N

N

Detecting periodicity from the trajectory of a random walk in
random environment

Bruno N. Rémillard, Jean Vaillancourt

» To cite this version:

Bruno N. Rémillard, Jean Vaillancourt. Detecting periodicity from the trajectory of a random walk in random
environment. Statistics and Probability Letters, 2019, 155, pp.108568 -. {10.1016/j.spl.2019.108568). <hal-

03488353)
HAL Id: hal-03488353
https://hal.science/hal-03488353v1
Submitted on 20 Jul 2022
HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-

for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Distributed under a Creative Commons CC BY-NC 4.0 - Attribution - Non-commercial use - International
License


https://hal.science/hal-03488353v1
https://creativecommons.org/licenses/by-nc/4.0/
https://creativecommons.org/licenses/by-nc/4.0/
https://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr

Version of Record: https://www.sciencedirect.com/science/article/pii/S0167715219302147
Manuscript_bb15888dd4192ad4c1df9037fd3f3235

Detecting periodicity from the trajectory of a random walk in random
environment

Bruno N. Rémillard!*, Jean Vaillancourt!

Abstract

For nearest neighbor univariate random walks in a periodic environment, where the probability of moving depends
on a periodic function, we show how to estimate the period and the function. For random walks in non-periodic
environments, we find that the asymptotic limit of the estimator is constant in the ballistic case, when the random
walk is transient and the law of large numbers holds with a non zero limit. Numerical examples are given in the
recurrent case, and the sub-ballistic case, where the random walk is transient but the law of large numbers yields a
zero limit.

Keywords: Random walks, random environments, periodic functions, ergodic theory.

1. Introduction

Given no other information than the trajectory of a random walk in random environment (RWRE), one would like
to estimate the law of the environment. While this is usually not feasible, there are simple instances where various
modeling choices will generate the full distribution, at least asymptotically in some sense. Our purpose is solely to
detect periodicity from observing a single trajectory of an RWRE.

All random variables are built on an ambient complete probability space (E, &, P). A random environment is a

measurable two-sided sequence a(e) = a(:, e) € (0, 1)? indexed by e € E and we write u = P o a! for its distribution

1—a(i,e)

a(ie)
e whenever there is no ambiguity in doing so. Let X = {X;};>0 be a (nearest neighbor) RWRE on Z, to wit

on the Borel subsets of [0, 1]%. It will be convenient to write p;(e) = and we will occasionally drop parameter

PCAX, =X =X = 1| Ximy =) =P X, =i+ 1| X;_1 =1,8) (e) = a(i,e), (1.1)

with P°(AX; = —1| X;-; = i) = 1 — a(i, e), for every choice of i € Z and positive integer z. This simply means that
given a realization e of the environment and a starting point X, for the walk, the successive locations {X; : t > 1}
form a time homogeneous irreducible Markov chain on Z under P° and the conditional law of the whole walk is a

probability IP* on the power set over Z" known as the quenched law for the RWRE. The whole process is therefore
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encapsulated in the family of joint probability laws #,, defined by P, (F X A) = fA P¢(F) p(de), and its first marginal
on ZN is known as the annealed law for the RWRE. Note that X is not in general a Markov process under Pu.

In order to use such models, it is necessary to be able to estimate the process A = {a(i)}icz. Of course, this is
not possible in general, but if there is some sort of parametric structure, estimation is possible. For instance Comets
et al. [8] study the asymptotic distributions for an M-estimator of their choice that is very close to the MLE for the
solution to (1.1) above. The authors consider that {a(i)};cz are independent and identically distributed (iid) with a
parameterized marginal distribution, in the so-called ballistic right-transient case E(logpp) < 0 and E(py) < 1. The
parameter of interest is estimated via a M-estimator of the sequence Xy, ..., X, , where 7, is the time of the first visit
to n. The corresponding sub-ballistic case, i.e., E(logpg) < 0 and E(py) > 1, was studied in Falconnet et al. [10],
while the recurrent case E(logpy) = 0 is examined in Comets et al. [7], when the distribution of the iid sequence
{a(i)}iez has finite support. Recently, Diel and Lerasle [9] considered non-parametric estimators in the i.i.d. case.
Further generalization was achieved in the ballistic case by Andreoletti et al. [4] where a tractable class of hidden
Markov models is assumed for {a(i)}cz. An alternative estimation procedure based on the moments of the random
environment was proposed earlier on by Adelman and Enriquez [1], which also applies in more general contexts than
those considered here. Even in these examples, where in each case {a(i)};ez itself is a very simple stochastic process,
the resulting RWRE X in (1.1) is still not a Markov process.

