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Abstract

The aim of the paper is to investigate the possibility to identify the mois-
ture affected mechanical properties and the coefficient of moisture expansion of
polymer matrix materials using plates subject to asymmetric concentration field.
The study is performed on samples with thin plate configuration using a weakly
coupled diffuso-mechanical model: 1D Fick’s diffusion model and 2D plane stress
hygroelastic model. Because of the intensity of the deflections caused by the
asymmetry of the concentration field, the use of a model taking into account ge-
ometrical non-linearities is discussed. The identification is performed according
to a constant and linear dependence of Young’s modulus on moisture content.
It is shown that diffuso-mechanical properties and the coefficient of moisture
expansion can be simultaneously identified by using geometrically linear and
non-linear approaches.
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List of symbols

Notation Defintion
(z, y, 2) Coordinates along the 7, 7 and 7 directions
(Lg, Ly, L) Length along the z, y and z directions (mm)
(X.Y, 2) [ %3 %] [- 5 3] and [ 5 %] interval
p, V Material density (g.mm~3), volume (mm?)
T Temperature (°C')
RH Relative humidity (%)
15} Coefficient of moisture expansion
D,, Diffusion coefficient along the thickness
e, Cy) Current and initial moisture concentrations (g.mm=3)
(Cte, C%°) Boundary concentrations at z = —£= and z = &= (g.mm™?)
(m, mg) Current and initial moisture contents
m Average of moisture content along the thickness
(m$°, m3°) Boundary moisture content at z = —£= and z = Z=
E° ()., €%, €2.) | Membrane in-plane strain tensor (components of E?)

E7 (e, el €f)

Hygroscopic strain tensor (components of E)

E (596967 Exy, 522)

Strain tensor (components of E)

K Curvature tensor
Q Elasticity tensor
(E, E(m)) Young’s modulus, possibly depending on m
(a, m) Parameters such as E(m) = am +n
(v, v(m)) Poisson’s ratio, possibly depending on m
Q(m) Notation for —£m)

1—v(m)?

(ed7 Ed, Eveaﬁif7 Etot)

Strain energy density, strain energy, work of external efforts,

total potential energy

O(x,y, 2) Interpolation functions
U(z,y,z,) General representation of displacement
(a, b, ¢, d) Displacement parameters for the Rayleigh-Ritz method

(u(z,y), v(z,y))

In-plane displacement fields

w(z,y)

Out-of-plane displacement field
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1. Introduction

Organic Matrix Composite (OMC) materials are increasingly used in the in-
dustrial sector, in particular in the aeronautical industry for realization of warm
structural (50°C' < T' < 300°C') parts. In these parts, including in particular
turboengines and nacelles, exposition to aggressive environments may lead to
the diffusion of species (H2O, Oa,...) in the polymeric matrix. Under these
circumstances, degradation phenomena related to the action of thermomechan-
ical and/or chemo-diffuso-mechanical coupling phenomena can occur affecting
their durability (Weitsman, 2012). Humid aging of OMC (50°C' < T' < 100°C)
is of particular concern for the aeronautical industry; the diffusion of water in
the polymer matrix of the composite (fibrous carbon reinforcements usually em-
ployed in aeronautical industry do not absorb water) may promote hygroscopic
swelling and changes in mechanical properties (stiffness, strength) (Weitsman,
2012; Shen and Springer, 1976, 1977a,b; Simar, 2014). Numerical and exper-
imental models are developed to identify mechanical properties in humid en-
vironments. The identification of the moisture affected mechanical behavior
of polymer matrix materials is usually carried out on moisture-saturated sam-
ples (Shen and Springer, 1977a; Simar et al., 2014; Simar, 2014). In the work by
Simar et al. (Simar et al., 2014) and Simar (Simar, 2014), tensile tests have been
carried out on moisture-saturated thin plate RTM6 samples (4mm thickness) at
distinct relative humidity (RH%) and at fixed temperature, T = 70°C, leading
to the identification of the elastic properties such as Young’s modulus, E, and
Poisson’s ratio, v, as a function of the saturation moisture content, me,. These
tests require a large number of samples and long conditioning and identification
times since moisture-saturated samples are considered (in (Simar, 2014), about
1500h for each sample with 4mm thickness). In our previous work, (Djato et al.,
2018), a numerical study allowing to identify moisture affected mechanical prop-
erties of polymer matrix materials has been established. The study was based on
tensile and bending tests on samples with moisture gradients and led to a signif-

