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Abstract

This work deals with the propagation of chaos without cut-off for some aggregation-diffusion models known as fractional Keller
Segel equations. The diffusion considered here is given by the fractional Laplacian operator —(—A)% with a € (1,2) and the singu-
larity of the aggregation kernel behaves like |x|'~® with a €]1, a]. In the Diffusion Dominated case « € (1, a), we give a propagation
of chaos result, thanks to the I" lower semi continuity of the fractional Fisher information, already known for the classical Fisher
information, using a result of [20]. In the fair competition case a = @, we only prove a convergence/consistency result in a sub-
critical sensitivity regime, similarly as the result obtained for the classical Keller-Segel equation in [16].

REsumE Frangats. Ce travail concerne la propagation du chos moléculaire pour une classe de modeles d’agrégation-diffusion
appelés équations de Keller-Segel fractionnaires. La diffusion en jeu est modélisée par 1’opérateur de Laplacien fractionnaire
—(=A)% pour a € (1,2) et la singularité du noyau d’agrégation se comporte comme |x|'~® avec @ €]1, a]. Dans le cas ol la diffusion
est dominante @ € (1,a), on donne un résultat de propagation du chaos, griace la I' semi continuité inférieure de 1’information
de Fisher fractionnaire, déja connue dans le cas classique, en utilisant un résultat de [20]. Dans le cas ou la compétition entre
la diffusion et I’agrgation est équitable a = a, on donne seulement un résultat de compacité/convergence dans un régime de
chimiosensibilité sous critique, comparablement aux résultats obtenus pour I’équation de Keller-Segel classique dans [16].

Keywords: fractional Laplacian, aggregation-diffusion, tightness, Fisher infromation
2010 MSC: 35Q70, 35Q92, 35R11, 60G52

1. Introduction

The parabolic-elliptic Keller Segel equation has received a large attention from the kinetic community lately. This
model deals with the chemotaxis of cells or bacteria evolving in a environment, which they are able to modify in order
to communicate with each other. More precisely the evolution of the density of bacteria p, and the concentration of
chemoattractant c; is given by the following system of coupled equations

0ipr + XV - (0,Ver) = Apy,

(L.1)
- Acy = py,

where y > 0 is a sensitivity parameter encoding the intensity of the aggregation. The parabolic-elliptic from of the
system follows form the assumption that the diffusion coefficient of the chemoattractant is much larger than the one
of the bacteria (see [23]). We refer to [4] for a proper biological and mathematical motivation. This model has been
extensively studied, especially in dimension 2 which is the best understood and which makes particular biological
sense in the context of bacteria motion. Some blow up phenomena are known to arise if the initial mass is too large
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[4, Corollary 2.2], and global well posedness holds when the mass is small enough [11]. However the question of
propagation of chaos for this model remains open.

Some bacteria are known for their “run and tumble” motion, therefore their trajectories are better described by Lévy
flights than Brownian motion (see for instance [5]). This consideration motivates to replace the classical diffusion in
the evolution equation of the density of bacteria with a fractional diffusion. We define the fractional Laplacian on R?
of exponent a/2 € (0, 1) for smooth function u € C2(RY) as

a u(x) — u(y)
—(=A)"*u(x) = cgqv.p. f —_——
Re X =)l (12)
_ f u(x) —uy) = (x —y) - Vu(x)
= CqaV.p. dy,
’ R? |x — yld+a
where ¢, , is a normalization constant defined as
a d+a
()
The equality between the two lines of (1.2) comes from the fact that for any x € R it holds
xX-y
.p- ——dy =0.
P Re |x =yl Y
Moreover the fractional Laplacian can be equivalently defined in terms of Fourier multipliers as
F(~(=D)"Pu)(€) = ~2n€1WE), (13)

where F(-) and~denote the Fourier transform, defined as F(h)(&) = h(¢) = fRd h(x)e 27¢dx (see for instance [25]
for equivalent definitions of the fractional Laplacian). Not only for the purpose of modeling, but also because of the
recent popularity of fractional diffusion equation, the problem

3p: +xV - (0.Ve;) + (=A)2p, = 0,

(1.4)
= Acy = py,

has been studied under various perspectives by different authors. In [22], Huang and Liu obtained local in time
existence for L? initial condition when a € (1,2) in dimension 2. Escudero obtained global existence for a similar
system in dimension 1 in [13]. In dimension 1, equation (1.4) has also been studied by Clavez and Bournaveas in [5]
who prove global existence in case a € (0, 1] for some initial condition in L”(R) for some p > é and incase a € (1,2].
They also show blow-up in case a € (0, 1) if the initial condition has a small first order moment compared to its mass.
More recently, in 2 dimensional settings and for a € (0, 2), Biler et al obtained a blow-up condition for the solution
(1.4) in [2, Theorem 2.1] for large M i -Morrey norm of the initial condition.

In this paper we address the question of propagation of chaos, (we refer to [31] and next section for details) for a
similar equation as (1.4), where we replace the Newtonian attraction force with a less singular interaction kernel. Let
@ € (0,2), and on R? define

| |2—af

and  Ko(x) = VW, (x) = ——,

Wl/ = 9
) 2—-a [ x|

(with the convention ”% = In|x|”). For (a,a) € (0,2) X (0,d) and N > 1 let (Z;')izl,...,Nq,Zo be N independent a-
stable Lévy flights on R (more precisions will be given about a-stable process in the next session), (XM ,Xév Ny
a random variable on R4V independent of the N Lévy flights and consider the particle system evolving on R? defined
as

t N . .
X=X A [0 Ko - xas+ 2 (15)
I

2
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We expect that when the number of particle goes to infinity, and the family of initial condition is assumed to be
po-chaotic (see [31, Definition 2.1]), the above particle system approaches the following nonlinear PDE

8ipr + xV - (Ko % p)) + (=A)2 p, = 0
Pr=0 = Po-

(1.6)

This nonlinear conservation equation, which will be referred as fractional Keller-Segel equation, is solved by the time
marginals of the process solution to the nonlinear SDE

X, =Xp +)(f f Ko( Xy =y)psdy)ds + Z;,  ps = LX), (1.7
0 R4

with (Z,);s0 an a-stable Lévy flight on R¢ independent of X.

Notation :

e Lebesgue and Sobolev’s norm: In the rest of the paper (and sometimes above as well), v.p. stands for the Cauchy
principal value of a singular integral, || - ||z» is the L? norm on R, || - ||zpnze = || - llzr + 1| - ||z« and | - |ps(ray is the
fractional Sobolev semi-norm of exponent s € (0, 1) defined as

_ 2
lul; S(RY) I=f lux) = uG)F dxdy.

|X _ y|d+2s

e Norms and inner product on the Euclidean space : the Euclidean inner product on R will be denoted either x -y
or {x,y), and sometimes the latter notation will be used for the inner product on other spaces when it will make

sense. We will also use the notation (x) = /1 + |x|2, and for x € R,
m,(x) = (x)*.
The unit ball on R¢ will be denoted B, its complementary will be denoted B¢, and the ball of radius r > 0, BB,

e Probability measures : For a functional F on R andi=1,---,N wenote V;F = Ogi—@-nF, -+ ,04F) € R,
and the notation X’ will stand for the integration variable (xq, - -« , Xt-1, X, Xg11, -+ , Xy) in RN .
The notation P(E) stands for the set of probability measures on E, Psym(E" ) for the set of symmetric probability
measures on EX, and Psym(EN ) for the set of sequences of symmetric probabilities on EV, i.e. invariant by
permutation. W), is the Wasserstein metric on P(RY) of order p > 1. For T > 0, the notation D([0, TT; RY)
stands for the cadlag (right continuous with left limits) paths on RY, or equivalently the Skorokhod space from
[0, T1toR?. We define e, : y € D(0, T; R?Y) - y(f) € R the evolution map at time ¢, and for p € SD(Z)(O, T; Rd))
we implicitly associate the family of probability measures (o, € P(Rd)),E[O,T] defined as p, = e#p.
All the probability measure at stake in the paper are assumed to admit a density with respect to the Lebesgue
measure, and the confusion will be abused between measures and their densities.

¢ Finally, the dependence of some generic constant C on the parameters of the problem will always be expressed
in its indexation. We define the functional @ as

O(x,y) = (x—y)In (f) , Y(x,y) € (0, 00) X (0, 00).
y
Recall that for any x,y > 0 it holds (see for instance the inequality below equation (6) of [34])
2
D(x,y) 2 4(Vx— \5) (1.8)

The rest of the paper is organized as follows. In Section 2, we make some luminary discussions about propagation
of chaos and a-stable processes, and state the main results of this paper after recalling the state of the literature on
3
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similar problems. In section 3 we obtain a priori bound on some quantities of interests for the underlying particle
system, by entropy dissipation method or stochastic calculus. In section 4 we adapt some classical coupling method
for interacting diffusion which enables to conclude the compactness argument in the diffusion dominated case. In
Appendix A, we pursue an informal discussion aiming at enlightening some technical limitations of the main result in
the fair competition case. Appendix B discusses the case of non singular interactions @ < 1, and Appendix C contains
a delayed proof.

2. Preliminaries and main results

2.1. Propagation of chaos

In this paper, we address the question of propagation of chaos for the particle system (1.5). For the sake of
completeness we recall some basic notions on this topic, and refer to [31] for some further explanations. We begin
with the

Definition 2.1 (Definition 2.1 in [31]). Let (uy)ys1 be a sequence of symmetric probabilities on EN (uy € Psym(EN ),
with E some polish space. We say that uy is u-chaotic, with u € P(E), if forany k > 2 and ¢, - - , ¢ € Cp(E) it holds

k k
th f ®¢IMN:I—[(I¢/M)
—+00 EN j:] j:] E

Let us give a short comment about this definition. Consider (u#y)y>; a sequence of symmetric probabilities, u-
chaotic in the sense of the above Definition for some u € P(F) and let (Xy)n>1 be a sequence of random vectors on
EY of law uy for each N > 1. The chaos assumption then implies that asymptotically in N, the correlations between
two different components of Xy is small, and each of its components follows the law u . In other words that uy
behaves like u®" as N goes to infinity. Then we need the important

Proposition 2.1 (Proposition 2.2 of [31]). Let be (uy)y>1 be a sequence of symmetric probabilities on EN (E a polish
space), (X', --- , XN)n=1 a sequence of random vector of law uy, and uy = ﬁ Zf\; | Oxi the emprical measure associated
to this vector. Then

(i) uy is u chaotic if and only if (uy)ns1 converges in law (weakly in P(E)) toward u € P(E).

(ii) The sequence of random variables (1n)ns is tight if and only if the sequence of law of X' under uy is tight, or
equivalently if and only if the sequence of the first marginal of the uy is tight.

Our aim is therefore to prove that the dynamic (1.5) propagates chaos i.e. that if one starts this dynamic from
some initial condition which law is pg-chaotic, the law of the solution at time ¢ > 0 to (1.5) is p,-chaotic, with p, the
solution at time ¢ > 0 to (1.6). Or equivalently, due to the above Proposition, to prove that

N N
1 (L) 1 (L)

N_ 1 o L N_ L AL

Hy = NZI:% NP0 = V>0, = NZ:‘(SX. P

i= i=

Implicitly, such a statement requires a good knowledge of the well posedness of the limit problem (1.6). When this
knowledge is not available (typically when the singularity of the kernel K|, is too high), one can not expect such a
strong result as it does not make sense to talk about ’the” solution at time ¢ > 0, p;,. However one can look at a weaker

result of the type, if

—+00

N
1 (L)
N _ AN
Hy = N g 5)(;] N Lo,
i=1

then there exists a subsequence of the ((yﬁ\’ )te[O,T]) converging in law toward some (possibly random) ()07 €

N>1
P (D(O, T; R4 )), which solves to (1.6) and such that g = py. in this case we say that we derive a convergence/consistency
result, rather than propagation of chaos result.
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2.2. a-stable processes with index a € (1,2)

Let M be a Poisson random measure on R* x R of intensity Lebx A where A is a o-finite measure on R¢ satisfying
f (Jx* A DAdx) < oo,
R4
(see for instance [9, Definition 2.3, Chapter V]). Denote M its compensated measure, i.e.