In the present paper, we shall first analyze the MLE for the unobserved environment A = {a(i)};cz in (1.1) under
the restricted context where this environment is known to be spatially periodic. We shall then investigate conditions

on A under which the MLE obtained in the periodic case, allows for the detection of absence of periodicity.

2. Estimation of a periodic environment

Let #, be the set of all periodic functions on Z with values in (0, 1) and period d. For a given p € Py, set
E, ={ej = p(-+ j);1 < j < d}. The resulting environment {a(:, e;) = p(- + j); j = 0} is a deterministic sequence (save
for the possibly random starting point ey € E,) with a unique invariant probability, namely the uniform distribution
over the finite set £,, meaning that the probability of e; is 1/d, for every j € S; = {1,...,d}. This particular case of a
random environment leads to the definition of a random walk in a periodic environment (RWPE for short) introduced
in Pyke [14]. We say that X is a RWPE if there exists p € Py, for some d € N, so that X = {X;},»¢ is the (nearest
neighbor) random walk defined by

PAX, = 1| X1 =i)=pli), i€ Z, t > 1. @2.1)

Of course, if p € Py, then p € Py, for any k € N. Clearly X is an irreducible Markov chain. The main aim of this

section is to estimate the associated periodic function p and the smallest dj so that p € P, using a single trajectory

Xo, ..., X, of the RWPE X. The justification of using the class of RWPE instead of the more general RWRE models

defined by (1.1) comes from a celebrated result due to Parthasarathy [13] which says that the law u of the stationary
2



ergodic process A = {a(i)}iez is the limit in distribution of a sequence of processes {@,(i) = p,(i + -)}iez, Where

Pn € U ?,. Henceforth we use the notation (x); = i to mean that x = i mod (d), the residual class modulo d. Note
d>1
that the stochastic process {(X;)4}>0 valued in S, is a Markov chain only when d is a multiple of dy. It is this fact

which requires some extra care in the treatment of periodic environments.

2.1. Estimation of p with d known

If p € P4 then, assuming (X,)_, satisfies (2.1), the maximum likelihood estimator (MLE) pﬁld) of p is given by
PG = AL (AL +BD), e, (2.2)

where AY) = S T{(X,-1)a = j, AX, = 1}, B = B H(Xi-)a = Jo AX, = =1}, and A + BY) = B T{(X,-1)a = .
The associated log-likelihood is given by

U

M&

Lua = ) [A%10glpP () + B logll - pPG)}| = = > (4% + BE) H{p ()} 2.3)

j=1 j=1

where for any x € (0, 1), H(x) = —xlogx — (1 — x)log(1 — x) > 0 is the well-known Boltzmann entropy function for
the Bernoulli distribution with parameter x. Note that for any multiple of d, one should get a consistent estimator as
well, since p € P, entails that p € Py, for any k € N. The following result, proven in Appendix A.1, shows that the
MLE is consistent.

Proposition 2.1. Suppose p € P, and let & be the unique invariant probability measure of the irreducible Markov
chain (X;)q on S 4, associated with p. Then, as n — oo, for any j € S 4, u almost surely, Aﬁld;/n — 7ip(j), B n -

nj
{1 = (i}, so py”(j) = p(j), and Lyafn — L = = X4, m;H{p(j)).

The problem is to find d. The following example illustrates what one can expect.

Example 2.1. We generated a random walk of length n = 10000 satisfying (2.1), starting from Xy = 100, with
p = (0.099,0.749,0.749). The results of the estimation for d = 3 are p, = (0.0954,0.7593,0.7430) € Ps, with a
log-likelihood of —4.6976 x 10°. Figure 1 shows the behavior of the log-likelihood for periods d € {1,...,10}. As
expected, the first local maximum is reached at d = 3, with other local maxima at 6,9, which are multiples of d = 3.
In addition, we plotted the theoretical value L3 to show the convergence of L, 4/n to the former.

2.2. Estimation of the least period

First, assume that p € P,4,. We need to know what happens to p;d) when d # dy. The following result is proven in

Appendix A.2.

Proposition 2.2. Suppose p € Py, with minimal dy and let n be the unique invariant probability measure of the
Markov chain (X;)4, associated with p. If m = (d,dy) is the largest common divisor between d and dy, then, as



Figure 1: Plot of L, 4/n (solid line) and £3 (dashed line), for d € {1
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In particular, if m = 1, then A;dl.) /n converges almost surely to }i Z?il 7;p(j) and p;d)(i) converges almost surely to

2711 7;p(j), which are both independent of i € § .