icant reduction of identification time compared to moisture-saturated samples.
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However, the use of tensile and bending tests failed to identify the coefficient of
moisture expansion 5 due to the dependence of the measured residual strains
on B. In the literature ((Simar et al., 2014), (Obeid et al., 2018)), direct iden-
tifications of 8 are carried out using the change in volume measurement of the
plate. Though, a protocol allowing simultaneous identification of the diffuso-
mechanical properties and the coefficient of moisture expansion on saturated
samples as on samples with moisture gradients has never been implemented.
The aim of the paper is to investigate the possibility to identify the mois-
ture affected mechanical properties and the coefficient of moisture expansion
of polymer matrix materials using plates subject to asymmetric concentration
field. The study is performed on samples with thin plate configuration using a
weakly coupled diffuso-mechanical model: 1D Fick’s diffusion model describing
the kinetics of diffusion and 2D plane stress hygroelastic model whose numerical
solutions are carried out by the finite difference method and the Rayleigh-Ritz
method, respectively. Because of the intensity of the deflections promoted by the
asymmetry of the concentration field, the use of a model taking into account ge-
ometrical non-linearities is discussed. Imposing different concentrations on the
two opposite surfaces of the plate induces an asymmetric distribution of water
concentration along the thickness and generates deflections of the plate. These
deflections (strains and curvatures) may be used to perform identification in a
transient state. The results of the identification are illustrated for constant and
linear dependences of Young’s modulus on moisture content. The conclusions
of the present study will be used for designing a proper test (sample dimensions
and humidity conditions) starting from the knowledge of the moisture depen-
dent material properties identified by using traction tests. Gigliotti et al. (see
(Gigliotti et al., 2006), (Gigliotti et al., 2007)) have carried out tests on 0/90
unsymmetric composite samples exposed to transient and cyclical humid homo-
geneous conditions. In that case, the deflection of the samples was generated
by the unsymmetry of the structural configuration instead of the unsymmetry
of the moisture distribution. However a similar effect (at least qualitatively)

can be expected. This will be checked further. It should be also emphasized
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that the possibility to carry out sorption tests with different concentration val-
ues on the two opposite surfaces, was explored experimentally by Ounaies et
al. (Ounaies et al., 2018). The present work is organized as follows. Section
2 is devoted to the presentation of the coupled diffuso-mechanical model with
presentation of Rayleigh-Ritz method adapted for thin plates. In section 3, the
direct problem is illustrated in geometrically linear and non-linear approaches.
In section 4, the inverse problems are presented followed by numerical results
in section 5 for geometrically linear and non-linear approaches with considera-
tion of some particular dependences of Young’s modulus on the moisture con-
tent. Section 6 presents discussions on the identified parameters while section

7 presents conclusions and perspectives of the present research.

2. Thin plate diffuso-mechanical model

Fully coupled diffuso-elasticity is discussed for instance in (Youssef et al.,
2009), but, for setting up a starting experience, by using a simplifying hypothe-
sis, an uncoupled approach was used in the present paper. The simplifying hy-
potheses of the uncoupled approach are used to setup an experiment using thin
plates in the geometrically nonlinear regime. This study was carried out by con-
sidering polymer matrix thin plates (Fig.1) configuration with the assumption
that species diffusion is essentially unidirectional along the thickness direction
governed by 1D Fick’s diffusion model. This diffusion model is associated with
a 2D plane stress hygroelastic thin plate model. The moisture concentration
field is determined firstly by solving 1D Fick’s equation, then moisture content

is input within the 2D hygroelastic model for strains and stresses calculations.

2.1. 1D Fick’s diffusion model

Since the material is homogeneous and isotropic in thin plate configuration,
the water is supposed to diffuse only in the thickness direction denoted by z.

The water diffusion kinetics is described by the Fick’s law (Fick, 1855) and is



Figure 1: Plate geometry
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written as follows

oC 02C
ot — (t,2) = Dzzw(taz)

C(0,2) = Cy; VZGZ:[—% %] 0
C(t, —%) =CL;Vt>0
C(t, %) =C%;Vt>0
where C is the moisture concentration field, L, is the plate thickness, CL is the
value of the moisture concentration field imposed on the lower edge (z = f%),

C2 (C? # CL) is the value of the moisture concentration field imposed on the
upper edge (z = %), C; is the initial moisture concentration (at t = 0) and D,
is the diffusion coefficient along the thickness. The analytical solution exists only
for uniform boundary conditions all over the edges. In this study, a numerical
solution is computed by the finite difference method. By assuming that there
is no moisture in the initial state, C; = C(0,2) = 0; Vz € Z = [~L=; L=], the

moisture content denoted by m(t, z) is then given by

m(t,z) = (2)

where p represents material density. The diffusion properties are not the subject

C(t, z)
p

of the identification problem in this paper and are assumed as known (see the
work of Beringhier et al., (Beringhier et al., 2018)). In this paper, the moisture
content, m, will be assumed as function of time and of the position along the
thickness direction (m = m(t,z)) and its average along the thickness, m, will
be a function of time only (m = m(t) = 1 fZ (t,z)dz). These quantities are

assumed as known.

2.2. 2D plane stress hygroelastic model

In the geometrically non-linear theory of plates, also called Von Karman

model for plates, (Zara, 2017; Hyer, 1981), the strain tensor is given by

E=E’-:K (3)
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where E° is the membrane in-plane strain tensor given by

0 ou 1, 0w

_odu 1 0wy
EmiaerQ(@x)
ov 1 0w
0 _ o _9v 1/ 0Wy
BO={ e, =g+ 5(5) (4)

ou  Ov ow,  dw
O —_— _ —_ —_
Ty 0y+8$+(63&)(8y)

with €Y, and sgy being the membrane longitudinal and transverse in-plane

2e

strains and sgy the shear strain. The longitudinal in-plane displacement field
u and the transverse in-plane displacement field v of the middle plane (z = 0)
depend only on = and y (Zara, 2017) as well as the out-of-plane displacement
field w whereas (%)2, (%—Z)Q and (%—1:)(%“) represent the non-linear parts. The
tensor K represents the curvatures of the plate on the middle plane. Due to

the assumption of moderate rotations, the non-linear expressions are neglected

with respect to unity and K is reduced to Eq.(5)

b ‘gité’ N82w
(e 0
8w
9w
) e = oy YW
BT T g T o ?
82111 2
2% — Oz 0y ~ 0w
Ty = 3 =
1+ (22)(Z)E ~ Owdy

where k., and k,, are the longitudinal and transverse curvatures of the plate and
kyy is the shear curvature. The 2D plane stress hygroelastic model describing
the plate behavior is coupled to the diffusion model through the dependences of
the mechanical properties and the hygroscopic strains on the moisture content,

m, as follows

o = Q(m)(E - EY) (6)
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Q(m) is the elasticity tensor under the plane stress assumption, that is,

