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SOME NEW RESULTS RELATED TO LORENTZ GI'-SPACES
AND INTERPOLATION

IRSHAAD AHMED!, ALBERTO FIORENZA? MARIA ROSARIA FORMICA?,
AMIRAN GOGATISHVILI* and JEAN MICHEL RAKOTOSON®*

ABSTRACT. We compute the K-functional related to some couple of spaces as small or classical
Lebesgue space or Lorentz-Marcinkiewicz spaces completing the results of [12]. This compu-
tation allows to determine the interpolation space in the sense of Peetre for such couple. It
happens that the result is always a GI'-space, since this last space covers many spaces.

The motivations of such study are various, among them we wish to obtain a regularity estimate
for the so called very weak solution of a linear equation in a domain 2 with data in the space
of the integrable function with respect to the distance function to the boundary of €.

1. Introduction

The present work finds its motivation in the recent results in [13, 11, 23]. The original question
comes from an unpublished manuscript by H. Brezis (see comments in [11]) and later presented
in [6] (see also the mention made in [27]) concerning the following problem : let f be given in
LY, dist (x, 99Q)) (2 bounded smooth open set of IR™), then H. Brezis shows the existence and
uniqueness of a function u € L'(Q) satisfying

’U‘Ll(ﬁ) < C’f’Ll(Q,dist (z,09))
with
—/uAgpd:v = / fodr, Yo Ci(Q),
Q Q
with C2(Q) = {go € C?(Q), ¢ =0on GQ}.

Therefore, the question of the integrability of the generalized derivative of u arises in a natural

GD(Q) =

way and was raised already in the note by H. Brezis and developed in [11], [23], [24]. More
generally, the question of the regularity of u is arised, according to f.

In [10, 13], we have shown the following theorem:

Theorem 1.1. 1

Let Q be a bounded open set of class C* of R", || = 1 and a > — where n’ = n T
n n—
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f € LY 9), with §(x) = dist (z; 0Q).
Consider w € L™>=(Q)), the very weak solution (v.w.s.) of

—/uAgpda::/fgodx Ve C*Q), p=0on Q. (1.1)
Q Q

Then,
. 1
(1) iof fe Lt (9;6(1 + \Log5|)°‘) and o > — -

n
we LOMIQ) = D0, ), wa(r) = 71— Log £y
and
HUHGF(H’,I;wa) < K0|f|L1(Q;5(1+|Log5|)a) (1.2)

(2) if f e L (20(1+ |Log5|)$) then

we L™ (Q) and similar estimate as (1.2) holds.

Note that the assumption on the regularity of 2, needed in the proof of Theorem 1.1, is neces-
sary for the development of the theory of very weak solutions; we stress that the estimates in
this paper will be obtained following arguments valid regardless of the regularity of €2, which
will be definitively dropped in our statements.

The Lorentz GT'-space is defined as follows :

Definition 1.2. of Generalized Gamma space with double weights (Lorentz-GT")
Let wq, wy be two weights on (0,1), m € [1,400], 1 < p < 400. We assume the following
conditions:

cl) There exists K19 > 0 such that wy(2t) < Kipwo(t) Vit € (0,1/2). The space LP(0,1;ws)
is continuously embedded in L'(0,1).

t
c2) The function / wy(o)do belongs to L'v (0,1;w;).
0

A generalized Gamma space with double weights is the set :
t
GT'(p, m; wy, we) = {’U : Q — R measurable / VP (o) wy(o)do is in L (0, 1;w1)} :
0

A similar definition has been considered in [17]. They were interested in the embeddings between
GT'-spaces.
The following property has been proved in [12], p.424.
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Property 1.3.
Let GT'(p, m; wy,we) be a Generalized Gamma space with double weights and let us define for

o(v) = [ / () (/ t 12(0)uslo)do ’ dt] '

with the obvious change for m = +o00.
Then,

v € GT'(p, m; wy, ws)

(1) p is a quasinorm.
(2) GT'(p, m;wy,ws) endowed with p is a quasi-Banach function space.
(3) Ifwy =1
GT(p, m; wy, 1) = GL'(p, m; wy).
Generalized Gamma spaces with double weights originate from the GT'(p, m,w) spaces intro-
duced and studied in [16]

Example 1.1. of weights
Let wy(t) = (1 — Logt)?, wy(t) = (1 — Logt)? with (v, 3) € IR?. Then

wy satisfies condition c1) and w; and wy are in Lgﬁj‘(%ﬁ) (J0, 1)

1
Question 1 The natural question is how to extend of Theorem 1.1 for a < — and how to
n

1
improve the estimate when o = —7
n

We note that the solution u of (1.1) satisfies also

|U|L”/ﬁ°°(Q) < Kl|f|L1(Q;5)a (1.3)

therefore, since (1.1) defines implicitly the linear operator

datum f — solution u,
a natural idea is to obtain an estimate through the real interpolation method of Marcinkiewicz
(see [4, 5, 7] ) to derive

[l (g oo oy, S Kol flor@ssmogsney  for 0 <a <1 (1.4)

Note that L' = L (see below for a full definition.)

