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Drag computation for incompressible flows with a Nitsche’s type
stabilization method

Daniela Capatinab,∗, Robert Luceb, David Trujillob

b LMAP & CNRS UMR 5142, University of Pau, IPRA BP 1155, Av. de l’Université, 64013 Pau, France

Abstract

In this paper we study the drag error for the incompressible Navier-Stokes equations, satisfying a modified
outflow condition allowing to take into account re-entrant flows, and approximated by conforming (P1)2×
P1 or (Q1)2×Q1 finite elements. The numerical scheme uses a SUPG stabilization on the cells and a new
Nitche’s type stabilization on the whole boundary, with well-chosen non-linear stabilization parameters.
We introduce a definition of the discrete drag which contains additional terms, resulting from the treatment
of the non-linearity and from Nitsche’s stabilization on the Dirichlet boundary, and we prove O(h2)
convergence for the drag error. The approach employed for the theoretical study of the drag error uses
duality arguments. Numerical tests illustrating the theoretical results are presented. The extension to
other finite element methods is also discussed.

Keywords: Navier-Stokes, drag, convergence order, duality, stabilized finite elements, Nitsche’s method

1. Introduction

We consider here an incompressible flow governed by the Navier-Stokes equations in a bounded domain
of R2, approximated by a stabilized (P1)2 × P1 or (Q1)2 × Q1 continuous finite element method similar
to the one introduced in [8]. We consider a Dirichlet condition on the inflow or the wall boundaries and
a modified Neumann condition on the outflow (see [7]), allowing to treat re-entrant flows.

We recall that the drag on a closed and simply connected boundary Σ contained in the Dirichlet
boundary is defined by

J(u) =

∫
Σ

(µ∂nv − pn) · e1, (1)

where u = (v, p) with v the fluid’s velocity and p its pressure, and e1 is a given unit vector. In the case
of a flow around an obstacle, e1 is opposed to the obstacle’s relative velocity.

In this paper, we are interested in defining a numerical drag value for which we can establish an
improved convergence rate, under standard regularity assumptions. The proposed formula results from the
weak formulation and takes into account the contribution of Nitsche’s term on Σ, as well as a correction
term related to the convection. A similar study can be carried out for the lift, replacing e1 by an
orthonormal vector e2 in (1).

A direct bound of |J(uh)− J(u)| yields the same convergence order as u− uh in the H1(Ω)2×L2(Ω)-
norm, that is O(h). However, it is known that the post-processing of certain quantities of physical
interest such as displacements, stresses etc. can be computed with an improved convergence order. This
was established in [1] for some model problems, by means of a duality argument. As regards the drag
computation, this phenomenon was observed numerically for different finite element methods, see for
instance [21], and more recently for B-splines/NURBS approximations in the framework of isogeometric
analysis (see [18], [19]).
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In the present work, we prove theoretically that the proposed numerical drag converges as O(h2) for
the considered stabilized scheme. For this purpose, we use a duality technique as in optimization and
control theory, or in goal-oriented a posteriori error estimates [9], [6].

As regards the numerical method, we consider here low-order continuous finite elements which need to
be stabilized. Different weak formulations and stabilization forms exist in the literature. We have chosen
the numerical approach proposed in [7], which presents several advantages: it enhances the coercivity of
the discrete problem and yields an energy estimate, it allows to treat different types of boundary conditions
in a unified manner, and it can also be applied in the limit case of the Euler equations. Note that the
weak formulation contains antisymmetric terms related to the convection and the pressure.

We consider as interior stabilization the SUPG method proposed in [8], which follows the ideas of [13],
[20]. We also stabilize both the Dirichlet and Neumann boundary conditions by means of a Nitsche’s type
method, similarly to [7]. We recall that Nitsche’s method was originally developed to handle Dirichlet
boundary conditions for elliptic problems [24], and then it has been extended to the Stokes and Navier-
Stokes equations, see for instance [5], [15], [3]. The stabilization parameters in the SUPG and the boundary
stabilization forms are chosen such that the scaling of the equations is preserved and that the method is
robust with respect to the value of the viscosity.

In order to illustrate our approach, we first consider in Section 2 the Stokes equations discretized by
continuous (P1)2 × P1 or (Q1)2 × Q1 finite elements with SUPG stabilization. In this linear case, the
discrete drag contains one additional Nitsche’s term and is defined as follows:

JS(uh) = J(uh)−
∑
S⊂Σ

∫
S

γ1µ

|S|
(vh − vD) · e1,

with vD the Dirichlet data and γ1 > 0 a stabilization parameter. We show O(h2) convergence rate for the
drag error JS(uh)− J(u).

We focus in Section 3 on the incompressible Navier-Stokes equations. Independently of the stabiliza-
tion, the non-linearity of the problem leads to additional terms in the drag error. We show that all of
them behave as O(h2), except for a certain boundary integral on Σ, which we add to the discrete drag.
This leads us to define:

J̃NS(uh) = JS(uh)−
∫

Σ

ρ

2
(vn,h − vDn )vD · e1 + ρ(vDn )+(vh − vD) · e1,

where vD is the Dirichlet data on Σ.
Then we treat the stabilization terms. Similarly to the Stokes equations, we first consider in subsection

3.1 the discrete formulation with the interior stabilization proposed in [8]. We show that the contribution
of the SUPG term to the drag error is of the same order as in the Stokes case, that is O(h2).

Next we study in subsection 3.2 the influence of the boundary stabilization terms. It turns out that the
form living on the Neumann boundary introduced in [7] does not allow to improve the convergence rate
for the drag error. Therefore, we propose here a modified stabilization which uses an adjoint boundary
operator as well as a slightly different stabilization parameter. This new form preserves the good properties
of the numerical scheme, in particular the consistency and the coercivity, and it yields a O(h2) drag error,
with the new expression of the drag given below:

JNS(uh) = J̃NS(uh)−
∫

Σ

θDh (vn,h − vDn )n · e1.

The additional term results from Nitsche’s stabilization, similarly to the Stokes case, and θDh is a stabi-
lization parameter.

We present in Section 4 some numerical tests which illustrate the theoretical results, for both Stokes
and Navier-Stokes systems. We first consider a manufactured solution, and then the well-known cylinder
benchmark of [26] for which a reference drag value is known. We retrieve the expected convergence rate
for the drag. We also present some numerical results for a time-dependent flow studied in the cylinder
benchmark, and show that they compare well with the literature [22], [18].
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Finally, let us note that the approach developed for the continuous (P1)2×P1 and (Q1)2×Q1 stabilized
formulations can be applied to other finite element methods. In the appendices, we discuss two well-known
approximations of the Navier-Stokes equations, both inf-sup stable: the conforming (P2)2 × P1 and the
nonconforming (P1)2 × P0 methods. We show an improved convergence rate of the drag error for both
discretizations.

2. Stokes equations

For the sake of simplicity, we assume in the theoretical analysis that Ω is a bounded polygonal domain
of R2 and ΓD, ΓN a partition of its boundary. However, in the numerical tests we also treat the case of a
curved boundary Σ, which is approximated by piece-wise second order polynomials (see for instance the
cylinder benchmark). We denote by n the unit outward normal to ∂Ω and we assume that ΓD 6= ∅.

We consider here the model problem:
−µ∆v +∇p = f in Ω

divv = 0 in Ω
v = vD on ΓD

µ∂nv − pn = −pNn on ΓN

, (2)

with data f ∈ L2(Ω)2, vD ∈ H1/2(ΓD)2 and pN ∈ L2(ΓN ).
The classical velocity-pressure variational formulation of (2) is given by:

u = (v, p) ∈ V v
D

× L2(Ω), aS(u, ψ) = lS(ψ), ∀ψ = (φ, χ) ∈ V 0 × L2(Ω)

where

V v
D

=
{
v ∈ H1(Ω)2; v|ΓD = vD

}
, V 0 =

{
v ∈ H1(Ω)2; v|ΓD = 0

}
,

aS(u, ψ) =

∫
Ω

µ∇v : ∇φ+

∫
Ω

χdivv − pdivφ, lS(ψ) =

∫
Ω

f · φ−
∫

ΓN

pNφ · n.

