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Abstract

In this article, we consider a jump diffusion process (X¢), o, with drift function b, diffusion
coefficient o and jump coefficient £2. This process is observed at discrete timest = 0, A, ..., nA.
The sampling interval A tends to 0 and the time interval nA tends to infinity. We assume
that (Xi),., is ergodic, strictly stationary and exponentially S-mixing. We use a penalized
least-square approach to compute adaptive estimators of the functions o2 + &2 and o2. We
provide bounds for the risks of the two estimators.

Keywords: jump diffusions, model selection, nonparametric estimation
Subject Classification: 62G05, 62M05

1 Introduction
We consider the stochastic differential equation (SDE):
dXy = b(X;-)dt + (X )dWy + €(X¢- )dLy, Xo=1 (1)

with 7 a random variable, (W;)¢>o a Brownian motion independent of n and (L), a pure jump

centered Lévy process independent of <(Wt)t20 ,n):

Lt:/ot /|Z|<1z(u(dt,dz)—u(dz)dt)+/0t /|Z|>1zu(dt,dz)

where y is a Poisson measure of intensity v(dz)dt, with [;(z* A 1)v(dz) < co. The process (X;)¢>0
is assumed to be ergodic, stationary and exponentially S-mixing. It is observed at discrete times
t =0,A,...,nA where the sampling interval A tends to 0 and the time of observation nA tends
to infinity. Our aim is to construct adaptive non-parametric estimators of €2 + 02 and ¢2 on a
compact set A. We do not assume that the jumps are of finite intensity, only that La is centred
(that is f|2|>1 zv(dz) = 0) and has a moment of order 8.

Diffusions with jumps become powerful tools to model processes in biology, physics, social sci-

ences, medical sciences, economics, and finance. They are used in the study of dynamical systems
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when the noise is discontinuous or too intensive to be modeled by a Brownian motion, like polymer-
arization phenomenons (see Berestycki (2004)), telephone noise or infinite capacity dam (Protter
and Talay (1997)). In finance, they are used to model a variety of financial applications such as
interest rate modelling or capital asset pricing (which includes fair pricing of options). Indeed, the
standard model was the Black-Sholes model, but the prices in the market are not continuous and
often have jumps. The jump diffusions are therefore more and more used to model asset prices (see
Ait-Sahalia and Jacod (2009) and Protter and Talay (1997) for instance).

There already exists numerous articles dealing with adaptive estimation for Lévy processes (see
for instance Kappus (2014) and Comte and Genon-Catalot (2009) for pure jump Lévy processes and
Neumann and Reifs (2009) and Gugushvili (2009) for more general Lévy processes. The estimators
are based on the characteristic function. Non-parametric estimation of the coefficients of a diffusion
without jumps is also well known (e.g Hoffmann (1999) or Comte et al. (2007)). However, to
our knowledge, there do not exist adaptive estimators for the coefficients of a jump diffusion.
Moreover, the non-parametric estimators are pointwise and constructed only in the finite intensity
case. Shimizu (2008) construct maximum-likelihood parametric estimators of ¢ and ¢ when
the process (X;) is stationnary. Their estimators converge with rates y/n and VnA respectively.
Mancini and Reno (2011) and Hanif et al. (2012) both use local times to construct pointwise, non-
adaptive estimators in the finite intensity cas. Mancini and Reno (2011) construct kernel estimators
of 02. Hanif et al. (2012) provide local polynomials estimators of o2 + ¢2. They both prove the
convergence and the asymptotic normality of their estimators.

In this paper, we construct L? adaptive estimators of the two functions o2 +¢2 and o2 under the
asymptotic framework nA — oo, A — 0. To estimate the second infinitesimal moment o(z)+&%(z)
on a compact set A, we consider the following random variables

(X(k+1a — Xia)?

Tin = A = 0%(Xpa) + €2(Xpa) + noise + remainder.

We introduce a sequence of increasing subspaces S,, of L?(A) and we construct a sequence of
estimators §,, by minimizing over each S,,, a contrast function

) = 23 Ta — 1)

k=1

We bound the risk, then we introduce a penalty function pen;(m) and we minimize on m the
function v p( fm) + pen; (m). Our estimator satisfies an oracle inequality (up to a multiplicative
constant). As the penalty pen,(m) depends on a unknown constant %1, we construct an estimator
32, and show that the robust estimator obtained by minimizing 1., (f,m) + pen, (m) satisfies the
same oracle inequality.

To estimate the function o

(X(kt1a — Xia)?
A

We show that these variables are close to the continuous part of the increments, then we construct
an adaptive robust estimator of o? as for 02 + £2. The risk of this estimator depends on the
Blumenthal-Getoor index of v and automatically realizes a bias-variance compromise.

This article is composed as follows: in Section 2, we specify the model and its assumptions. In
Sections 3 and 4, we construct the estimators and bound their risks. Section 5 is devoted to the

2. we consider the randow variables

= _ 2 . .
Yin = ]]-|X(k+1)A7XkA|S\/K1n(n) = 0“(Xia) + noise + remainder.



simulations and proofs are gathered in Section 6. The technical tools (the definition of the Besov
spaces, some properties of the Fourier transforms, the Talagrand’s and Bennett’s inequalities, the
Berbee’s coupling lemma and the Burkholder-Davis-Gundy inequality) are set in Appendix A.

2 Model

We consider the stochastic differential equation (1). We assume that the following assumptions are
fulfilled:

Assumption Al. The functions b, o and & are Lipschitz.
This assumption ensures that a unique strong solution of (1) exists.

Assumption A2. The process (Xy) is ergodic, exponentially B-mizing and there exists a unique
invariant probability.

See Masuda (2007) for sufficient conditions for this assumption. For instance, it is satisfied if:
a. The Lévy measure v is symetric.
b. The function b is elastic: 3¢ > 0, M > 0, Va, |x| > M, zb(x) < —clz|.
c. The function 02 and £2 are bounded.
d. The function ¢ is bounded by below: Va,o(z) > oo > 0.
We can now assume:
Assumption A3.
a. The process (Xy) is stationary.

b. Its stationary measure has a density w which is bounded from below and above on any compact
set. In particular, there exists g and 71 such that for any x € A, there exist two constants
0<my <m(zx)<m <oo.

We need also some technical assumptions on the Lévy measure and on the functions o2 and £2:
Assumption A4. The Lévy measure v satisfies:
a. v({0}) =0 and Is:= [T 28u(dz) < 00

b. E (Xf) < oo (it is not always a consequence of the previous item, see also Masuda (2007) for
sufficient assumptions).

c. The Blumenthal-Getoor index is strictly less than 2: there exists 8 € [0,2[ such that fil |z|Pv(dz) <
00.
This is not a strong assumption, as the Lévy measure already satisfies fil 2?v(dz) < oo

d. f+oo 2v(dz) = 1. This item ensures the identifiability of the function & (if not, we estimate
the function o?(x)Iy where Iy := fjoo 22v(dz)).



e. The functions o and & are bounded from below and above: 303, &3 such that

Vr €R, 0<o?(z) <o? and 0< & (x) < €2

To simplify the notations, let us set

(k+1)A

(k+1)A (k+1)A
Bia =/ b(Xs)ds,  Zpa =/ o(Xs)dWs  and  Jya :/ §(Xs-)dLs.
k k k

A A A

We introduce the o-algebra %, = o (n, (Ws)o<s<t, (Ls)o<s<t)-
The following lemma follows directly from the Burkholder-Davis-Gundy inequality.

Lemma 1. For anyp > 1, if Io, := [ 2%Py(dz) < oo and E (X2p| ﬂkA) < 00, we have:
Yu>0, E ( sup (Xs+u)2p’ .7-'u> < (14X %P)
0<s<A

and

Yu>0, E ( sup  (Xopy — Xu)2p> < Al + AP
0<s<A

(3)

where A < B means 3C, A < CB and C does not depend on A or onn. Then, as b, o2 and &2 are

Lipschitz:
E (B | Fia) = APDP(Xya) + CAZ 2
4 (Zgi‘ ykA) = APo?(Xpa)E (N?) + CAPTY2 where N ~ A47(0,1)
E

(J,fg\ y,m) = AEP(Xpa) Loy + CAY/2,

To bound the risk of the adaptive estimator of g = 02 + £2, we need bounded variables (or at
least bounded variables with high probability). As exponential moments are needed, the functions

o and & have to be bounded. The big jumps must also be under control.
Assumption A5.

a. The Lévy measure v is sub-exponential:

A C >0, V|Z| > 1, V(] _ Z,Z[C) < Ce= M2

b. The random variables (Xa, ..., Xna) have exponential moments: 3u, K > 0,

E (exp(nXa)) < K.

c. There exists 6, 0 < § < 1, such that A = O(n™?).

This assumption ensures that there is not too much big jumps in a fixed-time interval. Indeed,
the terms |Jia| are bounded by a constant C' with high probability. This allow us to bound the

terms Bra, Zpa and Jia:



Lemma 2.
a. Under Assumptions A1-A4, Ve €]0,1[, Vr > 0, P (|Byal > A7) Sn7".
b. Under A1-Aj and Abe, for any r >0, P (|ZkA| > ro A2 ln(n)) <2n7".

c. For the jumps, we have two bounds. Indeed, one term of jump can be quite big, but we can
control fairly well a mean of jump terms. Let us set q, = crin(n)/A. Under Assumptions
A1-A5, for any p > 0, for any r > 0, for ¢ large enough,

r2C;1n(n)

P <|JkA| > 5

dn
) 5 n-" and P (ql Z JEZ 2 (7’ + 1)2Cp£%pA 1n2p(n)> 5 n~"
" k=1

where the constans Cy and C), will be precised later.

To estimate o, we cut off the jumps. The following assumption ensures that the (not too small)
jumps can be detected and removed.

Assumption A6.
a. The function & is bounded from below: 3¢1, Vo € R, £2(x) > &2 > 0.
b. There exists 0 < § < 1 such that A = O(n™°).

To estimate the constant in the penalty function, we need an additional assumption on the
stationary density. We need the following assumption:

Assumption A7. The stationary density w is continuous on A.

Our aim is to estimate the functions g := 02+£2 and 02 non parametrically on the compact set A.
Estimating directly a function is difficult. To do so, we introduce a sequence of increasing subspaces
(Sm)me.s, Of L*(A). Then, as in the linear regression framework, we construct a sequence of
estimators by minimizing over each S,, a mean square contrast function +, (¢). Finally we select the
"best" estimators g, and 6% thanks to a penalty function. As usual in nonparametric estimation,
the risk of our estimators can be decomposed in a variance term and a bias term which depends
of the regularity of the estimated function. We choose to use the Besov spaces to caracterize the
regularity, which are well adapted to L? estimation (particularly for the wavelet decomposition).

First, we need some conditions on the subspaces S,,.

Assumption AS.
a. The subspaces Sy, have finite dimension D,, and are increasing: ¥Ym, Sy, C Spt1-

b. The ||.|| 2 and ||.||,, norms are connected:
31, Ym, ¥t € S, IE]2 < d1Dim 18|72

with ||t|@2 = [t} (x)dz and |||, = sup,eq |t(x)|. This implies that for any orthonormal
basis (ox)re,,) of Sm, YV €R,

A€A,



c. For any m € N, there exists an orthonormal basis (¢x)xea of Sm such that

VAa Card()‘/a ‘W)J/J/\’Hoo 7& O) S ¢2~

e}

d. For any function t belonging to %5 ., the Besov space of regularity o <r (see Appendiz A),
e, Vm, ||t — tml|7. < eD;2
where t,, is the orthogonal projection L? of t on Sy,.