For the estimation of dj, we propose the following method: for d = 1, ..., assume that the model defined by (2.1)
holds with dy = d and estimate p(d) and £, according to (2.2)—(2.3). cfo is then the first local maximum of £;. Then

we set p, = p,; . We prove in Appendix A.3 that this method works.

Theorem 2.1. Suppose p € Py, and dy is minimal. Then for any d € N, L; < L whenever (d,dy) < do. If
(d,dy) = dy, then Ld = Ldo‘

3. Behavior under non-periodic environments

What if the model is not a RWPE? From now on X = (X})»0 is a full fledged RWRE satisfying (1.1). We investigate
next how our estimator behaves when the environment is no longer periodic. Henceforth the right shift operator on

(0, 1)% is denoted by T.

3.1. Fixed environments

For a fixed environment e, the asymptotic behavior for X is well-known [6]. For the sake of completeness,

we formulate them in the following lemma. Recall that pi(e) = =0 and define S(e) = 1+ X2, [T7_, pile).

(k,e)
Fe)=1+3X%, ITj-) 57> Cole) = 1,and

a0.e) 177 1
a(j.e) k=1 pi(e)

Cie) = 3.1)

oG [T, psle)  for j <.
4

for j > 0,




Lemma 3.1. Let X = (X;)r»0 satisfy (1.1) for some fixed environment a(-, e) € (0, D2, For any starting point X, one
and only one of the following four statements holds.

o IfS(e) < 0o and F(e) < oo then P* (lim inf |X,| = +c>o) 1.

n—oo

o IfS(e) < oo and F(e) = oo then P* (lim X, = +oo) =1

e [fS(e) = oo and F(e) < oo then Pe(lim X, = —00) =1

n—oo

n—oo oo

e [fS(e) = oo and F(e) = oo then P¢ (lim inf X;, = —co, limsup X,, = +oo) =1.

Further, if 3 ez Cj(€) < oo, then S (e) = oo, F(e) = co and X has a unique invariant measure m;(e) = Cj(e)mo(e), with
mo(e) = 1/ X jez Cj(e).

In the case where X is positive recurrent, prescribed by the finiteness of 3’ jez Cj(e) < oo, the ergodic theorem
for Markov chain (X;, X;11):0, Which is also irreducible on {(j, k) € 7%k — j = %1}, and positive recurrent as well,
directly implies the following result, proven in Appendix A.4.

Proposition 3.1. Ler © be the unique invariant probability measure of the Markov chain X associated with an ar-
bitrary but fixed environment « satisfying 3. ez, Cj(e) < oo in (3.1). As n — oo, there holds, for every integer pair
1 <i <d < oo and any starting point X,

e S dPeo= ) mleate] Y i), (3:2)
JEL, (Ja=i JEL, (ja=i
d

Lug@fn S Laey==>" > nieH[eGe)}. (3.3)
=1 jeL, (a=i

Furthermore, for any d > 1 and k > 1, we have

—log2 = Li(e) < La(e) < Lii(e) < Luo(e) = - Zﬂj(e)H{Ol(j, e)} <0. (3.4

JEZ

Remark 3.1. Comparing these results with Proposition 2.2 and Theorem 2.1 shows that the sequence of log-likelihoods
for large sample estimates { p(nd); d > 1}, which exhibits a telltale seesaw motion under the hypothesis of periodicity,
as shown in Figure 1, will instead display a tendency to increase in d from approximately —log?2 ~ —.693 to an upper
bound L., when the environment is no longer periodic but such that the simple random walk X on the whole line is
positive recurrent. The convexity of —H yields the inequalities L, < L,g < Lygq foranyn >1,d > 1, k > 1 and
all environments, recurrent or not, hence any departure from periodicity in the environment is likely to be detected
through this tendency to increase, simply by graphing the empirical log-likelihoods (L, x2)i>1, for a fixed d.

3.2. Random environments

From now on, assume that the sequence a(i, -) is stationary and ergodic with respect to the measure ¢ and 7 is a
( measure preserving transformation. The asymptotic behavior of X is completely determined by the expectation of
log pg, as proven in [2, Theorem 2.1].

