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Abstract

This paper studies the solutions of a reaction—diffusion system with nonlin-
earities that generalize the Lengyel-Epstein and FitzHugh—Nagumo nonlin-
earities. Sufficient conditions are derived for the global asymptotic stability
of the solutions. Furthermore, we present some numerical examples.
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1. Introduction

Reaction—diffusion systems are of great importance in many scientific and
engineering fields due to their ability to model numerous real life phenom-
ena. one of the most interesting of these phenomena is that of morphogene-
sis, which is the biological process that causes organisms to develop specific
shapes and patterns. One of the very early works on morphogenesis was con-
ducted by Alan Turing in 1952, where he anticipated that diffusion driven
instability in reaction—diffusion systems leads to pattern formation. This
theory was confirmed by the concrete experiment of De—Kepper et al. [6]
many decades later through the chlorite-iodide-malonic acid-starch (CIMA)
chemical reaction in an open unstirred gel reactor. A model referred to as
Lengyel-Epstein was soon developed for the experiment in [10, 11].
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Many studies have been carried out on the dynamics of the Lengyel-
Epstein model. The study of Jang et al. [9] concerns the global bifurcation
structure of the set of non-constant steady states in the one-dimensional case.
The study in [14] looked further into the analytic characteristics of the model
and showed that the initial concentrations, size of reactor, and diffusion rates
must be sufficiently large to achieve Turing instability. The precise conditions
on the model’s parameters that lead to the instability were later coined in
[19]. The same authors also considered the global asymptotic behavior of the
model in [20]. Dynamics of the two-dimensional case where discussed in [17].
The findings of [14] and [20] in terms of the sufficient conditions for global
asymptotic stability were confirmed and extended in [12].

Since the Lengyel-Epstein model only considers a single reaction, it is of
particular importance to generalize its reactions terms to encompass other
variations of the model. A first attempt to generalize the model was achieved
in [1], where it was shown how other approximations of the reaction term
could be studied in a general way. The same model was studied again in [2],
where the authors established sufficient conditions for the non—existence of
Turing patterns. The authors also followed on the footsteps of [12] to relax
the global asymptotic stability conditions. Another study related to the same
model is [3], where the authors established the boundedness of solutions.

This paper presents a broader generalization of the Lengyel-Epstein model
to encompass many existing systems such as the FitzHugh-Nagumo model
[15, 7] as will be shown later on in Section 7. In Section 2, we will present
the general model proposed in this paper. In the consequent sections, we will
study the dynamics of the proposed system.

2. System Model

In this paper, we consider the reaction—diffusion system

(2.1)

G —didu=(f(u) = W) p(u) == F (u,0) R xQ,
G —dAv=0(g(u) —v)p(u):=Guv) nRfxQ,

where (2 is a bounded domain in R” with smooth boundary 02 and A is the
Laplacian operator on 2. We assume non-negative continuous and bounded
initial data

u(0,2) =uo(z), v(0,z) =1y (x) in €, (2.2)



where g (2),v9 (z) € C*(2)NC (Q2), and homogoneous Neumann boundary
conditions
Jdu  Ov

% = % =0 on R x 89, (23)
with v being the unit outer normal to 0f).

The constants dy, ds, A, and o are assumed to be strictly positive control
parameters. Note that d; and dy represent the diffusivity constants, which
in a chemical reaction are proportional to the ratios between the molar flux
and the concentration gradient of the reactants. The functions ¢, g and f are
assumed to be continuously differentiable on R* such that for some § € RY,

¢ (0)=0,f(6) =0, (2.4)
and for u € (0,0),
g(), f(u), ¢ (u) >0, (2.5)
and
g'(u) > 0. (2.6)
We also suppose that there exists a positive constant « € (0,0) such that
Ag(a) = f(a), (2.7)
and
(v —u) [f(u) —Ag(u)] >0 forue (0,a)U (a,9). (2.8)

3. Preliminaries

In this section, we will present some preliminary results. First, we show
that subject to (2.6), the system has an invariant region. Then, we identify
a unique equilibrium solution for the ODE system and establish its local
asymptotic stability under certain conditions. Finally, the local asymptotic
stability of the steady state solution in the presence of diffusions is established
under some sufficient conditions.