We are interested in the computation of the drag J(u) defined in (1), with Σ ⊂ ΓD.
Let ξ ∈ H1(Ω)2 any function satisfying ξ = e1 on Σ and ξ = 0 on ΓD \ Σ. We have, by using the

continuous Stokes problem, that

J(u) = aS(u, ψ)− lS(ψ), ∀ψ ∈ V ξ × L2(Ω). (3)

It is useful to consider the adjoint problem:

z = (zv, zp) ∈ V ξ × L2(Ω), aS(η, z) = 0, ∀η = (ηv, ηp) ∈ V 0 × L2(Ω).

It yields that: 
µ∆zv +∇zp = 0 in Ω

divzv = 0 in Ω
zv = ξ on ΓD

µ∂nzv + zpn = 0 on ΓN

.

For the finite element approximation of the Stokes equations, we consider either triangular or quadri-
lateral meshes. Let (Kh)h be a regular family of meshes of Ω, Ω̄ = ∪K∈Kh

K; this ensures that the aspect
ratio of the cells K ∈ Kh is uniformly bounded. Let Sinth and SDh denote the set of interior and of Dirichlet
sides, respectively.

We consider here the finite dimensional spaces of Lagrange finite elements of degree 1 for both the
velocity and the pressure, denoted by Vh and Mh respectively. Let us recall that on a triangular mesh,
one has

Mh =
{
χh ∈ C0(Ω̄); (χh)|K ∈ P1, ∀K ∈ Kh

}
, Vh = M2

h .
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On a quadrilateral mesh, one imposes in the definition of Mh that (χh ◦FK)|K̂ ∈ Q1, with K̂ the reference

element and FK : K̂ → K the usual transformation.
We have chosen to treat the Dirichlet boundary condition by means of Nitsche’s method. We begin

by considering the following discrete formulation : uh = (vh, ph) ∈ Vh ×Mh,

aS(uh, ψh)− I1(uh, φh)− I2(ψh, vh − vD) + s(vh − vD, φh) = lS(ψh), ∀ψh = (φh, χh) ∈ Vh ×Mh

where:

I1(u, φ) =

∫
ΓD

(µ∂nv − pn) · φ, I2(ψ, v) =

∫
ΓD

(µ∂nφ+ χn) · v, s(v, φ) =
∑
S∈SD

h

γ1µ

|S|

∫
S

v · φ.

This formulation is symmetric with respect to v and anti-symmetric with respect to p. Here above, γ1 > 0
is a stabilization parameter, which can be chosen independently of the discretization parameter, see for
instance [5],[15], [3].

Since the pair (Vh,Mh) is not inf-sup stable, the approximation method needs additional stabilization.
We employ the well-known SUPG stabilization for the Stokes equations:

aS
stab(uh, ψh) =

∑
K∈Kh

dK

∫
K

1

θS
(R(uh)− f) ·R(ψh) +

∑
K∈Kh

γ2dK

∫
K

θSdivvh divφh,

with
(θS)|K = γ3

µ

dK
, R(ψh) = −µ∆φh +∇χh.

Note that since φh is a harmonic function on any cell K, we have R(ψh) = ∇χh for any discrete test-
function ψh = (φh, χh). The stabilization parameters γ2 > 0, γ3 > 0 are numerical constants, while dK
denotes the diameter of the cell K.

We next add aS
stab(uh, ψh) to the previously introduced bilinear form of the discrete problem. Clearly,

the added term is consistent: aS
stab(u, ψ) = 0 for any sufficiently smooth test-function ψ, since R(u)−f = 0

and divv = 0.
So the discrete problem finally reads: uh = (vh, ph) ∈ Vh ×Mh,

(aS + aS
stab)(uh, ψh)− I1(uh, φh)− I2(ψh, vh − vD) + s(vh − vD, φh)

= lS(ψh), ∀ψh = (φh, χh) ∈ Vh ×Mh.
(4)

For γ1 large enough, the discrete problem is well-posed and yields an optimal O(h) convergence rate
for a smooth exact solution. More precisely, by putting for ψ = (φ, χ):

‖ψ‖2 = µ|φ|21,Ω +
1

µ
‖χ‖20,Ω , ‖|ψ|‖2 = ‖ψ‖2 +

∑
S∈SD

h

γ1µ

|S|
‖φ‖20,S ,

we have for u = (v, p) ∈ H2(Ω)2 ×H1(Ω):

‖|u− uh|‖2 + aS
stab(u− uh, u− uh) ≤ ch2.

In the following, we are interested in defining a discrete drag value and in establishing an improved
convergence rate of the drag error for the approximation method (4), under the regularity assumptions
u, z ∈ H2(Ω)2 ×H1(Ω).

Let us note that J(u) = I1(u, ξ). Then we define the discrete counterpart of the drag by:

JS(uh) = I1(uh, ξ)− s(vh − vD, ξ) =
∑
S⊂Σ

∫
S

(
µ∂nvh − phn−

γ1µ

|S|
(vh − vD)

)
· e1.

It is useful to introduce an interpolation Lhz of z in Vh ×Mh, satisfying Lhzv = ξ on ΓD.
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Remark 1. One can employ the Lagrange interpolation operator for zv ∈ C0(Ω̄); it clearly satisfies the
boundary condition Lhzv = zv on ΓD. As regards the pressure zp, which may be discontinuous, one can
interpolate it by means of a Clément type operator.

Lemma 1. One has that
JS(uh)− J(u) = T S + aS

stab(uh,Lhz), (5)

where
T S = aS(uh − u,Lhz − z)− I2(Lhz − z, vh − v). (6)

Proof. By definition of JS and J , we have:

JS(uh)− J(u) = I1(uh − u, ξ)− s(vh − vD, ξ).

We next take ξ = Lhzv, which belongs to both Vh and H1(Ω)2. So, we get thanks to the discrete problem
(4) and to (3) with the test-function Lhz that:

JS(uh)− J(u) = aS(uh − u,Lhz)− I2(Lhz, vh − vD) + aS
stab(uh,Lhz).

By means of an integration by parts and of the adjoint boundary value problem, we also have that:

aS(η, z) = I2(z, ηv), ∀η = (ηv, ηp) ∈ H1(Ω)2 × L2(Ω). (7)

So by using (7) with the test-function uh − u, we obtain

JS(uh)− J(u) = aS(uh − u,Lhz − z) + I2(z, vh − v)− I2(Lhz, vh − vD) + aS
stab(uh,Lhz)

= T S + aS
stab(uh,Lhz).

Theorem 1. Under the regularity assumptions u, z ∈ H2(Ω)2 ×H1(Ω), one has that

|J(u)− JS(uh)| ≤ ch2.

Proof. The Cauchy-Schwarz inequality applied to (5) yields, for γ1 ≥ 1, that:

|J(u)− JS(uh)| ≤‖|u− uh|‖
(
‖z − Lhz‖2 +

∑
S∈SD

h

|S|(µ ‖∂n(zv − Lhzv)‖20,S +
1

µ
‖zp − Lhzp‖20,S)

)1/2

+ |aS
stab(uh,Lhz)|.

We next use the approximation error estimate for ‖|u − uh|‖, the interpolation error estimate for
‖z − Lhz‖ as well as the following trace inequalities on S ∈ SDh ∩ ∂K:

|S|1/2 ‖∂n(zv − Lhzv)‖0,S ≤ c|S|
(
d−1
K |zv − Lhzv|1,K + |zv − Lhzv|2,K

)
≤ cdK |zv|2,K ,

|S|1/2 ‖zp − Lhzp‖0,S ≤ c|S|
(
d−1
K ‖zp − Lhzp‖0,K + |zp − Lhzp|1,K

)
≤ cdK |zp|1,ωK

.

Using that divv = divzv = 0 and that R(uh − u), R(Lhz) are uniformly bounded in L2(K)2 for any
K ∈ Kh, we next obtain:

aS
stab(uh,Lhz) =

∑
K∈Kh

d2
K

γ3µ

∫
K

R(uh − u) ·R(Lhz) +
∑
K∈Kh

γ2γ3µ

∫
K

div(v − vh)div(zv − Lhzv)

which yields, by bounding the L2-norm of the divergence by the H1 semi-norm, that

|aS
stab(uh,Lhz)| ≤ ch2.

We can thus deduce the announced estimate.
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3. Navier-Stokes equations

We now consider the steady, incompressible Navier-Stokes equations:{
ρv · ∇v − µ∆v +∇p = f in Ω

divv = 0 in Ω,
(8)

satisfying the same Dirichlet boundary conditions as in (2), but a modified outflow condition allowing for
a better treatment of re-entrant flows (cf. [7]):

ρv−n v − µ∂nv + pn = pNn on ΓN , (9)

where a− stands for the negative part of a and is defined by a− = (a− |a|)/2.