Theorem 3.1. Suppose that u = E (logpo) is well defined, with u € [—oco,+00]. If u > 0, then p a.s., F(e) < oo,
S(e) = oo, and for any i € Z, P (lim, 00 X, = —00) = 1. Ifu < 0, then u a.s., S(e) < oo, F(e) = oo, and
for any i € Z, P{(lim, oo X;, = +00) = 1. Ifu = 0, then u a.s., F(e) = o, S(e) = oo, and for any i € Z,
P¢ (liminf, e X, = —co,limsup,_,, X, = +o0) = 1.



Let us return to (1.1) and write X, = > {AX, — 2a(X,—) + 1} —n+ 2 Y7, a(X;-1). Now, & = AX; — 2e(X,—1) + 1 is

a bounded martingale difference sequence, so % >, & converges to 0 almost surely, as n — oo. Hence the limiting

2 n
behavior of X, /n is the same as the limiting behavior of —1 + — Z a(X,). It is shown in Alili [2, Theorem 4.1] that
n
t=1
X, /n converges u almost surely, an extension of the original iid case due to Solomon [16].

3.2.1. Invariant measure for T e

In order to find the limit of 3, a(X,)/n, consider the Markov chain 7% ¢ on E. Its Markov operator 7~ is given by
T h(e) = a(0, e)h(Te) + {1 — a(O0, (T e), 3.5)

for any bounded measurable function /. Setting X;'(e) for the chain starting at x from environment e, then X;'(e) =
X+ X?(Txe), so a(Xf,e) = a(X,O(T"e),TXe). The associated Markov operator, denoted 7, satisfies 7 h(e) =
E {h(TXTe)} = T h(T*e). If A is an invariant measure for 7, the invariant measure A, for 7, is A,(A) = A(T*A).
Hence % = (X}, e) should converge to E, {a(x)} = E;{a(0)}. Hence the limit is independent of x even if a(x) is
not necessarily stationary with respect to A. If A is a stationary distribution for this Markov chain that is absolutely

continuous with respect to y, its density ¢ satisfies ¢ = 7 *¢, where 7* is the adjoint operator of 7~ on L'(u) given by
T*¢(e) = (0, T ' e)p(T " e) + {1 — (0, Te)}p(Te). (3.6)

Suppose that E(S) < co. Then dA = v{1 + py(e)}S(e)du is an invariant ergodic measure for T%e, so in this case
X, /n converges almost surely to —1 + 2E (ag) = —1 + 2vE(S) = v, where ap(e) = a(0,e). Next, if E(F) < oo,
dl = v{l + o Y(e)}F(e)dy is an invariant ergodic measure for T%'¢, so in this case X,,/n converges almost surely to
-1+ 2E;5(ap) = 1 =29E(F) = —v. If E(S) = E(F) = +o0, then X, /n converges almost surely to 0, which is equivalent
to % z”: a(X;) converging almost surely to 1/2. That 7 is an ergodic operator goes back to Kozlov [12], where a proof
is skét:clhed. We prove it in Appendix A.5.

The following section will be used for computing some important limiting values such as E;(ay).

3.2.2. Distribution of ay under the invariant measure A in the ballistic case

Suppose we are in the right ballistic case, i.e., E(S) < co. Then, the (unique) invariant measure A has density

vS /ay with respect to y, and v = m. It follows that E,(ag) = vVIE(S) = ﬁ. What is the distribution of aq under

A? In the iid case, S is independent of @y and E(S) = ﬁ, SOV = }%ﬁ, and E(1 + pg) = E(1/ag) = 1 + p. Note also

that E(log pg) < 0 and E(py) = p < 1. For any bounded measurable function H on (0, 1),

EdH(@o)) = VE{H(GO)(l+po)5}=VE(S)E{H(aO)}= ! E{H(O‘O)}.
o7 1+p o7



Hence the density of the distribution of @ under A, with respect to the distribution of @ under yu is m. In particular,
D)

(EmE: under A.

if @ has density g(x) under y, then it has density

Suppose now that we are in the left ballistic case, i.e., E(F) < co. Then, the (unique) invariant measure A has

density vF/(1 — ap) with respect to y, and ¥ = In the iid case, i.e., E(logpg) > 0 and E(1/p9) = p < 1.

1
2E(F)-1°
Also, F is independent of @y and E(F) = 1%5, SO
p = 12 and E( + 1/po) = IE( 1 ) = 1 + p. For any bounded measurable function H on (0, 1), E {H(ap)} =

1+p° 1-ag

VE {H(ap)(1 + 1/pp)F} = VE(F)E {M} = #E{M} Hence the density of the distribution of aq under A, with

- 1+p 1-ag

Then under the (unique) invariant measure A, Ei(ao) = %.

respect to the distribution of @ under y is In particular, if @ has density g(x) under y, then it has density

1
THa»"
_pl o

under A. In this case, X,,/n converges also surely to 2E;(ap) — 1 = T T

8(x)
) =
One can ask now if there is an invariant measure when E(S) = E(F) = +co which is not treated by Alili [2]. We

can give a complete answer to this question in the periodic case.

