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Systems of reflected BSDEs with interconnected bilateral obstacles:
Existence, Uniqueness and Applications

Said Hamadeéne®, Tingshu Mu®*

“LMM, Le Mans University, Avenue Olivier Messaen, 72085 Le Mans Cedex 9, France

Abstract

This paper is related to the study of systems of reflected backward stochastic differential equations
with interconnected bilateral obstacles. These systems are connected with zero-sum stochastic
switching games. Under appropriate assumptions, we provide either existence or existence and
uniqueness of the solution of those systems when the switching costs are It6 processes. The link
with systems of PDEs with bilateral interconnected obstacles is also stated via the Feynman-Kac
representation when randomness comes from a Markov diffusion process.

Keywords: Systems of reflected BSDEs; Bilateral interconnected obstacles; Zero-sum stochastic
switching games; Optimal switching; Systems of PDEs with interconnected obstacles;
Feynman-Kac representation; Viscosity solution.
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1. Introduction

This paper is related to the study of systems of reflected backward stochastic differential equa-
tions (BSDEs in short) with interconnected bilateral obstacles. A solution for such a system is a
family of adapted processes (Y*/, Z%, K*»*" K'~)(; ier such that: For any (i,j) € I" and ¢t < T,

T T T
v =g +/ F7 (5,0, (VI epyert xre, Z7) ds — / ZJ dB, +/ (dKZ+ —dKP™);
t t t

ij ij ij .
Ly <Y/ <uj,

T T
|0 - 1Kt =0 and [ - viarg <o
0 0

where:
a) I':.= Fl X FQ = {1, ...,ml} X {1,...,777,2} X

i kj i . : il | = .
b) Ly = kerglla_ﬁi}{Yt - g, (1)} and Uy := leggl_n{j}{Yt +95(0)};
c) f7, €9, g, and gj are given data of the problem which are described precisely later;

d) K“* are non-decreasing processes such that Kéj =0,
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This system introduced first in [16] is related to the zero-sum stochastic switching game, as
shown later in some papers including [4, 9]. On the other hand, note that the above BSDEs have
two reflecting barriers which depend on the solution (Y*7)(; j)er.

A stochastic optimal switching control problem of a system (which can be a portfolio in market,
a power plant, etc.) is a discrete stochastic optimal control where a strategy o is pair of sequences
((Tn)n>0, (Cn)n>0) such that for any n > 0, 7, is a stopping time such that 7, < 7,41 and ¢, are
random variables valued in the set of modes under which the system is run. Roughly speaking
at time 7, the controller decides to switch the system from its current mode to the new one
denoted by (,,. The switching actions are not free and generate expenditures. When a strategy
o is implemented, it induces a payoff which is equal to J(o) and then the problem is to find a
strategy o* which realizes sup, J(o). This problem is related to systems of reflected backward
stochastic differential equations (RBSDEs in short) with interconnected one lower obstacles to
which reduces (1.1) in the case when g;; = +oc. There are several papers on this topic including
[1, 2, 5, 11, 8, 12, 15, 22, 17, 25, 18] (see also the references therein) in connection with energy,
finance, etc.

Next, one has a zero-sum switching game if there are two decision makers m; and 7o which
intervene on the system by both choosing its joint working mode (i,5) € T' (m; and 75 choose i € T'!
and j € I'? respectively). The interests of the decision makers are antagonistic, that is to say, when
71 (resp. m2) implements the strategy oy (resp. o2) there is in-between a payoff J(o1,02) which is
a profit (resp. cost) for w1 (resp. m2). The zero-sum switching game (especially issues of existence
of the value, a saddle point, etc.) is connected with the solutions of systems of reflected BSDEs of
types (1.1) (see e.g. [4, 9]). This is the main motivation to study this system (1.1).

There are only very few papers which deal with the problem of existence of a solution for
system (1.1). The question of uniqueness is even less studied. According to our best knowledge,
system (1.1) is studied in two papers only which are [16] and [4]. In [16], the authors have shown
existence of a solution for this system (1.1) when the switching costs g, and g;; are constant. The
question of uniqueness is not addressed and remained open. On the other hand, in [4], Djehiche
et al. have considered system (1.1) in the markovian framework of randomness. By using tools
which combine results on partial differential equations (PDEs for short) with results on BSDEs,
the authors have shown existence and uniqueness of the solution of system (1.1). The switching
costs g, and g;; are not constant.

Therefore the main objective of this paper is to complete the existing literature on the problem
of existence and uniqueness of a solution for the system of RBSDEs with bilateral interconnected
obstacles (1.1) and to provide an application in the field of PDEs. Actually the novelties of this
paper are the following:

i) We show that system (1.1) has a solution in the case when the processes g,, and g are of
It6 type and under the monotonicity assumption of the functions f% (see [H5] below) ;

ii) We show that system (1.1) has a unique solution in the case when the processes g, and g;
are Itd processes and the functions f* do no depend on z. We do not require the monotonicity
assumption on these latter functions ;

iii) When randomness is Markovian and comes from a diffusion process X, we show that
the Feynman-Kac representation formula holds for (Yij)(i7j)ep, the ﬁrs‘g component of the solution
of system (1.1), i.e., there exist deterministic continuous functions (v*); jyer such that for any
(i,j) € I, s € [t,T], Y7"* = v¥(s, X"). Moreover the functions (v'7)(; jyer are the unique
solution of the following system of PDEs with bilateral interconnected obstacles: V(i,5) € T,

min{u(t,) = max [09(60) - g, (L )maxfe? (60) = _myin 0(02) + (el
— 0¥ (t, ) — LX (V9 (t,2) — fi(t,, (vkl(t,x))(m)ep)]} =0;
v (T, x) = h¥(x).
(1.2)



The monotonicity assumption of the functions (f% )(i,j)er is no longer required as in [3, 4, 13, 24],
etc. This result on PDEs improves also substantially the existing literature in this domain (see
the previous references). System (1.2) can be seen as the Hamilton-Jacobi-Bellman-Isaacs system
associated with the zero-sum switching game when utilities are implicit or depend on the values.

The paper is organized as follows: In Section 2, we give some statements and assumptions. In Sec-
tion 3 we introduce and analyse, under the monotonicity assumption on the functions (f* )(Z J)ers
the approximating schemes of (1.1) obtained by penalization. We show that the penalization terms
are bounded in appropriate space. We then show that the penalization schemes converge and their
limits provide solutions for (1.1). In Section 4, by the zero-sum stochastic representation, we show
that, the system (1.1) has a unique solution when (fi‘j)(i7j)€1" does not depend on z. Finally in
Section 5, we deal with application of the result of Section 4 in the field of PDEs. We first show
that the processes (Y% )(i’j)er‘ enjoy the Feynman-Kac representation through deterministic con-
tinuous with polynomial growth functions (v*/)(; jer. Moreover the functions (v*7)(; jjer are the
unique solution in viscosity of system of PDEs with obstacles (1.2) of min-max type. They are
also the unique solution of the dual system to (1.2) which is of max-min type.

2. Statements, assumptions and preliminaries

Let T' > 0 be a fixed real constant. Let (2, F,P) be a complete probability space which carries a
d-dimensional Brownian motion B = (By);e[o,7] whose natural filtration is Fy := 0{Bs,s < t}q -
We denote by F = (F;)o<t<7 the completed filtration of (F?)o<t<r with the P-null sets of F, then
it satisfies the usual conditions, i.e., it is complete and right continuous. On the other hand, we
define P as the o-algebra on [0, T] x Q of the F-progressively measurable sets. Next, we denote by:

- 8% the set of P-measurable continuous processes ¢ = (¢¢)¢e[o,r) such that E(sup;eqo, 1 |9t %) <
00;

- A? : the subset of S? of non-decreasing processes K = (K¢)i<T such that Ky = 0;

- H?*(k > 1): the set of P-measurable, R*-valued processes ¢ = (¢;)¢c(o,77 such that
T
E([y [¢¢lzdt) < oc.

To proceed, let I'', I'2 be the finite sets of the whole switching modes available for the controllers
or players. As mentionned previously I' := I'' x I'? and denote by A its cardinal, i.e., A :=
IT| = |T!| x |T?|. On the other hand for (i,5) € T'! x I'?, we define (I'')~% := 't — {i} and
(M)~ =12 - {j}.

Next let us denote by 7 the generic element (yij)(iyj)ep of R? and let us introduce the following
items: For any 4,k € I'' and j,1 € I'?,

1

2 (hw,§,2) € [0.7] x U x R x R s (10, 7,2) € R ;
llg

i)

i) g, (tw) €0,T] x 2= g, (t,w) ERT
i) 7 (1) € [0.7] x Qs Gyt w) € B,

iv) €Y is a r.v. valued in R and Fp-measurable.

Finally let us introduce the following assumptions on f¥,g,, and 95 for i,k € I'' and j,1 € T'?:

[H1] For any (i,j) € I'* x I'?,



a) There exists a positive constant C' and a non negative P-measurable process (7:)i<r
which satisfies E[sup,< [7s|?] < 0o and such that: P-a.s, ¥(7, z) € RA, ¢ € 0,77,

[f7(t.4,2)] < O+ ne +[9]),

where |jj] refers to the standard Euclidean norm of 4 in R* (the same for |z| below).
Note that this implies that E[fOT |£(t,0,0)|2dt] < oo;

b) fi is Lipschitz continuous with respect to (w.r.t for short) (7/,z) uniformly in (¢,w),
i.e. P-a.s., for any ¢t € [0,7], (y—f,zl) and (y_2>,zQ) elements of RA*4, we have

[F9 (g1 21) = 7 (855, 22)| < CUpt = B3] + |21 — 22)
where C is a fixed constant.
[H2] For any (i,5) €T,
a) E(€7]?) < oo;

b) €%, as the terminal condition at time T of system (1.1), satisfies the following consistency
condition: P-a.s.,

ki _ < £ < 3 gl 4 i
(69 ,(1) €72 min (¢ +5;(7)

[H3] a) For all i1,iy € T'! (vesp. ji,j2 € I'?) and t € [0, T, the process 9ii (resp. G, )
(i) is non-negative and continuous;
(ii) For any k € T'! (resp. £ € I'?) such that |{i1,i2,k}| = 3 (resp. |{Jj1,72,¢}| = 3) it holds:

P—a.s., Vt <T, 9ii (t) < gilk(t) + 9,4, (t) (resp. Tirin () <Gje(t) +Gojy t);
(2.1)
iii) By convention we set V(i,7) € I',g,, = 0and g;; = 0. Note that this convention implies
the so-called non loop free property (see (4.2) and (4.3)).
[H4] For any (,7), (k,£) € T, gik(resp. Gj¢) is an Ito process, i.e.,

t t
glk(t) = Qlk(o) + / bik(s)ds + / gik(s)dBSa t S T7
0 0

with g, € H*¢ and b;;,, P-measurable and E[sup,< b, (s)]?] < oo.

t t
G30(t) = 5,0(0) + / Bie(s)ds + / 50(s)dBy, t < T,
0 0

with 7, € H*¢ and by, P-measurable and E[sup,< [bj¢(s)[?] < oo.

resp.

