity in the fracture

heat transfer coefficient

cohesive traction

tangential stiffness matrix of traction-separation law

approximated displacement function

point position vector

set of all nodes
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set of nodes whose support element is cut off by the crack
shape function

standard degree increment

enriched degree increment

Heaviside step function

signed distance function

reference stress

reference strain

material constants

polar coordinate frame of fracture tip

virtual displacement increment

virtual displacement jump between fracture surfaces
mean total stress

elastic modulus

Poisson’s ratio

1. Introduction

Hydraulic fracturing is a key technical solution for the enhancement of oil and gas pro-
duction through enlarging drainage volume, especially for tight reservoirs with very low
permeability (Li et al., 2014; Fan et al., 2019). It also plays a critical role in many other
applications, such as COs geological sequestration (Papanastasiou et al., 2016a; Fu et al.,
2017), nuclear waste disposal (de Laguna, 1966), exploitation of enhanced geothermal sys-
tem (AbuAisha et al., 2016) and exploitation of coal-bed methane. Great efforts have been
dedicated to studying its mechanism, simulating the propagation kinetics and retrieving
fracture parameters (Bohloli and Pater, 2006; Lecampion, 2009; Zhang et al., 2007; Zhu
et al., 2015; Zhang et al., 2018; Wang et al., 2019). Generally, the initial temperature of
reservoir is higher than that of the injected fluid. It is reported that the thermal cooling
effect reduces fracture pressure and fracture length but increases fracture width (Feng et al.,

2016). Further, new fractures or secondary fracture may be induced by cooling process,
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known as thermal-induced fractures (Arogundade et al., 2016). The cryogenic fracturing
with liquid nitrogen has been experimentally and numerically studied to investigate the
mechanism of ultra-low temperature induced fracture process (Yao et al., 2017a, 2017b).
This implies that the thermal effect on hydraulic fracturing needs to be considered. On the
other hand, many rocks in under-compacted reservoirs exhibit elastic-plastic deformation
and their mechanical behavior is affected by pore pressure and temperature change (Han
et al., 2018). The hydraulic fracturing process is governed by a thermo-hydro-elastic-plastic
(THEP) coupling problem. Therefore, it is necessary to develop a THEP coupling model
for hydraulic fracturing in order to better understand the physical mechanisms involved and
to cover various scenarios.

Traditionally, hydraulic fracturing models are split into three ingredients: fluid flow
in fracture, rock deformation analysis and crack propagation. The key issue and main
difference between various models lie on the description of rock deformation analysis. Due
to the discontinuity related to fracture, the rock deformation is handled by different kinds of
numerical methods. For instance, the displacement discontinuity method (DDM) describes
the relationship between fracture width and the stress acting on its surface based on an
analytical solution derived by Crouch et al. (1983). The application of DDM to hydraulic
fracturing can be found in Weng et al. (2011), Wu et al. (2015), Zeng and Yao (2016)
and references therein. The extended finite element method (XFEM) is very convenient
for modeling the displacement jump across a fracture by introducing additional enrichment
functions to the standard shape functions. The pioneering work of adopting XFEM to fluid
flow modeling in fractured deformable porous media was made by Réthoré et al. (2007a,
2007b, 2008). They have proposed a two-scale model to couple the fluid flow in the cavity
of fracture at the micro-scale with that flow in the porous medium at the macro-scale, and
then modeled the propagation of cohesive crack and shear bands. Other recent studies
using XFEM for hydraulic fracture modeling can be seen in Mohammadnejad and Khoei
(2013), Dahi-Taleghani and Olson (2011) and Zeng et al. (2018). Either in the DDM
or in the XFEM, a fracture is explicitly represented as a strong discontinuity, which can

be categorized as a discontinuous approach. A discontinuous approach requires additional
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criteria to determine when a crack grows in which direction, and the discontinuity surface has
to be explicitly tracked, which becomes an intractable task for those problems with complex
crack paths. Alternative solutions have been provided by continuous approaches. As two
typical ones, phase field method (Aranson et al., 2000; Zhu et al.,2019; Zhou et al., 2019a;
Brun et al., 2020) and peridynamic method (Silling, 2000) have received a considerable
attention during recent years. We do not intend to give a detailed discussion on those
methods and relevant studies about their application to hydraulic fracturing can be found
in Mikelic et al. (2015), Heider and Markert (2016), Wilson and Landis (2016), Zhou et al.
(2019b), Chukwudozie et al. (2019) and references therein. However, both the phase field
and peridynamics methods do not explicitly consider displacement discontinuities across
fractures.

The seepage of fluid from fracture into rock matrix increases pore pressure around frac-
ture, leading to an expansion of rock matrix. This will result in the so-called back-stress
onto fracture. Moreover, cooling of rock formation during hydraulic fracturing with cold
fluid may decrease total stress in reservoir, which results in the reduction of fracture pres-
sure. Therefore, the hydraulic fracture propagation depends on the interplay between pore
pressure, temperature and stress. In the recent decades, more and more studies have been
conducted to investigate the poroelastic effect or thermoelastic effect on hydraulic fracturing.
For instance, (Réthoré et al., 2008) presented a two-scale model for cohesive crack propa-
gation in a deformable porous medium as mentioned above. Other studies can be found
in Mohammadnejad and Khoei (2013), Mcclure et al. (2016), Salimzadeh et al. (2017) and
Zeng et al. (2019b), which provided different methods for modeling of fluid flow in fracture
and matrix. In particular, in Zeng et al. (2019b) a hybrid approach coupling the extended
finite element method and embedded discrete fracture model (XFEM-EDFM) has been p-
resented to model fracture propagation in poroelastic medium. This hybrid XFEM-EDFM
approach was initially introduced for coupled geomechanics and multiphase flow in natu-
rally fractured porous media (Ren et al., 2016, 2018), where fractures were not allowed to
propagate. The advantage of this method is that both displacement and fluid pressure can

be solved using the same embedded mesh. In addition, AbuAisha et al. (2016) simulated
6
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hydraulic fracturing process within a thermo-poroelastic framework for enhanced geother-
mal system. Feng et al. (2016) embedded a thermal module in the simulator FLAC3D to
account for the thermal effect on hydraulic fracturing. All these models assume a linear elas-
tic constitutive relation between stress and strain. However, significant plastic deformation
can occur in a number of reservoirs rocks such as sandstone and shales. Even though a few
studies have been devoted to accounting for the effect of plastic deformation (Papanastasiou
et al., 1997, 1999, 2016b; Sarris and Papanastasiou, 2013; Wang, 2015; Zeng et al., 2019a),
the full thermo-hydro-elasto-plastic coupling effect on hydraulic fracturing has rarely so far
investigated.

In terms of numerical strategy, there are two aspects closely related to thermo-hydro-
mechanical (THM) coupling problems: the numerical solution for each physical field and
the overall solution strategy for all coupled fields. The finite volume method and finite
difference method are widely used in modeling fluid flow and heat transfer, and the finite
element method is a popular method in the analysis of mechanical deformation. These
methods have been extended and improved for some complex THM coupling problems.
For example, the mimetic finite difference method and multi-scale finite element method
have been presented to simulate fluid flow in an anisotropic medium and in a strongly
heterogeneous medium respectively (Huang et al., 2014; Yalchin and Thomas, 2008). When
the reservoir is abundant with fractures, fluid flow in small scale fractures is represented
by multi-continuum methods (such as multiple interacting continua method, dual porosity
and dual permeability models). Meanwhile, fluid flow in large scale fractures is captured
by discrete fracture models or embedded discrete fracture models (EDFM) (Yan et al.,
2016, 2019). As to the solution strategy for all fields, there are several approaches, such as
fully implicit, explicit coupling and iterative coupling Settari et al. (2001). Among these
approaches, the fixed stress split iterative scheme has been proved to be unconditionally
stable and quite suitable for THM coupling problems (Kim et al., 2011; Garipov et al.,
2018).