The solution of the continuous problem satisfies the weak formulation: u = (v, p) ∈ V vD × L2(Ω),

aNS(u)(ψ) = lNS(u)(ψ), ∀ψ = (φ, χ) ∈ V 0 × L2(Ω),

where:
aNS(u)(ψ) = aS(u, ψ) + ac(u)(ψ), lNS(u)(ψ) = lS(ψ) + lc(u)(ψ)

and

ac(u)(ψ) =

∫
Ω

ρ

2
((v · ∇v) · φ− v · (v · ∇φ)) +

∫
∂Ω

ρ

2
|vn|v · φ,

lc(u)(ψ) =−
∫

ΓD

ρv−n v
D · φ.

By using the continuous problem, we now have for the drag that

J(u) = I1(u, ξ) = aNS(u)(ψ)− lNS(u)(ψ), ∀ψ = (ξ, χ) ∈ V ξ × L2(Ω). (10)

We next introduce the adjoint problem: z = (zv, zp) ∈ V ξ × L2(Ω),

(aNS)′u(η, z) = 0, ∀η = (ηv, ηp) ∈ V 0 × L2(Ω). (11)

The bilinear form (aNS)′u is defined as follows:

(aNS)′u(η, z) =aS(η, z) +

∫
Ω

ρ

2
((v · ∇ηv + ηv · ∇v) · zv − v · (ηv · ∇zv)− ηv · (v · ∇zv))

+

∫
∂Ω

ρ

2
(sgn(vn)ηv,nv + |vn| ηv) · zv,

where we have used that (x |x|)′ = sgn(x)x+ |x|. Thus, the adjoint problem yields the following equations

− ρv · ∇zv +
ρ

2
(∇v)T zv −

ρ

2
(∇zv)T v − µ4zv −∇zp = 0, divzv = 0 in Ω. (12)

In order to retrieve the boundary condition on ΓN , we integrate by parts in (11) and we obtain:∫
ΓN

(
µ∂nzv + zpn+

ρ

2
(vn + |vn|)zv +

ρ

2
sgn(vn)(v · zv)n

)
· ηv = 0, ∀ηv ∈ V 0.

We further use the relation x+ |x| = 2x+ and get

ρv+
n zv +

ρ

2
sgn(vn)(v · zv)n+ µ∂nzv + zpn = 0 on ΓN . (13)
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This finally yields, for any η = (ηv, ηp) ∈ H1(Ω)2 × L2(Ω), that

(aNS)′u(η, z) = I2(z, ηv) +

∫
ΓD

(
ρv+
n zv +

ρ

2
sgn(vn)(v · zv)n

)
· ηv. (14)

For simplicity of the writing, it is useful to introduce the operators associated with the boundary
conditions on ΓN for the direct and the adjoint problems:

C(u) =ρv−n vn − µ∂nv · n+ p,

Cadj(u)(ψ) =ρv+
n φn +

ρ

2
sgn(vn)v · φ+ µ∂nφ · n+ χ.

Considering the normal component in (9) and (13) yields C(u) = pN and Cadj(u)(z) = 0.
We employ the same pairs of discrete spaces (Vh,Mh) as for the Stokes equations, that is P1 or Q1

continuous elements for both the velocity and the pressure. We add two types of stabilization: a interior
SUPG one, denoted by aNS

stab, as well as a boundary stabilization of Nitsche’s type, denoted by s∂ .
In order to establish an improved convergence rate for the drag error, the discrete drag needs to be

corrected by additional terms.

3.1. Drag correction due to SUPG stabilization

We consider the following consistent form, proposed and studied in [8]:

aNS
stab(u)(ψ) =

∑
K∈Kh

dK

∫
K

1

θ
(Ru(u)− f) ·Ru(ψ) +

∑
K∈Kh

γ2dK

∫
K

θdivvdivφ,

where
Ru(ψ) = ρv · ∇φ− µ∆φ+∇χ.

The role of the parameter θ = θ(v) is to balance this additional term such that it has the same scaling
as aNS. It may depend on the solution itself, on the physical parameters as well as on the discretization
parameters. The choice of [8] is to take, in the steady case,

θ2(vh)|K = γ2
3

(
µ

dK

)2

+ γ2
4 |ρvh|2, ∀K ∈ Kh, (15)

where the additional parameter γ4 > 0 is a numerical constant. In the sequel, we shall denote θ(vh) by
θh. Note that it is not constant on K ∈ Kh.

Remark 2. This choice is clearly compatible with the Stokes case, for which γ4 = 0 and θ = θS. Thus,
aNS

stab clearly extends aS
stab to the Navier-Stokes case. Also note that in the case of vanishing velocity, the

stabilization parameters of aNS
stab are similar to those used for the Brinkman equation cf. [2], [12].

Remark 3. For the first term of aNS
stab, we have a similar expression of the stabilization parameter to

the one of [17]. For the second term, we recover a similar parameter to [17] in the case of large Péclet
numbers, whereas in the case of small Péclet numbers, it corresponds to the Stokes stabilization parameter.

This leads us to consider the following discrete formulation of the Navier-Stokes equations: uh =
(vh, ph) ∈ Vh ×Mh,

(aNS + aNS
stab)(uh)(ψh)− I1(uh, φh)− I2(ψh, vh − vD) + s(vh − vD, φh)

= lNS(uh)(ψh), ∀ψh = (φh, χh) ∈ Vh ×Mh.
(16)

As for the Stokes problem, we assume that for u ∈ H2(Ω)2 ×H1(Ω) and for γ1 sufficiently large, we
have:

‖|u− uh|‖ ≤ ch. (17)
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By equivalence of the H1(Ω)-norm and the energy norm ‖| · |‖ on Vh, together with a triangular inequality,
it follows that

‖v − vh‖0,Ω ≤ ch.

In addition, we assume that
‖u− uh‖0,Ω ≤ ch2, (18)

which is usually proved by means of an Aubin-Nitsche duality argument. The convergence rates (17) and
(18) were checked numerically in [7].

We are next interested in estimating the drag error, under the regularity assumption:

z ∈ H2(Ω)2 ×H1(Ω). (19)

Remark 4. This assumption may not be checked for certain configurations, in particular when Σ and
ΓD \ Σ are not disjoint. However, we can carry on exactly the same analysis under a weaker assumption
z ∈ H1+l(Ω)2 ×H l(Ω) and prove an O(h1+l) convergence rate for the drag error.

As regards the discrete value of the drag, let us begin by considering the same expression as in the
Stokes case and by evaluating the error JS(uh)−J(u). We obviously have, thanks to the relation Lhzv = ξ
on ΓD, that

JS(uh)− J(u) = I1(uh − u,Lhzv)− s(vh − vD,Lhzv).

By using (10) with the test-function Lhz ∈ V ξ × L2(Ω), as well as the discrete problem (16), we get

JS(uh)− J(u) =aNS(uh)(Lhz)− aNS(u)(Lhz)− I2(Lhz, vh − v)

+ lNS(u)(Lhz)− lNS(uh)(Lhz) + aNS
stab(uh)(Lhz)

=T S + T c + T lin + T rhs + T adj + T stab,

where T S is defined in (6) and the other terms take into account different aspects related to the non-
linearity and the stabilization of the Navier-Stokes equations. They are defined as follows:

T c =ac(uh)(Lhz − z)− ac(u)(Lhz − z),
T lin =ac(uh)(z)− ac(u)(z)− (ac)′u(uh − u, z),
T rhs =lc(u)(Lhz)− lc(uh)(Lhz),
T adj =(aNS)′u(uh − u, z)− I2(z, vh − v),

T stab =aNS
stab(uh)(Lhz).