Q(m)  v(m)Q(m) 0
Q(m) = | v(m)Q(m)  Q(m) 0 (7)
0 0 3(1 = v(m)Q(m)
with Q(m) = % The material parameters v and FE depend on the mois-

ture content. The hygroscopic strain tensor Ef is given by

ell = BAmM
Ef = ¢ = gAm (8)
el =0

where 3 is the coefficient of moisture expansion and Am = m—my is the change
of moisture content from an initial reference value, mg, to the current state, m.
The coefficient of moisture expansion can depend on m, but it is usually assumed

constant for polymers and polymer matrix materials (Simar, 2014).

2.3. Energy minimization problem and Rayleigh-Ritz method

The hygroelastic 2D plane stress problem can be solved by employing the
Rayleigh-Ritz method (Djato et al., 2018; Mansfield, 1989). The first step is to
define the total potential energy of the plate as

Etot — Ed + Eezt (9)

where E? is the strain energy and E°®* is the external work due to external

loadings. The strain energy is given by

Bl = / eldv (10)
\4

with e? being the strain energy density given by

ed = %E -Q(m)E —Ef . Q(m)E (11)
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where V is the plate volume.
By introducing the expressions of Q(m) (Eq.(7)) and E (Eq.(3)) into Eq.(11),

we have

¢! = Q(m)[(eqe — 2kan)® + (€hy — 2hyy)* + 2(1 = v(m))(eq,,

+ QV(W)Q(m)(ng - Zk/’xx)(ggy — zkyy) (12)

— BAMQ(m)(1 — v(m))[(e3, — 2hua) + (€hy — 2hyy) + (€3, — 2hay)]

- kay)Q]

The minimization problem describing the stable equilibrium positions of the

plate is given by

SE" =0
(13)

S2Et < 0
where only stable solutions are sought (those who satisfy the second equation
of Eq.(13)). By using Eq.(4) and Eq.(5), the first equation of Eq.(13) leads to
a non-linear partial differential equation (PDE) under a variational form where
the unknowns are the displacement fields u, v, and w. To solve this minimization
problem, the Rayleigh-Ritz method can be employed. That consists in finding
a set of kinematically admissible displacement field functions which give a good
approximation of the displacement fields and satisfy the kinematic and boundary
conditions and the compatibility condition given by Eq.(14) in a subspace of the

N base functions denoted by h; (i = 1,2,...,N).

0 0
0%y, 0%y, 0%, . (14)
oy? 0x? 0x0dy
A displacement field noted U can be written as
N
U(z,y,2) =Y aihi(x,y,2) (15)
i=1

where a; are the unknown parameters while h; are the base functions (such as
polynomial and trigonometric functions, Tchebychev polynomials,...). In (Hyer,

1981), Hyer assumes that the out-of-plane displacement field, w, is a quadratic

10
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function of # and y from which he deduces the kinematically admissible in-plane

displacement fields, v and v satisfying the condition of compatibility Eq.(14)

2 b
u(z,y) = cx — %x3 - %ny
b? ab
v(w,y) =dy -y’ = T’y (16)

1
w(z,y) = 5(az’ +by?)
By introducing Eq.(16) into Eq.(4) and Eq.(5), the relations between a, b, ¢,
and d and the components of the in-plane strain tensor and the curvatures of

the plate are

b
5293 =C— azyQ
0 _ ab
Eyy = d — 7z (17)
sgy =0
and

keow = a
kyy =b (18)
kyy =0

The in-plane strain tensor remains depending on (x, y) while in-plane curvature

tensor becomes constant. It is necessary to note that the shear strain, €2 , and

xy)
the shear curvature, k,,, are null. Since the theory predicts Egy and k., to be
zero, the deformed shape of the plate could change from ”spherical cap” (a = b
and ¢ = d) to ”concave cylinder” (a # b and ¢ # d) according to the in-plane

plate dimensions. The total potential energy depends on a, b, ¢ and d such as

Etot — EtOt(a, b, c, d)

Using Rayleigh-Ritz’s approximate fields, the plate can present different

shapes under moisture uptake.