3.1. Invariant Regions

In this subsection, we examine the invariant regions for the system (2.1).

Definition 1 ([20, 13]). A rectangle ® = (0,r1) x (0,72) is called an in-
variant rectangle if the vector field (F,G) on the boundary OR points inside,



that 1s,

F(0,v) >0 and F (r1,v) <0 for 0 <v <7y,
G (u,0) >0 and G (u,12) <0 for 0 <u < ry.

Proposition 1. System (2.1) subject to conditions (2.4)-(2.7) has the in-
vartant region

R =(0,0) x (0,9 (9))
Proof:. From condition (2.4), we obtain

F(0,v) = lim f(u)e(u) > 0.

u—0t

Also, using (2.4) and (2.7), we conclude that

(f (0) = f(@) = v —g(a) == (1+A)g(a) =l <0.

It follows that
F(6,0)=[(f(0) = f(a) =A(v—g(a))]¥(0) <0,

G (u,0) = op (u) (g (u) = 0) =op(u)g(u) =0,
and

G (u,9(0)) = op(u) (g (u) —g(0)) <0.
This concludes the proof. 0]

3.2. Equilibrium Solutions and ODE Stability
This section studies the uniform equilibrium solutions of the reaction—
diffusion system (2.1). In the absence of diffusion, the system reduces to

{ M=) (f(w)— ) inRY, (3.1)

D = 2o (u) (Ag (u) — Av) in RT.

Proposition 2. System (3.1) subject to conditions (2.4)—(2.7) has the unique
constant steady state solution

(u*,0%) = (a,g (@) . (3-2)

If the inequality
f () <min{o, \g' ()} (3.3)

4



15 satisfied, then the solution is a locally asymptotically stable equilibrium for
the system (3.1).

Proof:. An equilibrium solution (u*,v*) satisfies

{ [(f (u*) = f (@) = A(v" = g ()] ¢ (u”)
o l(g(u) —g(@) = (v" —g(a))] ¢ (u)

It is easy to see that («a, g («)) is the solution to this system thanks to con-
dition (2.7). It remains now to study the local asymptotic stability of the
solution. The Jacobian matrix is

0,

[ Fu(u,v) F,(u,v)
J (u,v) = ( G (wv) Gy (u,0) ) : (3.4)
where
F,=-Xpu), G,=—-0p(u),
Fo=([(f (u) = f(a) = A (v =g ()] ¢ (u) + f (u) p(u)),
and

Gy =0 ((g9(u) —v) ¢ (u) + ¢ (u) ¢ (u)).

Evaluating these derivatives for the equilibrium solution yields
Fv (Oé, g (Oé)) = _/\90 (Oé) )

G, (a,g9(a)) = —op(a),

Fy(a, g(a)) ([(f (@) = f(a)) = A(g (@) = g (a)] ¢ (@) + [/ (@) p (@)
f (@) e(a),
and
Gu(a,g(a)) =09 (@) ¢ (a)
Consequently,

og (@) p(a) —op(a)



As the trace given by
trJ (u”,v") = [f' (@) — o] (@) <O,
and the determinant given by
det J (u*,v*) = 0p? (a) [A\¢ (o) — f'(a)] > 0, (3.5)
the equilibrium is then locally asymptotically stable. O

Remark 1. Observe that F, (u*,v*) < 0, G, (u*,v*) < 0 and G, (u*,v*) >
0. Recall that ¢ («) is strictly positive. Hence, if

F, (w5 v)=f' (a)p(a) >0 (3.6)

s satisfied, then u is called an activator, v is called an inhibitor, and the
system (3.1) is an activator—inhibitor system.

Remark 2. Combining the activator-inhibitor condition (3.6) with the sta-
bility condition (3.3), we find that the condition

0< f' () <min{o, g ()} (3.7)
makes the model (3.1) a diffusion-free stable activator-inhibitor system.