The terms T c and T lin take into account the non-linearity of the convective term in the form ac.
Since Lhzv = zv on ΓD, T c can be written as follows:

T c =

∫
Ω

ρ

2
((vh − v) · ∇vh + v · ∇(vh − v)) · (Lhzv − zv)

−
∫

Ω

ρ

2
(vh − v) · (vh · ∇(Lhzv − zv)) +

ρ

2
v · ((vh − v) · ∇(Lhzv − zv))

+

∫
ΓN

ρ

2
(|vn,h|(vh − v) + (|vn,h| − |vn|)v) · (Lhzv − zv)

and is of second order O(h2), like T S.
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As regards T lin, let us compute separately the contributions on Ω and on ∂Ω, respectively. The
contribution on Ω is given by:

T lin,Ω =

∫
Ω

ρ

2
((vh · ∇vh) · zv − vh · (vh · ∇zv)− (v · ∇v) · zv + v · (v · ∇zv))

−
∫

Ω

ρ

2
((v · ∇(vh − v) + (vh − v) · ∇v) · zv − v · (vh − v) · ∇zv − (vh − v) · (v · ∇zv))

=

∫
Ω

ρ

2

(
(vh − v) · ∇(vh − v) · zv − (vh − v) · ((vh − v) · ∇zv)

)
and is also of second order. Meanwhile, the contribution on ∂Ω is given by:

T lin,∂Ω =

∫
∂Ω

ρ

2
(|vn,h|vh · zv − |vn|v · zv)−

∫
∂Ω

ρ

2
(sgn(vn)(vn,h − vn)v · zv + |vn| (vh − v) · zv).

On ΓD \ Σ we have zv = 0 whereas on Σ we have zv = e1, such that:

T lin,∂Ω =

∫
Σ

ρ

2
(|vn,h| − |vn|)vh · e1 −

∫
Σ

ρ

2
sgn(vn)(vn,h − vn)v · e1

+

∫
ΓN

ρ

2
(|vn,h| − |vn|)vh · zv −

∫
ΓN

ρ

2
sgn(vn)(vn,h − vn)v · zv

=

∫
∂Ω

ρ

2
(|vn,h| − |vn|)(vh − v) · zv +

∫
ΓN

ρ

2
(sgn(vn,h)− sgn(vn)) vn,hv · zv

+

∫
Σ

ρ

2

(
|vn,h| − |vDn | − sgn(vDn )(vn,h − vDn )

)
vD · e1.

T rhs reflects the non-linearity of the right-hand side term and can be written as follows:

T rhs =

∫
Σ

ρ
(
v−n,h − (vDn )−

)
vD · e1.

T adj corresponds to (7) in the Stokes case, where it was null; by using (14) with the test-function
uh − u ∈ H1(Ω)2 × L2(Ω), as well as the relation zv = ξ on ΓD, we get

T adj =

∫
Σ

ρ(vDn )+(vh − vD) · e1 +
ρ

2
sgn(vDn )(vn,h − vDn )vD · e1.

Finally, the following lemma shows that the remaining term T stab resulting from the stabilization is
of higher order.

Lemma 2. Under the assumptions (17) and (19), one has that

|T stab| ≤ c h2.

Proof. We write that

aNS
stab(uh)(Lhz) =

∑
K∈Kh

dK

∫
K

1

θh
(Ruh

(uh)− f) ·Ruh
(Lhz)

+
∑
K∈Kh

γ2dK

∫
K

θhdiv(vh − v)div(Lhzv − zv).
(20)

Concerning the first sum of (20), we note that the choice (15) of θh ensures that

1

|θh|∞,K
≤ dK
γ3µ

, ∀K ∈ Kh.
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So by using that Ruh
(uh) − f and Ruh

(Lhz) are uniformly bounded in L2(K)2 for any K ∈ Kh, we
obtain the desired convergence rate O(h2). As regards the second sum of (20), we bound it thanks to the
interpolation error, the approximation error and the following inequality:

|θh|∞,K ≤
1

dK
(γ3µ+ γ4dK |ρvh|∞,K) ≤ 1

dK
(γ3µ+ cγ4‖ρvh‖0,K) ≤ c

dK
, ∀K ∈ Kh.

Thus, it finally follows that
|aNS

stab(uh)(Lhz)| ≤ ch2.

We can now sum up all the previous contributions and gather them in three terms:

JS(uh)− J(u) = T h.o.t. + T N + T Σ,

where T h.o.t. contains all the higher order terms, T N represents the remaining integral on ΓN in T lin,∂Ω

and T Σ contains the integrals on Σ in T lin,∂Ω, T rhs, T adj which are of the same convergence order as the
solution. We have that:

T h.o.t. =T S + T c + T lin,Ω + T stab +

∫
∂Ω

ρ

2
(|vn,h| − |vn|)(vh − v) · zv,

T N =

∫
ΓN

ρ

2
(sgn(vn,h)− sgn(vn)) vn,hv · zv,

T Σ =

∫
Σ

ρ
(
v−n,h − (vDn )−

)
vD · e1 + ρ(vDn )+(vh − vD) · e1 +

ρ

2
(|vn,h| − |vDn |)vD · e1

=

∫
Σ

ρ

2
(vn,h − vDn )vD · e1 + ρ(vDn )+(vh − vD) · e1.

(21)

In order to get a higher order convergence for the drag error, we propose to take as discrete drag value
for the Navier-Stokes equations:

J̃NS(uh) = JS(uh)− T Σ (22)

that is:

J̃NS(uh) =
∑
S⊂Σ

∫
S

(
µ∂nvh − phn−

γ1µ

|S|
(vh − vD)− ρ(vDn )+(vh − vD)− ρ

2
(vn,h − vDn )vD

)
· e1.

Thus, we can write that:
J̃NS(uh)− J(u) = T h.o.t. + T N . (23)

Thanks to Lemma 2, we have shown so far the following estimate:

|T h.o.t.| ≤ ch2. (24)

Lemma 3. Assume (17), (18) and (19). Then one has that

|T N | ≤ ch2. (25)

Proof. By using the relation sgn(a)a = |a| as well as the triangle inequality, we can bound the next term
as follows:

|(sgn(vn,h)− sgn(vn))vn,h| =||vn,h| − |vn|+ sgn(vn)(vn − vn,h)|
≤|vn,h − vn|+ |sgn(vn)||vn − vn,h| ≤ 2|vn − vn,h|.

Thus, we get that

|T N | ≤
∫

ΓN

ρ|vn − vn,h||v · zv| ≤ ‖vn − vn,h‖L1(ΓN )‖ρv · zv‖L∞(ΓN ).
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The regularity assumptions on v and zv allow us to bound the last term, by using Sobolev’s embedding
theorem in Ω, leading thus to

|T N | ≤ c
∑
S∈SN

h

‖v − vh‖L1(S).

Thanks to the Cauchy-Schwarz inequality and to the trace theorem, we have for any side S ⊂ ΓN that

‖v − vh‖L1(S) ≤ |S|1/2‖v − vh‖0,S ≤ c(‖v − vh‖0,K + dK |v − vh|1,K),

where K ∈ Kh is the cell containing the side S. Finally, by summing upon S and by using the assumption
(18), we obtain the announced result:

|T N | ≤ c(‖v − vh‖0,Ω + h|v − vh|1,Ω) ≤ ch2.

Remark 5. If sgn(vn) = sgn(vn,h) on the outflow boundary ΓN , then one has T N = 0 and assumption
(18) is not necessary.

Gathering together the estimates (24) and (25), we obtain from (23) the next result.

Theorem 2. Under the regularity assumptions (17), (18) and (19), one has that:

|J̃NS(uh)− J(u)| ≤ c h2.

3.2. Drag correction due to Nitsche’s formulation

In this section, we focus on the stabilization of the boundary conditions.
Let us note that without any stabilization, the energy norm does not contain any pressure term and

degenerates for small values of the viscosity and of vn on ∂Ω. Indeed, if we denote by A the operator of the
discrete Navier-Stokes problem without SUPG stabilization, then we have for any ψh = (φh, χh) ∈ Vh×Mh

that

A(ψh)(ψh) ' µ|φh|21,Ω +
∑
S∈SD

h

µ

|S|

∫
S

φ2
h +

∫
∂Ω

ρ

2
|φn,h|φ2

h. (26)

In order to improve the robustness of the numerical scheme, we add, besides the previous SUPG
stabilization, some stabilization on the boundary. The additional terms should also be consistent and
have the same scaling as the main operator.

Such a stabilization was proposed in [7] for more general boundary conditions. It allows to treat a
large range of viscosity values, including the limit case of the Euler equations, and to control the discrete
kinetic energy in the unsteady case. It can be written as follows:∫

ΓN

1

θ
(C(uh)− pN )C(ψh) +

∫
ΓD

θ(vn,h − vDn )φn,h. (27)

It is shown in [7] that this leads to the additional term

∫
ΓN

χ2
h/θ +

∫
ΓD

θφ2
h,n in the energy norm.