These conditions are classical in nonparametric estimation. The vectorial subspaces generated
by piecewise polynomials of degree r, spline functions of degree r or wavelets of regularity r satisfy
these properties (see Meyer (1990), Proposition 4 p50, and DeVore and Lorentz (1993) for the proof

of (d)).

3 Estimation of o2 + £2.

To estimate o2 for a diffusion process (without jumps), we can consider the random variables

(Xht1)a — Xia)?
A

(see Comte et al. (2007) for instance). For jump diffusions,

Tyn =

Xk+1)a — Xka = Bra + Zga + Jia
and therefore Ty is a rough estimator of 02(Xga)+£%(Xka), not of 02(Xia) alone. We can write:
Tia = 0*(Xpa) + £ (Xka) + Bea + Fra + Gia
where
AEya = (Bia+ Zia+ Jka)? = (Zia + Jea)? +E ((Zka + Jea)?| Fra) — A0 (Xga) + €2 (Xka))
is a remainder term and
AFyun = Zin —B(ZiA| Frn) s AGra = Jia —E (JPa| Fra) + 2JkaZia

are centred. The random variable Fiya comes from the Brownian terms, and Gxa from the jump
and Brownian terms.

The following lemma derived from Proposition 1 and the Burkholder-Davis-Gundy inequality.
It is proved in Section 6.

Lemma 3. Under Assumptions A1-A4,
E (Ein| Fra) S A E(EiA| Fra) S A

E (Fral Zia) =0, E(F2| Fra) =204 (Xea) + CAY2 | E (Fiy| Fra) S 1.

E(GkA| ka) = 0, E (G2A| gka) = A71§4(XkA)I4 + CAfl/z,

E ((GkA + FkA)2| j;ﬁA) = A71§4(XkA)I4 + CAY/?

where C' is a constant that does not depend on n neither on A and is not the same in two different
lines.



3.1 Estimation for fixed m

For any m € 4, = {m, Dy, < Z,,} where the maximal dimension 2, satisfies 2,, < vVnA/In(n),
we construct an estimator §,, of g = 02 +¢? by minimizing on S,,, the mean square contrast function

1 n
Y (t ﬁ]; (Xka) TkA)2-

We can always find a function minimizing 7 ,(t), but it may not be unique. On the contrary,
the random vector (§,m(Xa), ..., Gm(Xna) is always uniquely defined. Therefore we consider the
empirical risk %, (g ), where

: RS
Fin®) =E ([t =gall,) with [} = =3 *(Xua)
k=1

and g4 := gls. We introduce the L2-norm HtHi [4 t?(z)7(z)dz, and gm . the orthogonal
projection of g on S, for the m-norm.

Proposition 4 (Bound of the empirical risk). Under Assumptions A1-A4 and A8, if m € M, the
risk of the estimator G, is bounded by:

) D,,
R 7 (Gm) < Nlgmm — gall> + 125, =2 + CA

where the constant C' does not depend on m, nor onn and A and

¥, :=min ({i{AL;, %[4 / 54(z)7r(z)dz)
R

whith £1,4 = sUP,eq ().

Corollary 5 (Bound of the L2-risk). The bound for the L2-risk is less sharp. Under Assumptions
A1-Aj and A8, if m € M,

. D
E (lgm — 9a12) <91lg = gmll2 + 245172 + 2CA.
For any function t on the compact set A, ||t||fr <m ||t||ig Then, if we denote by g,, the orthogonal
projection (L?) of g on Sp,, we get that ||gm = — gAHi <|lga — gm||72T <71 llga — gm||iz and, under
the same assumptions,

E (Ilgm - gAHiz) <971 [lg — gmll72 + 2421% +2CA.

This estimator converges when nA — oco. This is quite logical: indeed, for a compound Poisson
process, we have approximatively nA jumps in the time interval [0, nA]. We can remark that, quite
naturally, the empirical risk and the L2-risk converges with rate VnA.

We have to find a good compromise between the bias term, ||, — ¢ AH%% which decreases when
m increases, and the variance term, proportional to D,,/(nA). If g belongs to the Besov space



B o (A) (with o > 1), then ||g, — gA||iQ is proportional to D,,2*. The risk is then minimal for
Mopt = (nA)Y/(1+20) "and satisfies, when nA? — 0,

E <Hgmopt - gAHiQ) 5 (T'LA)_2O‘/(204+1).

Hanif et al. (2012) assume that o2 and ¢2 belongs to €2. If nA3/2 — 0, they obtain the rate of
convergence (nA)~2/%. We obtain the same rate of convergence for this regularity.

3.2 Adaptive estimator

We now have a collection of estimators go,...,Ggm,.... Our aim is to select automatically the
dimension m, without any knowlege of the regularity of g. As the subspaces S,, are increasing,
the function 1 ,,(#,) decreases when m increases. To find an adaptive estimator, we need to add
a penalty term pen,(m). We take a penalty term proportional to the variance, that is pen;(m) =

KX Z—K and choose the adaptive estimator §; by minimizing the function

= min Y1,n(Gm) + peny (m).
The random variables Fxa and Gga are bounded with high probability thanks to Lemma 3. As

they are also exponentially S-mixing, we can apply the Berbee’s coupling lemma and a Talagrand’s
inequality for S-mixing random variables. We then obtain the following oracle inequality:

Theorem 6. Under assumptions A1-A5 and A8, there exists a universal constant k1 such that for
any K > K1,

N 2\ <« . 2 lng(n)
E (Ign — 9all72) S inf {llgm — gallfz + pens(m)} + A+ 20

The adaptive estimator §,; automatically realises the best (up to a multiplicative constant)
compromise.

3.3 Robust estimator

It remains to find the constant in the penalty. The universal constant k1 can be explicitely bounded;
the quantity

¥, = min{fi1 aly, qﬁl/f‘*(ax)w(m)dw}
’ o Jr
is unknown but can be bounded. We first estimate the function h(zx) := £*(x)I;. Let us set

Xaana — Xea)?
Via — Ky X ) =M Xea)u+ Lpa +  Hpa
~—~ ———

small term centred term

We consider the estimator

R . 1< 2
hy, = arg Jnin Y3.n(t) where 3,(t) = - ; (Vea —t(Xka))". 4)

Let us denote by %3, := L 31" (h(Xga — t(Xka))? the empirical risk.



Proposition 7. Under Assumptions A1-A5 and A8, for any m such as Dy, < 2, = \/nA/In(n):

D
—m—l-C’A.

E (@an(hn)) < I = o2 Is + O 2

We set hy = SUD,c o ﬁln(n). Under assumptions A1-A5 and AS,
P (‘hl - g;{ALl‘ > 1/1n(n)) <nS.

This result is sufficient to bound the penalty (which is all we need). However, the bound will be
more precise if we estimate also the second term ¢1 /moly [ £*(z)w(2)dx. In the proof of Proposition
7, we show that E (L7 1) < A and E (Hya| Zka) = 0. Then, we can remark that

E (Via) = E (€*(Xea)) I + CAYV2.

We can estimate E (Via) by the mean V,,. As we are insterested in the minimum of m, it is
better to take the kernel estimator. Indeed, computing the pointzise risk of the kernel estimator
is quite natural, and this allows us to control the error on the minimum quite easily. Moreover,
the kernel estimator is already implemented in some softwares. We consider the rectangular kernel
K(r) := 1)3<1/2 and set

Fn(z) = % S Kn(Xi—z) with Ky(z) =h"'K(z/h).
k=1

We take a grid (z1,...,%,2(,)) of equally spaced points of A, and we compute the minimum of
T(na)-1/2) On this grid:
To:= min 7 —12(xy).
0=, I ) T 1/2(25)

iy

Let us set f)l = min {le , %Vn}
Lemma 8. Under assumptions A1-A5 and A7-A8, 31 is a consistent estimator of X1 and more

precisely, for C' large enough
- 1
P12 =% >— ) <n®.
<| 1 1|ln(n)>N”

Corollary 9. Under Assumption A1-A5 and A7-AS8, for any k > k1, the adaptive estimator s

where
= arg min n(Gm — —
B 2 " In(n) "nA

achieves the oracle inequality:

~ 2 . 2 Dm
E (Hgm - gHL2) ’S mlen/f/[n {'gm - gA”Lz + E + A+

In®(n)
nA




4 Estimation of 2.

We have that

(X(kt1)a — Xia)?
A
The idea is to keep Tia only when there is no jump. The continuous part of the increment is

Bia + Zpa and the jump part of the increments is Jxa. If we could access the continuous part, we
would consider the quantities

Ten = = 0%(Xpa) + JZa +small terms + centred terms.

(Bka + Zipa)?
—x

We need to approximate these increments. As the stochastic term Zja is of order A2 we can only
suppress the jumps of amplitude strictly greater than A'/2. Authors such as Gloter et al. (2016)
or Mancini and Reno (2011) use a threshold proportional to A/2=¢ We decide to use a slightly
different threshold, proportional to In(n)A'/2. Then we consider:

Uka ==

(Xrna — Xka)®

Yia = A Loy,

where Qx; = {w, )In(n)A/2)}. This is a classical method to obtain
the continuous increment of a Lévy process or a jump diffusion (see for instance Jacod (2007), ,
Shimizu and Yoshida (2006) ...)

Lemma 10 (Approximation of the continuous increment). Under assumptions A1-A4 and A6,
E <(UkA — YkA)Zp) 5 ln4p(n)A17ﬁ/2 +

We recall that 8 is the Blumenthal-Getoor index of the process (X;). For a compound Poisson
process, B =0 and most of the jumps can be detected and removed. If B is high (close to 2), there
is more and more small jumps and it becomes more difficult to detect them. Under Assumptions
A1-A4 and A6,

P (lUkA — YkA| > 1n2(n)) S n_G

4.1 Estimation for fixed m

We consider the following contrast function and the empirical risk
1 2 2 2112
’YQH ﬁz chA YkA) and %2771(75) :IE(Ht—o Hn> .
k=1

Let us set 62, = arginfies,, y2.1(t)-

Proposition 11. Under Assumptions A1-A4, A6 and A8, the risk of the estimator 6, is bounded
by:

D

%2 n( < HO'A_O-mH —|—E Hm +CA17L‘3/21H2(”)

where 0% (z) = 02(2)1zea and Yo < min {01 , 2 fcf (x) dm}

10



The bias term ||O'i — aaniZ and the variance term YD,,n~! are the same as for a diffusion
without jumps. Nevertheless, the remainder term is A? for a diffusion process (see for instance
Comte et al. (2007)). Even for Poisson processes, the remainder term will be here proportional
to Aln*(n). This is due to the jumps: to bound the risk, we use a Taylor approximation of
X(k+1)a — Xra. For a SDE without jumps, we can refine this Taylor approximation to obtain a
smaller remainder term. Here, the difference (X(41)a — Xi A)?P is proportional to the probability
of having a jump in the time interval [kA, (k + 1)A] and does not change with p: we can not refine
the approximation.

If o2 belongs to the Besov space %S, then |03 — 02|, < D;,** . The best estimator is

obtained for D,,, , = n~1/(1#2) and its risk is bounded by 7”F20‘/(2“Jrl + A1-8/2,

Remark 12. Let us set A ~n=%, with 0 < § < 1. We have the following rates of convergence:

| a | jump diffusions | diffusions |
O<6<2<2a+1)§l AL/Z=B/% A

1/2—B/4 —a/ (ot

e =0 < Gamamgm M| A a7 )

—a/(2a+1 —a/(Zat1

Ganapm N1s0<1 n-o/CaF) [ p=a/ZadD)

If B = 0, the adaptive estimator will reach the rate of convergence n~%/ otV for high frequency
data (nA%TY/ () = O(1)). This is the minimaz rate of convergence for non-parametric estimation
of o2 for diffusions processes (see for instance Hoffmann (1999)). If B or « is too big (as soon as
Bla+1/2) > 1), even for high frequency data, the remainder term will be predominant in the risk.
Mancini and Reno (2011) set § = 1 (A = 1/n) and assume that the derivative of o2 is bounded.
They obtain a rate of convergence of n=Y/3. For ¢ close to 1, we obtain the same rate if o belongs
to the Besov space %’5’00, that is if ¢’ € L?.