3.3. PDE Stability

Let us consider the local asymptotic stability of the steady state solutions
in the PDE case. Let 0 = Ay < A1 < A3 < ... be the sequence of eigenvalues
for (—A) subject to the Neumann boundary conditions on €2, where each \;
has multiplicity m; > 1. Also let ®;;,1 < j < m,, (recall that &, = const
and \; — oo at ¢ — oo) be the normalized eigenfunctions corresponding to
Ai. That is, ®;; and \; satisfy —A®;; = \;®;; in 2, with % =0 in 02, and
Jo @ (z) dz = 1.

The set {®;; : 7> 0,1 < j <m,;} forms a complete orthonormal basis in
L?(Q). If

did < Fo = f(a) ¢ (a), (3.8)

then we may define i, = i,(c, ) to be the largest positive integer such that

diN; < Fy for all 7 <i,.



Clearly, if (3.8) is satisfied, then 1 < i, < co. In this case, we define

d=d(a,Q) = 1221&5“ 7= o (a) Nidy + gaA(ioEéAf/ >(\Z.021)1)_ f'()

(3.9)

Proposition 3. Subject to (3.7), if either \ydy > Fy or \ydy < Fy and 0 <
% < d, then the constant steady state (u*,v*) is locally asymptotically stable.
Otherwise, if Mdy < Fy and d < %2, then (u*,v*) is locally asymptotically
unstable.

Proof:. First, let us define the operator

= (Mrte” ea e )
diA + F, Iy
< oGy d2A 4+ oGy > '

The steady state solution (u*,v*) is locally asymptotically stable if all the
eigenvalues of L have negative real parts, see for instance [5]. On the contrary,
if some eigenvalues have positive real parts, then the steady state is locally
asymptotically unstable. We have

L(¢(z), % (2)) =€ (¢ (2), ¥ (2)),

where (¢ (x),9 (x)) is an eigenfunction of L corresponding to an eigenvalue
&; this can be rearranged to

dlA—i‘Fo_f Fl ¢ _ 0
O'G() dQA—i‘O'Gl—f w - 0 ’

which can be rewritten as
Z (Fo—d1)\i_§ F )(aij)q)”_(o>
0<i<o0,1<j<m; oGo oG — daAi — § bij i 0 )’

where

o= Z aijq)ija

Il il h



and

Y= Z bijPij.

Il il L

Observe that
Fy—di\ — & ) o
det( O'G() O-Gl_d2/\z_§)_§ +pz§+Qza
with

pi = (Nidy — oGy — Fy + \idy)
= (dy +da) i + [0 — ' (a)] ¢ (@) >0,

by condition (3.7), and
Qi = /\12d1d2 + 0'FOG1 - )\Z'F[)dg - U)\iGldl - O'FlG()

=0 |:/\z% (/\zdl — Fo) — Gl)\idl + F()Gl — F1G0:|
= | vy~ Fa) + ¢ (@) Dt + 0 () 0 (@) = 7 (@)}

note that )y > 0 for Ay = 0. Hence, one may easily observe that £ is an
eigenvalue of L iff for some ¢ > 0,

E+pé+Q;=0.

We can study the three cases stated in the proposition above separately:

1. If \idy > Fp, then @Q; > 0 for ¢ > 1. The fact that for ¢ > 0, both
p; >0 and Q; > 0 for « > 0 implies that Re& < 0 for all eigenvalues &;
consequently the steady state (u*,v*) is locally asymptotically stable.

2. We consider the case where A\d; < Fp and 0 < (fT—Q < d, which leads to

d ~
Aldl <F0 and0< _2 <dz7
g

fori € [1,1,]. It simply follows that @; > 0 for i € [1,i,]. Furthermore,
if ¢ > i,, then \;d; > Fj and ); > 0; this leads to the local asymptotic
stability of (u*,v*) again.



3. If \idy < Fy and d < %2, then we may assume that the minimum in
(3.9) is reached by k € [1,4,). Thus,

d ~
= > dy, (3.10)
o

which implies @ < 0, and consequently the instability of (u*,v*) fol-
lows.