Modifications of the outflow condition aimed to increase stability in the case of re-entrant flows have also
been proposed in [14], [4], [11] from a different point of view, but they do not allow to control the pressure
and the normal velocity. A recent review on stabilizations of outflow boundary conditions can be found
in [10].

The parameter θ scales as ρ|vn| and µ/|S|. The choice of [7] for the steady case is

θ2(vh)|S = γ2
3

µ2

|S|2
+ γ2

4(ρvn,h)2, ∀S ∈ S∂h . (28)
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Note that (28) is compatible with the expression (15) of θ for the SUPG stabilization, with dK and |vh|
replaced by |S| and |vn,h|, respectively.

Unfortunately, the boundary stabilization (27) does not allow to establish an optimal convergence
rate for the drag error. Indeed, we show below that the additional term in the drag error is the first
integral of (27) with ψh = Lhz, but then the resulting term C(Lhz) cannot be controlled. This leads us
to replace C(ψh) by Cadj(uh)(ψh), which will be bounded for ψh = Lhz by using that Cadj(u)(z) = 0. In
order to preserve the coercivity with respect to the energy norm, we also have to modify the stabilization
parameter on ΓN .

Therefore, we propose here the following boundary stabilization:

s∂(uh)(ψh) =

∫
ΓN

θN (C(uh)− pN )Cadj(uh)(ψh) +

∫
ΓD

θD(vn,h − vDn )φn,h,

where on any side S ∈ SNh we define point-wise:

(
θN
)2

(vh) =
v2
n,h|S|2

γ2
3µ

2v2
n,h + γ2

4 |S|2(ρv2
h)2

if |vh| 6= 0, θN (vh) =
|S|
γ3µ

if |vh| = 0

and on any S ∈ SDh we take θD(vh) = θ(vh) defined in (28). As previously, we denote θN (vh) and θD(vh)
by θNh and θDh , respectively.

The new form s∂ has the same properties as the stabilization of [7]. It is clearly consistent and it
respects the scaling, since both θNh and θDh scale as θh.

It is important to note that we have, on any side S ∈ SNh ,

θNh ≤
|S|
γ3µ

, (29)

as well as

ρv2
hθ
N
h ≤

|vn,h|
γ4

. (30)

The first inequality is used in the proof of the convergence rate of the drag error (see Theorem 4), whereas
the second inequality is crucial for the discrete coercivity (see Theorem 3).

Theorem 3. Let ψh = (φh, χh) ∈ Vh ×Mh and let θNh = θN (φh), θDh = θD(φh). Then for γ1, γ3 and γ4

sufficiently large and for vanishing data, one has:

A(ψh)(ψh) + aNS
stab(ψh)(ψh) + s∂(ψh)(ψh) & µ|φh|21,Ω +

∑
S∈SD

h

µ

|S|
‖φh‖20,S

+ aNS
stab(ψh)(ψh) +

∫
∂Ω

ρ

2
|φn,h|φ2

h +

∫
ΓD

θDh φ
2
n,h +

∫
ΓN

θNh χ
2
h,

(31)

where

A(ψh)(ψh) = aS(ψh, ψh) +

∫
∂Ω

ρ

2
|φn,h|φ2

h − I1(ψh, φh)− I2(ψh, φh) + s(φh, φh).

Proof. By taking into account the estimate (26) for A(ψh)(ψh), we only have to bound the terms on the
Neumann boundary ΓN : ∫

ΓN

ρ

2
|φn,h|φ2

h +

∫
ΓN

θNh C(ψh)Cadj(ψh)(ψh).

By means of the relations a+ + a− = a, a+ − a− = |a|, a+a− = 0 and a−a = (a−)2, we have:

C(ψh)Cadj(ψh)(ψh) =χ2
h + χh(ρφ2

n,h +
ρ

2
sgn(φn,h)φ2

h) +
ρ2

2
sgn(φn,h)(φ−n,h)2φ2

h

− (µ∂nφh · n)2 − µ∂nφh · n(ρ|φn,h|φn,h +
ρ

2
sgn(φn,h)φ2

h).
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Thanks to Young’s inequality, we get:

ρ

2
|φn,h|φ2

h + θNh C(ψh)Cadj(ψh)(ψh) ≥θ
N
h

4
(4− ε)χ2

h −
θNh
4

(4 + δ)(µ∂nφh · n)2 +
ρ

2
|φn,h|φ2

h

− θNh
2
ρ2φ2

n,hφ
2
h

− θNh
ε

(ρφ2
n,h +

ρ

2
sgn(φn,h)φ2

h)2

− θNh
δ

(ρ|φn,h|φn,h +
ρ

2
sgn(φn,h)φ2

h)2.

After developing the last two terms and using the properties of the sign function, we get:

ρ

2
|φn,h|φ2

h + θNh C(ψh)Cadj(ψh)(ψh) ≥θ
N
h

4
(4− ε)χ2

h −
θNh
4

(4 + δ)(µ∂nφh · n)2 +
ρ

2
|φn,h|φ2

h

−
(

1

ε
+

1

δ

)
θNh ρ

2φ4
n,h −

(
1

ε
+

1

δ

)
θNh
4
ρ2φ4

h

−
(

1

ε
+

1

δ
+

1

2

)
θNh ρ

2φ2
n,hφ

2
h.

We next use (30) and |φn,h| ≤ |φh| in order to bound the last three terms. Thus,

ρ

2
|φn,h|φ2

h −
(

1

ε
+

1

δ

)
θNh ρ

2φ4
n,h −

(
1

ε
+

1

δ

)
θNh
4
ρ2φ4

h −
(

1

ε
+

1

δ
+

1

2

)
θNh ρ

2φ2
n,hφ

2
h

≥
(

1

2
− 1

γ4
(

9

4ε
+

9

4δ
+

1

2
)

)
ρ|φn,h|φ2

h.

We now choose 0 < ε < 4, 0 < δ and γ4 > 1 + 9 (1/ε+ 1/δ) /2, for instance ε = δ = 2 and γ4 > 11/2.
We also use (29) and we get point-wise, on any side S ⊂ ΓN , that:

ρ

2
|φn,h|φ2

h + θNh C(ψh)Cadj(ψh)(ψh) ≥ θNh
2
χ2
h +

2γ4 − 11

4γ4
ρ|φn,h|φ2

h −
3|S|
2γ3

µ(∂nφh · n)2.

The last term, which is negative, is controlled for γ3 sufficiently large as usually in Nitsche’s method,
by means of the discrete inequality:∑

S∈SN
h

|S|
∫
S

µ(∂nφh · n)2 . µ|φh|21,Ω.

We have thus established the coercivity (31).

Let us next focus on the drag error, for the following discrete formulation: find uh = (vh, ph) ∈ Vh×Mh,

(aNS + aNS
stab + s∂)(uh)(ψh)− I1(uh, φh)− I2(ψh, vh − vD) + s(vh − vD, φh)

= lNS(uh)(ψh), ∀ψh = (φh, χh) ∈ Vh ×Mh.

Exactly as in subsection 3.1, we have that

JS(uh)− J(u) = T S + T c + T lin + T rhs + T adj + T stab + s∂(uh)(Lhz).

By decomposing s∂ as sN + sD with obvious notation, we can write that:

s∂(uh)(Lhz) = sN (uh)(Lhz) +

∫
Σ

θDh (vn,h − vDn )n · e1.
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So, by defining the new discrete drag as follows:

JNS(uh) = J̃NS(uh)−
∫

Σ

θDh (vn,h − vDn )n · e1, (32)

we get:
JNS(uh)− J(u) = T h.o.t. + T N + sN (uh)(Lhz).

Theorem 4. Under the assumptions (17), (18) and (19), one has that

|JNS(uh)− J(u)| ≤ c h2.

Proof. Thanks to Theorem 2, we only have to bound sN (uh)(Lhz). Using that C(u) = pN and that
Cadj(u)(z) = 0, we can write that:

sN (uh)(Lhz) =

∫
ΓN

θNh (C(uh)− pN )Cadj(uh)(Lhz)

=

∫
ΓN

θNh

(
C(uh)− C(u)

)(
Cadj(uh)(Lhz − z) + Cadj(uh)(z)− Cadj(u)(z)

)
.

