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Abstract

The aim of the paper is to investigate the possibility to identify the mois-

ture affected mechanical properties and the coefficient of moisture expansion of

polymer matrix materials using plates subject to asymmetric concentration field.

The study is performed on samples with thin plate configuration using a weakly

coupled diffuso-mechanical model: 1D Fick’s diffusion model and 2D plane stress

hygroelastic model. Because of the intensity of the deflections caused by the

asymmetry of the concentration field, the use of a model taking into account ge-

ometrical non-linearities is discussed. The identification is performed according

to a constant and linear dependence of Young’s modulus on moisture content.

It is shown that diffuso-mechanical properties and the coefficient of moisture

expansion can be simultaneously identified by using geometrically linear and

non-linear approaches.
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List of symbols

Notation Defintion

(x, y, z) Coordinates along the −→x , −→y and −→z directions

(Lx, Ly, Lz) Length along the x, y and z directions (mm)

(X , Y , Z) [−Lx

2 ; Lx

2 ], [−
Ly

2 ;
Ly

2 ] and [−Lz

2 ; Lz

2 ] interval

ρ, V Material density (g.mm−3), volume (mm3)

T Temperature (◦C)

RH Relative humidity (%)

β Coefficient of moisture expansion

Dzz Diffusion coefficient along the thickness

(C, Ci) Current and initial moisture concentrations (g.mm−3)

(C∞

1 , C∞

2 ) Boundary concentrations at z = −Lz

2 and z = Lz

2 (g.mm−3)

(m, m0) Current and initial moisture contents

m Average of moisture content along the thickness

(m∞

1 , m∞

2 ) Boundary moisture content at z = −Lz

2 and z = Lz

2

E0 (ε0xx, ε
0
xy, ε

0
zz) Membrane in-plane strain tensor (components of E0)

EH (εHxx, ε
H
xy, ε

H
zz) Hygroscopic strain tensor (components of EH)

E (εxx, εxy, εzz) Strain tensor (components of E)

K Curvature tensor

Q Elasticity tensor

(E, E(m)) Young’s modulus, possibly depending on m

(α, η) Parameters such as E(m) = αm+ η

(ν, ν(m)) Poisson’s ratio, possibly depending on m

Q(m) Notation for E(m)
1−ν(m)2

(ed, Ed, Eext, Etot) Strain energy density, strain energy, work of external efforts,

total potential energy

Φ(x, y, z) Interpolation functions

U(x, y, z, ) General representation of displacement

(a, b, c, d) Displacement parameters for the Rayleigh-Ritz method

(u(x, y), v(x, y)) In-plane displacement fields

w(x, y) Out-of-plane displacement field
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1. Introduction

Organic Matrix Composite (OMC) materials are increasingly used in the in-

dustrial sector, in particular in the aeronautical industry for realization of warm

structural (50◦C < T < 300◦C) parts. In these parts, including in particular

turboengines and nacelles, exposition to aggressive environments may lead to5

the diffusion of species (H2O, O2,...) in the polymeric matrix. Under these

circumstances, degradation phenomena related to the action of thermomechan-

ical and/or chemo-diffuso-mechanical coupling phenomena can occur affecting

their durability (Weitsman, 2012). Humid aging of OMC (50◦C < T < 100◦C)

is of particular concern for the aeronautical industry; the diffusion of water in10

the polymer matrix of the composite (fibrous carbon reinforcements usually em-

ployed in aeronautical industry do not absorb water) may promote hygroscopic

swelling and changes in mechanical properties (stiffness, strength) (Weitsman,

2012; Shen and Springer, 1976, 1977a,b; Simar, 2014). Numerical and exper-

imental models are developed to identify mechanical properties in humid en-15

vironments. The identification of the moisture affected mechanical behavior

of polymer matrix materials is usually carried out on moisture-saturated sam-

ples (Shen and Springer, 1977a; Simar et al., 2014; Simar, 2014). In the work by

Simar et al. (Simar et al., 2014) and Simar (Simar, 2014), tensile tests have been

carried out on moisture-saturated thin plate RTM6 samples (4mm thickness) at20

distinct relative humidity (RH%) and at fixed temperature, T = 70◦C, leading

to the identification of the elastic properties such as Young’s modulus, E, and

Poisson’s ratio, ν, as a function of the saturation moisture content, m∞. These

tests require a large number of samples and long conditioning and identification

times since moisture-saturated samples are considered (in (Simar, 2014), about25

1500h for each sample with 4mm thickness). In our previous work, (Djato et al.,

2018), a numerical study allowing to identify moisture affected mechanical prop-

erties of polymer matrix materials has been established. The study was based on

tensile and bending tests on samples with moisture gradients and led to a signif-

icant reduction of identification time compared to moisture-saturated samples.30
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However, the use of tensile and bending tests failed to identify the coefficient of

moisture expansion β due to the dependence of the measured residual strains

on β. In the literature ((Simar et al., 2014), (Obeid et al., 2018)), direct iden-

tifications of β are carried out using the change in volume measurement of the

plate. Though, a protocol allowing simultaneous identification of the diffuso-35

mechanical properties and the coefficient of moisture expansion on saturated

samples as on samples with moisture gradients has never been implemented.