[H5] Monotonicity:

For any (i,j) € I and (k,l) € =% := T — {(i,5)}, the mapping y* — f9(t,9/,2) is
non-decreasing when the other components (y”9),,4)2(k,) and z are fixed.



Definition 2.1. A family (Yij7Zij7Kij’+,K”’_)(i,j)ep is said to be a solution of the system of
reflected BSDEs with doubly interconnected barriers associated with
((f*) i jyers (€7) . jyers (9, )iker (G7%)j.0er2), if it satisfies the followings: V(i,j) € T,

Yi e 82 714 e P KE e A%

Vi =g+ ftT Fi(s,w0, (Y (kpyeri xre, 29 )ds—

5 Z9dB, + K@t - KPY (KT - K{P7), vt < T (2.2)
LY <Y} <UY vtel0,T);
[T =LK T =0 and [ (UY — YK =0,

where LY = max (V¥ —g, (0} and U = min {¥{' 47,0} < T.

3. Existence under the monotonicity condition [H5]

In this part we prove the existence of a solution for the system of reflected BSDEs (2.2) under
Assumptions [H1]-[H5]. For this we first introduce penalization schemes which we analyze and
show properties of the penalizing terms. Then by using the monotonicity assumption of the gen-
erator f(s, i, z), namely [H5], and comparison of the solutions we prove that the approximating
schemes converge and their limits provide solutions of the system of reflected BSDEs with bilateral
interconnected obstacles (2.2).

So let us consider the following sequence of BSDEs : Vm,n € N, (i,5) € T,

Yihmn ¢ §2 gijmmn o HQ’d‘
T T
Yt =g +/ S (s, (V™) e pertxre, Z20™7) ds — / ZmnB, t <T,
t t
(3.1)

where

ij,m,n ij = iJ kj
FIm(t (™) (epyerixrz, 2) = f9(8,,2) +n {yt] —nax [yt] = ik(t)]}

+
ij : il | —
m{yt i g+ g5 )}}
(zt =z Vv0and 2= = (—z) V0, Vr € R).

Since (3.1) is a standard BSDE without obstacles, thanks to the results by Pardoux-Peng [19],
the solution exists and is unique. Moreover we have the following comparison result based on a
paper by Hu-Peng [14] related to comparison of solutions of multi-dimensional BSDEs.

Proposition 3.1 ([3], pp.143). For any (i,j) € T, f¥ satisfies [H1] and [H5], £ satisfies [H2]
and (g, )i kert, (Gj1)jier> satisfy [H3]-a), then for m,n >0, we have

P— as YUmthn <yimn < yijmntl (3.2)

Next we are interested in discussing the limit of Y™ in §2? when n goes to +oo for fixed
m. Some similar results are already discussed in [12], [11], [3], [15], etc. Here we apply the same
method as in Hamadene et al. [3] to prove the convergence of Y™™ in §2 as n — oo and then
we have:

Lemma 3.2. a) For any (i,j) € T xT?, the sequence (Y™™, Zimm) <o converges, asn tends
to infinity, to (Y9 Ziim) jn 82 x H*1 ;



b) For any (i,j) € Tt x I'? and m > 0, let K™% be the following limit in S* (which exists, one
can see [3] for more details):

t :
ot ~ ijm, kjm,
ST R = iy [ {rtin s [rmn =g, 0] e

Then the triples (Y™, Zij’m,f_(”’m*)(i’j)ep is the unique solution of the following system of
RBSDEs with lower interconnected obstacles: For any (i,j) €T and t <T,

Y9 e 8279 e 12 BT € A2,

.. T .. . T . . ..
YIm g / 7o (s, (?’jl’m)(kyl)ep,zj’m) ds — / Z7"MaB + Ky - R™T
t t

—ij,m —kj,m
vim s [Y _g. ty
02 dhax |V 9,0 5
T —tij,m —kj,m —ij,m,+
Yy, ™~ Y, " —g O] VdET =0
[T = e 01} o

(3.3)

. +
where 7" (s, (W) (kers 2) = 9 (s, W) g per, 2) —m <y” - leg}%{j [y +9j1(3)]> .

¢) For anym >0 and (i,j) € T,Y"™" > ¥,

Let us just point out that the function (t,w, (y*) @ ner) — —m {y* — minjer2)-; [y +§jl(t)}}+

enjoys the same properties as f¥ w.r.t ¢, hence fij’m keeps the same monotonicity properties as fi
displayed in [H1] and [H5]. Therefore to prove that (Y™, Z”", F”’m’Jr)(i,j)GN «T2 1s the unique
solution of the RBSDEs (3.3) can be performed in the same way as in Hamadene and Zhang [12],

we then omit the proof. O

Next, we introduce another equivalent approximating scheme defined as follows : for m > 0,
let (Y, Zm K9™m4), sep be the unique solution of the following system of RBSDEs with
lower interconnected obstacle: V(i,j) € T,

Yij,m c 827Zij,m c H2,Kij’m’+ c ./42;
T T
Y = g4 +/ FIm (s, (YE ™) o pyer, 2™ )ds — / ZIMdBy + K™ — KT 6 < T
t

t

Ytz'j,m > kéﬁ_\ai)){i (Ytkj’m _ gzk(t)> < T

T
Y Y g (1) dKT =0
[ = s = g 00

(3.4)
ij,m ij ij il _ = +
where f'77(t, 7&') =f ](t7772’) - leem)-j (y T —y b g“(t))
To proceed we are going to analyse the properties of this scheme (3.4) and its relationship with
system (3.3) as well.

First note that for any (4, j) € T, the sequence (f*™),,>¢ is non decreasing w.r.t. m, since for
all m > 0,

igmp = ij,m = ij il — +
fj7 (ta%z)_fj’ +1(t,y,22): Z (y]_yl_gil(')) ZO
le(r2)—i

Therefore by applying comparison theorem of systems of reflected BSDEs (see [11]) we obtain

vYm >0, (i,j) et x %, y9m > yuwmtl (3.5)



ie. (Y¥™),, 50 is a non increasing sequence. Besides the following inequalities hold:

+
FoIrm ' /g : T . —ij,m
f = flj(tv 77 Z) - |F2|m {y” - le?gg)l*j[y” + gjl(t)]} S f”’m S f
where |T'2?| is the cardinal of I'2. Therefore once more by the comparison result of solutions of
systems we have

i, [0 |m

Vm >0, (i,5) €Tt x 2 ¥ < yiim < 7O, (3.6)
Consequently, as the sequences (Y%™),,>q and (?ij’m)mzo are decreasing then if one of them
converges then is so the other one to the same limit.
Finally we have the following estimate of the penalization term in (3.4). This estimate plays a
crucial role in the proof of existence of the solution of (2.2).

Proposition 3.3. For any (i,5) e T, Vit < T,

m’E | Y T =Y gy () )

ler2—{j}

<C (3.7)

where the constant C is independent of m.

Proof. First let us show that there exists a constant C independent of m such that for any (i,5) € T,

E [sup |Ysij’m2} <C. (3.8)

s<T

Actually taking into account of (3.6), it is enough to show that Y™ satisfies the same estimate.
But from (3.2) we have

P—as YU <yum0yiimn (3.9)

and the sequences (Y™, < (i,j) € T, converge in S? respectively to Y (one can see [3],
Prop.3.3, pp.149, for more details) where (Y, Z% K"); ;yer is the unique solution of the system
of reflected BSDEs wih interconnected upper obstacles associated with

(_(f”)(i)j)ep7 (§7)i5)ers (gjl)jﬁleIQ). Now the claim follows since ¥#m & lim,, Y™™ and
Yij,m+1 < Yij,m.

Next in order to prove the boundedness of the penalized part of (3.4), we rely on the link
between solutions of systems of reflected BSDEs with lower interconnected obstacles and optimal
stochastic switching, which is well studied in the literature (see e.g. [1, 8, 11, 12, 15] etc). For
this purpose, we set u := (0y,0n)n>0 an admissible strategy of switching, i.e., (0n)n>0 is an
increasing sequence of stopping times such that Plo,, < T,Vn > 0] = 0, 6, is I''—valued and
Fo, —measurable random variable. Next when v is implemented, we set the cumulative switching
cost A} := Zg&nflén (0n) (o, <t for t < T and A% := tli_)rrqlﬂAZg‘. On the other hand, for ¢t < T,

n>1
we set a; 1= 0015, (t) + Z 0n-11(s,_, 0,1(t) which stands for the indicator of the mode in which
n>1
the system under switching is at time ¢. Note that a is in bijection with the strategy u. Finally
denote by A% (t € [0,T] and i € T'!) the following set:

L= {u = (o, dn)n>0 admissible strategy such that o9 =¢,dp = and E [(A%)Q] < oo}



Next for j € I'? and a € A%, let (U™ V%™) be the unique solution of the following BSDE which
is not of standard form since A® is only rcll: Vt < T,

U%m is rell, E [SuptST |Ufj’m|2} < 0o and VaIm ¢ Y24,

T T
Ua]m gaTj +/ ﬂ(szao)fw,m (S7 (Yskl’m)(k,l)eFa‘{eaj’m) ds 7/ Vsaj,mst + A% _ A?'
t
) (3.10)
where for any s < T', f*"" is defined by:
faj’m(sv (Yekl’m)(k,l)eraz) = Z Z {qu Ykl )(k,l)el“;z)
nzl \gel (3.11)

- m Z (qujm _ qul,m _ gjl(t)>+}1{5n—1:q} Lo 1 <scon)
le(r2)~

ie. A9 (s, (Y ktm )(kl er, 2) = f4m (s, ( Skl’m)(k}l)ep,z) if at time s, a(s) = ¢. Let us notice that

the arguments of f*9'™ are s,w and z since (YFE™) g per is already fixed. Then the following

representation holds true (see e.g.[11]): Vt € [0,T7,

Y™ = ess sup (U‘” o A?) (3.12)
ac Al

since, mainly, the switching costs verify the non free loop property (4.2).
Indeed let (Y™, Z7"™ K""™); j)er be the unique solution of the following system:

