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This paper presents an original approach for measuring the surface tension of a liquid from capillary bridges between monodisperse spherical particles. This method is based on an exact analytical solution of Young-Laplace equation for a capillary doublet between two spherical particles coupled with capillary force measurement. The capillary forces between two equal-sized spherical particles are measured by a micro-balance, while the geometries of the capillary bridge are recorded using a high resolution camera. From the obtained images of capillary bridges, the meridional profiles of capillary bridges are determined by a high-resolution image processing technique and correlated to the measured capillary forces. The accuracy and effectiveness of the proposed approach have been demonstrated by measuring the surface tensions of silicone oil, castor oil and impure water. The developed capillary bridge method, only requiring a small volume of liquid , can be applied to all liquids with high accuracy.

1.

Introduction

The presence of surface tension in liquids has been recognized for more than one century [START_REF] Wilhelmy | Ueber die abhängigkeit der capillaritäts-constanten des alkohols von substanz und gestalt des benetzten festen körpers[END_REF][START_REF] Du Noüy | A new apparatus for measuring surface tension[END_REF][START_REF] Harkins | A method for the determination of surface and interfacial tension from the maximum pull on a ring[END_REF][START_REF] Zuidema | Ring method for the determination of interfacial tension[END_REF]. At liquid-air surfaces, the surface tension results from the greater attraction of liquid molecules to each other than to the molecules in the air. The surface tension of liquids is encountered in many problems of science and engineering, such as in selective laser sintering [START_REF] Clementz | Homogenization modeling of capillary forces in selective laser sintering[END_REF][START_REF] Benedetti | Evaluation of particle coalescence and its implications in laser sintering[END_REF], caking and agglomeration [START_REF] Lian | A theoretical study of the liquid bridge forces between two rigid spherical bodies[END_REF][START_REF] Litster | Scaleup of wet granulation processes: science not art[END_REF][START_REF] Hartmann | Caking of amorphous powders -Material aspects, modelling and applications[END_REF][START_REF] Salehi | Development and application of a novel cake strength tester[END_REF], medical problems involving respiratory diseases [START_REF] Alencar | Crackles and instabilities during lung inflation[END_REF], particle-stabilised foams and emulsions [START_REF] Wasan | Colloidal dispersions: Structure, stability and geometric confinement[END_REF][START_REF] Guzowski | Capillary interactions in pickering emulsions[END_REF], capillary cohesion in partially saturated granular materials [START_REF] Soulié | Influence of liquid bridges on the mechanical behaviour of polydisperse granular materials[END_REF][START_REF] Richefeu | Force transmission in dry and wet granular media[END_REF][START_REF] Scholtès | Micromechanics of granular materials with capillary effects[END_REF][START_REF] Delenne | Liquid clustering and capillary pressure in granular media[END_REF][START_REF] Zhao | A micromechanical model for unsaturated soils based on thermodynamics[END_REF][START_REF] Pouragha | Statistical analysis of stress transmission in wet granular materials[END_REF][START_REF] Wang | Capillary force and rupture of funicular liquid bridges between three spherical bodies[END_REF][START_REF] Zhao | Capillary bridges between spherical particles under suction control: rupture distances and capillary forces[END_REF][START_REF] Zhao | Multiscale modeling of unsaturated granular materials based on thermodynamic principles[END_REF][START_REF] Duriez | Contact angle mechanical influence in wet granular soils[END_REF] and capillary evaporation and condensation in porous media [START_REF] Mielniczuk | Laplace pressure evolution and four instabilities in evaporating two-grain liquid bridges[END_REF][START_REF] Dörmann | Distance-dependency of capillary bridges in thermodynamic equilibrium[END_REF] . Therefore, it is crucial to accurately measure the surface tension of liquids.

Many approaches have been developed for measuring the surface tension of liquids, see for instance [START_REF] Du Noüy | A new apparatus for measuring surface tension[END_REF][START_REF] Harkins | A method for the determination of surface and interfacial tension from the maximum pull on a ring[END_REF][START_REF] Zuidema | Ring method for the determination of interfacial tension[END_REF][START_REF] Rotenberg | Determination of surface tension and contact angle from the shapes of axisymmetric fluid interfaces[END_REF][START_REF] Berry | Measurement of surface and interfacial tension using pendant drop tensiometry[END_REF][START_REF] Richter | Force measuring methods for determination of surface tension of liquids: a comparison[END_REF][START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF][START_REF] Huh | A method for estimating interfacial tensions and contact angles from sessile and pendant drop shapes[END_REF]. Drelich et al. [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF] have classified the most commonly used methods into five groups: () i direct measurement using a micro-balance, such as the Wilhelmy plate technique [START_REF] Wilhelmy | Ueber die abhängigkeit der capillaritäts-constanten des alkohols von substanz und gestalt des benetzten festen körpers[END_REF] and the Du Noüy ring method [START_REF] Du Noüy | A new apparatus for measuring surface tension[END_REF][START_REF] Harkins | A method for the determination of surface and interfacial tension from the maximum pull on a ring[END_REF]; () ii measurement of capillary pressure, typically the maximum bubble pressure method [START_REF] Sugden | Xcvii.â€"the determination of surface tension from the maximum pressure in bubbles[END_REF] and the growing drop method [START_REF] Zhang | Measurement of dynamic surface tension by a growing drop technique[END_REF]; () iii analysis of capillary-gravity forces using the capillary rise method [START_REF] Rayleigh | On the theory of the capillary tube[END_REF] and the drop volume method [START_REF] Tate | On the magnitude of a drop of liquid formed under different circumstances[END_REF];

() iv gravity-distorted drops in the pendant drop method [35] and the sessile drop method [36];

() v reinforced distortion of drop including the spinning drop method [37] and the micro-pipette method [START_REF] Moran | Measuring interfacial tensions of micrometer-sized droplets: a novel micromechanical technique[END_REF].

