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ABSTRACT. In this paper, we consider the following semi-linear complex heat equation
Ohu = Au +uP,u e C

in R™, with an arbitrary power p, p > 1. We construct for this equation a complex solution u = uy + tua,
which blows up in finite time T" and only at one blowup point a. Moreover, we also describe the asymptotics
of the solution by the following final profiles:
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In addition to that, since we also have u1(0,¢) — +o0o and u2(0,t) — —oo as ¢ — T, the blowup in the
imaginary part shows a new phenomenon unkown for the standard heat equation in the real case: a non
constant sign near the singularity, with the existence of a vanishing surface for the imaginary part, shrinking
to the origin. In our work, we have succeeded to extend for any power p where the non linear term u? is not
continuous if p is not integer. In particular, the solution which we have constructed has a positive real part.
We study our equation as a system of the real part and the imaginary part u; and uz. Our work relies on
two main arguments: the reduction of the problem to a finite dimensional one and a topological argument
based on the index theory to get the conclusion.

1. Introduction

1.1. Ealier work
In this work, we are interested in the following complex-valued semilinear heat equation
ou = Au+ F(u),t€10,T),
u(0) = wup € L>(R"),
where F'(u) = u? and u(t) : R" — C, L*>® := L*(R",C), p > 1.
Typically, when p = 2, model (1.1) becomes the following
ou = Au+u?tel0,T),
u(0) = wg € L.

This model is connected to the viscous Constantin-Lax-Majda equation with a viscosity term, which is a
one dimensional model for the vorticity equation in fluids. For more details, the readers are addressed to
the following works: Constantin, Lax, Majda [2], Guo, Ninomiya and Yanagida in [8], Okamoto, Sakajo
and Wunsch [25], Sakajo in [26] and [27], Schochet [28]. The local Cauchy problem for model (1.1) can be
solved in L*°(R™, C) when p is integer, thanks to a fixed-point argument. However, if p is not an integer

(1.2)

2010 Mathematics Subject Classification. Primary: 35K50, 35B40; Secondary: 35K55, 35K57.

Key words and phrases. Blowup solution, Blowup profile, Stability, Semilinear complex heat equation, non variation heat
equation.

February 18, 2019.

I G. K. Duong is supported by the project INSPIRE. This project has received funding from the European Unions Horizon
2020 research and innovation programme under the Marie Sklodowska-Curie grant agreement No 665850.

© 2019 published by Elsevier. This manuscript is made available under the CC BY NC user license
https://creativecommons.org/licenses/by-nc/4.0/


https://www.elsevier.com/open-access/userlicense/1.0/
https://www.sciencedirect.com/science/article/pii/S0022039619302414
https://creativecommons.org/licenses/by-nc/4.0/
https://www.sciencedirect.com/science/article/pii/S0022039619302414

9 G. K. DUONG

number, then, the local Cauchy problem has not been solved yet, up to our knowledge. In my point of view,
this probably comes from the discontinuity of F(u) on {u € R* } and this challenge is also one of the main
difficulties of the paper. As a matter of fact, we solve the Cauchy problem in Appendix A for data ug € L,
with Re(ug) > A, for some A > 0. Accordingly, a maximal solution may be global in time or may exist only
for t € [0,T), for some T > 0. In that case, we have to options:
(i) Either [|u(t)||po@n) — +o0ast —T.
(#4) Or mingern Re(u(z,t)) - 0ast — T.
In this paper, we are interested in the case (%), which is referred to as finite-time blow-up in the sequel.
A blowup solution u is called Type I if
1
lim sup(T — ¢) 7= ||u(., t)|| L= < 4o00.
t—=T
Otherwise, the solution u is called Type II.
In addtion to that, T is called the bolwup time of v and a point a € R" is called a blowup point if and
only if there exists a sequence {(a;,t;)} = (a,T) as j — +oo such that

lui(ag,tj)| + |uz(aj, t;)| — 400 as j — +oo.

In our work, we are interested in constructing a blowup solution of (1.1) which is Type I. Let us quickly
mention some typical works for this situation (for more details, see the introduction in [5], treated the integer
case).

(i) For the real case: Bricmont and Kupiainen [1] constructed a real positive solution to the following
equation
Ou = Au+ |uP"tu,p > 1, (1.3)

which blows up in finite time T, only at the origin and they have derived the profile of the solution such that

1 . C
(T —t)7Tu(.,t) — fo < ) < ’

VIO 01 )| gy~ 1+ VI 1)
where the profile fj is defined as follows

folz) = <p—1—|—(p_1)2|x2>_p_1. (1.4)

4p

In addition to that, in [13], Herrero and Veldzquez derived the same result with a different method. Partic-
ularly, in [17], Merle and Zaag gave a proof which is simpler than the one in [1] and proposed the following
two-step method (see also the note [15]):

- Reduction of the infinite dimensional problem to a finite dimensional one.
- Solution of the finite dimensional problem thanks to a topological argument based on Index theory.

Moreover, they also proved the stability of the blowup profile for (1.3). In addition to that, we would like
to mention that this method has been successful in various situations such as the work of Ebde and Zaag
[6], Tayachi and Zaag [29], and also the works of Ghoul, Nguyen and Zaag in [9], [10] (with a gradient term)
and [11]. We would like to mention also the work of Nguyen and Zaag in [23], who considered the following
quasi-critical double source equation

pululP”
In®(2 + u?)’
and also the work of Duong, Nguyen and Zaag in [4], who considered the following non scale invariant
equation

O = Au A+ |ulP~tu +

Ou = Au+ |uP " uIn®(2 + u?).

(7i) For the complex case: The blowup problem for the complex-valued parabolic equations has been
studied intensively by many authors, in particular for the Complex Ginzburg Landau (CGL) equation

Oru = (1 +iB)Au+ (1 +i6)|ulP~ u + yu. (1.5)
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This is the case of an ealier work of Zaag in [30] for equation (1.5) when 8 = 0 and § small enough. Later,
Masmoudi and Zaag in [18] generalized the result of [30] and constructed a blowup solution for (1.5) with a
super critical condition p — §% — 3§ — B6p > 0. Recently, Nouaili and Zaag in [24] has constructed a blowup
solution for (1.5), for a critical case where 3 = 0 and p = §2).

In addtiion to that, there are many works for equation (1.1) or (1.2), such as the work of Nouaili and Zaag
in [21] for equation (1.2), who constructed a complex solution u = uy + iug, which blows up in finite time T
only at the origin. Note that the real and the imaginary parts blow up simultaneously. Note also that [21]
leaves unanswered the question of the derivation of the profile of the imaginary part, and this is precisely
our aim in this paper, not only for equation (1.2), but also for equation (1.1) with p > 1. We would like to
mention also some classification results, proven by Harada in [12], for blowup solutions of (1.2) which satisfy
some reasonable assumptions. In particular, in that works, we are able to derive a sharp blowup profile for
the imaginary part of the solution. Recently, the author handled in [5] the case p is an aritrary integer.

1.2. Statement of the result

In [5], we only treated the case, p € N,p > 1 which the handling of the nonlinear term is much easier. In
the present paper, we do better, and give a proof which holds also in the case p ¢ N. We believe we made
an important achievement, we acknowledge that we left unanswered the case where p > 1 and p ¢ N. From
the limitation of the above works, it motivates us to study model (1.1) in general even for irrational p. The
following theorem is our main result:

Theorem 1.1 (Existence of a blowup solution for (1.1) and a sharp discription of its profile). For each
p>1andp € (O,min (%, %)), there exists T1(p,p1) > 0 such that for all T < Ty, there exist initial data
u(0) = u1(0) +1iuz(0), such that equation (1.1) has a unique solution u on R™ x [0,T) satisfying the following:
i) The solution u blows up in finite time T only at the origin and Re(u) > 0 on R™ x [0,T). Moreover,

it satisfies the following

1 ) C
T —t)rTu(.,t) — < ; 1.6
( Jrruls ) f0<\/(T—t)|ln(T—t)|> Loo (&™) 14+ +/|In(T —t)| (1.6)
and
1 . C

T — )77 | In(T — )]us (., 1) — < 1.7
(T~ )75 (T~ 1)) gO<\/(Tt)|1n(Tt)> o ST 07

where fo is defined in (1.4) and go(z) is defined as follows

2

polx) = u . (18)

P
—1)2 p—1
(p =1+ 2522 pP)

ii) There exists a complex function u* in C?(R™\{0}) such that u(t) — u* = u} +iu} ast — T, uniformly
on compact sets of R"\{0}, and we have the following asymptotic expansions:

-1 2 271 " p—1
u*(x) ~ [(p)|x|} , as x — 0, (1.9)
8p|In |z||
and
2p [(p - 1)2|17|2} 1
us(x) ~ , asx — 0. (1.10)
? (p—1)% [ 8p|In|z] | In ||
Remark 1.2. We remark that the condition on the parameter p; < min (p%l, %) comes from the definition

of the set Va(s) (see in item (i) of Definition 3.1), Proposition 4.1 and Lemma B.3. Indeed, this condition
ensures that the projections of the quadratic term By (g2, ¢2) on the negative and outer parts are smaller
than the conditions in V4(s). Then, we can conclude (4.6) and (4.8) by using Lemma B.3 and definition of
VA(S).
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Remark 1.3. We can show that the constructed solution in the above Theorem satisfies the following
asymptotics:

w(0,t) ~ k(T —t)" 7T, (1.11)

2nk (T—t)_r’*i1
f A P N e T (142

as t — T, (see (3.37) and (3.38)). Therefore, we deduce that u blows up at time 7" only at 0. Note that,

the real and imaginary parts simultaneously blow up. Moreover, from item (i) of Theorem 1.1, the blowup

speed of uy is softer than u; because of the quantity ——— (see (1.9) and (1.10)).

[In [z]

Remark 1.4 (A strong singularity of the imaginary part). We observe from (1.10) and (1.12) that there is
a strong sigularity at the neighborhood of a as t — T; when « close to 0, we have uy(z,t) which becomes
large and positive as ¢ — T, however, we always have u3(0,t) — —oo as ¢ — T. Thus the imaginary part
has no constant sign near the singularity. In particular, if ¢ is near T, there exists b(t) > 0 in R™ and
b(t) — 0 as t — T such that at time ¢, ua(.,t) vanishes on some surface close to the sphere of center 0 and
radius b(t). Therefore, we don’t have |uz(x,t)| — +o0 as (z,t) — (0,7). This non constant property for the
imaginary part is very surprising to us. In the frame work of semilinear heat equation, such a property can be
encountered for phase invariant complex equations, such as the Complex Ginzburg-Landau (CGL) equation
(see Zaag in [30], Masmoudi and Zaag in [18], Nouaili-Zaag [24]). As for complex parabolic equation with
no phase invariance, this is the first time such a sign change in available, up to our knowledge. We would
like to mention that such a sign change near the singularity was already observed for the semilinear wave
equation non characteristic blowup point (see Merle and Zaag in [19], [20]) and Céte and Zaag in [3].