ZijJn c 82,Zij’m € H27Kij’m7+ c AQ;

T
X?’m:é“i“r/ P9 (V™) pyer, Z9™) —m Y (Y™ = YT~ gy (s))T o ds
t le(T2)~i

T
- [ zEmaps gt - K e <
t

Yz max (YPT-g (1), t< T

- ke(rt)—t
ij,m kj,m ij,m,+
;[ e - au)] e —o
(3.13)
Therefore (see e.g.[11]): Vt € [0, T7,
Y™ = esssup(UM™ — A%). (3.14)

acA?
But (Y™, Zidm K9m), o is also solution of (3.13), then by uniqueness of the solution of
system (3.13) we have Y™ = Y™ which combined with (3.14) implies (3.12).
Next as a consequence of (3.12) we have: For any t € [0,T], i € I'* and j,1 € I'?,

.. . + +
(v =t =g () < ess sup (e vt = gm) (3.15)
ac A}

Now for t < T, let us set Wb .= yedm —yahm —g;(t), W ibmt . (gam _gebm —gu()"
and let 6 be a real constant which will be chosen appropriately later. Then applying Ito-Tanaka’s



formula with e~ W™ T vields (note that W™ = 0 by (H2)): V¢ < T,
t T
T
e—@tWta;jl;m7+ _"_1/ e—ade”;u
2 Ji
T .
- 9/ e Vs aItmt s
t

T . . p—
+/ Liymitmsge " {f” (s, (V&™) ryers V™) = £ (s, (V™) e, V™) + bjl(s)} ds

t

T

t
T
- /n(Wg,jz,m>0)e—95 S wgdkmt N et G ds
t ke(r2)—i ke(r2)—

(3.16)

where L" is the local time of Wb+ at 0 and % (s, (YF™) e yer, 2) = £49:0(s, (Y™ e per, 2)
(see (3.11)). Next let us focus on the last term of the right side of (3.16): V¢t <T

T
—m/ H(Wa,jl,m>o)e_es Z W;,ka,—«—_ Z Wsa,lk,m,-&- ds
t ke(I2)—i kerz2—{1}

T
:m/ Lyaitmsgye " § Walims _ypaibmet 3™ (athmt _jpadbmet) 4 gs,
t ker2—{j,l}
(3.17)

Note that R(Wg,jz,m>0)wsa,lj,m,+ = 0 since {W&IL™ > 0} N {W L™ > 0} = () as g;; > 0. Next by
applying the inequality a™ — b < (@ — b)™ we have: Vs < T

a,lk,m,+ a,jk,m,+ . al,m — aj,m — +
]I(Ws‘””‘m>0) Z (Ws - W ) < ]l(wgvﬂl’m>o) Z (Us = Gi(s) = U™ + gjk(s))
ker2—{j,1} ker2—{j,i}

Using the fact that g;,(s) + g.(s) > g, (s), by Assumption [H3]-(a),(ii), we deduce that

weibm < gem — gt 4 g, (s) — Gir(s)

and then
0< 1(W3~J’lvm>o) Z (U™ = Gyy(s) — U™ +§jk(5))+
ker2—{j,1}
< Z I(Uﬁj”"*U?‘*"’#m(s)fﬁjk(s)>o)(Ugl’m —u(s) — Usaj’m +§jk(8))+
ker2—{4,i}
=0.

Now going back to (3.17) we obtain: V¢ < T,

T
_m/ ]l(Wa,jl,7n>0)€_es E Wsa’]k‘7m’+ - E Wsa’lk7m7+ dS
¢ ke(T2)—3 ke(r2)-t



T
< —m/t ]].(W:,,jl,m>0)6795W:’ﬂ’m’+d8 (3.18)

and consequently from (3.16) we have: V¢ < T,

. T . 1 /T
e—@tWtaJl,’ﬂh"r +m/ ]1(Wa,jl.m>O)€_93Wg7]l7m7+ds+ 5/ €_ede;U

t ° t
T ] T )
< 7/ Lyyeatmsg e S(VEI™ — V™ — 55 (s))dBs + 9/ Lyeitmsg e SWeIbmtds
¢ t

T
+/t Liyaitmsge {fa] (5, (Y™ kyers V™) = £ (s, (V™) e, V™) + bjl(s)} ds.
(3.19)
Next by taking 0 = m, recall that [H1] implies the boundedness of (f*(t,7,2)) jer by |7l and

[H4] represents (g;;)jier2 as Itd process, hence by taking the conditional expectation we deduce:
vVt <T,

Wbt < E / eI (5, (Y™ opyer, V™) — £ (s, (V™) o pyer, VIEE™) + bju(s)|ds
t

.

T
<E |C{1+sup|n|+ Z sup [V 4 sup [bji(s)| / e~ M ds| F,
s<T (k,l)EI‘SST s<T t

1 _
=—(1—e TR |C S L+supn|+ > sup V™| +sup [bi(s)] ¢ | F
m s<T s< s<T
= (k,)er = =
Now by (3.15), we get
VST, MY =Y - g (0)T < CE {1 supnd + 3 sup VE 4 sup [B(s)] |7
s<T

ssT (kpyer 5=T

and then squarring, using conditional Jensen’s inequality and finally taking expectation to obtain:
vt <T,

.. . 2 _
B | {0 v g | < OB el 3 sp v s (o)
s<T (k,))eT s<T s<T

which implies the desired result since the processes 1 and Ejl are uniformly square integrable and
by estimate (3.8). O

Next we are going to show that K% ™% is absolutely continuous w.r.t time and its density

dK i m.+
(Sdi)sqw belongs to H?! uniformly in m.
B <
Proposition 3.4. For any m > 0 and (i,7) € T, there exists a P-measurable process (aij’m)tST

such that for any t < T, -
Kt”’m’Jr _ fot aiim s,

T
Moreover there exists a constant C independent of m such that E l/ i m|2ds| < C.
0

10



Proof. Let us consider the following system of BSDEs: for any (i,5) € T,
Y/ij,m,n c 82, Zij,m,n e H2,d :
T
Yjmn =g 4 / [ (s, (Yskl’m)(k,z)era ZJm) — mZ(Y;j’m -y — gu(s)* (3.20)
t

1#]
0 Sy (VI T 4 g ()~} ds — [T Z9m0dB,, ¢ < T.

For (i,j) € I', m > 0 and s < T let us set:

I (s) = f9(s, (Y™ yer, Z0™) —m Y (Y™ =Y —g(s)
1#j

First note that by [H1], (3.7) and (3.8), there exists a constant C' independent of m such that

E

T
/ |q>ij>m(s)|2ds] <C. (3.21)
0

On the other hand the sequences (?ij’m’", Zimn n Jo 2kery- (Yigmon _ ykimn 4 g.k(s))_}ds) ,
=t n>0

(i,) € T, converge when n goes to +o0 in 8% x H2 x 82 to (YW, Zim Kimt) (i 4) €T,
respectively. Moreover (Y™, Z'm K™% ); o (see e.g. [3] for more details) is solution of the
following system: V¢ < T,

T T
Y =g +/ fm (s, (Yskl’m)(k,l)en ZJg™)ds — / ZIMdB, + K™ — K
t t

T s (V- g, 0)

T ke(T1)—i
T
Srij,m kj,m i, +
/0 [Yt - kergagf_i(iﬁ - gik(t))} dK; = 0.

(3.22)
As the solution of this latter is unique and by (3.4), (Y™, Zi@:m [KW9mF), o p s also a solution
then, Yim = yim ziim — ziim and Kimt = K™+ for any (i,7) € T.
Next for s < T, i,k € T'! and j € T'?, let us set

I = (B T g ()"

Note that by Assumption [H2], p?fj = 0. Now if (Xg)s<r is a continuous semimartingale then
by the use of It6-Tanaka formula (see e.g. [20], pp.231) we have that: Vt < T,

T T
(X7) + / Lix. <oy d{X)s = (X% 42 / X dX..
t t

Therefore for any ¢t < T,

T 2
ikj,m,n\2 B ) 7ij,m,n ~kj,m,n
(0} ) +/ ]lmw,m,nf?skj,m,ug_k(s)<0} (ZS -7 +o,.(8)) ds
t -1

T
= —2/ ]l{f/sijymr,n_)“/skj,nl,n_,’_gvk(s)<0}plsk]1m7n {CDU’m(S) _ q)kj’m(s) _ bm(s)} ds
t =R

T ik —ij,m,n —kj,m,mn (323)
+ 2/ ]].{)"/Sij,m,n_}’}skj,m,n_"_g.k(s)<0}p; j.m,n <Z9 - ZS +gik(5)> dB,
t )

T
o o ikj,m,n § : ilj,m,n § : klj,mmn
_ 271/ ]l{Y;J,m,n7Y5kj,m,n+gik(s)<0}ps ps ps dS
t ) le(r)—i le(r1)—*

11



We now focus on the last term of (3.23).

T
ikj,m,n E ilj,mm § klj,mmn
— 27’L/ {YLJ m,n YkJ ,m, n+g (5)<0}ps Js ,0 _ p Js dS
t le(T)— le(T1)—k

T T
_ o o ikj,m,n\2 o o ikj,m,n kijm,n
= Qn/t 1{),3”,mm7Y5kj,m,n+gik(S)<0}(ps )4ds + 271/75 Ligrigmon _ghimn - (s)<0y 5 Py ds
ik | —
=0

T
+ 271/ [yidmn _ykim, n+q (S)<0}p;k3 ,m,n Z ( pélj mn plsclj,nL,n) ds
t leT {3k}

(3.24)

since by positiveness of g, and g, {yigmn _ykimn +g,,(s) <0}N {ykimm _yijmmn +9,,(s) <
0} = 0. Next by applying the inequality a= — b~ < (a — b)~ we have

ikj,m,n klj,m,n ilj,m,n
P > (e = pifimen)

lert—{ik}
ikj v ki vlj - Y Y% —
= gl 3T YT g, ()7 (VT VI g (5)” )
lert—{i,k}
< pilpmen N (YR i g (5) < g, (s))
lert—{i,k}
= ]l{f/;j,m,n_{,skj,m n (s)<0}/~72k] ,m,n Z (Y;kjym,n _ Y:Sij,m,n +gkl(s) _ Qu(s)) =0

lert—{i,k}

since by Assumption [H3]-(a),(ii), for any [ € Tt — {4, k}, ]].{Y:'j,m,nii}skj,m,n+g. (s)<0}(ij’ o —
yimn 4 9,,(s) —g,,(s))” = 0. We then deduce from (3.23) that, after taking expectation,