The described methods [2-4, 28, 29] rely on some measurement of physical parameters (weight, diameter of drops, wetting angle, etc.) and on theoretical solutions of Young-Laplace equation to determine surface tension  from these measurements. On one hand, some physical parameters, such as the wetting angle, are difficult to be measured. An error on the measurement may cause significant impact on the determined value of  . On the other, other methods, such as the pendant drop method, rely on an approximated solution of Young-Laplace equation with gravity, as the exact analytical solution of Young-Laplace equation with gravity does not exist in the literature. All these points are some sources of error for determining  . In this study, the developed approach is based on the exact analytical solution of Young-Laplace equation for capillary bridges between two spherical particles [START_REF] Gagneux | Analytic calculation of capillary bridge properties deduced as an inverse problem from experimental data[END_REF][START_REF] Nguyen | Exact calculation of axisymmetric capillary bridge properties between two unequal-sized spherical particles[END_REF][START_REF] Nguyen | On the capillary bridge between spherical particles of unequal size: analytical and experimental approaches[END_REF], without gravity 1 . Moreover, it is correlated with measurements of capillary force using a micro-balance to ensure that the measured values of physical parameters are accurate. In terms of the methods using a micro-balance, the equipment in the Du Noüy ring method [START_REF] Du Noüy | A new apparatus for measuring surface tension[END_REF][START_REF] Harkins | A method for the determination of surface and interfacial tension from the maximum pull on a ring[END_REF] is highly sensitive and delicate. This method relies on a stretching interface that causes unstable results for surfactant solutions due to new interfaces are continuously created during the test. For the Wilhelmy plate method [START_REF] Wilhelmy | Ueber die abhängigkeit der capillaritäts-constanten des alkohols von substanz und gestalt des benetzten festen körpers[END_REF], the plate must be guaranteed to be in a perfect wetting condition. Even with proper cleaning and roughening of the probe, it is possible that the wetting ability changes during the measurement because of adsorption or organic compounds from the laboratory environment or test solutions.

The geometry of the surface of the capillary bridge between two spherical particles is described by the well-known Young-Laplace equation [START_REF] Delaunay | Sur la surface de révolution dont la courbure moyenne est constante[END_REF][START_REF] Fisher | On the capillary forces in an ideal soil; correction of formulae given by W.B. Haines[END_REF][START_REF] Erle | Liquid bridges between cylinders, in a torus, and between spheres[END_REF], according to which the mean curvature of the surface is constant. Solutions to the Young-Laplace equation provide properties of the axisymmetric capillary bridges, such as the neck radius and the capillary force [START_REF] Lian | A theoretical study of the liquid bridge forces between two rigid spherical bodies[END_REF][START_REF] Erle | Liquid bridges between cylinders, in a torus, and between spheres[END_REF][START_REF] Orr | Pendular rings between solids: meniscus properties and capillary force[END_REF][START_REF] Lian | The capillary bridge between two spheres: new closed-form equations in a two century old problem[END_REF][START_REF] Kruyt | An analytical theory for the capillary bridge force between spheres[END_REF][START_REF] Zhao | Capillary bridge force between non-perfectly wettable spherical particles: An analytical theory for the pendular regime[END_REF][START_REF] Zhao | Capillary bridges between unequal-sized spherical particles: Rupture distances and capillary forces[END_REF]. It has been shown experimentally that the Young-Laplace equation accurately describes the properties of capillary bridges [START_REF] Nguyen | Exact calculation of axisymmetric capillary bridge properties between two unequal-sized spherical particles[END_REF][START_REF] Nguyen | On the capillary bridge between spherical particles of unequal size: analytical and experimental approaches[END_REF][START_REF] Mason | Liquid bridges between spheres[END_REF][START_REF] Willett | Capillary bridges between two spherical bodies[END_REF][START_REF] Rabinovich | Capillary forces between two spheres with a fixed volume liquid bridge: theory and experiment[END_REF][START_REF] Gras | Study of capillary interaction between two grains: a new experimental device with suction control[END_REF][START_REF] Gagneux | An analytical framework for evaluating the cohesion effects of coalescence between capillary bridges[END_REF][START_REF] Mielniczuk | Characterisation of pendular capillary bridges derived from experimental data using inverse problem method[END_REF][START_REF] Gagneux | Theoretical and experimental study of pendular regime in unsaturated granular media[END_REF].

According to the Young-Laplace equation, the capillary force cap F between two spherical particles can be determined by cap = 2 ,

F  (1) 
where  is the surface tension of the liquid and  is a first integral of Young-Laplace equation, being constant on the whole meridian (see Eq. ( 6) and the descriptions in [START_REF] Gagneux | Analytic calculation of capillary bridge properties deduced as an inverse problem from experimental data[END_REF] for more details).