Remark 1.5. For each a € R", by using the translation u,(.,t) = u(. — a,t), we can prove that u, also
satisfies equation (1.1) and the solution blows up at time T only at the point a. We can derive that u,
satisfies all estimates (1.6) - (1.10) by replacing = by = — a.

Remark 1.6. In Theorem (1.1), the initial data «(0) is given exactly as follows
u(0) = u1(0) + su2(0),

where
L (p—12z2\ ™  nk
— T _q 4 el _ne
w(e,0) =177 {(p T I T YA
+ ——(do+dis—= — — L V4 vr@) (1= [ ——
TP ( Lo ﬁ) Xo <K0,/T1nT>}X° VT|InT] @ =xo
+ o1,

L 2] |2 (p — 1)?|z[? - 2nk
0 s e e -2
uz(x,0) =T"7 1X°<\/1|1n1‘| TimrE \P 4pT|InT)| (p—1)|InT?

A? x AP In(|In(T)|) (1 z7 x )} 2z
bl (dpotdyy = ) 2D (2T T Ty =\
{|lnT|p1+2 ( 2,0 TE2,1 ﬁ) T +2 \2yT “>° T (d22) || X0 Ko\/T|InT)|

with kK = (p — 1)_ﬁ, Ky, A are positive constants fixed large enough, di = (di1,0,d1,1),d2 = (d2,0,d2,1,d2,2)
are parametes we fine tune in our proof, and xo € C§°[0, +00), |[xo|lL=~ < 1, suppxo C [0,2] and xo(z) =1
for all |z] < 1, and U* is given in (3.32) and related to the final profile given in item (i) of Theorem 1.1.
Note that when p € N, we took in [5] a simpler expression for initial data, not in involving the final profile
U*, nor the (4+1) term in u;(0). In particular, adding this (+1) term in our idea to ensure that the real part
of the solution straps positive.

Remark 1.7. We see in (2.3) that the equation satisfied by of usy is almost ’linear’ in us. Hence, given an
arbitrary ¢y # 0, we can change a little in our proof to construct a solution u., = u1 ¢, + g, int € [0,T),
which blows up in finite time T" only at the origin such that (1.6) and (1.9) hold and the following holds

<Y
TR

(T - t)ﬁ | ln(T - t)|u2,co('7 t) — Cogo (

\/(T—t)lln(T—tN)

Lo (Rn
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and

,asx — 0, (1.14)

. e [(p—1)2] 7T 1
u2(w) ~ —1)2 1 1
(p—1)2 | 8p|/ln|z|| | In |||

Remark 1.8. As in the case p = 2 treated by Nouaili and Zaag [21], and we also mentioned we suspect
the behavior in Theorem 1.1 to be unstable. This is due to the fact that the number of parameters in the
initial data we consider below in Definition 3.4 (see also Remark 1.6 above) is higher than the dimension of
the blowup parameters which is n 4+ 1 (n for the blowup points and 1 for the blowup time).

Besides that, we can use the technique of Merle [14] to construct a solution which blows up at arbitrary
given points. More precisely, we have the following Corollary:

Corollary 1.9 (Blowing up at k distinct points). For any given points, x1, ..., xy, there exists a solution of
(1.1) which blows up ezxactly at 1, ...,xy. Moreover, the local behavior at each blowup point z; is also given
by (1.6), (1.7), (1.9), (1.10) by replacing x by x — x; and L>(R™) by L (Ja — x| < €o), for some €y > 0.

1.3. The strategy of the proof

From the singularity of the nonlinear term (u?) when p ¢ N, we can not apply the techniques we used
in [5] when p € N (also used in [17], [22], ...). We need to modify this method. We see that, although our
nonlinear term in not continuous in general, it is continuous in the following half plane

{u |Re(u) > 0}.

Relying on this property, our problem will be derived by using the techniques which were used in [5] and
the fine control of the positivity of the real part. We treat this challenge by relying on the ideas of the work
of Merle and Zaag in [16] (or the work of Ghoul, Nguyen and Zaag in [10] with inherited ideas from [16])
for the construction of the initial data. We define a shrinking set S(¢) (see in Definition 3.1) which allows a
very fine control of the positivity of the real part. More precisely, it is procceed to control our solution on
three regions P;(t), P2(t) and Ps(t) which are given in subsection 3.2 and which we recall here:

- Py(t), called the blowup region, i.e |z| < Ko\/(T —t)|In(T —t)|: We control our solution as a pertur-
bation of the intermadiate blowup profiles (for ¢ € [0,T)) fo and go given in (1.6) and (1.7).

- Py(t), called the intermediate region, i.e %\/(T —t)|In(T — t)| < |z| < €p: In this region, we will control
our solution by control the rescaled function U of u (see more (3.20)) to approach Ug, (1) (see in (3.25)),
by using a classical parabolic estimates. Roughly speaking, we control our solution as a perturbation of the
final profiles for ¢t = T given in (1.9) and (1.10).

- P5(t), called the regular region, i.e [z| > £: In this region, we control the solution as a perturbation of
initial data (¢t = 0). Indeed, T will be chosen small by the end of the proof.

Fixing some constants involved in the definition S(t), we can prove that our problem will be solved by the
control of the solution in S(¢). Moreover, we prove via a priori estimates in the different regions Py, Py, P3
that the control is reduced to the control of a finite dimensional component of the solution. Finally, we may
apply the techniques in [5] to get our conclusion.

We will organize our paper as follows:

- In Section 2: We give a formal approach to explain how the profiles we have in Theorem 1.1 appear
naturally. Moreover, we also approach our problem through two independant directions: Inner expansion
and Quter expansion, in order to show that our profiles are reasonable.

- In Section 3: We give a formulation for our problem (see equation (3.2)) and, step by step we give the
rigorous proof for Theorem 1.1, assuming some technical estimates.

- In Section 4, we prove the techical estimates assumed in Section 3.

2. Derivation of the profile (formal approach)

In this section, we would like to give a formal approach to our problem which explains how we derive the
profiles for the solution of equation (1.1) given in Theorem (1.1), as well the asymptotics of the solution.
In particular, we would like to mention that the main difference between the case p € N and p ¢ N resides
in the way we handle the nonlinear term uP. For that reason, we will give a lot of care for the estimates
involving the nonlinear term, and go quickly while giving estimates related to other terms, kindly refering
the reader to [5] where the case p € N was treated.
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2.1. Modeling the problem

In this part, we will give definitions and special symbols important for our work and explain how the
functions fo, go arise as blowup profiles for the solution of equation (1.1) as stated in (1.6) and (1.7). Our
aim in this section is to give solid (though formal) hints for the existence of a solution w(t) = uq(t) + ius(t)
to equation (1.1) such that

lim [[u(t)]| oo zn) = +00, (2.1)
t—T

and u obeys the profiles in (1.6) and (1.7), for some T' > 0. As we have pointed out in the introduction, we
are interested in the case where

p¢N,

noting that in this case, we already have a difficulty to properly define the nonlinear term «” as a continuous
term. In order to overcome this difficulty, we will restrict ourselves to the case where

Re(u) > 0. (2.2)

Our main challenge in this work will be to show that (2.2) is propagated by the flow, at least for the initial
data we are suggesting (see Definition 3.4 below). Therefore, under the condition (2.2), by using equation
(1.1), we deduce that uq, ug solve:

Ouy = Aug + Fi(ui,up), (2.3)
8tu2 = A'LLQ + FQ(Ul, Ug). ’
where F1(0,0) = F»(0,0) = 0 and for all (u3,us) # 0 we have
{ Fi(uy,us) = Re[(u +iuz)?] = |ul? cos [p Arg (ug,us)], (2.4)
Fy(uy,us) =  Im[(ug +iuz)?] = |ulPsin[p Arg (ug,us)], '
with [u| = (u2 4 u2)2 and Arg(uy, us),us > 0 is defined as follows:
Arg(uq,ug) = arcsin T (2.5)
Vu? + ul
Note that, in the case where p € N, we had the following simple expressions for Fi, F5
Filmu) = Rel(ur + i) = YU, 02(1pur2, 2.6
Fy(urus) = Iml(ur +ius)?] = 105 | O (1 ¥,

Of course, both expressions (2.4) and (2.6) coincide when p € N. In fact, we will follow our strategy in [5]
for p € N and focus mainly on how we handle the nonlinear terms, since we have a different expression when

p¢N.

Let us introduce the similarity-variables for u = u; + ius as follows:

wl(y,s):(T—t)ﬁul(x,t),wg(y,s)=(T—t)ﬁuQ(x,t),y: Tx 7j,s:—ln(T—t). (2.7)
By using (2.3), we obtain a system satisfied by (wy,ws), for all y € R” and s > —InT as follows:
dswy = Aw;— Ly Vw — 227+ Fi(wi, wa), (2.8)
dswy = Awy— 1y Vw, — P + Fa(wy, wa). )

Then note that studying the asymptotics of uy + ius as t — T is equivalent to studying the asymptotics of
w1 + iwsy in long time. We are first interested in the set of constant solutions of (2.8), denoted by

S={(0,0)}U {m <cos (;ﬁ”l) ,sin (;i)) where & = (p— 1)" 77, and k € N} .