The main novelty of this study is to develop an efficient numerical method to investigate

fracture propagation in saturated porous media by considering the full coupling between
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temperature change, fluid flow and elastic-plastic deformation by using the hybrid XFEM-
EDFM approach. Both of fluid flow and heat transfer in fractured media are considered
and solved by an embedded discrete fracture model. Elastic-plastic deformation of porous
rock is analyzed by using the extended finite element method without remeshing during the
process of hydraulic fracture propagation. The fixed stress split scheme is adopted to solve
mechanical-hydraulic-thermal fields and an efficient overall iterative solution algorithm is
proposed. The proposed numerical model is validated against analytical solutions for several
well-established benchmark cases. The effects of plastic deformation and heat transfer on

hydraulic fracturing are analyzed through a number of numerical studies.

2. Problem statement and governing equations

We consider here the propagation of a discrete fracture in a saturated porous medium
exhibiting an elastic-plastic behavior and subjected to mechanical loading, fluid flow and
temperature change. We shall determine the deformation and stress fields, pressure and

temperature fields and the evolution with time of fracture length.

2.1. Mechanical problem
We adopt here the assumption of small strains and quasi static loading for solving the

mechanical problem. The static equilibrium equations are written as:
V-o+b=0 (1)

where o is the total stress tensor and b is the body force vector.
Due to the plastic deformation and temperature change, the total incremental strain de
is decomposed into three parts: the elastic incremental strain de®, the plastic incremental

strain de? and the thermal incremental strain de?:
de = de® + de” + de’ (2)

The total incremental stress in the saturated porous medium is related to the elastic

incremental strain and incremental pore fluid pressure, that is:

do =C :de® — adpl (3)
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where C' is the drained elastic stiffness matrix. « denotes the Biot’s coefficient, and p is the
pore fluid pressure. I is the second-order identity tensor. According to the strain repartition

given in Equation (2), the elastic incremental strain is given by:
de® = de — de? — dée’ (4)

Substituting Equation (4) into Equation (3), the following thermo-poro-elastic-plastic
relation is obtained:

do = C : (de — de?) — adpI — C : de’ (5)

Furthermore, the thermal incremental strain can be related to the temperature change

increment. The constitutive relation (5) becomes:
do = C : (de — de?) — adpIl — 3a,KpdT'I (6)

where Kp is the drained bulk modulus. «y is the linear thermal expansion coefficient of
porous medium, and 7" is the temperature. In this study, we shall put the emphasis on the
influence of plastic deformation and thermal deformation and fluid pressure change due to
temperature variation. Therefore, for the sake of clarity, we will neglect the variation of
elastic properties with temperature and the elastic stiffness matrix C' remains constant in
the whole loading history. However, the dependance of elastic properties on temperature
variation can be easily taken into account in the proposed numerical model with an explicit
scheme.

For the description of plastic deformation, a plastic model with a Drucker-Prager type
criterion is here adopted. In order to account for the effect of pore fluid pressure on plastic
deformation, the plastic yield criterion is here formulated in terms of Biot’s effective stress

o’ = o + apl, and it is expressed as follows:
flo') =12 (s(0")) + nli (o) = ( <0 (7)

where s(o’) denotes the deviatoric stress tensor, and Jj is its second invariant. [; is the first

invariant of the effective stress tensor. The two strength parameters n and { can be related

9



to the internal friction angle and cohesion defined in the classical Mohr-Coulomb criterion:

B 2sin ¢
1= /33 +sing) (®)

150 B 6¢ cos ¢
‘= V3 (3 & sin ¢) ©)

where ¢ and ¢ denote the internal friction angle and the cohesion, respectively. The plus

and minus signs respectively correspond to the inner and outer approximation of the Mohr-
Coulomb hexagon yield surface by the Drucker-Prager circular yield surface.

It is further assumed that the porous material exhibits both plastic hardening and ther-

155 mal hardening. This is interpreted by the variation of cohesion as a function of plastic

volumetric strain and temperature, defined as follows:
dc = H,del) — H,dT (10)

where H, and H; are two hardening parameters. €? is the plastic volumetric strain.
On the other hand, putting the emphasis of our study on the description of fracture
propagation under coupled thermo-hydro-plastic conditions, an associated plastic flow rule

1o is here assumed. Therefore, the plastic strain increment is given by the following flow rule:

of
Jo’ (11)

de? = dv

where dv is the plastic multiplier, and % indicates the plastic flow vector. From Equation

(6), the effective stress increment can be expressed by
do' = C : (de — de?) — 3a,KpdT'I (12)

The yield function (7) must further satisfy the following consistency condition:

of .., of
5o 40+ 5ed6 =0 (13)

According to the hardening law, the evolution of function d( can be related to that
165 of plastic volumetric strain and temperature. Substituting Equations (11) and (12) into
Equation (13) yields

of of of (9¢ ¢
| Cide - C:dy= —3a,KpdTT | + = P —dT | = 14
P (C de — C :dys— = 3, Kpd >+ o <a€€d5U+ o7 0 (14

10



As the plastic volumetric strain increment is given by de? = 3nd~y, the plastic multiplier

d~ is expressed as follows:

f . (. af . of o

; 351 Cide— 55 3a JKpdTT + GL35dT s

T = af 'C- — 30 & (15)
90 - & - 1a¢ aeb

The substitution of Equations (11) and (15) for Equation (12) gives the following incre-

o mental effective stress, strain and temperature relation:

do’ = C° : de — C"dT (16)
. of of .
Cep C _ (C * 0o’ ) ® (80' ) C) (17)
o of . C - -3 af ok
90 - & - Urrred
(C: af) (af 1o KDI—ﬂ%)
o’ ) \ oo’ s ¢ T
Ch: oF C a7 8( +3OJSKDI (18)
i :

where CP is the fourth order tangent elastlc—plastlc operator in the isothermal condition
while C" is the second order coupling tensor between effective stress and temperature change.
175 According to Equations (9) and (10), the derivatives of ¢ with respect to plastic volu-

metric strain and temperature change are given by

o 6eosg Odc  Gcosg
Oeh  /3(3+sing)deh \/3(3isin¢)Hv )
0 _ _ Bcos¢ Oc _ 6bcosg o
oT V3 (3+sing) 9T /3(3+sine) !

The incorporation of these relations into Equations (17) and (18) leads to the final

(20)

expressions of tangent elastic-plastic operator and coupling tensor:

. of of .
v —C— .C(C aa)(aa 6~C)¢ (21)
oo’ )
180
o AT BN e ) kot
C v TEre

11
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2.2. Flwid flow

The fluid flow in the fractured system is composed of the flow through the porous ma-
trix and inside the fracture. The fracture is embedded into the porous matrix through a
nonconforming grid. The cross flow between the fracture and porous matrix is also taken

into account.

2.2.1. Flow through porous matrix
Considering the effect of volumetric strain and thermal expansion, the equation of con-

servation is expressed as

1 8pm ou . qudmf 8Tm
W ot +aV - at—l—Vwm— 5 + 3o, T

where p,, is the pore fluid pressure in the matrix. M is the Biot’s modulus. g, denotes

(23)

the cross flow between matrix and fracture, which is given in the following section. d,,s is
the Delta function, which equals to 1 only when the fracture crosses the matrix element.
Sy, is the area of matrix element. 7T;, is the temperature in the matrix. The first two terms
account for the change in the porous skeleton, the third term represents the outflow from
control volume, and the fourth term is cross flow from fracture segment. The last terms
represents the thermal expansion due to temperature variation.

In Equation (23), v, is the velocity of fluid in the matrix, which is here described by
Darcy’s conduction law.

Uy =——"VDn (24)

where k,, is the permeability of matrix, and p is the dynamic viscosity of fluid.

In Equation (23), a,, denotes the thermal fluid mass change coefficient. It is the sum of
the thermal expansion of the fluid and that of the solid matrix. By assuming that the thermal
expansion of the solid matrix is equal to that of the bulk material in drained condition, one

gets the following approximation of «,,:

A, = (O — Gpy) Q5 + Py (25)

where ay, o are, respectively, the coefficients of linear thermal expansion of fluid and solid.