Therefore, the surface tension  can be determined by Eq. ( 1) once the values of cap F and  are given.

In this study, an experimental approach that is based on an exact analytical solution of Young-Laplace equation for a capillary bridge between two spherical particles coupled with capillary force measurement has been developed for measuring the liquid surface tension  .

Specific objectives of this study are to:

 measure capillary forces cap F between two equal-sized spherical particles by a micro-balance, while recording geometries of the capillary bridge using a high resolution camera;

 determine the meridional profiles of the capillary bridge using a high-resolution image processing method, and calculate the value of  using the obtained data;

 calculate the surface tension using Eq. ( 1);

 verify that values of capillary force given by Eq. ( 1) with the value of calculated  coincide with the experimental measurements, thus demonstrate the accuracy and effectiveness of the proposed approach in measuring the surface tensions of liquids;

 compare the obtained values of surface tension by this method with those given in literature or obtained with the pendant drop method for silicone oil, castor oil and (impure)

water.

In this method, the contact angle  that describes the wetting ability of the surface or the spreading ability of liquid [START_REF] Zhao | Capillary bridge force between non-perfectly wettable spherical particles: An analytical theory for the pendular regime[END_REF] is measured. The contact angle is one of the important variables to estimate the meridional profile of the liquid bridge but it is not easy to be determined with high accuracy [START_REF] Nguyen | Exact calculation of axisymmetric capillary bridge properties between two unequal-sized spherical particles[END_REF][START_REF] Nguyen | On the capillary bridge between spherical particles of unequal size: analytical and experimental approaches[END_REF][START_REF] Nguyen | Liquid bridges between a sphere and a plane-classification of meniscus profiles for unknown capillary pressure[END_REF]. In the static regime,  is theoretically known as a constant for a given system of liquid, air, solid, temperature and pressure [START_REF] Snoeijer | A microscopic view on contact angle selection[END_REF]. However, under a dynamic phenomenon which is known as the contact angle hysteresis in practice, the measured values of  are in a range where the minimum and the maximum correspond to receding and advancing contact angles, as pointed out in [START_REF] Shi | Dynamic contact angle hysteresis in liquid bridges[END_REF]. Adapting the same basis of a contact angle goniometer, a method for measuring  can be developed by using the image processing technique on real images of a droplet on a plate or the capillary bridge between two adjacent spheres. This method is suitable for relatively large angles where the tangent lines of the meridional profile of the capillary bridge or droplet and of the plane can be detected with low errors [START_REF] Nguyen | Exact calculation of axisymmetric capillary bridge properties between two unequal-sized spherical particles[END_REF][START_REF] Nguyen | On the capillary bridge between spherical particles of unequal size: analytical and experimental approaches[END_REF][START_REF] Nguyen | Liquid bridges between a sphere and a plane-classification of meniscus profiles for unknown capillary pressure[END_REF].

In comparison with the aforementioned methods [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF] that focus on liquid drop techniques instead of studying the properties of capillary bridges, the developed method has its superiority. At first, the current method combines the image processing technique adopted in [START_REF] Stauffer | The measurement of surface tension by the pendant drop technique[END_REF] and the measurement of capillary forces by a micro-balance in [START_REF] Wilhelmy | Ueber die abhängigkeit der capillaritäts-constanten des alkohols von substanz und gestalt des benetzten festen körpers[END_REF][START_REF] Du Noüy | A new apparatus for measuring surface tension[END_REF][START_REF] Harkins | A method for the determination of surface and interfacial tension from the maximum pull on a ring[END_REF]. Therefore, the current method has the advantages of the methods in [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF] and it can be applied to all liquids with high accuracy and only necessitates a small liquid volume comparing to other approaches [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF] . Moreover, the liquid volume required for a capillary bridge is small (few micro-liters) comparing to using a droplet in [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF]. In addition to that the surface tension of a liquid can be measured by the developed method, the value of the contact angle can be also determined accurately from the employed image processing techniques.

The outline of the study is as follows. The geometry of the capillary bridge, the governing Young-Laplace equation and parameterization of the meridional profiles of the capillary bridge for nodoid and unduloid surface are recalled in Section 2. The experimental set-up, the image processing method and the procedure for determining the liquid surface tension are described in Section 3. The successful applications of the proposed method for determining the surface tensions of silicone oil, castor oil and (impure) water are demonstrated in Section 4. Section 5 concludes the findings of this study and discusses future development.

Geometry of the capillary bridge and Young-Laplace equation

In this section, the theoretical basis of the developed approach for measuring the surface tension of a liquid is presented. In Section 2.1 the coordinate is defined; the geometry of the capillary bridge is described and the Young-Laplace equation that describes the geometry of capillary bridges is recalled for axisymmetric bridges of revolution. In Section 2.2, analytical solutions of Young-Laplace equation for nodoid and unduloid capillary bridges are detailed.

Young-Laplace equation for capillary bridges between two spherical particles

The coordinate system used for the axisymmetric capillary bridge between two spherical particles of the same radius r is shown in Fig. 1 . The axial coordinate is denoted by x , while the meridional profile of the axisymmetric capillary bridge surface is denoted by () yx. The neck radius is denoted as * y ; the meridional coordinate of contact circle for the particle on the right is   , cc xy ; the half-filling angle is  ; the separation distance, with respect to the neck located at =0 x , is denoted as d . The total separation distance between the two particles is =2 Dd , as shown in Fig. 1.