M(ds,dx) = M(ds,dx) — dsA(dx), 2.9

, and denote (Z;),>o the following Lévy process

Z, = f xM(ds, dx) + f xM(ds, dx). (2.10)
[0,£]xB [0,¢]xB¢

The first stochastic integral in the r.h.s. converges in the sense of the Cauchy principal value i.e.

f xM(ds,dx):hm( f xM(ds,dx) —t f x/ldx) a.s.
[0,/]xB =0\ J[0,/1xB\B, B\B,

Due to Ito’s rule [1, Theorem 4.4.7, p 226] we have for a test function ¢ smooth enough

x - Vo(Z, YM(du, dx) + f x - Vo(Z, YM(du, dx)

[s,£]xB¢

¢(Zs) =p(Z;) + f

[s,/]xB
+ f (p(Zu +x) = §(Zy ) — x - VP(Z, ) M(du, dx).
[s,¢]xR4

In the particular case

dx

Aldx) = Cda W’

Z, = f xM(ds, dx),
[0,71xRd

Wwe can rewrite

since fo xA(dx) = 0, and then

¢(Zs) =p(Zs) + f (H(Zi +x) = ¢(Z,))) M(du,dx)

[s.]xRY

! Z,+x)—¢(Z,)— x-Vo(Z,
+cd,afv.p. 4 ) — ¢Z) = x- Vh( )dxdu.

s ]Rzl

|x|d+u

@2.11)

This particular choice of intensity makes of (Z;);»o defined in (2.10) an a-stable Lévy process, i.e. (Z;)s>0 has the same
law as (u~!/ “Zu)rs0 for any u > 0. Necessarily, such a process can only exists for a € [0, 2] [9, Exercice 2.34, Chapter
VI, the case a = 0 corresponding to the null process, and the case a = 2, to the standard Brownian motion. It is
well known, but we also see from (2.11), that the infinitesimal generator of the a-stable Lévy process is the fractional
Laplacian of exponent a/2 defined in (1.2). It follows also from (2.11) and classical properties of Poisson random
measures that for any smooth function ¢ the process (M,).»¢ defined as

/ Z, —$(Z) -z Vo(Z,
M, = $(Z) - $(0) = ca fo vp. [ 2%t Tz(|d+3 Vo),

xdu,
]Rd

is a martingale, and the a-stable Lévy flight (Z);»¢ is the only process such that (M,),>o defined as above is a martin-
gale.
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2.3. Main result

We now give some comments on propagation of chaos results for similar systems as the one studied here, already
existing in the literature after which we will give the main result of this paper. We emphasize that there are only a few
results of propagation of chaos for particle system with singular interaction and additive diffusion, beside the ones we
recall here. They rely essentially on the fact that the diffusion is non degenerate, and in particular the strategy would
not apply for second order system with a diffusion only in velocity.
We introduce three different cases. When a > a we say we are in Diffusion Dominated case, when a = «, in Fair
competition case and a < « in Aggregation Dominated case. This terminology has been introduced by Carrillo et al
(see for instance [6, Definition 2.6]) and is based on the homogeneity analysis of the free energy for which the system
they study is a gradient flow (in Wasserstein metric). However, the presence of fractional diffusion here makes difficult
to write equation (1.6) in a gradient flow form (in usual Wasserstein metric see for instance [12]), and in some sense
we abuse their terminology. Nevertheless note that the classical 2 dimensional Keller-Segel (which is a = @ = 2) falls
in Fair competition case, as they define it, as the sub-critical Keller Segel equation (i.e. 2 = a > « > 1) studied in
[18] falls in the Diffusion Dominated case. So that the extension we give here of their nomenclature is not completely
senseless.

We begin with the Aggregation Dominated case, as it is the less understood of all. To the best of the author’s
knowledge, there is no result without cut-off, except for the case a = 0 that is without any diffusion at all. In [8],
the authors consider the case ¢ = 0 and a € (0,2), as the absence of diffusion makes possible here to control the
minimal inter-particle distance, thus the singularity of the interaction, but under some very restrictive assumptions on
the initial distribution of the particles. As for cut-off result, Huang and Liu treated the case @ = 2 and a € (0, 1) with
logarithmic cut-off of order (In N )~1/2 in [22]. More recently Garcia and Pickl treated in [17] the classical Keller Segel
case a = @ = 2 in the sub-critical sensitivity regime y < 4, with polynomial cut-off of order N=° with & € (0, 1/2), but
it is likely that the coupling techniques they used, can be extended to the full Aggregation Dominated case, provided
that one controls the L* norm of the limit solution.

For the Fair competition case, the only existing result to the best of the author’s knowledge, is the one of Fournier and
Jourdain [16, Theorem 6] for the classical Keller Segel equation.

Finally the Diffusion Dominated case is the easiest as far as propagation of chaos is concerned. Godinho and Quininao
treated the case a = 2, @ € (1,2) in [18]. Let also be mentioned that when a = 2 and a € (0, 1), the interaction K, is
(1 — a)-Holder, and the propagation of chaos follows from a recent and more general result by Holding [21, Theorem
2.1]. This result provides convergence rate in Wasserstein metric, and is very different from the other results quoted
in this section. Nevertheless, this result is obtained by taking advantage of the diffusion, and could not be stated in the
deterministic case.

To summarize, the Newtonian interaction is critically controlled by a classical diffusion, and a less singular than
Newtonian interaction is perfectly controlled without any diffusion at all or with a classical diffusion. As these two
cases correspond to the two extremal exponent for stable Lévy process (a = 0 and a = 2), a natural question to
investigate is, which type of singularity can be controlled by a fractional diffusion. It is the object of the main result
of this paper given in the

Theorem 2.1. Let be T > 0.

Diffusion Dominated Let be 2 > a > a > 1 and ((va’l, S ,XZN’N),EIO,T])N>1 be a sequence of solutions to equation (1.5) with

initial condition of law (pg’N )N with pg € Llog LRY) N P(RY) for some k € (1,a). Then the sequence

>1

((% f\il 6XrNj)ze[0,T])N21 converges in law P(D(O, T; Rd)) 10 (p1)rejo,1) the unique solution to equation (1.6) in

LY0,T; L' n LP(RY)) for any p € ( d d ) starting from py.

d—a’ d-a

Fair Competition Assume that a € (a*,2), = a and y € (0, x(a)) for some given real a* € (1,2) and function y : (a*,2) —
(0, ). Let ((XtN’l JERRIN XfV’N),E[O,T] Vel be a sequence of solutions to equation (1.5) with initial condition of laws

(F 8’ )N>1 € Psym(RdN ) being po-chaotic in the sense of Definition 2.1 and satisfying

sup | (x1)*F)(dxy,- -+ dxy) < e,
N>1 JRdIN
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for some k € (1,a). Then there exists a subsequence of ((% fil 6X;')t€[0 T]) which converges in law in
T1/N>1

PO, T;RY) to (Pt)refo.r], a solution to equation (1.6) starting from py € P (R which satisfies for any

e€(0,1)
T
f f lx = yI*ps(dx)ps(dy) ds < 0.
0 RIxR?

Remark 2.1. In the Diffusion Dominated case, the result could be extended to the case where the initial condition

is not necessarily tensorized. Actually, we could perform the proof with a sequence of initial condition (F (])V )N>l

Psym(RdN) which is po-chaotic in the sense of Definition 2.1, and satisfying
suprlf F'InF} < oo, supf (x1)Fy < oo.
Nz1 RNV N21 JRIN

But as it is customary in propagation of chaos result, to start from i.i.d. initial conditions, we will do so for the sake

of simplicity.
In the Fair Competition case, the limitations a € (a*,?2) is mainly technical. In practice, a* is equal to 1, and y(a) can

be defined explicitly as
r(shr(s)

x(a)=2"" :

d+a-1
VAT (57)
see Appendix A for further considerations on this topic.

We emphasize that this result is, to the best of the author’s knowledge, the first propagation of chaos result with
singular kernel and anomalous diffusion.
Let us briefly sketch the proof of this theorem. In both Diffusion Dominated and Fair Competition cases, the key
argument is given in the

Lemma 2.1. Let (((va’i)tzo))izl,-<~,N)Nzl be a family of processes such that for each t > 0 and N > 1 the law of the
random vector (va “Viz1, n is symmetric, and for some p > 1 and T > 0 it holds

T
supE [ f XM — x§V-2|<1‘a>Pds] < 0. (2.12)
N21 0
Then the family of laws of the processes ((JN)er0.r1)n=1defined by
t 1 N
JN = f — Z K (XM — xNhygs,
0 N k>1 A ‘

is tight under P.

This Lemma can be seen as a particular application of the Kolmogorov’s tightness criteria in a mean field settings
and has been much used in similar problems (see for instance [16, Lemma 11], [15, Lemma 5.2] or [18, Lemma 4.1]).
For the sake of completeness we detail the proof below

Proof. Forany 0 < s <t <T wehave

-

1 ' ,
== D - x] ™
Nj>1 S
1 T . 1/p
<=l 2, ( f X - Xff”l“‘“"’du)
>1 WO

j>1

g 1 L N,j(1— ' T
<|t—sl” [1+sz(; X" - X 1=0p gy | = It—slpZN’p.
7



/ Procedia Computer Science 00 (2019) 1-45 8

Then for R > 0 let us denote

la(s) — DI _

KR = {h e C([0,T],RY), h(0) =0, <R},

0<s<t<T |S - t|p/

which is compact by Ascoli-Azerla’s Theorem. Then using Markov’s inequality and the symmetry in law of the va !
yields

i}g]}” ((va)ze[o,r] ¢ ‘KR) = ?vlgp (Z,(,)p > R)

<R i]l;[l)]E [Z}\;,p]

T
=R! (1 +supkE [f XN — Xﬁv’zl(l_")pds]) ,
Nzl 0

and the sequence of laws of ((va )’EIO’T])N>1 is tight (see Definition before Theorem 5.1 of [3]), since for any £ > 0, we
can choose R large enough such that it holds

SupP((JlN)te[(),T] 3 (](R) <e&.

N>1
U

There now remains to obtain the bound (2.12) from the particle dynamic (1.5) but this estimate is obtained with
different techniques in the Diffusion Dominated and the Fair Competition case.

For the Fair Competition case a = @, we follow in Proposition 3.4 the strategy of [16] (see also [28]). Namely, the
strategy relies on the following formal Ito’s computation. If for £ € (0, 1) we denote ¢(x) = |x|® and Z,l’2 = XZN . —X,N 2,

since M| — M, E olapy 1, stochastic calculus for jump processes formally yields

N
¢(Ztl’2) = ¢(Z(1),2) _ ft/\/_(‘:'ngzIs—zZ‘lsz . [Z (K(Y(Z‘:’k) _ Kry(Zz’k)) ds — ft 2/V_8 |Z§’2lg—a ds
0 N k>2 0 N
1,2 1/a.,\ _ 12\ _slja,. . 12 2.13)
+ L e (¢(212 + 2"x) - ¢ (212) - 2ex - Vg (212)) My (ds, dx)

+ f 21y . Ve (z}f) M,(ds, dx).
[0,f]xR4

Using the symmetry of the roles played by the particles yields

E <2(N-2)E [|ij-" |H] .

N
23272 (Z (Ka(z*) - Ka(Zf"‘))]

k>1

Now since M (ds, dx) has the intensity dsc,, \xtl%’ and by definition of the fractional Laplacian we have

E [f <¢ (Z;:Z + 21/ax) - ¢(Zj,;2) _2lax.vg (Z;iz)) My(ds. dx)]
[0,¢/]xR4

[(o [ G20 2 0e wo(e)
Cd,a
0 R4

=E dxds

|x|d+a

=2 f E [(~A)YP¢(Z!)] ds = 2ec,4 f ’]EDZSI,ZP_G] ds,
0 0

8
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where we used the definition of the fractional Laplacian by Fourier multipliers in the last line. Finally since the last
term in the r.h.s. (2.13) is a martingale, in the end we obtain

T
supE [IX)! = X3 | 2 2(ceq — x) sup f E[1x) - X)) ds,
Nx1 N>1J0

which yields the desired bound (2.12) with p = Z_;f for some ¢ € (0, 1), provided that y € (0, SUP ¢ (0.1 c&a). Of course
this scheme of proof is only formal as we can not apply Ito’s rule with the non smooth function ¢(x) = |x|® and we
have to replace it with a mollification ¢, (x) = (|? +1%)*'? for any n > 0. But the fractional Laplacian of this mollified
function can not be explicitly computed, and have to be estimated by below (see Lemma 3.2). In Appendix A we
develop the formal computation (2.13) in order to give a sharper idea of the critical value of the sensitivity y

For the Diffusion Dominated case, we follow in Proposition 3.3 the strategy of [15]. Namely the law of solutions
to (1.5), F¥ = L((XM)ic1. v) € Pyym(RN) solves the Liouville equation

N N N N

1 F (e, xi+2,5xy) — F (xp,- L xy)

aFY + Vi-{ﬁ > Ka(x,-—x,-)Ff’}+ > Caap.v. fR - R dz=0, (2.14)
i=1 JEI i=1

for the initial condition F’ |]tV: 0o=F (’)V , the law of initial conditions of (1.5). Since we assume that these initial conditions
are i.i.d. of law py € LInL(R?) i.e. F {)V = pgN , estimating the entropy dissipation along the Liouville equation (2.14)
yields the following uniform control
T

supf IN(FNydt < oo.

N21J0
where 77V is the normalized fractional Fisher information defined on P(R%V) as the dissipation of entropy along the
fractional many-body heat flow

N X y

11 O (Fn(X)), Fn(X))

INFy) = == Z f f (FrX; k )dxdyde-l. (2.15)
2N = Jriv-n Jrixme [x — y|d+“

Thanks to natural properties of this Fisher information (Proposition 3.1) and Sobolev’s embeddings (Lemma (3.5)),
this control implies the desired bound.

In both cases, once the bound 2.12 is obtained, by Lemma 2.1 and point (ii) of Proposition 2.1, the family of the
laws of the sequence of empirical measures ((ﬁ Zf\; 0 sz)te[o’T])N>1 is tight. Thus by Prokhorov’s Theorem (see for
instance [3, Theorem 5.1]), there exits a subsequence converging in law to some limit point (o;)f0,r] as N goes to
infinity. In Theorem 3.1, we show that this limit point almost surely solves (1.6) for the initial condition py.

In the Fair Competition case, this solution almost surely satisfies for any & € (0, 1)

T
f f lx = yIFps(dx)ps(dy)ds < oo.
0 RIXR

This information is not sufficient to conclude to the uniqueness of this cluster point, and we obtain only some conver-
gence/consistency result in this case as in [16].