Thanks to the Cauchy-Schwarz inequality, we immediately get:

|sN (uh)(Lhz)| ≤
√

2

 ∑
S∈SN

h

|θNh |∞,S‖C(uh)− C(u)‖20,S

1/2

 ∑
S∈SN

h

|θNh |∞,S‖Cadj(uh)(Lhz − z)‖20,S

+
∑
S∈SN

h

||θNh |∞,S‖Cadj(uh)(z)− Cadj(u)(z)‖20,S

1/2

.

(33)

Let S ∈ SNh and K ∈ Kh such that S ⊂ ∂K. In order to estimate the L2(S)-norm of C(uh)−C(u), we
use several ingredients: the estimate

|a−a− b−b| = |(a− − b−)(a− + b−)| ≤ |a− b|(|a|+ |b|),

the following inequality between discrete norms:

‖vh‖∞,S . |vh|1,K + |S|−1/2‖vh‖0,S . |vh|1,Ω + |S|−1/2‖vh‖0,ΓN . |S|−1/2‖vh‖1,Ω, (34)

as well as the estimate ‖v‖∞,S ≤ ‖v‖∞,ΓN . ‖v‖2,Ω, the latter resulting from the Sobolev embedding
theorem applied to v ∈ H2(Ω)2. Then we get:

‖C(uh)− C(u)‖0,S .(‖vh‖∞,S + ‖v‖∞,S)‖vn − vn,h‖0,S + ‖µ∂n(v − vh) · n− (p− ph)‖0,S
.|S|−1/2‖v − vh‖0,S + ‖µ∂n(v − vh) · n− (p− ph)‖0,S .

The trace inequality and the discrete inequality |S|1/2‖ph − Lhp‖0,S . ‖ph − Lhp‖0,K give:

|S|1/2‖∂n(v − vh)‖0,S . (|v − vh|1,K + dK |v|2,K) ,

|S|1/2‖p− ph‖0,S .‖ph − Lhp‖0,K + ‖p− Lhp‖0,K + dK |p− Lhp|1,K
.‖ph − p‖0,K + ‖p− Lhp‖0,K + dK |p|1,K .
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Thanks to the approximation and interpolation errors and to (29), we can conclude that: ∑
S∈SN

h

|θNh |∞,S‖C(uh)− C(u)‖20,S

1/2

≤ ch.

By using the same estimate (34) as previously for ‖vh‖∞,S , the trace inequality and the interpolation
error, we obtain similarly to Section 2 that:

‖Cadj(uh)(Lhz − z)‖0,S .‖vh‖∞,S‖Lhzv − zv‖0,S + ‖µ∂n(Lhzv − zv) · n+ Lhzp − zp‖0,S
.|S|1/2(|zv|2,K + |zp|1,ωK

).

The inequality (29) next yields: ∑
S∈SN

h

θNh ‖Cadj(uh)(Lhz − z)‖20,S

1/2

≤ ch.

In order to bound the remaining term of (33), let us first note that

Cadj(uh)(z)− Cadj(u)(z) = ρ(v+
n,h − v

+
n )zv · n+

ρ

2
(sgn(vn,h)vh − sgn(vn)v) · zv.

By using the inequalities (29) and |a+ − b+| ≤ |a− b|, we first get that: ∑
S∈SN

h

θNh ‖ρ(v+
n,h − v

+
n )zv · n‖20,S

1/2

.

 ∑
S∈SN

h

|S|‖vh − v‖20,S

1/2

‖zv‖∞,ΓN .

By using next the trace theorem in Ω, the H1(Ω)-approximation error for vh − v and Sobolev’s theorem
applied to zv ∈ H2(Ω)2, we further obtain: ∑

S∈SN
h

θNh ‖ρ(v+
n,h − v

+
n )zv · n‖20,S

1/2

.
√
h‖vh − v‖0,ΓN ‖zv‖2,Ω ≤ ch.

Similarly, hypothesis (??) leads to: ∑
S∈SN

h

θNh ‖
ρ

2
(sgn(vn,h)vh − sgn(vn)v) · zv‖20,S

1/2

≤

 ∑
S∈SN

h

θNh ‖
ρ

2
(vh − v) · zv‖20,S

1/2

.
√
h‖vh − v‖0,ΓN ‖zv‖∞,ΓN ≤ ch.

Finally, by gathering together the previous estimates we deduce from (33) the desired result, that is:

|sN (uh)(Lhz)| ≤ ch2.

4. Numerical results

In this section, we present some numerical experiments illustrating the theoretical results, carried out
by using a in-house C++ library. We consider here quadrilateral meshes. For the convergence analysis,
we use successive meshes obtained by uniform refinement.

We present two test-cases for which we dispose of a reference drag value. The first test-case uses
manufactured exact solutions for Stokes and Navier-Stokes equations, while the second one is the well-
known cylinder benchmark of [26] for the Navier-Stokes equations. Finally, we apply our approach to a
time-dependent flow considered in the cylinder benchmark and compare our results with the literature.
For all considered examples, we have taken e1 = (1, 0).
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Table 1: (Q1)2 ×Q1 Stokes case: errors, drag and convergence orders

N ‖p− ph‖0,Ω r |v − vh|1,Ω r ‖v − vh‖0,Ω r drag r

64 4.72e-03 − 4.97e-01 − 1.78e-02 − 0.1289250 −
256 1.51e-03 1.64 2.48e-01 1.01 4.48e-02 1.99 0.1123778 1.97

1 024 5.08e-04 1.58 1.24e-01 1.00 1.12e-03 2.00 0.1081210 1.97
4 096 1.75e-04 1.54 6.18e-02 1.00 2.81e-03 2.00 0.1070358 1.98

16 384 6.10e-05 1.52 3.09e-02 1.00 7.04e-04 2.00 0.1067602 1.98
65 536 2.14e-05 1.51 1.54e-02 1.00 1.76e-04 2.00 0.1066903 1.98

Table 2: (Q1)2 ×Q1 Stokes case: drag error without correction term

N |J(u)− J(uh)| r

64 0.0624974 −
256 0.0208485 1.58

1 024 0.0077612 1.43
4 096 0.0032150 1.27

16 384 0.0014333 1.17

4.1. Exact solutions

We use the computational domain Ω = [0, 1]2 and prescribe the data such that the exact solution is
given by:

v(x, y) =
(
4y(1− y2)(1− x2)2,−4x(1− x2)2(1− y2)2

)
, p(x, y) = x3 − y3.

We impose a homogeneous Dirichlet condition on the upper (y = 1) and the right (x = 1) boundaries
and a non-homogeneous Dirichlet condition on the left boundary (x = 0), whereas on the lower boundary
(y = 0) an outflow condition (9) is imposed. Note that the latter corresponds to a standard Neumann
condition, since v−n = 0. The viscosity is taken equal to µ = 0.025.

We compute the drag value on the upper boundary and we compare the obtained approximation to
its exact value, equal to 8/75 = 0.10(6).

We begin by considering the Stokes system, solved by using the (Q1)2×Q1 stabilized discretization of
Section 2. Table 1 gathers the H1 and L2-norms of the velocity error, the L2-norm of the pressure error
and the computed values of the drag, on successive meshes. The first column of the table gives the number
of cells N on the different meshes. The columns titled by r indicate the corresponding convergence rates.
We note that we numerically retrieve the optimal convergence order O(h2) for the drag error, proved in
Section 2.

Remark 6. The correction term JS(uh)−J(uh) resulting from Nitsche’s stabilization is essential in order
to obtain the O(h2) convergence rate for the drag error. Table 2 shows that without such a correction, the
convergence order decreases to O(h).

We next consider the Navier-Stokes system with the same analytical solution, boundary conditions
and viscosity as before. The numerical results obtained by the (Q1)2×Q1 method of Section 3 (including
SUPG and boundary stabilization) are shown in Table 3.