T T
ikj,m,n ikj,m,n\2
/t (irmm_ykmn gy (s)<0}(p ) dS] =2nk l/t (ps™ ) ds]
T . . .. .
/ PRI BT () — §RIM (5) — b (s)|ds
t
T . .
<ub | [ (s
¢

which implies that

T
/ (pikj’m’n)QdS
t

Then by (3.21) and Assumption [H4] on b,;,, we obtain:
T . .
| t@ameas
0

for some constant C independent of n, m. It implies that for any (i, j) € T, the sequence ((a™" :=
N3 keri_ gy P87 )s<r)n>0 is bounded in H*'. Thus one can substract a subsequence (still

2nkE

<2E

1
+-E
n

T
/t B (5) — BRI (s) —bik<s>|2ds] (3.25)

n’E < CE

T
/t {l27(s)]* + |25 (5)|* + |bax (5)7 } dS] : (3.26)

n’E

SQandnz]E/ Zp””m"2ds <C
k#i

12



denoted by n) such that for any (i,5) € T, ((@¥™™) ;<1 )n>0 converges weakly in H*! to some
P-measurable process (a;”"™);<r which moreover satisfy: For any (¢,7) € I' and m > 0,

T
E V (agﬂ"m)%s] <C. (3.27)
0
Additionnally for any (7,7) € I and any stopping time 7 it holds:

Kimt = / ™ (s)ds. (3.28)
0

T

Actually this is due to the fact that the sequence (|,

g ad™ds)y>o is also weakly convergent in

g 2 .
L2(Q, Fr,dP) and since, as pointed out previously, K™+ S im,, o Jo o mnds.
Indeed let us show the weak convergence of ( fOT Q™ ds),>o. Let ¢ be a random variable of

L%(Q, Fr,dP). By the representation property there exists a P-mesurable process (7j;);<7 of H*?

such that: .

Vi < T, E[¢|F) = E[] + / 7.dB,.
0

Next by Ito’s formula we have
E {g / ozij’m’”ds} =E [E[Cﬁ] / aij*m’”ds} =E [ / E[Cfs]aij’m’”ds]
0 0 0

since by Burkholder et al.’s inequality ([21], pp.160) (fg(fos amndr)isdBs)i<r is a martingale

due to E[{fOT(fos aidmondr)2|i 2ds}z] < co. As the sequence ((a™™) 1,5 converges weakly
in H*! to o™ then

E [/OT E[C|Fs}ay,m,nds] . E {/OTE[QJ:S]Oé?’mdS] - [C /OT aij’mds:|

which is the claim. O

Proposition 3.5. There exist continuous adapted processes (Yij)(i’j)er‘ and P-measurable pro-
cesses (Z'7)(; jyer, such that for (i,j) € I* x I'?:

i) (Y™, >0 uniformly converges to Y in S2.
i) (Z9"™),n>0 converges to Z9 in H*4.

Proof. First let us recall the process (Y™); iyer in (3.4). Next fix (4,7) € I and let Y/ be the
optional process such that B -
P-as, Vt<T, Y = li_r>n Yy,

which exists since the sequence (Y*™),,>¢ is decreasing (see (3.5)). On the other hand for any
m > 0 we have: Vt < T,

T T T
Yy = £ —|—/ fim(s, (Yskl’m)(k’l)ep,Zi,j’m)ds —|—/ Q™ (s)ds — / Z;j’mst.
t t t

Then using It6 formula with (Y%)2 and taking into account of (3.21)-(3.27), one deduces the
existence of a constant C independent of m such that

T
/ |z ds
0

13

E <C. (3.29)




Next, let {m} be a sequence such that:
i) (fij(s7 (Yskl”")(k,l)ep, Z;j’m'))ng)m>O converges weakly in H%! to ®¥ ;
i ij,m _ yilm _ 5. + 2,1 .
ii) (m Dierz— {5} (vidm —yibm — g, (s)) )SST)m>0 converges weakly to 0% is H*! ;
iii) (afm)

iv) (Zij’m)

i e 2,1 .
m>o Converges weakly to o is H=" ;

> converges weakly to 79 is H>,

This sequence exists thanks to Assumption [H1] on f% and (3.8), (3.7), (3.27) and finally (3.29).
Next let 7 be a stopping time. Then as in the proof of Proposition 3.4, the following weak
convergences in L?(dP), as m — oo, hold true:

a) / F9(s, (YEY™) o pyer, Z19™)ds — / Y (s)ds,
0 0

b) / m > (VI Y ga(s)ds — / 6 (s)ds,
0 0

ler2—{j}
c) / ozij’m(s)dsé/ ¥ (s)ds,
0 0
d) / Zimdp, — / Z9dBy.
0 0
Therefore for any stopping time 7, we have:
Y;‘J’:th/ fI)ij(s)ds+/ Gij(s)ds—/ aij(s)dsf/ ZYdB,.
0 0 0 0

As Y is an optional process and this equality holds for any stopping time then the processes of
the left and right-hand side are indistinguishable which means that P — a.s.,Vt < T,

t t t t
Vi =y /O % (s)ds + /O 63 (s)ds — /O ol ()ds — /O Zi4B, (3.30)

and the process Y% is continuous. Thus by Dini’s Theorem the convergence of the sequence of
(Yi3m),.50 to Y holds in S i.e. limy_o E [SuptST Y, m v |2} —0.

Next once more by the use of It6’s formula with (Y™ — Y%™)2 and taking into account
of (3.21)-(3.27) one deduces that (Z"™);,>¢ is a Cauchy sequence in H>4 and then (Z9™),,>0
converges strongly to Z¥ is H>. 0O

To proceed let us define for any (i,j) € T, t < T,
K~ :/ 09ds and K;»" :/ a¥ds.
0 0

We then give the main result of this section:

Theorem 3.6. The process (Y, Zij,Kij’+,Kij’_)(i7j)€p is a solution of the system of reflected
BSDEs (2.2).

Proof. First note that by (3.30) and since YTij = ¢ then for any (i,j) € T,
.. .. T .. T .. T .. T ..
Y = ¢4 -1—/ DY (s)ds —/ 0% (s)ds —|—/ a'(s)ds —/ ZYdBs

14



Now recall the definition of ®% and since the convergences of (Y™),,~q and (Z%™),,~¢ hold in
strong sense then N N N
O (s) = Y (s, (Y ) pyer, 27) , ds @ dP

which implies that for any (7, j) € T, P-a.s. for any ¢t < T,
VO =€t [ (s V) e, 2) ds + (P - K9 - (T — k) - [ 2,
t t
Next from (3.4) we have

S

T T
YO =g [ (VI pen, 20 s [ 20T aB, + R - g
t t

which implies in taking expectation

T
mh / > I =Y — ()t
0 rer—{i}

=E

—Ygh™ €Y+ / £ (s, (n’“’m)(k,ner,zzﬂ’m)ds+K;J’m’*] : (3.31)
0

Then by Assumption [H1], (3.8),(3.27) and (3.28), there exists a constant C' such that

T
E / S @Im =Y —gi(s) T < Cm7! (3.32)
O erz—{jy

which implies that, in taking the limit as m — oo, for any (i,j) € [ and s < T, Y¥ < Vi +
Gje(s) for any ¢ € 'y — {j}. Then

P—as.,¥s <T, Y9 < min (Y + gje(s)).

rer2—{j}
Next
E Y9 — min (Y +g; dK7~ | = —E / Y9 — min (Y +g; Ud
/O ( : Eeggl{j}( : gﬂ(S))) ( ; ( : Eeggl{j}( : gﬂ(S))) agds
(3.33)
T B " -
_ ij,m _ ; m 4 = ij,m _
= lim B /O (Ys pemin (Y "‘9]1?(5))) aMds| =0

since (a'#™),, is weakly convergent to o’/ and (Y™ — minger, ;3 (Y*“™ + gj¢))m converges
strongly in S? to Yij—mingepz,{j}(Yw—i—gjg))_. As fOT(YSij—mingepz,{j}(}ﬁz—i—gjg(s)))dl(;j’_ <0
then

T
P—a.s., Y9 — min (Y + gi(s ) dKY— = 0.
/O ( s fGFz*{j}( S g_]ﬂ( )) S

In the same way one can show that

T
P—a.s., Y — Yk — g dK9+ = 0.
o [ (12 s (0 < g, (00 ) a

Thus the processes (Yij,Zij,Kij*,Kij’_)(i’j)ep is a solution of the system of reflected BSDEs
(2.2). O
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Remark 3.7.

(i) The constant C' such that for any (i,j) € T,

E <C

T
/ (0P + |97 ?)ds
0

depends only on () pyer, (§7)u jer: (9,,)ikerr and (Gji)jier2-
(ii) In our construction of the solution of (2.2) through the penalization scheme (3.4), we have
penalized the upper barriers. Had we taken the dual scheme of ga.{l)vy{hej@,_ instead, the lower
barriers are penalized, we would have obtained another solution (Y”,Z”,K”*i)(i)j)ep of system
(2.2). Additionally we have Y < Y% for any (i,5) € T.
(iii) The solutions of systems (2.2) which we have constructed are comparable. Actually let us con-
sider (il’w)(i7,j)el“7 (§1’”)(i7j)er, (g;k))i’kel"l and (gjl-l)j’lerﬁ items which satisfy the same assump-
tions (H1)-(H5) repectively as (f*7)qi jer, (€7)ajer: (Gin)ikerr and (gji)jier:- Let us denote by
(Yhid zbid gLt K07 G o er the solution of system (2.2) associated with {(i17lj)(i7j)€1"7 (§17ZJ)(i,j)€1"7
(g;k)i,kel"l, (g}l)“ew} (which ezists by Theorem 3.6). Assume that for any:

a) (i,7) €T, f9 < f9 and €9 < V9 ;

; 1 L.

b)i kel 9 = i

C) ]7l S FQ; gik S gzlk
Then we have: For any (i,7) € T,

P—as., Y9 <yhi,

This is actually a direct consequence of the constructions of Y and Y1 since for any (i,j) € T,

Y9 = lim YY™ and Y'Y = lim Yh9m
m—0o0 m—0o0
where (Y19™),; ocr are defined in the same way as (Y9™) jyer in (3.3) but with the items
{(il’”)(i,j)eD (§1’”)(¢,g‘)er7 (ggk)i,kel“'l', (Q}l)j,lefg}. But by comparison ([11], pp.190 for more de-
tails) we have for any (i,7) € T, Y™ < Y™ which implies the result in taking the limit as
m — 00. O

4. Existence and uniqueness without monotonicity

In this section, we focus on the second main result of this paper. Actually we are going to
show that system of reflected BSDEs with inter-connected obstacles (2.2) has a unique solution
without assuming the monotonicity Assumption [H5] on the functions (f% )(i.j)er- Meanwhile in
this section we shall need the following assumptions:

[H3] b) The processes (gik)i’ker‘l and (g, ¢)j,eer2 verify the non free loop property, that is to say, if
(iks Jk)k=1,2,..,5 18 a loop in T', i.e., (in,jn) = (i1,1), card {(ix, jr)k=1,2,...v} = N — 1 and
for any k =1,2,..., N — 1, either i1 = ix (resp. jr+1 = jk), we have:

N-1

P—as, VE<T, Y Gij(t)#0 (4.1)

k=1
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where Vk = 1,..N — 1, G;, ;. (t) = —g

Fig k1
makes sure that any instantaneous loop in the switching mode set I'" x I'?, of the players
(or decision makers), is not free i.e. one of the controllers needs to pay something when the
system is switched and comes back instantaneously to the initial mode. Note that (4.1) also

() Liyir s + Gjjr ) 1Lj, 24,4, - This assumption

implies: For any (iy,...,iy) € (I'')" such that iy = i; and card{iy, iz, ...,in} = N — 1,

N—-1
P lz Gyi ()= 0] =0, Vt<T, (4.2)
k=1

and for any (ji,...,jn) € ()Y such that jy = j; and card{ji, j2,...,jn} = N — 1,
N-1
’ [Z Tiinsa 1) = 01 =0, vt <T. (4.3)
k=1

[H6] For any (i,j) € T, the function f does not depend on z.