Question 2 How to characterize the space (L”"O"(Q),L(”/(Q)> ?

a,l

We still have not an answer to this question. Therefore, we will provide a lower estimate for

the norm of w in relation (1.4), a particular overbound can be obtained from our work made in
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[12] :
Since L™>°(Q) C L"), then we have

<L”"°°(Q), L (Q)>

and we have shown in [12] the following

a,l

Theorem 1.4. (characterization of the interpolation between Grand and Small Lebesgue
space)
) : 1 — Logt)*! 1
(L”)(Q),L(” (Q)) = GIL'(n'; 1; wy; we) with wy(t) = ( og?) , Wo((t) = ———

a,l t

(see next section for the definition of GTI).

Therefore, we have the following non optimal result but valid for all .

Proposition 1.5.
Let u be the solution of (1.1). Then,

1
1 t / 7
ull (x)dz \ " dt
et = | (1 — Logt)® * <K (1t Los 1)
|l larmstwsws) /0( ogt) (/0 1_Logx) (1= Togt)t al fler@is+irog =)

whenever 0 < o < 1.

To give a new improved statement for Proposition 1.5 namely, we will show the

Theorem 1.6.
Letl<p<oo,0<f<1andl <r<oo. Then

||f||GF(p,r;wl,wz)ﬂG’F(oo,r;m,Uz) 5 ||f||(LPv°°,L(P)9’17
where wy(t) = t71(1 — Log )", wy(t) = (1 — Logt)™!, vi(t) = t71(1 — Logt)"?0=1/P~1 gnd
va(t) = tY/P.
Thanks to this last theorem, we deduce from relation (1.4) a new estimate of the solution u valid
1
also for a < — and better than Proposition 1.5 in that case. To complete the results of [12],
n

we shall introduce different results on the interpolation spaces namely, between (L™, L™ ).,
(LP:e LB, . (LP), LP)g,. It happens all of these spaces are Lorentz G-gamma spaces. We
state few of those results.

Theorem 1.7.
For0<0 <1, rell,+o0]

(L™, L™, = G0/, r;wy; 1) with wy(t) = t71(1 — Log et
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Corollary 1.8. of Theorem 1.7
For 0 <0 <1, one has

’

(L7, L)y = L9,

As in [12, 10], the proofs of the above results rely on the computation of the K-functional;
similarly, in order to treat the couple (L”"‘x’, L"/), we will show the following

Theorem 1.9.
The K -functional for (L™, L") is given by, for t €]0,1[, f > 0 in L™

CONE L g
Ko(f;t) =tsup { </E fr (U)da) A :/E?x}
Remark 1.10.

x
Setting dv = —, |E|, = [ dv, f., the decreasing rearrangement of a nonnegative function
x

E
f with respect to the measure v, then we can write the preceding theorem as :

Theorem 1.11.
The K -functional for the couple (LP>°, LP) is given, for f >0 in LP>® ¢t >0

Ko(fit) =t ( / (w<s>)iy<x>da:)

Here 1 < p < +o00, ¢(s) = s%f*(s), s € (0,1).

Applying Theorem 1.9 with real interpolation method of Marcinkiewiecz, we then deduce the

following partial answer for very weak solution :

Proposition 1.12.
For 0 < a < 1, let u be the solution of (1.1). Then one has a constant ¢ > 0 such that

1 w7
—a n' < o,
/0 t Sup (/E Uy (x)dw) dt < C‘f‘Ll(Q;(s(lHLogé\)"’)

{E:|Bl, =t}

Other consequences of the above interpolation results are the interpolation inequalities, we state
few of them.

Property 1.13. (Interpolation inequalities for small and grand Lebesgue spaces) If
1 /

1>a> =, then Vv € L™
n

o Pl

o]l gr.ce < e[
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2. Notation and Primary results

For a measurable function f : Q2 — IR, we set for t > 0
Dj(t) = measure {x € |f(a) > t}
and f, the decreasing rearrangement of | f],
f«(s) = inf {t : Dy(t) < s} with s € (0,]Q]), || is the measure of €,

that we shall assume to be equal to 1 for simplicity.

If A; and A, are two quantities depending on some parameters, we shall write

Ay S Ay if there exists ¢ > 0 (independent of the parameters) such that A; < cAs

Al ~ A2 if and Ol’lly if Al SJ Ag and A2 SJ Al.

We recall also the following definition of interpolation spaces.