4.2 Adaptive estimator
Let us introduce a penalty function pen,(m) = kn~'3%, and define the adaptive estimator 62 :
. . )
m = arg min eny(m
g min Yo, (67,) + peng(m)
where A, = {m, D, < %,}. To bound the risk of the estimator 6, we use a Bernstein-type
inequality and a decomposition on a lattice.

Theorem 13. Under Assumptions A1-A4, A6 and A8, there exists ko such that, if kK > Ko, we
have the following oracle inequality:

R2.n(62) S min (Hai — aanQLz + peng(m)> + A1P/2 In*(n) +

men n

Again, the constant ¥y = min{o , £ [o*(z)r(z)dz} is unknown. Let us set 67 = sup4 Ginn)
and M§ =n~'S7_, (Yan)?, and

: , P1 e
Y9 := min (maxa‘ll T My ).

The estimator 3, converges toward Yo with high probability:

11



Lemma 14. Under Assumptions A1-Aj and A6-A7,

- 1
P ’22 —22‘ > ) <nS.
In(n)
Then the estimator with the estimated penalty satisfies also an oracle inequality:

Corollary 15. Let us set peny(m) = k (f]g + ﬁ) Dy, /(nA) with k > ko and . = arg min,e.z, Yo,n(62,)+

peny(m). Then, for any k > k1, under Asummptions A1-A4 and A6-A8, we have the following
oracle inequality:

. . 2 _ 1
Fn(62) < ,min (Ho’i —on |} +pen2(m)) + AP 2 Int (n) + -

5 Simulations

5.1 Models

In the first three models, we consider a stochastic process (X;) such that
dXt = b(Xt)dt + O'(Xt)th + S(Xt*)d[/ta XO =1,

with L; a compound Poisson process:
Ny
Li=Y G
k=1

where N; is a compound Poisson process of intensity 1, and ({j) are centred, independent, and
identically distributed random variables. We denote by f the law of (; and we assume that E (C,f) =
1 and that the random variables ((j) are independent of (1, (W), ,N¢). The simulation is done
by an Euler scheme: we first simulate the instants and the size of the jumps. We obtain a time
vector ¢y, ...,tyN of the time of the jumps. Thanks to an Euler scheme, we simulate X; on the sorted
vector: (0,A,...,t1,...,tN,...,nA). As X; can considerably vary after a jump, this method of
simulation gives us a better accuracy than simulate LA in one step.

The last two models have infinite jump activity: we nearly consider a stable Lévy process (with
jumps smaller than 1). We use the same simulation algorithm as for the Poisson process, with
an approximate simulaton of the jumps: we only compute the jumps greater than A. The jumps
smaller than A are replaced by a Gaussian.

All these models satisfy all the assumptions that we can check, that is A1, A2, A4, A5 and A6.
We estimate the stationary density, and our models also seem to satisfy also Assumptions A3 and
AT.

5.2 Method

We change A into the set [0, 1] by an affine transformation. We use the vectorial subspaces generated
by the spline functions:

Sm.r = Vect (0rrm, Kk €Z), with ¢ppm = 2m/2gr(2mx —k)Lyea
and gr=lgea*...xLzcqa (r+1) time

12



Those subspaces nearly form a multi-resolution analysis of L%([0,1]) of regularity 7.

To construct the adaptive estimator, we compute fm,r for D,, < m, 0<r<4and0<m<T7.
Indeed for m = 7, we already have D,, = 128. If m was bigger, there will be a memory problem.
The constants k1 and ko are chosen by numerical calibration (see Comte and Rozenholc (2002),
Comte and Rozenhole (2004) for a complete discussion). We take k1 = 6 and ks = 24. Then we
compute the adaptive estimators and the robust estimators. We minimize ~,,( fmr) + pen(m,r)
with respect to m, then r.

To obtain Figures 1-5, for each model, we realise 5 simulations and draw the 10 corresponding
estimators: 5 with the true penalty constant, and five with the estimated penalty constant (the
robust estimator). To construct the tables, for each set (n, A) and each model, we make 50 simu-
lations, and for each simulation, we compute the adaptive estimators g, » or 672?# and the robust
estimator g 7 or &7%”:, the selected dimension (1, 7), the estimated penalty constant 21 or 22,
and the empirical errors

n

N ~ .
risk = EZ(Q",f(XkA) — 9(Xka))’ Ixaca, @ ==Y (Gmr(Xra) = 9(Xka))* Lx,sca-
k=1 k=1

S|

Or for estimating o2

. N 2 1
risk = E}; (C’2~ #(Xka) — UQ(XkA)) Ixyaca, err= I 2

~ 2
(6,+(Xka) — 02 (Xka)) Lx,nea.

NE

We also compute the empirical error for each gm, (or 67 ,). Then we deduce the dimension

(Mmin, "min) that minimizes the empirical error (denoted by erry,). In the tables, we write the
following informations:

e mean and standard deviation of the risk of the robust estimators g 7 and 63, ; (in fact, we

give the squrare roots of these quantities, that is y/mean(risk) and 4/sd(risk) to compare
more easily the error and the values of the function).

e A criteria of comparison between the risks of the adaptive estimator and the robust estimator;
orpen = mean(In(risk/err)). The quantity orpen is positive if the robust estimator is worse,
and negative if the robust estimator is better.

e An oracle to compare the risks of the robust estimator and the ’oracle’ estimator; or =
mean(In(risk/erryi, )). This quantity is always positive.

e the mean and the standard deviation of the selected dimension Dy, 5.
e the mean and standard deviation of the estimated penalty constant 3 or 3.

The best results for risk are written in bold.

5.3 Results

The estimation of 02 seems very good for models 1-3, that is when the Blumenthal-Getoor index
is equal to 0. For A small enough (A = 1072 or 10~3 for Model 1, A = 103 for Models 2 and 3),
the risk of the robust adaptive estimator (7,27%; is inversely proportional to n, that is proportional to

13



the variance term. When S is not equal to 0 (models 4-5), we overestimate o: this is because the
small jumps can not be cut. The risk mostly depends on A: the remainder term is predominant.
The effect is more important for Model 5 (with Blumenthal-Getoor index equal to 3/2) than for
Model 4 (with Blumenthal-Getoor index equal to 1/2): this is consistent with Remark 12. The best
results are obtained for A = 10~2 and n = 10°.

The results for function g = 02 + £2 are quite different. Indeed, the variance term is bigger (it
is proportional to 1/nA and not 1/n). The convergence is good for Ornstein-Uhlenbeck models
(Models 1, 4 and 5); when A is small enough (< 10~2), the risk in inversely proportional to nA.
This is not exactly the case Models 2 and 3, as we have to find a good trade-off between the bias
and the variance terms. But, when A < 1072, the risk seems to depends only on nA. The larger
n/\, the larger the selected dimension: our estimator is really adaptive.

The risk of the robusts estimators seems to be either comparable, either even better (for the
Ornstein-Uhlenbeck models) than the adaptive estimator with known penalty constant. For the
Ornstein-Uhlenbeck, we tend to overestimate the penalty, which is better than underestimate it.

The constant 35 seems to converge, even very slowly. For 21, it is more difficult to see a pattern.
This is quite understandable: the rate of convergence of P3N really depends on A and on n, whereas
the one of 34 depends on A and on nA.

6 Proofs

6.1 Proof of Lemmal

The first two inequalities are fairly classical, so we do not give the proof here. The process being
stationary, we only prove the result for £ = 1.
For any function f Lipschitz, by Holder inequality and equation (3),

(k+1)A 2p (k+1)A
E </k f(Xs) — f(XkA)d3> Fra | <APTE (/k (f(Xs) — f(Xpn))?Pds| F

A A

S AP, + A%, (5)

Let us set

) (k+1)A ) (k1)
ZMy:/ WXQ—MXMDM,Zmy:AA (0(X.) — o(Xpa))dW,

~ (k+1)A
Jia = / (€(X.) — £(Xa))dLe. (6)
kA
‘We have that
2p 2 . . . ~ .
o) = WX A4 Ol P A ( B )
1=1

E(BY

ﬁo) =E ( (Ab(XkA) + BkA)

Then by, as the function b is Lipschitz, by (5),

2p
330) < ZAQ;H‘NH/Q < A2PH1/2

i=1

E(B?—A%MX@%
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Figure 1: Model 1: Ornstein-Uhlenbeck and binomial jumps (8 = 0)

dX, = —2X,dt + dW, + dL,
with binomial jumps: P (¢x = 1) = P(¢x = —1) = 0.5. Then ¢4, = 1 and of = 1.

Estimation of o2

Estimation of o2 + £2

25

n=10° A=10"3

: estimator with true penalty constant

Estimation of o2 + £2

n=10° A =102

.: robust estimator

A n RlSk Dm); 21
mean sd orpen or mean sd | mean  sd
10-' [ 10° | 0.28 0.26 -0.26 0 1 0 3.8 14
10-t | 10* | 0.26 0.14 -0.10 0.0046 | 1.0 02| 29 1.2
10~' | 10° | 0.27 0.079 -0.00060  0.12 30 01 21 0.3
1072 | 103 | 0.34  0.42 -0.31 0 1 0 4.3 3.7
1072 | 10* | 0.11  0.16 -0.19 0 1 0 2.4 1
1072 | 10° | 0.049 0.054 -0.057  0.087 1.0 01| 1.5 0.35
1073 | 10* | 0.34  0.41 -0.24 0 1 0 4.3 2.8
1073 | 105 | 0.11 0.13 -0.16 0 1 0 2.2 0.9
Estimation of g2
A n Risk Dmﬂ: EQ
mean sd orpen or mean sd mean sd
1077 | 108 0.74 0.43 -0.15  0.0011 | 1.0 0.07] 7.5 3.7
1071 | 10* | 0.74 0.24  -0.034 0.0034 | 1.125 0.47 | 490 1.05
1071 | 10° | 0.75 0.13 -0.0019 0.014 | 3.0 0.2 4.2 0.3
1072 | 103 | 0.050  0.059 -0.035 0 1 0 2.3 2.7
1072 | 104 0.18 0.14 -0.30 0.061 1.4 1.8 2.1 0.6
1072 | 10° 0.90 0.26  -0.017 0.031 | 186 135 | 44 0.7
1073 | 10* | 0.015  0.019  -0.055 0 1 0 14 1.4
1073 | 10° | 0.0052 0.0063 0 0 1 0 1.1 0.04
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Figure 2: Model 2: square function and Laplace jumps (8 = 0)

X7 +3

dX; = —2Xdt + —-5——
t t +Xt2*+1

AWy + dLy
with Laplace jumps:
fldz) =v(dz) = 0.5e~17v2l,

Then 31, = 6 and of = 81.
Estimation of o2 Estimation of o2 + £2

T T T T T T T T T
-10 -05 00 05 1.0 -1.0 -05 00 05 1.0

n=10°, A=10"3 n=10°, A=10"2
— : true function —. : estimator with true penalty constant ...t robust estimator

Estimation of o2 + £2

A n Risk Dﬁlﬂ: 21
mean sd  orpen or mean sd | mean sd
10°T 1103 ] 229 1.2 -0.017 0.34 1.0 0.3 30 26
1071 [ 104 | 2.04 0.9 0.097 0.13 2.1 1.0 26 12
1071 | 10° | 1.89 0.4 5.107° 0.0053 | 3.0 0.1 | 19 4
1072 | 103 | 2.25 3.5 -0.30 0.85 1.15 0.5 55 198
1072 {10* | 1.29 1.1  0.76 1.20 1.9 10| 32 41
1072 | 10° | 0.40 0.3 -0.061 0.21 3 0 20 14
1073 | 104 | 1.64 1.7 -0.62 0.71 1.7 1 27 80
1073 | 10° | 1.28 1.1 0.71 1.20 1.9 1.0 32 34

Estimation of o
A n Risk Dﬁlﬂt 22
mean  sd orpen or mean sd | mean  sd
1071 | »n? 1.97 0.8 0 0.52 1 0 48 9.0
107t [ 10* | 144 08 -0.33 0.083 | 2.6 08 43 2.9
107! | 10° | 1.28 0.3 4.107° 0.013 3.0 0.07 43 1.1
1072 | 103 | 1.76 0.7  0.025 1.53 1.0 0.2 67 154

1072 | 10* | 0.38 0.3 0 0.22 3 0 72 5.6
1072 | 10° | 026 0.2 -0.016 0.19 3.5 0.8 73 1.7
1073 | 10* | 032 0.3 0 0.29 3 0 76 6.1

1073 | 10° | 0.14 0.08 -0.024 0.95 3.3 0.8 78 1.6
1o




Figure 3: Model 3: sine function and Gaussian jumps (5 = 0)

dX; = (—2X; +sin(3X;))dt + /2 + 0.5sin(r X, ) (dW; + dL;)

with normal jumps: ¢ ~ .4 (0,1). We have that of = 6.25 and ¢f1, = 18.75.