We remark that S is infinity if p is not integer. However, from the transformation (2.7), we slightly precise
our goal in (2.1) by requiring in addition that

(w1, ws) — (k,0) as s — +o0.
Introducing w; = Kk + wy, our goal because to get

(w1, ws) — (0,0) as s — +o0.
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From (2.8), we deduce that w;,ws satisfy the following system

o,y = Lw+ El(wl,wg), (2 9)
Oswyg = Lwy+ Bg(’lj}l,wg). ’
where
1
L = A-y V+Id, (2.10)
Bl(wl,wz) = F1(1€+1I}17U12) _Kp_l%u_}h (211)
Bg(wl, ’w2) = FQ(KJ + wq, ’U)Q) — ]%'UJQ. (212)

It is important to study the linear operator £ and the asymptotics of By, By as (wy,ws) — (0,0) which will
appear as quadratic.

o The properties of L:

We observe that the operator £ plays an important role in our analysis. It is easy to find an analysis space
such that L is self-adjoint. Indeed, L is self-adjoint in Li(R”), where Lz is the weighted space associated to
the weight p defined by

S h e 2.13
= = ), wit - , :
W) = Gms j:1p(yj) p(&) 4} (2.13)
and the spectrum set of £
m
spec(L) = {1 — 5 mE N} . (2.14)

Moreover, we can find eigenfunctions which correspond to each eigenvalue 1 — 3, m € N:

- The one space dimensional case: the eigenfunction corresponding to the eigenvalue 1 — 3 is hyy,, the

rescaled Hermite polynomial given as follows

[

w3

]

(—=1)Imlym=2

Jim — 2))! (2.15)

hm (y) =

7=0
In particular, we have the following orthogonality property:
/hihjpdy =i12'6; ;,  V(i,j) € N%
R

- The higher dimensional case: n > 2, the eigenspace &,,, corresponding to the eigenvalue 1 — 7 is
defined as follows:

Em =1{hs =hg, -+ hg,, forall B N" |8] =m,|B] = b1+ + Bu}- (2.16)

Accordingly, we can represent an arbitrary function r € Li as follows

ro= Y reha(y),

B,BEN"

where: 73 is the projection of r on hg for any 5 € R™ which is defined as follows:

rg =Pa(r) = /rkﬁpdyyvﬁ e N, (2.17)
with
ka(y) = |hZ’BQL%. (2.18)
e The asymptotics of By (w1, ws), Ba(w1,ws): The following asymptotics hold:
Bi(@1,ws) = 2%@% + 0@ ® + |wa)?), (2.19)

Bg(ﬂ)l,wg) = %u’)lua + 0 (‘1111|2‘w2|) + 0O (\w2|3) s (220)
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as (w1, we) — (0,0). Note that although we have here the expressions of the nonlinear terms F, F» which are

different from the case p € N (see (2.4) and (2.6)), the expressions coincide, since we have u ~ k = (p—l)fﬁ
in all case (see Lemma B.1 below).

2.2. Inner expansion

In this part, we study the asymptotics of the solution in LIQ) (R™). Moreover, for simplicity we suppose that
n = 1, and we recall that we aim at constructing a solution of (2.9) such that (wq,ws) — (0,0). Note first
that the spectrum of £ contains two positive eigenvalues 1, %, a neutral eigenvalue 0 and all the other ones
are strictly negative. So, in the representation of the solution in LIQJ, it is reasonable to think that the part
corresponding to the negative spectrum is easily controlled. Imposing a symmetry condition on the solution

with respect of y, it is reasonable to look for a solution wi, ws of the form:

Wy = Wioho + Wiha,

wy = waoho+ wa2hs.
From the assumption that (w1, w2) — (0,0), we see that Wy g, W12, Wws,0, w22 — 0 as s = +00. We see also
that we can understand the asymptotics of the solution wq,ws in L% from the study of the asymptotics of

W10, W12, W2 0, Wa,2. We now project equations (2.9) on hg and hy. Using the asymptotics of By, By in (2.19)
and (2.20), we get the following ODEs for ¢, W1,2, w20, w22 :

Oswio = wipo+ % (@3 o + 8w o) + O(|w1,0]* + @1 2]*) + O|lwao|* + [wa,2]?), (2.21)
05,2 = % (w1,0w1,2 + 415%_’2) + O(|wr,0® + |w1,2%) + O(|wa,0l* + |wa,2]?), (2.22)
Oswa0 = Wao+ % [1 pw2,0 + 8wy 2w2 2] + O((|1D1,0|2 + |1T/1,2|2)(|w2,0| + w2 .2])) (2.23)
+  O(lwaol® + [wa2]?),
83w272 = % [@17011)272 + Wy 2w20 + 81@1,2“’2,2] + ()((lwl,0|2 + |1D172|2)(\w2,0| + |’LU272|)) (224)
+ O(Jwaof® + [wa2]*).
Assuming that
wW1,0, W2,0, W22 K W12, (2.25)
and
W1,0,W2,0, W22 S =2 (2.26)

as s — +o0o. Similarly as in [5], where we have p € N, we obtain the following asymptotics of Wy o, W12, Wa,0, W22 :

1
wl,O 0 <S2) )

g
:
[\V]
Il
|
=~
£
VA
N
Gk
N———

g

[\v)

(e}

|

Q
PR
@, =
~_

c Ins
way = —2 40 <s3> yc2,2 # 0,

as s — 400 which satisfiy the assumption in (2.25) and (2.26). Then, we have

1
c Ins
o= 220, 22%)

in L%(R) for some ¢y 2 in R*. Note that, by using parabolic regularity, we can derive that the asymptotics
(2.27), (2.28) also hold for all |y| < K, where K is an arbitrary positive constant.
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2.3. Outer expansion

As for the inner expansion, we here assume that n = 1. We see that asymptotics (2.27) and (2.28) can not
give us a shape, since they hold uniformly on compact sets (where we only see the constant solutio (k,0))
and not in larger sets. Fortunately, we observe from (2.27) and (2.28) that the profile may be based on the
following variable:

Yy
= =, 2.29
= (2.29)
This motivates us to look for solutions of the form:
— R1;(2)
w1 (y7 5) = Z SJJ )
=0
o0
Ry (2)
w2(y7 S) - Z SJJ :

Il
_

J

Note that, our purpose is to construct a solution where the real part is positive. So, it is reasonnable to
assume that w; > 0 and Ry o(z) > 0 for all z € R. Besides that, we also assume that R; j, Ra ; are smooth
and have bounded derivatives. From the definitions of Fy, Fy, given in (2.4), we have the following

31 i LEFIC) ) i B24 ) - R?,o(z) - p—Rf’B ) (2) ole)

j 2
st s s
Jj=0 j=1

b

[e'e) [e'e) —1
Ry;(2) Ry ;(2) PRy, (2)R21(2)
k2 Zo s ’Zl By B s
j= j=

C(z)

s3

1 _ _
2 (PRI ez 40~ DR ORI R ()| <

Thus, for each z € R, by using system (2.8), taking s — +00, we obtain the following system:

1 R

0 = —5Ri(e) 2~ plf(fHRgo(z), (2.30)
1 R _ zR} o(2)

0 = —5aR() = 25 () + PRI )R + R (2) + 57— (2:31)
1 R _

0 = —3 ’Qﬁl(z)-z—pi’ll(z)+pR’1)701(z)R2,1(Z), (2.32)
1 Roo(z _ 1

0 = —5Rh,(2)z - ;"“(1)+pR’f,ol(z)Rz,z(z>+R’2’,1(2)+R2,1(z)+2R§,1(Z)-z (2.33)

+ plp— 1)311)52(3)31,1(2)32,1(3)-

This system is quite similar to [5] (where p € N), and we can find the fomulas of Ry, R11,R21,Ra2 as
follows:

Rio(z) = (p—1+ b|z|2)_”%1 , (2.34)
Ria(z) = (p;p” =142 71— P 2 b2 (p— 14022, (2.35)
2,2
Ro1(2) = o 1) (2.36)
Ros(z) = —2(p—1+4b22) 7771 4+ Hys(z), (2.37)
where b = (2 15)2 and
Hop(2) = Cou(p)z®(p—1+b22)" 571 + Chy(p)z®In(p — 1 +bz2)(p — 1 4 b2?) 77

_2p—1

+ Ca3(p)z®In(p—1+b2%)(p—1+b2%)" 71
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2.4. Matching asymptotics

By comparing the inner expansion and the outer expansion, then fixing several constants, we have the
following profiles for w; and wo

7.U1(y,8) ~ (I)l(yas)a
2.38
{w2<y,s> ~ @a(y.s), (2:38)

where
1
(p—12 2\ " n
[ = - 14+ —r — 2.39
s = (po1e BTEEEY T (2.39)
ly|2 =122\ "7 2

[0 = = -1+ — _— 2.40

for all (y,s) € R™ x (0,+00). In this setion, we will give a regious proof for the existence of a solution
(w1, ws) of equation (2.8) where (2.38) holds.

3. Existence of a blowup solution in Theorem 1.1

In Section 2, we adopted a formal approach in order to justify how the profiles fy, gy arise as blowup
profiles for the solution of equation (1.1), given in Theorem 1.1. In this section, we give a rigorous proof to
justify the existence of a solution approaching those profiles.

3.1. Formulation of the problem

In this subsection, we aim at giving a complete formulation of our problem in order to justify the formal
approach which is given in the previous section. We introduce

wy = ®1+q,
3.1
{ wey = Po+ gy, (8-1)

where @1, Py are defined in (2.39) and (2.40) respectively. Then, by using (2.8), we derive the following
system, satisfied by (g1, ¢2) :

T L+V 0 ¢ Vii Vig\ (@ Bi(q1, Q2)> (R1>
d, - + (b ’ T + , 3.2
(‘Z2> ( 0 L+ V) <Q2) (VZJ V2,2> (Q2> (32(%7(]2) Ry (3:2)

where linear operator £ is defined in (2.10) and:
- The potential functions V, Vi 1, V1,2, V21, Va2 are defined as follows

Vi = (o= L) (33)
Via(,8) = Ou Fi(u1,u2)|(uyun)= (@0 — P, (3.4)
Vip(y,s) = OuF1(ui, u2)|(uy us)=(21,85) (3.5)
Vou(y,8) = Ouy Fo(ur, u2)|(uy us)=(@1,8,)> (3.6)
Voo (4,8) = OuyFo(ut, un)|(uy un)=(@1,00) — PEY (3.7)

- The quadratic terms Bi(q1,q2), B2(¢1,g2) are defined as follows:

Bi(q1,q2) = F1(®1+4q1, P2+ q2) — F1(P1, Pa) — Oy F1(ur, u2)| (uy us)=(01,82) 01 (3.8)
= Ouy F1 (U1, 12) | (uy ug) = (@1, 02) €25
By(q1,q2) = Fo(P1+4qu, P2+ q2) — Fo(P1, Pa) — Ouy Fo(ur, u2)| (uy us)=(@1,82) 01
- auzFQ(ulvu2)|(u1,u2):(fl>17<1>2)q2' (39)
- The rest terms Ry (y, s), Ra(y, s) are defined as follows:
1 P
Ri(y.s) = A% — gy Vo — . 711 + Fy(®q, Dy) — 0,P, (3.10)
1 P,
Ro(y,s) = A®2— gy -V — ——= + I5(21,P2) — 9;P2, (3.11)
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where Fy, Fy are defined in (2.4).
By the linearization around @, ®3, our problem is reduced to constructing a solution (g1, ¢g2) of system
(3.2), satistying
g1/l &) + g2/l Lo ®n) — 0 as s — +oo.
Looking at system (3.2), we already know some of the main properties of the linear operator £ (see page 7).
As for the potentials Vj , where j, k € {1,2}, they admit the following asymptotics:
C

Vi1(s8)llze + Va2l s)lle < 5,
C
Vi2Cos)llzee +Vaa ()l < Vs > 1,

(see Lemma B.2 below).
Regarding the terms B, By which are quadratic, we have these estimates

C A%
1B1(q1, @)l < —5—,
§2
C A2
| B2(q1,q2)|[z~ <

81+min(p4;l,%) ’

if g1, g2 are small in some sene (see Lemma B.3 below).
In addition to that, the rest terms Rj, Ro satisfy the following asymptotics

C
|Ri(.,8) | Loe@mny < s
C
[Ra(.8) Lo @n) < Jox

(see Lemma B.4 below).
As a matter of fact, the dynamics of equation (3.2) will mainly depend on the main linear operator

L4V 0
0 L+V )]’
and the effects of the orther terms will be less important except on the zero mode of this equation. For
that reason, we need to understand the dynamics of £ + V. Since the spectral properties of £ were already

introduced in Section 2.1, we will focus here on the effect of V.
i) Effect of V inside the blowup region {|y| < Kov/s} with Ky > 0 : It satisfies the following estimate:

V = 0in L(Jy| < Kov/s) as s — +o0,

which means that the effect of V' will be negligeable with respect of the effect of £, except perhaps on the
null mode of £ (see item (i¢) of Proposition 4.1 below).
i1) Effect of V outside the blowup region: For each € > 0, there exist K. > 0 and s, > 0 such that

o (525

Since 1 is the biggest eigenvalue of £ (see (2.14)), the operator £ + V behaves as one with with a fully
negative spectrum outside blowup region {|y| > K./s}, which makes the control of the solution in this
region easy.

sup
L>Ke,s>s.