We highlight that in this section, the generator (f% )(i,j)er is not monotonic any more, i.e. it does
not verify [H5].

First let us temporirally assume that for any (i,7) € T, the function f% does not depend on
(7, z). Therefore by Theorem 3.6, there is a solution (X”,Z”,K”’i)(m)ep of the following system:
v(i,j) €T,

Xij c 527227’ c HQ’d,Kij’Jr c A27Kij,7 c AQ;

YU = gid +/ f(s)ds — / Z7dB, + K3 K9 T — (K™ —KJ?7), vt < T
. . t . t

LY <YY <U/, vt €0, T];

T .. .. .. T .. .. ..
/ (X? - L;J) dK#* = 0 and / (Q;J - X?) dK ™ = 0.
0 0

(4.4)

where L o= max {17 — g, (0} and U o= i {Y!+5,(0}, ¢ <.

As pointed out previously we are going to represent the process Y as the value function of a
zero-sum switching game which we describe briefly now.

Let us consider a system which has A = |T'! x I'?| working modes indexed by I'' x T'2. It means
that a working mode is a pair (i,j) such that i € I'* and j € I'2. This system is controlled by
two agents or players P1 and P2 by choosing their own appropriate working mode of the system
and switch to another one when they make the decision to do so (e.g. according to profitability,
etc.). The player P1 (resp. P2) chooses her modes in I'" (resp. I'?). The features of the system is
that when it works in mode (i, 7) from time ¢ to ¢ + dt, it comes with a payoff which amounts to
f¥(t)dt and which is a profit (resp. cost) for P1 (resp. P2). On the other hand when the player
P1 (resp. P2) makes the decision at time ¢ to switch from mode i (resp. j) to k € I'' — {i} (resp.
I € T? — {j}), she pays an amount which equals to 9., (t) (resp. gji(t)). Therefore a switching
control for P1 (resp. P2), denoted by u (resp. v) is a sequence of pairs u := (0y,0n)n>0 (r€sp.
v 1= (Tn, Cu)n>0) such that: Vn >0,

i) o, is an F-stopping time such that o,, < 0,41 and d,, is a r.v. with values in I'! and Fo, -
measurable (resp. 7, is an F-stopping time such that 7,, < 7,41 and ¢, is a r.v. with values in I'?
and F,, -measurable) ;

ii) Plo, < T,Vn > 0] =0 (resp. P[r, < T,Vn > 0] =0) ;
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iii) Let us define the process A" (resp. BY) by

A = Zg&n—l&n (0n) (s, <¢) for t <T and A7 := tli_}n; Ay
n>1

(resp. By = glggn_lcn (Tn)L(¢, <p) for t <T and By := tlL% BY)
then E[|A%|?] < oo ( resp. E[|B%[2] < c0).

A control which satisfies the properties i)-iii) is called admissible.

Next let Al (resp. B{) be the set of admissible controls u := (04, 05 )n>0 (resp. v := (Tn, (n)n>0)
for P1 (resp. P2) satisfying oo =t,d9 = (resp. 70 =t,& = j)-

To proceed let (u,v) € Al x B{ be a pair of switching controls of the players. We define the
coupling of (u,v) by v(u,v) = (Pn;Yn)n>0 as the modes under which the system is run along with
time after ¢ when P1 (resp. P2) implements u (resp. v). In our definition we give the priority
of switching to player P1 in the case when both players make the decision to switch at the same
time.

Precisely let:

i)rg=s9=1,1 =s; =1 and for n > 2,

Tn =Tn—1+ l(arn71§75n71)7 Sp = Sp—1+ ]1(7%71<‘7Tn71);
ii)
vn > Ovpn =0r, A Tsps
iil) (yn = (fy,(ll),fy,(f)))nzo is a sequence of I'—valued random variables defined as follows: vy =
(60,¢p) and for all n > 1,

(0r,, s 7782_)1) if o, < 75,and o, < T}

_ 1 .
Tn = ('Vr(L—)la Cs,) if7s, <op;
Tn—1 ifrs, =0y, =1T.

We associate with (u,v); the following process () sef, ) which indicates in which pair of modes
the system is along with time: Vs € [t, T,

Ts = ’70]1[P07P1](s) + Z Py”]l(ﬂmpnﬂ}(s)

n>1

where (pn, pp+1] =0 on {pp = ppi1}- ) .
Finally when the player P1 (resp. P2) implements the control v € A% (resp. v € B}), the payoff
in-between, which is a reward for P1 and a cost for P2, is given by:

T
17 _ T T _ 7
T (v(u,v)) =E | €7 + /t S (s)ds 7; (gvi}lﬂw(pn) g, e (pn)> Fi (4.5)
where (™7 = ¢4 if at time T, 7 = (i,4) and f7(s) = f¥ if at time s, 7(s) = (i, ), for any s < T.
The following result is stated in [9]:
Theorem 4.1. (/9], Theorem 3.1) For any t € |0,T] and (i,5) € T,

Y9 = esssupessinf JZ (y(u,v)) = essinf esssup J;? (y(u, v)).
u€ Al vEB] veEB] u€Al
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As a by-product of this result we have the following one related to uniqueness of the solution
of system (4.4) which stems from the above characterization of the component Y% as the value
function of the zero-sum switching game.

Corollary 4.2. Let (Y7, 71| g+ )i.j)er be another solution of sytem (4.4), then for any (i,j) €
Tr

yii :ﬁj7 Zij :Z? and KFH’_ _Ej,— :Kj,+ _Kj,—.
Finally thanks to Theorems 3.6 and 4.1, we will prove the existence and uniqueness of the

solution for the system of reflected BSDEs with bilateral interconnected obstacles (2.2) without
assuming Assumption (H5) on monotonicity and we instead assume [H6].

Theorem 4.3. Assume that [H1]-[H{] and [H6] are fulfilled. Then system of reflected BSDEs
(2.2) has a solution (Y, 2", K K%7) ier, i.e., for any (i,j) €T and t < T,

Yij c SQ,Zij c H2’d,Kij’:t c AQ :
T T

v =g +/ F7 (5,0, (VI (kpyerrxr2) ds — / ZVdB, + K — KPP — (K™ = K{77);

.. .. t .. t
Ly <Y <U7;
/ (v = L) dK?* = 0 and / (U =y ) arp~ =o,

0 0

(4.6)

where LY = kel&al))(—i {Ytkj —gik(t)} and U} = l ]énén {vi'+3 g;1(t)} . Moreover it is unique in

the following sense: If (?ij,Zij,Fij7+,Fij,_)(i7j)E[‘1XF2 is another solution of (4.6), then for any
(@,j) €T, y ) ; y
Y9 =y, 7 = 70 BT RO = g - i
Proof. First let us define the following operator:
o HEN A
¢ = (d)zj)(i,j)GF — CI)((b) = (Y¢7U)(i’j)€1‘ (47)
where (Y9, 7% K#:%), op is the solution of the following system (this solution exists and
is unique by Theorem 3.6 and Corollary 4.2): V(i,j) € T,
YO € 82,741 € {24, KOiIE € A2
v i [ s des— [ 2208, 1 K - K (3 - KP), <,
y Je t
Ly <YPY < UV, e [0,T);
/ (9% — L) ak? ¥+ =0 and / (U9 =Y ) P =0
0 0
(4.8
where L?% and U%% are defined as previously but with the processes (Y%)(; syer. Let .
(4

(¥"7) (i jyer be another element of H** and let (Y%, Z¥:4 K¥id-%), . be defined as in
but where (b is replaced with w

i

8)

Next let us introduce the following norm on H2*, denoted by || . ||2., and defined by
1

T 2
E (/ eat|yt|2dt)]
0
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The space (H??, || . ||2.o) is of Banach type. If the map @ is a contraction on (H**,| . ||2.a), then
it has a fixed point which is the unique solution of (4.6). So let us show that ® is a contraction.
By Theorem 4.1, the following representation holds true: V(i,5) € T and ¢t < T,

Y24 = esssup essinf J (v(u, v)) = essinf ess sup J7 (y(u, v))
u€ Al vEB] veEB] u€ Al

where

IO (y(u,v)) =E | €77 +/t (5, 6(s))ds — Z(g%(f)

1
—1 )7(1 )

(Pn)—ﬁvgﬂgg)(/}n)) Fel . (4.9)

Next let 1/7 = (W'j)(i’j)ep be another element of H2*. Once again, for any (i,5) € I and t < T,

Y,/ = esssupessinf J 7 (y(u, v)) = essinf esssup JP 7 (v(u, v))
ue_Ai veB; veEB] “G-Ai

where JZ/’ "7 is defined similarly as Jf I Hut with 1/7 instead of (5 Therefore

Vi< T, |V — Y| < esssupesssup ‘th’ij('y(u,v)) — Jf)’ij('y(u,v))‘ . (4.10)
u€Al  weBd

First, by the martingale representation theorem, there exists a predictable process AZ¥:®™ ¢ H>¢
(m depends on (4, )) which is adapted with respect to (F;);<r such that: Vt < T,

.