11



By introducing Eq.(17) and Eq.(18) into Eq.(12) and using Eq.(10), E®* can

15 be written as

Bt = / Q(m)[(c— —y —az)* +(d - azb:cQ —b2)?
+2v(m)(c — ZbyQ —az)(d— %bIQ —bz)]dV (19)

ab

2 ab o
—B/VAmQ(m)(l—i—u(m))[(c—zy ~az) 4 (d = Ta? — ba)ldv

Lw Lw
Integrating 25— " for i = = 1,2,3,4 with dV = dxdydz where x € [-%=, ],
L

y € [—7, 7’*] and z € [-L=, L] leads to the following equation

SEY = fil(a, b, c,d)da + fi'(a,b,c,d)db 0)
20
+ f34(a, b, ¢, d)oc+ [ (a, b, ¢, d)éd = 0
where f(a,b,c,d), i = 1,2,3,4 are non-linear algebric relations between a, b,

c and d. Eq.(20) leads to the following non-linear system

AY(L2 + L2 -
"a,b, c,d) _anzz +H[Q7, + ¥] — Q.. — dQY,

(62ch2 +QLLY) + (QCZLQ +Qv.L%)
— —(QCLQ +QVL2) — —(QLLQ +QuLY)

Qi try @I
1280 1152

y AL+ 12) o
2" (a,b,c,d) =a Zz2 T] chZ2 — Qi — dQex

+ ab?[

(QCZL2 +QuL2) + (QCZL2 +QuLY)

(QCL2 +QULY) — —(QCL2 +QrLY)
. L4 +L4 yL2L2
Q( T y) cHx y]+AV _
1280 1152

z?l(a,b,c,d):fa@be—Zz+c@+dQ_zf (QCL2+Q”L2) AL =0

+ a’b|

Z”(a,b,c,d):*aQ_Zfb@JrCQ_Zer@* (QCL2+Q”L2) AL =0
(21)

12
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where

__ 1 — 1

@ /Z Qs Q7= /Z (m)Q(m)dz
1

14
1 = 1
0= [ Qu=dz Q= [ vmQumzas

Q=1 [ @mas Q=1 [ vmQm)a:

, 1 o ot
az = [ vmQmetids Az = 1 [ (- vim)Qumelza:

=1

(22)
Once the in-plane strains and the curvatures are known, the material proper-
ties (v(m), E(m) and f3) given through the integral relations Eq.(22) can be
identified.

In experimental mechanics, it is common practice to measure directly the
strains and the curvatures, and therefore the vector (a,b,c,d). It can be no-
ticed that the vector (a, b, ¢, d) depends on time through m, that is (a,b,c,d) =
(a,b,c,d)(t). The measured values a, b, ¢ and d are also solutions of the non-
linear system Eq.(21). Solving Eq.(21) yields equilibrium positions of the plate
which either maximize or minimize the total energy. Being a system of four
third-order non-linear equations, Eq.(21) would have either one or three real
solutions. With multiple solutions, some of them define a stable equilibrium
for which physical interpretation is possible. For stable equilibrium, the total
potential energy must be minimized. Thus, for stable equilibrium the second
variation of the total potential energy, %; 1,7 = 1,2,3,4, must be positive
definite (Hyer, 1981). This is true if and only if the following real symmetric
matrix is positive definite, (Hyer, 1981)

afinl afinl 8](‘{1.], 8](‘{1.],

da ob dc od
8f2"l afénl 8f2'n.l 8f2'n.l

da ob dc od

23

o f{nl o f{nl o f'nl o f'nl ( )

Jda ob dc od
af;Ll af;Ll 6f4'n.l 6f4'n.l

da ob dc od

13
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with

853 ag =Qat % t Q—Z(@Li +QELY) + 5 (QuLy + QiLY)
- QU+ QELR) - (@12 QT + ab[@(ng ) zBL%Li]

85? = agfl = Qo — QeI+ QELY)

855 = 85{5 = Q- %(@Li +QrL2)

85? = Qe + 55 QL2 + QL L)) + a?[_C(LéSE Ly) Q_lf;;i]

agfl = aﬁfl = QL - 5 (@L} +QeL)

855 = 85? = —Qc: — %(@Li +QILY)

ofs o O3 O o
Oc = Qe ad ~ dc % od = Qe

(24)

Before illustrating the different solutions (shapes) that can be obtained, the
particular case of the geometrically linear approach is detailed. In the geomet-
rically linear theory, the problem (21) takes a simple form. In fact, the linear
problem is obtained by neglecting non-linear terms (42)2, (%Z) and (22 )(%Z)
in the strain tensor (Eq.(4)) yielding to its reduced expression (Eq.(25))

) o
ov
0
E’ = vy a_y (25)
ou Ov
20, = — + —
Cry Oy + Oz

In this case, the chosen in-plane displacement fields u and v are linear functions
of x and y respectively while the out-of-plane displacement field w is quadratic

in z and y (Hyer, 1981; Gigliotti and Minervino, 2014)

u(z,y) = cx
v(z,y) = dy (26)

1
w(z,y) = 5(%2 + by?)

14
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Thus, the relations between a, b, ¢ and d and the components of the in-plane

strain tensor and curvatures of the plate are

.o =c ke = a
ggy =d (27) kyy =b
Eoy = kigy =0

It can be seen that the geometrically linear theory leads to constant strain
(Eq.(27)) with the same constant curvature tensor. Due to moisture uptake,
the deformed shape of the plate will be like spherical cap whatever the plate
in-plane dimension.
The first variation of the total potential energy (first equation of Eq.(13)) can
be written as
SE'" = fi(a,b,c,d)da + f3(a,b,c,d)db 8)
28
+ f3(a,b,e,d)dc + fi(a,b,c,d)dd = 0
immediatly leading up to the following system of four linear equations in a, b,

cand d

fia,b,c,d) = — aQc. — bQY, + cQc + dQY — AL =0
fia,b,e,d) = — aQZ, — bQez + Q¥ + dQ. — AL =0 29)
fi(a,b,¢,d) = — aQuaz — bQ7, + Qo + dQY, — AY, = 0
fi(a,b,¢,d) = — aQ”_, — bQcz2 + cQ¥, + dQ.- — AL, = 0
Eq.(29) can be written under matrix system as follows
—Qe: —QL Qe Q a AL
on Qe @ Q||| | a a0