¢m is the porosity of the solid matrix.
12
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2.2.2. Flow in fracture

In this study, the embedded discrete fracture model (EDFM) (Yan et al., 2016, 2019)
is used to simulate fluid flow and heat transfer (presented in the next section) in fractured
porous media. Similar to XFEM model for solving mechanical problems, the advantage
of the EDFM model is that the domain is meshed independent of the fracture location.
Therefore, we here try to combine the common advantage these two methods by using
XFEM to solve the stress field and EDFM to the pressure and temperature fields. However,
there is a significant difference between two methods. In the frame of XFEM, additional
DOFs are introduced to the grid nodes and no discretization is needed for the fracture
(2007a, 2007b). In the EDFM, the domain is meshed firstly as independent of the fracture,
and then the fracture is discretized into finite segments. No additional DOF's are introduced
to the grid nodes but introduced to fracture segment points instead. The efficiency of the
proposed combined EDFM-XFEM methods will be verified through comparisons with some
analytical solutions. In the frame of EDFM model, the fluid velocity ¢ through the cross
section of fracture is written as

w} Opy

q= —@g (26)

where ¢ is the distance along the fracture. py is the fluid pressure in the fracture. wy is the
fracture width.

The distribution of fluid pressure in fracture is controlled by three main factors including
the fracture width variation, fluid compressibility and thermal expansion. However, during
the process of fracture propagation, the effect of fracture volume variation is predominate
over the effects of other two factors. Therefore, the conservation equation adopted here only

considers the variation of fracture width:
— 4+ —4-—=0 (27)

where [,,,; denotes the contact length of the matrix element and fracture segment. The first
term represents the outflow from control volume in a given fracture segment. The second
term accounts for incremental fluid due to the fracture width variation. The last term

represents the fluid leakoff from fracture to matrix.
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The boundary condition for the fluid flow in fracture is such that the injection rate is

prescribed at the inlet point of the fracture, which can be written as

q¢(0) = Qo (28)

where @)y is the given fluid injection rate. Based on the local mass conservation equation,

the global conservation equation can be formulated as follows:

t Lf t
/ Qodt = / wds + / gyt (29)
0 0 0

where Ly is the whole length of the fracture.

It is essential to determine the expression of cross flow between matrix and fracture
elements for the purpose of connecting fluid pressure between the matrix and fracture.
According to the embedded discrete fracture model, the cross flow between matrix and

fracture can be given under the assumption of steady flow as shown in Fig. 1.

2kt A,
qmf = %Vp =

d

(30)
where p¢, p,, are the fluid pressure in fracture segment and matrix element respectively.
ks is the effective permeability between matrix element and fracture segment, which can
be approximated by the harmonic average of permeability of matrix element and fracture
segment. A, is the contact area of the matrix element and the fracture segment. In this
study, a two-dimension model is considered, the fracture is a line segment, and the contact

area A, is replaced by the contact length between matrix element and fracture segment

L

Figure 1: Ilustration of cross flow between matrix element and fracture segment
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In Equation (30), d is the average normal distance of nodes in the matrix element with

respect to the fracture, which is expressed by

Js, dndS
S

where d,, is the normal distance of one point in the matrix element with respect to the

d= (31)

fracture.

2.3. Heat transfer
Similar to fluid flow, the heat transfer in the fractured system is also composed of the
heat transfer through the matrix, in the fracture and the cross heat exchange between the

two components.

2.3.1. Heat transfer through matrix

It is assumed that the variation of temperature in the matrix is directly caused by
the heat exchange between matrix and fracture, and there is no other heat source in the
matrix. As the fluid velocity in the matrix is much smaller than that in the fracture, it
is thus assumed that the heat transfer in the matrix is dominated by thermal conduction.
Therefore, the classical equation to describe heat transfer in the rock mass only considering

heat conduction is given as follows:

oT,, Oe, Opm 5 PO g
Olm a0 KO 30, 1,00 ayrr, = msOms 39
Pem—gy T3 Kalo g = 3amTo—5= = AV S (32)

where T,, is the temperature in matrix. p, ¢, and A are the equivalent values of mass
density, heat capacity and thermal conductivity of the saturated porous matrix respectively.
€, 1s the mechanical volumetric strain. h,,; is the heat exchange term between matrix and
fracture. S, is the area of matrix element, the same as the one in Equation (23).

The equivalent thermal parameters can be expressed as the weighted average of the

properties of the solid matrix and the fluid as follows
PCm = (1 - ¢m)pscs + ¢mpfcf (33)

A= (1= dm)As + PmAs (34)

where the subscripts s, f denote the solid matrix and fluid.

15



270

275

280

285

290

2.3.2. Heal transfer in fracture

Similar to the fluid flow in fracture, the heat transfer only takes place along the direction
of fracture propagation. As the fluid velocity in the fracture can be large enough, heat
convection should be taken into consideration. The equation of heat transfer in the fracture
can be written as:

oT aor 2Ty hy,
pfcfaitf + preuy 8§f —As ang + Sff =0 (35)

where { and S are the distance and area of fracture segment, the same as those in Equation
(27). The fluid velocity vy in Equation (35) is determined by the fluid flow in fracture with
the following expression:

w} Opy

AT (36)

On the other hand, the heat exchange between matrix and fracture is depicted by using

a form of Newton’s law of cooling, which is expressed as
himg = hAmg (Ty = Tn) (37)

where h, is the heat transfer coefficient, and A,,; is the contact area between the matrix
element and the fracture segment, replaced by the contact length [,,,; in two dimension cases,

the same as the one in Equation (30).

2.4. Fracture propagation criterion

In this study, the plastic strain is considered, which gives rise to fracture process zone
ahead of the crack tip. Besides, the thermal strain is also taken into account. To account
for these strains, the cohesive crack model is used to determine crack propagation here.
The cohesive crack concept has been widely used for crack nucleation and propagation in
quasi-brittle and ductile materials. The numerical simulation of cohesive crack propagation
within the XFEM frame has been carried out in the literature.

In the cohesive crack model, the fracture process zone is characterized by a traction-
separation law that describes the relationship between cohesive traction and displacement

jump, which can be written as

ta = ta([u]) (38)
16
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where t,4 is the cohesive traction across the cohesive surface, [u] the corresponding displace-
ment jump across the discontinuity:.
To be consistent with the incremental finite element formulation in the following section,

the differential form of cohesive relation is used as follows.
dt, = Td[t] (39)

where T is the tangential stiffness matrix of the traction-separation law.

The linear softening law is employed in this study. There are two critical parameters for
the cohesive crack model, one is the cohesive strength o. and the other one is the cohesive
fracture energy G,.. The cohesive fracture energy equals to the area under the traction-
separation curve. When the energy release rate attains the cohesive fracture energy, crack
extension occurs. In this study, the hydraulic fracture is assumed to propagate in static
or quasi static regime, as widely considered in the literature. The switch between tensile
and shear fracture in dynamic crack propagation regime is ignored. Furthermore, for the
sake of simplicity, the effect of plastic strain on crack propagation direction, studied in
some previous studies (Remmers et al., 2008), is also neglected. Therefore, it is assumed
that the crack always propagates perpendicularly to the maximum hoop stress direction, as
widely adopted in elastic cases (Erdogan and Sih, 1963). On the other hand, due to the
discontinuity of crack and inspired by some previous studies (Elguedj et al., 2006, 2007),
the sub-quadrangle partitioning technique (Ji et al., 2002) and the geometrical subdividing
method (Elguedj et al., 2007) are here combined and used for the numerical integration of
elastic-plastic crack propagation problem. The radius of the geometrical subdividing is also
chosen in the way as presented in the study (Elgued;j et al., 2007) based on the radius of the
plastic zone and fracture toughness. We divide the nearby element surrounding the crack
into 25 sub-quadrangle and use 25 Gaussian points as shown in Figure 2. This method
avoids projection of stress and internal variables for different loading steps. In addition, the
phantom nodes method is used for crack propagation evaluation. This method has been
used for simulation of arbitrary crack propagation, and proven to exhibit almost no mesh

dependency if the mesh is sufficiently refined (Rabczuk et al., 2008; Remmers et al., 2008;
17
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Chau-Dinh et al., 2012; Wang, 2015).