Without the consideration of gravity, it is well-known that the geometry of capillary bridge surface can be described by the Young-Laplace equation [START_REF] Lian | A theoretical study of the liquid bridge forces between two rigid spherical bodies[END_REF][START_REF] Delaunay | Sur la surface de révolution dont la courbure moyenne est constante[END_REF][START_REF] Lian | The capillary bridge between two spheres: new closed-form equations in a two century old problem[END_REF][START_REF] Kruyt | An analytical theory for the capillary bridge force between spheres[END_REF][START_REF] Zhao | Capillary bridge force between non-perfectly wettable spherical particles: An analytical theory for the pendular regime[END_REF][START_REF] Zhao | Capillary bridges between unequal-sized spherical particles: Rupture distances and capillary forces[END_REF], according to which the mean curvature of the surface is constant. In that case, the bending effects and the Gauss curvature are not involved [START_REF] Gaydos | The generalized theory of capillarity[END_REF][START_REF] Rodriguez-Valverde | The young-laplace equation links capillarity with geometrical optics[END_REF]. For the axisymmetric capillary bridge considered in this study, the Young-Laplace equation can be expressed as pressures outside and inside the capillary bridge;  is the liquid surface tension. In Eq. ( 2) , [] Ky is the mean curvature operator. Boundary conditions for this nonlinear second-order ordinary differential equation are given by Eqs. (3) , ( 4) and (5) as explained in the following paragraphs.

In this study, two locations on the meridional profile are relevant: the neck where =0

x that is located in the middle between the two spherical particles and the three phase contact circle where = c xx . As the meridional profile is symmetrical with respect to =0

x , it is sufficient to only consider the capillary bridge on the right. At the neck point where =0 x , we have

* (0) = (0) = 0, y y y (3)
in which the slope of the meridional profile is determined by ( ) = / y x dy dx  .

The coordinate ( , ) 

In addition, the slope of the meridional profile at the contact circle can be determined by

( ) = cot( ) , cc y x y    ( 5 
)
where  is the contact angle.

The Young-Laplace equation Eq. ( 2) has a first integral, given by [39]

2 2 1 [ ]( ) = , 2 1 y y x Hy y       (6)
where  is a constant along the capillary bridge. Moreover the associated capillary force, which is constant along the profile, is directly linked to  through Eq. ( 1) . At the gorge, we have

* *2 =2 cap F y y H    (7) 
that will be used later on to determine  . On the other hand, from Eq. ( 6) , it can be proven that 

Eq. ( 8) enables to compute accurately the value of the mean curvature 

            1 1 2 2 21 22 12 cos cos = 2 , > > 0, y x x y x x H x x y x y x     (9) 
where 11 ( , ( ))

x y x and 22 ( , ( ))

x y x are two arbitrary locations on the meridional profile 2 ; ). This enables to reduce the error of determination of the wetting angle  at the contact points.

Analytical solutions to the Young-Laplace equation for nodoid and unduloid capillary bridges

Based on the solution of Young-Laplace equation, the meridional profiles of capillary bridges between spherical particles can be reproduced with the obtained values of particle radius r , neck radius * y , half-filling angle  and contact angle  , as also described in [39]. These data enable to classify the profile of the capillary bridge without knowing the capillary pressure, which is in general unknown. In this paper, only the cases of convex profile of nodoid and unduloid are presented, which correspond to the experimental results described in the following sections.

It has been proven in [START_REF] Gagneux | Analytic calculation of capillary bridge properties deduced as an inverse problem from experimental data[END_REF] that when the condition

  * sin sin < < sin r y r      (10) 
is satisfied (from observed experimental measurements), the free surface of the liquid bridge is a portion of nodoid surface (hyperbolic roulette of Delaunay [START_REF] Delaunay | Sur la surface de révolution dont la courbure moyenne est constante[END_REF]) whose parametric equations of the meridian are given by 

      2 22 0 cos cos = , = [ ,
                     (12)
When the neck radius * y of the capillary bridge satisfies the condition

  * 0 < < sin sin , yr    ( 13 
)
the free surface of the liquid bridge is a portion of unduloid surface. The parametric equations describing the profile of the meniscus are given by 

      2 22 0 1 cos = , = [ , ],
                     (15)
We will see that these analytical expressions enables to validate the experimental measurements of H (Eq. (8) ) and  that are obtained from image processing. It is noted that these analytical calculations do not take into account the effect of gravity on the shape of the profile of the liquid bridge. Therefore, in the theory-experiment comparison that will be performed, we will verify, using the Bond number Bo , that the influence of the gravity is negligible (see also [START_REF] Mielniczuk | Characterisation of pendular capillary bridges derived from experimental data using inverse problem method[END_REF][START_REF] Adams | Mapping the influence of gravity on pendular liquid bridges between rigid spheres[END_REF]). It is worth noting that, for large separation distances and water volumes, the experimental capillary bridge is distorted due to the effect of gravity where the bridge is pulled downward and produces unsymmetrical meniscus profiles. This phenomenon may reduce the precision of the mean curvature H . Hence, only small separation distance and a small liquid volume [START_REF] Clementz | Homogenization modeling of capillary forces in selective laser sintering[END_REF] Vl   ) are considered. In the described experiments, we did not go up to the rupture of the capillary bridge in order to guarantee the accuracy and stability of the micro-balance.