3.3. Invariant measure in the periodic case

Suppose that E, = {T*p;k € S}, for some p € P,. We noted earlier that (X,); forms an irreducible Markov
chain with a unique ergodic distribution 7 = n(p, Xp), one for each fixed e € E,. The unique solution of (3.6) is
¢(Tke) = dmi(e), where m(e) is the unique stationary distribution of (X;),. As a result, E,(ag) = ZZZI m(p)a(k, p). In
fact the density of A with respect to u should be c¢(e), where ¢(e) = {1 + po(e)} {1 + p1(e) +--- + p1(e) - - - pa-1(e)},
and one gets that ¢ = d/ {Zle ¢(Tke)}. This means that we have a closed-form expression for the invariant measure
x, namely, for any k € {1,...,d}, m(e) = ¢(T*e)/ {Z?:] ¢(Tje)}. Note that the invariant measure exists even in the

recurrent case, i.e., if E(S') = E(F) = +oo. In this case, E(log pp) = 0 means that 5 ZZ:I log(ox) =0,s0p1 - pg = 1.

4. Behavior of the estimator

Next, consider the Markov chain ¥, = ((X,)y, T*¢) on S, x E, and suppose that there are m closed classes

€y,...,E,. Its Markov operator T is given, for any bounded measurable / on S ; X &, by
‘7v'h(], e)=a(0,e)h(j+1,Te)+ {1 —a(0,e)}h(j -1, T_le). 4.1
Let uy be the uniform distribution on {1,...,d}. It is then easy to check that if A% is a stationary distribution for

this Markov chain on € which is absolutely continuous with respect to u; ® y, then its density ¢y satisfies, for any

(j, e) € €, @ = T* @, where T* is the adjoint operator of 7" defined by
T*gu(joe) = a0, T ' )g(j — 1L, T 'e) + {1 — (0, Te)kpi(j + 1, Te), pas., 4.2)

d
1
and p Z f wr(j, e)u(de) = 1. Here it is assumed that ¢i(j,e) = 0 whenever (j,e) ¢ €. If ¢ solves (3.6), then
j=1

wr(j, e) - d(e)lg, (j, e) satisfies (4.2). In particular, if m = 1, i.e., the Markov chain X is irreducible, then ¢(j, e) = @(e)
7



solves (4.1) if ¢ solves (3.6). We can also prove uniqueness in this case.

Theorem 4.1. Assume that all powers of T are ergodic. Then ¢(j,e) = ¢(e) solves (4.1) if ¢ solves (3.6) and it is the
unique invariant ergodic measure for the Markov chain X.

Remark 4.1. A sufficient condition for all powers of T to be ergodic is that T is weak mixing [5, p. 16], i.e., for any
measurable sets A, B, lim,,_q, - 2o ‘,u (A N T_kB) - ,u(A)y(B)‘ = 0. If T is weak mixing then T* is also weak mixing
for any k, yielding that T* is ergodic.

Using the ergodic theorem, we have the following interesting result.

Corollary 4.1. Under the conditions of Theorem 4.1, for any (j,e), A(d)/n = 1IE{t,a(J, Jap} = C%Eﬁ(ao), Bﬁld;/n 5
TE¢(, (1 = a)} = EA(1 = o), s0 pi(j) = Ea(eo). Also, Lya/n = —H {Ea(ao)}.

Remark 4.2. Suppose that dy is the least k so that T* = 1. Then we are in the periodic case, and it follows from the
proof of the theorem that any harmonic function is constant on the closed classes

G ={( T ) jeSa b =0,....(do/m— D)} = {(. T ") je S4,€=0,.... (do/m~ 1)},

ief{l,...,m}, withm = (d,dy). In this case the Markov chain is ergodic on each class €;, with invariant density

proportional to ¢. Let ¢ be defined as in Section 3.3. Set d = dyXd/m. Then p € P;. As a result, since y is the uniform

measure on E, = {Tp,...,T%p), one gets for (j,e) = (j, Ti+i-1+tm ) e, pi(j,e) =m 0# = mdoTis j—1+em
r=1

where 1 = mi(p) is the unique invariant measure of the Markov chain (X;)4, defined by (2.1). One then recovers the
results of Proposition 2.2 using the ergodic theorem for the Markov chain X on €;, i € S .