Since the behavior of the potential V' inside and outside the blowup region is different, we will consider
the dynamics of the solution for |y| < 2Ky+/s and for |y| > Ky+/s separately for some K to be fixed large.
For that purpose, we introduce the following cut-off function

x(,8) = xo (Koy\|/§> ; (3.12)

where Y is defined as a cut-off function:

oo 1 forz <1,
Xo € C§°[0,400), xo(z) = { 0 fora>2 and ||xo|lze < 1. (3.13)
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Hence, it is reasonable to consider separately the solution in the blowup region {|y| < 2Ky+/s} and in the
regular region {|y| > Ko+/s}. More precisely, let us define the following notation for all functions r in L
as follows

r =1y +1e with 7, = xr and r, = (1 — x)r. (3.14)

Note in particular that supp(ry) C B(0,2Kg+/s) and supp(r.) C R™ \ B(0, Kp+/s). Besides that, we also
expand 73 in L2 according to the spectrum of £ (see Section 2.1 above):

1
Tb(y)=T0+7"1'y+§yT'7"2'y— Tr (r2) +7-(y), (3.15)

where r( is a scalar, 71 is a vector in R™ and r5 is a n X n matrix defined by
ro = / rop(y)dy,
Y
/ 5 P(Y)dy,

1 1
(/ T (4%‘% - 25j,k) p(y)dy> ,
" 1<j,k<n

with Tr(ry) being the trace of matrix r5. The reader should keep in mind that rg, 71,72 are only the
coordinates of rp, not for . Note that r,, is the projection of , on the eigenspace of L corresponding to the
eigenvalue A = 1 — . Accordingly, r_ is the projection of 7, on the negative part of the spectrum of L. As
a consequence of (3.14) and (3.15), we see that every r € L>(R™) can be decomposed into 5 components as
follows:

T1

T2

1
rzrb+re=ro+7“1'y+§yT'T2'y—rﬁ(T2)+T—+re- (3.16)

3.2. The shrinking set
According to (2.7) and (3.1), our goal is to construct a solution (g1, ¢2) of system (3.2) such that they
satisfiy the following estimates:
llg1 (. 8)||n= + |lg2(-, 8)|| L — 0 as s = +oo. (3.17)

Here, we aim at constructing a shrinking set to 0. Then, the control of (g1, ¢2) — 0, will be a consequence
of the control of (¢1,¢g2) in this shrinking set. In addition to that, we have to control the solution ¢; so that

w; =q1 + ®; >0, (3.18)

(this is equivalent to have u; > 0) and it is one of the main difficults in our analysis. As a matter of fact,
the shrinking sets which were constructed in [17] by Merle and Zaag or even in [5], are not sharp enough to
ensure (3.18). In other words, our set has to shrink to 0 as s — 400 and ensure that the real part of the
solution to (2.8) is always positive. In fact, the positivity is the first thing to be solved. For the control of
the positivity of the real part, we rely on the ideas, given by Merle and Zaag in [16] for the control of the
solution of the following equation:
2
Ou = Au — n@ + JulP~ u,u € R. (3.19)

[Vul?

In [16], the authors needed a sharp control of u and |Vu| near zero, in order to bound the term . Here,
we will use their ideas in order to control u; near zero and ensure its positivity. As in [16], we will control
the solution differently in 3 overlapping regions defined as follows:

For Ko > 0,0 > 0,0 > 0,t € [0,T),s € [-InT,+00),s = —In(T —t), we introduce a cover of R™ as follows

R™ C Pl(t) UPQ(t) UPg(t),
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where
Pt) = {ol Jol < Ko/ IT— DM@ =01} = {z] |yl < Kov/s} = {al 12| < Ko},
) = {o 2VTOWE -0 < el <aof = {ol D2V <l <act]
K s
{ol T2 <le< et}
) = {ol o1z Ph={ol bz 20 b= {al Bz 2t}
with
z and z = L

Y= :
VT —t \f V(T =) In(T — )]
In the following, let us explain how we derive the positivity condition from the various estimate we impose
on the solution in the 3 regions. Then

a) In Py(t), the blowup region: In this region, we control the positivity of u; by controlling the positivity

of wy (see the similarity variables given in (2.7)). More precisely, as we mentioned in Subsection 1.3,

w will be controlled as a pertubation of the profiles &1, @2 ((2.39) and (2.40)). By using the positivity

of ®; and a good estimate of the distance of w; to these profiles, we may deduce the positivity of wy,
which leads to the positivity of .

b) In Py(t), the intermediate region: In this region, we control u via a rescaled function U of u as follows:

Uz, &,1)= (T — t(x))_ﬁu(x +&V/T —t(x), t(x) + (T — t(x))), (3.20)
where t(x) is uniquely defined for |z| small enough by
= BT @) (T i) (3.21)
We also introduce
O(z) =T — t(z). (3.22)

We see that, on the domain (£, 7) € R™ x [—Ti(if()m), 1), U satisfies the following equation:

0,U = AU + UP. (3.23)

By using classical parabolic estimates on U, we can prove the following the rescaled U at time 7(z,t),
has a behavior similar to Uk, (7(z, 1)), for all [£| < ag/|In(T — t(x)| where

t—t(x)

(@) = T —t(x)’

and Ug, (1) is unique solution of the following ODE
0.0k, = U, ()

> K,
Uk, (0) = (—14'%

) L (3.24)
In particular, we can solve (3.24) with an explicit solution:

—1)2K2\ 1

Uk, (1) = ((p -1 -7)+ (]962)KO> ,Vr € [0,1). (3.25)
Then, by using the positivity of U Ko, we derive that u; > 0, in this region.

¢) In P;(t), the regular region: We control the solution in this region as a perturbation of the initial data,
thanks to the well-posedness property of the Cauchy problem for equation (1.1), to derive that our
solution is close to the initial data, (in fact, T' will be taken small enough). Therefore, if the initial
data is strictly larger than some constant, we will derive the positivity of .
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The above strategy makes the real part of our solution becomes positive. Therefore, it remains to control
the solution in order to get
HQ1('7S)HL"° + Hq?('v S)HL“’ — +00,
(see (3.1)). This part is in fact quite similar to the integer case, done in [5].
From the above arguments, we give in the following our definition of the shrinking set.

Definition 3.1 (A shrinking set to 0). For all T > 0,Ky > 0,9 > 0,¢9 > 0,4 > 0,50 > 0,79 > 0,p1 €
(0,min (232, 3)) for all t € [0,T), we define the set S(T, Ko, o, €0, A, 89, m0,t) C C([0,t], L=(R™,C)) (or
S(t) for short) as follows: uw=uy +iug € S(t) if the following condition hold:
(i) Control in the blowup region Pi(t): We have (¢1,¢2)(s) € Vp, . k,,4(s) where s = —In(T —t), (q1,q2)
is defined as in (3.1) and Vp, r,.4(s) = Va(s) € (L=(R™))? is the set of all function (q1,q2) € (L°°)?
such that the following holds:

A A?
laro(s)l < =5 and  azo(s)| < s,
A A? )
lq1.5(s)| < ) and |qz,;(s)| < mavj =n,
A?lns Adlns
larik(s)l < —5— and azn(s)| < — = Vi k < m,
a1, (y,5) A g 2= A?
Ly EE N FEATEN PR
s 2
A? A3

lq1,e(, 8)l[Lee < 7 and ||Q2,e(-a8)||Lw§sp@7

where the coordinates of g1 and qo are introduced in (3.16) with r = q1 or r = ¢a.
(#i) Control in the intermediate region Py(t): For all |z| € {% V(T =) In(T - t)|7€0] Tz, t) = i
and |&| < ao/|In(T — t(x))|, we have

U@, m(@,0)) = O(r(z,1))| < &,

where Uy, defined in (3.25).
iti Control in the regular region P3(t): For all |x| > <

|u(z,t) — u(x,0)| < no,Vi=0,1.

Finally, we also define the set S*(T, Ky, ag, €0, A, d0,m0) C C([0,T), L>*(R™,C)) as the set of all u €
C([0,T), L>°(R™,C)) such that

u e S(T, Ko, ag, €9, A, do, 1o, t),Vt S [0, T)
The following lemma, we show the estimates of the fuction being in V4(s) and this lemma is given in [5]:

Lemma 3.2. For all A > 1,s > 1, if we have (q1,q2) € Va(s), then the following estimates hold:

. 2 3
(@) N1l oo ey < S5 and [|gz| oo uny < S
(i) T
1
CA%Ins CA? CA%Ins
W)l < ——— 0+ %), o) < (1) and |ar| < —5— 1 +[y]),
and
CA C A3 C A3
s < 55 L+ W), g2, < 5 (L4 191?) and |ga| < —5 (1 + [y]?).
S 2 S 2 s 2

(#91) For all y € R™ we have

A?lns A2
2

| <C A( L+ Jyl) + L+ 1y1*) + Z A +1y)



A BLOWUP SOLUTION OF A COMPLEX SEMI-LINEAR HEAT EQUATION WITH AN IRRATIONAL POWER 15

and A? A51 A3
ns 5
) < € | (o) + S (0 )+ 5z 1+ 1)

where C' will henceforth be an constant which depends only on K.
Proof. See Lemma 3.2, given in [5]. O

As matter of fact, if u € S4(¢) then, from item (i) of Lemma 3.2, the similarity variables (2.7) and (3.1),
we derive the following

) . CA?
e . (3.26
(=67 7ul1) f°<¢<T—t>1n<T—t>l> vy v O
1 _ CA3
T —t)r=1|In(T — t)|us(.,t) — - (3.27
( )= | In( t)|ua(.,t) go<\/(Tt)ln(Tt)|> L (i) 1+ |In(T—1¢)|= (327

We see in the definition of S(t) that there are many parameters, so the dependence of the constants on
them is very important in our analysis. We would like to mention that, we use the notation C' for these
constants which depend at most on Ky. Otherwise, if the constant depends on K, A1, Ao, ... we will write
C(A, A, ...).