The aim of the paper is to investigate the possibility to identify the mois-

ture affected mechanical properties and the coefficient of moisture expansion

of polymer matrix materials using plates subject to asymmetric concentration40

field. The study is performed on samples with thin plate configuration using a

weakly coupled diffuso-mechanical model: 1D Fick’s diffusion model describing

the kinetics of diffusion and 2D plane stress hygroelastic model whose numerical

solutions are carried out by the finite difference method and the Rayleigh-Ritz

method, respectively. Because of the intensity of the deflections promoted by the45

asymmetry of the concentration field, the use of a model taking into account ge-

ometrical non-linearities is discussed. Imposing different concentrations on the

two opposite surfaces of the plate induces an asymmetric distribution of water

concentration along the thickness and generates deflections of the plate. These

deflections (strains and curvatures) may be used to perform identification in a50

transient state. The results of the identification are illustrated for constant and

linear dependences of Young’s modulus on moisture content. The conclusions

of the present study will be used for designing a proper test (sample dimensions

and humidity conditions) starting from the knowledge of the moisture depen-

dent material properties identified by using traction tests. Gigliotti et al. (see55

(Gigliotti et al., 2006), (Gigliotti et al., 2007)) have carried out tests on 0/90

unsymmetric composite samples exposed to transient and cyclical humid homo-

geneous conditions. In that case, the deflection of the samples was generated

by the unsymmetry of the structural configuration instead of the unsymmetry

of the moisture distribution. However a similar effect (at least qualitatively)60

can be expected. This will be checked further. It should be also emphasized
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that the possibility to carry out sorption tests with different concentration val-

ues on the two opposite surfaces, was explored experimentally by Ounaies et

al. (Ounaies et al., 2018). The present work is organized as follows. Section

2 is devoted to the presentation of the coupled diffuso-mechanical model with65

presentation of Rayleigh-Ritz method adapted for thin plates. In section 3, the

direct problem is illustrated in geometrically linear and non-linear approaches.

In section 4, the inverse problems are presented followed by numerical results

in section 5 for geometrically linear and non-linear approaches with considera-

tion of some particular dependences of Young’s modulus on the moisture con-70

tent. Section 6 presents discussions on the identified parameters while section

7 presents conclusions and perspectives of the present research.

2. Thin plate diffuso-mechanical model

Fully coupled diffuso-elasticity is discussed for instance in (Youssef et al.,

2009), but, for setting up a starting experience, by using a simplifying hypothe-75

sis, an uncoupled approach was used in the present paper. The simplifying hy-

potheses of the uncoupled approach are used to setup an experiment using thin

plates in the geometrically nonlinear regime. This study was carried out by con-

sidering polymer matrix thin plates (Fig.1) configuration with the assumption

that species diffusion is essentially unidirectional along the thickness direction80

governed by 1D Fick’s diffusion model. This diffusion model is associated with

a 2D plane stress hygroelastic thin plate model. The moisture concentration

field is determined firstly by solving 1D Fick’s equation, then moisture content

is input within the 2D hygroelastic model for strains and stresses calculations.

2.1. 1D Fick’s diffusion model85

Since the material is homogeneous and isotropic in thin plate configuration,

the water is supposed to diffuse only in the thickness direction denoted by z.

The water diffusion kinetics is described by the Fick’s law (Fick, 1855) and is
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Figure 1: Plate geometry
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written as follows















































∂C

∂t
(t, z) = Dzz

∂2C

∂z2
(t, z)

C(0, z) = Ci; ∀z ∈ Z = [−
Lz

2
;
Lz

2
]

C(t,−
Lz

2
) = C1

∞
; ∀t > 0

C(t,
Lz

2
) = C2

∞
; ∀t > 0

(1)

where C is the moisture concentration field, Lz is the plate thickness, C1
∞

is the90

value of the moisture concentration field imposed on the lower edge (z = −Lz

2 ),

C2
∞

(C2
∞

6= C1
∞
) is the value of the moisture concentration field imposed on the

upper edge (z = Lz

2 ), Ci is the initial moisture concentration (at t = 0) and Dzz

is the diffusion coefficient along the thickness. The analytical solution exists only

for uniform boundary conditions all over the edges. In this study, a numerical95

solution is computed by the finite difference method. By assuming that there

is no moisture in the initial state, Ci = C(0, z) = 0; ∀z ∈ Z = [−Lz

2 ; Lz

2 ], the

moisture content denoted by m(t, z) is then given by

m(t, z) =
C(t, z)

ρ
(2)

where ρ represents material density. The diffusion properties are not the subject

of the identification problem in this paper and are assumed as known (see the100

work of Beringhier et al., (Beringhier et al., 2018)). In this paper, the moisture

content, m, will be assumed as function of time and of the position along the

thickness direction (m = m(t, z)) and its average along the thickness, m, will

be a function of time only (m = m(t) = 1
Lz

∫

Z
m(t, z)dz). These quantities are

assumed as known.105

2.2. 2D plane stress hygroelastic model

In the geometrically non-linear theory of plates, also called Von Kármán

model for plates, (Zara, 2017; Hyer, 1981), the strain tensor is given by

E = E0 − zK (3)
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where E0 is the membrane in-plane strain tensor given by

E0 =































ε0xx =
∂u

∂x
+

1

2
(
∂w

∂x
)2

ε0yy =
∂v

∂y
+

1

2
(
∂w

∂y
)2

2ε0xy =
∂u

∂y
+

∂v

∂x
+ (

∂w

∂x
)(
∂w

∂y
)

(4)

with ε0xx and ε0yy being the membrane longitudinal and transverse in-plane

strains and ε0xy the shear strain. The longitudinal in-plane displacement field

u and the transverse in-plane displacement field v of the middle plane (z = 0)110

depend only on x and y (Zara, 2017) as well as the out-of-plane displacement

field w whereas (∂w
∂x

)2, (∂w
∂y

)2 and (∂w
∂x

)(∂w
∂y

) represent the non-linear parts. The

tensor K represents the curvatures of the plate on the middle plane. Due to

the assumption of moderate rotations, the non-linear expressions are neglected

with respect to unity and K is reduced to Eq.(5)115

K =



















































kxx =
∂2w
∂x2

[1 + (∂w
∂x

)2]
3

2

≃
∂2w

∂x2

kyy =

∂2w
∂y2

[1 + (∂w
∂y

)2]
3

2

≃
∂2w

∂y2

2kxy =

∂2w
∂x∂y

[1 + (∂w
∂x

)(∂w
∂y

)]
3

2

≃
∂2w

∂x∂y

(5)

where kxx and kyy are the longitudinal and transverse curvatures of the plate and

kxy is the shear curvature. The 2D plane stress hygroelastic model describing

the plate behavior is coupled to the diffusion model through the dependences of

the mechanical properties and the hygroscopic strains on the moisture content,

m, as follows120

σ = Q(m)(E−EH) (6)
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Q(m) is the elasticity tensor under the plane stress assumption, that is,