In the Diffusion Dominated case, this solution satisfies almost surely, thanks to Corollary 3.1

T T
f T py)ds = f f (D(P.v(x),dps(y)) dxdy < oo,
0 0 Jraxwe |x—ylHte

so that thanks to inequality (1.8), it holds almost surely p € L*((0,T), HY*(RY)), and thus by Sobolev’s embeddings
p € L'((0,T), LP(RY)) for any p € (1, ﬁ) In Proposition 4.1, we use some rather classical coupling method to prove
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that there is at most one solution to (1.6) lying in L'((0, T), LP(R¢)) for some p € (ﬁ, oo). In other words, there is

one and only one accumulation point (for the convergence in law) of the sequence <(,\i] Zfi x XN.i)fe[()7T])N>] , which is
., >

the unique solution to (1.6) lying in p € LY((0, T), L?(R%)) for some p € (ﬁ E) Which yields to the convergence
in law of the full sequence, and concludes the proof.

d
® Theorem 6 of [16]
2 ' Theorem 1.8 of [18]
/ Theorem 2.1
V.
«
0 2

a

Figure 1. Topography of propagation of chaos results without cut-off for equation (1.6) in the plane (a, @). It seems delicate to make sense out of
equation (1.6) in the region @ + a < 1, since moments of order at least 1 — @ on p are needed to make sense of the term (K, * p), and —(—A)%/?
propagates moments of order at most a (see Lemma 3.3). See also Appendix B for some results in the case @ < 1 depending on whether @ > a,
l>a>aora<l<a<?2.

Remark 2.2. Note that we have not said anything so far regarding the existence of solutions to the particles system
equation (1.5). The difficulty comes from the non smoothness of the drift coefficient. However this can be solved by
mollifying the interaction kernel, and showing that the family of the (unique due to classical SDE theory) solution with
such a mollified drift is tight in the mollification parameter for fixed N. But as the computations done in the proofs
of Proposition 3.3 and 3.4 show the tightness uniformly in N with the not mollified interaction kernel, they a fortiori
show the tightness in the regularization parameter for the regularized system with fixed number of particles. Hence
with a similar strategy as described above (see also [16, Theorem 5]) it is possible to build a solution to the particle
system thanks to the tightness argument. We leave the reader check that the less singular kernel or the a-stable Lévy
noise considered here instead of the Newtonian force and Brownian motion considered in [16], do not change the
argument used by Fournier and Jourdain. However, this argument does not provide uniqueness, but it is not required
in order to obtain Theorem 2.1.

10
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3. Tightness estimate

The key point of the proof of Theorem 2.1, is the tightness of the law of the particle system (1.5). Such a result
follows from getting an estimation of the expectation of some singular function of the distance between the first and
second particle (by ex changeability), but this estimate is obtained with very different techniques in the Diffusion
Dominated and the Fair Competition case, as explained in the sketch of proof.

3.1. Useful estimates
In this section we provide some basic estimates which will be used later in the paper. We begin with the
Lemma 3.1. The following properties hold.

(i) Foralla,b > 0and a,B > 0 we have
(ea —Bb)(Ina —Inb) > (a - b)(a - p),
with equality if and only if a = b.
(i) The functional ® defined on (0, c0) X (0, c0) as ®(x,y) = (x — y)(In x — Iny) is jointly convex.
(iit) For any k > 1 and x,y € R? we have

(O 2x = Y 2y) - (x =y 2 0.

Proof. (i) By symmetry of the role of a, b, a, 8 we only treat the cases a > b, > S and a > b, < . In the first case
we easily obtain, since x — In x is increasing

(aa —bB)(Ina —Inb) = (@ — Ba(lna —Inb) + B(a — b)(Ina — In b)
2 (a@-pPla-b),
because since x — In x is concave, it holds

(Ina-1Inb) > (a—b)’
a

with equality if and only if a = b. On the other case we get

(aa — bB)(Ina —Inb) = a(a — b)(Ina — Inb) + b(Ina — In b)(a — B)
> (@ - pB)a-D),
because it holds

(Ina-1Inb) < (a;b)’

which concludes the proof.
(i) direct computations yields

1 _1
V2D(x,y) = (x +) [_Xi f’),
Xy

which is nonnegative. (iii) The functional m, : x € R? — (x)* is convex for « > 1. And then for any x,y € R4

(Vm,(x) = Vm(y)) - (x = y) 2 0.

11
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3.2. Fractional Laplacian and fractional Fisher information

In this section we provide the key arguments from which the tightness of the law of the particle system will follow.
We start with the tool needed in the Fair Competition case. It consists roughly in giving a bound from below of the
Ito’s correction of the process (|Z;|%)>0 With € € (0, 1) and (Z;)»0 some d-dimensional and a-stable Lévy process.
Precisely we have the

Lemma 3.2. Letn > 0, £ € (0, 1) and ¢,, defined as
by xe R (WP +77) =P ),
n

Then for any a € (1,2) there exist some constants Cy4,cq > 0 such that for any x € R it holds

82 Cqd
212 —a)

¢7](-x + Z) - ¢U(x) -< V¢n(x)

|Z|d+a

dz > 1S ( (x> + 72) 7 |+ - scg,a|x|8“‘) ,

RY
with

c _( 2—-¢ N 1)
o Vé—eB-a)e ag)’

{ Lifd=2
Ca = S92 p(d=1 3\ : .
SHlB(4h.3) ifd > 2,

where B stands for the beta Euler function.

Proof. Letbe x,z € RY x RY, 7 > 0 and define ¢]" as

¢ (1) = (|x + 1z + 772)i .
Then straightforward computations yield
&2
@YD =e@x+)(x+f+17) 7,
2
@) (0 = g(lx+ 2P +17) 12 (e - 2X2,, + 1),

@5)V0) = s —2) (I + 12 +77) * 1 (6 — DX, . + 3Xer).

WithXx,t,z=<x+’Z A>(ﬂ)%

Pzl Tl / \[erizP
Then Taylor’s formula yields
-0 - @O 6D =60 - 67O
R |Z|d+a lal<ixd |Z|d+a
97" (1) = ¢;°(0)
d+a dz
lzl=x] Iz

(@5 (0)
= -y
fzw Dgpira

LENOW Y de
+Llslx [j(; TR dt) ||4+a

D - 470

|Z|d+a

z]>]x]

=L+ 5L+
12
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o Estimate of I,
It is direct to obtain, rewriting x = |x|o7

_ 2 2

e 2 e z X |x|
L=: 2+22f a2 (=, Z) —— +1|d
1SRN AL I L (=il B

Ix|
_ 5 2 2-d- x> d-1
=3 |x| +77 f L{Il ”(]+(a 2) {0, o0)? et 2) drdo
_enpn. nE (T 1-ag | ) , I J
= 5 (WP +7) | | 1+ =200 s do
=S ()T g 4 Lt oo
=2 IS4T] WP + 17

When d = 2, we write oy = (cos(6p), sin(6y)) and then we have

Joos (0 00)* do ~ fozn cos?(6p — 6)do 1

ISe-1] B 21 T2

When d > 2 we find by changes of of variables (see for instance equation (61) of [33])

o) d d-2| o d-2 _ (4t _
fSH (.0 do _ 5 sin?2(0) cos*(0)d6 = > |B( : 3) Vr! ( : ) (d : g)
0

S4-1] |S4-1] [S4-1] 2 2 2

r(4)

It can be numerically checked that ¢; < 1/2 for any d > 2, so that we obtain

ST o eS| 52 (1 =2cy)lx* + 1
I = + T ey 2, T | 2-a
e (I +7°) * I ea (I + %) 7 1 i
2. 1Qd-1 _
S o NG
_— + .
> S5 g (W) T i
o Estimate of I,
In the case |z] < |x| we easily get
|x +tz] 2 |x| — #]zl > (1 = )|x],
and since 2
(e-HX> +3X| < ,
| <
for X € (-1, 1), and we deduce
2,X\(3) =313 &-3 2
(¢, ) (D < &2 = eI |2°(1 = ) ——,
4-¢
therefore . ;
e2-¢e) 2 (f 1 3 |zl
I > - (1 =0%"dt]|x? d
2 Va-¢e\o K<y |24
B 2 - &)|ST!| e
eB-a)Vd-¢

o Estimate of I5
Note that if |z| > |x| then
—(2P + 777 = =¢5%(0) < =5 (0) = —(IxI* + 7°)*

13



/ Procedia Computer Science 00 (2019) 1-45 14
then since ¢;"(1) = ¢;,“(1), we have

se [ -6 O,

[zl |z|d+a
¢y (D) = 5°(0)
> ———dz
l2l>1d |z]4+a
X. ’ 1 X,Z
f (9,7 (0) + fo (& )P - tydt J
= z
k2l J2f+
2 L 25 : 1
_ f Pl ) 2 o2y, f f @O0 = Dl drdz
1) Jzf+e jel2lx Jo
1
- [ @@ - o,
|z|>]x] JO
but recall that s
g2 +1x |z + tx]?
52 (F) = v +72) 7 Pl Ee-(E, E ,
(@50 = el +0x +17) T 1| (6 - 2) o] Fenf e
and since |z| > |x| we easily get
|z + tx] > |z| — tlx] = (1 = D)|x].
Moreover since for any X € (0, 1)
le-2x*+1| <1,
it follows
(65" (0] < &lxl®(1 = )2
This yields
Sdfl
i N
ga
and the result holds with the desired constant. O
Remark 3.1. Also recall the bound for any € € (0, a)
— (=D)"(me)(x) < Cyomea(), (3.16)

see for instance [26, Proposition 2.2, (18)].

Next we need some tools for the Diffusion Dominated case @ < a. As this case is close to the one studied in [18]
which relies on properties of the classical Fisher information, we need to extend those properties to the anomalous
diffusion case. Such a fractional Fisher information has not been very studied in the literature. The main results in
this domain, to the best of the author’s knowledge, have been obtained by Toscani [32], also note the contribution
of [19] where the author also consider such a fractional Fisher information for probability measures on the 1d torus
or the real line. The work by Erbar in [12] should also be quoted, where the author establishes some new metric on
the probability measure space, with respect to which the Boltzmann’s entropy is a gradient flow functional for the
fractional heat equation. In this purpose the author introduces a (relative) fractional Fisher information.

By definition, considering N independent d-dimensional Brownian motion and one d N-dimensional Brownian motion
is the same. Therefore establishing the Liouville equation associated to a particle system with independent Brownian
diffusions, falls by using an Ito’s formula in RN (see for instance [15, Proof of Proposition 5.1, Step 1]). However,
for any a € (0,2), a vector valued process whose components are N independent a-stable Lévy flights on R, is Lévy
processes on R?N which is not a-stable.

Let uy,- -+, uy be N independent Poisson random measures on R* X R4 with intensity ds X cd,a‘x‘ll%, and denote Zﬁv

the RN -valued process defined by

Ziv = (f 'x/:tl(dss dx)s Tt f -x/._lN(dS, d.x)) .
[0,1]xR4 14 [0,1]xR4



It is classical (see [9, Chapter VII, 3)]), since the (1;);=
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...y are independent, to obtain for any ¥

irN-zN _t ’Y, caalrel® — t N I
E[e t =e 2&_1 1,1‘ kl =¢ Zk-]d/( A)’

=(r1,"'

15

,IN) GRdN

where Y(r) = ca4|r|° is the characteristic exponent of the d-dimensional a-stable Lévy process. Let now be MY be a

Poisson random measure on R* x R? x {1 - -

, N} with intensity Nds X cgq|x"dx x U ({1,

V= f (O1=1X, -+, 8=y x) MV (ds, dx, dl).
[0.7XRIx{1-- N}

N}) and denote

Hence it holds due to classical properties of Poisson random measure (see [9, Theorem 2.9, p 252] for instance)

Then it follows that the law F¥ =

with za, = |0, --
————
2(k-1)

- 1 N iR Ok d
E [eirN-Z,N] — e_fo caaV-P- fpa ¥ 21:1(1_‘3' k=1 Lk )N‘ ‘dia ds

= etz"N:‘ caV-P- fpa (1) pizdx _ o Tk )

= L(ZV) = L(ZV) solves the many-body fractional heat equation

N
GFN XM+ f
= RaN

Fiv(XN + zak) —
|Z|d+a

FN(XN
o ( ))dZ:O,

2(N-k)

equation. For a probability measure FV € P(RV) introduce the normalized Boltzmann’s entropy

then it holds

d NNy _ _
dtﬂ (F) = N

ZIH

Henceforth we consider

1 = FNXN + zay) — FN(xV
f L+ FYxX™) [ > pv. f r( Zaj) (XD,
RN — R¢ ||+

HN(FN) = % f FN(x)In FY (x)dx,
RaN

daxV

o (F¥OEY +za0) - N X)) In F¥(XY)
Z f Py f dzdXx™
Rd4N

|Z|d+a

k
i f f (FNGXN) = FVXN + zay)) In FY (XY + zay)
RdN

the functional defined in 2.15 on P(RN) as

15

dzdx"
|Z|d+a

11 i f f (FNOXN + za) = FY(XM)) (In FY (XY + zap) — In ng(XN))d
EN =1 R4N R4 |Z|d+a

N N N N N
11 FN(XY + zap), FN(XV)
- Zf p.v.f ( v )ddeN.
2N — Jrav Rd 7|+

(3.17)

0,21,22,0-++,0| € R and z = (z1,22). Next we look at the dissipation of entropy along this
————

zdX"
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. & (G (XD, (X))
fiv(GN)‘ENZLd(N fR y ( e )y, o ety s
ax

11 & (Gy(x) - Gn(X) (In Gu(X)) - In Gy (X))
~ f f dXdydxh”"dxk—]9d'xk+]7"',de’
2 = JRao-n |x — y|d+a
1 Z f (Gy(x + za) — Gy(x)) (11; Gy(x + zag) — InGy(x)) dadx
N & Jpav Jra ||+
Wlth X;(\:(xl’-~~ ’xk—]9x’xk+]7”' ,xN)a

as the pendent for fractional diffusion of the normalized Fisher information (with the convention 7 = 1,).