We now prove in the following lemma the positivity of Re(u) at time ¢ if  belongs to S(¢) (this is a crucial
estimate in our argument):

Lemma 3.3 (The positivity of the real part of functions trapped in S(t)). For all Ko, A > 1 ag > 0,00 <

@,7]0 < %, there exists €1(Kg) > 0 such that for all eg < €1 there exists T1(A, Ko, eo) such that for all
T < Tj the following holds: if u € S(T, Ky, ao, €0, A, 60, M0,t) for all t € [0,t1] for some t; € [0,T), and

Re(u(0)) > 1 for all |z| > <, then
1
Re(u)(x,t) > 2 Vo € R",Vt € [0, t1].

Proof. We write that v = uy + dug, with Re(u) = uy. Then, we estimate u; on the 3 regions Py (t), Pa(t)
and Ps(t).

+ The estimate in Py (t): We use the fact that (q1,¢2) € Va(s) together with item (7) in Lemma 3.2, and
the definition (3.1) of ¢; and the definition of ®; given in (2.39), to derive the following: for all |y| < Kov/s,
CA?

Y
wi(y,s) = fo (ﬁ)‘ < 75
Using the definition (2.39) of @, we write for all |y| < Kov/s

A2
wi(y,s) > fo <\Z//§>—C\1/§
> o) T

By definition (2.7) of the similarity variables, we implies that: for all |z| < Ko+/(T —t)|In(T — )],

B (p—1)* 2>Pll CA?
T )7 Tu (e, t) > (p—1+ K, N —
T -0 > (p-1+ PTG s
Therefore,
1 (p—1)2 2)?1 C A2 1
wi(@,t) > (T —t) 7 |(p—1+ K, | >,
()2 (0= 1) [(p Lk |23

provided that T' < T3 1 (Ko, A).
+ The estimate in Po(t): Since we have u € S(t), using item (4¢) in the Definition 3.1, we derive that:

for all z € [T\/( (T t)|,eo]
‘U(%O,T(x,t)) ~ Uk, (T(x,t))‘ < b,
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where 7(x,t) = ;:tt((?). In particular, by using the definition of ¢(z) given in (3.21) and the fact that

III>7\/ = )In(T - 1)},

we have 7(x,t) € [0,1). Therefore,

Ui(z,0,7(z,t)) > Ug,(7(z,t)) — do
> Uk, (0) - do
1. 1 (p— 12K\ "
> = = (p—14+ L 20
> 5Uk(0) =3 (p T 16 ’

provided that 8y < 21U, (0). By definition (3.20) of U, this implies that
1 —1)2Kg\ 7!
(T—t(x))plflul(azt) =Ui(z,0,7(x,t)) > 3 (p_1+@111))1é)> .
Using the definition of ¢(z) in (3.21) we write

8 |z

T —1¢ ~N—
@)~ R el

as |z| — 0.

Therefore, there exists €1 1(Kp) > 0 such that for all ¢y < €1, and for all |z| < €y, we have

1
a1 (p—1)2 K2\ 71 _1
_ 1= (p— =0 >
(T — t(z)) 12(p TR T

Then, we conclude that for all |z| € {% V(T =) In(T - t), eo} , we have

ui (2, t) >

provided that T' < T5 1 (eo).
+ The estimate in Ps(t): This is very easy to derive. Indeed, item (#i7) of Definition 3.1, we have for all
2| = ¢
1 1
ui(x,t) > Re(u)(z,0) —no >1— 353
provided that ny < % This concludes the proof of Lemma 3.3. O

Thanks to Lemma 3.3, we can handle the singularity of the nonlinear term w? when our solution is in
S(T, A, ag, €0, A, 60, m0). In addition to that, from item (i) of Lemma 3.3, (3.26) and (3.27) our problem is
reduced to finding parameters T, Ky, ag, €0, 4, do, 7o, and constructing initial data u(0) € L*°(R",C) such
that the solution u of equation (1.1), exists on [0,7) and satisfies

u e S*<T,K070407607A,(50,7’]0). (328)

3.3. Preparing initial data and the existence of a solution trapped in S(t)

In this subsection, we would like to define initial data u(0), which depend on some parameters to be
fine-tuned in order to get a good solution. The following is our definition:

Definition 3.4 (Preparing of initial data). For each A > 1,T > 0, d; = (d19,d11) € R! x R™, and
n(n+1)

dy = (dag,da1,d21) € RM™ x R™ =2 | we introduce the following functions defined at sp = —InT :

A 16
P10, 4.1 (Y, 50) = % (dio+di1-Y) Xo <Ko\i/slo) )

A? Adlns 16
$2.K0,4,0 (Y 50) = ( o7z (20 +d21 - y) + 5p1+20 (y7 -dap-y—Tr (d2,2))> ( vl )

S0 0 Ko/
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We also define initial data g, Ady,de(0) = U1 Ky, 4,4, (0) + iu2 K,.4,4,(0) for equation (1.1) as follows:

T {¢1,K07A7d1 (\% - 1nT> Lo, (\;T - lnT> } 1 (z) (3.29)
+ U'(z)(1—xa(z)) +1,

T {¢2 Ko, Ada (x —1nT) + @y (m —1nT> } xi(@),  (3.30)
where 1, Py are defined in (2.39), (2.40) and x1(x) is defined as follows

2) = yo [ —2 ) 3.31
X1 () Xo( ﬁT|lnT| ( )
with xo defined in (3.13), and U* € CY(R™\{0},R) is defined for all x € R™,x # 0

U1,K,,A,d; (7,0)

U2 Ky, A,dy (7,0)

1
p—1 2|z|2] P T .
[(gp“i”ﬂl‘ } if x| < C*,

U*(x) = o= if lz| > 1, (3.32)

U*(z) >0 for all x # 0,
where C* is a fized constant strictly less than 1 enough, and U* satisfies the following property: for each

€ < % we have

U*(x) < U*(ep), for all|z| > €. (3.33)
Remark 3.5. Roughly speaking, the critical data we done here are superposition of two items:
- T777 {¢1 + @} in P1(0)
- U* in Py(0).
The first form is well-known in previous construction problems. As for the second, we borrowed it from
Merle and Zaag in [16]. Note that U* is the candidate for the final profile of the real part, as we can see from

own main result in Theorem 1.1. More crucially, we draw your attention to the fact that in comparision with
[16], we add here +1 to the expression in (3.29), and this term will allow us to have the initial condition

Re(u(0)) > 1,
which is essential to make the nonlinear term u? well-defined, and the Cauchy problem solvable (see Appendix
A). This is an important idea of ours.

From the above definition, we show in the following lemma some rough properties of the initial data.

Lemma 3.6. For all Ko > 1,A > 1, |di]eo < 2,|d2]oc < 2, and for all ¢g < %* (where C* is introduced
in (3.33)), there exists Ta(eg, Ko, A) > 0 such that for all T < Ty, if u(0) = uk,, 4,d,.4,(0) is defined as in
Definition 3.4, then the following holds:

(1) The initial data belongs to L™ and satisfies the following

1
(P —1)?eol*\ 7
0| poo(lameny <14 (22210l .
e Ol sy < 1+ (LI
(#3) The real part of the initial data, Re(u(0)) is positive. In particular,
Re(u(z,0)) > 1,Vx € R".
Proof.

(i) Tt is obvious to see that the initial data belongs to L with the assumptions in this Lemma. It remains
to prove the estimate in item (7). We now take ¢y < %7 and we use definition of x; in (3.31) to deduce that
supp(x1) C {|z| < 2vT|InT|}. Moreover, we have

VT|InT| = 0 as T — 0.

Then, we have
VT|InT| < %0,
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provided that T' < T4 1 (). Hence,
supp(xa) € {Je| < T},
Hence, it follows the defintion of w(0) that: for all || > €y, we have
u(z,0) =U*(z) + 1,
Using (3.33), our result follows.
(i1) We see in the definition of u(0) that we have supp(é1,x,,4,4,) C {y| < £2\/50} and we have the following

CA

T
|¢1,K0,A,d1 <7 —IHT> |L°° < m

VT

In addition to that, in the region {|z| < £2/TTInT[}, the function @, (% ~In T) is bounded from below

by a positive constant which depends only on Kj. Therefore, there exists 75 2(A, Ky) > 0 such that for all
T < Ty, for all |z] < %\/T| InT| we have

x x
¢1’K0’A7d1 (\/T,—IHT> +®1 <\/T7_IHT> > 0.
Therefore: for all |z| < %\/T| InT|, we have

Re(u(z,0)) > 1.

Now, if [z| > &2 \/T[In T, then we have ¢1,,, 4,4, (¥, 50) = 0. Since ®1(y, s9) > 0 from (2.39) and U*(z) > 0
from (3.33), we directly see from the definition (3.29) for Re(u(0)) that

Re(u(z,0)) > 1.
This concludes the proof of Lemma 3.6. O

Following the above lemma, we will prove that there exists a domain Dg,, a,s,, With sg = —InT such that
for all (di1,d2) € Dk, 4,s,, the initial ug, A,4,.4,(0) is trapped in

S(Ta K07O[0, €0, A7 505 7o, 0) = S(O)

In particular, we show that the initial data strictly satisfies almost the conditions of S(0) except a few of
the conditions in item (i) of Definition 3.1. More precisely, these conditions concern the following modes

(91,0, (q1,5)j<ns 42,05 (42,5) j<n> (42,55 ) j,k<n) (S0)-

The following is our lemma:

Lemma 3.7 (Control of initial data). There exists K3 > 1 such that for all each Ky > K3, A > 1 and
51 > 0, there exists ag(Ko,d1) such that for all oy < ag, there ewxists e3(Ko, ag,01) > 0 such that for all
€0 < €3,10 > 0, there exists T5(Ko, g, €1, A,01,m1) > 0 such that for all T < T and so = —InT, there exists
DroAso C [—2,2]1F7 x [-2,2]117 x [-2,2] "5 such that the following holds: if w(0) = ug, ay.d1,d.(0) (see
Definition 3.4), then

(I) For all (d1,d2) € Dk, 4.5, we have u(0) € S(T, Ko, o, €0, A, 61,10, 0). In particular, we have:

(1) Estimates in Py(0): We have (q1,q2)(s0) € Va(so) where (q1,q2)(so) are defined in (2.7) and (3.1),
satisfy the following estimates:

A2 In S0 .
lq1,5,k(s0)] < 5z o Vl<ik<n
50
a1, (-, 80) A and g2,— (-, 80) < A?
14+ |y|3 . — 25(2) 1+ |y‘3 Lo — 28111;5;
0
A2 A3

llq1,e(-s s0) | Lo < and  |[qz,e(-, so0)llL < —557-
2

a 2\/% 2s
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(i3) Estimates in Py(0): For all |x| € {%\/T\IHT\,EO] ,7o(z) = ;'ng)) with 0(z) =T — t(z) and |£] <
ap/ | In(T — t(z))|, we have
U (2, &, 70(2)) = Uk, (10(2))| < 61,
where Uz, &, 7) is defined in (3.20) and Uk, (1) is defined in (3.25).