Q(m) =











Q(m) ν(m)Q(m) 0

ν(m)Q(m) Q(m) 0

0 0 1
2 (1− ν(m))Q(m)











(7)

with Q(m) = E(m)
1−ν(m)2 . The material parameters ν and E depend on the mois-

ture content. The hygroscopic strain tensor EH is given by

EH =



















εHxx = β∆m

εHyy = β∆m

εHxy = 0

(8)

where β is the coefficient of moisture expansion and ∆m = m−m0 is the change

of moisture content from an initial reference value, m0, to the current state, m.

The coefficient of moisture expansion can depend onm, but it is usually assumed125

constant for polymers and polymer matrix materials (Simar, 2014).

2.3. Energy minimization problem and Rayleigh-Ritz method

The hygroelastic 2D plane stress problem can be solved by employing the

Rayleigh-Ritz method (Djato et al., 2018; Mansfield, 1989). The first step is to

define the total potential energy of the plate as130

Etot = Ed + Eext (9)

where Ed is the strain energy and Eext is the external work due to external

loadings. The strain energy is given by

Ed =

∫

V

eddV (10)

with ed being the strain energy density given by

ed =
1

2
E ·Q(m)E−EH ·Q(m)E (11)
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where V is the plate volume.

By introducing the expressions of Q(m) (Eq.(7)) and E (Eq.(3)) into Eq.(11),

we have135

ed = Q(m)[(ε0xx − zkxx)
2 + (ε0yy − zkyy)

2 + 2(1− ν(m))(ε0xy − zkxy)
2]

+ 2ν(m)Q(m)(ε0xx − zkxx)(ε
0
yy − zkyy)

− β∆mQ(m)(1 − ν(m))[(ε0xx − zkxx) + (ε0yy − zkyy) + (ε0xy − zkxy)]

(12)

The minimization problem describing the stable equilibrium positions of the

plate is given by







δEtot = 0

δ2Etot > 0
(13)

where only stable solutions are sought (those who satisfy the second equation

of Eq.(13)). By using Eq.(4) and Eq.(5), the first equation of Eq.(13) leads to

a non-linear partial differential equation (PDE) under a variational form where140

the unknowns are the displacement fields u, v, and w. To solve this minimization

problem, the Rayleigh-Ritz method can be employed. That consists in finding

a set of kinematically admissible displacement field functions which give a good

approximation of the displacement fields and satisfy the kinematic and boundary

conditions and the compatibility condition given by Eq.(14) in a subspace of the145

N base functions denoted by hi (i = 1, 2, ..., N).

∂2ε0xx
∂y2

+
∂2ε0yy
∂x2

− 2
∂2ε0xy
∂x∂y

= 0 (14)

A displacement field noted U can be written as

U(x, y, z) =
N
∑

i=1

aihi(x, y, z) (15)

where ai are the unknown parameters while hi are the base functions (such as

polynomial and trigonometric functions, Tchebychev polynomials,...). In (Hyer,

1981), Hyer assumes that the out-of-plane displacement field, w, is a quadratic150
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function of x and y from which he deduces the kinematically admissible in-plane

displacement fields, u and v satisfying the condition of compatibility Eq.(14)































u(x, y) = cx−
a2

6
x3 −

ab

4
xy2

v(x, y) = dy −
b2

6
y3 −

ab

4
x2y

w(x, y) =
1

2
(ax2 + by2)

(16)

By introducing Eq.(16) into Eq.(4) and Eq.(5), the relations between a, b, c,

and d and the components of the in-plane strain tensor and the curvatures of

the plate are155



























ε0xx = c−
ab

4
y2

ε0yy = d−
ab

4
x2

ε0xy = 0

(17)

and






















kxx = a

kyy = b

kxy = 0

(18)

The in-plane strain tensor remains depending on (x, y) while in-plane curvature

tensor becomes constant. It is necessary to note that the shear strain, ε0xy, and

the shear curvature, kxy, are null. Since the theory predicts ε0xy and kxy to be

zero, the deformed shape of the plate could change from ”spherical cap” (a = b

and c = d) to ”concave cylinder” (a 6= b and c 6= d) according to the in-plane160

plate dimensions. The total potential energy depends on a, b, c and d such as

Etot = Etot(a, b, c, d)

Using Rayleigh-Ritz’s approximate fields, the plate can present different

shapes under moisture uptake.
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By introducing Eq.(17) and Eq.(18) into Eq.(12) and using Eq.(10), Etot can

be written as165

Etot =
1

2

∫

V

Q(m)[(c−
ab

4
y2 − az)2 + (d−

ab

4
x2 − bz)2

+ 2ν(m)(c−
ab

4
y2 − az)(d−

ab

4
x2 − bz)]dV

− β

∫

V

∆mQ(m)(1 + ν(m))[(c−
ab

4
y2 − az) + (d−

ab

4
x2 − bz)]dV

(19)

Integrating ∂Etot

∂ai
for i = 1, 2, 3, 4 with dV = dxdydz where x ∈ [−Lx

2 , Lx

2 ],

y ∈ [−
Ly

2 ,
Ly

2 ] and z ∈ [−Lz

2 , Lz

2 ], leads to the following equation

δEtot = fnl
1 (a, b, c, d)δa+ fnl

2 (a, b, c, d)δb

+ fnl
3 (a, b, c, d)δc+ fnl

4 (a, b, c, d)δd = 0
(20)

where fnl
i (a, b, c, d), i = 1, 2, 3, 4 are non-linear algebric relations between a, b,

c and d. Eq.(20) leads to the following non-linear system























































































































































fnl
1 (a, b, c, d) =aQcz2 + b[Qν

cz2 +
Aν

c (L
2
x + L2

y)