Estimation of o2 Estimation of o2 + £2

40

30

n=10° A=10"3 n=10° A=10"2

: estimator with true penalty constant ...: robust estimator

Estimation of o2 + £2

A n Risk Dy, i N
mean  sd orpen or mean sd | mean sd
10T [ 103 | 0.98 07 -0.029 0.44 1 0 32 23

1071 | 104 | 0.83 0.5 0.10 0.36 1.5 0.5 26 9

10~1 | 105 | 0.67 0.25 -0.0043 0.024 | 3.9 0.9 18 3.0
1072 | 103 | 142 1.5 -0.24 0.17 1 0 53 72
1072 | 10* | 0.85 0.6 -0.058 0.78 1.0 0.07| 42 26
1072 | 10° | 0.40 0.3 0.039 0.87 | 2.0 0.3 27 8

1073 | 10* | 1.52 2.0 -0.15  0.20 1 0 63 100
1073 | 10° | 0.82 0.5 -0.018 0.82 1.0 007 | 41 21

Estimation of o2

A n Risk Dﬁli 22
mean sd orpen or mean sd | mean  sd
10°T[10°| 067 0.4 0.00090 0.21 1.0 02 ] 130 56
10°t | 10* | 0.99 04 -0.013 0.030 23 084 | 125 1.8
1072 | 10° | 1.22 0.3 -0.0066 0.0048 | 4.8 0.8 | 13.8 0.6
1072 [ 103 | 036 0.2 0.10 1.31 1.1 032] 83 4.0
1072 | 104 | 0.17 0.1 0.037 0.69 26 09 | 67 06
1072 | 10° | 0.20 0.09 -0.00068 0.011 | 41 044 | 69 0.22
1073 | 10* | 0.14 0.01  0.020 1.40 26 09 | 64 1.2
1073 | 10° | 0.027 0.02 0 0.22 4 0 6.2 0.15
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Figure 4: Model 4: stable jumps (5 = 1/2)

b(l’) = = W1|z|§17

—2x o*(z)=£€%(x) =1, wv(dz)

the jumps have infinite activity. The Blumenthal-Getoor index is equal to 8 = 1/2, and &1, = 3/7.

Estimation of o2

n=10°, A=10"3
: estimator with true penalty constant

Estimation of o2 + £2

.. robust estimator

Estimation of o2 + £2

n =105 A =102

A n Risk Dmf 21
mean sd orpen or mean sd | mean  sd
10T [10%] 029 02 -0.12 0 1 0 26 1.3
1071 | 10* | 0.26 0.1 -0.11 0.011 1.1 0.4 2.0 0.6
10t | 10° | 0.27 0.07 -0.00063  0.11 3.0 0.1 1.6 0.2
1072 | 10 | 0.24 0.3 -0.090 0 1 0 1.8 1.7
1072 | 10* | 0.078 0.09 -0.047 0 1 0 1.2 0.6
102 | 10° | 0.037 0.04 0 0.052 1.0 0.1 0.74 0.16
1073 | 10* | 0.23 0.3 -0.073 0 1 0 1.8 1.1
1073 | 10° | 0.076 0.09 -0.047  0.0084 1.0 0.07 1.0 0.5
Estimation of o2
A n Risk Dm’f 22
mean  sd orpen or mean sd | mean  sd
10°' [ 10° | 0.73 0.4 -0.061 0 1 0 6.7 3.0
10~ | 10* | 0.75 0.2 -0.022 0.0015 1.1 0.4 4.7 0.85
10~' | 10° | 0.75 0.13 -0.00049 0.014 3 0 4.2 0.25
1072 | 10% | 0.53 0.4 -0.14 0.0024 1.0 0.07 7.7 11
1072 | 10* | 0.82 0.3 -0.099  0.0038 1.2 0.5 5.0 1.3
1072 | 10° | 096 0.2  -0.020 0.0018 | 2.1 3.1 | 45 04
1073 | 10* | 0.15 0.1 -0.041 0.016 1.1 0.4 2.0 0.9
1072 | 10° | 0.21 0.07 -0.017 0.0078 | 1.7 1.7 | 1.7 0.14
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b(x) =

Figure 5: Model 5: stable jumps (8 = 3/2)

“2% o%(x) = &(x) = 1,

v(dz)

T 455/2

L<i-

Then the Blumethal-Getoor index is equal to 3/2 and &1y = 1/5 and o} = 1.
Estimation of o2

Estimation of o2 + £2

n=10° A=10"3
—. : estimator with true penalty constant

.. robust estimator

Estimation de o2 + &2

n =105 A =102

A n Risk Dm_’f 21

mean sd orpen or mean sd | mean sd

10-1[103] 028 0.2 -0.50 0 1 0 21 09
10~! | 10* | 0.27 0.13 -0.16 0.012 1.1 0.39 1.8 0.5
101 | 10° | 0.28 0.070 -0.0032 0.11 3.0 0.1 1.4 0.14
1072 | 103 | 0.18 020  -0.52 0 1 0 .1 13
102 | 10* | 0.069 0.08 -0.13 0 1 0 0.68 0.3
10-2 | 10° | 0.036 0.035 -0.14 0.020| 1.0 0.1 | 044 0.10
1073 | 10* | 0.16 0.2 -0.32 0 1 0 0.96 0.7
1073 | 10° | 0.054 0.07 -0.2 0.010 1.0 0.07 | 0.53 0.3

Estimation de o2
A n Risk D,;Lﬂ: 22

mean  sd orpen or mean sd | mean sd

1071 | 10° | 0.74 0.4 -0.042 0 1 0 6.4 2.7
10-1 | 10* | 0.74 0.21 -0.018 0.0015 1.1 0.3 4.6 0.7
10~1 | 10° | 0.74 0.12 -0.00020 0.015 3.0 0.07 4.1 0.2
1072 | 103 | 0.77 0.42  -0.083 0 1 0 9.3 11
1072 | 10* | 0.90 0.30 -0.038 0.00098 1.0 0.25 4.9 0.98
1072 ] 10° | 0.96 0.18 -0.011 0.00026 | 1.2 052 | 43 0.3
1073 | 10* | 0.53 0.20 -0.015 0.00076 1.0 0.1 3.3 1.2
1073 | 10° | 0.59 0.13 -0.0078 0.00051 1.2 0.6 2.8 0.2
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We now focus on the Brownian term.

P
E(Z? 3%)

2p
= o(X)E (W) + 3 Cho(Xo)E (W Z4| o
=1

,%) —E ( (U(XOWVA n ZM)Q

By Cauchy-Schwarz,

B (22— 0B (W2)| ) £ 30 (B (W) (224

)"

)

12 _ & —i 524
7)) 3 (s (22

According to the Burkholder-Davis-Gundy inequality, Holder inequality and (3),

A i A
90) SE (/ (o(Xs) — U(XkA))2d3> Fo | SAT'E (/ (0(Xs) — 0(Xka))*ds| Fo

E(Zg
0 0

S AT (7)
Therefore, As E (W ) APE (N 2p) where N is a centred reduced gaussian,
E (22 = o(Xo)AVE (N*)| 7y) 5 APH2,

To bound the jump term, let us first remark that E (Lip) = Aly, + CA?. Then

3 (4] 7) =00 (1) + 3t s (11

By the Burkholder-Davis-Gundy inequality and (5), we get:

p

A A
B(2) Sy [ (60X) - €0Xa)ds + ( | e - £<X0>2d8>
0 0
S ALy (AL, + AP) + AP(AL)P S AT3, + AP, + AP, (8)
By Cauchy-Schwarz, we obtain:

E (JkA — €2(Xo)E (L%) ] ffo) < ipj (AA2)'? < A3

i=1

which ends the proof.
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6.2 Proof of Lemma 2

We introduce the compensated Poisson measure fi(s,z) = u(s, z) — v(z)s, and we decompose the
Lévy process as follows:

S S
Lgl) :/ / zfi(ds, dz), ng) =/ / zji(ds, dz)
0 J|zl<ar/2 0 JA2<|z<Ar/4

- [ ldsd), 19 = [ [ tds,d (9)
0 JAr4<)z<1 0 J]z[>1
. @) _ kDA @) . .
and the random variables Jy A = |, A &(X,4-)dLs’. The Brownian and the very small jumps

have a similar behaviour. One big jump term can be quite large, but as many terms are zero, its
mean can be bounded.

Bound of the drift terms
As Xia € A, b(Xpa) is bounded. Let us set Bya 1= Bra — Ab(Xpa) = [FTV2(b(X,) —b(Xpa))ds.

kA
By Holder inequality and Lemma 1, as b is Lipschitz, if E <X§p ) < 00,

% (k+1)A (k+1)A Zp—1
E ( (BM> %A) <E / (b(X,) — b(Xea))?Pds / 120/(2p=1) Fin
kA kA

(k+1)A
<E / (X5 — Xpa)?PdsA?P~1
kA

9‘%> < AT (10)

Therefore, by Markov inequality, for any € €]0, 1[, any p > 1,
P(|Bral = A7) S A2 (BR) S AL,
By Assumption A5, A = O(n~°) and then P (|Bya| > A7) <7

Bound of the Brownian terms

By Markov inequality,

, 1
P (ZkA > roy A2 ln(n)) <n"E {exp (UlAI/QZkAﬂ

1 (k+1)A
exp o?(Xy)ds || <n".

<n"E —_
> 2\
07 kA

By symmetry, P (Zya < —ro1AY2In(n)) < n~" and P (|Zka| > ro1 A2 1In(n)) < 207
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Bound of the small jumps.

The terms J ,52 are small and can be bounded in the same way as the Brownian terms Zxa. As the
terms are stationary, we focus on the bound of Jg). Let us set

AL/2

Ko _/ / . “f(Xs)Z—1—a§(Xs)z) v(dz)ds and V. —a/ £(X, VALY — Ko,
A

According to Corollary 5.2.2 of Applebaum (2004), for any a > 0, ¢ > 0, exp(V, ;) is a local martin-
gale. We consider a sequence of increasing stopping times (7x) such that 7y — oo and exp(Vy 1ary )
is a martingale. Then E (exp(Vy anry) = 1. We can remark that for any a < 1/(26;A/2),

Al/2 Al/2
Ko </ / a?226%(X,)v(dz)ds < €2a t/ 22v(dz).