4.1. Numerical experiments

We provide three illustrations when the a(i) are iid with uniform distribution on [a, b]. First, we consider a right-
ballistic case, where the assumptions of Theorem 4.1 are met. In the other two cases, where X,,/n — 0, we consider a

sub-ballistic case and a recurrent case. More precise rates of convergence are known to exist [9].

4.1.1. Right-ballistic iid case

log(b/a)

Suppose the a(i) are iid, with a uniform distribution over the interval (a, b). Then E(py) = p = -1 + <lis

required for the right-ballistic case. Using the results of Section 3.2.2, the density of @ under A is then TTog® /a)H(a <

x < b). The density of the invariant measure A for T is ¢(e) = (};’; ) as((()eg)’ where S(e) = 1+ X7, [1i_; pr(e). In

particular E,[a(0)] = As an example, take a = .55, b = .65. Hence, p = —1 + 10log(65/55) ~ .6705, so

l+p
117;7 = m ~ 0.5986085. Choosing estimator pﬁl) with d € {1,...,5}, and using a simulated trajectory of length
107, one obtains that p(d)(z) =.5954 + .0005 for all i € {1,...,d}. These results are coherent with Corollary 4.1. The
estimation of the distribution of ¢ and the graph of the log-likelihoods are displayed in Figure 2. The graph of the

likelihoods seems to vary but if we look closely at the scale, there is no significant variability.

4.1.2. Sub-ballistic iid case
Suppose again that the (i) are iid, with a uniform distribution over the interval (a,b). It then follows that
E(logpg) = ﬁ {aloga + (1 —a)log(1 —a) —blogh — (1 — b)log(1l — b)}. Also, E(S) < w0 iff p = E(pg) = -1 +
8



Empirical distribution of a(X) with mean 0.59861
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Figure 2: Estimation of the distribution of «( (left panel) and graph of the log-likelihoods for period d € {1, ..., 20} (right panel).

% < 1. In the latter case, E, (ag) = ﬁ By taking a = .4, b = .61, we are in the (right) sub-ballistic case. Indeed,
p = 1.0095, so E(S) = +oo but S < oo as. since E(logpy) = —0.0203. We simulated a trajectory of 107 points.
The trajectory and the graph of the log-likelihoods are displayed in Figure 3. According to Alili’s result, the RWRE
is transient with X, — +oo, but X,,/n — 0 as n — oo, explaining the slow convergence of X,. In fact, according to
Kesten et al. [11] and Diel and Lerasle [9], X,,/n* converges in law to a non-trivial distribution, where « = .6802. Here

we see that the log-likelihoods behave erratically, compared to the periodic case or the ballistic case.

12000 -6.9285

10000 oz /\ Y
4000 /
-6.9295 \ /
6000 ’ [ -
63
4000
2000 /,,,,J

2000 -6.9315 —=—
0 o

Figure 3: Trajectory of the RWRE (left panel) and graph of the log-likelihoods for period d € {1,...,20} (right panel).

4.1.3. Recurrent iid case

Here we generated the so-called Sinai’s random walk of length 107 satisfying (1.1), starting from Xy = 0, with
iid uniform probabilities over (0, 1). We are the recurrent case so X,,/n — 0. However, as shown in Sinai [15],
X,./(logn)> converges in law to a non-trivial distribution. The trajectory and the graph of the log-likelihoods are
displayed in Figure 4. Clearly the RWRE X in (1.1) is not a stationary process in this case. For more on those
recurrent cases affording tractability, see Andreoletti [3] and the references therein. Again, the log-likelihoods behave

erratically.

5. Conclusion

To distinguish between cases, one should first plot the graph of X, /t, for ¢ € {1, ..., n}. It it goes to 0, we are in the

sub-ballistic or the recurrent cases. If the limit is not 0, we can use the likelihoods behavior to distinguish between

9



Figure 4: Trajectory of the RWRE (left panel) and graph of the log-likelihoods for period d € {1, ..., 20} (right panel).

the periodic and ballistic cases. For a RWPE, we can detect the period and estimate the associated probabilities, while
in the ballistic non-periodic case, the limiting distribution of the probability estimators is constant, as well as the

log-likelihoods.
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Appendix A. Proofs of the main results