48
]− cQcz − dQν

cz

+
b2

48
(QczL

2
x +Qν

czL
2
y) +

ab

24
(QczL

2
y +Qν

czL
2
x)

−
bc

48
(QcL

2
y +Qν

cL
2
x)−

bd

48
(QcL

2
x +Qν

cL
2
y)

+ ab2[
Qc(L

4
x + L4

y)

1280
+

Qν
cL

2
xL

2
y

1152
] +Aν

cz = 0

fnl
2 (a, b, c, d) =a[Qν

cz2 +
Aν

c (L
2
x + L2

y)

48
] + bQcz2 − cQν

cz − dQcz

+
a2

48
(QczL

2
y +Qν

czL
2
x) +

ab

24
(QczL

2
x +Qν

czL
2
y)

−
ac

48
(QcL

2
y +Qν

cL
2
x)−

ad

48
(QcL

2
x +Qν

cL
2
y)

+ a2b[
Qc(L

4
x + L4

y)

1280
+

Qν
cL

2
xL

2
y

1152
] +Aν

cz = 0

fnl
3 (a, b, c, d) = −aQcz − bQν

cz + cQc + dQν
c −

ab

48
(QcL

2
y +Qν

cL
2
x)−Aν

c = 0

fnl
4 (a, b, c, d) = −aQν

cz − bQcz + cQν
c + dQc −

ab

48
(QcL

2
x +Qν

cL
2
y)−Aν

c = 0

(21)
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where

Qc =
1

Lz

∫

Z

Q(m)dz; Qν
c =

1

Lz

∫

Z

ν(m)Q(m)dz

Qcz =
1

Lz

∫

Z

Q(m)zdz; Qν
cz =

1

Lz

∫

Z

ν(m)Q(m)zdz

Qcz2 =
1

Lz

∫

Z

Q(m)z2dz; Qν
cz2 =

1

Lz

∫

Z

ν(m)Q(m)z2dz

Aν
c =

1

Lz

∫

Z

(1 + ν(m))Q(m)εHxxdz; Aν
cz =

1

Lz

∫

Z

(1 + ν(m))Q(m)εHxxzdz

(22)

Once the in-plane strains and the curvatures are known, the material proper-170

ties (ν(m), E(m) and β) given through the integral relations Eq.(22) can be

identified.

In experimental mechanics, it is common practice to measure directly the

strains and the curvatures, and therefore the vector (a, b, c, d). It can be no-

ticed that the vector (a, b, c, d) depends on time through m, that is (a, b, c, d) ≡175

(a, b, c, d)(t). The measured values a, b, c and d are also solutions of the non-

linear system Eq.(21). Solving Eq.(21) yields equilibrium positions of the plate

which either maximize or minimize the total energy. Being a system of four

third-order non-linear equations, Eq.(21) would have either one or three real

solutions. With multiple solutions, some of them define a stable equilibrium180

for which physical interpretation is possible. For stable equilibrium, the total

potential energy must be minimized. Thus, for stable equilibrium the second

variation of the total potential energy, ∂2Etot

∂ai∂aj
; i, j = 1, 2, 3, 4, must be positive

definite (Hyer, 1981). This is true if and only if the following real symmetric

matrix is positive definite, (Hyer, 1981)185

















∂fnl
1

∂a

∂fnl
1

∂b

∂fnl
1

∂c

∂fnl
1

∂d

∂fnl
2

∂a

∂fnl
2

∂b

∂fnl
2

∂c

∂fnl
2

∂d

∂fnl
3

∂a

∂fnl
3

∂b

∂fnl
3

∂c

∂fnl
3

∂d

∂fnl
4

∂a

∂fnl
4

∂b

∂fnl
4

∂c

∂fnl
4

∂d

















(23)
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with

∂fnl
1

∂a
= Qcz2 +

b

24
(QczL

2

y +Qν
czL

2

x) + b
2[
Qc(L

4

x + L4

y)

1280
+

Qν
cL

2

xL
2

y

1152
]

∂fnl
1

∂b
=

∂fnl
2

∂a
= Qν

cz2
+

(L2

x + L2

y)A
ν
c

48
+

b

24
(QczL

2

x +Qν
czL

2

y) +
a

24
(QczL

2

y +Qν
czL

2

x)

−

c

48
(QcL

2

y +Qν
cL

2

x)−
d

48
(QcL

2

x +Qν
cL

2

y) + ab[
Qc(L

4

x + L4

y)

640
+

Qν
cL

2

xL
2

y

576
]

∂fnl
1

∂c
=

∂fnl
3

∂a
= −Qcz −

b

48
(QcL

2

y +Qν
cL

2

x)

∂fnl
1

∂d
=

∂fnl
4

∂a
= −Qν

cz −
b

48
(QcL

2

x +Qν
cL

2

y)

∂fnl
2

∂b
= Qcz2 +

a

24
(QczL

2

x +Qν
czL

2

y) + a
2[
Qc(L

4

x + L4

y)

1280
+

Qν
cL

2

xL
2

y

1152
]

∂fnl
2

∂c
=

∂fnl
3

∂b
= −Qν

cz −
a

48
(QcL

2

y +Qν
cL

2

x)

∂fnl
2

∂d
=

∂fnl
4

∂b
= −Qcz −

a

48
(QcL

2

x +Qν
cL

2

y)

∂fnl
3

∂c
= Qc;

∂fnl
3

∂d
=

∂fnl
4

∂c
= Qν

c ;
∂fnl

4

∂d
= Qc

(24)