A1/2 Al/2
We recall that 3 is the Blumenthal-Getoor index (see Assumption A2), and therefore
Al/2 Al/2
/ 22v(dz) = / P2 Pu(dz) < AVP2,
_Al/2 _Al/2

We get K, a < £2a>A2~8/2, By Markov’s inequality,
ANTN
S =P / E(X,-)dLY > 2re; AV In(n)
0

( W AATN > €XP (27’a§1A1/2 In(n) — g%a2A2fﬂ/2)>

( 2ragi A2 In(n) +5§a2A2—ﬁ/2) .

Letting N — oo, and a = 1/(26;A'/?), we obtain P (J(Al) > 216 AY/? ln(n)) S exp(—rin(n)) <
n~". We prove in the same way that P (—J(Al) > 2rE A2 ln(n)) < n~". Therefore:

P (‘J(Al)’ > 2r&, A2 1n(n)> Snl (11)

Bound for the jumps greater than A'/2,

We want to bound 1 ,(j_tgl”_l(l] (4))2” . Let us first prove that the random variables .J, ,ii) are not
too large. We have to bound both the number of jumps in the time interval [kA, (k + 1)A[ and the
size of the jumps.

The probability of having a very large jump is quite small: by Assumption A5,

y ({_ (r+ 2A) In(n) (r+ 2; m(n)D ———_ 12)

The number of jumps greater than (r + 2)In(n)/A on the whole interval [0,nA] follows a Poisson
law of parameter smaller than Cn~("+2). Then

. (M ([o,n AL [_ (r+2)In(n) (r+2) ln(n)]c> . 1) 1 e tna A

A ’ A nrl’
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The probability of having more than (r + 2)C (with C = 1/(6(2 — 3)) (see Assumption A5 for the
definition of ¢)) jumps greater than A'/2 in a time interval A is very low. Let us set

En = {w, ¥k, (6, (k + 1A, [-A12, A12] ) <(r+2)C}.

The number of jumps greater than A'/2 in the time interval [kA, (k4 1)A] is a Poisson variable of
parameter A [ \1/2 v(d2) < A?7P [ 2Py(dz) < A?7P. Then

P(£5) S n(A7)HC = AT/ (D (13)

By (12) and (13),

2
i (|J,§2A>+<3>+<4>| > MW) < (D)

4 (4) @ [ @\

Bound of the mean of J; .. Most of the terms J, X are equal to 0. To bound » ;" , (Jy< )

we have to bound the number of non-zero terms, which is bounded by the number of jumps greater
than 1 in the time interval [jg,A, (j + 1)gnA]. We use the following property:
If Y follows a Poisson law of parameter 6,,, then for any A > 0,

P(Y > ¢,) < e E (exp(AY)) < e " exp (O (e — 1))

n

Cn
This inequality is minimal for A = In(c¢,/6,,) and then: P(Y >¢,) < (Z—) e~0nten . Therefore,

for any A > 1:
P(Y > M,) <e fG-D, (14)

Let us set v1 :=v(] —1,1[°) V1 and
In 2p r+2)2CAln(n)\ >
&Y = {Z]J,E‘X 221/1an<( )A ( )> .
k=1

If &(4) is true, then either one |Jya| is greater than (2r +2)?C'In(n)/, either there are more than
2v1Aqy, jumps. As u([0,¢,A[, [-1,1]¢) is a compound Poisson process of intensity smaller than
v1Agy,, we obtain by (14),

4 (r +2)2C'In(n)
P (59) 0 (13) > £H2EC0)

< q’ﬂ
~ nr+1

) + P (1 ([0, gnA[, [-1,1]%) > 201 Aqy)

1
+exp (=3 Av1) S g

Bound of the mean of \J,ii)‘ + J,532|. Let us set LgiH(j) = Lgi) +L§j) and Jégﬂj) = JlgiA) + J,EQ.
By (13), the probability of having more than (r + 2)C jumps greater than A/? in a time interval

of length A is smaller than n~("+2). Therefore

P (3, ([BA, (b + 1A], [FAY2, AVEF) > (r+2)C) 07,
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We have: A
2p qn
Ley < &7 (r+2)%C7! / AL

dn

2)+(3
o
k=1 0

where foq"A |AL§2+3)|2P is the sum of the 2p-power of all the jumps of size between A2 and 1 in
the time interval [0, g, A]. Then

qn qnA
P (Z T3 > ) <On 4P ( / AL > ¢/((r + 2)2”02“5%”)) :
0

k=1

TLA 3 .
As fo |AL§2+3)|2P is a compound Poisson process, we have, for any a < 1:

A 2p
E ( exp a/ IALZTD|12P ) ) = exp | gnA (e**" —1)v(dz)
0 A1/2<]2<1

< exp <2aan z2py(dz)> < exp(2ag,Alsy).

Al/2<]2]<1

Let us set a = (r +1)/(g,A). By Markov inequality, we obtain:

anA qnA
P </ [ALZH 2P > g ln(n)A> <E <exp (a/ AL§,2+3)21’>> exp (—aAln(n)g,)
0 0

=exp (2(r + 1)1Iy) n— (1) < )

Therefore

dn
zp(qlZ|J,£i+3>|zp><r+2)2pczp—1sf”1n(nm> S (13)

~ r+1
n
n k=0

6.3 Proof of Lemma 3
Bound of the small term. Let us set
AE]S:IA) = (Bga + Zia + Jen)? — (Zra + Jin)?
AEX :=E ((Zea + Jen)?| Fra) — Ac*(Xia) — A (Xpa)

We want to prove that A%E (E,%A) < A% and A‘E (E,%A) < A5, We focus first on the term E,(flA)
We can write
AE,(:A) = B2\ 4 2Bia(Zia + Jin) = B2y + 200(Xia)(Zia + Jea) + 2Bra(Zia + Jin)

(k+1)A

wa | (b(Xs) — b(Xga)ds. Then, for p > 0, by (10) and Lemma 1,

where BkA =

AYE ((B{R)™

ym) < AW 4 AZE ((ZkA + Jm)ﬂ ym) +E (Big (Zia + JkA)ZP‘ ym)

S AP L AP (E (B;Z‘ ykA) E ((ZkA + JkA)4p’ gkA)>l/2

S A4P+A2p+1 _|_A2p+1 5 A2p+1' (16)
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It remains to bound El(fA) As fzgy(dz) =1, by Lemma 1,

) (k+1)A
AER) =E </M (02(X,) — 02(Xia))ds

(k+1)A
ﬁ‘m) +E (/}m (2(Xs) — €(Xka))ds

«%m)

Let us prove that E ( Zya Jixa| Zka) = 0. We consider two predictable (with respect to %) piecewise
stationary processes A; and B;. Then

+ E (2Zxadin| Fra) -

(k+1)A (k+1)A
E ( [ aaw | Bdes> = SUE (A By, (Wey, — W)Lty — L)) Pratro) = 0.
kA kA —
i,j

By taking the limit in L?, we obtain that
E (ZpaJdka) = 0. (17)

By Lemma 1, we get that AE,(fA) < A3/2. Therefore E (E7,) S A and E (E,) S A.

Bound of the centred terms. By (17), we get that E(Gra| Zra) = 0 and by definition,
E(Fya| #xa) = 0. Moreover, by Lemma 1, E(Z£A|ka) = 3A%0%(Xya) + CA2t1/2 and
E (Z£A| ka) < A*. Therefore

A’E (F2A| Fun) = Var (Z2a| Fin) = 20%0* (Xia) + CAZT/2

and E (F§A| Fra) S 1. By Cauchy-Schwarz and Lemma 1, E (J,fAZlfA’ Fia) S A3/2. By (17),
E (ZkAJkA(JlfA —-E (J,fA) | ﬁkA) =K (ZkAJ,fA| ﬂ;m). We can write

ZaT3 = o(Xo)Wa (€(Xo) LA +363(Xo) Lads +3¢(Xo) LaJd + J1) + ZaJ2

We have that E (WAL?AU(X())gg(X())’ 54})) = 0. To bound the other terms, we use Cauchy-Schwarz
inequality, Lemma 1, (7) and (8). We get that E (ZyaJi) < A%2. Then

A’E (Gra| Fin) = €4 (Xpa) LA + CAP2,
By Cauchy-Schwarz, E (AQFkAGkA) < A3/2 and therefore
A’E ((Fra + Gia)?| Fia) = E(Xpa) LA + CA3?

which ends the proof.

6.4 Proof of Proposition 4 (risk of the estimator of ¢? + ¢? for m fixed)
We have that
1

n

() == HXin) — g(Xin) — Exn — Fon — 2
Y1,n(t) - kZ:l( (Xra) — 9(Xka) A — Fea — Gia)
1 < 2
= [t =glly + — > (Bra+ Fea + Gra)® = = > (Bra + Fea + Gra) (9(Xxa) = H(Xxa)) -
k=1 k=1
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As gy, minimizes 1, (), the inequality v1.,(Gm) < ¥1.n(ILng), where II,,,g is the orthogonal pro-
jection of g on S, for the ||.||,,-norm, holds and then

n

. 2 .
gm = gll2 < ITmg — gl5 + - > (Bra + Fra + Gra) (§m(Xea) — Mng(Xea)) -
k=1

As g, and I1,,g are A-supported,
n
R 2 2, 2 R
19m = gl < Mg = gall, + > (Bra + Fea + Gra) (dm(Xka) = Mmg(Xea)) -
k=1
where g, » is the orthogonal projection for the ||| -norm. As ||gm — gall> = ||gm — Mmgll> +
Mg = gally, we get:

n

. 2 .
1Gm — Mgl < - > (Exa + Fra + Gra) (@m(Xea) — Thng(Xea)) - (18)
h=1

By geometric and arithmetic means inequality,

2 « . 6 1.
o > Eragm(Xea) = ng(Xpa)) < o D Eia+ 5 1Gm — gl - (19)
k=1 k=1

Let us introduce the unit random ball for the ||.||72T—norm7 B, = {t € Sm, ||t||, < 1} and the random
function 14 ,, () = % Y oreq (Fra 4+ Gra)t(Xka). By geometric and arithmetic means inequality,

. . 1. 2
2V1,n(9m - ng) < ||gm - HmQHTr sup Vl,n(t) <= ||gm - HmQHW +6 sup Vlz,n(t)- (20)
tE B, 6 tE B,

Replacing (19) and (20) in equation (18), we obtain:

. s _ 6 1. 2 1. 2
1Gm = Tomglly, < = > Bia + ¢ 1m = Tmgll, + 6 sup v}, (t) + ¢ 19 — Hgmlly -
k=1

m

[l 1
y-1 <
1[I

where the norms ||.||. and ||.||, are equivalent. The following lemma is proved by Comte et al.
(2007) (section 7) for diffusion processes, but only relies on the S-mixing and stationary properties
of the process (X;).

Let us set

Q, = {w, Vm € My, Nt € S,

Lemma 16. .
P(2) < 5.