O

4. Boundedness of Solutions

In this section, we would like to establish the global existence of solutions
for the system (2.1). We start by proving that it has a unique solution
(u(x,t),v(z,t)) for all x € Q and ¢ > 0, which is bounded by some positive
constants depending on uy and vy. In order to establish the boundedness
of solutions, it is assumed that ¢ is a sublinear function, i.e. the mapping
(0,00) 55— @ is non-increasing. In a similar manner to Lemma 1 of [1],
we may establish that the sublinearity of ¢ along with the first part of (2.4),
¢ (0) =0, gives
i (u)

u

0 < < ¢ (0). (4.1)

Let us also assume that
fu)p(u)=K—u¥(u),

with K being a positive real number and ¥ (u) a positive bounded function.
Similarly, we assume that

g () ¢ (u) =u (u),

where @ (u) is a positive bounded function. The following propositions are
based on the work of Ni and Tang (2005) [14] for the original Lengyel-Epstein
system.

Proposition 4. The system (2.1) admits a unique solution (u,v) for all
x € Q and t > 0 and there exist two positive constants Cy and Cy such that

Cr <u(x,t),v(x,t) <Cs. (4.2)



Proof:. Since the local existence and uniqueness of solutions are classical
for the proposed system, see [8], it suffices to establish the global existence
by proving the boundedness of the solution. To this aim, we will use the
invariant regions theory as proposed in [18]. We take a certain rectangular
region of the form

R = (uy,uz) x (v1,v9),

and study the behavior of the vector field along its four boundaries separately.

e On the left boundary of R, we have u = u; and v; < v < vy. Hence,

(f (w) = Av) ¢ (u)

[ (ur) ¢ (u1) — Avagp (us)

K —uy U (ug) — Avgep (uq)

@ (u1)
K —uy [V (u1) + Avgp’ (0) vo] .

F (u,v)

AVARAVARN|

v

K—Ul \I/(u1)+/\vg

Y

A sufficient condition for F'(u,v) > 0 can then be formulated as
K —uy [¥ (u1) + Ava’ (0) vg] > 0.

Whereupon
K

< .
= \Ifmin + AUQQO’ (O)

e For the right boundary where u = us and v; < v < vy, we have

Fu,0) = f(u)e () = v (u)
< flug) p(u2)
S K — UQ\I/ (UQ> .

It suffices that
K — UQ\I] (Ug) S O,

or simply
K

S Uz,

max

to guarantee the inequality F' (u,v) < 0.

10



These two conditions yield the first part of the invariant region R:

and

’ K ' (4.3)
u; = min min u .
1 \Ifmm + )\02()0, (O)) 0 )
K
Up = max { T ,maxuo} . (4.4)

e For the third boundary of R where v = vy and u; < u < ug,

G (u,v) = o(g(u)e(u)—vie(u))
= o(ud(u —vltp( )

ou (-

ou (Pmin — V19 (0))

v

v

Hence, to achieve G (u,v) > 0, it suffices that

e For the boundary with v = vy and u; < u < us,

G(u,v) = o(g(uw)p(u)—vap(u))
= o (ud (u) — vapp (u))

; ou <<I> “>>
< (@mx - 2)> .

To ensure the negativity of G (u, v) on this boundary, it is sufficient to
choose vy such that

U2
—(I)max-
o (uz)

Combining the conditions for these two boundaries gives us

'U2>

q)min .
= mi 4.5
vy mm{w(o),mlnvo}, (4.5)

11



and
U

2
Vg = max § ———Pay, max vy o . 4.6
’ {80 (uz) O} (46)

We can now simply define the bounds of the solutions as

Cy = min {uy, v} > 0, (4.7)

and
Cy = min {ug, v2} > 0. (4.8)
0

5. Global Asymptotic Stability

We now pass to the global asymptotic stability for the system (2.1). For
the global asymptotic stability of the steady state solution, we consider the
condition

(v —u)[f (u) — f(a)] >0 forue (0,a)U(a,d), (5.1)

which is clearly stronger than (2.8). System (2.1) can now be rewritten as

g Au=[(f(u) = f (@) = A(v—g(a)] @) inRFxQ,
—d2Av=0(g(u) —g(a)) = (v—g()]e(w) nR"xQ

As a first step, we start by establishing the conditions for the global
stability of (u*,v*) as a solution of the reduced ODE system

Qe — F
gﬁ (’LL, U) ) (52>
5 =G (u,v).
Theorem 1. If for all u € (0,9),

f(u) <o, (5.3)
then (u*,v*) is globally asymptotically stable.
Proof:. System (5.2) may be written as

{ = ¢ (u)[f (u) = o],
v =0 (u)(g(u) —v).