Remark 3.2. In the classical case the Fisher information can be rewrtiten as

FN| |V; FN|
TNFN) = f v U UaxN = f L gxn
F" = N Z RAN

N
1
= NZ f V,FN . V;In FNdx",
=1 RdN

which has the same the form of the one defined in (2.15), except that the H' inner product between FN and In FN w.r.t.
the i-th component is replaced in the fractional case with the H'* inner product.

This quantity is so far an entropy dissipation, but not an information yet. In oder to properly qualify it as such, we
have the

Proposition 3.1. The fractional Fisher information defined in (2.15)
(i) is proper, convex,
(ii) is lower semi continuous w.r.t. the weak convergence in P(R),
(i) is super-additive in the sense that for GV € PRNY and G' € P(R¥), GV~ € PRHN-D) jtg marginal on R%
(resp. R*ND fori=1,--- ,N — 1 it holds
)(G) 2 I’ G+ N IN (GN.

Moreover equality holds if and only if GN = G' ® GN™.
(iv) satisfies, for any GN € Psym(]RdN ), and G* € Psym(RZk) its marginal on R2
I (GY) = T4(GY),

and for any g € P(R?)
7)™ = 1(9).

Proof. Proof of point (i)
Convexity holds form point (ii) of Lemma 3.1. We delay the proof of the fact that 77 is proper after the proof of point

().
Proof of point (if)
Nyl
L=~ Then it holds that
(2re)2

Let be (1) en, such that uf = uk € P(R*) and for & > 0 set ps(xy,--- ,x;) =

16
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uk % pg =: uﬁ’a Sk = gk« pe € P(R?*) for any & > 0, and that u** is a smooth function which is always strictly

larger than 0. Note that due to point (if) of Lemma 3.1 and Jensen’s inequality it holds

O ([ ub(X3 + 2pe()dz, [ub(X} + 2)pe(2)dz)

1 Ny
ke = L f f dxdy X/,
a(u” ) 2k Z R2k-D JRIxRA Ix —y|d+“ ey

"(X" +2), Uk (X + Z))

<— [ ASh] dddj(j d:]k k_
- IZLZ(I( N »[Rdx]Rd |x — y|d+a xdy dXype(2)dz ()

Moreover it holds (dealing only with the case j = 1 by symmetry)

» )~ ) b - i)
I () = sz D \fﬂ.{dXRd x — yld+a dxdydX

(100 X5) = (3, X)) (In b, X9) — In (7, X))
f f dxdydX*
R2k-D JRIxRA

| — yld+e

dxdydX*

. k X f‘,a ',Xk
u ke (x, X% — ube(y, Xk)) (ln (Z’wg Xk)) In (uk.a((;’xk;))
R2(*k-D) fRdXRd |x — yld+a
=&+ &.

¢ Estimate of &}
We rewrite

(Inufe(x, XF) = Inuke(y, X))
& =2 f ube (x, X% f dydxdX*,
R% R |x — yld+a

by symmetry
¢ Estimate of &)
Using point (i) of Lemma 3.1 and also by symmetry we find that

X X
(uk,a(x Xk) - uk’g(% Xk)) (kag Xk; - zkrg Xk))

&> 7 — dxdydX*
S = y

(b, X5 = by, x5)
=2 f ube (x, X% dydxdX*.
R re  uhe(x, X0)|x — yld+e

Now since the functions
(Inufe(x, XF) = Inuke(y, X))

(x, Xg) P V.p. jl;d PR— dy,

(uk,s(x, Xk) _ Mk,s(y, Xk))
(X0 - vp. [ dy.

b (x, XF)|x — yjt+a

and

k.e

are continuousfor any & > 0, we deduce by weak convergence of ube to uhe as n goes to infinity, that

(ln w (x, X5 — In k2 (y, Xk))
lim &} =2 f W (x, X1 dydxdX* = 1% k),
n—o0 R R |x — yjt+
and
o en ke k (”k’g(x’ X5 -t (y, Xk)) k_
lim & =2 u“(x, X") dydxdX" = 0.
n—oo R2k Rd

b (o, XP)lx — y|d+e
17



/ Procedia Computer Science 00 (2019) 1-45

Hence it follows that
liminf 7% (u¥) > lim inf 7% (u*®) = 7% ).

Then for almost all x,y, xa, - - - , x, € R?®*D it holds

i 2006 X, ey, X)) D, X5, ul(y, X))
50 x = yld+a - Jx = yldra

s

up to taking a sequence (&,),>1 converging to 0. Hence by Fatou’s Lemma it holds

® k X k Xk
rah= [ [ P v
R2k-1 JRIxRE [x — y|d+“

o) ke Xk ke Xk
< liminf f f W X), u™(y, ))dxdydxz...dxkzliminffﬁ(uk’s),
&0 Jrae-n JRaxmre |x — yld+e >0

and therefore
liminf 7% (k) > 1% b).

Proof of point (iif)
Let be Gy € P(R*N) and (X, - - - , Xy) a random vector of law Gy, fixi = 1,--- , N and denote
gi(xls e 7-xi|-xi+19 e ,.XN) = L(Xls e ’Xi |Xi+1’ e ,XN),

then

Gy(x1, -+, xn) = gi(xy, -, XilXiet, -+ XN)GN=i(Xiw15 -+ 5 XN) = GN=i(Xiwt, -+ 5 Xnlxr, -+, x)Gilxy, - - -

Next observe that for k < i
O (Gn(X), G (X)) = (Gy(X) - Gu (X)) (In Gi(X;) - InGi( X))
+ (G (X)) = Gy(XD) (In g (XV1X) — In gy (XY X))
with the notations

X
Xy = (X1, s X1, X, Xt 1,7 0+ 5 XN,
X{, = (X1, X1, X, Xga1, 0+, X;), if k=i the last component is x

XN = (X1, ).
Similarly if £ > i
© (Gn (X)), Gr(XD) = (Gu (X)) = Gu (X)) (In GyiXg ) — InGri(X] )
+(Gy ) = Gr(x) (In giX 1 ) = In g (XIX3 ).
with the similar notations

X yvo; = (Xiet, 5 Xk—1, X, Xge1, -+, xn),  if  k=1i+1 the first component is x

X' = (x1, LX)

Using all this yields

18

, Xi).
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(Gn(xD), Gy (x))

1 < P X
- Z f f dxdy dXk,
N RIV-) JRixRd |x — y|t+

k=1
(Gu(xD) - Gu(XD) (InGi(XD) = InG,(X)) )
VKD — GuKD) (n Gk ¢ )dxdydx;;

v Zf S R
—ijyY
X J.))

(Gy(x) - Gn(XD) (In gy-i(XNIXE ) = In gy (XVIIX]

k
2 N f fd(N ) jl;dXRd |x — y|d+a

| =

I%(Gy) =

>
dxdy X5,

GN(XX)_GN(Xy) InGy_(X{ y_) —InGn_i(X] ) N
Rl kN ~ N~ >dxdydx,kv

k
fa(zv 1 fdea |x — y|d+a

(Gn () = Gr (X)) (In (XX ) = In gi(X1X ) .
+-—f2f f ) L i )dxdydx,kv
RAN-1) JRdxRA |x — y|d+a

:=j1+jz+jfv l+j2

o Estimate of 7;:
Both terms are treated equally, so we will focus only on the i term. Using Fubini’s Theorem yields
GN(XE, XV (InGy(X;' ) - InGi(X;,) ,
’ " dxdy dX5,

11 < ;
1_ 22 S
I3 f ; fR f]m x = y|+a

Gn(X), XV (In (X)) - In Gi(X) o
dxdy dXy

2 :
fk 1 fRdW D I&kad x — yld+a

x XN HAXN (In Gi(XE ) — InGi(X ) N
( b ki )dxdy dx*

_llle:f f JGnexy,,
2N — JR2i-1) JRixRe |x — yld+a

[ Gn(x} ,, XN HdxN (1n Gi(Xy,) -

i
w2 ) PR

11y (Gixy) - Gi(X ) (InGi(X;) - In Gi(X3.) o
___fzf f k. k, )( - k. k, )dxddef-‘ziI;(Gi),
N = Jrai-n JRrixra |x — yld+a N

o Estimate of />:
Similarly we only treat 7 5 Using point (i) of Lemma 3.1 and once again Fubini’s Theorem we get

- Gi(X D) (gn-iXNTIXE ) — g (XNTXY ) N
Bl k k )dxdy %},

11 i Gi(X})
gl fy [ [l
2N = Jrao-n Jpaxre lx =yl
—i Xy,i)dXN_i)

20) ([ 8= (XN IXEDAXN = [ gy (XN

1 fZ f f (Gixy) - Gixy,
T 2N = Ir26-n JRixrd |x—y|d+a

Moreover due to point (i) of Lemma 3.1, J, = 0 only if for any k = 1
Xi—15 Xk+1, Xi € R2G-D it holds
Xty X X 15 i) = gu—i(XN T xy, oo

InGy(X.) .
i >dxdy dx*

dxdy dX¥

i for almost every x,y € R? x R? and

xl’ou. N
i
Xp—1, Y, Xgr1, Xi) = (X",

gn-i(XV -
for some u € P(R?*™N-D), But necessarily 4 = Gy_; and we deduce that
Gy =G;9Gy_;.
19
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Proof of point (iv)
Note that the symmetry of Gy yields

1 O (Gu(X)), Gy (X)) ,
™Gy = = f f dxdy dX,,.
a ( N) 2 RIN-1) JRIxRE |x - y|d+a e N

In the tensorised case, Fubini’s Theorem yields

P - f f (800 T 80x) = g T, 2Ga)) (In (g(0) T, Ca)) — In (2 [T, g(Xk)»dxdyXN
¢ RIXR |x — yld+a
N
_ f ( fR » (800) ~ g(y?ff(jgf? - ln(g(y)))dxdy) B (XY = 1(9).
On the other hand, with similar notations as in point (iii) write
Gn(X}) = GuXDgnx (XN X)),
and then
@ (G(XD), Gy(X)) = (Gy(X]) = Gn(X)) (In Gr(X) - In Gi(X))

+ (Gy(XD) = G (X)) (In gy (XY HIXT) = In gy (XY X))
> (Gn(XT) = Gy (X)) (InG(XT) - In Gr(X)))
+ (Gu(XT) = Ge(X)) (g (XN HIXT) — gnk(XVH1XD)),

dividing the above inequality by |x — y|“** and integrating over dxdydx,,--- ,dxy yields the desired result thanks to

similar computations as the one done in the proof of point (iif).
To see that I is proper, take v € P(R?) and ¢, = £ 2¢~ VI*¢7 and define vV* := (v,)® := (v * y)®N € P(RN).
Then we have

YN =l e ) = f LUACRPC)

R4 |X — y|d+a
< f Ve(®) = ve(») | In(ve(x)) — In(vz(y))?
— oyt In(ve(x)) = In(ve(y)) |x — y|d+a

dxdy

N f a) + v, 0) Iln(vg(;)) ;Vlil:iva(y))l dxdy
[x=yl=1 -

_ 2
< [ e vy DR
[x—yl<1 |x — yld+a

+ f Vex) + 7)) [ In(ve(x)) — In(ve(y))| dxdy,
e—yi>1 |x — y|d+a

Using [20, Lemma 5.8] (see also Lemma Appendix C.1 below) we find that ||V In v~ re) < &7, Therefore

oM <2 f ve(x) ( f (= YO A |x - y|-<d—““>>dy) dx < 0.
R4 Rd

So that 7 is non identically equal to +oo, and it is proper. O

Remark 3.3. All the properties established on the fractional Fisher information can be proved with the same tech-
niques for the classical Fisher information

N
1
INFN) = NZ f V,FN .V, In FNdxV,
-1 RdN

20
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using this particular form, and a slight modification of point (i) of Lemma 3.1 which reads

f

V(fg)-Ving=Vf-Vg+=|Vg > Vf- Vg,
g

for f, g two nonnegative functions. Usually, those properties are obtained with the duality form

2
I(F¥y=  sup <FN,—¢——V-¢>,
peC) (RN 4

see [20, Lemma 3.7] for instance. See also [7, Theorem 3] for the first proof of the superadditivity of the Fisher
information, i.e. point (iii) of the above Proposition, where the form

N
Ey =23 f
Ni:l RdN

2 4
v VFN| = ax" = SIVE

Hl(]RdN)s

is used.

According to [20, Definition 5.2], define for « > 1 the sets P(P(R?)) as
PUPRY) = {1 € PPR)] f (X)pldx)n(dp) < oo}
P(RY) JRI

= {r € PPRY))| M(p)r(dp) < oo}
PR

= {1 € PPRY) | My(n) < oo},

and

PR™N) := {(FV)ys1 [FY € Psym(R™) and sup f (1) FN(dxy, -+, dxy) < o).
N>1 JRdIN

In some sense we abuse the N in the notation, so we emphasize that P(R™N)is a set of sequences. For 7 € PPRY)),
define (my)ys its Hewitt and Savage (see for instance [20, Theorem 5.1]) projection on P, (R%Y) as

b7y :=f PN n(dp).
PRY)

Next define on P(P(RY)) the mean fractional Fisher information 7, as

T, (n)=supIN(my) = lim IN(7y). (3.18)

N>1

The fact that the lim equals the sup comes from the fact that the sequence (I N (71'N)) is nondecreasing. Indeed the

Nz1
sequence of symmetric probability measures (7y)s; is compatible, i.e. for any k < N the marginal on R*Y~0 of 7y is
7n—. So that my_; is the marginal on RAN=D of 7 and by point (iv) of Proposition 3.1 we have IQ’(nN) > Iﬁ,v’l (tn_1).