Let (Xo, ||-1l0), (X1,]|-]]1) two Banach spaces contained continuously in a Hausdorff topological
vector space (that is (X, X7) is a compatible couple).

For g € Xo+ X1, t > 0 one defines the so called K functional K(g,t; Xo, X;)=K(g,t) by setting

K(g,t) = in o (Ilgollo + tllg1ll1)- (2.1)

g=go+

For 0 <09 <1, 1<p<+4o0o, a€ IR we shall consider
_p—1 « . .
(Xo, X1)o,ps0 = {g € Xo+ X1, l[gllopa = [1t777 (1 = Log ) K (g,1)||o(o.1) s ﬁnlte}-

Here || - ||v denotes the norm in a Banach space V. The weighted Lebesgue space L?(0,1;w),
0 < p < 400, is endowed with the usual norm or quasi norm defined through ||g||zr(0,10) =

1 1/p . . .
(fo |g(t)\pw(t)dt> , where w is a weight function on (0, 1).
Our definition of the interpolation space is different from the usual one (see [4, 20]) since we
restrict the norms on the interval (0,1). We recall that these modified interpolation spaces have
been already used by other authors, see e.g. [21, 8] and the references given there.
If we consider ordered couple, i.e. X; — Xy and a = 0, the following equality holds with

equivalence of norms
<X07 Xl)@,p;[) - (X(), X1>9,p7

where the space on the right hand side is the interpolation space as defined by J. Peetre (see
[4, 26, 5]).
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2.1. Some remarkable GI'-spaces.

In this paragraph, we want to prove among other that GI'-spaces cover many well-known spaces.

Proposition 2.1.
Let 1 < p < 4o0. If wy and we are integrable weights on (0,1) and wy satisfies c1), then

GF(p7 m;wi, w2> = Ap(w2)7

where AP(wy) denotes the classical Lorentz space defined through
1

{f : Q — IR measurable : (/01 ff(a)wg(a)da))p = [|fl|ar(ws) < +oo}.

Proof
1 m
If v € AP(wsy) then p(v) < |v||Ar(ws) {/ wl(t)dt} < +o0.
0

1
Conversely, let v be such that p(v) < +o0o0. We have for some a > 0, / wy(t)dt > 0. Then for

allt > a
</ fP(o)ws(o d0> ( fP(o)wy(o da) ,

from which we derive after multiplying by wy(¢) and integrating from a to 1,

S]

m
P

3

</aff(0)w2(0)d0>p< D) < p(f) < +oo (2.2)
0 [ [hw, (t)dt}

Between (a, 1), we have :

(/ fr(o)uslo da) <r@llly £ [ For= [ £ 29

The condition c1) implies

/ f(0)o < ( / 1(f*><[o,a})p(0)w2(0)d0); . (2.4)

So that relations (2.2) to (2.4) imply

( / (0 )wn(o d0> < / (0 )wn(o da) < p(v) < +o0. (2.5)

11l ap ) S p(0)-

This shows

Next we want to focus in a special case :
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Proposition 2.2.
Assume that wy(t) = t7*(1 — Logt)?, wy(t) = (1 — Logt)?, (7,8) € R*, m € [1,+oc[, p €
[1, +o0l.

(1) If v < =1 then GT'(p, m;wy,ws) = AP(wy).

(2) If v > —1 and’y+/@%+1 > 0 then

GT(p, m; wy,wp) = GT(p,m;w, 1), wi(t) =1 (1 — Log t)7+5%,

Proof .
dt
For the first statement, we observe that if v+ 1 < 0, / (1 —Log t)77 is finite. Then applying
0

Proposition 2.1 we derive the first result.

For the case v+ 1 > 0, we shall need the following lemma whose proof is in [12], p. 44T:

Lemma 2.3.
Let t, = 21_2k, k€ IN, A >0, g >0, H a nonnegative locally integrable function on (0,1)
satisfying

/O 1H(x)d:)3 < /0 éH(@d;p.

Then
(1) 28 ~ 1 — Logx, © € [tpyr, tr].
(2)
1 A t q dt tk q Ak
1 —Logt /dex]—% (/ dex>2q
/0 {( ) 0 (@) (1 — Logt)t 1;;\1 0 (@)
tr 4
~ oy |2t H(z)dz | .
kEN bt

1 !
We shall apply this Lemma with H(z) = f?(z)(1 —Logz)”. We have / H(z)dx S / H(z)dx
0 0

1
since f? is decreasing and / (1 —Logt)'dt < +oo V~v € IR. Indeed
0

<[ H(x)dx); < f (%) < /j L0t
( o; fP()(1 — Logt)ﬁdt> - </Dé(1 - Logt)_ﬂidt> '
<[/ H@)dm)?