12



Let us consider the vector field
v (U,’U) = (f (U’) - /\Ua gg (U) - UU) )

along with its divergence

div¥ (u,v) = % (f (u) — M) + % (og (u) — ov)

= f"(u) — 0.

Let us also consider the open rectangle ® with closure . We aim to show
that

min (divV (u,v)) < 0. (5.4)
(u,v)eR

By combining (5.3) and (5.4), it becomes clear that
div¥ (u,v) < 0 in R.

Therefore, making use of the classical Bendixson—-Dulac criterion [4], system
(5.2) does not admit any periodic solutions in #. It follows from the Poincaré—
Bendixson theorem [4] that for any solution (u (t), v (¢)) to (5.2), the equality

lim |u(t) —u*| =0 = lim |v (t) — v
t—o0 t—o0

holds. This concludes the proof. 0

Theorem 2. If condition (5.1) is satisfied, then for any solution (u,v) to
(2.1), we get

fm [ 8) = g2y = im0 (1) = 0y =0 (5.5)

t—o00

Lemma 1. [fu € (0,9), then there exists a constant v between u and o such
that

gu)—g(a)=(u—a)gd (7).

Lemma 2. Consider the function H defined as

H () = / () — g (o)) dr (5.6)



It follows that

H (u) >0, and%H(u):g(u)—g(a).

Proof:. As aresult of using (1), there exists a «y (r) in the interval (min {r, a} , max {r, a})
with r lying between u and « such that

u

H (u(2,1)) = / (r—a)g (7) dr.

«

where ¥ () > 0, leading to

inf ! / r—a)dr < H (u(xz,t)).
Te(min{u,a},max{u,oc})g (7) a ( ) - ( ( ))
Whereupon
1
0 <infg'(7) 5 (u—0)’ <H (u(,1)),
which shows that H (u) > 0. O

Proposition 5. Let (u(t,.),v(t,.)) be a solution of (2.1)-(2.3) and let

V() = /QE (w(z,8) 0 (1)) da, (5.7)

where

E (u,v) = ocH (u) + % (v —v*)?, (5.8)

then subject to (5.1), V (t) is a Lyapunov functional.

Proof:. First of all,

V(t):/Q {JH(U)—i—E(U—U*)z dz.

14



We have

%v (t) = %/Q [JH (u) + % (v— v*)ﬂ dx

d A\ d >
:/QJE[H(u)]dx+§a NETaRE
:a/ﬂ(g(u)—g(u*))utdx—f—/\/g(v—v*)vtdx

= U/Q (9 (u) = g (u*)) (d1Au+ @ (u) [(f (w) = f (u")) = A(v —0")]) dx
+ >\/ (v —v") (Au+op (u) [(g (u) — g (u")) — (v —v")]) dz.
Q
For reasons that will become clear at the end of this proof, let us set

I =o0d /Q (9 (u) — g W) Audzr + \ds /Q (v —2") Avdz,

and
J— / o () [(g () — g () (f () — [ (u*)) = A (0 — v")?] da.
Q

Let us also set

I=1+1,
where
L =ody /Q (9 (u) —g(u"))Audz
= —od, /Qg' (v) |Vu)? dz,
and

I, = )\dg/ (v—2")Avdz
Q

= —)\dg/ Vol dz,
Q

15



in the light of Green’s formula (@ = dv = 0); whereupon
ov  Ov
I= —adl/g' () |Vu|? dz — )\dg/ Vol da.
Q Q

Therefore, under assumption (2.6) it follows that I < 0.
Now, let us examine

J:lfwww@@o—g@ﬂﬂfmwaﬂw»—xw—vfhm. (5.9)
We have
J=szWHdWQW—UﬂUOO—f@ﬂ%ﬂwv—fﬂdw

If condition (5.1) is satisfied, then

u < u = (u—u’)(f(u) - f(u")) <0,
u > v = (u—u")(f(u) = f(u")) <0
It is easy to see that J < 0, and therefore
d
—V(t) <0.
V() =0
This concludes the proof of the proposition. O