Before illustrating the different solutions (shapes) that can be obtained, the

particular case of the geometrically linear approach is detailed. In the geomet-

rically linear theory, the problem (21) takes a simple form. In fact, the linear

problem is obtained by neglecting non-linear terms (∂w
∂x

)2, (∂w
∂y

)2 and (∂w
∂x

)(∂w
∂y

)

in the strain tensor (Eq.(4)) yielding to its reduced expression (Eq.(25))190

E0 =































ε0xx =
∂u

∂x

ε0yy =
∂v

∂y

2ε0xy =
∂u

∂y
+

∂v

∂x

(25)

In this case, the chosen in-plane displacement fields u and v are linear functions

of x and y respectively while the out-of-plane displacement field w is quadratic

in x and y (Hyer, 1981; Gigliotti and Minervino, 2014)























u(x, y) = cx

v(x, y) = dy

w(x, y) =
1

2
(ax2 + by2)

(26)
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Thus, the relations between a, b, c and d and the components of the in-plane

strain tensor and curvatures of the plate are195






















ε0xx = c

ε0yy = d

ε0xy = 0

(27)























kxx = a

kyy = b

kxy = 0

It can be seen that the geometrically linear theory leads to constant strain

(Eq.(27)) with the same constant curvature tensor. Due to moisture uptake,

the deformed shape of the plate will be like spherical cap whatever the plate

in-plane dimension.200

The first variation of the total potential energy (first equation of Eq.(13)) can

be written as

δEtot = f l
1(a, b, c, d)δa+ f l

2(a, b, c, d)δb

+ f l
3(a, b, c, d)δc+ f l

4(a, b, c, d)δd = 0
(28)

immediatly leading up to the following system of four linear equations in a, b,

c and d



































f l
1(a, b, c, d) =− aQcz − bQν

cz + cQc + dQν
c −Aν

c = 0

f l
2(a, b, c, d) =− aQν

cz − bQcz + cQν
c + dQc −Aν

c = 0

f l
3(a, b, c, d) =− aQcz2 − bQν

cz2 + cQcz + dQν
cz −Aν

cz = 0

f l
4(a, b, c, d) =− aQν

cz2 − bQcz2 + cQν
cz + dQcz −Aν

cz = 0

(29)

Eq.(29) can be written under matrix system as follows

















−Qcz −Qν
cz Qc Qν

c

−Qν
cz −Qcz Qν

c Qc

−Qcz2 −Qν
cz2 Qcz Qν

cz

−Qν
cz2 −Qcz2 Qν

cz Qcz

































a

b

c

d

















=

















Aν
c

Aν
c

Aν
cz

Aν
cz

















(30)

Eq.(29) (or Eq.(30)) is a system of four first-order equations in terms of a, b, c
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and d. Such a problem would have unique real solution written in Eq.(31)205



















a = b =
(Qc +Qν

c )A
ν
cz − (Qcz +Qν

cz)A
ν
c

(Qcz +Qν
cz)

2 − (Qc +Qν
c )(Qcz2 +Qν

cz2)

c = d =
(Qcz2 +Qν

cz2)A
ν
c − (Qcz +Qν

cz)A
ν
cz

(Qcz2 +Qν
cz2)(Qc +Qν

c )− (Qcz +Qν
cz)

2

(31)

Moreover, longitudinal and transversal strains are equal (a = b) as well as

longitudinal and transversal curvatures (c = d).

a = b and c = d (32)

The unique solution Eq.(31) defines stable equilibrium position if the following

matrix is positive definite

















∂f l
1

∂a

∂f l
1

∂b

∂f l
1

∂c

∂f l
1

∂d

∂f l
2

∂a

∂f l
2

∂b

∂f l
2

∂c

∂f l
2

∂d

∂f l
3

∂a

∂f l
3

∂b

∂f l
3

∂c

∂f l
3

∂d

∂f l
4

∂a

∂f l
4

∂b

∂f l
4

∂c

∂f l
4

∂d

















=

















−Qcz −Qν
cz Qc Qν

c

−Qν
cz −Qcz Qν

c Qc

−Qcz2 −Qν
cz2 Qcz Qν

cz

−Qν
cz2 −Qcz2 Qν

cz Qcz

















(33)

Since single-valued solution is get in the geometrically linear case, stable equi-

librium solution is defined.

3. Illustration of the direct problem210

The direct problem is obtained when the mechanical properties ν(m), E(m)

and β are known while the vector (a, b, c, d) is the only unknown of Eq.(21).

The study of the direct problem is carried out here to illustrate the different

shapes that can be obtained for characteristic parameter values of the RTM6

resin for several aspect ratios of a square plate in the geometrically linear and215

non-linear cases. To study strain and curvature evolutions, numerical simu-

lations are performed with diffuso-mechanical RTM6 resin properties listed in

Tab.1. The Young’s modulus depends linearly on moisture content, m as exper-

imentally noted (Simar, 2014). The simulations concern a plate with thickness

of Lz equal to 4mm. The diffusion equation, Eq.(1) has been solved with the220
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Table 1: RTM6 resin properties

E(m)(GPa) ν Dzz(mm2.h−1) β m2
∞
(%) m1

∞
(%)

−20, 46m+ 3, 14 0, 35 0, 016 0, 22 3, 1% 0, 4m2
∞

finite difference method. Figures 2 and 3 illustrate the fields m and E(m)

along the thickness z direction of the plate, for different times up to satura-

tion. Having different moisture concentrations on the two opposite surfaces

of the plate leads to asymmetric boundary conditions and asymmetric distri-

butions of m and E(m) as depicted in Fig.2 and Fig.3. The evolution of the225

moisture content average (m) with time is illustrated in Fig.4. For a given equi-

librium solution in a given time, the matrix as in Eq.(23) and Eq.(33) in the

particular case of the geometrically linear approach is numerically evaluated.