Figure 2: Geometrical sub-dividing of elements around the fracture

3. Numerical method and solution strategy

3.1. Displacement field by extended finite element method

Due to the displacement jump through fracture surfaces, the extended finite element
method is here adopted to determine displacement field. To be consistent with the cohesive
zone model, the tip enrichment is ignored and only the discontinuous enrichment is con-
sidered in the approximation (Wang, 2015). An incremental formulation of displacement
approximation is given as follows:

Aul(z) = Y Ni(m)Au + Y Ni(e) (H (p(2)) — H (p(2:))) Aa; (40)

ieln ieIer
where @ is the point position vector. I" is the set of all nodes. I is the set of nodes whose
support element is cut off by a crack. IV; is the shape function. Aw; is the standard nodal
displacement increment. Aa; denotes the enriched nodal displacement jump increment. ¢(+)

is the signed distance function, and H(-) is the Heaviside function.
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Due to the nonlinear stress-strain relation, the prescribed load history is split into a
number of small increments. For the loading increment from ¢; to ix,1, the integral weak
form can be obtained by the virtual work principle as follows:

/Q(S(VS(AU)) : (Ao" - a"ik> dQ—a/

[ 6(.(8u)) : (Ap+pls) 1d2 = /Q(s (Au) - (Ab+ b dO

+ 5 (Au) - (AE+E%)dl + /F [0 (Au)] - [(Ata+t}) — (Aps +p}f ) r, | dD (41)

where ¢ (Au) is the virtual displacement increment. [0 (Aw)] is the displacement jump

between fracture surfaces, which is given by
[6 (Aw)] = 6(Aw)" — §(Au)” (42)

The stress increment Ag’ in Equation (41) is expressed by the displacement increment

and temperature increment as shown in Equation (16):
Ao’ = C : V (Au) — C"AT (43)

340 The tangent operators C® and C” vary during the given loading history, leading to the
nonlinearity of the set of discrete equations given above. Thus, the well-known Newton-
Raphson method is adopted to determine the displacement increment for each increment
step. Further, the implicit elastic predictor/plastic corrector return-mapping algorithm is
chosen for numerical integration of general elastic-plastic constitutive relations. The method

us  has shown great convergence and stability. The details of return mapping algorithm with

consideration of thermal effect are illustrated in Appendix A.

3.2. THM coupling process

In order to facilitate the solution of thermo-hydro-mechanical coupling process, we shall
adopt here the fixed mean stress scheme. The mean total stress ¢, remains unchanged

0  between the thermo-hydro-mechanical coupling iteration from [ to [ + 1, that is:

ot — ol =0 (44)

(2 v
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On the other hand, the mean total stress can be expressed in terms of volumetric strain,

fluid pressure and temperature changes as follows:

ot gl = K, ( I+1 51) —a <pz+1 _pl> — 3a,Ky (T“rl — Tl> (45)

v

where €, is the volumetric strain. From Equations (44) and (45), the volumetric strain

variation during the coupling iteration can be written by

gl gl = [C{: (pz+1 _ pz) + 30, (Tl“ _ Tz) (46)

3.2.1. Fluid pressure field
According to the fluid flow equation in the matrix (Eq. 23), the temporal discretization

can be written as follows

n n n +1,1+1
1 opptitl N ba€v+1,l+1 o QT - kﬂv2pn+1,l+1 qu + O )
M Ot ot "ot I m Som

where n is the time step number, and [ is the iteration step number during the time step
from n ton + 1.
Substituting Equations (30) and (46) into Equation (47) gives the temporal discretization

of fluid pressure field based on the fixed mean stress scheme as follows:

1 apn—i-l J+1 k ) aTn+1,l+1 (5 T pn+1 J+1
“t'm ﬂv n+1,14+1 3 . — 3 o m mfLdmfPm
(M - Kd> ot p ¥ P (Baas = Son) e S

5m T n+1,0+1 Hentlil a2 Opnil o1l
f Sp - TR, pat  3aq
m d

With regard to the fluid flow in the fracture (Eq. 27), the temporal discretization can

(48)

be expressed as follows

f
12# 862 lmf lmf 8t

3.2.2. Temperature field

n+1,l 2 n+1,l+1 +1,l+1 +1,1
(wf ) 8pjﬁ B Tmfpn T, pn+ll+1 _ 8w? (49)

Similar to the fluid pressure field, the temporal discretization of temperature field can
be derived. The discretized equation of heat transfer in the matrix (Eq. 32) is written as

oL+ n+1,0+1 i+l hn+1l+15 s
m Sa K Tyt — 30, Ty \Y27rtbitl — Tmf 5
or T ositddoT 5y Amlo— 5 Vi S (50)
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Substituting Equations (37) and (46) into Equation (50) gives the temporal discretization

of temperature field based on the fixed mean stress scheme as follows

TnJrLHl ntLit 5m h lm n41,14+1
(pe + 902K 4Ty) = — + (300, Ty — 30, Th) me R
370
(Smfhtlmf n+1,1+1 8€n+1’l 9 e ntll
——T = 3o, K T)y—= 9ot K Ty—= Saa T 51
S ¥ ad00t+a8d08t+aa08t (51)

As for the heat transfer in the fracture, the temporal discretization of Equation (35) is

expressed as

f f Y f ctmftf _ lebmfdm =0 (52
L e T L T et 5 5, (52)

The velocity term vy in Equation (52) is related to the fluid pressure in the fracture,
which indicates that the whole equations of pressure and temperature fields are nonlinear.

a5 Therefore, an iterative scheme is needed to solve the coupling equations.

3.2.3. Iterative scheme for coupling solution
A simple iterative scheme is here proposed to solve the fluid pressure and temperature
fields. To determine the pressure and temperature values at the iteration step [ 4+ 1, their
values at the iteration step [ are taken as the initial values (k = 1). The fluid pressure
;0 equation is solved by using the previous step temperature value, and then the temperature
is updated with the newly obtained pressure value. The loop is repeated until the relative
errors between two consecutive steps becomes less than a desired tolerance. The obtained
values are taken as the results of iteration [ + 1.
Accounting for this iteration scheme, we rewrite the temporally discretized equations of

s fluid flow in the matrix and fracture (Eqs. 47, 49) by omitting the superscript (n+ 1,1+ 1)

as follows
1N e i OmgTgth ST 0 a? g
M Kd ot % m Sm Sm ot Kd ot
aTnJrl,l aTk
+3aag gt — (Baas — 3ayy,) a—gn (53)
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n+1,1 3 n+1,
(wf ) 82p’}+1 B Tmfpl}ﬂ . Tppkt! _ awf—Hl -
12/L 8§2 lmf lmf ot

To derive the spatial discretization of Equations (53) and (54), the divergence term of

pressure in the matrix and fracture is approximated as

Vo — 1 (Pmirly - L OPmijry O3
U A ox Oz Ay dy dy
390
1 1
= A2 (pm,i—lj — 2Pmij + pm,i+1j) + 7Ay2 (pm,ij—l — 2Dmij + pmvij_’_l) (55)
py.i _ L (Oppivie Opricj2 _ 1 .
0&? AE; 3 /3 2AE (A& + A&iyy) I

1 1 1
+ i—1 — + i 56
2N (B + AG )" (m& (A& +AE.) | 2AE (A + A@_n) pri (50)
The fluid pressures in the matrix and fracture are solved simultaneously, and the final

discretized equations can be written in the matrix form as

Ry, T;+ Rpw | | PF Fy
where pFt! and pfc“ are the vectors of fluid pressure values in the matrix and fracture. T,

s and Ty are the conductivity coefficient matrixes of fluid pressure in the matrix and fracture
systems derived from Equations (55) and (56). The expressions of other sub-matrixes H,,,
R,.;, Ry, F,, and F; are listed in Appendix B.