T
TP (W 0) = TP ((wv) = B [/ (F7(5,9(s)) = f7 (5, 6(5)))ds

T N . t . .
—E / (F™(5,5(5)) — £7 (s, 8(s)))ds ft] _ / (F(5,5(5)) — £7(s, 8(s)))ds
0 0
= Vo t Vi — t T(s,1(s)) — (s, b(s S. .
c +/0 AZP97 4B, /0<f (5,0()) — (5, 3(s)))d (4.11)

where C¥:¢™ .= E UOT(f”(s, U(s)) — f (s, qg(s)))ds} Thus V¢ < T,
A(J7 (y(u,0)) = TP (v(w, ) = =(F7 (4 0(1) = f7(t,6(1)))dt + AZ T dB,. (4.12)
Next by applying [t6’s formula, one has: Vi < T,

et (396w = 729 Gu )| = et (2960 00) = 79 G 0)
+2 (I (3w, 0)) = I (o)) { = (7 00) = 7 (2 6(0) ) dt + AZP 7By}
(4.13)

Now let ¢ € [0,T] fixed. By integrating in (4.13) from ¢ to T we obtain:
g g 2 T
et (9w )~ PG we)) + [ e |azeT s (4.14)
t

T
- *“/t € (JE (3y(u,v)) — T (4(u,v)))” ds
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T
w2 [ e (P 0)) = I ) (575,55 — 175, s)) ds
t
T
— 2/ e*® (J;/”ij(w(u,v)) — J2Y (y(u,v))) AZV9™dB,. (4.15)
t
Now let us apply the inequality 2ab < aa? + a~1b6%,Va > 0,a,b € R, then (4.14) yields

- . 2 T
e (T 0w )~ IO e)) + [ e |azeeT s
t

T T
<o e (o) — o) ds =2 [ e (TP ) = T 0,0) AZY B,

@

Then by Lipschitz condition of f we have

2 2
W)

[e%

et (9 (1, 0)) = I (v () ) / " e i) - o)

T
—2 [ e (P 0) - 20 u,0) AZPO B,
t
(4.16)

where C(f) = 32, jyer Cij with Cy; is the Lipschitz constant w.r.t. f%.
Next ([ e (J¥ 4 (y(u,v)) — J (v(u,v)))AZY P ™dB,)sepe,) is a martingale. Then by taking
the conditional expectation on both sides of (4.16) we obtain

2 T o 5
B [e (729 0w 0) — 29 G 0)’| 7] < TR l/ e ii(r) — g(r) dr

ft] o (4.17)
Take now the limit as s — ¢ in (4.17) yields

C2(f)

(%

E

et (29 (3, 0) — S () < / " eie) - )P

.Ft‘| , VE<T. (4.18)
Let us recall now (4.10), then (4.18) implies that: V¢ < T,

o ij \2 _ C*(f)
et(y;ﬁd_y;@]) < - E

/t e*14d(s) — B(s)ds

}'t] (4.19)

Next take the expectation in both hand-sides of (4.20) (and replace ¢ with 0 in the right one) to
obtain:

B (v - vp)'] < Sy, [ / "o lie) - $<s>|2ds] . (4:20)

a
Finally by integrating (4.19) from 0 to T and summing over (i,5) € I' we get

/ > et (v - Y"’”) a < CTA (f)TA

(i,5)€er

/O “ﬂz/?(s)&(s)ﬁds] (4.21)

Now if we take o > C?(f)TA then

H>N into itself, and then it has a fixed point which is the unique solution of (4.6). The proof is
complete. O

< 1. This implies that ® is a contraction from

C2(f)TA
(&%
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As a by-product of the above result we also have:

Corollary 4.4. The A-tuple of processes (Yij)(iyj)ep is the unique fized point of the mapping ®
on H>N,

Remark 4.5. Assume that for any (i,) € T, the function f9 does not depend on z and verify the
monotonicity Assumption [H5], then the solution constructed in Section 3, Theorem 3.6, is unique.

5. Connection with systems of PDEs with bilateral interconnected obstacles

It is well-known that BSDEs, through the Feynman-Kac representation of solutions in the
Markovian framework of randomness, provide solutions for partial differential equations. Simi-
larly, in this section we are going to show that, in this very Markovian framework, the component
(Y),jer of the solution of system (4.6), has a Feynman-Kac representation which, besides, pro-
vides a unique solution in viscosity sense of the following system of PDEs with bilateral intercon-
nected obstacles: For any (i,7) € T,

min {vij (t,x) — maxyer)-: [v*I (¢, x) — g, (t,z)]; max [0 (t, 2) — minge pr2)-s [V (t, 2) + G, (8, 2)];
_atvij(tv SC) - ‘CX (Uij)(t’ ‘T) - fij (t7 z, (Ukl(ta l’))(lc,l)el“)] } = 07

v(T,z) = h¥(x).
(5.1)
So first let us fix the framework:

i) A function ¢ : (t,z) € [0,T] — o(t,x) € R™ (m > 1) has of polynomial growth if there exist two
non-negative real constants C' and «y such that V(¢,z) € [0,T] x R¥,

lo(t, x)| < C(1 + [z[7).

Hereafter this class of functions is denoted by II,.

ii) Let C*2([0, 7] xR¥)(or C*2 for short) denote the set of real-valued functions defined on [0, ] x R*
which are respectively once and twice differentiable w.r.t. ¢ and x, with continuous derivatives.

iii) Let b(¢, z) and o (¢, x) be two functions from [0, 7] x R* into R* jointly continuous and Lipschitz
w.r.t z, i.e., for any (¢,z,2') € [0,T] x R¥** there exists a non-negative constant C such that

lo(t,x) —o(t,z’)| + |b(t,z) — b(t,z")| < Clz — 2’| (5.2)
Therefore b and o are of linear growth w.r.t z, i.e.,
b(t, )| + [o(t, )| < C(1 + |x). (5.3)

Under (5.2)-(5.3), for any (t,x) € [0,7] x R¥, there exists a unique process X*® solution of the
following standard SDE:

dXb* =b(s, X®)ds + o (s, XE")dBs, s € [t,T);

Xb* =g Vs <t. (5:4)
Besides, X% satisfies the following estimates: Vy > 1,
B |sup [X0°7] < €1+ o) (5.5)
s<T
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and its infinitesimal generator £X is given by: for any (t,z) € [0,7] x R¥,¢ € €12 ((.)T is the
transpose),

k k
LXp(t,x): = % Z (JJT(t,$))i1jagin¢(t,x) + Zbi(t, )0, (t, ). (5.6)
ij=1 i=1

We are now going to decline the assumptions [H1]-[H4] of Section 2 in this markovian framework
of randomness. So let us introduce deterministic functions f% (¢, z, %), h¥(z), 9. (t,x) and g;(t, ),
i,k €Tt j,l€T?and t,z,¢ in [0,T], R¥ and R* respectively.

[H1b]: For any (i,j) €T,
i) There exist non negative constants C' and v such that

9 (2, 9)] < CA+ [ + 7))

ii) f% is Lipschitz continuous w.r.t. § uniformly in (¢,z), i.e. there exists a constant C such
that for any i, 7> € R®,

|fzj(t7m7:ljl) - f”(t,l‘,?jz” < Cl?jl - g?'

[H2b]: For any (i,j) € I, the function A%, which stands for the terminal condition, is continuous
w.r.t. x, belongs to class II; and satisfies the following consistency condition: V(i,j) € T and
x € RF,

(dnax (@) =g, (Ta) <hV(2) < min (W(@) +g;(T, ). (5.7)

[H3b]: For all i1,is € T'! (resp. j1,j2 € I'?), the function 9ii (resp. G, j,)
ili) is non-negative, continuous and belong to Il ;

iv) For any k € T'! (resp. ¢ € I'?) such that |{i1,i2,k}| = 3 (resp. [{j1,42,¢}| = 3) it holds:
Y(t,z) € [0,T] x R¥,

9i i (t,z) < gilk(h x) + Iri (t,z) (resp. Tjrjo(67) < Gj0(t, ) + oy, (8, z)); (5.8)

v) The functions (gik)i’kerl and (g;;);,1er2 verify the non free loop property, that is to say, if
(ikajk)kzl,Q,.“,N is a 100P in Fa i'e'v (ZNajN) = (ily.jl)vCard{(ik7jk)k=1,2,...,N} =N —1and
for any k=1,2,..., N — 1, either ix11 = iy or jr+1 = jr, We have:

N-1

VEST, Y Gy lt,x) #0 (5.9)
k=1

where Vk = 1,...N — 1, Gikjk (t,.’lj) = _gikik_,_l(t’x)]l(ik#ik‘*l) + G (t’x)]l(jk75jk+1)' This
assumption makes sure that any instantaneous loop in the switching mode set T'! x I'? is
not free, i.e. one of the controllers needs to pay something when the system is switched and

comes back instantaneously to the initial mode.

Note that (5.9) also implies: For any (iy, ...,inx) € (I'')" such that iy = i and card{iy, iz, ...,in} =
N -1,
N-1
k
2—:1 Giip,, (%) >0, ¥(t,2) €0, T] x R

El
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and for any (ji,...,jn) € (I'?)Y such that jx = j; and card{ji, j2, ..., jn} = N — 1,
N-1
) >0, Y(t,z) € [0,T] x R*.

9; k]k+1
k=1

[H4b] For any i,k € T'! (resp. j,1 € T?),g . (resp. gj) is C%? and D.g., D%zgik (resp. D.gj, Dfmgjl)
belong to II,. Thus by It6’s formula we have:

9,5, X0") =g, / £X(g., )(r, X" dr—i—/ D.g,, (r, Xt o (r, XE)dB,, s € [t,T;
gik(s,X’*”):g , 8 <t

gjl(‘g?X?x) = gjl(t7x) +/ ‘CX(gjl)(Tv Xﬁx)dr/ D$§jl(r7 Xf7x)0'(r’ Xﬁ’x>dBT’ S [t7T];
t t
gjl(&X;’I) = gjl(57x)a S S t.

resp.

Remark 5.1. Since Dyg,, Dgwgik (resp. DzGj;, D?mgjl) belong to Il,, taking into account of as-
sumptions (5.3) on linear growth of b and o and finally estimate (5.5), one gets that sup,<p |Dag,, (s, Xb)
(resp. sup,<p |Dagji(s, X07)|) belongs to L*(dP). O

To begin with we first give the following result which stems from Theorem 4.3 under assumptions
[H1b]-[H4b].