On ©,,, any function ¢ € S, satisfies [|¢[|> < 2|[¢||>. Then

. 12 &
1gm = Tmglls Te, < =3 Bia + 12 sup Vi, (). (21)
k=1 Pm
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By Lemma 3, E (E7,) < A. It remains to bound E (sup,cg, 17, (t)). Let (Px)1<r<p,, be an

m

orthonormal (for the ||.||. norm) basis of S,,. Any function ¢t € %, can be written ¢t = ngl axea
with Zf;‘l a3 < 1. By Cauchy-Schwarz,
Dy, Dy, Dy,
sup v7,(t) < sup <Z ai) <Z Vi (w)) <D vialen). (22)
LESBm Pma2<1 \X=1 =1 A=1
As E (Fya + Gral Fra) =0, we get
n 2 n
E (v7,.(¢x)) < Z (Fra + Gra) @A(Xm)> < % E [03(Xea)E ((Fra + Gra)?| Zra)] -

n
k=1

By Lemma 2 and stationarity,

! 4 il
B (o)) < 18 ((BEED 4 F) o)) = & [ (@) + ovBIRGmy < 24

as (px)aea is an orthonormal basis of S, for the L2-norm. Therefore

Dy,
E (sup 12,(0) < DReLulh (23)

tEBm

We can obtain another bound for E (sup;cg vi,(t)). Indeed, if t € B,,, then Ht||i2 < 1/m.
Then if (1))xea is an orthonormal basis (for the norm L?) of S,,,

E<Sup Vln())<E< Supgl/ﬂ-oyin( ><ZE Vlnwk))

tERBm LESm,[It]|2 AeA

< Wﬂ ZE (Z U3 (Xka)(Fra + Gra) ) :
k=1 \XeA
By Assumption 8, for any x, Dy, ¥?(z) < ¢1D,, and therefore

E ( sup an(t)> < $10m g (54(XM) +CA™ 1/2> = %¢1I4/§4(z)77(z)dz.
R

tEBm, nmo A nA o

It remains to bound the risk on Q¢. The function g, minimises v, (t) = n=* Y ;_ (Tha —
t(Xka))?. Therefore g, is the orthogonal projection for the ||.|, - norm of (Ta,...,T,a) on the
vectorial subspace: {(t(Xa),...,t(Xna)),t € Sm}. As Tea = g(Xika) + Exa + Fia + Gra, we
obtain:

lgm — g = [T, T = |2 = |UWE + M F +IL,G|2 < |E+F + G2

By stationarity and Cauchy-Schwarz:

E (lgm — Tngl2 1o; ) S E

1 n

k=1
S [E(BA+FL+G4)P0)] ",
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By Lemma 16, P (Q¢) < 1/n® and therefore

<

S|

. 2 1
E (1gm — gl 10z ) S 5

Then
~ 2 2 Dm
E (Hgm - gAIIn) <E (IIng - gAlln) +125, —% + CA.
We can remark that, as II,,g is the orthogonal projection of g for the empirical norm on S,,,

g — gall’ < llgm.x — gall>. Therefore E (||gm - gAHi) <E <||gm77rg - gA\\i) +129, a4+ OA.
As, for any function ¢, deterministic, E <||tHi> = ||t||fr7 we get:

i Dy,
E (|lgm = 9all3) < llgmes — gll2 +1251 =2 + CA.
n

6.5 Proof of Corollary 5
We can remark that ||§,, — gHi = ||gm — gmﬂHfT + ||gm,x — g||fr As G, and gy, » belongs to Sy,

N 2 ~ 2 ~ 2 2
||gm - gmﬂrllﬂ 1o, <2 Hgm - gm,ﬂ”n =2 Hgm - ng”n +2 ”ng - gm,ﬂ”n
N 2 2 2
<2 Hgm - ngHn +4 ||ng - g”n +4 Hg - gm,fr”n
N 2 2
< 2||gm — Iingll;, + 8 119m,x — 9, - (24)

As E (||t||)i =E (||t\|72r) for any deterministic function ¢, we have that:

~ 2 PN 2 2
E (lgm = gmrll2 10, ) < 2B (g = Tng2) +8 llgmx — 912

And
1/2

. . 1
E (lgm = gm.al? Loy ) < (E(ITIE) +llglls) @ (@20 5 —.

6.6 Proof of Theorem 6 (oracle inequality for g;,)
For any m, v1.,(Gm) + pen, (M) < v1.,(ILng) + pen, (m). Therefore, as

n

2 1 2
n(t) = ||t — —&—72 Eun + Fia +G +
’Y() H 9||n nk—l( kA kA kA)

S

D (Era + Fra + Gra)(9(Xea) — t(Xka),
k=1

we obtain:

n

. Ly, 2 .
g — gall’ < |Tmg — gall’4pen, (m)—pen, (m)—i-g > (Brxa+Fea+Gra)(@m(Xia)—TIng(Xka))-
k=1

Let us set B m = {t € Sm + Smr, |It||,, < 1}. Then, by geometric-arithmetic mean inequality,

. 12 & A
1~ Mgl Te, < = Bia +12 sup Vi, (t) + 2pen; (m) — 2 pen, ().
k=1 B i
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The ball %,, s is random, it is not possible to bound E (supteggm - V%(t)) as previously. We
introduce the function 12p;(m, m’) = pen,(m) + pen; (m’). Then

E (Ilﬁm — g2 Jlm) <CA+12E (tezlp Vi (t) pl(ﬁl,m)> + 4 pen, (m).

We can write:

E( sup an(t)—p(mam)> <ZE< sup Vf,n(t)—pl(m/,m)> (25)

teggm m m’ teggnlﬂn' +

To bound this term, we apply the Talagrand’s inequality for S-mixing random variables (see Ap-
pendix A) to v1 ,(t). The process (X;)¢>o is exponentially S-mixing: there exists ¢, ¢’ such that the
B-mixing coefficient of X satisfies Sx (t) < ce—¢t. Therefore the random vectors (Fea+Gra, Xika)
are exponentially S-mixing with S-mixing coefficient smaller than Sx(A) < ce A, Let us set
gn = [8In(n)/(dA)] and p, = [n/(2¢,)]. We consider the set 5 on which the random variables
Bia, Zipa and Jpa are bounded:

Qp = {w, ﬂ {|Bm| <AV | Zpa| STl AY2In(n), [ Jral < 3

49C s In(n) }
1<k<n

pn—1 (J+1)gn
N () D Jik <64C,67 A (n) : (26)

pe{1.2.4) j=0 | k=jgn+1 0<i<p 1
By Lemma 2, P (Q%) < n~% The random variables Fya and Gga are bounded on Qp:
1 n
Vk, Fya <Cln’(n) and —» Gig,pin < Cln’(n)
n =
for C' a constant large enough. We consider the function fi(x,y) = zt(y) and set

1 (G+Dgn—1 1 (G+1)gn—1
Ui=— Y. fi(Fa+Gra, Xea)=— > (Fra+Gra)t(Xxa).

n k=jqn " k=jqn

By Lemma 3, E (U;) = 0. For any t € %,, ,,/, by stationarity,

- 4 1/2
1 Xo)Iy + CA
Var (U 7 Z E (t*(Xka)E ((Fra +GkA)2‘ Fka)) < (TE <t2(XO)£1( 0) 4A ) '
n ]C "
Therefore . ;
sup Var(U;) < =,
teR P , ( ) qnA n

m,m

Let us set D = max(D,y,, D). As, ift € By, |It] o, S D2, on Qp, there exists a constant ¢ such
that, for any j, |U;| < cIn(n)DY2. We set € = Q, N Qp, M := cln*(n)DY/? and H? := ¥, D/A.
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By (23), E (‘ p% > U; D <,/E (yfn(t)) < H/y/n. As the dimension of S, ., is finite, we can find

a countable family .# dense in %, s and we can apply the Talagrand’s inequality for S-mixing
random variables (see Appendix A). Therefore

14 H? M? pn H M
2 2 n
E (Le;fm/ Vpa(t) —6H 1+ ]lg) < ~ €xXP (CIV) + E exp <c’ an) + 2

1 , n®(n)D 1 In*(n)DY/?
5 76_6 D + 1 (n) exp _Cl pi - + 2 (n)
nA pa gn AY/21n*(n) n?

10 /
5 ie—c’D + In (n)Dexp <—Cl nA >

where ¢ is a constant that varies from one line to another. By (25),as Y, /¢ 4 Dmm < 27 < 1A,

“

We can bound E <||§m - ng||i ]lgm) in the same way as we bound the risk of the non-adaptive

ln6(n)

1 1
2 ~ —cD
S t) — p(m, < mym/ < )
teg‘;}i,ﬁl VTL,l( ) p( m)‘| +) ~ nA ; € TLA ~ nA

estimator on Q) :

1 1

. 2
E (Hgm —1Lngll;, ]lﬁC) = A3/2,,5/2 S o

Then, for any m € 4,

D
G = 9a11%) < lgmor — 9all2 + S22+ CA.

]E(\

It remains to replace the ||.||,,-norm by the ||.|| ,.-norm. The proof is the same as in Subsection 6.5.

6.7 Proof of Proposition 7 (risk of the estimator of i for m fixed)
Let us first precise Hya and Lia. We can write AHga = (Zia + Jin)* — E ((ZkA + JkA)4) and
Lia = L + L3 with
ALI(clA) = (Bra + Zia + Jea)t — (Zia + Jiea)?
ALI(fA) =K (Zra + Jea)*) — A (Xpa) Lu.
Let us first prove that
E(Lia) SA, E(Lia) SA (27)
E (Hia|Zia) =0, E(Hpfa|Fra) <CA™' and E (Hpa) S1/A°% (28)

To bound LQA), we use the same techniques as for the bound of E,(:A): we develop LI(CIA)7 use the

decomposition Bxa = Ab(Xpa) + BkA, and thanks to Cauchy-Schwarz inequality, Lemma 1 and
p
equation (10), we obtain that E <<L,(€1A)) ) < A. By Lemma 1, we get that E (Z,%A) < CA? and
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E(Ji) = €4 (Xga) A + CA32. Therefore [L{X| < AY2. By definition, E (Hya) = 0 and we
derives from Lemma 1 and Cauchy-Schwarz inequality that E (HZ,) S A7 and E (Hjy) S A3

The rest of the proof is done in the same way as in Subsection 6.4. We denote by II,,h the
orthogonal projection of h on Sy, for the ||.||,,- norm and we get:

D

~ 2 6 n m 1 n
R — Lkl 1o, <= L2, 46 2 ith v2 (t):==Y Hpat(X 29
H lo, < ; kot ;V&n(%) with  v3 ,(t) n; kat(Xea)  (29)

By (28), we obtain that E (13 ,,(¢x)) S 7% and therefore
7 2 2 Dm /
E <Hhm . Hth 1Qn) < b = b |2 + C=Z2 4 C'A.
n T nA
The bound on €2¢ is done in the same way as in Subsection 6.4.

6.8 Proof of Lemma 8 (Estimation of the penalty constant)

Estimation of the first bound of the variance term. Let us set hy 4 = sup,c4h(z). We
have that
|ﬁl_h1,A| S H}Alm_hAH S Hilm_hm” +||hm_hA||Loc(A)

Le<(A) Le<(A)

By DeVore and Lorentz (1993, p182) and Barron et al. (1999, Lemma 12), if i belongs to the Besov
space A5 ., (A), then
[ = Pally e 4y < CDR72 (30)

As g is Lipschitz on A, g € %5 . (A) and ||hy, — hAHQLOO(A) < D;'. As hy, and h,, belongs to S,,,

2 2

01D

o

2
<
L2

i}m—hmH

s

< ¢, D,, Hhm — hm‘
L>(A) 2

On Q,,

by — B ngHﬁm—hm inghm_nmh i+2||nmh—hm||i

and ||[TL,h — By ||” < |[ha — hon|>. Then by (29),
R 3 1 <&
\h1 — 1. alla, S Db+ Do |l — hall? + Dy, (n N Lia+)] Z/;n(gm)> . (31)
k=1 A

We can write ||h, — hAHi = ||hm — hA||fr + [ — hA||i — | — hA||fr. As h belongs to the Besov
space B3 o, |[hm — hall> < D;;2*. Tt remains to bound ||h,, — hall> = ||hm — hall>. As this term
is centred, we can apply a Bennet’s inequality. We can remark that, when h € %5, by (30),
[ — hal?, < CDL2% = M’ and

m

Var ((hy, — ha)*(Xia)) = /(hm — ha)*(@)m(z)dz < |hm — hal? |hm — hal?, < C'DLA = V'
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Then

P (|l = hall}, =

2a> < ( C/2TLD”L4Q >
eX’ —
no ) =P\ Ty pi-e Dt () AT

<exp|—-¢ na D 1) <n78
In(n) ™ )~

On Qp (see (26)), by Lemma 2,

A2 n 2 1 n 1 n 1 " ‘
k=1 k=1

k=1 k:l

and as |L,(€2A)\ < AV2 LS L2, < Aln®(n). To bound V3 n(x), we apply (again) Bennett’s
,1 qdn
Z Zin + Jia Sn'(n).

inequality. On Qp,
o Z Heal £ 5
k=1

We take V/ = CA™Y, M’ =’ ln4(n)D71n/2. Then, as E (v, 3(px)) =0,

P (1/ (pa)] > ln(n)) < exp —c1n2(n)A_1 < exp clnz(n)
n, A= > - = T e \n1/2
’ VnA A-l 4 ln6(n)D},{2A*1/\/nA 14 (n)im/

and, if D2, < (nA)/In*?(n),

P (Imation) = 22) <.