Likewise, the temporal discretization of heat transfer equations in the matrix and fracture

is expressed as

ore O rhil L Omrhul . DentLd
2 m_ 2rik4-1 mflibmf k1l Omfiitbmf k1 v
(pc+902K,Ty) G TAVILL ST ST = —3a, KTy
400
n+1,1
, apn-l-l,l apk—i-l
2K Ty Ty — Ty — 3, 1)) —2
+9a 5 KT 5 + 3aa T pr (BaasTy — 3a,,Tp) Y (58)
k+1 k+1 k+1 2k+1 k+1
5ot T2 06 o¢ I o¢2 S; S;
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To get the spatial discretization of temperature field in the matrix (Eq. 58), the diver-

gence of temperature is approximated by

1

2

Tni—1j — 2045 + Tonit1j) Tnij—1 — 2D mi5 + Tonij+1) (60)

SR
Ay?
Similarly, the divergence of temperature in the fracture (Eq. 59) is discretized as

Ty, 1 T 1
9E2 206 (AL + A&iyy) T T 2AE (AG + Ag )

Ttia

1 1
- <2A§i (A& + A1) i 208 (A& + Afz’—l)) T (61)

405 The heat convection term in the fracture (Eq. 59) is approximated by

’LU]% apf an
12 0 O

B wj%,i+1/2 8pf,i+1/2T . B wJQf,z'A/Q 8pf,i71/2T .
12“ 85 fi+1/2 12” a£ fii—1/2

i

(wri +wpi1)? (Pri — Prioi1)
4811 (A& + A&i—q)

_ (Wi + wrin)” (Priss — Pra)
48u (AG + Aita)

Ttiv1 — Tyi

((wf,i -+ wf,i+1)2 (Priv1 — Dra) B (wy; + wf,zél)Q (pgi — pf,il)) T, (62)
A8 (A& + A1) 48p (A& + A& 1) "’
Finally, the matrix form of the temperature field is expressed as
D,, +U,, + L,; —L,f TH! Fr (63)
~Ljm, D;+U;+ Y+ Ly, | | TF 0

where T and TF*" are the vectors of temperature values in the matrix and fracture. U,
so and Uy are the coefficient matrixes of heat conduction in the matrix and fracture derived
from Equations (60) and (61). Y7 is the coefficient matrix of heat convection in the fracture
from Equation (62). The expressions of other sub-matrixes D,,,, Dy, L, s, Ly, and Fr are

listed in Appendix B.

3.8. Iterative solution scheme

a15 The fluid pressure, temperature and stress fields interplay with each other and they are
iteratively determined by the fixed mean stress split method. After the determination of

these fields, the cohesive crack model is used to check whether the fracture propagates or
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not. For the crack propagation strategy, the method presented in Elguedj et al. (2007) is
here adapted. When the crack propagates, all enrichments are retained and new enrichment
functions and new subelements are added. The new enriched DOFs are simply chosen to
be initially zero. Besides, the new stresses are only due to elastic strains and the internal
variables are initialized to zero on Gaussian points of new subelements. The overall iterative
procedure for modeling hydraulic fracture propagation with THEP coupling is shown in

Algorithm 1.

Algorithm 1 The overall iterative procedure for hydraulic fracture propagation with

THEP coupling

1: Start: ¢ =0, n = 1, fracture is extended by a fixed length dL;
2: while t < t,,,, do

3: [ =1;

4:  Assume the time step At"+1) and fluid pressure in fracture pgcnﬂ’l);

5. Solve the elasto-plastic equations of stress field (Eq. 41), and calculate fracture width

(n+1,0),
wy ;

6: while!l < {,,,, do

7 Based on fracture width w;nﬂ’l), solve the coupled equations of pressure field and

temperature field iteratively:

s: k= 17 p]:n — p:bn-‘rl,l’ pl} — p?LJrl,l7 Tylfl _ TnZ+17l> T;c — T;LJrl,l;
9: while £k < k,,,, do
10: Solve the equations of pressure field (Eq. 57);
11: Solve global conservation equation (Eq. 29) to obtain new time step AL,
12: Solve the equations of temperature field (Eq. 63);
13: Calculate the relative errors of variables between iteration k& and k + 1:
prt—pk, pitt—ph T -1k, Tt -1k
15: if All the relative errors are smaller than tolerances then
+1,0+1 k41,
16 L = gl g gl
17: T72+1,l+1 _ TTIZ+1’ T}LH’ZH _ T}c—H;
18: Jump out of this loop;
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19: end if

20: k=k+1,;
21: end while
22: Based on new values of fluid pressure and temperature, solve the elasto-plastic

equations of stress field (Eq. 41) to obtain displacement w( '+ and fracture

width w;n+1,z+1/z),

23: Calculate the relative errors of variables between iteration [ and [ + 1:
‘p$+1,l+l>_pgg+1,l> ‘p;n+1,z+l>_p;n+1,l>‘ ‘Ty(nn-kl,l-kl)_TTSTn-H,l)

(n+1,14+1) _ (n+1,1)
_ [t

24: €1 = P LD €2 = ) €3 = ‘T(n+l,l+l)’ ) €4 ‘T(n+1,l+l)
m f m f
|u(n+1,l+l)_u(n+1,l) ‘At(7L+1,l+1)_At(n+1,l) |
€ = ’u,(n-‘rl,l-‘rl)‘ » €6 = ]At(n+1,1+1)|

25: if All the relative errors are smaller than tolerances then
26: t =t 4+ At Sump out of this loop;
27: else

(n+1,14+1) (n+1,141/2) (n+1,0) .
28: w; = Xw; + (1 = x)wy , (0 < x <0.5);
29: end if
30: l=1+1;
31:  end while
32:  Calculate the cohesive traction and energy release rate at fracture tip;
33:  if Energy release rate exceeds the cohesive fracture energy o. then
34: Fracture is extended perpendicular to the maximum hoop stress direction;
35:  else
36: Restart this loop;
37 end if

38: end while

4. Numerical results and discussions

In this section, we present the assessment of the proposed model and analysis of the

effects of plastic deformation and heat transfer on hydraulic fracturing process.
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4.1. Model assessment

4.1.1. Mandel’s problem

475 Mandel’s problem is well known for hydro-mechanical coupling, and it has been wide-
ly used as a benchmark case for evaluating numerical solutions for poro-elastic problems
through comparisons with analytical solutions (Mandel, 1953). It is described as follows.
A rectangular porous medium is sandwiched with two rigid, frictionless and impermeable
plates. The medium is saturated with fluid, and the fluid is allowed to flow freely laterally.

w0 An instantaneous force 2F' is applied at the top and bottom boundaries. The lateral bound-
aries are traction free and exposed to atmospheric pressure (assumed to be zero). Due to

the symmetry of problem, only a quarter of the domain is considered and shown in Figure

3.
@ZF

Figure 3: Quarter geometry and boundary conditions of Mandel’s problem

According to Abousleiman et al. (1996), the analytical solutions of the y displacement

w5 and the pore pressure are given as follows.

F(1-— F(1— > in f3; i
Uy = |~ <21Gav) * <21Gav) Z Bi (S_nsiﬁn;?ifs Bi eXp(_Bl?cdt/aQ)] Y (64
i=1 i E ¢

2FB(1 4+ v,) & sin f3;
L 2PBOtu) S sing
3a [; — sin 3; cos f3;

i=1

cos bz _ cos @) exp(—ﬂfcdt/az) (65)

a

where a is the length of the rectangle, and F' is half of the applied force. G and v are the

shear modulus and Poisson’s ratio. B is the Skempton pore pressure coefficient. v, is the
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undrained Poisson’s ratio. ¢y is the diffusivity coefficient. Their expressions are listed as

follows.
¢mKd(Ks — Kf)

Bl R~ K + onFal K~ ) (66)
CBu+ B(1-20) (1 K4/K,)

T 3B - 20)(1 - Ku/K,) (67)

" 2k B2G(1 — v)(1 + v,)? (68)

s (1 —vy)(vy —v)
where Ky, K, and K are, respectively, the bulk modulus of the solid skeleton, the solid

constituent and the fluid. ¢, is the porosity of medium. Besides, in the above relations

(Egs. 64, 65), §; satisfies the following equation

1—v

tan 3; = Bi (69)

u

We take the y displacement at the top calculated from Equation (64) as displacement
boundary condition and compute the pore pressure to compare with the analytical solution
(Eq. 65). The hydro-mechanical coupling is solved by the fixed mean stress split scheme as
presented in the numerical algorithm section. The rock and fluid parameters are listed in
Table 1. The comparison result of normalized pore pressure versus normalized distance is
shown in Figure 4. It shows that the numerical solutions of the normalized pore pressure
agree well with the analytical solutions at different time steps. The result shows good

accuracy of the hydro-elastic part of our numerical code.
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Table 1: Rock and fluid parameters used for Mandel’s problem