_QCZ2 - Zz2 QCZ oz c AZZ
- ZZ2 *ch2 o ch AZZ

Eq.(29) (or Eq.(30)) is a system of four first-order equations in terms of a, b, ¢

SY

15
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and d. Such a problem would have unique real solution written in Eq.(31)

_@ema - @em
(ch + QZZ)Q - (Qc + QZ)(QCZQ + Zz2)
(Qcz2 + Q72)AY — (Qez + QL)AL

(Qez2 + Q72)(Qe + QY) — (Qez + Q)2

Moreover, longitudinal and transversal strains are equal (a = b) as well as

(31)

longitudinal and transversal curvatures (¢ = d).
a=band c=d (32)

The unique solution Eq.(31) defines stable equilibrium position if the following

matrix is positive definite

off off off  off —
Ba b 9 od Qe —QY Qe ¢

ofy  ofy afs  ofk YaTB ra7A R

Da B v od | _ | Q& Qe QO Q (33)
ofs  ofs  ofy 9 0.>. -0", O -

da b dc ad cz? cz2 cz cz

8fl 8fl Bfl 8fl -

Ba b de od Q. —Qc2 QY Qe

Since single-valued solution is get in the geometrically linear case, stable equi-

librium solution is defined.

3. Illustration of the direct problem

The direct problem is obtained when the mechanical properties v(m), E(m)
and S are known while the vector (a,b,c,d) is the only unknown of Eq.(21).
The study of the direct problem is carried out here to illustrate the different
shapes that can be obtained for characteristic parameter values of the RTM6
resin for several aspect ratios of a square plate in the geometrically linear and
non-linear cases. To study strain and curvature evolutions, numerical simu-
lations are performed with diffuso-mechanical RTM6 resin properties listed in
Tab.1. The Young’s modulus depends linearly on moisture content, m as exper-
imentally noted (Simar, 2014). The simulations concern a plate with thickness

of L. equal to 4mm. The diffusion equation, Eq.(1) has been solved with the

16
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Table 1: RTMS6 resin properties

E(m)(GPa) v | Doy(mm?2h=Y) | B | mZ (%) | ml (%)
—20,46m +3,14 | 0,35 0,016 0,22 | 3,1% | 0,4m2

finite difference method. Figures 2 and 3 illustrate the fields m and E(m)
along the thickness z direction of the plate, for different times up to satura-
tion. Having different moisture concentrations on the two opposite surfaces
of the plate leads to asymmetric boundary conditions and asymmetric distri-
butions of m and E(m) as depicted in Fig.2 and Fig.3. The evolution of the
moisture content average (7)) with time is illustrated in Fig.4. For a given equi-
librium solution in a given time, the matrix as in Eq.(23) and Eq.(33) in the
particular case of the geometrically linear approach is numerically evaluated.
If each of their eigenvalues is positive, the matrix is positive definite and then
the solution matches to a stable equilibrium solution. Otherwise the solution
corresponds to an unstable equilibrium solution. For diffuso-mechanical prop-
erties given for RTM6 resin and listed in Tab.1 with a fixed thickness length
(L, = 4mm), triple-valued solutions could be observed for Eq.(21) according to
the in-plane plate dimension. Thus, for a square plate of aspect ratio less than
60 (AR, = AR, = i—: < 60), Eq.(21) and obviously Eq.(30) lead to a single-
valued solution. Figures 5 and 6 illustrate the evolutions of the strains and the
curvatures for AR,, = ARy, = ji—z = 10. The solutions in the two approaches
(geometrically linear and non-linear) are very close. In these conditions, the
deformed shape of the plate is like a spherical cap as schematically illustrated
in Fig.7.

However, for a higher aspect ratio (AR,, > 60), triple-valued solutions are
found from a critical point for the general problem while the geometrically lin-
ear approach always presents a single-valued solution. It is shown in Fig.8 and
Fig.9 that the solutions in linear and non-linear approaches are widely different
for AR;. = AR,. = 100.

Since single-valued solution is obtained before the critical point (branch AB

17



250

Figure 2: Evolution of the current moisture content m along the thickness z for different times
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Figure 3: Evolution of the Young’s modulus E(m) along the thickness z for different times,

m being the current moisture content

in the Fig.8), it defines stable equilibrium position of the plate. Moreover, on
the branch AB and on the branch BD after the critical point, the condition
Eq.(32) is satisfied as in the geometrically linear approach. Furthermore, after
the critical point, only branch BD was unstable while branches BC' and BE
were stable. Moreover, branch BE defines a significant curvature in the x di-
rection while branch BC represents a curvature in the y direction which tends

asymptotically to zero. This corresponds to a ”concave cylinder” of axis y as
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Figure 4: Evolution of the average of the current moisture content, m, with respect to time ¢

Figure 5: Evolution of in-plane curvatures (a and b) in geometrically linear and
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approaches for aspect ratios ARz, = ARy, = 10

25

non-linear

schematically depicted in Fig.10. In the y direction, the branch BE corresponds

»5  to the branch BC' and vice-versa. It is necessary to note that triple-valued solu-

tions can be also obtained for a rectangular plate (AR,, > AR,.) as schemat-

ically illustrated in Fig.11. However, the solutions in ¢ (Fig.12) and d (Fig.13)

before the critical point may be different.