We now give the last technical result, which proof is delayed in appendix, and which enables to conclude to the
desired I'-1.s.c. property in the

Proposition 3.2. The functional I o defined in (3.18) is affine in the following sense. ij any m € P(PRY)) and any
partition of P, (R?) by some sets (w;)i=1... ;, such that w; is an open set in P (R?) \ (ﬂ’j_:ll wj) foralll <i<M-1
and m(w;) > 0 forall 1 <i < M, defining

@ = n(w) and ;= (@) 1y € PPRY)
Yi=0 if «=0,
21
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so that

M=

T =

M
ayy;, and Z@i=1,
i=1

1]
—_

i

it holds
~ M ~
Tum =" e,
i=1

Remark 3.4. If one considers the classical normalized Fisher information IV (cf Remark 3.3), that is the derivative
of the Boltzmann’s entropy along the classical many-body heat flow (i.e. equation (3.17) with fractional Laplacian
replaced with standard Laplacian), a similar result as the one of the above Proposition can be found in [24, Propo-
sition 3]. It based on the fact that the mean Fisher information I defined thanks to IV through a similar relation as
(3.18), is the time derivative of the mean entropy along the infinite dimensional heat flow. And then the mean Fisher
information is affine by linearity of the time derivative, the heat flow, and the mean entropy (see for instance [29]).
Another proof can be found in [20], which strategy will be followed in the proof of Proposition 3.2 in Appendix C. But
it is very likely that the lines of the proof of [24, Proposition 3] can also be followed in the fractional case.

Another proof of the affinity of some mean information closely related to the one studied in this paper can be found in
[30, Lemma A.6]. More precisely it is shown that the mean information T, associated to the family of functionals

VAR - \JFv)

N

11 (

Ny = L L f f dxdy dX"",
a (Fn) IN ; RAN-1 JRdxRd lx — y|d+a Yy

through a similar relation as (3.18), is affine. Due to (1.8), we have I aN > 4’7'01\’ . Furthermore, we claim that the
functionals T satisfies the properties listed in Proposition 3.1. So that the same result as the one of Corollary 3.1
below applies to T,. Moreover since

Ta ) = 1l
the information T, provides the required regularity at the limit. So that it is very likely that all our analysis could be
rewritten thanks to these functionals.

We now can state the key argument which enables in the Diffusion Dominated case to go beyond a conver-
gence/consistency result, and provide a complete propagation of chaos result.

Corollary 3.1. For any n € P (PR?)) it holds
Tu(m) = f L(o)(dp).
PRA)

Moreover the functional I, is affine, proper and Ls.c. w.rt. the weak convergence in P(PR?)) and satisfies the
T-lower semi continuous property, i.e. for any sequence (Fy)ys1 € P«(R™) converging toward m € P(PR?)) in the
sense that '

Vj>2,F, Sl inP@®RYY), as N — +o0,

where F 1{, denotes the marginal on RY of Fy, and / the n Hewitt and Savage projection on R, then it holds

liminf 7V (Fy) > T,(n) = f L(p)r(dp).
N PR

Proof. This result is an immediate consequence of [20, Lemma 5.6], and Propositions 3.1 and 3.2. We leave the
reader check that the last two propositions consist in checking that the family of functionals (I)ys; satisfies the
assumptions of [20, Lemma 5.6]. O

This result also provides the so-called 3-level representation of the fractional Fisher information in 2d defined in
(3.18) i.e.

To(m) = f L(p)r(dp) = sup IV (x") = lim I (zV),
P(RI) N>1 Nzl

with 7V = fso(Rd) P2V n(dp).
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3.3. Convergence/consistency of particle system (1.5)

In this section we establish the tightness of the law of the particle system (1.5) in both case @ < @ and @ = a. Note
that in both case we have that

! 1 N .
XtN’l = X(j)v’] +f0 NZKQ(X?M —Xﬁ‘\”’)ds+2:t1 = X(])v’l + J,N’1 +Z,1,
Jj>1

)

so that it is enough to show the tightness of the ((JZN ’1),5[0;])1\/)1 to deduce the tightness of the law of ((% Zfil 0 X;‘)re[o,r])

due to point (ii) of Proposition 2.1. First we need some moments estimates given in the

N>1

Lemma 3.3. Let (Xiv’l, ‘e ,XZN’N) be a solution to (1.5) with a € (1, a] (with law FZN). Then for any k € (1,a) and
t > 0 there is a constant C, such that

sup E[(x})| = f (x1YFN < Cppt + f (x1)XFY.
i=1,,N RdIN RdN

Proof. Using Ito’s formula with the C? functional m, yields
1k

i3 k=2

X 112\ 2 1 Zs
m(xl)zm(xl)—f—a(ux ) xS ds
G =m - | alt+ )X e

k>1

+ f (mX) + %) = m(X} ) = x - Vm(X})) M (ds, dx)
[0,¢]xR4

+ f x - Vm (X! )M, (ds, dx).
[0,f]xR4

Taking the expectation yields

E [m(X})] = E|m(x})] - fo ’ %aE

D (o 2
(14 ) x- 2z )| @

k>1

t B Xl — my Xl —x-V B Xl
+fE[Cz,af me(Xs + ) = melX;) = x - Vi S)dx] ds.
0 R4

|x|d+a

By ex-changeability and point (iii) of Lemma 3.1 we get

2T 2 1 P\ PVT ) 2
|1+ )" x| - 5 ((1+|xs|) ¥ - (1+[xif) x‘y).ma >0,

and then t
E [md(X))] < E [mu(Xg)] + fo E [-(-8)""m(X})] ds.
Using (3.16) then yields
E [m(X"h)| < E[m(xg"H] + fo l CauE [me-a(XI)] ds
< E[mdX})] + 1Coso

since k < a and therefore m,_,(x) < 1 for any x € R?. And the result is proved since by ex-changeability of the
particles it holds forany i = 1,--- ,N

Bloor| = B[] = [ o,
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We now give the two main results of this section. The first is the

Proposition 3.3. Let 1 <a <a <2, and (va’l, cee XfV’N) be a solution to equation (1.5) for an initial condition with
law (F))ns1 € P(RI¥N) for some k € (1,a) and such that

1
HN(FY) = ﬁf FYInFYdXx" < co.
RdN

Then for any t > 0 it holds
!
f IN(FNyds < C (WN(F{)V) + f (x1)Fy + t),
0 RdN

where C > 0 is a constant independent ofFév. In particular for any y € (0, a) it holds

T
supf sup E [IX,ZX’" - Xftv’jl_”] du < oo,
0

N>1 1<i#j<N

The proof of this proposition is based on [18] itself inspired by [15]. It relies on a control of the Fisher information.
The second result proved in this section is given in the

Proposition 3.4. Let 1 < @ = a < 2 and (X,N’l, e ,X,N’N) be a solution to equation (1.5) for an initial condition
with law (F(I)V)Nzl € P(R™) for some k € (1,a). There exists a* € (1,2), and  : a € (a*,2) — (0, ), such that if
a € (a*,2) and y € (0, x(a)) then it holds for any T > 0 and € € (0, 1)

T
Nl
supf sup IE[|X{,V” - XE “] du < 0.
N=1Jo  1sizjsN

The proof of this proposition is based on [16] itself inspired by [28]. Unfortunately, the technical limitation
a* € (1,2) is not sharp, and it seems not clear how to improve them. The proofs of both these propositions are given
later in this section.

3.3.1. Proof of Proposition 3.3

We begin the proof of this proposition with some fractional logarithmic Gagliardano-Nirenberg-Sobolev inequal-
ity. More precisely we have the
Lemma 3.4. Let be d > 2, for any p € (1, =), there is a constant C pda > 058t Yu € P(RY) it holds

> d—a

|_d(1_d=a
”u”LP(Rd) < Cp!d’ala(u) a(p a )

Remark 3.5. This Lemma can be seen as a generalization in the fractional case of [15, Lemma 3.2], in the case
a < 2. However in the case d = 2, the critical exponent ﬁ can be reached when a < 2, whereas the exponent oo has
to be excluded case a = 2.

Proof. First recall that by (1.8) for any x,y > 0 it holds

O(x,y) > 4(Vi- \5) .

so that

L) = f D(ux), u(y))
RIXRY

|x = yld*e
2
(Va0 - u() ,
Z 4 d+a = 4| W'Ha/Z(]Rd)-
RIxRY lx =yl

24
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By fractional Sobolev’s embeddings (see for instance [10, Theorem 6.5]) there is C, 4 > 0 such that

2 2
> =
| W'H"“(R") = Ca,d” \/ﬁ”LdZ—{z ® Ca,d”””

d)

L% (R9)’

, ﬁ] by interpolation inequality we have

-5, =205
a\p d a\p d
lellp ey < Ml ||”||Lﬁ(Rd) :

we conclude to the desired result since for any p € (1

O

Lemma 3.5. Let be y € (0,a) and p € (d‘f—y, ﬁ). There exists a constant C, ,, > 0 such that for any N > 2 and
FN ¢ Psym(RdN) it holds

2-,

f 1 = 0l T FV(dxy - dxy) < Cypa (1 + J;V(FN)“f(%‘T“)).
RdN
Proof. We introduce the unitary linear transformation
Y(x, 1) € RYXRY, W(xy,x) = (x1 — X2, 1)
Denote F? € Psym(RM) the marginal of FV on R*and F2 = F2o 9! A simple substitution shows that J g(F 2) =

IZ(FZ). Indeed
. DO(F? o P! F?2oy!
JZ(FZ):f f (F-o¥ (x,2),F o (y’z))dxdydz
Re JRIXRA |x — y|d+a

D(F? F?
:f f (F*(x +z,2), (y+z,z))dxdydz
R JRIXR
R

I(x +2) — (y + 2|4+

= f D(F(x,2), F*(y,2))
d JRIxR

ey edydz = I3(F).

Then

f bt = Xl TFV(dxy - dxy) = f bt = 2l 7 F2(xy, xp)dx1dx,
RIN RIXRI
= f W17 F2 (1, y2)dyidy,
R2XR4
<1 +f Ly, <1 ly1 7 F2(y1, y2)dy1dys
R2xR4

<1+ f ™ P2y,
[yil<1

where we used the unitary change of variables (y1,y,) = W(x1, x2), f? denotes the first marginal of F?. Then for
d
any p > 7=

1/p’
| |x1—x2|VFz(xl,xz)dx]dnsu( [ |y1|Wdy1) T
R2xRY i<l

2(1_2-a
a

< C%,,(l + 1;_("‘2)(]?12)),
where we used Lemma 3.4. The proof is then concluded since
L(f}) < To(F?) = TL(F?) < I}/ (F™),

thanks to point (iv) Proposition 3.1. 0
25
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Remark 3.6. Note that in the tensorized case FN = o with f € PR?) (in which we are clearly not), Hardy-
Littlewood-Sobolev’s inequality (see for instance [27, Theorem 4.3]) yields

f X1 = X2l VFN(dx, -+ dxy) = f lxy — x| 7 f(xn) f (xa)dxidxy < ClFIP
RAN RIXRI L

2d—y

But by Lemma 3.4
Ilflli% < CUL)),

so that using point (iv) of Proposition 3.1 yields
f Ixi = x| Y FN(dx; - - - dxy) < C(Iz(FN))v/a ’
RAN
which holds even in the critical case y = a, (provided that a # 2 when d = 2). The latter condition excludes the
classical Keller Segel case a = d = 2.

We now have all the ingredient to mimic the entropy dissipation estimate of [15]. Precisely we have the

Lemma 3.6. Let be a € (1,a), y > 0, and (XlN’l, S ,XfV’N),ZO a solution to (1.5) with initial law F(’)V € P(R™) for

some k € (1,a), and denote Ffv € P(RN) its law. Then forany p € (i 4

Ta d_u) there is a constant Cy p g, > 0 such
that

!
f IN(FYYds < Copayx ('HN(F{)V)+ f (xYFY +t).
0 RdN

Proof. We first prove that FV is a weak solution at time ¢ to the Liouville equation (2.14). Let be ¢ € C*(R"). Due
to Ito’s rule we get

t N
1 : i
SXNM - XNy = gD XYY + f DIV XN = N K - X ds
0 i=1 N JEI
N .
+ f (@, X0 4 2, XN = g XN =2 ViKY, - XYY)) Mi(ds, dz)
=1 [0,/]xR4

N
£ f[o T X o),
i=1 X

and since FY = £(X',---, X") taking the expectation yields
! N 1
s b = [ e xwrd e [ 3 e - Y Kot - xR ds
RN RN 0 JrRw 5 N P
t N
s X+ 2,0 — S, —7z-V: AR
+f Zf Ca Plxr, - xi + 2,0 x8) — dx - xy) =2 Vig(xy xN)sz?’ds,
0 = JIrav R Izl

which is nothing but the weak formulation of (2.14). Hence we deduce, dropping the ¢ in the notation for the sake of

26
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simplicity
1

d NN f N N
LqNENy = — F¥(1+InF
o ED =y ) A nED

= —%Zf Vi - (Ka(xi = x)FY) (1 + In FY)
]RdN

J#L

N
1 FY(xi, i+ 2, 28) = FN (e, x) N
N Ve 1+InFN(xy, -, xy)dzdx; ---d

N;LMPV fRL, |z|d+a ( nF" (x xn))dzdx XN

=0 [ e (Ko ) PG o
— R
J#L

] N (FN(x],',x,‘,XN)—FN(X|,',y,‘,XN))(lnFN(X|,',X,',.XN)—lnFN(.X],',y,',XN))
_N;Lm \[Rd

=y dxdydX)y

_X(N-1@-1

~ - X" F2(x1, x2)dxidxy — I (FV),
RIxR:

where X!, = dxi,-,dx;_1,dx;1,-, dxy and F? € P(R? x RY) stands for the two particles marginal of FV. But using
Lemma 3.5, we find for any p € ( 4 4 ) that

d—-a’ d—a
d N N N pNy1-2(1-3¢) NN
SH (F,)s)aa—l)ca,,,,a(lua(m) iG-% )—Ia(Ft)
_2(1_2
< x(@ = 1)Capa — (JaN(Fiv) — (@ = DCapa IV (FN) i (55 ))
1
< Ca,p,a,)( - EIaN(Fiv)’

so that ‘O
HN(FN) + f 5]2’ (FNyds < HN(FY) + Copayt. (3.19)
0

Then define GV = e~ X5 45 with A, > 0 being such that
f e gy = 1.
Rd

N

F
WN(ng)zf Ff’ln(—’N)+f F,’ln(GKN)Z—/le ey FN
RaN G RdN RdN

K

By positivity of the relative entropy

and summing A, fRdN (xl)KFf’ to (3.19), combined to Lemma 3.3 yields

"1
(fHN(Fﬁv) + A, f <x1>KF§V) + f ~IN(FNyds < HY(FY) + 4, f (X1 F) + (Capay + ACas) 1
RdN 0 2 ’ RdN
which concludes the desired result, since the L.h.s. of the above inequality is the sum of two nonnegative term. O

Combining Lemmas 3.6 and 3.5 concludes the proof of Proposition 3.3.