If each of their eigenvalues is positive, the matrix is positive definite and then

the solution matches to a stable equilibrium solution. Otherwise the solution230

corresponds to an unstable equilibrium solution. For diffuso-mechanical prop-

erties given for RTM6 resin and listed in Tab.1 with a fixed thickness length

(Lz = 4mm), triple-valued solutions could be observed for Eq.(21) according to

the in-plane plate dimension. Thus, for a square plate of aspect ratio less than

60 (ARxz = ARyz = Lx

Lz
< 60), Eq.(21) and obviously Eq.(30) lead to a single-235

valued solution. Figures 5 and 6 illustrate the evolutions of the strains and the

curvatures for ARxz = ARyz = Lx

Lz
= 10. The solutions in the two approaches

(geometrically linear and non-linear) are very close. In these conditions, the

deformed shape of the plate is like a spherical cap as schematically illustrated

in Fig.7.240

However, for a higher aspect ratio (ARxz ≥ 60), triple-valued solutions are

found from a critical point for the general problem while the geometrically lin-

ear approach always presents a single-valued solution. It is shown in Fig.8 and

Fig.9 that the solutions in linear and non-linear approaches are widely different

for ARxz = ARyz = 100.245

Since single-valued solution is obtained before the critical point (branch AB
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Figure 2: Evolution of the current moisture content m along the thickness z for different times
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Figure 3: Evolution of the Young’s modulus E(m) along the thickness z for different times,

m being the current moisture content

in the Fig.8), it defines stable equilibrium position of the plate. Moreover, on

the branch AB and on the branch BD after the critical point, the condition

Eq.(32) is satisfied as in the geometrically linear approach. Furthermore, after

the critical point, only branch BD was unstable while branches BC and BE250

were stable. Moreover, branch BE defines a significant curvature in the x di-

rection while branch BC represents a curvature in the y direction which tends

asymptotically to zero. This corresponds to a ”concave cylinder” of axis y as
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Figure 4: Evolution of the average of the current moisture content, m, with respect to time t
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Figure 5: Evolution of in-plane curvatures (a and b) in geometrically linear and non-linear

approaches for aspect ratios ARxz = ARyz = 10

schematically depicted in Fig.10. In the y direction, the branch BE corresponds

to the branch BC and vice-versa. It is necessary to note that triple-valued solu-255

tions can be also obtained for a rectangular plate (ARxz > ARyz) as schemat-

ically illustrated in Fig.11. However, the solutions in c (Fig.12) and d (Fig.13)

before the critical point may be different.

The triple-valued type of solutions shows that in the explored interval of m,

hygroscopic ”loading” can lead to change the plate shapes from spherical cap to260

cylinder with respect to geometrical defects. This leads to a limitation for the
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Figure 6: Evolution of in-plane strains (c and d) in geometrically linear and non-linear ap-

proaches for aspect ratios ARxz = ARyz = 10

Figure 7: In the geometrically linear approach, the plate deforms to a spherical cap

identification after the critical point due to the multiplicity of solutions. Triple-

valued solutions are obtained also in terms of strains (c and d) with c 6= d but

stay in the same order of magnitude. The condition (32) is satisfied either in

the geometrically linear case or before the critical point if triple-value solutions265

occur in the geometrically non-linear approach. To this end (and because of the

use of square plate), the first two equations of Eq.(21) are the same as well as

the last two equations. In this study, the identification is performed only for

this particular situation that leads to the uniqueness of the solution.
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Figure 8: Evolution of in-plane curvatures (a and b) in geometrically linear and non-linear

approaches for aspect ratios ARxz = ARyz = 100
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Figure 9: Evolution of in-plane strains (c and d) in geometrically linear and non-linear ap-

proaches for aspect ratios ARxz = ARyz = 100

The different responses of the material in terms of in-plane strains and cur-270

vatures being well illustrated, the identification in geometrically linear and non-

linear approaches of diffuso-mechanical properties (ν(m), E(m) and β) is per-

formed in section 4.
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Figure 10: Plate deformed shape in the geometrically non-linear approach with a triple-valued

solution in term of strains and curvatures after the critical point
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Figure 11: Evolution of the in-plane curvatures (a and b) in geometrically linear and non-linear

approaches for aspect ratios ARxz = 100 and ARyz = 10
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Figure 12: Evolution of the in-plane strains (c) in geometrically linear and non-linear ap-

proaches for aspect ratios ARxz = 100 and ARyz = 10
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Figure 13: Evolution of the in-plane strains (d) in geometrically linear and non-linear ap-

proaches for aspect ratios ARxz = 100 and ARyz = 10

4. Identification

The identification consists in calculating the elastic diffuso-mechanical prop-275

erties, ν(m), E(m) and β when vector (a, b, c, d) is assumed to be experimentally

measured. It involves to solve inverse problems in Eq.(30) and Eq.(21). In this

part, as mentioned in section 3, our study is restricted to the geometrically

non-linear case before bifurcation so that the identification is conducted on a

problem with a single solution. For this purpose, the study is made for partic-280
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ular plate aspect ratios and for particular moisture uptakes or particular times.

The Poisson’s ratio ν(m) and the coefficient of moisture expansion β are as-

sumed to be independent of moisture content (ν(m) = ν). The identification is

illustrated for two profiles of Young’s modulus related to m :

• E is independent of moisture content: E(m) = E285

• E(m) is a linear function of m : E(m) = αm+ η

4.1. Identification in the geometrically linear approach

4.1.1. E is independent of m

Since ν and β are constant, the independence of E on moisture content leads

to the system Eq.(34) in which ν and E are missing.











c = d = βm

a = b = −
12βmz

L2
z

(34)

Therefore, only the coefficient of moisture expansion, β, can be identified.