We remark that we get the same convergence rates as in the Stokes case, which are those predicted
by the theory.
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Table 3: (Q1)2 ×Q1 Navier-Stokes case: errors, drag and convergence orders

N ‖p− ph‖0,Ω r |v − vh|1,Ω r ‖v − vh‖0,Ω r drag r

64 5.97e-03 − 5.00e-01 − 1.48e-02 − 0.1282372 −
256 2.18e-03 1.45 2.47e-01 1.00 4.23e-03 1.80 0.1121847 1.97

1 024 7.10e-04 1.62 1.24e-01 1.00 1.14e-03 1.89 0.1080739 1.97
4 096 2.17e-04 1.71 6.18e-02 1.00 2.94e-03 1.96 0.1070244 1.98

16 384 6.72e-05 1.69 3.09e-02 1.00 7.43e-04 1.99 0.1067574 1.98
65 536 2.18e-05 1.63 1.54e-02 1.00 1.86e-04 2.00 0.1066896 1.98

4.2. Cylinder benchmark

We now consider the benchmark of [26] describing the flow over a circular cylinder; it models a fluid
flow in a pipe with a circular obstacle. We compute the drag on the obstacle’s boundary, denoted by Σ.

4.2.1. Steady case

The considered geometry for the pipe is the rectangle Ω = [0, 2.2]× [0, 0.41] and the obstacle is a circle
centred at (0.2, 0.2) of radius 0.05, see Figure 1. The fluid viscosity is taken equal to µ = 0.001, which
yields a Reynolds number equal to 20.

We set the following boundary conditions:

• On the lower and upper walls as well as on the obstacle’s boundary, no-slip boundary conditions are
imposed. So, by putting Γwall = [0, 2.2]× {0} ∪ [0, 2.2]× {0.41} ∪ Σ, we have v|Γwall

= 0.

• On the left boundary Γin = {0} × [0, 0.41] a parabolic inflow profile is prescribed,

v(0, y) =
4vmax

0.412
(y(0.41− y), 0) (35)

with vmax = 0.3.

• Finally, on the right boundary Γout = {2.2} × [0, 0.41], one imposes the outflow condition

µ∂nv − pn = 0. (36)

Thus, we have that ΓD = Γwall ∪ Γin and ΓN = Γout. Note that for this benchmark, it is known that
there is no recirculation on Γout (that is, v−n = 0 on Γout), and thus our outflow condition (9) is equivalent
to (36). The drag is computed on Σ and compared to the reference value J = 5.57953523384, cf. for
instance [23], [21].

Figure 1: Geometry and boundary conditions for the cylinder benchmark
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Γwall

Γwall
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Figure 2: Cylinder benchmark: quadrilateral mesh with 2560 cells

Figure 2 shows an intermediate mesh, while Figure 3 shows the pressure isolines obtained by a fully
stabilized (Q1)2 × Q1 finite element method. Table 4 presents the corresponding drag values together
with the convergence orders and the relative errors; the first two columns give the number of cells and
the number of degrees of freedom, respectively.

We note that we numerically obtain the optimal convergence rate O(h2) for the drag error, as predicted
by the theory.

We couldn’t find in the literature the drag computation for this benchmark by means of stabilized
(Q1)2 × Q1 finite elements. However, we can note that our method yields the same convergence order
as the nonconforming (Qrot1 )2 × Q0 method, see [21] as well as Appendix B. Although these two low-
order finite element methods yield the same convergence order, it is well-known that they don’t have
similar computational costs. In Tables 4 and 5, one can see that on the same mesh, the relative error is
approximately 4 times larger and the number of degrees of freedom is approximately 1.6 times larger for
the nonconforming method. A similar behaviour is observed in [21], when comparing nonconforming and
conforming methods.

Figure 3: (Q1)2 ×Q1 cylinder benchmark solution: isolines of pressure

Table 4: Drag computation with the (Q1)2 ×Q1 method for the cylinder benchmark

N d.o.f. drag r relative error

640 2 124 5.657508833113 − 0.0139749
2 560 8 088 5.593347524445 2.4970331 0.0024755

10 240 31 536 5.582312273511 2.3143329 0.0004977
40 960 124 512 5.580168154540 2.1334511 0.0001134

163 840 494 784 5.579689329110 2.0382022 0.0000276

4.2.2. Cut domain

We now test the influence of the modified outflow condition. We recall that in the previous test-case,
the flow on Γout is outgoing. In order to have a re-entrant flow on the outflow boundary, we have increased
the inflow velocity to vmax = 1 in (35), and cut the domain behind the cylinder, at x = 0.4. Figure 4
shows the velocity streamlines in the whole domain, whereas in Figure 5 we compare in the same domain
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Table 5: Drag computation with the (Qrot
1 )2 ×Q0 method for the cylinder benchmark

N d.o.f. drag r relative error

640 3 336 5.857557058537 − 0.049828850
2 560 13 072 5.635208719813 2.32 0.009978158

10 240 51 744 5.590669151087 2.32 0.001995492
40 960 205 888 5.582009694953 2.17 0.000443489

163 840 821 376 5.580119287786 2.08 0.000104678

Ωcut the streamlines of the velocity computed in the whole domain with those computed in the cut domain
(hence, with the modified outflow condition). Table 6 shows the drag coefficients in the two cases, on a
sequence of refined meshes. As expected, the values are close to each other but not identical, since we have
modified the model problem by cutting the domain near the cylinder. We cannot study the numerical
convergence order for the drag on the cut domain since we do not dispose of a reference value for this
domain.

Figure 4: Flow around a cylinder with increased inflow velocity: streamlines

Figure 5: Comparison in Ωcut of velocity streamlines: whole (left) and cut (right) domains

4.2.3. Unsteady case

Finally, we test our approach in the case of unsteady flows. The stabilized finite element method
employed in this work can also be used for time-dependent flows, with stabilization parameters θ which
depend on the time step (see [7], [8]). We consider here the cylinder benchmark configuration of the
previous subsection, but with an increased inflow velocity vmax = 1.5. This yields a Reynolds number
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Table 6: Comparison of drag values for the whole and cut domains

N(Ω) drag on Ω N(Ωcut) drag on Ωcut

640 1.537335646447 320 1.515744677887
2 560 1.490398932070 1 280 1.466342063137

10 240 1.483690048328 5 120 1.459151131886
40 960 1.481798249598 20 480 1.457154672672

Table 7: Comparison of minimum and maximum drag values for unsteady flow

method d.o.f. min max

reference value 667 264 3.1569 3.2200

(Q2)2 × P disc1 10 608 3.0992 3.1624
(Q2)2 × P disc1 42 016 3.1333 3.1958

(Q1)2 ×Q1 8 088 3.1625 3.2301
(Q1)2 ×Q1 31 536 3.1580 3.2178

equal to 100 and a periodic developed flow. This test-case was also used in [18] for the drag computation
with an isogeometric method based on NURBS appproximation.

Figure 6: Time-dependent flow around a cylinder: velocity magnitude

The velocity magnitude computed with our method is shown in Figure 6. In Figure 7, we compare
the computed drag over time obtained with our stabilized (Q1)2 × Q1 method on two levels of mesh
refinement, with the drag obtained in [27], [22] with a (Q2)2×P disc1 finite element method on two meshes.
The reference value is the one computed on a refined mesh with 667 264 degrees of freedom, cf. [22].
First, we note that our results are in very good agreement with the reference value. Second, we can also
note that we obtain better results than in [27] when using much less degrees of freedom. We also show
in Table 7 the minimum and maximum drag values obtained with the two finite element methods on
different meshes, for ∆t = 1/400.

5. Concluding remarks

We have considered stabilized (P1)2×P1 and (Q1)2×Q1 continuous finite elements for the discretiza-
tion of the Stokes and the Navier-Stokes equations. The corresponding formulation presents interesting
numerical properties, as mentioned in the introduction.

We have focused on the computation of the drag, in particular on the convergence order. Several
numerical tests in the literature highlight an improved O(h2k) convergence rate for the drag error when
using a O(hk) approximation method, see for instance [21], [18].

In this paper, we have proved such a result. For this purpose, we have introduced a corrected drag,
which takes into account the different stabilization terms on the obstacle’s boundary, and we have used a
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Figure 7: Comparison of drag for a time-dependent flow around cylinder
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duality argument. We have noted that the addition of correction terms to the discrete drag is necessary,
which leads us to believe that this should be the case for other stabilized methods, too. The theoretical
results are confirmed by numerical experiments.

Finally, the duality technique employed in this work can be applied to other finite element methods for
the Navier-Stokes equations. In the appendices, we consider two well-known inf-sup stable schemes, which
use the conforming Taylor-Hood elements and the nonconforming Crouzeix-Raviart or Rannacher-Turek
elements. We deduce again the improved convergence rate for the drag error.