(II) There exists a maping ¥y such that

n(n+1) n(n41)
2 2

Uy R x R xR R x RH™ x R
(di,d2) = (q1,0: (q1,5)i<n> 42,0, (2,5) j<n (@2,5,6) j,6<n ) (S0)

is linear, one to one from Dg, a5, to Va(so), where

. A AT A2 A2 7Y T A APlns] T E
= [ A A [ AT A 550
Moreover,
U1 0Dk, a,50) € WVals0),
and
deg (Vi|py, 4.,) #0- (3.35)

Proof. If we forget about the terms involving U* and the +1 term in our definition (3.29) - (3.30) of initial
data, then we are exactly in the framework of the case p integer treated in [5] (see Lemma 3.4 in [5]).
Therefore, when p is not integer, we only need to understand the effect of U* and the +1 term in order to
complete the proof. The argument is only technical. For that reason, we leave it to Appendix C. O

Now, we give a key-proposition for our argument. More precisely, in the following proposition, we prove
the existence of a solution of equation (3.2) trapped in the shrinking set:

Proposition 3.8 (Existence of a solution trapped in S*(T, Ky, ag, €9, A, 00,10)). We can chose the parame-
ters T, Ko, av, €0, 4, d0,Mm0 such that there exist (dy,ds) such that the solution u of equation (1.1) with initial
data given in Definition 3.4, exists on [0,T) and satisfies

u € S(Ta KO, Q, €0, Av 50) 770)
Proof. The proof of this Proposition is given 2 steps:
e The first step: We reduce our problem to a finite dimensional one. In other words, we aim at proving
that the control of u(t) in the shrinking set S(¢) reduces to the control of the components
(91,0, (91.5)j<n> 42,0, (92,5) j<n> (42,58 ) k<) (5)

in V4(s), defined in (3.34).
e The second step: We get the conclusion of Proposition 3.8 by using a topological argument in finite
dimension.

- Step 1: Reduction to a finite dimensional problem: Using a priori estimates, our problem will be reduced
to the control of a finite number of components.

Proposition 3.9 (Reduction to a finite dimensional problem). There exist parameters Ky, ao, €g, A, do, Mo
and T > 0 such that the following holds:

(a) Assume that initial data w(0) = uk,,A,dy.d, (0) is given in Definition 5.4 with (d1,d2) € Dk, A,so
(b) Assume furthemore that the solution u of equation (1.1) satisfies: u € S(T, Ko, v, €0, A, 00,10, t) for
all t €10,t.], for some t, € [0,T) and

u e aS(Tu K07 @, €0, A7 603 Mo, t*)
Then, we have:

(i) (Reduction to finite dimensions): It holds that (q1.0, (q1.5)i<n, 42,0, (@2.5)j<n, (@2.5.k)jk<n)(5:) € IVa(s4),
where (q1,q2)(s) are defined in (2.7) and (3.1), Va(s) is defined as in (3.34), and s, = —In(T —t,).
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(13) (Transverse outgoing crossing): There exists vy > 0 such that

Vi € (0,10), (41,0, (q1.5)<n> 42,0 (42.5)i<ns (G2.5.k)j.k<n) (55 + 1) & Va(s. +v), (3.36)
which implies that there exists 11 > 0 such that u exists on [0,t, +v1) and for all v € (0,14)

U(t* + V) ¢ S(Ta Ko,ao,Go,A750,’l]0,t* + V)'

The proof of this Lemma uses techniques given in [16] which were developed from [1] and [17] in the real
case. However, it is true that our shrinking set involves more conditions than the shrinking set used in [1],
[17], [5]. In fact, the additional conditions are useful to ensure that our solution always stays positive. In
particular, the set V4(s) plays an important role. Indeed, as for the integer case in [5], only the nonnegative
modes (¢1,0, (¢1,5)j<n, 42,0, (42,5) j<n, (@2,5,k)j,k<n)(S+) may touch the boundary of V4(s.) and leave in short
time later. However, the control of the sulution with the positive real part is also our highlight and of course
it is the main difficulty in our work. This proposition makes the heart of the paper and needs many steps
to be proved. For that reason, we dedicate a whole section to its proof (Section 4 below). Let us admit it
here, and get to the conclusion of Proposition 3.8 in the second step.

- Step 2: Conclusion of Proposition 3.8 by a topological argument. In this step, we give the proof of
Proposition 3.8 assuming that Proposition 3.9 holds. In fact, we aim at proving the existence of a parameter
(d1,d2) € Dg,, 4,5, such that the solution u of equation (1.1) with initial data wg,, 4.4,,4,(0) (given in
Definition 3.4), exists on [0,T") and satisfies

S S*(Tv KOa @, 607143 507770)7

where the parameters will be suitably chosen. Our argument is analogous to the argument of Merle and Zaag
in [17]. For that reason, we only give a brief proof. Let us fix T, Ky, do, ao, €0, 4, ap, 1o such that Lemma
3.7, Proposition 3.9 and Lemma 3.3 hold. Then, for all (d1,d2) € Dg,, 4,5, and from Lemma 3.7 we have the
initial data

UKy, A,dy,do (0) € S(T, Ko, ag, €0, A, do, 1o, O).
Thanks to Lemmas 3.3 and 3.7, for each (di,d2) € Dk, a5, We can define t,(di,d2) € [0,T) as the
maximum time such that the solution ug, 4, of equation (1.1), with initial data wg,, 4,4,,4,(0) trapped in
S(T, Ko, ap, €0, A, 8, 10, t) for all ¢t € [0,1.(dy,ds)). We have the two following cases:
+ Case 1: If there exists (dy,ds) such that t.(dy,ds) = T then our problem is solved
+ Case 2: For all (dy,d2) € Dk,,a,s,, We have

t.(dy,dy) < T.

By contradiction, we can prove that the second case can not occur. Indded, if it is true, by using the
continuity of the solution v in time and the definition of ¢, = t.(d1,d2), we can deduce that v € 9S(t.).
Using item () of Proposition 3.9, we derive

(q1,0, (q1,7) j<n> 2,0, (02,5) j<n> (@2, )< ) (84) € OVa(s.),
where s, = —In(T — t,). Then, the following mapping T" is well-defined:

n(n+1)

T Diyisg — a([—1,1]1+”><[—1,1]1+”><[—171]# )

53 S£1+2 S£1+2
(di,di) A (91,0, (q1,5)j<n)(84), Az (42,0, (¢2,5)j<n) (84), Aslns. (92,56 )j.k<n(84) | -

Moreover, it satisfies the two following properties:

(i) T is continuous from Dk, 45, t0 O ([71, 1 x (=1, 10 x -1, 1]%) . This is a consequence of

item (4¢) in Proposition (3.9).
(ii) The degree of the restriction T'| 9D, 18 mon zero. Indeed, again by item (#4) in Proposition 3.9, we
have
S*(dl,dz) = S0,
in this case. Applying (3.35), we get the conclusion.
In fact, such a mapping I' can not exist by Index theorem and this is a contradiction. Thus, Proposition 3.8
follows, assuming that Proposition 3.9 holds (see Section 4 for the proof of latter). O



A BLOWUP SOLUTION OF A COMPLEX SEMI-LINEAR HEAT EQUATION WITH AN IRRATIONAL POWER 21

3.4. The proof of Theorem 1.1
In this section, we aim at giving the proof of Theorem 1.1 by using Proposition 3.8.

The proof of Theorem 1.1: Except for the treatment of the nonlinear term, this part is quite similar to
what we did in [5] when p is integer. Nevertheless, for the reader’s convenience, we give the proof here,
insisting on the way we handle the nonlinear term.

+ The proof of item (i) of Theorem 1.1: Using Proposition 3.8, there exist (di,ds) such that the solution u
of equation (1.1) with initial data uk, 4 4,.4,(0) (given in Definition 3.4), exists on [0,T") and satisfies:

AS S*(Tv KOa g, 607143 507770)'

Thanks to item (¢) in Definition 3.1, item (7) of Lemma 3.2, and definition (2.7) and definition (3.1) of
(w1, ws) and (g1, g2) we conclude (1.6) and (1.7). In addition to that we have Re(u) > 0. Moreover, we use
again the definition of V4 (s) to conclude the following asymptotics:
w0,t) ~ k(T —t) 771, (3.37)
1
nk (T —t) 71
us(0,8) ~ — , (3.38
OO~ Gy @ -op :
as t — T, which means that u blows up at time 7" and the origin is a blowup point. Moreover, the real and
imaginary parts simultaneously blow up . It remains to prove that for all x # 0, x is not a blowup point of
u. The following Lemma allows us to conclude.

Lemma 3.10 (No blow-up under some threshold; Giga and Kohn [7]). For all Cy > 0,0 < Ty < T and
o > 0 small enough, there exists €g(Co, T, o) > 0 such that if u(&, T) satisfies the following estimates for all
€l <o,7€e[1,T):
|0-u — Au| < Colul?,
and
[u(¢. 7| < €01 —7) 77T
Then, u does not blow up at £ =0,7=1T.