3.3.2. Proof of Proposition 3.4
In this section we now set @ = a. In this case we extend the method used in [16]. In this case let (va’l S, X,N’N)tqo,n
be a solution to (1.5) and denote Z>/ := XM — XM/ note that it solves

L ! Zik 7k 2 (1 7
b3 [ B e [ 2
N Jo Gi\1Zse 1z N Jo |z

27

ds + f x(M; - M) (ds. dx).
[0,/]xR4
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Recall that (M;);=; .. y are independent Poisson random measures with intensity dscd,alxl‘(‘“")dx, and M; are their
compensated measures (see (2.9)). Denote

H e f x (M, — ;) (ds, d).
[0,£]xR4

It holds (see [9]) for any r € R4, since M, is independent of M

E |:eir‘H,'"7:| -E [eir- ot xM,-(ds,dx)] E [ Joued xM;(ds, dx)]

= o2l = ptead2V O _ [ 2T fo ez xM,-(dx,dx)],
hence by equality of the Fourier transform, it follows that
o _
HE f 2% M(ds, dx).
[0,1]xR4

Let be € € (0, 1), n > 0 and similarly as in Lemma 3.2 define

0 (x) = n8<j—7‘>8 = (I + 7).

using Ito’s rule yields

y o g e ik ik
@ (27) = (7)) - fo e (28 ) . [Z (|ZZ§f)c|a B |ZZ_{fk|a]] “

ki)
2 =2 . .2—a
f A (12P + ) 29 s
0 (3.20)
+ z’f +2x) - ¢ 2Max . Vg, M;(ds, dx)
Sy 0 7 5220) =, (27) =2V 9, (27)
+ f 21/“x-V¢,,(z§{)M,~(ds,dx).
[0./]xR
Taking the expectation yields
ij ij Jj2 S i z* z
E|¢,(Z7)| = E|,(Z; —f—sIE \ZEP 4+ ?) 2 ( - .S]ds
o2 =l ()] [ ey 203 (2 -
" 2xe L2 | 2\ | siii2-a
- [ AR ) T 2] as
r ¢ (2 + 2Yx) - ¢, (27) = 2V9x - Vg, (2)
+f E Cdaf dx| ds.
0 " Jre |x|d+a
Note that the change of variable x' = 2!/%x yields
f ¢ (Z +2Y9%) = ¢y (2) = 2V/x - Vg, () ~ Z+X) =D =X V0 D)y,
Cda R |x|d+a dx = Cda R |2- Vayr |d+a X

= 2(-A)"*¢,(Z)

28
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Also note that due to ex changeability we find

4 "
i Z( z" _ Z )
N ; ;
ZiHe |z

k#i, j

AY = E|(1Z77 + nz)#

=2

< 3 (B[(r + )7 izt e[l ) )
ket
=2 Z E [(|Z§J|2 + 7]2)% Z?j |Z§’k|1_a]
k#i

i,J
Zs

<2 Z " [((lZi” I+ 772)%2 )p]w E [|Z;1k|<1—a>p/<p—1>]<1’-1>/ﬁ
k#i
—1

e b —apl 1| DIP
<2(N-2)E [((|z§~2|2 +17) ) ] E[|Zj»2|“ ap/(p 1>] ,

for any p > 1. Choosing p =1 + % yields

—&

a-g

Ai’f <2(N-2)E [((IZ‘:’ZP " nz)sz')”} E [|Z§’2|€_a]% '

Putting all those estimates together and using also Lemma 3.2, we get

1=z

T fotE [ | A fo 2 (1207 + 7)™ | as

! =4
+ 20,54 f &Cq E[ 7122 4 2\ T 71214
adS™e | \3520 (1Z32F +77) 7 12}

(3.21)

~C,.E [|z;*2|€—“]) ds.
On the other hand, provided that 7 € (0, 1), since k > 1 > £ using ex-changeability

E[¢,(2")] < E[z}?)]
< 2B X <25 Cus

where C,,, is the constant exhibited in Lemmma 3.3. This and letting n7 go to 0 in (3.21) yields

2%+1Ca,/<,t > ftE[|Zl,2|€—a:| dS,
26 (caalSH (5o — Coa) —x)  Jo D

provided that
&caalS' ' lca

- an_] Caa )
0—a) €aalS" Coa > x

— 2-& 1 *
where we recall that C, , = ( Vco-ae + as). Now for fixed d > 2, we may define a* as

. &ECq
a* :=infla € (1,2), s.t. su — Ceqp > 04,
{ se(OPl){ 22 -a) } }
and for fixed a € (a*, 2), we define y(a) as
_ &Cq
(@) = ¢S su —Coal-
X ¢ 56(0?1){ 22 -a) }

And the proof of Proposition 3.4 is complete.
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3.3.3. Martingale method for convergence/consistency
Using now Propositions 3.3 and 3.4, we can give the

Theorem 3.1. Let be T > 0 and either | < @ <a <2andy >0ora" <a =a <2andy € (0,x(a)). Consider
(XtN‘l)le[()!T]’j:L...,N a sequence of solution to (1.5), and denote /J?] = ﬁ Zf\il (5X1N,f the associated empirical measure.

Assume that F (])V =L (Xév A ,X(I)V ’N) the law of the initial condition satisfies
FY = p3N, withpo € Llog LIRY) N P(RY), ifa > a,

or
(FY)ns1is po — chaotic, (F))ns1 € PoR™), ifa = a € (a*,2),

for some k € (1,a). Then
(i) (UN)nen is tight in P(D([0, T],RY))

(if) any accumulation point of (UM )nen almost surely belongs to S% in case a > a or S, in case a = a respectfully
defined as

T
St ={p e P(D(0.T:RM)) |p. = LX), X.solution to (1.7), and f L(p))dt < o},
0

T
S,={pe P(D (0, T, Rd))) |p. = L(X), X solution to (1.7), and f f lx — yI°%pi(x)p:(y)dxdydt < oo},
0 JRIxRI

Ve € (0,a).
(3.22)

Remark 3.7. This Theorem is mostly a retranscription of [16, Step 2 of proof of Theorem 6], [15, Proposition 6.1] or
[18, Proposition 4.2]. It is a natural step in propagation of chaos by tightness to characterize the limit point obtained
by compactness.

Proof. Proof of (i)

First the sequence (X(Z)V ,1)N21 is tight, since the initial condition are assumed to be py-chaotic. Then, we deduce from
Propositions 3.3 or 3.4 and Lemma 2.1 that ((X(I)V’l + J,I\]’l),e[o,r])]v>1 istightin C(0, T'; R9). Hence ((Xg"l + J[N’l + Z,‘ )fE[O’T])N>1
is tight in D([0, T1; RY), the space of cadlag trajectories. But using point (ii) of Proposition 2.1 concludes the proof of

point (i) since D([0, T'], RY) is Polish (see [3, Theorem 12.2]).

Proof of point (if)

Due to point (i) and Prokhorov’s Theorem (see for instance [3, Theorem 5.1]), we know that there is a subsequence
of (uY)ys1 (for which we will use the same notation for the sake of notational simplicity) going in law to some

ueP (Z)(O, T; R4 )). We now define the martingale problem of unknown Q € P (Z)(O, T;R? ))
(a) ep#Q = py,
b) Qi :=e#Q, (Q)cor; satisfies the relevant inequality of (3.22) depending on whether a = @ ora > a,
() YO<ti<--<tp<s<t<T,p, -, € Ch(R), ¢ € CAR?), F(Q) =0, with
F(Q) :=

S S TIL 66 (670 = 6v) = x [} Ko = 7u) - V(i) = V.p-Caa [y 22200027000 gz iy ) Q(dy)Q(d% .

Recall that e, is the evaluation of cadlag trajectories at time ¢ map defined as

e vy e DO, T;]Rd) - y(t) € R,
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so that condition (a) means that the time marginal Q at time ¢ = 0 is pg, and (b) means that the family of time marginals
(Q)rero.1) of Q satisfies

T T
Ye € (0,1), f f lx — I Q,(dx)Q,(dy)dt < oo, when a = a, and f 1,(Q)dt < oo, when a > a.
0 JRIxRd 0

We now show that the limit point € P (Z)(O, T; R4 )) almost surely solves this martingale problem, and divide it
in 3 steps.
o Step 1
It is straightforward that in both cases a = @ or a > a, u_ satisfies point (a), due to the fact F g’ is po-chaotic.
o Step 2
e Step 2.a
In the case a = a we use the techniques of [16, Proof of Theorem 6, step 2.3] and introduce m > 0. Due to Proposition
3.4 we get

T | - | '
—yF N = — N,i _ yN.Jjjg—a
E[fo fRded(mA v = yI* g (A (dy)ds} =32 ?j E[fo (m/\ XN~ X ] )ds]

s [
< Jo

i#]

IA

Tm
< W + C&T.

Letting N go to infinity, we find that the 1.h.s. converges to E [ fOT th’de (m A |x — Y1 Dus(dx)us(dy) ds ] since u

converges in law to u . Letting then m go to infinity yields, thanks to the monotone convergence Theorem

T
E [ f f Jx - y|8‘“ux<dx>u.v<dy>ds] ds < Cer,
0 RIXRE

and therefore ,
f f |x — yI"us(dx)us(dy)ds < o, a.s..
0 JRIXR?

e Step 2.b
In case a > a we use the techniques of [15, Proof of Proposition 6.1, Step 2]. Denote n; = L(u;) € P(PRY),
nl = fP(R[,) g®m(dg) its Hewitt and Savage projection, and F)*/ the marginal of FV on R% (recall that FN =

LX!,---,XN) € P(RM)). It is classical (see [31]) to deduce from point (i) that F\*/ converges weakly to 7/ as
N goes to infinity. Hence, using Corollary 3.1, Fatou’s Lemma and Proposition 3.3 we find

T T T
E[ f Ia(p,)dt] = f f L(g)m(dg)dt < f liminf 7% (FN)dt
0 0 JPRY) 0 Noteo

T
< liminf f IN(FMydt < 2liminf HY(F)) + CT
N—o+oo Jo N—o+oo

= 2liminf HN(p5V) + CT = 2f polnpy+CT,
N—+o00 R

and therefore

T
f 1,(u,) dt < oo, a.s.
0
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o Step 3

Regardless of @ = @ or a > «, define

0i(1) 1= ¢(X]) — f ZVcb(Xf) Ko (X} = X)ds
0

J#EI

dzds

_ ftcd PX; +2) - pX) — 2- V(X))
o g

|Z|d+a

= o)+ [ (o0x] +2 - 600 ) s,
[0,1]xR¢

Note that (O;'),E[O‘T] is a martingale with respect to the natural filtration of #; = o-(X],V ,Z],V )rs- Hence since the
(M;)=1 .. y are independent, we have,
2}

( Ly [ﬁ oi(X])
= Lo Jocx(oi- i) ol -09 17 @z

i=1
Cr

2
E [( f[ . (Xl +2) - p(x})) Midu, dz)) } <=

E[72")] = (0i(1) = Oi(5))

since (see for instance [1, point (2) of Theorem 4.2.3 p200])

2 '
E[( f (e(X, +2) - ¢(XL, )) Mi(du, dz)) ] = f E
[s,[xR4 ;

Scd,aa—s)(nwnim f |z~ dz + 4]|¢ll7 f |z|‘<"‘2+“>dz).
B Be

Cda Rd |Z|d+a

(6Xi, +2) - ¢(xi)) ]
dz|du

After which it is classical to deduce that y_satisfies ¢) (see [16, Proof of Theorem 6, Step 2.3.2-3-4]). Indeed for n > 0

define K, , as
X

Kn,a(x) ==

max(|x|?, n)®’

and define ¥, as in (3.23) c¢) with K, replaced with K,,. Note that since K,(0) = 0 it holds for any x € R? and
e (0, 1)
|Ka(0) = Koy (0] < Dyl ™ < ' =11

This implies that for any Q € P(D(0, T; R?))