=

1

7

VAN
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Applying statement 2. of this Lemma 2.3, we derive

) = (1 Logty (/ tH<m>dx)?%

m
P

= 1 —Logt (7+1)7Z/ H(xz)d —_— 7 1
/0 [( 05 ) | G i 9120

tr 4
Z (2”“ H(x)dx) with A = (v + 1)2, q= m
m

kEIN tht1 p

Q

(2.6)

Q

> <2<A+ﬁ>k ! ff(ﬁdx)

keN et

/01(1—Logt (A+B)a </ fP(x dx) %. (2.7)

Ify>-—-1, v+ 5@ + 1 > 0, then the equality comes from the definition of GI'(p, m;wy).
This ends of the proof of Proposition 2.2 %

Q

Q

Lemma 2.4.
Assume that wi(t) = t71(1 — Logt)?, wa(t) = (1 — Logt)?, (v,8) € R%, m € [1,00][, p € [1,00][.
Ifv>—=1and~y+ B3 +1<0, then

1 Lgm 1 ™ g
1112 s ) = /0 (1 —Logt)"™"» (/ ff(x)dx> -
t

1 1 m/p
I :/0 (1 —Logt)"™% </t ff(:v)dx) %

Let ¢, = 272" k € N. Since v + 8% 41 < 0, we can apply the second assertion of Lemma 6.3
in [12] to obtain

Proof. Put

m/p

1

1 %Z( ff(a:)da:) Q0P
keN

tet+1

then using the second assertion of Lemma 6.1 in [12] gives

m/p
t
I %Z( kff(wﬂ%) DO+ Dk,

keN \7Tk+1
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by first assertion in Lemma 2.3, we get

m/p
tg
1=y, ( / (1- Logx>ﬂff<x>dx> 201k,
keN \7tr+1

since v > —1 , we can apply the first assertion of Lemma 6.1 in [12] to obtain

m/p
I~ Z (/ (1 — Log x)ﬁff(.r)dm) 2+

keN

finally an application of the second assertion in Lemma 2.3 yields

I~ ||f||TGnF(p,m;w1,w2)’

which completes the proof. U
We shall need in particular the Corollary 2.7, consequence of relation (2.7) and the following

Definition 2.5. of the small Lebesgue space [22, 9]
The small Lebesgue space associated to the parameters p €]1,+o00[ and 6 > 0 is the set
LPO(Q) =

1 1p g
{f:Q—HRmeasumble : HfH(p,g:/ (1 —Logt)™ (/ fP(o da) —<—|—oo}
0

Definition 2.6. of the grand Lebesgue space [22, 9]

The grand Lebesgue space is the associate space of the small Lebesque space, with the parameters
p €)1, +00[ and 0 > 0 is the set

LPO(Q) =

{f:Q—>]Rmea5umble Hpr)g—sup(l—Logt (/ fP(o do) <—i—oo}.

Corollary 2.7. of Proposition 2.2

Ifm=1~vy+1+ ﬁ >0,v>—1and B € R, the functions w;, 1 = 1,2 as in Proposition 2.2
p

then

GT(p, 1;wi,wp) = L®?, 9 = pf (7 +1+ f) .

3. Some K-functional computations and the associated interpolation

spaces

3.1. The case of the couple (L, L").
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Theorem 3.1.
Let 1 < n < 400, and let p(t) = e, 0 <t < 1. Then

1 o L
/ ’ / n/ d
Kxﬁtﬂﬁ,LW>:vp/ <1—Imgo>i'(/°ffcwdé) T K (t)
»(t) 0 o

for all f € L.

Proof:
First , let us show:

Ky(t) < K(f,t; L™, L.

Let f = g+ h with g € L™ and h € L. Then, for all z, f.(2) < g. (£> + hy (£> Therefore,

2 2
we have
! _ 1 do
Ko(t) < lgllpwt [ (1= Logo)™ — +t|[h]] o
(1) g
S Mgl + Pl e
Taking the infinimum, one derives
Ka(t) S K(f, L7, 1), (3.1)
For the converse, we adopt the same decomposition as in [12]
9= (1= 1(e(®),. h=F~y (3.2)

Then

fo=ht g go=(f— L(00) .

+
he = fu(0(t)) X100 + Fe(8) X001

1 1
= =

o(t) n e(t) n’
|mm/5[A (ﬁ@—ﬂw@ﬁé‘glﬂ ﬁbﬂ%
K
= Wl § 2 <R (53)
/ (1 — Log a)_i —
©(t)/2 g
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As in [12], we have

Lp(t) 1/n' 1 /ds
il < ¢ / (1— Logs) s %) ¢ (o(0))
0

S

v 0= toms ) ot 1. (o00)

(t) §

1 ’ 8 ’ 1/n, dS
+t/ (1 —Logs) /" (/ e (m)dm) —
o(t) »(1) 5

== Il + [2 -+ [3.
Since .
elt / . d , —1/n’
[ 1= Loy 7 S ole) ™ (1 Loge()
0 S
we obtain
—1/n’ ,
Lst(1-Loge() o0 f.(e(t) S Kalt
LS L(et) S suwp s L(s) S Kalt)
0<s<ep(t)
and

Iy S K (1),
and using these relations (3.5) to (3.7), we derive
o g < I+ 1o+ I3 S Ka(t).
From relations (3.3) and (3.8) we infer:
gl + [l e S Ka(t)-

and therefore
K(ft; L7, L") < Ka(t).
The combination of the above relations (3.10), (3.1) gives Theorem 3.1.