Parameter Magnitude Unit
Length a 100 m
Width b 10 m
Young’s modulus F 5 GPa
Poisson’s ratio v 0.25 -
Biot’s coefficient « 0.9 -
Biot’s modulus M 11.4 GPa
Drained modulus K 3.33 GPa
Modulus of solid constituent K, 33.3 GPa
Modulus of fluid Ky 3 GPa
Permeability k,, 0.1 D
Porosity ¢, 0.2 -
Fluid viscosity u 1 mPa - s
0.45
0'4'¥¥¥¥¥¥¥¥l}¥¥¥?¥¥¥?¥¥]'”";%?;;%;;;%;;m‘
0.35F
03 *Hmw**m*%
L 025F N“\&
g 0.21 Analytical solution
*  Numerical soluion
0.15F
5000s
0.1r
0.05F
0

| | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
xla

Figure 4: Comparison of normalized pore pressure between analytical and numerical solutions
It should be noted that the rock deformation is elastic in Mandel’s problem. Further, we
extend the poroelasticity (elastic model) to poroplasticity (plastic model) for studying the
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effect of rock plasticity on pressure variation by assuming the same displacement boundary
values at the top surface (Eq. 64). The input parameters for the elastic model are the same
as the ones in Table 1. Other rock plastic parameters for the plastic model are described
as follows. The rock is assumed to be a perfect elastic-plastic material. The cohesion and
internal friction angle are, respectively, set to be 10° Pa and 35°. The comparison result of
normalized pore pressure versus normalized distance between the elastic model and plastic
model is shown in Figure 5. It is observed that the initial (short term) rise of pore pressure
is nearly the same in the elastic model and plastic model. As the fluid flows in time, the

pore pressure becomes smaller in the plastic model than that in the elastic model.

0.45

0.4
]
0.35

0.31

0.25F

p@/F

0.21

0.15f

Elastic model

0.1} *  Plastic model

0.05F

0 L L L L L L L 3
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

xla

Figure 5: Comparison result of pore pressure between elastic and plastic models

In order to see the pore pressure evolution over time, three points are selected as the
observation points at the bottom surface with normalized distance as 0, 0.38 and 0.7. The
pore pressure evolution is plotted in Figure 6 for the elastic model and plastic model. It can
be observed that after an initial instantaneous rise, the pore pressure near the central region
increases firstly and then decreases in the elastic model, which is known as the Mandel-Cryer
effect (Cryer, 1963). This region is called the Mandel-Cryer zone. However, it is interesting
to see that the Mandel-Cryer effect is not observed or significantly attenuated in the plastic
model. This is due to the fact that the Mandel-Cryer zone observed in the elastic model

is subjected to plastic volumetric dilatancy, producing a weak effect on pore fluid pressure
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Figure 6: Comparison result of pore pressure evolution between the elastic model and plastic model

4.1.2. Poro-elastic model in fractured media

As previously mentioned in the introduction, (Réthoré et al., 2007b) presented a two-
scale approach for coupled fluid flow and mechanical problem in fractured porous media.
To demonstrate the efficiency of the coupling method of XFEM and EDFM proposed in
this study, the same case presented in (Réthoré et al., 2007b) is here solved by using the
XFEM-EDFM coupling method. In that considered problem, an inclined fracture (2 m
long) is centered in the specimen (10 m x 10 m), as shown in Figure 7. The same boundary
conditions and input parameters as those in (Réthoré et al., 2007b) are used. The bottom
side is assigned a normal fluid flux gy = 10™* m/s while the top side is assigned a constant
pressure of zero. Both the left and right sides are assigned undrained conditions. The
input parameters are set with Young’s modulus £ = 9 GPa, Poisson ratio v = 0.4, Biot’s
coefficient o = 1, Biot’s modulus M = 10 GPa, matrix permeability k,, = 107 m?2, and
fluid viscosity p = 1072 mPa - s.

To compare the results between the present study and Rethore’s study, the ratios of
outward flow over influx for the fracture inclined angles of 30° and 45° are calculated, and
the comparison results are shown in Figure 8. It can be seen that there is a good agreement
between the two studies. The predicted values by the present study are slightly larger than

those in Rethore’s one. The reason for this may be that we presume a small value for
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sa0  Tesidual fracture width in the EDFM solution of fluid flow. The y displacement distribution
in the specimen is also plotted in Figure 9, from which one can see a similar distribution
and range of displacement as those shown in Réthoré et al. (2007b). Therefore, it seems
that the XFEM-EDFM coupling method is efficient for solving poro-elastic modeling in the

fractured porous media.

p=0

I 8> Fracture <H I
w7 ?

s L& L &
q-n=q,

Figure 7: Schematic presentation of fractured specimen with boundary conditions

0.965 T T
No fracture o
o 30° Rethore’s study A
0.96} " A
A 30° our study s
————— 45° Rethore’s study Ea 4
0.955} 45° our study A 4
A
£ o
o
s 095 N
o
o
0.945 B
s Ao
o
0.94F N
A
0.935 i i i i i i
-0.04 -0.02 0 0.02 0.04 0.06 0.08 0.1

thg, -1

Figure 8: Comparison of ratio of outward flow over influx between two studies
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Figure 9: Contour of y displacement for fracture inclination angle of 30°

sas 4.1.3. Thermo-hydraulic problem
In this study, the heat transfer in the medium with a fracture is solved by the embedded
discrete fracture model (EDFM), which was initially developed for fluid flow problem. To
validate the application of EDFM to heat transfer problem, a simple case is studied. Just
like hydraulic fracturing, a fracture with a constant width 2dy is placed at the center of the
ss0 domain. Fluid is injected from the inlet at the constant temperature T}, and constant
velocity v;. The rock is assumed to be isotropic and impermeable with an initial uniform

temperature Tinitia. The geometry of the model is illustrated in Figure 10.
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Figure 10: Geometry of the thermo-hydraulic problem

The analytical solution of the temperature in the fracture for this case can be found in
32
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Barends (2010), that is

As
T(JZ’, t) = ﬂnitial + (ﬂnlet - ﬂnitial)erfc ° U (t - x) (70)
2psepdpy/ (vt — o)/ (pscs) v

where erfc is the complementary error function, and U is the unit step function.

The rock and fluid parameters for the case are given in Table 2. The analytical solu-
tions (Eq. 70) and the numerical results are computed and presented for comparison. The
temperature distribution in the fracture at different time steps are shown in Figure 11, and
the temperature evolution over time at three selected points (x = 11 m, 21 m and 50 m)
are plotted in Figure 12. It can been seen that the numerical results by using EDFM are
in good agreement with the analytical solutions. Hence the proposed numerical method for

thermo-hydraulic part is verified.

Table 2: Rock and fluid parameters used for thermo-hydraulic problem

Parameter Magnitude Unit

Rock density p, 2700 kg/m?
Fluid density py 1000 kg/m?
Rock heat capacity cs 1000 J/(kg - K)
Fluid heat capacity c; 4200 J/(kg - K)
Rock thermal conductivity Ay 3 W/(m - K)
Fluid thermal conductivity Ay 0.6 W/(m - K)
Fluid velocity v, 0.01 m/s
Fracture half-width d 0.0005 m

Heat transfer coefficient h, 20 W/(m? - K)
Initial temperature Tipitial 80 °C

Inlet temperature T}pet 20 °C
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Figure 11: The analytical and numerical results of temperature distribution in the fracture
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Figure 12: The analytical and numerical results of temperature evolution over time

4.1.4. KGD fracture model

The last part of the model assessment is the crack propagation process. KGD model is
widely used for testing and verifying numerical solutions for hydraulic fracture propagation
(Khristianovic and Zheltov, 1955; Geertsma and Klerk, 1969). A fracture is initiated from
the injection point and allowed to propagate in an infinite material domain under plane
strain condition. Due to the symmetry, only a half of the geometrical domain is considered

as shown in Figure 13.
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Figure 13: Geometry configuration and boundary conditions of KGD model

570 According to Valko and Economides (1995), the analytical solutions of the evolution of

fracture half length, fracture width and net pressure over time are given as follows.