Proof. See Theorem 2.1 in Giga and Kohn [7]. Although the proof of [7] was given in the real case, it extends
naturally to the complex valued case. O

We next use Lemma 3.10 to conclude that v does not blow up at z¢ # 0. Since from (1.7), we have

1 C
[ —t) p—1 . o < -
( t) HuQ(at)”L = ‘1H(T—t)|7

if g # 0 we use (1.6) to deduce the following:

|zol
h(ww—mmw—m>+

Applying Lemma 3.10 to u(x — g, t), with some o small enough such that o < @, and T3 close enough to
T, we see that u(z — xz¢,t) does not blow up at time 7" and = = 0. Hence, z is not a blow-up point of w.
This concludes the proof of item (7) in Theorem 1.1.

sup (T — )7 [u(a, t)] <

|3€—$0|S%®

=0, ast—T. (3.39)

[In(T —t)]

+ The proof of item (ii) of Theorem 1.1: Here, we use the argument of Merle in [14] to deduce the
existence of u* = uj + iuj such that u(t) — u* as ¢ — T uniformly on compact sets of R"\{0}. In addition
to that, we use the techniques in Zaag [31], Masmoudi and Zaag [18], Tayachi and Zaag [29] for the proofs
of (1.9) and (1.10).

Indeed, for all x5 € R™, zg # 0, we deduce from (1.6), (1.7) that not only (3.39) holds but also the following
is satisfied:

I 0l 2 ) 3
mfsz@@_ﬂ | In(T — t)[Juz(z,t)| < 4(Tt)|1n(Tt)|f°<\/(T—t)|1n(T—t)|>’(3'40)

L%O ast—> T
(T % '




22 G. K. DUONG

We now consider zq such that |zg| is small enough, and K to be fixed later. We define to(xg) by

20| = K/(T — to(x0)) | In(T — to(x0))]. (3.41)

Note that to(zg) is unique when |z¢| is small enough and to(z9) — T as xg — 0. We introduce the rescaled
functions U(zg, &, 7) and Va(zg, &, 7) as follows:

U(wo,&,7) = (T — to(z0)) 7 u(x,t). (3.42)
and
Va(wo,&,7) = [In(T" — to(20))|U2(z0, &, 7), (3.43)
where Us(xg,&,7) is defined by
U(JIQ7£, T) = Ul(x07€77—) + iU2($0,§7T),

and

(w,t) = (.’L‘o + 5\/ T— t0($0)7t0($0) + T(T - to(l‘o))), and (f,T) e R" x |:_Tt0(130) 1) . (344)

— to(l‘o) ’
We can see that with these notations, we derive from item (¢) in Theorem 1.1 the following estimates for
initial data at 7 =0 of U and V3

C
sup [U(20,€,0) = fo(Ko)| < — =0 aszo—0, (3.45)
€] <] In(T—to(z0))| % 1+ (|In(T" = to(z0))[ %)
sup [Va(20,&,0) — go(Ko)| < ¢ =0 asxzg—0. (3.46)

l€1<] In(T—to (o)) 4 — 14 (In(T - to(z0)) )

where fo(z),go(z) are defined as in (1.4) and (1.8) respectively, and 71 = min (3, 2). Moreover, using
equations (2.3), we derive the following equations for U, Va: for all £ € R™ 7 € [0,1)

0.U = AU+U?, (3.47)
67-‘/2 = Ag‘/g + |1H(T*t0(l‘0))|FQ(U1,U2), (348)

where Fy is defined in (2.4).
Besides that, from (3.39) and (3.47), we can apply Lemma 3.10 to U when |¢| < |In(T —to(z0))|3 and obtain:

sup |U(zo,&,7)| < C. (3.49)
l€]< 3| In(T—to(z0))| 4 ,7€[0,1)

and we aim at proving for V5 (g, &, 7) that

sup. [Va (o, &, 7)] < C. (3.50)
|€]< 251 In(T'—to(20))| 7 ,7€[0,1)

+ The proof for (3.50): We first use (3.49) to derive the following rough estimate:

sup [Va(wo, &, 7)| < ClIn(T — to(w0))|- (3.51)
[€]< 3 In(T—to(x0))| 1 ,7€[0,1)

We first introduce ¢ a cut-off function ¢ € C§°(R™),0 < ¢ < 1,supp(yp) € B(0,1),9 = 1 on B(O,%).
Introducing

2¢
(@ =v ;) nd VaaCan,&7) = 01 (€)Vatan, 7). (3.52)
| In(T" — to(z0))|*
Then, we deduce from (3.48) an equation satisfied by Va4
0:- Vo1 = AcVo 1 — 2 div(VaVihy) + Vo Ay + | In(T — to(x0)) |91 Fo(Ur, Ua). (3.53)

Hence, we can write V5 ; with a integral equation as follows

Vo (1) = 27 (Va1(0)) + /OT =R (22 div (VaVihy ) + VoA + | In(T — to(zo)) |ty Fo(Uy, Us)) (7)) dr’.
(3.54)
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Besides that, using (3.49) and (3.51) and the fact that

C
’ |A’l/)1

Vib| < < -
IV S T )]

| C
(T~ to(o))| 3

)

we deduce that

/T e (~2 div (V) dr| < c/T VeVl (7)o < 1T — to(wo))
0 N
[ 2 maamar| < ¢ [T a6 < o - i,
0 0
/ e(r=TA (V1| In(T — to(wo))|Fo(Ur, Uz) (")) dr'| < C/ | (T — to(xo))|th1 Fo(Ur, Ua)|| Lo (7")dT".
0 0

Since the last term in (3.54) involves the nonlinear term F»(Uy, Us), we need to handle it differently from
the case where p is integer: using the definition (2.4) of F, and (3.49) and the fact that U; is positive, we
write from for all |¢| < 1|In(T — to(x0))|7,7 € [0,1) we have

[a In(T — to(20)) Fa(Un, U)(7)| < C (UZ + UZ) = o In(T — to(w0))Ua(7)] < C[Vaa (7)o

Hence, from (3.54) and the above estimates, we derive

H%ﬂﬂhwéﬂmﬁ—m@mﬁ+0/H%Aﬂhwﬁ.
0
Thanks to Gronwall Lemma, we deduce that

Va1 (7)1 < C|In(T — to(x0))|%,¥r € [0,1),

which yields

sup [Va(eo,&,7)| < ClIn(T — to(o))| . (3.55)
€< 3 In(T—to(x0))| 4,7€[0,1)

We apply iteratively for

Vao(0,&,7) = ¥2(§) Va(zo, &, 7) where 93(§) = <|1n(T _45](%))'}1) )

Similarly, we deduce that
sup Va(z0,€,7)| < C|In(T — to(x0))|?.
€< 1 In(T—to(20))| T m€[0,1)

We apply this process a finite number of steps to obtain (3.50). We now come back to our problem, and aim
at proving that:

C

sup ‘U(mf,f) — Uk, (T)’ < — = (3.56)

1€1< 5 In(T—to(z0))| F 7e[0,1) 1+ [In(T — to(0)) 2

- C

sup Va(wo,&,7) = Voo (7)] - < , (3.57)

’ 1 In(T —t 7

€1 5 In(T~to(wo))| 4, 7€[0,1) +In(T = tolwo)) e

where 79,3 are positive small enough and (UKO, VQ K,)(7) is the solution of the following system:

0.Ug, = UL, (3.58)
0 Vox, = pUY Vo, (3.59)

with initial data at 7 =0

Uk,(0) = fo(Ko),
Voo (0) = go(Ko).
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given by
Uy (1) = ((p - -7)+ (1)_41;2[(3)}71 : (3.60)
Vorr) = K3 ((0-D0-7)4 “"41;}() | (3.61)

for all 7 € [0,1). The proof of is cited to Section 5 of Tayachi and Zaag [29] and, here we will use (3.56) to
prove (3.57). For the reader’s convenience, we give it here. Let us consider

Vo = Vy — Vo i, (7). (3.62)
Using (3.50), we deduce the following

sup Vo] < C. (3.63)
le]< 5| In(T—to(20))| 3 ,7€[0,1)

In addition to that, from (3.48) we write an equation on Vs as follows:
0 Vo = AV, + pUY Vs + p(UF™ = URH)Va + Ga(0, €, 7), (3.64)
where
Ga(o,€,7) = |In(T — to(ao))| (Fa(Us, Ua) = pU '02)

As for the last term in (3.64), we need here to carefully handle this expression, sine it involves a nonlinear
term, which needs a treatment different from the case where p is integer. From the definition (2.4) of F», we
have

Fy(Uy, Us) *prile‘ < ’pU2 ((U12 +U22)p7_1 - Ufil)‘

_|_

2. : Us pUs
U2 4+ U2)% {sin parcsin [ ———— - — .
( 1 2) /U12+U22 /U12+U22
And we deduce from (3.50) and (3.56) with €y > 0 small enough that
|Fo(U1,U2) = pUT 0| < CIUBP,

Plugging the above estimate and using (3.43) and (3.50), we have the following
C
(T —to(@0))I*

sup |Ga (0,8, 7)| < T (3.65)

1
l€1< 761 In(T—to)|4,7€[0,1)

Introducing

1_}2 = 1/}* (§)V27

v (|1n<T 1§f<xo>>|i> ’

and 1 is the cut-off function which has been introduced above. We also note that Vi, A, satisfy the
following estimates

where

¢ c
Vel < - and [|Agth,||p < -
[ In(T" — to(xo)) |7 [ (T — to(x0))|2

(3.66)

In particular, V, satisfies
0 Vo = AVy + pU (1) Va — 2 div (VaViy) + VA, + p(UY ™" — U5 ). Ve + 1.Ga, (3.67)

By Duhamel principal, we derive the following integral equation

Vo(1) = €™ (Va(7))+ / e(T=THA (pﬁ;glfzg — 2 div (VaVih,) + Voluh, + p(UP ™! — UR Vo + 1/J*gz> (r')dr'.
0
(3.68)
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Besides that, we use (3.56), (3.60), (3.63), (3.66), (3.65) to derive the following estimates: for all 7 € [0,1)
Uko (1) < C,

c
VeVe.lo=(n) <
C
A, |1 I
VoAt || (7) < |In(T — to(x0))|2
—1 rp—1 ¢
|- el .0 < mE—me
|Gats| L= <

| In(T — to(x0))*”
where 9 given in (3.56). Hence, we derive from the above estimates that: for all 0 < 7’ <7 < 1

eTTIAPIE I ()] < ClVa(r)],

! 1 1
(T=T)A (Qiv(Vy Vb, < C I
le (div( V)l < VT =7 | In(T — to(wo))| 7
eTTIA W AY,)| < < D
| In(T — to(z0))|2
/ - o C
(r—1")A p=l _ ol ! <
RO = Ui W S e e
C

e(r—7)A 2) (7 (T — (7))
| W-G92) (Ml S T o]

Plugging into (3.68), we obtain

~ C T
V. o < C Vo (|| poe dT’,
M2l < =gy + € 1P lomdr
where 3 = min(%7 v2). Then, thanks to Gronwall inequality, we get

< C
= [In(T —to(xo)) =

Hence, (3.57) follows . Finally, we easily find the asymptotics of u* and u} as follows, thanks to the definition
of U and V5 and to estimates (3.56) and (3.57):

[Va| o

1
) T e -1 2 T p—1
ua0) = Jsg (o, ) = (7 = tafe))” 7 iy U, 0.7) ~ (7= ofe)) 71 (CLERE) 77 (s09)
and
1 1 __Pp
. : (T —to(wo)) 77 . (T —to(zo)) 77 ((p—1)*\ 77 o1
0)=1 t) = lim V& 0 ~ K3 »-1,
u3(0) = fing uawo, ) = e Gaopl o V@0, 0m) ~ TS ol U dp (He) o
(3.70)
Using the relation (3.41), we find that
|zo/?
T — t()(l'()) ~ m and IH(T — t()(l'())) ~ 21n(|1'()|), as g — 0. (371)

Plugging (3.71) into (3.69) and (3.70), we get the conclusion of item (i) of Theorem 1.1.
This concludes the proof of Theorem 1.1 assuming that Proposition 3.9 holds. Naturally, we need to prove
this propostion on order to finish the argument. This will be done in the next section.