Consequently, only profiles of the liquid bridge as a portion of nodoid surface were analyzed.

3.

Experimental and numerical techniques for measuring liquid surface tension

In this section, the experimental techniques for measuring the capillary force, recording and analyzing the geometry of the capillary bridge are detailed. With the obtained results, the procedure for determining the surface tension of a liquid is presented.

Experimental set-up

Based on the established theory, an experimental device has been developed. The system includes the specimen, a micro-balance, the image acquisition tool and the lighting system, as shown in Fig. The lower particle is installed on the plate of a micro-balance (Sartorius MCE225P-100-DU Cubis model) that has a high precision of 0.01 mg . The upper particle is fixed to a micrometer screw to control the separation distance =2 Dd with a step size of 0.01mm along the vertical x -axis. In addition, the upper sphere can move along the y -axis as well as z -axis via two unidirectional screws.

In order to guarantee that the studied capillary bridges are axially-symmetric, the two spheres need to be lined up along the pulling direction (

x -axis). For this purpose, another camera (Canon EOS 6D DSLR) has been installed along the z -axis, perpendicular to the first one on the

xy plane (see also Fig. 3). The alignment of the specimens is performed by superimposing a virtual grid on the photo by the software MB-Ruler on the xy and xz planes. Fig. 4 shows that the two particles are well settled on the

xz and the xy planes, to ensure that the capillary bridge connecting the two particles is along the x -axis.

At the beginning of each test, the surfaces of the spherical particles are cleaned by 99% ethanol which evaporates after a few minutes to avoid mixing with the tested liquid. Then, a droplet of the tested liquid is injected to the top of the lower particle. The balance is set to nil before the injection of liquid. When the capillary bridge is created, the value of the measured mass 

Image processing techniques

For each separation distance D , an unique image of the capillary bridge is taken and processed. Each image provides a data set of the specimen which will be used for numerical calculation later on. For capillary bridges between two spherical particles, the values of * y ,  ,  are obtained by using the image processing techniques. The image treatment procedure (more details are given in [START_REF] Gagneux | Theoretical and experimental study of pendular regime in unsaturated granular media[END_REF]) is summarized in the following steps:  Firstly, from the binarised data points of selected image (Fig. 5), the centers and radius r of two spheres are detected using the algorithm proposed by [START_REF] Taubin | Estimation of planar curves, surfaces, and nonplanar space curves defined by implicit equations with applications to edge and range image segmentation[END_REF].

 After that, the experimental data points of the meridional profile are identified, consequently the neck radius * y as a half of minimum distance between left and right profiles as well as the contact points 1 2 3 4 , , , p p p p are found.

 Finally, once the contact points are detected, the associated half-filling angle  is determined by 

                   (16) 
The contact angle  is calculated from two tangent vectors () j p t (to the sphere) and (  is taken as contact angle  for numerical simulation.

In order to confirm that the obtained values of * ( y ,  , )  are appropriate (the determination of the wetting angle  is delicate), these parameters are substituted into Eqs. (11) and ( 14) to reproduce the meridional profiles of the capillary bridges. The theoretical curves, exact analytical solution of Young-Laplace equation, are then superimposed over corresponding experimental images, to validate the measured data from image processing, and in particular the value of the wetting angle  which is a very sensitive parameter. As already pointed out in [39-41, 56, 57], for axisymmetric capillary bridges of revolution, the exact parameterization of the meridian of the profile can be deduced from the only given observed data * ( , , ) y  , when the right-hand side of the Young-Laplace equation (the capillary pressure) is unknown. Moreover, the mean curvature H (directly linked to the capillary pressure) can be recovered.

Procedure for determining the liquid surface tension

Using the experimental and image processing techniques described above, the procedure for determining the surface tension of a liquid consists of: 


exp cap i Fi H i y i y i    (17) 
 Obtaining the surface tension  as an average value of 

Measuring surface tensions of silicone oil, castor oil and water

In this section, the capabilities of the method described in Section 3 for measuring the surface tensions of liquids are demonstrated. At first, the proposed method is employed to measure the surface tension of silicone oil whose value of surface tension is known. It is then employed to determine the surface tension of castor oil and impure water. The measured values are then confirmed by the pendant drop method performed directly and using the apparatus Krüss DSA10.

These liquids are chosen because they have very different surface tensions, giving a good range to confirm the feasibility of measuring  using the developed method. All these tests were performed at a room temperature of = 25 TC . It should be mentioned that the quality of the liquid used in the experiments is important, as discussed in [START_REF] Mielniczuk | Laplace pressure evolution and four instabilities in evaporating two-grain liquid bridges[END_REF][START_REF] Mielniczuk | Evaporation-induced evolution of the capillary force between two grains[END_REF]. The larger surface tension of the liquid is, the more quantity of impurities the surface of the liquid can absorb throughout the test. Consequently, a contaminated liquid may report a surface tension much lower than that of the pure one, rendering an unstable measured value. This phenomenon happens particularly for the liquid with larger value of surface tension, such as water.

Silicone oil

A silicone oil, mainly composed of polydimethylsiloxane, is a liquid polymerized siloxane with organic side chains. These polymers are of commercial interest because of their relatively high thermal stability and their lubricating properties.