Eq.(35) shows that β can be expressed in two ways











β1 =
c

m

β2 = −
aL2

z

12mz

(35)

4.1.2. E(m) is a linear function of m

In the case E(m) is a linear function of m, E(m) = αm+η, Eq.(31) becomes290











(αm+ η)c− αmza = β(αm2 + ηm)

αmzc− (αmz2 +
ηL2

z

12
)a = β(αm2z + ηmz)

(36)

where

m2 =
1

Lz

∫

Z

m2dz; mz2 =
1

Lz

∫

Z

mz2dz and m2z =
1

Lz

∫

Z

m2zdz

One finds that only ν is missing in Eq.(36), so it can not be identified. 3 param-

eters, α, η and β should be identified with the system Eq.(36) of 2 equations.
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But since η is the value of Young’s modulus before moisture uptaking, it can

be identified on a dry sample by adding another test (tensile or bending test on

dry sample) to the asymmetric one. By expressing α from the first equation of295

Eq.(36) and introducing it in the second equation, we have











h1β
2 + h2β + h3 = 0

α =
(βm− c)η

mc−mza− βm2

(37)

where

h1 = m2mz −m2zm

h2 = cm2z + a
m2L2

z

12
+ (cmz − amz2)m− (cm− amz)mz

h3 = −c(cmz − amz2)− a(cm− amz)
L2
z

12

2 values of β can be obtained from the first equation of Eq.(37) if the following

condition is satisfied

h2
2 − 4h1h3 ≥ 0 (38)

The best solution will be one of both solutions which is constant (as assumed)

and will then be used to identify α.

It can be noticed that η is known before the moisture stated diffusing in the

material. So its value can be used to determine β and α.300

4.2. Identification in the geometrically non-linear approach

In the geometrically non-linear approach, the identification is complicated

due to the presence of multiple branches. If triple-valued solutions occur, the

condition (32) is satisfied only before the critical point. To this end (and because

of the use of square plate), the first two equations of Eq.(21) are the same as305

well as the last two equations. In the geometrically non-linear approach, the

identification is performed only for this particular situation.
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4.2.1. E is independent of m

In the case E(m) = E, β can be directly expressed from Eq.(21) as in Eq.(39)

while ν is expressed by Eq.(40) using β310

β =
48c− a2L2

x

48m
(39)

ν = (
1152

640
)
640Aβ − a3L4

x

a3L4
x − 1152Aβ

(40)

where

Aβ =
acL2

x

24
−

a

24
(2L2

z + βmL2
x)− βmz (41)

It can be noted that E is not determined. Other tests (tensile or bending test)

on a dry sample would be employed for identification of E.

4.2.2. E(m) is a linear function of m

Under linear dependence of E with respect to m, 4 parameters ν, α, η and

β have to be identified. The system Eq.(21) being reduced to two non-linear315

equations, Eq.(42), only two parameters (α and β) can be identified by assuming

that ν and η are determined on dry sample with tensile or bending test. β and

α are then identified by solving 2 non-linear equations, Eq.(42)















a(Bcz2 +
AcL

2

x

24
)− cBcz +

3a2L2

xBcz

48
−

acL2

xBc

24
+

(1152 + 640ν)a3L4

xBc

640× 1152(1 + ν)
+Acz = 0

aBcz − cBc +
a2L2

xBc

48
+ Ac = 0

(42)

where

Bc =
1

Lz

∫

Z

E(m)dz = αm+ η

Bcz =
1

Lz

∫

Z

E(m)zdz = αmz

Bcz2 =
1

Lz

∫

Z

E(m)z2dz = αmz2 +
ηL2

z

12

Ac =
β

Lz

∫

Z

E(m)mdz = β(αm2 + ηm)

Acz =
β

Lz

∫

Z

E(m)mzdz = β(αm2z + ηmz)

(43)
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5. Numerical results for identification

All numerical simulations are carried out with diffuso-mechanical properties

given in Tab.1 for RTM6 resin with a fixed thickness Lz = 4mm. The equation

diffusion Eq.(1) has been solved with the finite difference method using Matlab

software leading to the determination of the moisture content,m. When Young’s

modulus is a linear function of m, it is expressed by

E(m) = αm+ η (44)

as experimentally measured in (Simar, 2014) for a RTM6 resin material. When320

E (independent of m) or η and ν are assumed to be identified on a dry sample,

E = 3.14GPa, ν = 0.35 and η = 3.14GPa.

5.1. Geometrically linear approach

5.1.1. E is independent of m

Only the coefficient of moisture expansion is identified with two expressions325

β1 and β2 in Eq.(35). Figure 14 illustrates the evolutions of β1 and β2 with

respect to times and shows that β1 = β2 for all time.

0 0.5 1 1.5 2
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0

0.5
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1.5

Figure 14: Identified value of the coefficient of moisture expansion β in the geometrically

linear approach with the Young’s modulus E(m) = E
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5.1.2. E is a linear function of m

Fig.15 and Fig.16 illustrate the evolutions of the identified parameters β and

α respectively with respect to time. Two solutions of β, β1 and β2, are obtained.330

β1 (solid line) is independent of time and equal to 0.22 (the target values of β)

with quadratique error of 10−13. β2 (dash line) increases with respect to time

and converges to 0.22 from a given time. It makes sense to say that the constant

solution (β1) is the best one because β is assumed to be independent of m.
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Figure 15: Identified value of the coefficient of moisture expansion β in the geometrically

linear approach when the Young’s modulus E(m) is a linear function of the current moisture

content m

5.2. Geometrically non-linear approach335

5.2.1. E is independent of m

In this case, β and ν were identified and were very close to their target values

(ν ≃ 0.35 and β ≃ 0.22) for all time as illustrated in Fig.17 and Fig.18.

5.2.2. E is a linear function of m

When E(m) is a linear function of m (Eq.(44)), β and α were identified by340

solving with Matlab software the system of two non-linear equations, Eq.(42).

Two solutions were found for every parameters: β1 and β2 for parameter β and

α1 and α2 for parameter α as depicted in Fig.19 and Fig.20. β1 and α1 are
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-20.46

-20.4599

Figure 16: Identified α value in the geometrically linear approach when the Young’s modulus

E(m) is a linear function of the current moisture content m such as E(m) = αm + η
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0.215

0.22

0.225

Figure 17: Identified value of the coefficient of moisture expansion β in the geometrically

non-linear approach before critical point when the Young’s modulus E(m) = E

independent of m up to critical point and are equal to their target values, 0.22

and−20.46GPa respectively. The second solution for β (β2) and α (α2) increases345

and decreases respectively with respect to m. Constant solutions, β1 and α1

are the appropriate solutions because they are assumed to be independent of m.