Collecting terms, we get that, as a>1,

. _ In(n) _
P(|hi—h sz1+Dm( +A1n6n)>5n5.
(1 =l L4 Al ()

By taking D,,, = In(n), we obtain the expected result.

Estimation of the second bound of the variance term. We ﬁrst focus on the term V,,. As
Via = 116 (Xka) + Lia + Hia, by (28) and (27), E (Via) = Iy [ £4(z) )dac—!—C’Al/2 Moreover,
Var (Via) < E(V,EA) < X € + C'A'Y? and by Lemma 2, q% o VkA 5 In* (n). Therefore, by
Bennett’s inequality,

- In"(n) cln'*(n)A—! 2 _5

and

7
<|V /54 z)dx| > CAY? + %) <n7O.
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It remains to bound 7 —m. We have that E (7, (z)) = 7, (x) where 7, (2) = [ Kp(y—2)7(y)dy.
Moreover, as the process (X;) is exponentially S-mixing, by Berbee’s couphng lemma, on Q*

Var (7, (z)) = Var (711 ZKh(XkA - x)) < iVar (ql zn:Kh(XkA - x))

1 In(n
<o Var (K (Xpa — 7)) < n(A)IE (Ki(Xpa — 2))
By a change of variable, we get that
R In(n) 9 —x 2 ln(n)
< —_— .
Var (75, (z)) < A /th ( - )7‘( nAh/K (x4 hu)du S S AR
Then

E () — 7(2)?) < (mala) — n(o)? + S0

If 7 is continuous, then the bias term (7, (7) — 7(x))? satisfies (see (Tsybakov, 2004, Proposition
1.2 with 8 =1)):

(mh(2) — w(2))? < C'h. (32)
In that case, the best estimator is obtained for h = 1/v/nA. By Bennett’s inequality for S-mixing

random variables (see Appendix A), as |K,| < 1/h = vnA and Var (31, Kp(Xga — ) <

Cq2/h = g, TR = g, O,

. In?(n) cln*(n)n'/2A-1/2
— > —— | < — :
P <7Th(y) Wh(y)| = (nA)1/4> < 2exp ( 1n(n)A‘1/2n1/2 + 1n3<n)n1/2A_1/2<nA)_1/4)

61n4( ) < n—G
In°(n
In(n) + ;i

<2exp | —

As 7 is continuous, by (32),

7o — 7ol < min w(x;) —m max |7 —1y2(x;) — mw(x;
|70 of < 1§j§1n2(n)| ( J) 0‘+1§j§1112(n)| (nA) 12 J) ( ])|

1 In?(n)

S 2 T AN T 1<y T 2(01) ()

and therefore

n2 n
P (10— mol > s + g ) S ()

which concludes the proof.

6.9 Proof of Lemma 10 (Approximation of the continuous terms)

Let us denote by Ny = p (](k‘A, (k+ 1)A], [-AlY4 Al/4] C) the number of jumps of amplitude
greater than A'/4 in the time interval |kA, (k + 1)A]. We introduce the set

Ong = {w, N, =0 and ’L,?A)*(Q)‘ < 4‘“57‘%1&/2 ln(n)}
0
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where Lgi) are defined in (9). The jumps are explicitely bounded on Qy 5, which is close to Qx .

The following lemma is proved later.
Lemma 17.
P(Q5,) SAT2 P(Q% ) SAYPZ and P (Qxpn Q%) SATAZ4nTh
We can write
1 2 1 5
(Uka = Yra) = 1 (Bea + Zka)" Log , — yJkalax, —

On Qp, |Zka+Bial < Al/2 In(n). Moreover, on Qx NQp, |[Jra| < |C’A1/2 In(n)— (Bra+Zka)| <
A'/21n(n). We obtain the following bound:

2
ZJkA (Zia + Bia) Lay, -

J? J,
Uka = Yeallo, $0*(n)Log , +I0°(n)Iay nas , + (M + ln(n)| kA) Loy,  (34)

A Al/2
Then by Lemma 17 and Lemma 1,

1
E ((Ura = Yia)™) S WP m)A72 4 =+ B ((JRA™ + JRAP 0™ (n)) Loy, ) -
It remains to bound E (J:ZA’QPILQN,,C). By equation (8),

E(JAL0,, ) SE(LALay, ) +E (JATay, ) SE (LK) + AT, + APF L, + A%,
As we are in Qn, we can replace Iz, by lop N = lel<A1/4 2?Py(dz). For any p > 1, I, v <
A?P/4=B/4 f\z\gAl/‘l 2Pu(dz) < AP/2=B/4 Then

E(J oy, ) S AZ02 (35)

It remains to bound E (LipA). We use the following lemma which is nearly Proposition 4.8 of Mai
(2014) (the proof is given later):

Lemma 18. For any integer p > 1,

E <(LI(€1A)+(2)]].QN’,€)2P> < Al+P—8/2 ]n(n)Zp*ﬁ

Then E ((JSAH(Z))ZT’]IQNJC) < AMP8/2In(n)?P=F and we deduce that E ((Uga — Yia)?) <

A=B2 1P ().
Let us now bound |Uga — Yia|. We have that
2

2
[Uka — Yial < N (Bra + Zin)” + AJ}%A]]'QX,M

And
P ({I17kal = (4p + 2)00A 2 n(n) } 01 Q) <P (1Bra + Zoal = (4p+ oA n(n))

Then, by Lemma 2, P (|Uxa — Yia| > Co?In*(n)) < n~° where C is a universal constant.
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6.10 Proof of Lemma 17
Bound of P (Q%7k>. We have that X(lc+1)A = XgaA + Bia + Zia + Jpa. Then

P (Q5%,) <P <|Bm\ > AW) 4P (|Zm| > 6o AL/ ln(n)) P (|Jm\ > 126,A1/2 ln(n)) .
By Lemma 2,

P (|BkA\ > A1/2) <n% and P (|ZkA| > 601 A2 ln(n)) <n7S.
By (11), P <|J,§1A)| > 12¢,A1/2 ln(n)) < n~C% Moreover, by Assumption 4

IP’( J,?;?’*“)\ > o) <A / v(dz) < AATB/2 / 121Pv(dz)
[—~A1/2 A1/2]c [—A1/2,A1/2]c
SAAR (36)

which concludes the proof.

Bound of P (Qf\,k> . We have that

(k+1)A
P(Ne >1) =/ / v(dz)dt < A1*5/4/ 12|Pu(dz) < AVB/4,
kA |z|>A1/4 |z|>A1/4

Then by (36) and (11), we obtain:

P (0% ,) <P (N> 1)+P (|L,§’2| > o) +P (\L;;g\ > cln(n)Al/Q) < AF/2,

Bound of P (Qx,k N Q?\rk) . We have that

P(Qx,k ﬂ{Nk > 1}) < ]P)(Nk > 2) —I—IP(Q)QIC N {Nk = 1})

Now

2 2
P(Ne22)={A / v(dz) | < (A7 / 12|Pu(dz) | < AP
|z|>At1/4 |z|>AL/4

If N, = 1, there exists a unique jump greater than A'/# and therefore ‘J,S’A+4)’ > &AYV4 By

conditional independence, we get:
P(QxN{Ny =1}) <P(Np =1) x P (‘Bm + Zia + J,ElA”)‘ > c§0A1/4)
A1/4
<P(Np=1) []P’ Q%) + P (]J,SA“)‘ > 0503”

A1/4
o s (a5 )
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By a Markov inequality, we obtain:
9 Al/4
P (‘JSAH)‘ > cA1/4) < ATU2E [<J£1A+2)> } < A‘l/zA/ 2u(dz) < AV2AV2-8/4,
_Al/4

We obtain that P (Qx N {Ng > 1}) < A?7/2. Tt remains to bound
P (Qx,k N{Ny =0}N {|ng+<2>| > cAl/? 1n(n)}) .

We can remark that f(XkA)LSAH(Q) = J,£1A)+(2) = j,glA)+(2)7 and by Lemma 2,

~

P (20 {‘J,SA)*(Z)‘ > (c+ DAY In(n) } 0 {Nk = 0}) S P (1Bra + Zeal = cAY2In(n)) S ™"

By (35) and a Markov inequality, we obtain that P (‘jélAH(Q)‘ > Al/? ln(n)’ N, = O) < A2-8/2
which ends the proof.

6.11 Proof of Lemma 18

Let us introduce a nonnegative function f € € such that

=2 i <
f@) == ?f ol <1 and Vz, f(z) <1.
0 if |z > 2.

2
Let us set f¢(z) = a® f(x/a) for a > 0. Then E {(L(Al)ﬂm) ’ ]].QN),C:| <E (fCA1/21“(”)(L(Al)+(2))).

Now L(Al)+(2) is a pure jump Lévy process, and its characteristic function is known. Following the
same proof than Mai (2014, proof of Proposition 4.8), we get that, thanks to the properties of the
Fourier transform denoted by % (see the Appendix),

1
E (74(L+®) gt/_lf“(a:)u(dm)—&—CtQ/Rﬂf“(u)\uFﬁdu.

As f belongs to the Schwarz space (see Appendix A), so does .Z f and therefore , for any m > 0,
there exists a constant C,, such that [.Z f(u))| < C,,|u|~™. Then, as .Z%(u) = a?’ 1.7 (au), we get
that

|.Z f(u)] < Coa® Tt A Cg+ga2p_2_3\u|_3_ﬁ.

Then

E (fa(L§1)+(2))) < t/za

—2a

2*Py(dx) + t2a* /

|u|2ﬂdu+t2a2p727ﬂ/ lu|?~3du.
[7111]

[717116

As 8 <2, 8 —3 < —1 and all the integrals are finite. Taking ¢t = A and a = ¢cAY?1n(n), we get:

E <(L,(€1A)+(2)]IQN1,€)2P> < AL+p—5/2 ln2p—ﬁ(n)_

36



6.12 Proof of Proposition 11 (Risk of the estimator of o for fixed m)
We have that Yiya = Upa + Yea — Urpa. We can write:

Bia + Zika)? E (27 2BiaZpa + B2
Upp = (Bra + Zka)” = 02(Xpn) + Fia + (Zia) — o2 (Xpa) | + kAZLEA EA
A A A
Let us set
- E(Z; 2BiaZia + B2
Exan =Yea — Upa + <(AkA) — 0'2(XkA)> 4 2ZkA kAA kA

By Lemmas 1 and 10, we have that
E (E,%A> SAY2I*(n)+ A and E (E,%A) S A2 (),
Moreover, by Lemma 3,

1

4
E (Fral Fra) =0, E(F,?A’ykA) S% and E(FlgA‘ykA)gK

The end of the proof is the same as in Subsection 6.4. On €2,, we obtain that:

B(

where vy, 2(t) =n"t 3}, Frat(Xka). By Lemma 3, we get that

02— 4|’ 10,) < [lo2 — o4 + 12B (£R ) + 128 ( sup V;A;Q(t))
tEBm

Dy,

n

E (sup uz,2<t>) < B2 (00) = Y E (Fa@d (X)) < o
A

tESm AEA

where (¢x)xea is an orthonormal basis for the ||.|| - norm. If we take an orthonormal basis for the
||.| [2-norm, we obtain the second bound

) < o1 [ ot (x)7(z)dx %

o n

E ( sup 12 (1)
teSm

The bound on the risk on Q¢ is done in the same as in Subsection 6.4.