I7(Q) = F=(Q)l < n'_sfffo Yu = 77 Q(dy) Q(d¥)

T
l_sf f f |z = 2" Qu(d2) Qu(dZ) du.
0

F ) = F () = Fy) + Fyu) = Fopui) + Fyu) = F () + F ),

(3.25)

Hence since for any N > 1 and 1 > 0 it holds
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using some triangular inequalities and (3.25) yields
E[F ol < B[ - ]|+ B[[F) = 6] + B (|76 = 7| + B[ |7 @]
<n'* fo 'E [ fR AT D) | du+ B (170 ) = Fou™]

T
C
+n1*8f E[f |z — 217w (dz)ul) (dZ) | du + ,/—T.
0 RiIxRd N

We fix 6 > 0. Due to Step 2 of this proof and Proposition 3.3 or Proposition 3.4 depending on whether a = @ ora > «,
we have

T T
f E [f |z — Zlg_”uu(dz)/,tu(dZ)] du < oo, supf E [f |z — Zlg_“uﬁj(dz)uﬁl(di)] du < .
0 RIxRY N=1 Jo RIXRI

We fix 7 > 0 such that
T
n'~* f E [ f Iz = 2l d)p(dZ) + f le = 217y (2l (di)} du <.
0 RIXRY RIxR4

Now since ¥, is a smooth function on P (D([O, Tl; Rd)) and " converges in law to u , we may take N large enough
such that

E[|7501) = 7] <.

[Cr
— <o
N

E{IF (ul] =0,

and simultaneously
Finally we deduce that ¥6 > 0, E [|F (u)|] < 46, i.e.

which implies # (u) = 0 a.s. and concludes the proof.

4. Uniqueness of the limit equation

Now, in order to complete the propagation of chaos result, we need to investigate the uniqueness of the accumu-
lation points of the sequence of the law of solution to equation (1.5), which have been proved to be tight in both case
a > a and a = « in the previous section. However this uniqueness can not be obtained in the Fair Competition case in
the class where lie the accumulation points. However in the Diffusion Dominated we are able to conclude to the well
posedness of equation (1.6) for an initial condition in Llog L(RY).

From Lemma 3.4, we know that any solution to (1.6) starting from an L log L initial condition is L'(0, T'; LP(R¢))
forany p € (l, ﬁ) There remains to prove the uniqueness of solution to equation (1.6) in this class. Note that this is
known in the case a = 2 and @ € (1, 2) (see [18]). Precisely we have strong-strong stability estimate

Lemma 4.1. Let be p > ﬁ,q > 1. There is a constant Coq4, > 0 such that for any X,Y random variables of

respective laws p1, p> with p1,p2 € L'(RY N Pq(Rd), it holds

E H f KX = pi(a) - f KoY - y)pz(dy)‘ X = Y1 < Cagp @ + loullr + lloalln) ELIX — YP].
R Rd

Proof. First, we notice that

®
VKo (x) = (I - e = | a7,
2
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hence, denoting X, Y some independent copies of X, Y, we find

— — — 1 1
|KQ(X—X>—KQ(Y—Y>|sc[,(|X—Y|+|X—Y|)( __ L )
X-Xlo Y -1

This yields to

EWMX—%—KAYJNW—YwﬂSCEK L 1_)m—n4
X-X* Y=Y

+ CE

1 —  —
( — 4+ _)w—nw—nkq
X -Xl* |Y-Y|*
= C + ).

o Estimate of /;: First we easily get for this term, by taking firstly the expectation on (X, Y)

1 1
Il :EX’Y [|X - quEX? |:( X ’ Y| ):|:|
TNx =X [y -ve

< Coyp (||P1||Ln(1Rd) + llo2llzewaey + o1l ey + ||,02||L1(]R1’))E [IX - Y)7].

o Estimate of I: We use Holder’s inequality to find

E_ _ 1 1 1/q 1 1/q q-1
I, <CE |X—Y|( — + _) ( — + _) X - Y|
I IX-Xl* Y=Y X -X Y-y
[ 1 1 l/q 1 1 (g-D/q
< CE |X—Y|‘1( L )] E[( _ L )lX—YI‘f}
| IX-Xjo |y -7 X-X* [Y-Y

(— - 1 1
=a€m-n% — + _)}
i X-Xlo |Y-YF

Now taking first the expectation w.r.t. (X, Y) and then w.r.t. (X, Y) yields similarly as above

I < Cag (o1l rzsee + o2l e ) B [1X = Y1)

Hence putting all those estimates together leads to the desired result, since

E”]ﬂ; Ko(X = y)p1(dy) - ,[1;/ K. (Y —y)pg(dy)' X - Y|q—l] =K [IKQ(X ~X) - K, (Y - DX - Y|q—l]

Then we can obtain the desired stability estimate stated in the

Proposition 4.1. Letbe T > 0,q € (1,a), and (Xll),e[o,r] and (X,Z)ZE[O,T] two solutions to equation (1.7) build with the
same Lévy process, and assume their respective laws p', p* € L'(0, T; LP(R%)) N P (Z)(O, T; (Rd))) for some p > ﬁ.
Then it holds .

F [|th _ Xt2|q] <E [l(\’(l) _ X(2)|q] 62t+f0 (Ilﬂil\uz+llp,illuz)ds.

Proof. Since the two solutions are build on the same Lévy process, we get

!
XY = 30 = X = 3 g [ - !
0

| &t -l - [ Ko = yppiian)] as.
R R
Taking the expectation, using Lemma 4.1 and Gronwall’s inequality yields the desired result.
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Corollary 4.1. When a > «a, the set S&, defined in (3.22) is a singleton.
Proof. Recall that

T
St={pe sD(D (0, T; Rd)) lp. = L(X), X solution to (1.7), and f L(p)dt < oo}
0

is not empty due to Theorem 3.1. But due to Lemma 3.4, if p € 8¢ thenp € L' (O, T; L‘/(Rd)), forany g € (1, ﬁ). But

d d d d

since -~ > -, one can choose g € ( , —) and due to Proposition 4.1 there is at most one solution to equation
d-a d—a d-a’ d-a

(1.7) with initial condition of law py € P(R?). O

Theorem 3.1 and Corollary 4.1 conclude the proof of Theorem 2.1.

Appendix A. On the critical sensitivity in the Fair Competition case

In this section, we develop the formal computations of (2.13), in order to give a sharper idea of the critical
sensitivity y(a) in Fair Competition case of Theorem 2.1. Using the definition of the fractional Laplacian by Fourier
multipliers (1.3), we can obtain the identity

r()r()

— (=02 (|xff) = =2 .
r(-5)r(#s=)

X", (A.1)

Applying Ito’s rule to Zi’j with ¢(x) = |x|° for some & € (0, 1) is not possible, since ¢ defined so is not C* (not even C%),
but let us perform the computations for the sake of the discussion. Coming back to (2.13) and taking the expectation

formally yields
! ik Jik
e ijl° X ijie=2 i Zy Z;
E[ ]:E[zof ]—f LeE||1ZY| Zs"-[ ( ‘ ——]] ds
I 2.\ 1z

k#i,j

- fo t ZL;EDZ,’;”IE‘“] ds+2 fo tIE:[—(—A)“/zqﬁ(Zi’j)] ds.

Recalling (A.1) and the argument used in the proof of Proposition 3.4 yields

6] + 2‘9[—2“%(1;?3‘9 —x] fo tlE[IZifj 7] ds

So that, optimizing w.r.t. € € (0, 1), the condition becomes

ij
Z

(A.2)

E [ z'

] >E Hzof

()
X <x@ 12}?5’1){‘2 r(-5)r d+g-s)s}
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1 a 2

Figure A.2. Critical sensitivity threshold y(a) for a € (1,2), in green for d = 2, in red for d = 3, in blue for d = 4, together with the asymptotic
horizontal line y = 1.

Since this appendix is rather formal, we limit ourselves to numerically check that this supremum is obtained as
& — 17 which yields
d+l a-1 d+l a1
P (o)

In particular we have lim,_,>- y(a) = 1, and the limit threshold is consistent with the one obtained for classical
diffusion in [16, Theorem 6].

x(@) =-2

In order to rigorously obtain this threshold, one should be able to prove that
lim | E[-(-8)",(2)] ds = f E[-(-8)"7¢(Z.")| ds. (A3)
n—0* 0 0

in the equality after (3.20). This seems more complicated thab in the case a = 2, where one enjoys the explicit formula

Ady(x) = & (|x + ;f)% (@+e-2)xP +dr).

So that it is clear that for any x # 0
lir(r)l A, (x) = Ap(x)
n—0*

To the best of the author’s knowledge, there is no explicit formula for —(=A) 2¢,, when a < 2, and the limit A.3 has to
be obtained by indirect arguments. So we have to bound —(—A)%/ 2¢,, by below, thus we have to use Lemma 3.2, which
implies the technical limitations a > a* and the implicit definition of y(a) in Theorem 2.1 in the Fair Competition
case.
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Appendix B. Remarks on the case @ <1

In this section, we focus on the case @ < 1, which implies that the aggregation kernel K|, is not so singular, given
that it is (1 — a)-Holder. It would be interesting to obtain some quantitative result, similarly as [21] in the case a = 2.
Stating a convergence/consistency result, in the case @ < 1 is rather cheap, given that it consists mostly in a moment
control, in view of Lemma 2.1. The bound (2.12) is straightforward in the case @ = 1. Otherwise it is a matter of
propagation of moments of order (1 — @)p for some p > 1. But due to (3.16) this is possible only if (1 —a)p < a i.e.
1 < a + a. Therefore we can expect a convergence/consistency result in the all area

{(a,2) € (0,2) x (0,11, 1 <a+a}.
Then we divide this area in three parts (see Figure 1).

e (a,) € (1,2)x(0,1)
Making the assumption F(])V = pgN with pg € LInL N PR with k € (1,a) similarly as in the Diffusion
Dominated case in Theorem 2.1, Lemma 3.3 apply and we let p = £~ > 1. And we obtain the claimed
convergence/consistency result.
Then since Lemmas 3.6 and 4.1 also apply, we can deduce to the uniqueness of the limit point and obtain a

complete propagation of chaos result.

e (a,) e (0,1)x (0, 1),1 <a+a«a
In this case it is possible to obtain the bound

T
fsupf (xl)KFﬁvdt<oo,
0 N1 JRN

for some « € (1 — @, a), but the moment estimate is more complicated than in the proof of Lemma 3.3, as for
k < 1, m, is not convex, and one can not enjoy point (iii) of Lemma 3.1. We do not treat this problem here.
Nevertheless, should this bound be obtained, it would immediately imply the tightness of the sequence of the
empirical measure, and the convergence of a subsequence to some element of the set

T
S ={pe P(Z) (O, T;Rd)) |p. = L(X), X solution to (1.7), and f f [x[“p;, dt < o0}.
0 Jr2

-a<a
The moment information is not sufficient to conclude that this set is reduced to a singleton, given the lack
of regularity of K,,. It could be interesting to try to extend the result of Corollary 3.1 in the range a € (0, 1),
in order to gain some regularity on the limit point, by passing some fractional Fisher information of low
order to the limit.

-—a=a
Here we can not go beyond the convergence/consistency result.

Otherwise, mollifying the kernel K, near the origin so that it is Lipschitz, uniqueness can be obtained by
standard coupling arguments. Hence the above strategy yields the existence of a solution to the nonlinear
equation (1.6), with K, replaced by its mollification. In the classical case (see [31]), this existence of solution
to nonlinear drift-diffusion equations is usually proved by a fix point argument in C([0, T], Px(R¢)) for some
k > 1. Here we could not use this strategy given that we can not expect on the solution moment of higher order
thana < 1.

Appendix C. Proof of Proposition 3.2

We begin this section by defining for & > 0, i, on R? as

Yelx) = g% H(Lﬁ)z.
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which is borrowed from [20]. Observe that for any x,y € R¢ x R it holds

B Il 2 b 2
DWre(x), () = (W) — t//g(y))[\/l + ( - ) - \/1 + ( - ) ] .1

< e =y We(x) + Ye(y))

Lemma Appendix C.1. Let be n € P(P(RY)) and for N > 1 define

"= | ye)*n(dp).
P(RY)
Then for any x,--- ,xy := XV 1 € RNV define p°(-|X"~1) the conditional law knowing X"~' under 7°. Then it
holds
(@)

IV In p°CIXY Dl < &7
(i) there exist constants Cep,ceg > 0 such that for any x € R4 e € S and u € [0, R]
CorP(XIXV ) < pP(x + uelXN ) < Corp®(x XN,
(iii)
DX, A X)) < AV THEXNTHOW (), Y (1))
Proof. Proof of (i):

First note that

pS(x|XN—1) — ﬂ-N,S(x, X2, 0 ,XN)

bl

ﬂ-N_l'g(-x2’ K] XN)

Indeed due to Fubini’s Theorem one can check that

N
f (X, xp, L xy)dx = f (o * Ye)(x) l_[(p * W) (x)m(dp)dx
Rd R! JPR) )

N
= f ( <pws)<x>dX) [ T < worcmmtdp) = 2o, -+, xw),
PRI \JR? )

and the sequence (7"¢) is compatible. Hence
Vin XN = Viln 2%, x, - aw),
and we use [20, Lemma 5.9] to conclude the result.

Proof of (ii):
Observe that for any x € R4, e € S ! and u € [0, R] it holds

|x + uel? |x|?
‘\/1+ 2 1+?

o |+ uel - x|

-
2 2
NI

_1 8’1|x+ue| +s’1|x| _1
<eu <

1 |x+uel? 1 | x|

R VR s
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hence

2 2 2
X + ue X .
1+|| g—le\/H' 2' z\/1+%—g-1R,1.e.
8 E &

¢ Re(x) > Yo(x + eu) = e Ryo(),

so that for any p € P(RY)

po* o+ ue) = f el + ue — y)p(dy) < Con f Yok = V)p(dY) = Cop * (1),

P *Pe(x +ue) > cop f Ye(x = y)p(dy) = corp * Ye(X),

and then
Ve (x + ue, x, -+, xN)
aN=1e(xy, -, xy)
o 01 W)+ ue)(p x4 D(dp)
) Focg (0 % 90PN DO Dn(dp)
fP(R[,)@ V)@ * )™V VXN a(dp)
e (0 WPV XN D(dp)
P(R4)

and similarly for the lower bound and the point is proved.