Proof:. [Proof of Theorem 1] The positive-definite functional V' (¢) has a non-
positive derivative. Moreover, if (u(x,t),v (z,t)) € R is a solution of (2.1),
for which £V (t) = 0, it follows necessarily that IVul> = |Vo|* = 0; that is
u and v are spatially homogeneous. Hence, (u,v) satisfies the ODE system
(3.1). Since, for the differential system (3.1), (u*,v*) is the largest invariant
subset

d
{wen v@meri gvo-o}.
one gets (see [12, 20]) via La Salle’s invariance theorem

tli)rgo|u(m,t)—u | :tlggo\v(m,t)—v | =0,

16



uniformly in x. Hence,

. 12 T 2 _
tliglo Q(u—u) (a:,t)—tgnolo Q(U v*)* (x,t) = 0. (5.10)
U
6. A Remark

Recall that condition (2.4) was required for Proposition 1 to hold. How-
ever, it can be shown that if ¢ (0) > 0 and the inequality

Ag (0) < lim f (u) (6.1)

u—0t

is fulfilled, then the proposition still holds.

7. Applications

In this section, we will present two concrete examples that can be con-
sidered special cases of system (2.1). The two examples were deliberately
selected to cover two separate cases for ¢ (0); the first being ¢ (0) = 0 as
stated in condition (2.4), and the second being ¢ (0) > 0 as stated in Subsec-
tion 6. For the two chosen examples, we will apply the findings of this study
to establish the global existence of solutions and show that under the previ-
ously imposed conditions, the systems are globally asymptotically stable.

7.1. Lengyel-Epstein Model (CIMA Reaction)

Consider the case

L0y P Y (), ue(o,ﬂ),
E—U p—Oé ,u

17



which is a special case of (5.1). Therefore, the example in (7.1) satisfies the
conditions set out in this work. Substituting (7.1) in system (2.1) yields

{ 2 g Au=a—pu—Ap(u)v, inRFxQ (7.2)

& —doo =0 (u—p(u)v), in R¥ x Q.

It is easy to see that the resulting system (7.2) is the same as the generalized
Lengyel-Epstein system proposed in [1]. Now, from condition (2.7), we have

fla) =Ag(a),
which gives
a
o= .
A+ p

The equilibrium solution of the system is

(u*,v") = (a,%) ,

a
o= .
A+
For instance, let us suppose that dy =1, ¢ (u) = %5, A =4, p =1, and
dy = oc. Also, for modelling purposes, we will replace the positive constant

o with the product ob. Substituting these parameters in system (2.1) yields
the original Lengyel-Epstein system [10, 11]

where

(7.3)

{ % — Au+a—u— 7%,
% = (oc) Av + (ob) (u— 1122) :
The system (7.3) represents DeKepper’s chlorite-iodide-malonic acid-starch
chemical experiment [6], which was the first ever realization of Turing’s in-
stability [16].

The dynamics of the Lengyel-Epstein system (7.3) have been deeply stud-
ied in the literature and thus will not be shown here. It suffices to determine
the range of a for which the solutions are guaranteed to be asymptotically
stable. We notice that according to condition (5.1), f(u) is decreasing regard-
less of a for u € (0, ], thus fulfilling the stability condition. For u € [a, ),
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Figure 1: The shape and intersection of functions f(u) and Ag(u) for the
Lengyel-Epstein reaction—diffusion model (7.3) with maximum a.

the function f(u) remains below f(u*) as long as

2<%.
!

a

This same result was achieved in [12] for the original Lengyel-Epstein model,
and in [2] for the generalized system. The functions f (u) and A\g (u) are
depicted in Figure 1 for a® = % where a = £ = 1.118. We note that for
a? > %5, (u) rises above the horizontal line, thus not satisfying condition
(5.1). This, of course, does not necessarily imply that the solutions are not
globally asymptotically stable.