6.13 Proof of Theorem 13 (Oracle inequality for the adaptive estimator
of o)

The beginning of the proof is the same as in Subsection 6.6. As, for any m, v, 2(62,) + pen, () <

Yn,2(02,) + peny(m), we get that

2 =
6% =l < llo% = oAl + pens(m) = peny () + = 3" (Ba + Fiea) (67,(Xna) = 07 (Xia)).
k=1
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As previously, we bound the risk on £2,, and on Q. We set ps(m, m’) = (peny(m) + peny(m/))/12.
On Q,,, we have:

B(

As in Subsection 6.6, it remains to bound E ([supte@ J V2 5(t) — pa(m, m’)} ) We can remark
m,m ) +

teA ’

’ m,m

5%~ 4[12) < lloZ — oA 2 +4peny(m) +CAT 2412 3 ( sup lig@)pﬂn%m3>

m

+

that B (FP,) < LE(Z%%). According to Barlow and Yor (1982, Proposition 4.2 (Burkholder-
N Ap kA

Davis-Gundy inequality with optimal constants)), there exists a constant ¢ such that, for any

p>0:
(k+1)A
/ o?(X,)ds
k

p
)9%mmwﬂ
A

E (sz’i) < ¢*(2p)’E (

Then E (FF,) < 037¢?(2p)P. By Lemma 7 of Schmisser (2012), there exists a constant # such that,
for any (m,m’) € .42,
]E <

6.14 Proof of Lemma 14 (Estimation of the penalty constant for the
estimation of o?)

e~ (Dm+Dr,)

sup V%,n(t)pQ(maml)‘| )S
teRB ’ +

m,m

n

which ends the proof.

Approximation of the first bound. As in Subsection 6.8, we get an inequality similar to (31):
A ~2 212 <« p-1 RN 2 2
|0-1 _017A| < ||O-’m_UAHOO NDm +D77l E;EkA—FZA:VZ,n(QDA) .

As

- E (Z2 2BiAZpA + B2
Era = (Yea — Ura) + <(A’€A) - UQ(XkA>> 4 222 ICAA k4

on g, by Lemma 1, )
|Epal < [Yia — Ugal + AY2 4 AY2 10 (n).

We apply Bennett’s inequality ton ™' Y-} _; (Yia—Uia)?. Indeed, by Lemma 10, E ((Yia — Ura)?) S
Alfﬁ/z 1114(”), |UkA — YkA| S lnz(n) on QB and

qn
Var (Z(Ylm - UM)2> < R ((Uka = Yia)') S @2 A2 (n) < g 0 (n) AP/,

k=1
Then
1 & _ In(n) enln®(n)/nA
Pl = (Upa —Yia)? > A2t (n) + = | < (—
(TL k:1( kA kA) = n (TL) /T‘A ~ €Xp A-B/2 1n9(n) +1n2(n)qn IH(TL)/ 'n\
2
< exp( : cln (n)4 ) <n-.
A=B/21n°(n) + In*(n)/vnA
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Moreover, 2, (px) = n =1 > 1 _; ox(Xka)Fra. We recall that E (o (Xga)Fra) = 0, Var (31 ox(Xka)Fra) <
ot and, on Qp, |ox(Xea)Fral < DpIn(n). Therefore, by Bennett’s inequality:

In*(n) —cenln®(n)/(nA) —cIn®(n) 6
v ("’2’"(‘”” - M) P (1 42Dy 1n5(n)/m> oD <ln_6(n)A + j%) o

as D, < vnA. We get:

1 In*
P (|&f — ot al? = 5=+ D (AI—W In*(n) + \n/%))) <nS.
m

Taking D,, = In(n), we get that
B (67— of] 2 1/In(m) S ™",
Approximation of the second bound. We have that
E (Ya) = (Uka + Yia — Upa)’ = E (URA) + E ((Yia — Uka)?) 4 2E (Upa (Yea — Ura)) -
By Lemmas 1, 10 and Cauchy-Schwarz,
E (Y| Zra) = 30" (Xpa) + C(AY2 + AVTF/2 4 AV/2Z5/Y),

and therefore E (Y4) = 3 [ o*(z)n(z)dz + CAY27P/% It remains to control the difference with

the empirical mean and its expectation by a Bennett inequality. Indeed, on Qp, Y2\ < In*(n) and
Var (Y2) < 1. Then

|

1 - 2 otV (2)dx 1/2—p/4 IHQ(") ex cnln4(n)/(nA)
PR 3 [ oam(ayis) > CA +m>< p< )

n ~ 1+ In*(n)g, In*(n)/v/nA
4
Sexp | ————1L lnlizz(zl) <nS.
A+TAa

By (33), we get the expected result.

Acknowlegement : The authors wishes to thank Valentine Genon-Catalot and Fabienne Comte
for helful discussions. This work was supported in part by the Labex CEMPI (ANR-11-LABX-
0007-01)

A Technical tools

Burkholder Davis Gundy inequality. Let us consider the filtration

ﬁt - 0(777 (WS)OSSSIS; (Ls)Ogsgt)'
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Then, for any p > 2, there exists a constant Cp, > 0 such that:

s t+h
E ( sup / o (Xy)dW, / 0% (Xy)du
s€ft,t+h] [Jt t

sup
s€[t,t+h]

p/2
Fy

p

y> <om

and

p/2

f%“) <GE < / t+h£2<Xu>du) 7.
t+h
+cpE< | el 3}) | Feriaz)

A function g belongs to the Besov space B  (A) if

[ e

Definition of Besov’s spaces.
e g belongs to L?(A)

o Its modulus of smoothness wy, satisfies sup,~ ot~ “wy(g,t)2 < 0o with r = |+ 1| and where

T

wr (g, )p == sup [[AL(g, )llpoay where Aj(g,z):= Z(—l)kC,’fg(x + kh).
0<h<t P
This result can be find in Dellacherie and Meyer (1980) or Applebaum (2004).

Berbee’s coupling lemma. Let (X;);>0 be a stationary and exponentially S—mizing process
observed at discrete times t = 0, A, ... ,nA. Let us set n = 2p,q, with g, = 8In(n)/A. For any
a €{0,1}, 1 <k < p,, we consider the random variables

Uka = (X(@(h=1)4+a)gn 4D - - - X (2k—14a)g,A) -

There exist random variables XA, ..., X} » such that
Ul;k,a = (X(*(2(k71)+a)qn+1)A7 T ’X(*2k71+a)an)
satisfy:

e For any a € {0,1}, the random vectors U{ ,,Us ,,..., Uy . are independent.
e For any (a,k) € {0,1} x {1,...,pn}, Uy, ~ Uka-

e For any (a,k) € {0,1} x {1,...,p,}, P (Uk,a # UZ,a> < Br(gnd) < n~® where By is the
B-mizing coefficient of (X4).
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Let us set Q* = {w7 V(k,a) € {0,1} x {1,...,pn}, Uge = U,::a}, Then P ((2%)¢) < nA/n®.

Berbee’s coupling Lemma is proved by Viennet (1997).
The following Talagrand’s inequality is proved by Birgé and Massart (1998) (corollary 2p.354)
and Comte and Merlevede (2002) (p222-223).

Talagrand’s inequality. Let (Xi,...,X,) be independent identically distributed random vari-
ables, F a countable family of functions and define I,, : F +— R such that

D F(Xk) —E(f(Xk).

k=1

S|

In(f) =

If there exists M, H?,V € Rt such that

sup || f(Xk)llo <M, E (Sup Ii(f)) < H?,  sup Var (f(X;)) <V
fezF feF feF

nH? M? nH
exXp _kl % + F exp _kzﬁ .

Bennett inequality. Let (Xi,...,X,) be independent identically distributed random variables
such that Var (X;) =V and | X; —E(X;)| < M p.s (with V,M € R*. Then, for any x > 0,

then

S| <

E <sup I2(f) — 12H2> <
+

fes

where k1 and ko are two explicit constants.

P(|Sn —E(Sh)| 2 ) < exp (‘M)

where S, = Z?zl X;. From Berbee’s coupling lemma and Talagrand’s and Bennett’s inequality,
we deduce the following lemma:

Talagrand’s and Bennett’s inequality for S-mixing variables. Let us consider (Z)) some
random variables, exponentially B-mizing, such that the B-mixing coefficient of Z;, satisfies:

3¢ > 0,7 > 0,Vk, Bz(k) < ce F.
We define q, = [2In(n)/(7)], pn = [1/(2¢n)]. We have that Bz(q,) < ce™27)/7 < p=2,
Talagrand Let us consider

() = =3 £(2) ~ B[f(Z)
k=1

and F a countable family of functions. If we can find a triplet (M, V and H) in (R*)? such
that, for any 0 < j <p, —1:

(J+Dan Vv
Ve, sup Var | — Z f(Zr) ] < —,
fer Iy Zjgn+1 n
1 (G+1)qn I
Ve, sup ||— f(Zy)| <M and E |sup |L,(f)|| £ —,
fez || 4n k:%—i-l fez \/ﬁ

oo
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then we have, by Talagrand’s inequality:

Vv H?2 M ~H
Sup |I§(f)—6H2|] <CEXP< k1 >+C’2exp< VP >+2
fesF n P

e N 12V 2 M

n

where C, C', k1 and ky are universal constants.

Benett Let us set
n B 1 n
:ZZk and Z”:ﬁzzk'
k=1 k=1

If we can find V', M’ such that, for any 0 < j < p, —1

(G+1)gn (G+1)agn
Var Z Zi | < g,V and Z Zy —E(Zp)| < g M’
k=jqn+1 k=jgn+1

2

then, by Bennett’s inequality: P (|S, —E (S,)| > x) < 2exp (—m

) and therefore:

B nx2
_ > < TV M)
P (Vo —E(W)| 2 2) < 2exp < 2(V/ + xM/qn)>

Fourier transform.
We denote by Fh the Fourier transform of a function h € L*(R):

_ /R Flw)e i du,

S®) = {he %™, Vp,g €N, 30y, Vo R, [t"hD(2)| < Cpy |-

The Schwarz space is defined as

Then we have the following properties:
a. For any hy,ho € L*(R), (a1, a2) € R?, F(aihy + ashs) = a1 Fhy + asFhs.
b. For any h € L*(R), Fh € L*(R) and Vz € R, h(z) = 5= [, e Fh(t)dt
c. For any h € L*(R), Fh(./a)(z) = |a|Fh(az).
d. For any functions hy,hy € L?(R), the Parseval’s formula holds:

1 .
/Rhl(x)hz(x)dx: %/thl(u)}'hg(u)du

h(O):/Rh( dyf—/}'h

e. For any h in S(R), Fh € S(R) and
F(hD)(x) = (iz)?Fh(z).

As Fo,(x) = ey,
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