Appendix A. Conforming (P2)
2 × P1 or (Q2)

2 × Q1 discretizations

We consider Lagrange finite elements of degree 2 for the velocity and 1 for the pressure, on either
triangular or quadrilateral meshes. This pair yields a conforming inf-sup stable approximation of the
Navier-Stokes equations, and therefore can be used without any SUPG stabilization, at least for Reynolds
numbers which are not too large. In what follows, we take

aNS
stab = s∂ = 0. (A.1)

For u ∈ Hm+1(Ω)2 ×Hm(Ω) with 1 ≤ m ≤ 2, one has

|‖u− uh‖| ≤ chm.

In order to study the convergence of the drag error, we use the same process as previously in Section
3. We define the drag value by (22). Note that, since no stabilization is used now, we have in this case

JNS(uh) = J̃NS(uh) =

∫
Σ

(µ∂nvh − phn) · e1 −
∑
S⊂Σ

∫
S

γ1µ

|S|
(vh − vD) · e1

−
∫

Σ

ρ

2
(vn,h − vDn )vD · e1 + ρ(vDn )+(vh − vD) · e1.

(A.2)
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We obtain the expression (23) for the drag error, with T stab = 0. Under the hypotheses sgn(vn) =
sgn(vn,h) on ΓN and z ∈ H l+1(Ω)2×H l(Ω) with 1 ≤ l ≤ 2, it follows thanks to the interpolation and the
approximation error estimates that

|J(u)− JNS(uh)| ≤ chm+l.

The optimal convergence rate O(h4) is obtained for m = l = 2. Note that in practice, the regularity of
the adjoint problem often limits the convergence rate of the drag error.

As explained in subsection 3.2, it is useful to stabilize the boundary conditions. Adding the term s∂

to the discrete formulation does not change the previous convergence rate O(hm+l) of the drag, which is
now defined by (32).

Appendix B. Nonconforming (P1)
2 × P0 and (Qrot

1 )2 × Q0 discretizations

We consider nonconforming finite elements of degree 1 for the velocity: Crouzeix-Raviart elements [16]
on triangles, Rannacher-Turek elements [25] on quadrilaterals. In both cases, we have:∫

S

[vh] = 0, ∀S ∈ Sinth , ∀vh ∈ Vh. (B.1)

The pressure is approximated by means of piecewise constant elements. It is well-known that the pairs
(Vh,Mh) are inf-sup stable and yield the following error estimate, for u = (v, p) ∈ H2(Ω)2 ×H1(Ω):

‖|u− uh|‖h ≤ ch,

where ‖|·|‖h is defined by using the H1(Ω) broken semi-norm in the definition of ‖|·|‖. In the following, we
consider again (A.1), which yields the same expression (A.2) for the discrete drag as for the Taylor-Hood
elements. We also have T stab = 0.

Lemma 4. One has that
JNS(uh)− J(u) = T h.o.t. + T N + T ncf , (B.2)

where the additional term T ncf is defined by:

T ncf =
∑

S∈Sint
h

∫
S

(
ρ

2
vnzv + µ∂nzv + zpn) · [vh] +

∑
S∈Sint

h

∫
S

(
ρ

2
vnv − µ∂nv + pn) · [zv − Lhzv].

Proof. We use the discrete problem with the test-function Lhz, but, contrarily to subsection 3.1, we test
(10) with ψ = z. We thus obtain:

JS(uh)− J(u) = T S + T c + T lin + T rhs + T adj + lNS(u)(z − Lhz)− aNS(u)(z − Lhz). (B.3)

The terms T S, T c, T lin and T rhs are bounded exactly as in subsection 3.1, since no integration by
parts is needed in order to estimate them.

As regards the term T adj, we first use the relation (14) with η = u in order to obtain:

T adj = (aNS)′u(uh, z)− I2(z, vh)−
∫

ΓD

ρv+
n v · zv +

ρ

2
sgn(vn)vnv · zv.

Then we perform an integration by parts with respect to z and we use the adjoint boundary value problem
(12) with the boundary condition (13). This yields:

T adj =
∑

S∈Sint
h ∪SD

h

∫
S

(µ∂nzv + zpn+
ρ

2
vnzv) · [vh] +

∫
Σ

ρ

2

(
sgn(vDn )vn,hv

D +
∣∣vDn ∣∣ vh) · e1

−
∫

ΓD

(µ∂nzv + zpn) · vh −
∫

Σ

ρ(vDn )+vD · e1 +
ρ

2
sgn(vDn )vDn v

D · e1

=

∫
Σ

ρ(vDn )+(vh − vD) · e1 +
ρ

2
sgn(vDn )(vn,h − vDn )vD · e1 +

∑
S∈Sint

h

∫
S

(µ∂nzv + zpn+
ρ

2
vnzv) · [vh].
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Here above, we have used that vDn + |vDn | = 2(vDn )+ on ΓD.
The additional consistency term in (B.3) is treated by integrating with respect to u and by using the

boundary value problem (8) with the outflow condition (9), and the fact that zv = ξ = Lhzv on ΓD.
Noting that∫

Ω

ρ

2
v · (v · ∇(zv − Lhzv)) = −

∫
Ω

ρ

2
(v · ∇v) · (zv − Lhzv) +

∑
S∈Sh

∫
S

ρ

2
vnv · [zv − Lhzv]

and using vn − |vn| = 2v−n on ΓN , we finally obtain that:

lNS(u)(z − Lhz)− aNS(u)(z − Lhz) =
∑

S∈Sint
h

∫
S

(
ρ

2
vnv − µ∂nv + pn) · [zv − Lhzv].

Summing up the previous contributions and using the notation introduced in (21) and (22) yield the
announced result (B.2).

Lemma 5. Under the regularity assumptions (17) and (19), one has that

|T ncf | ≤ ch2.

Proof. For any interior side S ∈ Sinth , the integral

∫
S

(
ρ

2
vnv−µ∂nv+pn) · [zv−Lhzv] is bounded as usually

when dealing with nonconforming methods. That is, the relation (B.1) and the continuity of zv across

S allow us to subtract an arbitrary constant vector to
ρ

2
vnv − µ∂nv + pn =

(ρ
2
v ⊗ v − µ∇v + pI

)
n. By

subtracting CSn with the matrix CS = π0
S

(ρ
2
v ⊗ v − µ∇v + pI

)
, we get:

|
∑

S∈Sint
h

∫
S

(
ρ

2
vnv − µ∂nv + pn) · [zv − Lhzv]|

≤
( ∑
S∈Sint

h

|S|
µ
‖
(ρ

2
v ⊗ v − µ∇v + pI − CS

)
n‖20,S

)1/2( ∑
S∈Sint

h

µ

|S|
‖[zv − Lhzv]‖20,S

)1/2

.

( ∑
K∈Kh

d2
K

µ
|ρ
2
v ⊗ v − µ∇v + pI|21,K

)1/2( ∑
K∈Kh

µ

d2
K

‖zv − Lhzv‖20,K + µ|zv − Lhzv|21,K
)1/2

≤ ch2.

As regards the remaining term in T ncf , we similarly get that:

|
∑

S∈Sint
h

∫
S

(
ρ

2
vnzv + µ∂nzv + zpn) · [vh]|

≤
( ∑
K∈Kh

d2
K

µ
|ρ
2
zv ⊗ v + µ∇zv + zpI|21,K

)1/2( ∑
S∈Sint

h

µ

|S|
‖[vh]‖20,S

)1/2

. h

( ∑
S∈Sint

h

µ

|S|
‖[vh − Ichv]‖20,S

)1/2

,

with Ichv the P1-continuous or Q1-continuous interpolate of v. We next use the standard inequality on
any interior side S = ∂Kin ∩ ∂Kex:

1√
|S|
‖[vh − Ichv]‖0,S .

(
|vh − Ichv|1,Kin + |vh − Ichv|1,Kex

)

24



and we obtain, by means of the triangle inequality,∑
S∈Sint

h

µ

|S|
‖[vh − Ichv]‖20,S .

(
µ|v − Ichv|21,Ω +

∑
K∈Kh

µ|v − vh|21,K
)
.

This finally yields

|
∑

S∈Sint
h

∫
S

(
ρ

2
vnzv + µ∂nzv + zpn) · [vh]| ≤ ch2.

We immediately get:

Theorem 5. Under the assumptions (17), (18) and (19), one has that

|J(u)− JNS(uh)| ≤ c h2.
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