Corollary 3.2. (of Theorem 3.1)
Ifn €]l,400], r € [1,+00[, 0 <8 <1, then

2

dz

r ' o : ' —_—————
||f||(Ln’,L("’)9,T ~ /0 (1 —Logx)n </0 fi (s)ds) 21— Loga)’

Proof:
One has for f € L + L™, 1 <r+ o0

v ~ 1#’[( t rdt
AWl pars,, & ; [ (f,1)] )

(3.9)

(3.10)

(3.11)
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Using Theorem 3.1 and making a change of variable z = (t) that is
t = (1 — Logz)~w, one derives from relation (3.11)

||f| |7(4L"I,L('"‘,)9’,. ~ Jf

Jf:/o1 [(1—Logm)9nl/x(1—Loga n (/ (s >$%70]Tﬁ.

Applying Hardy’s inequality (we take into account that § < 1 and apply [3] Theorem 6.5,

(6.14)), we have
71 dr -
([ ) ] o(1-Togs) "

1
JfS/
0

For the converse, since we have for all z > 0

S\%

(1 — Logx)

1

/xl(l—Loga 7 (/ (s >;/C%U></Oxff/(s)ds>ﬂ(1—Logx) o |Log 2,

we then have
! v dx
Jy 2/ [(1—Logm) |Logx| (/ f ) ] — (3.12)
0

From this relation we deduce
| dr .
(1-— Logx (/ (s ) ] —=J;+ 1, (3.13)
x

1
Jf,SJf—F/
0

while to estimate the last integral, one has

r ' (L—-1)r—1 dx r
L < {110 i (1 —Logx)™ — Sl
Since (L™, L)y, is continuously embedded in L™, we then have

I. < c\|fH7("Ln/7L<n,)W. (3.14)
Thus, we derive

‘]f 5 Jf + I, 5 ||f||€Ln’7L(n’)9

Proof of Theorem 1.7
We derive it from Corollary 3.2 of Theorem 3.1. &
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3.2. Interpolation between grand and classical Lebesgue spaces in the critical case.

Lemma 3.3.
Let1 < p< oo, and let f € LP). Then, for all0 <t < 1,

1 1/p
K(f.t:IP, 1P ~ sup (1—Logs) /" ( / ff(x)dx) ,

0<s<p(t)

1
1-%

where p(t) = e

Proof. Fix f € L? and 0 <t < 1. Set

Ki(t)= sup (1—Logs)~ /P (/Slff(x)dx)l/p.

0<s<ep(t)

First we show that
Ki(t) S K(f,6; L7, LP). (3.15)
Let f = g + h be an arbitrary decomposition with ¢ € LP) and h € LP. Using the elementary
inequality f.(z) < g«(2/2) + hi(x/2), we derive
Ei(t) < lgllgo + lhllr sup (1 —Logs)™"/?
0<s<ep(t)
= Ngllpn + tlhlle,

from which (3.15) follows. Next we establish the converse estimate
K(f,t; LV, L) < Ky (t). (3.16)
To this end, we take the same particular decomposition f = g + h as in Theorem 3.1 relation

(3.2). Clearly,
g1l < K (2)- (3.17)

Next we note that

bl = o0 4o |

1

1/p
ff(fc)dfv>
(0

Q

—1/p
(1-tos ") ettt

1 1/p
+| sup (1—Logs)~ /P (/ ff(:v)dx) ,
0<s<e(t) o(t)

*1/}) L,D(t) 1/p
< (1 — Log @) ( " f*(a:)da:>
%

1 1/p
+ sup (1—Logs)~'/? (/ ff(x)dx) :

0<s<o(t)
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which gives
tlh|l e < Ki(t).
Now (3.16) follows from (3.17) and (3.18). The proof is complete.