The triple-valued type of solutions shows that in the explored interval of 77,

x%0 hygroscopic ”loading” can lead to change the plate shapes from spherical cap to

cylinder with respect to geometrical defects. This leads to a limitation for the
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Figure 6: Evolution of in-plane strains (c and d) in geometrically linear and non-linear ap-

proaches for aspect ratios AR;. = ARy, = 10
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Figure 7: In the geometrically linear approach, the plate deforms to a spherical cap

identification after the critical point due to the multiplicity of solutions. Triple-
valued solutions are obtained also in terms of strains (¢ and d) with ¢ # d but
stay in the same order of magnitude. The condition (32) is satisfied either in
the geometrically linear case or before the critical point if triple-value solutions
occur in the geometrically non-linear approach. To this end (and because of the
use of square plate), the first two equations of Eq.(21) are the same as well as
the last two equations. In this study, the identification is performed only for

this particular situation that leads to the uniqueness of the solution.

20
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Figure 8: Evolution of in-plane curvatures (a and b) in geometrically linear and non-linear

approaches for aspect ratios AR, = ARy, = 100
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Figure 9: Evolution of in-plane strains (¢ and d) in geometrically linear and non-linear ap-

proaches for aspect ratios ARz, = ARy, = 100

The different responses of the material in terms of in-plane strains and cur-
vatures being well illustrated, the identification in geometrically linear and non-
linear approaches of diffuso-mechanical properties (v(m), E(m) and ) is per-

formed in section 4.
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Figure 10: Plate deformed shape in the geometrically non-linear approach with a triple-valued

solution in term of strains and curvatures after the critical point
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Figure 11: Evolution of the in-plane curvatures (a and b) in geometrically linear and non-linear

approaches for aspect ratios AR, = 100 and ARy, = 10
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Figure 12: Evolution of the in-plane strains (c) in geometrically linear and non-linear ap-

proaches for aspect ratios AR, = 100 and ARy, = 10
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Figure 13: Evolution of the in-plane strains (d) in geometrically linear and non-linear ap-

proaches for aspect ratios ARz, = 100 and ARy, = 10

4. Identification

215 The identification consists in calculating the elastic diffuso-mechanical prop-
erties, v(m), E(m) and § when vector (a, b, ¢, d) is assumed to be experimentally
measured. It involves to solve inverse problems in Eq.(30) and Eq.(21). In this
part, as mentioned in section 3, our study is restricted to the geometrically
non-linear case before bifurcation so that the identification is conducted on a

20 problem with a single solution. For this purpose, the study is made for partic-
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ular plate aspect ratios and for particular moisture uptakes or particular times.
The Poisson’s ratio v(m) and the coefficient of moisture expansion 3 are as-
sumed to be independent of moisture content (v(m) = v). The identification is

illustrated for two profiles of Young’s modulus related to m :

e F is independent of moisture content: E(m) = F

e E(m) is a linear function of m : E(m) = am +1n

4.1. Identification in the geometrically linear approach

4.1.1. E is independent of m

Since v and 8 are constant, the independence of E on moisture content leads

to the system Eq.(34) in which v and F are missing.

c=d=pm
125m (34)

a=b= Iz

Therefore, only the coefficient of moisture expansion, (3, can be identified.

Eq.(35) shows that 8 can be expressed in two ways

B =

c
m

fo = -

aL2 (35)

12mz

4.1.2. E(m) is a linear function of m

In the case E(m) is a linear function of m, E(m) = am+n, Eq.(31) becomes

(o + n)c — aimza = B(am?2 + ym)

13 )a = Blam?z + mz)

amze — (amz? +

where

— 1 — 1 — 1
m2 = —/ m2dz;, mz2 = —/ mz2dz and m2z = —/ m2zdz
LZ A LZ VA LZ VA

One finds that only v is missing in Eq.(36), so it can not be identified. 3 param-
eters, , 1 and [ should be identified with the system Eq.(36) of 2 equations.
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But since n is the value of Young’s modulus before moisture uptaking, it can
be identified on a dry sample by adding another test (tensile or bending test on
dry sample) to the asymmetric one. By expressing « from the first equation of

Eq.(36) and introducing it in the second equation, we have

hiB? + haf+hs =0
(Bm — o) (37)

me — mza — fm?2

o =
where

h1 = m?mz — m2zm

m2L2
he =em?z+a 2 + (cmz — amz?)m — (cm — amz)mz
S L2
hs = —c(cmz — amz?) — a(cm — am)l—g

2 values of 8 can be obtained from the first equation of Eq.(37) if the following
condition is satisfied

h2 — 4hyhs > 0 (38)

The best solution will be one of both solutions which is constant (as assumed)
and will then be used to identify a.
It can be noticed that 7 is known before the moisture stated diffusing in the

material. So its value can be used to determine 5 and a.