The solutions of the Lengyel-Epstein model for a? = %, b=1¢=1, and
o = 0.5, are depicted in Figures 2 and 3 for the ODE and one—dimensional

PDE cases, respectively. The initial data is assumed to be
u(0) =4 and v (0) = 3,

in the ODE case and a slight sinusoidal perturbation is added in the one-
dimensional diffusion case

u(x,0) =44 0.2sin <§> and v (z,0) =3+ 0.2 cos (%) .

As expected from our analysis, we observe that the system is asymptotically
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Figure 2: Solutions of the Lengyel-Epstein reaction—diffusion model (7.3) in
the ODE case with the chosen parameters.

stable with the equilibrium solution given by (3.2) as

(u*,v*) = (o, g () = (1.118,2.2499) .

7.2. FitzHugh—Nagumo Model

Here, we consider the FitzHugh-Nagumo reaction—diffusion model [15, 7],
which represents an excitation system such as a neuron in Human physiology.
The system is of the form

{%:dlm—uu(uﬁ)uz—ﬁu—v” (7.4)
ot

= doAv + eu — ey,

where u (z,t) and v (z,t) represent the potential and sodium gating variable
in the cell membrane, respectively. The constants 3, v, and ¢ are assumed
to be positive with 0 < § < 1, ¢ < 1 (accounting for the slow kinetics of
the sodium channel). The constant I represents external stimuli. It can be
easily observed that this model falls under the general framework proposed
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Figure 3: Solutions of the Lenyel-Epstein reaction—diffusion model (7.3) in
the one-dimensional diffusion case with the chosen parameters.

in this paper, i.e. system (2.1), with

S

u

<

(

) =—ud+(1+p)u® — Pu+1,
):

)

—_
<

;7
= 17
)

A >6 Q

1
€

Y.
The constant ¢ is the solution of f(u) = 0 as stated in (2.4), i.e.
—u* + (14 B)u* - Bu+1=0.

Note here that ¢ (0) # 0 meaning that condition (2.4) is not satisfied.
However, as stated in Remark 6, this does not affect the applicability of our
results to this case as the inequality (6.1) holds for this particular example.
The function ¢ (u) is clearly increasing and satisfies condition (2.6). We
consider, for instance, the case where § = 0.139, ¢ = 0.008, v = 2.54,
and I = 2. Hence, § = 1.7282. Since, A = 1 and the functions f(u) and
g(u) intersect at a single point as shown in Figure 4, it is safe to say that
the FitzHugh—-Nagumo system also satisfies condition (2.7). Note that the
dynamic range for u is (0, 1.7282) and the unique equilibrium solution of the
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Figure 4: The shape and intersection of functions f(u) and g(u) for the
FitzHugh-Nagumo reaction—diffusion model.

system as defined by (3.2) is (u*,v*) = (o, g («)) = (1.5928,0.6273). Hence,
clearly, condition (2.8) is satisfied.

Let us now examine the local asymptotic stability of the equilibrium in
the ODE scenario. Differentiating f (u) and substituting for o = 1.5928 can
easily show that stability condition (3.3) is satisfied. One thing that remains
to be examined is the global asymptotic stability of the system when diffusion
is present. It is clear from the shape of f(u) in Figure 4 that it fulfills
condition (5.1) over the range u € (0,9).

The solutions of this particular example were obtained using Matlab sim-
ulations and are depicted in Figures 5 and 6 for the ODE and one-dimensional
diffusion cases, respectively. Note that in the ODE case, the initial data is
assumed to be

u(0) = 0.5 and v (0) = 1.2,

whereas in the one-dimensional diffusion case, a slight sinusoidal perturbation
is added

T

Nz
u(z,0) = 0.5+ 0.2sin (5) and v (z,0) = 1.2 + 0.2 cos (5> :

Clearly, both in the ODE and one-dimensional diffusion cases, the solutions
are stable and tend to the equilibrium solution.
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Figure 5: Solutions of the FitzHugh-Nagumo reaction—diffusion model (7.4)
in the ODE case with the chosen parameters.
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Figure 6: Solutions of the FitzHugh-Nagumo reaction—diffusion model (7.4)
in the one-dimensional diffusion case with the chosen parameters.
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