The density of silicone oil is 0.965 / kg l at 20 C . Its kinematic viscosity at 25 C is 92-108 2 / mm s . Silicone oil is known for having a low surface tension ( 0.019 / 0.022 / N m N m   , see [START_REF] Moretto | Silicones, Ullmann's encyclopedia of industrial chemistry[END_REF]) and low temperature dependence. Besides, silicone oil has high spreading power, that produces a lower contact angle. Since the surface tension of silicone oil is low, it is considered as a non-polar liquid thus it is not easy to be contaminated by the surrounding air. Furthermore, silicone oil adheres well to glass surface. A small volume =5

Vl  of silicone oil was injected between two glass spheres of radius =8 r mm . Capillary forces were measured by the micro-balance and profiles of the capillary bridge were recorded at various separation distances between two particles.

In order to validate the measured data of * ( , , )

y  , the profiles of the silicone oil bridges from experiments and from analytical calculations are shown in Fig. 6. The theoretical profiles obtained from Eqs. ( 11) and ( 12) are in good agreement with the experimental images. The errors between the ordinates of two curves are smaller than 5% . Moreover, the Bond number ). That confirms the effect of gravity on the shape of the meniscus of the liquid bridge is negligible.

Fig. 7a shows the measured capillary forces in terms of the separation distances. From the capillary forces and the corresponding images, the values of the surface tension of silicone oil were determined by Eq. ( 17) , as shown in Fig. 7b . The average value of the surface tension of silicone oil is given as average = 0.0219 / Nm  , which is in the range of that reported in [START_REF] Moretto | Silicones, Ullmann's encyclopedia of industrial chemistry[END_REF]. The values of capillary force cal cap F are then calculated again using Eq. ( 7) with the average value of  and plotted against the experimental capillary force exp cap F given by the micro-balance in Fig. 7a . The comparison shows a very good agreement between the two quantities that validates the proposed approach. The surface tension of the same silicone oil was also measured by the pendant drop method presented in Appendix A, which gives a value of 0.0213 / Nm , close to that determined by the capillary bridge method.

Castor oil

Castor oil (Ricinus communis L.) is a vegetable oil pressed from castor beans. It is known for its wide applications in medicine, industrial coatings, food and preservative, etc. Castor oil has a relative density of 0.952 0.965 / kg l  at 20 C .

A small amount of castor oil ( =3 Vl  ) is used for making the capillary bridge. Again, to validate the measured data of * ( , , )

y  , the profiles of the liquid bridges from experiments and from analytical calculations are compared, see Fig. ) so that the effect of gravity can be neglected.

The measured capillary forces and the surface tensions at different separation distances are shown in Fig. 9 . The values of  are plotted against the increasing separation distance D in Fig. 9b and the capillary force cal cap F estimated from the average surface tension is then compared with that from experiments in Fig. 9a . The variation of the surface tension  is not significant and its average value is found to be average = 0.0374 / Nm  .

To validate the correctness of the measured value of surface tension of castor oil, parallel tests using the pendant drop method under identical condition have been conducted. The detailed manipulation for the pendant drop method is presented in the Appendix A. Using the pendant drop method, it was found that the tested castor oil has a surface tension of 0.0371 / Nm . This value is very close to that measured by the method developed in current study.

Impure water

Water is a highly polar liquid and it can be easily contaminated when exposed to certain impurities acting as unwanted surfactants [START_REF] Das | Effect of impurities in description of surface nanobubbles[END_REF]. When surfactants are dissolved in water, its surface tension is reduced as a certain amount of water molecules are replaced by surfactant molecules and the surfactant-water interaction forces are less than that between water-water. As a result, the measured water surface tension has a lower value than the pure water.

A small volume =4

Vl  of impure water was injected between two glass spheres of radius =8 r mm . Capillary forces were measured by the micro-balance and profiles of the capillary bridge were recorded at various separation distances between two particles. Based on the measured data of * ( , , )

y  , the profiles of the liquid bridges from analytical calculations and from experiments are compared in Fig. 10. The resulting images also demonstrate a good agreement between the theoretical predictions and experimental ordinates. Moreover, the Bond number is calculated and satisfies the negligible gravity condition.

Fig. 11a shows the measured capillary forces in terms of the separation distances. Once again, from the capillary forces and the corresponding images, the values of the surface tension of impure water were determined by Eq. ( 17) , as shown in Fig. 11b . The average value of the surface tension of impure water is given as average = 0.0693 / Nm  . The capillary force cal cap F is then estimated from such average value and plotted against the experimental capillary force exp cap F given by the micro-balance in Fig. 11a . The comparison shows a very good agreement between the two quantities. The surface tension of the same impure water was also measured by the pendant drop method, as presented in the Appendix A. It was found that the surface tension of impure water is 0.0695 / Nm , very close to the one measured in this study. From these measurements, it is shown that, instead of the reported value of = 0.0728 / Nm  for pure water in the literature, the measured  displays a slightly lower value.

This decreasing tendency is caused by the impurities into the water during the preparation as well as during the test, where newly created surfaces absorb surfactant, hence the decreasing  ; similar observations have been described in [START_REF] Mielniczuk | Laplace pressure evolution and four instabilities in evaporating two-grain liquid bridges[END_REF][START_REF] Mielniczuk | Evaporation-induced evolution of the capillary force between two grains[END_REF].