Fig.21 is a zoom on α1 in order to show correctly its constant value, (−20.46GPa)

in Fig.20.
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Figure 18: Identified value of the Poisson’s ratio ν in the geometrically non-linear approach

before critical point when the Young’s modulus E(m) = E
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Figure 19: Identified value the coefficient of moisture expansion β in the geometrically non-

linear approach before the critical point when the Young’s modulus E(m) is a linear function

of the current moisture content m

6. Discussion350

Although the identification after the critical point was not explored, the

results of this study are very promising. Indeed, the study has allowed simul-

taneous identification of diffuso-mechanical properties with the coefficient of

moisture expansion, whereas many authors devoted their studies to the identifi-

cation of either hygroelastic mechanical properties or the coefficient of moisture355
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Figure 20: Identified α values in the geometrically non-linear approach before the critical

point when the Young’s modulus E(m) is a linear function of the current moisture content m

such as E(m) = αm + η

0 0.05 0.1 0.15 0.2 0.25 0.3
-20.465

-20.46

-20.455

Figure 21: Zoom on the identified α value in the geometrically non-linear approach before the

critical point when the Young’s modulus E(m) is a linear function of the current moisture

content m such as E(m) = αm + η

expansion (Simar, 2014; Simar et al., 2014; Obeid et al., 2018). Moreover, our

study is based on the use of asymmetric concentration fields to perform identifi-

cation on samples with moisture gradients while in the literature, identification

studies were conducted using mechanical tests (tensile test especially) on satu-

rated moisture samples (Simar, 2014; Simar et al., 2014). The advantage of the360

test based on the use of a sample with moisture gradients is that the identifi-
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cation was performed in a transient state, so the conditioning time was shorter

than that for saturated samples as already illustrated in our previous article

(Djato et al., 2018). For the direct problem, expected results were observed.

Indeed, the evolutions of a, b, c and d quantities in the geometrically non-linear365

approach can present two stable and one unstable equilibrium solutions from a

critical point according to the in-plane plate dimension. The figures showed that

these solutions promote deflection of the plate from ”spherical cap” shape to

”concave cylinder” shape, a phenomenon observed by many researchers (Hyer,

1981).370

Whereas direct problem presents expected results, the multiplicity of solu-

tions makes the identification difficult, especially after the critical point. The

results of the identification are illustrated on RTM6 resin square sample for a

constant Young’s modulus and then for a linear Young’s modulus related to

moisture content while Poisson’s ratio and the coefficient of moisture expansion375

are assumed to be independent of moisture content. In the geometrically linear

case and for the branch before the critical point in the geometrically non-linear

approach, β was identified while E(m) = E could not be identified. Besides, α

was only identified when E(m) = αm+ η whereas ν(m) = ν was identified only

for the geometrically non-linear case when E(m) = E. The identification of η380

was not possible with the use of the asymmetric concentration field. However,

by associating other mechanical tests (tensile, bending,...) on a dry sample, all

unidentified parameters for a specific dependence in this study can be identified.

7. Conclusion and perspectives

The present study was devoted to the possibility of the identification of385

diffuso-mechanical properties and in particular the coefficient of moisture ex-

pansion through numerical simulation for polymer matrix material with origi-

nal test which makes use of plate with asymmetric moisture concentration field.

The study is based on a weakly coupled diffuso-mechanical model: 1D Fick’s dif-

fusion model solved by finite difference method and 2D plane stress hygroelastic390
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thin plate model associated with Rayleigh-Ritz method in geometrically linear

and non-linear approaches. The direct problem providing the in-plane stresses

and the in-plane curvatures led to single-valued or triple-valued solutions up to

a critical point for the average of the moisture content for the geometrically non-

linear approach according to the in-plane plate dimensions. However, an only395

single-valued solution was always obtained whatever the plate configuration in

the geometrically linear case. The study leads to the identification of β contrary

to our previous work, (Djato et al., 2018), based on the use of tensile and/or

bending tests for rapid identification of the mechanical properties of polymer

matrix materials with moisture gradients in which the experimental measure-400

ments (in-plane residual strains and curvatures) depend on β. The identification

was here carried out by considering that β and ν are constant parameters while

two assumptions for E on its dependence on moisture content were postulated:

E is independent of m and E(m) is a linear function of m. For the case E is

independent of m, only β was identified in the geometrically linear approach.405

Two analytical expressions of β were then obtained from in-plane strains and

in-plane curvatures respectively. However, both expressions were numerically

equal. Besides, in the geometrically non-linear approach, β and ν were identi-

fied when E(m) = E. α is identified when E(m) = αm+η. Thus, β and α were

determined in geometrically linear and non-linear approaches. Moreover, β and410

α yield 2 values for each parameter: one is constant and other is a function ofm.

However, from a given time point, the two resulting values for each parameter

became equal in the geometrically linear approach. A parameter (ν or E or η),

that could not be identified in the studied case, was considered as determined

on a dry sample by associating another test as tensile or bending test.415

Further studies will be investigated in the first instance to the identification

in the geometrically non-linear approach from the critical point using stable

branches solutions in terms of in-plane strains and in-plane curvatures. A contin-

uation method as the Asymptotic Numerical Method (ANM) (Boutyour et al.,

2004; Abdelkhalek et al., 2015) can be used to accurately determine the bifurca-420

tion point. Further work will be devoted to an experimental study by exposing
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polymer matrix material sample to a humid environment and then carrying out

deflection measurements for the identification of diffuso-mechanical properties

in the transient regime. The conclusions of the present study will be used for

designing a proper test (sample dimensions and humidity conditions) starting425

from the knowledge of the moisture dependent material properties identified by

using traction tests.
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