Appendix A.l. Proof of Proposition 2.1

Suppose j € Sy, is given. Then

(do) n

n
n, j _1

I v 1
2 Mgy = o AXo = 1) = = 5 Xy = MIAK, = 1) = aX)) + 3 T(Xi, = i),

t=1 t=1 =1

n n

Now, & = [{(Xi—1)4, = JHI(AX; = 1) — @(X,-1)} is a bounded martingale difference sequence, so % >, & converges
+(dgy)

to 0 almost surely, as n — oo. Hence the limiting behavior of Affl;’.) /n is the same as the limiting behavior of ';;/ =

%Zle H(Xi-1)a, = jla(X;-1). Similarly, the limiting behavior of Bff;‘.)/n is the same as the limiting behavior of

#(dg)
Bw.

% 1 UXi-Day = jH1 — a(Xi—1)}. Now, by hypothesis, a(X,-1) = p(j) whenever (X,-1)q, = j. As a result,

(’3 ) (dp)
A0 B0
An,j

== p(DE ST WXty = J} = p(r(j). Similarly, B",,“" = {1 = p(OH 30 HKimay = 7} = {1 = p(DIR(.
(do)

Thus p,, " (j) converges almost surely to p(j). The almost sure convergence of L, 4,/n follows.

Appendix A.2. Proof of Proposition 2.2

Recall that m = (d,dy) and set d = dy x d/m. If m = 1, for any i € {1,...,d} and any j € {1,...,dp}, there is a
unique 7'(, j) € {1,...,d}sothat x = T(i, j) mod (J). Ifm>1,foranyie{l,...,d}and any j € {1,...,dy} such that

10



i = j mod (m), then there is a unique 7'(i, j) € {1,...,d} so that x = T(i, j) mod (d). If (j — i), # O, then there is no
solution T'(i, j). Seta = d/m and b = dy/m. Then (a,b) = 1. For a given i € {1,...,d} such that (i),, =B € {1,...,m},
then forany j = (/- D)m+,1 e {1,...,b}, there is a solution T(i, j). As aresult, forany i € {1,...,d},

n
d . . d
Ai,,) = Z Z H{(Xt—l)d =1 (Xl—l)do = AXI = 1} = Z Ail,;‘(i,j)’
=1 j€S 4y, (D= JES dy» (Dm=(Dim

Now, as n — oo, it follows from Proposition 2.1 that A(‘i) .)/ n<s 7;p(j), since the invariant measure for the Markov

n,T(i,j
chain {(X,); : t > O} satisfies #; = &; = m;/a whenever [ = j mod (dy). As result, Aizli) = %Zjesdo,(j)m:(i)m 7ip(j)-
Similarly, B(d) 51 2 2jes dor =G T {1=p()}. The almost sure convergence of p,(ld)(i) and L, 4/n then follows. Finally,

to complete the proof, note that for any i, {j € S4,, (/)1 = (D)1} =S4

Appendix A.3. Proof of Theorem 2.1

From Proposition 2.1, L, 4, /n 5 Ly = - Z 01 niH{p(j)}. Introduce the following notation for the relative
entropy. For any x,y € (0, 1), set h(x]y) = xlog(x/y) + (1 — x)log{(1 — x)/(1 — y)}. Then h(x]y) > O with equality iff
x =y. We will show that L, > Ly if m = (d,dy) < dy. Set a = d/m and b = dy/m. It follows from (2.4) that for any
i=p+Im withge{l,...,m}and [ €{0,...,a—1}, pDB+Im) = pDB) = X070 Mimsp plhkm +/5’)/ o Thmep- It

then follows from the previous equation and (2.5) that

lmalbl

Li = az anmﬁ[p(d’(ﬁ)log{ D@} + {1 - p @) log {1 - p(B)]
B=1 1=0 k=0

—1

T [PV B log {p@B)} + {1 = pL B} log (1 - p(B)}].

S

Ms

—_

k=

(=)

B=

Using the previous computations, one gets

Zﬁ_ k 0 T [pUkm + B) log {p(km + B)} + {1 — p(km + B)}log {1 — p(km + B)}]. Hence,

S

—1

Ly~ Ly Tumsp p(m + B) [log{p(im + B)) — log (P (B)}]