4.2. Identification in the geometrically non-linear approach

In the geometrically non-linear approach, the identification is complicated
due to the presence of multiple branches. If triple-valued solutions occur, the
condition (32) is satisfied only before the critical point. To this end (and because
of the use of square plate), the first two equations of Eq.(21) are the same as
well as the last two equations. In the geometrically non-linear approach, the

identification is performed only for this particular situation.
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4.2.1. E is independent of m
In the case E(m) = E, 8 can be directly expressed from Eq.(21) as in Eq.(39)
while v is expressed by Eq.(40) using 3

48c — a?L2
0= "wm (39)
, — (1152 6104, - a®L? (10)
640 ' aPLA — 1152454
where
4, = 2ckE L (212 + BmL2) — pmz (41)
P™ T 24 @

It can be noted that F is not determined. Other tests (tensile or bending test)

on a dry sample would be employed for identification of E.

4.2.2. E(m) is a linear function of m

Under linear dependence of F with respect to m, 4 parameters v, a, n and
B have to be identified. The system Eq.(21) being reduced to two non-linear
equations, Eq.(42), only two parameters (« and ) can be identified by assuming
that v and 7 are determined on dry sample with tensile or bending test. 5 and

« are then identified by solving 2 non-linear equations, Eq.(42)

AL 3a°L2B.. acLiB. (1152 + 640v)a®*L: B, _
UBewr + ) meBet = o Y e w2y e 0
a’L}B.
chz - CBC + 48 + Ac — 0
(42)
where .
B. = —/ E(m)dz = am +1
Lz zZ
1 _
B., = —/ E(m)zdz = amz
Lz zZ
1 — L?
B, = I, /Z E(m)z%dz = am22 + % (43)
A, = ﬁ/ E(m)mdz = B(am? + nm)
L, J,
_5 — BlamEs 4 s
Ae. = I E(m)mzdz = B(am?z + nmz)
z JZ
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5. Numerical results for identification

All numerical simulations are carried out with diffuso-mechanical properties
given in Tab.1 for RTMG6 resin with a fixed thickness L, = 4mm. The equation
diffusion Eq.(1) has been solved with the finite difference method using Matlab
software leading to the determination of the moisture content, m. When Young’s

modulus is a linear function of m, it is expressed by
E(m)=am+n (44)

20 as experimentally measured in (Simar, 2014) for a RTMG6 resin material. When
E (independent of m) or n and v are assumed to be identified on a dry sample,

E = 3.14GPa, v = 0.35 and n = 3.14GPa.

5.1. Geometrically linear approach

5.1.1. E is independent of m
35 Only the coefficient of moisture expansion is identified with two expressions
B1 and (2 in Eq.(35). Figure 14 illustrates the evolutions of 8; and [y with

respect to times and shows that 8, = s for all time.

15

_1 L L L L
0 0.5 1 m(%) 1.5 2

Figure 14: Identified value of the coefficient of moisture expansion 3 in the geometrically

linear approach with the Young’s modulus E(m) = E
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5.1.2. E is a linear function of m

Fig.15 and Fig.16 illustrate the evolutions of the identified parameters 5 and
« respectively with respect to time. Two solutions of 8, 51 and (s, are obtained.
B1 (solid line) is independent of time and equal to 0.22 (the target values of j3)
with quadratique error of 10713, 3, (dash line) increases with respect to time
and converges to 0.22 from a given time. It makes sense to say that the constant

solution (/31) is the best one because 3 is assumed to be independent of m.

0.25

0.2

0.15

0.1

0.05

0 1 1 1 1
0 05 1 m%) 15 2 25

Figure 15: Identified value of the coefficient of moisture expansion 3 in the geometrically
linear approach when the Young’s modulus F(m) is a linear function of the current moisture

content m

5.2. Geometrically non-linear approach

5.2.1. E is independent of m
In this case, § and v were identified and were very close to their target values

(v ~0.35 and § ~ 0.22) for all time as illustrated in Fig.17 and Fig.18.

5.2.2. E is a linear function of m

When E(m) is a linear function of m (Eq.(44)), § and « were identified by
solving with Matlab software the system of two non-linear equations, Eq.(42).
Two solutions were found for every parameters: 8, and (2 for parameter 5 and

a1 and ag for parameter a as depicted in Fig.19 and Fig.20. §; and «; are
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Figure 16: Identified a value in the geometrically linear approach when the Young’s modulus

E(m) is a linear function of the current moisture content m such as E(m) = am + 17
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@ 0.22 8
0.215 L L L L L
0 0.5 1 1.5 2 25 3
m(%)

Figure 17: Identified value of the coefficient of moisture expansion f in the geometrically

non-linear approach before critical point when the Young’s modulus E(m) = FE

independent of m up to critical point and are equal to their target values, 0.22
ss and —20.46GParespectively. The second solution for 5 (82) and « () increases
and decreases respectively with respect to . Constant solutions, 51 and ay
are the appropriate solutions because they are assumed to be independent of m.
Fig.21is a zoom on oy in order to show correctly its constant value, (—20.46GPa)

in Fig.20.
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Figure 18: Identified value of the Poisson’s ratio v in the geometrically non-linear approach

before critical point when the Young’s modulus E(m) = E

0.25
0.2+ |
-1
0.15} -5 :
Nal
0.1" 1
0.05 - - 1
——
- - -
‘,.—
O -— Il Il Il Il Il
0 0.05 0.1 0.15 0.2 0.25 0.3

m(%)