El 3 1/6
L(t) = 0.539<Q0> £2/3 (71)
U
3\ 1/6
Wy (t) = 2.36 (’ﬂgo) t1/3 (72)
Prw = 1.09 (E%)l/ S/ (73)

where E’ is the plane strain modulus, and Qg is the injection flow rate.
The used values of rock and fluid parameters are listed in Table 3. The calculated
results of fracture half length for three values of Young’s modulus are compared and plotted
s75 in Figure 14. In addition, the analytical and numerical solutions of the fracture width and
net pressure at the injection point are shown in Figure 15 and 16. It can be seen that the
analytical solutions and numerical results are in good concordance for all considered cases,

which verifies the numerical method proposed for crack propagation in this study.
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Table 3: Rock and fluid parameters used for KGD fracture model

Parameter Magnitude Unit
Young’s modulus F 30 GPa
Poisson’s ratio v 0.25 -
Cohesive strength o, 0.4 MPa
Cohesive fracture energy G. 100 Pa-m
Permeability k,, 0 D
Fluid viscosity p 1 mPa - s
Injection rate @ 0.0001 m? /s

IS
S

Analytical solution
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Figure 14: The analytical and numerical solutions of fracture half length for different moduli
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Figure 15: The analytical and numerical solutions of fracture width at the injection point for different moduli
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Figure 16: The analytical and numerical solutions of net pressure at the injection point for different moduli

4.2. Effect of plastic deformation

In this section, we analyze the effect of rock plastic deformation on hydraulic fracturing
process without consideration of thermal effect. There are several parameters involved in
plastic deformation, such as cohesion, internal friction angle and hardening exponent. With-
out intension of making an exhaustive sensitivity study of all parameters, only the cohesion

is selected as an influencing factor of plastic deformation on hydraulic fracture propagation.
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To this end, the rock and fluid parameters are kept unchanged and listed in Table 4, expect
the cohesion which is set as 1 MPa, 3 MPa, 5 MPa and 10 MPa.

Table 4: Rock and fluid parameters used for plastic fracture model

Parameter Magnitude Unit
Young’s modulus F 20 GPa
Poisson’s ratio v 0.2 -
Internal friction angle ¢ 30 deg
Hardening parameter H, 10 Pa
Cohesive strength o, 0.5 MPa
Cohesive fracture energy G. 50 Pa-m
Biot’s coefficient « 0.9 -
Biot’s modulus M 41.1 GPa
Permeability k,, 0.1 mD
Porosity ¢, 0.05 -
Fluid viscosity u 10 mPa - s
Injection rate Qg 0.0005 m? /s

The geometrical model is a square with 50 m x 50 m, and it is meshed into 49 x 49
square elements. In Figure 17, one shows the variation of fracture half length obtained with
different values of rock cohesion. Correspondingly, in Figures 18 and 19, we present the
variation of fracture width and fluid pressure at the injection point over time. It can be
seen from these results that at a given injection time, as the cohesion decreases the fracture
half length increases whereas the fracture width and fluid pressure increase. It is indicated
that the plastic deformation reduces the fracture propagation velocity but enhances the

propagating pressure of a hydraulic fracture.
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Figure 17: Variations

Figure 18: Variations of fracture width at the injection point solved with

cohesion
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Figure 19: Variations of fluid pressure at the injection point with different values of rock cohesion

In order to give a more detailed view on the process of hydraulic fracture propagation,
the contour results of several key quantities are presented at different injection time steps
in the case with the minimum cohesion of 1 MPa. These different time steps correspond to
the red points indicated in Figures 17, 18 and 19. The first quantity is y displacement as
shown in Figure 20. The white lines in this figure represent fractures, which have the same
meaning in the following contour Figures. In these Figures, the color bars are set to the
same scale. It can be observed that a displacement jump exists across the fracture, that is

the fracture width.
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Figure 20: Contours of y displacement at different time steps

The contours of fluid pressure and Mises equivalent stress are respectively presented in

Figure 21 and Figure 22. One can see that as the fracture propagates towards, the fluid leaks
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from the fracture into the matrix, and the pore pressure rises in the region at the upper and
lower surfaces of fracture whereas it drops in the front of fracture tip. In addition, as the
fracture extends towards, Mises equivalent stress increases in the medium especially in front
of fracture tip. Even though Drucker-Prager yield criterion is adopted in this study, Mises

equivalent stress can still serve as an indicator of plastic deformation level. One observes
that the plastic deformation mainly occurs around the fracture.
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Figure 21: Contours of fluid pressure at different time steps
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Figure 22: Contours of Mises stress at different time steps

The last quantity considered is the accumulated plastic strain as shown in Figure 23.
The color bars are also set to the same scale to see the time evolution of the accumulated
plastic strain. It is shown that the accumulated plastic strain is nonzero in the grid around
the fracture, in agreement with the distribution of Mises equivalent stress. As the fracture
propagates, the accumulated plastic strain increases. As the plastic strain is irreversible,

when the injection stops and fluid flows back, the fracture will remain open with a residual
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width even if there are no proppants inside the fracture. And the residual width of fracture
depends on the accumulated plastic strain. The larger accumulated plastic strain is, the

wider fracture residual width is.
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Figure 23: Contours of accumulated plastic strain at different times

There is only one fracture in the above cases. As an additional example, one considers
now two hydraulic fractures propagating simultaneously. The geometrical model is illustrat-
ed in Figure 24. Two fractures are assumed to initiate from the left boundary of domain,
and the injection rates are the same for both of them. The fracture propagation paths and
accumulated equivalent plastic strain are shown in Figure 24. One can see that the fractures
deflect from their initial directions and extend outwards from each other due to the effect of
stress redistributions around the fractures. Further, we also analyze the effect of mesh size
on the propagation paths of hydraulic fractures. The domain has an area of 50 m x 50 m.
The domain is discretized into quadrilateral elements with a number of 200 x 200 in the
above case. A coarser (100 x 100) and a finer mesh (250 x 250) are used in the additional
calculations. The fracture propagation paths obtained with the three types of meshes are
shown in Figure 25. A little difference of predicted fracture propagation paths is obtained
between the different meshes. This indicates that the proposed numerical model has a small

mesh dependency and the mesh used in the examples above is sufficiently refined.
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Figure 25: Fracture propagation paths obtained by using different element numbers

On the other hand, in Figure 26, we compare the fracture propagation paths obtained by

35 our model for both the elastic and plastic materials. For the sake of a clear illustration, the
x axis and y axis are rotated. Moreover, this kind of problems for two hydraulic fractures
propagation under elastic conditions have been studied by using various numerical methods,

for instance the displacement discontinuity method (Wu et al., 2015). Thus, in order to
have a comparison with other methods, we have performed a new calculation by using the
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DDM in the elastic case and the obtained fracture paths are given in the same Figure. The
fracture paths predicted by our elastic model are well consistent with those by DDM, which
verifies the accuracy of the proposed model for non-straight crack propagation problems. It
is also found that when the plastic deformation is considered, the fracture lengths decrease,
as already observed in the previous cases. An interesting phenomenon is that the plastic
deformation also has an impact on the fracture propagation path. The deflection of fracture
direction is enhanced by the plastic deformation in comparison with the elastic model. In
other words, the effect of stress redistribution is enhanced when the plastic deformation is
taken into account. The plastic deformation casts a significant influence not only on the

fracture length but also on the fracture propagation path when multiple fractures propagate

simultaneously.
20 A DDM
Elastic model
18 —&— Plastic model |

.
25 30 35
y/m

0
15

Figure 26: Comparison of fracture paths between the elastic model, plastic model and DDM solution

4.3. Effect of heat transfer

In this section, the combined effect of plastic deformation and heat transfer are consid-
ered in the modeling of hydraulic fracture propagation. The deep reservoir usually has an
initial high temperature, which gives rise to the cooling effect when low temperature fluid is
injected to initiate and extend a hydraulic fracture. To investigate the thermal effect on the

hydraulic fracturing, the initial temperature of reservoir varies from 75° to 125° whereas the
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temperature of injected fluid is fixed at 25°. In addition, a reference case is first studied by
setting the initial temperature of reservoir equal to that of the injected fluid. Other inputs
of rock and fluid parameters are the same as those for the plastic fracture modeling as given
in Table 4. The cohesion of rock is fixed at 3 MPa. And the thermo-physical parameters
of rock and fluid, such as density, heat capacity and thermal conductivity, are the same as
for the thermo-hydraulic modeling as given in Table 2 and presented in the section of model
assessment. The coefficients of linear thermal expansion of fluid and solid (o, «;) are set
as 7x 107° 1/K and 8 x 107% 1/K, and the thermal hardening coefficient H, is zero.