Il
Vs
T
o

S
—_

> > inep (1 = plim + B} X [10g(1 = p(im + B)} — log {1 — p(B)]]

p=11
-1

Timsp h{pUm + Pl (B = 0,

@‘
i}
(=}

M=

b
—_
~
Il
(=]

with equality iff m = dy. This shows that L; < Ly, foralld € {1,...,2dy — 1} \ {do}. Hence, if n is large enough, it
follows from Proposition 2.2 that L, 4 < L4, forall d € {1,...,2dy — 1} \ {dp}. This also explains the local maxima
pictured in Figure 1. Note that dy,, — dp implies dy, = dy when n is large enough so p(do”)( )= (d")( J). Hence the
“randomness” of dj, is not important in the limit.
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Appendix A.4. Proof of Proposition 3.1

Irreducible Markov chain X = (X,);s satisfies (1.1) for some arbitrary deterministic environment a(-, ) € (0, 1)Z,
periodic or not. By definition any invariant positive measure 7 will satisfy the usual balance equation, which is written,
forall j € Z, as mj.1 = mjia(j + 1, e) + m;a(j, e), from which there ensues 3 jcz 7ja(j, e) = % 2 jez, 7j s soon as

either sum converges. This also implies both £; = —log2 and the validity of (3.1) since Z Cj(e) < oo holds. The

JEZ
convergence of Z Cj(e) < oo ensures that the Markov chain (X;, X;+1)»0 on {(J, k) € 72;k—j = +1} is also irreducible
JEL
and positive recurrent with unique invariant probability measure IT = (I1 ;) given by
mia(j,e) =mp{l —a(j+1,e)} fork=j+1,
I, = (A1)

mifl —a(j,e)} =mja(j—1,e) fork=j-1.

The ergodic theorem for irreducible Markov chain (X;, X;.1),>0 immediately yields the asymptotic behavior provided
in (3.2) for the sequence of statistics pﬁld) and in (3.3) for the sequence of likelihoods L, defined by (2.3). The

convexity of —H successively yields the inequalities £y < Ly and £y < L4, for all d > 1 and k > 1, through

2 ez, (g =G+tdyey i

an application of Jensen’s inequality: —H {oz(d)(i, e)} < - Zlgf;(l) H {Oz(kd)(i + {d, e)} , which implies £; <

2z, (hg=ing T

le Z’;;(l) Zjez, Ga=Gi+tdyg T {a(kd)(i +{d, e)} = L4y The convergence of ZjeZ C; < coimplies limye Ly = Lo,

completing the proof.

Appendix A.5. Proof of the ergodicity of T

Let & be a bounded harmonic function for 7~ defined by (3.5). Since 7h = h and T *¢ = ¢, one gets

f #()(0.¢) (W(Te) - he)) u(de) + f N1~ (0.0} {h(T ) ~ (@) u(de)
= f ¢(e)(0, e) {W*(Te) — 2h(e)h(Te) + h*(e)} p(de)
+ f #(e){1 — (0, e)} {hz(rle) —2h(e)WT "e) + hz(e)} u(de)
= f () [0, )R (Te) + {1 - (0, NHA(T ') u(de)
-2 [ oteme) a0 ncre) + 1 - at.Nh(r o) utae) + [ demenae
= f $(e)T h*(e)u(de) — 2 f ¢(e)h(e)T h(e)u(de) + f d(e)h*(e)u(de)
= f T*$(e)h*(e)u(de) — f d(e)h*(e)u(de)

= f p()*(e)u(de) - f g’ (e)u(de) = 0. (A2)
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Hence h(Te) = h(e) u a.-s. so h is constant by the ergodic property of 7. This is a necessary and sufficient condition

for a Markov chain to be ergodic [5, p. 14].

Appendix A.6. Proof of Theorem 4.1

Suppose £ is a bounded harmonic function for 9°. Then we have the analog of (A.2).

d
> f #(e)a(0, &) {h(j +1,Te) = h(j )} u(de) + f HON1 ~ (0. {h(j~ 1.T7'e) (o)) p(de) = 0. (A3)
j=1

As aresult, h(j+ 1, Te) = h(j, e) u-a.-s. Moreover, Z?:l h(j, e) is a bounded harmonic function for 7 so it is constant.
Next, set z(e) = (h(1,e),...,h(d,e))". Then Az(Te) = z(e), where A is a permutation matrix on {1, ..., d}, with Ajj=1
iff j =i+ 1 mod d, while Ai‘j1 =1iff j=i—-1 modd,i,je{l,...,d}. In particular, A4 = I. Tt then follows that
2(T%) = z(e). Since T¢ is ergodic, it follows that z is constant so 4 is constant as well. It then follows from Brown [5,

p-14] that the Markov chain X is ergodic with unique invariant measure having density ¢ with respect to m,; X u.
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