Figure 19: Identified value the coefficient of moisture expansion § in the geometrically non-
linear approach before the critical point when the Young’s modulus E(m) is a linear function

of the current moisture content m

0 6. Discussion

Although the identification after the critical point was not explored, the
results of this study are very promising. Indeed, the study has allowed simul-
taneous identification of diffuso-mechanical properties with the coefficient of
moisture expansion, whereas many authors devoted their studies to the identifi-

s cation of either hygroelastic mechanical properties or the coefficient of moisture
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Figure 20: Identified o values in the geometrically non-linear approach before the critical
point when the Young’s modulus E(m) is a linear function of the current moisture content m

such as E(m) = am +1n
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Figure 21: Zoom on the identified « value in the geometrically non-linear approach before the
critical point when the Young’s modulus E(m) is a linear function of the current moisture

content m such as E(m) =am+n

expansion (Simar, 2014; Simar et al., 2014; Obeid et al., 2018). Moreover, our
study is based on the use of asymmetric concentration fields to perform identifi-
cation on samples with moisture gradients while in the literature, identification
studies were conducted using mechanical tests (tensile test especially) on satu-
rated moisture samples (Simar, 2014; Simar et al., 2014). The advantage of the

test based on the use of a sample with moisture gradients is that the identifi-
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cation was performed in a transient state, so the conditioning time was shorter
than that for saturated samples as already illustrated in our previous article
(Djato et al., 2018). For the direct problem, expected results were observed.
Indeed, the evolutions of a, b, c and d quantities in the geometrically non-linear
approach can present two stable and one unstable equilibrium solutions from a
critical point according to the in-plane plate dimension. The figures showed that
these solutions promote deflection of the plate from ”spherical cap” shape to
”concave cylinder” shape, a phenomenon observed by many researchers (Hyer,
1981).

Whereas direct problem presents expected results, the multiplicity of solu-
tions makes the identification difficult, especially after the critical point. The
results of the identification are illustrated on RTM6 resin square sample for a
constant Young’s modulus and then for a linear Young’s modulus related to
moisture content while Poisson’s ratio and the coefficient of moisture expansion
are assumed to be independent of moisture content. In the geometrically linear
case and for the branch before the critical point in the geometrically non-linear
approach, § was identified while E(m) = E could not be identified. Besides, «
was only identified when F(m) = am + n whereas v(m) = v was identified only
for the geometrically non-linear case when E(m) = E. The identification of n
was not possible with the use of the asymmetric concentration field. However,
by associating other mechanical tests (tensile, bending,...) on a dry sample, all

unidentified parameters for a specific dependence in this study can be identified.

7. Conclusion and perspectives

The present study was devoted to the possibility of the identification of
diffuso-mechanical properties and in particular the coefficient of moisture ex-
pansion through numerical simulation for polymer matrix material with origi-
nal test which makes use of plate with asymmetric moisture concentration field.
The study is based on a weakly coupled diffuso-mechanical model: 1D Fick’s dif-

fusion model solved by finite difference method and 2D plane stress hygroelastic
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thin plate model associated with Rayleigh-Ritz method in geometrically linear
and non-linear approaches. The direct problem providing the in-plane stresses
and the in-plane curvatures led to single-valued or triple-valued solutions up to
a critical point for the average of the moisture content for the geometrically non-
linear approach according to the in-plane plate dimensions. However, an only
single-valued solution was always obtained whatever the plate configuration in
the geometrically linear case. The study leads to the identification of 8 contrary
to our previous work, (Djato et al., 2018), based on the use of tensile and/or
bending tests for rapid identification of the mechanical properties of polymer
matrix materials with moisture gradients in which the experimental measure-
ments (in-plane residual strains and curvatures) depend on 5. The identification
was here carried out by considering that § and v are constant parameters while
two assumptions for F on its dependence on moisture content were postulated:
E is independent of m and E(m) is a linear function of m. For the case E is
independent of m, only 8 was identified in the geometrically linear approach.
Two analytical expressions of 5 were then obtained from in-plane strains and
in-plane curvatures respectively. However, both expressions were numerically
equal. Besides, in the geometrically non-linear approach, 8 and v were identi-
fied when E(m) = E. « is identified when F(m) = am+mn. Thus, § and « were
determined in geometrically linear and non-linear approaches. Moreover, 5 and
« yield 2 values for each parameter: one is constant and other is a function of m.
However, from a given time point, the two resulting values for each parameter
became equal in the geometrically linear approach. A parameter (v or E or 7),
that could not be identified in the studied case, was considered as determined
on a dry sample by associating another test as tensile or bending test.

Further studies will be investigated in the first instance to the identification
in the geometrically non-linear approach from the critical point using stable
branches solutions in terms of in-plane strains and in-plane curvatures. A contin-
uation method as the Asymptotic Numerical Method (ANM) (Boutyour et al.,
2004; Abdelkhalek et al., 2015) can be used to accurately determine the bifurca-

tion point. Further work will be devoted to an experimental study by exposing
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polymer matrix material sample to a humid environment and then carrying out
deflection measurements for the identification of diffuso-mechanical properties
in the transient regime. The conclusions of the present study will be used for
designing a proper test (sample dimensions and humidity conditions) starting
from the knowledge of the moisture dependent material properties identified by

using traction tests.
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