A series of numerical calculations are performed with different values of initial reservoir
temperature. Firstly, the variation of fracture half length is studied and shown in Figure 27.
It is seen that as the initial reservoir temperature or equivalently the temperature difference
between reservoir and injected fluid increases, the fracture half length decreases for a given
injection time. This indicates that the cooling of reservoir temperature by fluid injection
reduces the kinetics of hydraulic fracture propagation. In addition, in Figure 28, one can see
that as the initial reservoir temperature increases, the fracture width tends to increase. It is
interesting to observe that the fluid pressure decreases in this situation as shown in Figure
29. In general, a larger pressure is needed to obtain a wider fracture. However, this is not
applicable when the cooling effect of heat transfer is taken into account. This is due to the

fact that the cooling effect gives rise to extra tensile stress on the fracture surface.
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Figure 27: Variations of fracture half length solved with different initial temperatures of reservoir
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Figure 28: Variations of fracture width at the injection point solved with different initial temperatures of
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Figure 29: Variations of fluid pressure at the injection point solved with different initial temperatures of

reservoir

The fluid temperature in the fracture is also obtained and shown in Figure 30. When the
reservoir temperature is the same as that of injected fluid, there is no heat transfer between
two systems. Hence there is no change of temperature of fluid in the fracture. When the
initial reservoir temperature is higher than that of injected fluid, the fluid is heated and
gradually approaches to the temperature of reservoir. This is significant for developing
enhanced geothermal systems by means of hydraulic fracturing. Meanwhile, the reservoir

gets cooled and the matrix contraction is induced around the fracture.
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Figure 30: Variation of fluid temperature in the fracture obtained with different values of initial reservoir

temperature

As the reservoir gets cooled, the temperature increment becomes negative near the frac-
ture. The plastic deformation of rock is closely related to the temperature variation. It
is then useful to investigate the thermal effect on plastic deformation of rock. A series of
calculations are performed with different values of initial reservoir temperature. The maxi-
mum accumulated plastic strain is presented in Figure 31. We can see that when the initial
reservoir temperature is higher than that of injected fluid, the accumulated plastic strain
falls below that of the case in which the initial reservoir temperature is the same as the in-
jected fluid. Moreover, as the temperature difference between reservoir and fluid increases,
the diminution of accumulated plastic strain is amplified. It indicates that the cooling of

rock has an effect of decreasing the plastic deformation.
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Figure 31: Variation of maximum accumulated plastic strain with different values of initial reservoir tem-
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5. Concluding remarks

We have presented a coupled thermo-hydro-elastic-plastic model for the study of hy-
draulic fracturing in saturated porous media. A combined EDFM-XFEM approach has
been developed. Based on the fixed mean stress split scheme, the overall solution procedure
has been well established, coupling three physical fields as well as the crack propagation
process. The proposed approach is validated against analytical solutions for several well-
established cases. The coupled effect of plastic deformation and heat transfer on hydraulic
fracturing process has been addressed. In order to clearly emphasize this effect, we have
considered in this study only the case with the propagation of a single fracture. But the
proposed numerical method is able to deal with those cases with multiple fractures.

The obtained results show that the plastic yielding occurs mainly in the area around
the fracture. The plastic deformation results in a rise of fracture propagation pressure
and reduction of fracture propagation velocity. As the materials cohesion decreases, the
accumulated plastic strain increases and the influence of plastic deformation on hydraulic
fracture parameters is enhanced. It is also indicated that the plastic deformation has little

influence on the fracture propagation direction. Moreover, the cooling of rock matrix due
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to injecting cold fluid induces tensile thermal stress. This leads to a reduction of fracture
propagation pressure. The heat transfer has an opposite effect to that of plastic deformation
on the fracture propagation pressure. This implies that when the combined effect of plastic
deformation and heat transfer is considered, the fracture propagation pressure is balanced
by these two processes. The heat transfer also impacts the accumulated plastic strain.
Therefore, the hydraulic fracturing process is influenced by the complex interaction between

fluid flow, heat transfer and plastic deformation.
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Appendix A. Return mapping algorithm of plastic model with consideration of

thermal effect

According to Equation (11), the plastic strain increment can be expressed by the plastic
flow vector.
de? = dvX (A.1)
0 1
X = L s+nl (A.2)

da’ 2./ 1,(s)

The deviatoric/volumetric decomposition of the flow vector gives

1
21/;]2(8) ( )
X, =31 (A.4)

According to Equation (12), the effective stress increment can be expressed as follows

do'=C :de — C : de? — 3a,KpdTI (A.5)
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Therefore, the return mapping update formula for the stress tensor is written as

Ohir = ol — Ay [2GD(Xa)yyy + Kp(Xo)iyy| — 30 KpdTT (A.6)

0 where o4 is the elastic trial stress.

Substituting Equations (A.3, A.4) into Equation (A.6) yields

o) = opis —dy Skt + 3KpnI | — 3a,KpdTT (A7)

Gp
\/ J2(Sk+41)
Due to the definition of J, the following identity holds

Sk Slleﬁr-ii-?l (A8)

\ S2(Sk+1) ACHED)

Substituting Equation A.8 into stress update formula (A.7), the deviatoric and volumet-

ric parts of stress can be updated as follows

d’)/GD ria
Sk+1 = (1 - H) St (A.9)
Ja (i)
735 .
L jer = IT3% — 9dvK pn — 9o, K pdT (A.10)

The consistency condition at the present step is given by
Srer1 = a(8ks1) + 0110y 11) — C(eh 41y, dT) = 0 (A.11)
The accumulative plastic volume strain is expressed by the plastic multiplier as follows
Eoir1 = Eyp T el = &7, + 3ndy (A.12)

Substituting Equations (A.9, A.10, A.12) into Equation (A.11) gives a nonlinear equation
of the plastic multiplier.

fldy) =/ J(siriah) —dyG p+n(I174 —9dy K pn—9a, KpdT) —( (b ,+3ndy, dT) = 0 (A.13)

740 After iteratively solving the above nonlinear equation (A.13) and obtaining the plastic

multiplier dv, the stress can be updated according to Equations (A.9, A.10).
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Since the plastic flow vector is not defined at the apex of the Drucker-Prager yield cone
surface, the return to the apex should be different from that to the smooth portion of the
cone. The updated hydrostatic stress must lie at the apex of the updated cone. The point

725 at the apex must satisfy

pn = ccot @ (A.14)

where pj, is the hydrostatic stress. The above equation can also be written with the first

invariant I; as

I = 3ccot ¢ (A.15)

Therefore, the consistency condition can be given with the updated I; and hardening

curve as follows
LIS = 9dy K pif — 9o K pdT=3c(eh ), + 3ijdry, dT') cot ¢ (A.16)
750 Multiplying the both sides of the equation by n gives
(It — 9dyKpn — 9o, KpdT) — (<4, + 3ndy,dT) = 0 (A17)

Similarly, the above equation (A.17) can be iteratively solved and the plastic multiplier

dvy can be obtained. Finally, the stress can be updated as follows

1.,
Ohyy = (glffg‘ﬁl — 3dvKpn — 3a,KpdT)I (A.18)

Appendix B. Sub-matrixes of discretized equations for pressure and tempera-

ture fields
755 The corresponding sub-matrixes of discretized equations for pressure field (Eq. 57) are
listed as follows.
1 1 a?
H,=—|—+—|FE B.1
At (M - Kd> e (B-1)

(B.2)



mf
where E is the identity matrix.

5n+1,l —en Oz2 pn+1,l 1 pn Tn+1,l Tk "

Fm:_ = = — == — = 3 sm - (3 s_3m7m_3 mim
AT TE, A T arar 00Ty~ Beas = 3am) T = San

(B.4)
n+1,0 n
Wy —w

The corresponding sub-matrixes of discretized equations for temperature field (Eq. 63)

are listed as follows.

1
D, = (pc+ 902K Ty) Ev, (B.6)
prc
D; = gthNf (B.7)
-
Lo = fSt LEy, (B.8)
Dl
Lym tSffENE (B.9)
€n+1,l —en ) n+1,l T" n+1,0
Fr = |-3a,K,Tp-t— " K Ty== —m -
T 3as KqTg A + 9as KTy A7 —i—pcAt—i-Saa 0
760
pk+1 pn
— (Baas Ty — 3a,To) ﬁ — BamTOK"; (B.10)
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