Theorem 3.4.
Let 1 <p<oo,0<6<1,andl <r <oo. Then

(Lp); LP)g, = GL(p,r; w1, wa),
where wy(t) =t~ (1 — Log t)"%?~' and wy(t) = (1 — Logt)™*

Proof.
Let f € LP). Then, using Lemma 3.3, we get at

L o _ " dt
10 1o, =~ [ (1= L0537 | sup wi)]
0

)
0<s<t t

¥(s) = (1 - Logs) /7 ( / 1 ff(:v)d:v> "

where

15

(3.18)

(3.19)

Now, in view of Lemma 2.4 (applied with v = % —1, 8 =—1, m =r), it is sufficient to establish

that

1 r/p dt
HfHZLP),LP)e,T ~ / (1 - Logt (/ fp dx) 7

(3.20)

The estimate “ 2 7 in (3.20) follows trivially from (3.19), while for the converse estimate we

infer from Bennet-Rudnick Lemma ([3] Lemma 6.1) that

s ()5 [ (1= Logs) ()%

0<s<t
which, combined with (3.19), gives

ds
S

! o_1 [* _ ds|" dt
iz, S [ [(1—Logt>p F[a-toss eS| 4
’ 0 0 S t

from which follows the desired estimate “ < 7 in (3.20) by Hardy inequality [3] Theorem 6.5.

The proof is complete.

3.3. Interpolation between grand Lebesgue spaces in the critical case.

Lemma 3.5.
Letl<p<ooand0< B <a. Let f € LP»*. Then, for all0 <t < 1,

0<s<p(t)

+t sup (1 —Logs) P(/ P (x ) ,
p(t)<s<1

K(f,t; L2 LP¥) ~ sup (1—Logs)~ » (/ P (x )

O
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_p_
where @(t) = 177"

Proof.
Fix f € IP® and 0 < t < 1. Set

(1) e
Ky(t)= sup (1—Logs) > (/ ff(x)dar> :

0<s<p(t)
and

Ko(t) =t sup (1—Logs) » (/Slff(x)dx)l/p.

p(t)<s<1
First we show that
Ki(t) + Ka(t) S K(f, t; L, LPP). (3.21)
Let f = g+ h be an arbitrary decomposition with g € L*? and h € L??. Using the elementary
inequality f.(z) < g«(2/2) + hi(x/2), we derive

Ki(®) S lgluoe + Il swp (1-Logs)
0<s<p(t)
= |lgllzoa + t|R]| o.s,
and
Kot) S tlglme swp (L—Logs) s + s
p(t)<s<1
= llgllwa +tlAll.s-
Thus, we get
Ky (t) + Ks(t) S llgllpma + tlhllzo e,
from which (3.21) follows.
It remains to establish the converse estimate
K(f, t; LP* LPP) < Ki(t) + K (t). (3.22)

We again take the same particular decomposition f = g+ h as in Theorem 3.1. (relation (3.2).

It is easy to check that

9]l < Ki(t)- (3.23)
Next we observe that
ol e = Ji(t) + Ja(t) + Ka(t), (3.24)
where
s [ e \MP
T8 = tfi(p(t) sup (1—Togs)+ / d)
0<s<p(t) s
and

1 1/p
Jo(t) =t < ff(m)dx) sup (1 — Log 3)*%

w(t) 0<s<ip(2)
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Since
sup (1 —Logs)™# = (1 - Log ().
0<s<p(t)
we have
Jo(t) < Ko(t). (3.25)
Next we show that
J(t) S Kn(h) (3.26)
We have
o)\ 7 ,
Ji(t) < tfi(e(t)) / dx sup (1 —Logs) »
0 0<s<p(t)

[e3

= 1552 f.(0(1)) [p(D]""

e e
S (L=Loge(®) r | [ — fi(z)de

from which follows (3.26). Altogether from the relations (3.23)-(3.26), we get (3.22). The proof
is complete. O

Theorem 3.6.
Letl<p<oo,0<f<a 0<f<1,andl <r <oo. Then

(LD IPB),. = GT(p, 3 w1, ws),
r6

where wi(t) = t71(1 — Logt) » “ 7" and w,y(t) = (1 — Log t)~.

Proof.
Let X = (LP LP)F),,. and take f € LP®. Then

115 ~ I+ I,

where
1 t 1/p]"
0 (ax— [e3 dt
11=/ (1-Logt)™ 7 ! [S“p (1—Logs) > (/ ff(m)ﬂ““) ] e
0 0<s<t s t
and
1 1 1/p1"
r(0—1)(a— dt
I :/ (1-Logt)™ 7! [S“p (1-Logs)™» (/ ff(w)dx) ] t
0 t<s<1 s t
Put

1 1 r/p
70 (a— ro dt
Iy = / (1—Togt) 5 5! (/ ff(x)dfﬂ) e
0 t
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In view of Lemma 2.4 (applied with v = rf(a — 8)/p — 1, f = —a, m = r), it is sufficient to
show that

Il + .[2 = 13.