Accuracy analysis of the capillary bridge method

In order to validate the accuracy of the developed experimental approach for measuring liquid surface tension, the measured values should be compared with that from other methods with high accuracy. Among the methods for measuring the surface tensions of liquids concluded in [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF], the pendant drop method has a very good accuracy [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF][START_REF] Stauffer | The measurement of surface tension by the pendant drop technique[END_REF].

The techniques for measuring surface tensions of liquids using the pendant drop method are presented in Appendix A. The average values of the measured surface tensions for silicone oil, castor oil and impure water are compared with those measured by the capillary bridge method developed in this study. Moreover, the same liquids are also tested with a commercial equipment (Krüss DSA10) which is designed for measuring the contact angle and the surface tension of a liquid with high precision. All comparison results are shown in Table 1.

From the comparison, it is observed that the capillary bridge method has high accuracy, as good as the pendant drop method. Moreover, the developed capillary bridge method can be also used to measure the surface tension of silicone oil (or other viscous liquids) that cannot be achieved by some other methods in [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF].

As other methods in the literature [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF], some possible errors may occur during the measurement process. The deviations of the liquid surface tension measured by the suggested method from its accurate value may originate from several means:

 The two spheres must be in good position (to the direction of the gravitational acceleration g as well as the pulling direction to increase the separation distance). This configuration is verified by calibrating the micro-balance and the two cameras using the same spirit level.

Then, the top and the bottom spheres are aligned based on the virtual grid which have an acceptable 1  pixel of error. Also, the symmetry of the capillary bridge must be checked carefully.

 The numerical curve of the capillary bridge is for validation purpose. The data set * ( , , , )

yr  is accepted if and only if the error between the ordinates of experimental meniscus profile and the analytical curve is less than 5%.

 Due to the gravity, the meridional profiles of the capillary bridge may not be completely symmetric. Since the developed theory (exact analytical solution of Young-Laplace equation) is valid only without gravity, it should be checked using the Bond number and nodoid shapes well before the rupture are preferred for analyses.

 The liquid surface tension is very sensitive to the surrounding environment. The tested liquid as well as the equipment used in the test, such as needles and spherical particles, must be handled with care. The containers for the tested liquid must be clean. Moreover, the surface tension of a liquid depends on the variation of temperature, thus its value should be also recorded during the test.

Conclusions

A new coupled experimental method has been developed for measuring the surface tension of a liquid. This novel method is based on an exact analytical solution of the Young-Laplace equation (without gravity) that accurately describes the properties of the capillary bridge between spherical particles, coupled with the measurement of the associated capillary forces cap F using a micro-balance and image analysis. An accurate image processing of the observed capillary bridge enables to determine the values of geometrical parameters (wetting angle, half-filling angle, gorge radius) that are used to determine the surface tension, based on an exact solution of Young-Laplace equation from inverse problem coupled with accurate capillary force measurement.

The accuracy and effectiveness of the proposed approach in measuring the surface tensions of silicone oil, castor oil, and (impure) water have been demonstrated. It was found that the developed approach has a good accuracy for different liquids reported in the literature (see also [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF]). Moreover, the proposed capillary bridge method has a wider range of applicability than the pendant drop method 3 and can be applied to all liquids will high accuracy. It can be potentially applied in selective laser sintering [START_REF] Clementz | Homogenization modeling of capillary forces in selective laser sintering[END_REF][START_REF] Benedetti | Evaluation of particle coalescence and its implications in laser sintering[END_REF], caking and agglomeration [START_REF] Lian | A theoretical study of the liquid bridge forces between two rigid spherical bodies[END_REF][START_REF] Litster | Scaleup of wet granulation processes: science not art[END_REF][START_REF] Hartmann | Caking of amorphous powders -Material aspects, modelling and applications[END_REF][START_REF] Salehi | Development and application of a novel cake strength tester[END_REF], medical problems involving respiratory diseases [START_REF] Alencar | Crackles and instabilities during lung inflation[END_REF], particle-stabilised foams and emulsions [START_REF] Wasan | Colloidal dispersions: Structure, stability and geometric confinement[END_REF][START_REF] Guzowski | Capillary interactions in pickering emulsions[END_REF] 

1 = , = A B l B S B S B S B S Q S L     (19) 
where A and i B ( = 0,1, 2,3, 4) i are empirical constants for a certain range of S , which are given in [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF].

Since the shape of an interface in a gravitational field depends on the competition between the capillary and gravitational forces, the pendant drop method is accurate only when the liquid drops are in a static equilibrium. For the tested liquids in current study, all the liquid drops can be formed in a static equilibrium condition. Therefore, the surface tensions of silicone oil, castor oil and impure water were measured by the pendant drop method.

To measure the surface tensions of silicone oil, castor oil and impure water, the experimental setup described in Section 3.1 was slightly modified. The specimen was replaced by a liquid drop attached on a needle, as shown in Fig. 12a . Then the liquid drop was recorded by the high resolution camera (BASLER acA4600 10 , 4608 3288 px px 

), see also Fig. Substituting the measured values of l and L from the drops of tested liquids into Eq. ( 18) , the surface tensions of silicone oil, castor oil and impure water are obtained. The techniques have been repeated more than 30 times and the surface tensions of the tested liquids are recorded.

The average values of the obtained surface tensions are compared with that measured by the proposed capillary bridge method in Table 1. water.
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  cc xy at the three-phase contact circle can be related to the (half) separation distance d , and the half-filling angle  by =

, see also Fig. 2 .