Po(x + uelXV 1 =

= Corp®(xX" ),

Proof of (iii):
By convexity of ® and Jensen’s inequality we successively obtain

N N
VXY, 74X = @ (f P * Ye(x) l—[p # Ye(x;)m(dp), f 0 * Y (y) ]_[p * l/,g(xi)ﬂ(dp)]
P(RY) ) ) ]
N N
< f ) [p * Pe(x) 1_[,0 * Yo (X:), 0 * We(y) l_[p * lpg(xi)] n(dp)
P(RY) i) L
N
< L(Rd) np # Y (X))@ (0 * Yo(X), p * Ye(y)) 1(dp)

L(Rd) l_[.o s Y (XD W (x), Yo ) 1(dp) = 7V HE XN DD (Yo (x), Yo ()

O

Before completing the proof we will furthermore use the following consideration. Let FV,GY € P(R¥) and
according to the notations previously introduced for x,y, xp,- -, xy € R*™*D denote X3, = (x,x2,--+ ,xy) € RV,
Then straightforward computations yields

OV = 00(FN (X)), FY (X)) + (1 - )G (Xy), GV (X}))
—OOFN(Xy) + (1 - OGN (Xx), 0FV (X)) + (1 - OGN (X))

. OFN(X%) + (1 - )GV (Xy) OFN (X)) + (1 - )GV (X))
o) - ))( ( FROG) N)_ln( YO0 D

OFN(Xy) + (1 - )GV (Xy) OFN (X)) + (1 — OGN (X))
_ _ Noyxy _ N/yY N N
1-0(c"xy» -G (XN))(I [ VD) J ln( N )]
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Note that due to the convexity of ®, DV is nonnegative. Denote f(:|XV~!) (resp. g(-|X¥~!)) the conditional law w.r.t.
to the first component knowing the last N — 1 under FN (resp. GV) i.e.

FN(x,x0,++ ,xn) = f(xlxa, -, xp)FV " (g, -+, x)
GV(x,x2, -+, xy) = g(xlxa, -+ )G T (s -+ L ),
and define Vol
g(zl) GV~
h(t) =In[0+(1 -6 — |, z=tx+(1 -1t
(0 ( )f(ztl.) vt =ty =0y

Since fV% = ngnJ%

G fIIVEB @) - (x = y)
0f @ )FN-T + (1 - 0)g(z | )GN!
GV gzl )VIn&B8(z) - (x—y)
T Of YT+ (1 - O)g@l)GN T

W(t) =

we can rewrite

o fl (1= 0)0GV'FN! (f(x) = fFO) g(zl)V In %(Zt) “(x - y)dt
0 0f (@l )FN=1 + (1 - 0)g(z/|)GN!

fl (1 = 0)OGNFN! (g(x)) = O f(z/)V In %(Zz) “(x =) 0

0 0f (2l )FN=1 + (1 - 0)g(z,| )GN! '

(C2)

We are now in position to prove Lemma 3.2. Following the idea of [15, Proof of Lemma 4.2] and [20, Proof
of Lemma 5.10], we only treat the case M = 2 and w; = 8B, = {p € P1(R?) | Wi(p, fi) < r} for some r > 0 and
fi € Pi(R?). For m € P(P(R?)), define

0:=n(w)(>0 wlog), F:=0"1,7G:=(- 0)_110)11-7&
Our aim is to prove that ~ N N
To(m) = 01(F) + (1 - )1 (G),

or equivalently, by convexity, that for any fixed > 0
014(F)+ (1 = 0)I4(G) - To(m) <.

Let then be 7 > 0 fixed for the rest of the proof and for N > 1, & > 0 define

FNe = (o * Y)*" Fdp), G := (o * ¥e)*"G(dp)
P1(R?) P1(R?)
Also note that

e = (0 * We)®n(dp) = OFN* + (1 — O)GV*,
P1(R?)

since F and G have disjunct supports. It is also clear (see for instance the computations done in the proof of Lemma
Appendix C.1), that the sequences (7"%)ys1, (FN*)y=1 and (GM?¥)ys| are compatible, and denote n%, F¢ and G? in
P, (P(R?))) the probability measures which are associated to these sequences by the Hewitt and Savage Theorem.

KN = 01N (FNy + (1 - )1V (GN) - TN (V)

= f e =7 (0(FN (XY, FY (X)) + (1 = OGN (X)), GV (X)) — o (X)), 7V (X)) ©
RAN+1) ) )
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Let be R > 0 such that 2 f [x|"@=1*9dx < 5. For couples (x,y) € R* such that |x — y| < R we use the upper bound
provided in (C.2) and on the complementary set, the one of (C.1). Which gives

K" < f f =y (90PN (X, F¥ (X)) + (1 - )GV (XY), GN (X)) dxdyd X!
RIN-D Jx—y|>R
+ f f e =y (0N (X)), FY (X)) + (1 = OGN (X)), 6N (X)) - D (X)), 7V (X))
RAWN-1) lx—y|<R N

< [ O s a-06M o )X [ ey w00, v 0dxdy
RAN-1) |[x—y|I=R

(C4)
L= 0GP (F) = FOD) 8@V In 8z - (x = y) v
- f f f — — dtdxdydX
R0 Jjx—yl<R [x = yl*a (Of (| )FN=! + (1 = 0)g(z])GN1)
1 (1= )FGN ' FN (g(x]) — gO)) f(z|)V In %(Zz) (x=y) Vol
- f f f y T N dtdxdydX" .
RAN-D J|x—y|<R [x =yl (0 f (| )FN=1 + (1 = 0)g(z|)GN1)
Since, by (C.1) it holds
f| | lx = YT OO (x), Yo (v))dxdy < f | x = YT OWs(x) + Ye(y)dxdy
x—y|I>R x—y|>R
< 2f We(x) (f Sx— yl(d”“)dy) dx <,
R4 Vilx=y|>R
therefore
1 (1 -00GN ' FN(f(x) - fOD) g(z)V In iE_R(Zz) “(x—Y)
KN <n- f f f A dtdxdydX"™!
maov Jyo s = 1 (OF Gl FNT+ (1 = 6)g(e )GV ) ©5)

dtdxdydX"".

f f f‘ (1 = 9)6GVTFN=! (g(x]) = gO)) f(z])V In %(Z:) “(x=y)
RNV Jpxyi<R lx =y (0 @ )FN=! + (1 = 0)g(z])GN1)

Let now be s € (0, r) and define
F'=1gF, and F"=F-F'.

Then

dtdxdydXx™™!

L1 =0)0GN T FN(f(a) = F(D) gzl )V In %(Zz) (x-y)
oL <
RIN-1 J|x—y|<R |x =yl (0f (| )FN=1 + (1 = 0)g(z,])GNT)

1 (z) [VIn &8z,
_ gF""N-1 f FGD) = FODI f ~___ dtdxdydX"!
Lal(N—l) Ix—yI<R o flz)lx—y|d-tra

f f fl (1 = 0)6GN'F™N! (g(x]) — g0O) f(z])V In %(Zr) (x =)
RIV-D J|x—y|<R [x =yl (0 (z | )FN1 + (1 - )g(z)GN1)

Vin &8z
1N— ()Mt _
- f gF"N-! f 18Cxh — 80D f —' D prdndyax !
RIN-D |x—y|<R |

=K +K +KY + K.

dtdxdydX !

Set now u = ¥ and § = =2, and denote

2 2

BY-! {(xg, ) € RV Z(sx, ezau},
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then

) L= 0)0GN T PN | £(al) = FOD] 8zl [ n 82
7(1 < f f (IBN—I + I]BN—I,C)f P TN—1 N—1
RIN-D J|x—y|<R 0 lx — ¥l “ (ef(zz| )Ig + (1 -0)gzl)G )

1 g(zl) [VIn & (z)
< f (1 - 01wt GV f £ = FOD f 'd U drdxdydx !
RAN-1) [x—y|<R | f(Zt|)

dtdxdyd X!

/N-1 |V In f?I; (@) N-1
+ f Oy F f IF(x) = FODI f Wdtdm'ydx .
RAW-1) lx—yI<R Yl

Using Lemma Appendix C.1 we find easily that

[71n 562
D = 76D f g 26 G = FODI =

Therefore

1 |VIn 2:5(z) B

—' /0 FGD = FODI ~d-12a)
dtdxd 1 —1 _ dxd

L_y<k|f<x|> f(yl)|f T txySL_ﬂSRInf(xl) 0OV 7D~ fom ™ xdy

< f| | IVIn f(Dllz= (FC) + FOD) 1x = YT Ddxdy
x—y|<R

<2&7! f f(x) ( f Ix — y|—d+2—“dy) dx < Copa.
Rd YyER |x—y|<R
On the other hand

gl [V in 8B (z))

1
) ; Sy sl
) = s [ e <207 - o [ Sy

! gzl
0 lx =yl f(z].)

) —ara [ IVFGEDIgGIY
< 2&7 iy — y|4*2 af |s—zd d
<2 |x -y A TG tds

< 267 x -y 20 f f 910 £zl gl 2 dras

S(@l)
e x — y| 72 f 8(z.)dt,
0

where we used points (i) — (ii) of Lemma Appendix C.1 to pass to the last line. But

1 1
f 8(z,|)dt = f (y+t|x yl( y)l)dt,
0 0 lx =l

for |x — y| < R by we have by point (ii) of Lemma Appendix C.1

1
<2 ) VD) - (x = y)ds

< ZCER

Ce,R

1
j(; 8zl )dt < Corg(yl).

So that

18l )Vln fi @ - ~d+2-
f| I ')'f S S CE’R[ SOV =)y < Cra
eyl 1. x—y|<
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Finally we obtain

KN < Ceour ((1 ) f 1 GV ldxM " + 0 f 1BN-1.CF'N‘dXN‘).
RAN-1) RAN-1)

The other terms are treated similarly and we conclude this step with

KN <+ Coar ((1 -0 1gv- GV lax™ ! + ef

RAN-1)

1BMF’N—1dXN—1)

RAN-1)
+ Courl F'NlgxN-1,
RAN-1)

o Step five
The end of the proof is then exactly taken from [20, Lemma 5.10]. Nevertheless we reproduce it here for the sake of
completeness. First we treat the third trerm in the above r.h.s. by observing that F* = 1z, F. Therefore

f« )Fuzvfl(XNJ)dXNfl :f 1g,\8,(0:)F(dp).
R N-1

PR?)

Due to Lebesgue’s dominated convergence Theorem, the r.h.s. in the above identity converges to 0. Therefore one
can chose some s < r such that

Cacaef Fllel(XNfl)defl <n,
Rd(N—])

uniformly in N. Then for X¥~!' ¢ BY~! and p € B, we find that
W, (

for any £ > 0 small enough. Therefore using a Chebychev-like argument it holds

f FN-L(xN-1ygx V-1 = f (f IENL[_pf(N—l)) F'(dp)
B,’:/* " P(RA) RAN-1) u
2 | N
<= w Sy e sN-DgxN- | F'(d
0 »L(]Rd) [II;J(NI) 1 [N 1 ; Xi P. ]pg ( ) ( p)

We claim that there is a constant C depending only on « (see [14, Theroem 1] incased = 2,p = 1, = k < 2) such
that it holds

1 < 1 <
I Z;apw] > Wl(N_ - ;(sxi,fl]—wl (f1.0) = Wi (0. )

0
Zu—s—cezi,

1< S(N=1), 1y N-1 1 ~(1-1)
de—l) " (N -1 ; 5x,-,pg]p8 (@X™7) < C(Mclpe))* (N — 1) - (C.6)

Note that [20, Remark 2.12] provides the same result with the exponent 1 — % replaced with y € (0, 3%2), but the rate

of convergence does not play any role in the proof. Summing up (C.6) w.r.t. F’, yields

f F 1 (XN HaxV ! < (My(p.)* F'(dp)
]BLV— le

S(N = 1)(1720) Jpra)
C

S —1

SN - 1(1-3)

1

( M, (p)n(dp) + Mkwg))“ :
PRY)

since

My(py) = f f (P — YW (y)dxdy = f f (x4 W p(wa()dxdy
Rd JR4 R4 JR4

< ZK( oo + fR d<y>%<y>dy)
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Treating in the exact same fashion the integral w.r.t. G¥~! concludes this step with

Vi >0, AN,, s..YN > N,,, K" <n.

o Final step
Gathering all the estimates obtained in the previous steps yields for any £ > 0

Jim |75 @) — 675 (FY) — (1 - O)15(GM)] = 0.
—+00

Hence we deduce

1,(n%) = sup IN(x"¥) = Jim TN (V)
—+00

N>1
=0 lim IV(FM) +(1-6) lim 1Y(G"*)
N—+oo N—+o0

= @sup IV (FV) + (1 - ) sup IV (G"*)
N>1 N>1

= 01 ,(F%) + (1 = )1 ,(G").

But using the convexity of the functional ® and Jensen’s inequality yields

Ty(n°) = sup I} (n"*) < sup T3 (") = T ().

N1 N1

Morever it is clear from the fact that the functionals (Z)ys; are l.s.c. w.r.t. the weak convergence in P(R%), that I,

isl.

s.c. w.r.t. the weak convergence in PP(RY)). But since n° Zrin P(P(RY)) we get that

lim T,(n%) = T o(n0).

Therefore

T () = 01 ,(F) + (1 - 0)I,(G),

which concludes the proof.
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