Clearly, I3 < I. Thus, it remains to establish that I; < I3 and I < I3. Now

dt

7'9(0‘ B) —1

1
I < / (1 — Logt) sup (1 — Log s)™ » </ fP(x dx)
0 _0<s<t
1 i s
T o — d dt
/(1—Logt) H  sup £ [ (1= Logy) 5 y(/ HC dx) ]_
0 O<s<t TQX Jy t
1 t r/p
rola— ra d dt
§/ (1—Logt) G(PB)_I/(l—Logy T (/ [z d:c) =
0 0 y t’
and applying Fubini’s Theorem, we obtain I; < I3. Finally,
1 r(0—1)(a— dt
e Py (e I N
0 t<s<1 t
1 r/p
r(0—1)(a— dt
+/ (1 —Logt) = 5)71(1 — Logt)™ </ fP(x d:z:) —
0
1 s
(60— a— _r d dt
o o 8 ] )]
0 t<s<1 7“5 t
1 r/p
o— T dt
/(l—Logt) e 1</ 7z dx> dt
0
1 1 r/p
r(0—1)(a— rB d dt
S/(l—Logt) e [/ (1 —Logs) » "~ (/ fi(x > —8] PREREY
0 t S

applying again Fubini’s Theorem, we obtain I, < I3. The proof is complete. O

3.4. The K-functional for the couple (LP*™ LP), 1< p < +oc.

Theorem 3.7.
For a measurable set E C [0, 1], we denote |E|, = / — and for f € LP>®, 1 < p < 400, we

define
k(.0 =tsw{ ([ #oyo) s Bl =7} eelo

K(fa ta Lp,oo7 Lp) ~ Kp(f7 t)

Then
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and

Kp(f,t) =t [/0 _ ¢*,y(x)pdx] P

where (s) = s%f*(s), Yy, its decreasing rearrangement with respect to the measure v.

Proof:

Let f =g+ h with g € LP* and h € LP. Then, f.(s) < g« (g) + hy (g), for s €]0, 1]

1 1
s P S\ p

K,(f,t) <t sup (/ P = ds> +1t sup (/hf: —pds>.
p(f ) |E|,=t—P Eg (2> |E|,=t—P E (2>

The first term can be bound as follows :

1
1 s\1?P ds\* 1
e ([ [t (3)]" ) S el s 1B = lglie
|El,=t—» \JE 2 S |El,=t—P

While the second term satisfies

t sup (/ h? <§> ds)p < H[h]| Lo
El,=t—» \JE 2

From the three last relations, we have

|=

Ky (1) < Mlgllzree + t]]A]] o

From which we derive

Ky(f,8) S K(f, 6 L7, LP).

19

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

For the converse, let ¢ be fixed and set A; = {s : ¥(s) > 9., (t7P)}, where ¢(s) = s%f*(s), s €

0,1], and ., denotes its decreasing rearrangement with respect to v.
By equimesurability, we have

‘At’l/ - tip.

Let us consider the measure preserving mapping o : IR — (0, 400) such that f = f. oo and set

fi=gioo,i=1,2 where, for s € (0,1)

1

gi(s) = 5 7 (tP)xa(s) + fuls)xag(s)
g2ls) = 57 (00s) = veult™) ) xa,
and Af is the complement of A; in (0, 1), say AS = {s c(s) < ww(t*p)}.

Since ¢ is measure preserving we have

[A¢|w p
llty =Nl = [ (sl = 0t )
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From which we derive

el < [ ety 3:32)
While for f;, we have '
illre = lgallznes < sUp [t (t7)xa, () + 57 Fuls)xa(s)
< sup [ () xa(5) + ()X ()]
< ., (t7F) (by definition of AY). (3.33)

Since f = fi + fo € LP*° 4 LP, we derive from relation (3.32) and (3.33) that

K(f, 6 LP%, L) < | fillpree + U1 follor < e (877) +

/O : wg;,,(x)dx] " (3.34)

Since the function x — v, ,(x) is decreasing one has

1
tP P
Vi (t7P) <t [/ ¢f,u(x)dx] : (3.35)
0
Thus, we derive from (3.34) and (3.35)
t=P P
K(pa=mse| [ o) (3.36)
0
Making use of a corollary of the the Hardy Littlewood inequality (see Cor. 1.2.1 p. 12 in [25]),
we have .~
! ds
P (x)dr = Max/ ps—:Max/fsds. 3.37
| e = Max [T = vax [ g (3.37)
Thus )
t=P P
Ky (ft) =t [ / ¢*,V(a;)pdm] | (3.38)
0

This equality with relation (3.36) leads to
K<f7 t; Lp,oo, Lp) S/ Kp(fa t)

We end this section by proving Theorem 1.6 so we start with the following lemma :

Lemma 3.8.
Let 1 < p < oo. Then for any f € LP* and all 0 <t < 1,

sup s f,(s) S K (p(t), f; L7, L),

0<s<t

where p(t) = (1 — Logt)_H%.
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Proof. Fix f € LP*° and 0 <t < 1. Set
I(t, f) = sup s»fi(s).