Proposition 5.2. Assume that Assumptions [H1b]-[H4b] are fulfilled. Then for any (t,x) €
[0,T] x R¥, there exist processes (Y Wit Ziit:w il +ita Kij’f?t*z)(i,j)ep unique solution of system
of reflected BSDEs with bilateral interconnected obstacles associated with (f*7,h", g, Gj1), i.e., for
any (i,7) € T and s € [0, T,

Yij;t,z c 827zij;t,w c /”2,17 Kij,i;t,w c A2 :
T T
iJ S(t’ 0J X it iJ5t, Kuv its K”a it
Y'SZJ,t,w — hzg( Tac) +/ fzj (7,7 :,x7 (Y;kl t I)(k,l)el‘) dr — / Z;J t 4B, + ;2 +itz ;J +;t,x

.. S S
15,—5t,x ij,—;t,x).
(B = KT,
L?Sﬁtv’” < Y;J;M’ < U;J%taﬂf;

T T
/ (ysm;t,x _ L?;t,x>dK;J,+;t7w =0 and / (ysw;t,w — U;J;tvx)dK;L—;tyx =0
0 0

(5.10)

ijit,x . kjit,x t,x gt : il;t,x — t,x
where LY = kergﬂ;?)(ii {YS 9., (8, X )} and U = leg‘ly)lﬂ' [YIERT 4 g (s, X0T)] s €
[0,T].

We are now going to focus on the properties of (Yij*t’w)(i,j)ep. For simplicity reasons the
quadruple of processes (Y@ zijite itz [iJ,=tT) will be sometimes simply denoted by
(Yij’ Zij’Kij,+,Kij7—)_

Theorem 5.3. Assume that Assumptions [H1b]-[H4b] are fulfilled. Then there exist deterministic

continuous functions (v'"7)(; jyer of polynomial growth, defined on [0,T] x RF such that for any
(i,4) €T, (t.x) € [0,T] x R”,

P —a.s.,Vs€[t,T], YiIb*=qy49(s, XH7). (5.11)
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Proof. The proof is given in several steps.
A) We first assume that V(i, j) € I', (¢, z) € [0,T] x R, fi(t,2,0,0) and h'(x) are bounded.

We will prove that for any (i, ) € I, for a fixed d; there exists a bounded continuous deterministic
function v¥ defined on [T — &;,T] x R¥ such that for any (t,x) € [T — &1, T] x R¥ we have:

P — as. for any s € [t,T], Y9 = v (s, X17).

Let us recall the system (5.10) and let (Y, Z) be the unique solution in &2 x H?? of the following
BSDE (it depends on ¢,z which we omit as there is no confusion):

T T
Z:Mﬁﬂ+/)MKWu/)Zﬁ%sgﬂ

where h(z) = 2 (ij)eT |h¥ (x)| and U(y) := A2C*(1 + |y|) where C* = max{C(f),C} with C is
a uniform constant of boundedness of |f¥(t,z,0)|. It is well-known that there exists a bounded
deterministic continuous function © such that P-a.s., Vs € [t,T], Yy = v(s, X\%) (see e.g. [6]).
Finally note that Y > 0 and then © > 0.

Now for any (i,j) € T, we set (Y, 24 Kii+ Kii=) .= (Y,Z,0,0). Therefore (Y 7' K+,
K@= is the unique solution of doubly reflected BSDEs associated with (A%, ¥, (9, )ke@r)-is
(9j1)1e(r2)-s) where P(y) == AQC’E‘(17+ (y)T). This actually holds in taking into account of: i) the
backward equation satisfied by (Y, Z) ; ii) the fact that g,, and g;; are non-negative ; iii) the fact
that Y > 0 and then |Y| = Y. Lastly let us notice that by Theorem 4.3, the solution of this
system exists and is unique and then it is equal to (Y, Z,0,0)(; jer. Hence we also have P-a.s.,
for any s € [t,T], Y9 = o(s, Xb").

In the same way, setting (?ij,Zij,Rij>+,Kij’*) = (-Y,~Z,0,0) for any (i,j) € ', we obtain
that the family (f’ij,Zij,f(ij"*‘,f(ij’_)(i,j)ep is the unique solution of reflected BSDEs associ-
ated with (_}_li‘j,\ilg,(gik)ke(rl)—i7(gjl)le(l"2)—j) where Wy(y) = —C*A%(1 + (y)~). Next let us
consider the following Picard iterations: for any (i,j) € I',Y#¥05% = (0 and for all n > 1,
(Yij7”?t’x)(i7j)€p = @((Yij’7l_1;t’x)(i7j)€r‘), where ® is defined in (4.7). In other words the family
(Yt | Zipnibr | intite | jimn by e (which sometimes is simply denoted by (Y97, Zi:m,
K@t K™ T) G er as no confusion is possible) is the unique solution of the following system
of BSDEs: V(i,j) € I" and s € [0, 77,

T T
ij,n;t,x __ pij t,x i t,x kl,n—1;t,x ij,m;t, T
vt = ) [ g (e e e - [zt ag,
/ S .. S
19,m,+3t,x ij,n,+;t,x 17,m,—;5t, ij,m,—;t,T.
+KT - Ksj - (KT - Ks] )7

max |:Y'Skj,n;t,w _glk(S7X§,I):| S Ysij,n;t,x < min [Ysil,n;t,a: +§JZ(S,X£7I)] :

ke(Trl)—i T le(r?)-d (5.12)
/0 {Y;-j,n;t,z - s [Yskj,n;t,x _ Qik(S’Xi’m)] } dKim e — g,
T
e i (e g o, x00) fassnets o,
Then we have the following inequalities: for any n > 0, (¢,5) € T,
~Y<Yyunr<y (5.13)

Indeed when n = 0, (5.13) holds true since for any (4,j) € T, (t,x) € [0, 7] xﬁRk, Y <0< }7 Next
we assume that (5.13) holds for some n—1, i.e. for any (i,7) € I, Y¥ = -y <Yy#Wn-1 <yi =Y.
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Then by [H1b]-ii), the boundedness of £ (t,x,0) and the induction hypothesis we have:

FI(s, X0, (VI D per) < CHAL+ Y YY) < B(VY),
(k,l)er

As h¥(z) < h(z), then by the comparison result (Remark 3.7, iii)) between the solutions of
equations (Y%);; and (5.12), one deduces that for any (i,j) € T, Y™ < Y%. Similarly by the
induction steps, one deduces that for any (i,7) € T', Y#" > Y% = —Y. The proof of the claim
(5.13) is complete.

Next once more by induction, using the result by Djehiche et al. [4] there exist deterministic
continuous functions (v¥™)(; ;yer, n > 0, such that V(i,j) € T, (¢, z) € [0,T] x R* we have

P—a.s., Vs € [t,T], V9" = 0" (s, X17). (5.14)

Therefore from (5.13), we deduce that for any (t,z) € [0,T] x R*, —o(t,z) < v¥"(t,z) < v(t, x),
for any (i,j) € I'. As a by-product the sequence (v¥'"(¢,)),>0 is uniformly bounded since ¥ is
so. Afterwards we just need to prove that ((v"™)(; jyer)n>0 is a Cauchy sequence for the uniform
convrgence Lorm.

Actually as shown in the proof of Theorem 4.3, the sequence ((Y*'"); ier)n>0 converges in H[QdfiT]

to (Y)(; jyer since (Y¥) ;ycr is the fixed point in H**. On the other hand, for any t € [0, ]
and € R¥, by (4.19) we have:

2 T
eat|vij’”(t,x) — ”uij’q(t,ac)|2 < L (f)]E / Z |Ysij’”*1;t’z - Ysij’qfl‘t’mﬁds . (5.15)
“ b Gger
But, as mentioned previously, the last term converges to 0 as n,q go to infinite. It follows that
for any (i,j) € T, the sequence (v¥9™),>¢ is of Cauchy type pointwise on [0,7] x R¥. Therefore
there exists a function v¥/ defined on [0, 7] x R¥ such that for any (¢,z) € [0,T] x R*, v¥(t,z) =
lim,, s o0 v¥" (¢, ). Moreover, —9(t,x) < v¥(t,x) < ©(t,x) which implies that the function v¥ is
bounded. Finally we have

YV (i,j) € T, Y% = pii(s, X1%) ds @ dP on [t,T] x R”.
Next by the inequality (4.19) and taking expectation to obtain: For any (t,z) € [0,7] x R,
(i,7) eT and n,q > 1,

y c? T e . o if
‘UU’"(t,LIJ) _ v”’q(t,x)|2 < (f)E / ea(s—t) Z |,U1_],7l—1(8’ X;,.L) _ Uz],q—l(S7X§,z)|2ds
@ ¢ (ij)er
(5.16)

Recall (5.16), for any (¢,7) € I" and ¢ € [T — 61, T] we have

Z |0 n — g

(i,5)€l’

2( A T y y
2 g < TR o= L etds 37 () — o )
—01

;01 — o £ 00,01
(i,5)er

C2(f)A(e* — 1 o
- DR =D 5 it o,

a? ~
(4,5)er

(5.17)
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C*(f)A(e* —1) 3
Choose now ¢§; such that () (62 ) =7 then, as a result, the sequence of continuous
functions (v%")(; jyer is uniformly convergent on [T — 61, T] x R¥ which implies that (v")(; j)er

is continuous on [T — d1,T] x R*.
Next by (4.19) and since Y;?™ is deterministic then for any t € [0,T — 6], 2 € R¥, we have:
|’l)ij’n(t,.%‘) o Uij,q(t’x)|2 _ E[D/tijm _ }/:tij7q|2] (518)

T

< SWp | [ eatemt 37 i (s, X0) < 09975, X0 P
t =

(i,5)er

OQ(f) =0 a(s—t) E ij,m—1 t,x ij,q—1 t,xy |2
< E € "U (SaXs )7’0 (S7Xs )l ds
t S
(i,5)€T

3 ijn—1 _ ijg—1y2
L D 9 (519)
(@.4)er
The last inequality is valid thanks to (5.17). Now let (t,x) € [T — 26;,T — 61] x R¥. Taking the
supremum on (t,z) in (5.16) and summing over (¢,7) € T', yields:

. . 3 y y 3 i g
3 ot g < 3 T o ST i
(i,5)€r (1,5)€T (i,7)er
But we know that 3_; o 0¥ — 04| 5, — 0 as n,q — oo, therefore we have also:
Z [0 — 04| a5, — 0, as n,q — oo.
(4,5)€T

It follows that for any (i, j) € T, the sequence (v¥'™),, converges uniformly to v% in [T — 26, T —
1] x R¥. Consequently v% is continuous in [T — 261, T — 1] x R¥ and then also on [T — 261, T] x R”
since we have already shown that it continuous on [T — 61, T] x R¥. Repeating now this procedure
as many times as necessary on [T — 331, T — 26;] x R¥ [T —46;, T — 36;] x R¥ and so on, we obtain
that for any (i,5) € T, v¥ is continuous on [0, T] x R* and then the processes (Ysij;t’””)se[o)T] and
(v (s, X1"))se(0,r) are indistinguishable, i.e.,

Y (i,5) €T, P—a.s.,Vs € [0,T], Y7H* = v (s, X17).