 2 In practice, we choose two points close to the neck of the bridge (

3 .

 3 The specimen contains two equal-sized spherical particles of borosilicate glass with grade 25% , precision of diameter 2.5 m   and precision of sphericity 0.625 m   . A small liquid volume ( 5 Vl   ) is injected between the two particles to create the capillary bridge through the use of a micro-syringe. The two spherical particles and the liquid bridge are lit by a back-light LED. A high resolution camera is used (BASLER acA4600 10 , 4608 3288 px px  ), which can take pictures in a continuous mode with a frequency of 10 frames per second. Both the camera and the light are equipped with telecentric lenses to avoid distortion of images and reflection. All geometrical parameters are manipulated in pixels and then are converted to millimeters by a calibration slide with a precision of 0.01mm .

bm

  from the micro-balance is directly related to the capillary force by = and volume of the liquid, respectively. For each increment of the separation distance, the system is left to be stabilized, then the value of b m and a corresponding image of the capillary bridge are recorded. The test is finished when the liquid bridge is broken, leaving two droplets on the upper and lower particles. At various separation distances, the capillary forces exp cap F are measured, and meanwhile the black and white (short as B/W) images of the capillary bridge are obtained. These images are then binarized by using the open-source software ImageJ, by which the contour of the spherical particles and the meniscus of the capillary bridges are determined. Finally, binarized images are processed in MATLAB to detect the geometry of the specimen, including neck radius * y , radius of sphere r , half-filing angle  , contact angle  and separation distance D .

  proposed for evaluating the effect of gravity[START_REF] Adams | Mapping the influence of gravity on pendular liquid bridges between rigid spheres[END_REF] is calculated and the ratio / | 2 | Bo r  (where  is the mean curvature,   is the liquid-air density difference) is found to be small ( / | 2 | 1 Bo r 

8 . 1

 81 The resulting images demonstrate a very good agreement, proving the relevance of the obtained values of * ( , , ) y  . Moreover, the Bond number is also calculated and the ratio / | 2 | Bo r  is found to be small ( / | 2 | Bo r 

  3 . The typical images of the drops of silicone oil, castor oil and impure water are shown in Figs. 12b , 12c and 12d respectively.

Figure 1 :

 1 Figure 1: Meridional geometry of a capillary bridge between two equal-sized spheres with contact angle  .

Figure 2 :

 2 Figure 2: Two points with rather different ordinates on the experimental meridian of the capillary bridge for calculating the mean curvature H .

Figure 3 :

 3 Figure 3: Setting of the experiment: (a) primary camera for taking high resolution photos of the capillary bridge, (b) telecentric LED backlight directs toward the primary camera with modifiable luminosity, (c) micro-balance with a precision of 0.01mg and a maximum capacity of 220g , (d) secondary camera, perpendicular to the primary camera for alignment purpose, (e) specimen including two spherical particles and the capillary bridge.

Figure 4 :

 4 Figure4: Alignment of the specimen using a grid overlay system in perpendicular viewpoints: (a) image from primary camera on the xz plane, (b) image from secondary camera on the xy plane.

Figure 5 :

 5 Figure 5: Characteristics of a capillary bridge between two equal-sized spheres obtained from image processing.

Figure 6 :

 6 Figure 6: Superimposed numerical curves on experimental images of capillary bridges at (a) = 0.45 D mm , (b) = 0.58 D mm , (c) = 0.68 D mm . Silicone oil of =5 Vl  , spheres of =8 r mm .

Figure 7 :F

 7 Figure 7: Capillary forces of a liquid volume of =5 Vl  between glass spheres of =8 r mm and the surface tension of silicone: (a) comparison between the measured capillary force exp cap F and the

Figure 8 :

 8 Figure 8: Superimposed numerical curves on experimental images of capillary bridges at (a) = 0.49 D mm , (b) = 0.8 D mm , (c) = 1.2 D mm . Castor oil of =3 Vl  , spheres of =8 r mm .

Figure 9 :F

 9 Figure 9: Capillary forces for a liquid bridge between glass spheres of =8 r mm , and =3 Vl  and the surface tension of castor oil: (a) comparison between the measured capillary force exp cap F

Figure 10 :

 10 Figure 10: Superimposed numerical curves on experimental images of capillary bridges at (a) = 0.79 D mm , (b) = 0.99 D mm , (c) = 1.19 D mm . Impure water of =4 Vl  , spheres of

Figure 11 :F

 11 Figure 11: Capillary forces between glass spheres of =8 r mm , and =4 Vl  and the surface

Figure 12 :

 12 Figure 12: Liquid drops: (a) pendant drop method, (b) silicone oil, (c) castor oil, (d) (impure)
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Appendix A: Measuring liquid surface tension by the pendant drop method 3 that is sensitive to the shape of the created drop In the pendant drop method [START_REF] Drelich | Measurement of interfacial tension in fluid-fluid systems[END_REF][START_REF] Stauffer | The measurement of surface tension by the pendant drop technique[END_REF][START_REF] Hansen | Surface tension by pendant drop: I. a fast standard instrument using computer image analysis[END_REF], two parameters are required to be measured from the pendant drop. As shown in Fig. 12a , the two parameters are the equatorial diameter L and the diameter l at the distance L from the top of the drop. The surface tension can then be calculated by