0<s<t

It is sufficient to show that the following estimate

I(t, ) S W follere + o) fill o,

holds for an arbitrary decomposition f = fy + fi with fo € L»* and f; € L. In view of the
elementary inequality f.(t) < fo,(t/2) + f1,(t/2), it follows that

Clearly, 1(t/2, fo) < || follzr.. Therefore, it remains to show that

1(t/2, /1) S pO 1l oo (3.39)

Note that p(t) ~ 1, 1/2 <t < 1. Therefore, (3.39) holds for all 1/2 < t < 1 in view of the fact
that L® < [P Next let 0 < ¢t < 1/2 and take 0 < v < t/2. Then

' ° %ds
1fillee > /(1—Logs)1/P (/0 f{;(u)du) —

</0v fi(u)du)p/v (1-— Logs)_l/p%

! ds
> vl/pfl*(v)/ (1 — Log s)_l/p—
. S

~ (1—Log t)l_l/pvl/pfl*(v),

WV

whence we obtain (3.39) since v was arbitrarily taken to be between 0 and ¢/2. The proof is
complete. 0

Theorem 3.9. Let 1l <p<oo,0< 6 <1, andl <r < oo. Then, for any f € (LJD’OO,L(Z’)W7
one has

HfHGF(oo,'r;vl,Uz) 5 HfH(LP’OO,L(P)g,,J
where vi(t) =t~ (1 — Log t)"0=VP)=1 and vy(t) = t'/P.

Proof. Put p(t) = (1 — Log t)flJF%, 0 <t < 1. It immediately follows from Lemma 3.8 that

1 roy 1/r
( / [p(t)]eq"[sup sl/pf*<s>} @dt) < 1l s

0<s<t p(t)
The simple observation

~t (1 —Logt)™!

completes the proof. O
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Now the estimate resulting from Theorem 1.3 in [12] is:

Theorem 3.10.
Let 1 <p<oo,0<f<1,andl <r <oo. Then

Hf”GF(pm;m,wz) § ||f||(LP:°°,L(P)97T7
where wy(t) = t71(1 — Logt)"~! and wy(t) = (1 — Logt)~t.

The GI" spaces in Theorems 3.9 say GI'(oco,r;v1,v9) and 3.10 say GI'(p, r,w;,ws) are not com-
parable. Thus we get Theorem 1.6.

4. Some interpolation inequalities for Small and Grand Lebesgue
spaces

One may combine the above results with some standard results on interpolation spaces to deduce
few inequalities as Property 1.13.

We recall the following result that can be found in [26].

Theorem 4.1.
Let Ey and E; be two Banach spaces continuously embedded into some topological vector space.
For 0 <60 <1, one has

(Eo, E1)971 CcFEC Eg + E;
if and only if
there exists ¢ > 0:Va € EyN Ey lla||z < cl|al|s™]al|?

where || - ||; denotes the norm in E;, i =0, 1.

Proof of Property 1.13
We apply the above Theorem 4.1 with Ey = L"), Ey = L.
Then from Theorem 1.4 and Corollary 2.7 of Proposition 2.2 one has

(L”/),L(”/) = LB

«

1
with 8 =na —n+1and a > —.
n
Since L™# c L7 < L"), we deduce the result from Theorem 4.1 with E = L™, § = a.
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5. A remark on the associate space of GT'(p,r;w)

Theorem 5.1.
Let 1 <p<oo,1<r<ooandd>0. Putw(t)=t"1(1-Logt) L Then

[GT(p,r;w)]" = GL (', 7" wi, ws),

2p’6
r .

where wy(t) = t~*(1 — Log t)T/T&_l and wy(t) = (1 — Logt)~

Proof.
Put n = p/0/r, and take a = 2n, f = n/2 and § = 1/3. Then by [1] Theorem 7, we have

Gr(pa r w) = (L(p,ﬁ) L(pa)@,r-

Since LPA N L = [(pmax{ab} contains L°° and therefore is dense in both L®# L®P« (see [15]),
and since in this setting the associate space and the dual space coincide (see [1]), we may use
the duality relation for real interpolation spaces (see, for instance, [5] Theorem 3.7.1), and we

get
[GT(p,r;w)]" = (Lp/)’B,Lp/)’a)eml
= (Lp/)’a,Lpl)’ﬁ)l,gw.
Finally, an application of Theorem 3.6 completes the proof. O

Remark 5.2. In view of Lemma 2.4 , we get the following equivalent norm on [GT (p,r;w)]':

1/r

! sy ! . v dt
£l iarp.rw)y = ; (1 —Logt)™~ fY (v)dx " :
t

which is apparently simpler than the one which follows from [19] Theorem 1.1 (vi).
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