B) The general case: The functions f%(t,z,0) and h*(x), (i,5) € T, are of polynomial growth.

Let v be a positive constant such that for any (i,7) € T,
|9 (t,2,0) + W ()] + g, (. 2)] + [7,; (. 2)] < O+ |2]).
Let p(z) := (1 + |z|?)™7, z € R*, and for any (i,5) € T, s € [t,T], set
Y7 =Y p(X0"). (5.20)
Then by It6’s formula we have: Vs € [t, T,
AV =Y dp(X0") + p(Xe")AY + d(YY, p(X7))s
= [YI LY p(X07) = p(X0) f9 (5, X0, (V) pyer) + Dap(X0)o (s, X07) 2] ds

+ [V Dop(X5)o (s, X07) + p(X07) 27| dBs — p(X07)AK I + p(X07)dK ™.
(5.21)
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Next for (i,j) € I and s € [t,T], let us set:

a) Z7 =Y Dop(X[)o (s, X07) + p(X07) 27

b) dK9T = p(XE")dK 9T and dK9™ = p(X1")dKY

c) fij(& X?wa 7) = P(Xﬁ’x)fij(& X?wv (pil(Xz’I)ykl)(k,l)eF) - pil(Xz’I)yijﬁXp(X?i)
— Dop(X®)o (s, X0%)p ™ (Xe)[ZY =y p~ H(X0") Dap(X 7)o (5, X07)];

d) g, (s, X3") = p(X")g, (5, X37) and Gij(s, X37) := p(X37)Gy;(s, X07);

€) hY(X5") = p(X")h (X7).

Then the family (}N/ij,Zij,Kij’+,kij’_)(i’j)€F is the unique solution of the system of reflected
BSDESs associated with ((f*/)ij, ("), (3,, )ikers, (§j1)j1er2)-

But for any (i,7) € T, b7, fii (t,2,0),3,,,9j are bounded. Then thanks to the previous step,
for any (i,j) € T, one can find continuous bounded functions (3)(; j)er defined on [0,T] x R*
such that Y75* = ¢ (s, Xb*) Vs € [t,T]. Therefore in setting, for (i,5) € I' and (t,z) €
[0,T] x R¥, v (t,z) = p~*(x)0" (¢, x) makes that (v (t,z))( jer is continuous on [0, 7] x R¥, is
of polynomial growth and verifies for any (i,5) € T, Yi754% = % (s, X1'%), Vs € [t,T]. The proof is
now complete. O

We are now ready to give the main result of this section.

Theorem 5.4. Assume that Assumptions [H1bJ-[H4b] and [HG] are fulfilled. Then the A-tuple
of continuous functions (v7) jyer is a viscosity solution (see Appendix for the definition) of the
following system of variational inequalities with bilateral interconnected obstacles: For any (i,j) €
T

7

min{v' (¢, ¥) — maxye(r)— [ (t, ) — 9, (t, x)]; max {v%(t, ) — mine r2y-3 [v* (t, ) + g5, (¢, 2));
—0p¥ (t, ) — LX(v¥) (¢, x) — f9(¢, 2, (VU (¢, x))(k,l)ep)}} =0;

vI(T,z) = h¥(x).
(5.22)
Moreover it is unique in the class of continuous functions which belong to Il,.

Proof. We first prove that (Uij)(id')er is a viscosity solution, then we prove the uniqueness.

Step 1: (v")(; jyer is a viscosity solution of (5.22).

For convenience we recall the unique solution (Y, Z% K% K%~), scr of (5.10): For any
(i,j) €T and s < T,

Y*Szj = R (X;,x) Jr/ f’bj ('r, Xﬁ’i, (Yrkl)(k,l)el“) dr 7/ Zf?dBr +/ d(K;JHr _ dK;Jﬁ);

LI <YH <U#H,

T T
| - ngyaryt —oama [ vy - vy ~o.
O O (5.23)
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By (5.11), the system (5.23) can be decoupled as follows: for any (¢,j) € I and s € [¢,T],

T T T
YO =W+ [P X M X er)dr — [ Z0aB v [ - di);

kj txy t,x % il t,x — t,x\] .
kerﬁ“%})(fi {v I8, X9") — g,,.(5, X )] <YY< leg“%r)l [0 (s, X07) +g,,(s, X07)] 5

T
/ {Y;‘j max [o*(s X”)gik<s,X;’m>1}dK§j’+—o
t

ke(r1)—

T
YZj _ : il Xt,x = Xt,ac dKij,— —0.
= i o ) 4 gl X2

(5.24)
Applying Theorem 6.2 in [7] (see also Theorem A.3 in [4]), for any arbitrary (i,75) in T',v% is a

viscosity solution of
min{v* (t,z) — maxye )i [ (¢, ) — g, (¢, 2)); max {07 (¢, 2) — min;e(p2) -5 [v" (¢, 2) + 7, (¢, 2));
0w () = LX) () = fU (w0t @) (nper) F = 05
v (T, x) = h¥(x).
As (i, ) is arbitrary then (v")(; jer is a viscosity solution of (5.22).
Step 2: Uniqueness

Firstly let us suppose the existence of another solution (o ), jyer of system (5.22) which is con-
tinuous and of polynomial growth. Next let (§/)(; jer be the process of H** such that for any
(i,5) €T and s < T,

§J =0 (s, X2%) (5.25)
We can now define another process (}7” )(i,j)er Vvia the mapping ® of (4.7) as follows:
Y per =2 (1) ger) (5.26)
By the definition of ®, (Y )(i.j)er is the first component of the unique solution of following doubly
RBSDEs: For any (i,j) eland s <T,

y'sij = B (X;;l’) / fij(T‘ Xﬁ,w7 (f)fl(?} X;E’w))(k,l)ep)dr B /T Z;JdBT N /T d(R;j,+ B sz’_);
ker((iﬂaf}){—i [}N/Skj - 71k:( Xt z)} Y” < IEEII}%I ; [Y/sll —|—§jl(s,X§’z)} ; )
T
{5 e [72 - o x0)] pars <o
T
/O {Y] = min V240, X0 } dK9~ =0,

As a result, by Theorem 5.3, there exist deterministic functions of polynomial growth, denoted
(u'9) (i jyer, such that for any (¢,z) € [0,T] x R*, (i,j) € T and s € [¢t,T],

Vi = ul(s, X",

Moreover by the result of Step 1, (u% )(i,j)er is a viscosity solution of the following system of
variational inequalities with bilateral interconnected obstacles: V(i,5) € T,

min{u¥ (¢, z) — . r{l&)){ Jup? — g,k(t,x);max[ui(t,x) -, ?1'%1)1 [ui +7,,(t, 2);
- 9; com
O (1, ) — £Xu(1,2) — £, (58, ) geyer)]} = 0 (5.27)

u(T,x) = h¥ (x)
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since the generators f% (¢, z, (0! (t, x))(kpyer); (i,7) € T', do not depend on the solution (uij)(m)ep.
But the solution of system (5.27) is unique in the class of continuous functions of Il (see Theorem
3.2 in [3] for more details) and (0*/); j)er is a solution in this class. Therefore, for any (i,7) € T,
u* = ¢ and then o

P—a.s.,Vse[t,T],97 =Y, 7,V(i,j5) €T. (5.28)
Next by (5.26) we obtain on [t,T],

(7)) .jyer = @ ((37) g)er)

However, by Corollary 4.4, (Y*)(; jer is the only fixed point of ® in (7—[[275’71;], |.]l2)- Therefore for

any (i,5) €T, (t,z) € [0,T] x RE, P —a.s., ¥V s € [t,T],

(s, X07) = g9 = ¥ = v¥(s, X1°). (5.29)
Take now s = t, leads to 9% (¢,x) = v¥(t, ) for any (i,j) € T' which means that the solution is
unique. L]

Remark 5.5. The functions (vij)(m»)ep are also the unique solution in the class of continuous
functions which belong to I1,, of the following system which is of maz-min type and dual to (5.22):
V(i j) €T,

{09 (t,) = e [0F9(00) = g (0 )smino(60) = min [07(0,2) + 5, (0.2)]
78”}”. (t7 93) - L* (Uij)(tv 'T) - fij (t7 €, (vkl(t’ x))klér)]} =0;
vI(T,z) = h(x).
(5.30)
This can be shown in considering (—Y ™, —Z" K'%),; yer which is the solution of the system
of reflected BSDEs with inter-connected bilateral obstacles associated with ((—f* (t,z,~%))q. jyer,
(=h"(x)) @ jyers (Gt ) jiere, (9,.(t;%))ikerr) and then use the result of the previous Theorem

5.4 with (—’Uij)(i’j)ep which implies that (’Uij)(id')er is also he unique solution of (5.30).

6. Appendix
The definiton of the viscosity solution of system (5.22) is the following:

Definition 6.1. Let 7 := (v¥); jer be a A-tuple of continuous functions on [0,T] x R¥.

A) We say that U is a viscosity supersolution (resp. subsolution) of (5.22) if for any fized (i, jo)
in T, 0090 4s a wviscosity supersolution (resp. subsolution) of the following PDE with bilateral
obstacles:
min{v"% (¢, ) — maxyep1y-io [V (¢, 2) — A CE J; max {0090 (£, 2) — mine pay-so [V (E, ) + Gj,, (8, 2)];
—Op'odo(t,x) — LX(v'P)(t,x) — f (¢, z, (V¥ (t, @) (kpyer) } = 05

ptodo (T, x) — hiodo ({L‘),

(6.1)
that is to say:
§) 01030 (T, 2) > hiodo (z) (resp. v"oi (T, z) < hioio(z)) ;
i) if (t,x) € [0,T) x R* and ¢ € CY2([0,T] x R¥) such that (t,x) is a local minimum (resp.
mazximum,) point of v'0% — ¢ then
{ min{v’70 (, x) — maxye r1)-io [vkjf) (vt,x) 9, g, (o)) max {009 (¢, 2) — minge pe)-io [V! (£, 2) + G, (, )];

_8t¢(t7x) - LX(¢)(t,$) - floﬂo(ta'r (U l t7x )(kl EF)}} > 0 (resp. < O)

(6.2)
B) We say that v := (v'9)(; jyer is a viscosity solution of (5.22) if it is both a supersolution and
subsolution of (5.22).
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