4. The proof of Proposition 3.9

This section is devoted to the proof of Proposition 3.9, which is considered as central in our analysis. We
would like to proceed into two parts:
+ In the first part, we derive a priori estimates on u in every component P;(t) where j = 1,2 or 3.



26 G. K. DUONG

+ In the second part, we use the priori estimates to derive new bounds which improve all the bounds in
Definition 3.1, except for the non-negative modes (¢1,0, (¢1,5)j<n, 42,0, (@2,5)j<n, (42,5.k)jk<n)-
This means that the problem is reduced to the control of these components, which is the conclusion of item
(7) of Proposition 3.9. As for item (iz) of Proposition 3.9 is just a direct consequence of the dynamics of
these modes.

4.1. A priori estimates in P;(t), P>(t) and Ps(t)

In this section, we aim at giving a priori estimates to the solution u(t) on Pj(t), P2(t) and P3(t) which
are important to get the conclusion of Proposition 3.9:

+ A priori estimates in Py (t): Here we give in the following proposition some estimates relevant to the
region P (t) :

Proposition 4.1. For all A, Ky > 1 and ¢g > 0,09 > 0,00 > 0,19 > 0, there exists Ty(Ky, A, eo)
such that for oll T < Ty, if u is a solution of equation (1.1) on [0,t1] for some t; € [0,T) and u €
S(T, Ko, a, €0, A, 00, M0, t) for all t € [0,t1], then, the following holds: for all s9 < 7 < s < s1 with
s1 =In(T —t1), we have:

(i) (ODE satisfied by the positive modes) For all j € {1,n} we have

1 C
’qll,O( qu ’+ ql ( ) iqu(S) = ngvj <n. (41)
/ / 1 c .
|QQ,0(3) - ‘Z2,0(5)} + ‘b,j(s) - 5‘12,3'(5) < @avﬂ <n. (4.2)
(ii) (ODE satisfied by the null modes) For all j,k <n
2 CA
Gyu(s) + 2 an()| < S5 (13)
2 CA%Ins
109+ 2500) < S5 (1.0
ii1) (Control of the negative part
)
2
7,-(-9) _emr |l e~ (s77) C(l+s—7)
—_— - a e\ oo 7’ 4.
1+|y|3 = ’ 1+‘y|3 +C S% HQL ( T)”L + 52 ( 5)
qo.—(.,8) _s=r |lga—(.,7) e~ (=) C(l4+s—71)
_ < _— —_— . oo —_— .
1+ |y|3 < Ce 1+ ‘y|3 +C S% Hq2,e( 7T)||L + S% (4 6)
v) (Control of the outer part
(v) (
3 (. C(l+s—m1)es 7
. <Ce w4 et | =) A7
lg1.e(9)ll ¢ T que ()|~ + Ce s TF P |, + 7 ;o (&)
_ oer 3 |a2—(s7) C(l+s—T1)es 7
g2, 8)]| oo < Cee el +CeTsd | B 4 gtz . (48)

Proof. By using the fact that u(t) € S(T, Ko, ap, €0, A, d, no, t) for all ¢ € [0,¢1], we derive by the definition
that (g1,92)(s) € Va(s) for all s € [sg,s1] and (q1,¢2)(s) satisfies equation (3.2). In addition to that, we

deduce also the fact that g;(s) + ®1(s) > “%— for all s € [sg, s1] (see Lemma 3.3). Although the potential
terms Vj i, the quadratic terms B, By and the rest terms Ry, Ro (see equation (3.2)) are different from the
case where p is integer, they behavior as in that case (see Lemmas B.2, B.3, B.4 below). Hence, the result
is derived from the projection of equation (3.2) and the dynamics of the operator £ 4+ V. For that reason,
we kindly refer the the reader to the proof of Lemma 4.2 given in [5] for the case where p is integer. O

+ A priori estimates in Py(t):
In this step, we aim at proving the following lemma which gives a priori estimates on u in Pa(t). The
following is our main result:
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Lemma 4.2. For all Ky > 1,61 < 1,§ > 1,A5 > 0,5 > 0, the following holds: If U({,T) a solution of
equation (3.47), for all & and T € [11,72] with 0 < 7 < 1 < 1, such that for all T € |1, 7] and for all
& € [—20, 28], we have

U 7)< A5 and Re(U(€,7)) = As and [U(€,m) = Uky(m)| < 01, (4.9)
then, there exists € = e(Ko, As, A5, 01,&0) such that for all £ € [—&y, &) and for all T € [11, 73] we have
U - U(r)| <e
where UKO (1) is given (3.25). in particular, (Ko, As, A5, 01,&) — 0 as (61,&) — (0, +00).
Proof. We introduce 1 as a cut-off function in C§°(R) which satisfies the following:
Y(x) =0if |z| > 2, [¢(z)] <1 for all x and ¢(z) =1 for all |z]| <1,
and we also define 1)1 as follows
@ =v ().

Then, we have 1 € C§°(R™), and supp(¢1) C {|€]| such that |&] < 2§} and ¢1(§) = 1 for all |£] < &. In
addtition to that, we let

V1(§7T) = ¢1(5) (U(§7 T) - UKO (T)> 7VT € [T17 7—2]75 € R".
Thanks to equation (3.47), we derive that V] satisfies the following equation:
0.Vi = AcVi — 2 div (UV1) + UAy + 11 (€) (U” - Up) . (4.10)

Therefore, we can write V3 (€, 7) under the following intergral equation

Vl(T) — B(T*TI)A(Vl(Tl)) + /T

T1

er=mA (—2 div (UVi1) + UAY + 1y (UP - Up)) ()dr'.  (4.11)
In addition to that, we have the following fact from (4.9) (in particular the estimate Re(U(§,7)) > X5 in
(4.9) is crucial for the 4" term in (4.11)): for all 7 € [ry, 2]

Vi(m)lle= < éu,

C(A
0Vl ) < S
C(A
Uan,- ) < CGE,
0
le(U”—U”) - (1) < C(Ko,As, A5)[|Vill L= (7),
which yields when 7 < 7/ < 7 < 7o,
He(T_”)A(Vl(Tl))H < b,
C(A 1
@i @ve, < Ceo—
e wane|, < €82
0
He(T_T)A(z/)l(UP—Up)(T’))HLm < O(Ko, A5, As) Vil (7).

Plugging into (4.11), we have for all 7 € [, 79]

1 T
V() < C(Eor As, As) (61+ )+C<K0,A5,A5> [ Wil ar’

€o

Thanks to Gronwall lemma, we obtain the following

1
Vi)~ < C(Ko, As, s) (61 ; ) r € friml.

€o
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Since Vi (1) = U(r) — U(7) for all £ € [~&y,&] and for all 7 € [y, 73], this concludes our lemma. O

+ A proiori estimates in Ps(t): We aim at proving the following lemma which gives a priori estimates
on u in Ps(t).

Lemma 4.3 (A priori estimates in Ps(t)). For all Ko > 1,A>1,1>0,¢0 > 0,0 > 1 and |d1|s, |d2]cc < 2,
there exists Tg(Ko, A, €9,1,0) > 0, such that for all T < Tg the following holds: if u is a solution of equation
(1.1) for all t € [0,t.] for some t. € [0,T) with the initial data u(0) = uk, 4.4, .d,(0) (see Definition 3.4) and

u(z, )| < 0,V|z| € [%&m;) e 0L, (4.12)

then,
[ue,t) = ulw,0)] < n.¥ie| = Tt € [0,t.].

Proof. We introduce 1, a cut-off function in C*°(R) defined as follows
1
P(r)=0if r] < 2 P(r)=1for all [r| > 1 and |¢(r)] < 1 for all r,
and we also introduce ¢, € C*°(R") as follows

4|z
vae)=v (12).
€
Then, 9, € C*°(R"), and 9, (z) = 1 for all x| > ¢ and 9, = 0 for all [z] < 2. We define as well

V= P, U
Thanks to equation (1.1), we derive an equation satisfied by v
0w = Av — 2 div(uVihe, ) + ulihe, + e uP = Av — 2div (uVide, ) + G(u), (4.13)

where
G(u) = UAQ;[}eo + ¢€0up_
Using (4.12), we get
|G (t,u(t))|| Lo mny < C(o,€0),Vt € [0,1,].
By Duhamel formula, we derive

v(t) = e (v(0)) + /0 e=I8 (G (s, u(s)))ds, (4.14)

which yields
v(t) — v(0) = e (v(0)) — v(0) + / e=98(G (s, u(s)))ds.

0
Thus,

[o(t) = 0(O)[ Lo @ny < [l€"*(0(0)) = w(0) ][z + ‘

/ =92 (G5, u(s)))ds
0 Lo

In addition to that, if 7' < T 1 (o), we have x1(z) = 0, for all [z| > <2, where x; defined in (3.33) is involved
in Definition 3.1 of initial data «(0). As a matter of fact, from the definition of u(0), we deduce from this
fact that

v(0) =, (U* +1).
Since Av(0) € L*°(R™), it follows that
6" (0(0)) = v(0)]] e gy — 0 &5 £ = 0.

Besides that, we have also

—0ast—0.
Lo (Rn)

\Al“ﬂﬂmames

Therefore, for all ¢ € [to, t.] we have

[o(t) = v(0)]| ooy < m,
provided that T' < T o(Ko, A4, €9,n, 0). This concludes our lemma. O
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Finally, we need the following Lemma to get the conclusion of our proof:

Lemma 4.4. There exists K7 > 1 such that for all Ko > K7, A > 1, and 61 > 0, there exists a7(Kg, A,81) >
0 such that for all ay < a7, there exists e7(Ko, oo, A, 51) > 0 such that for all eg < €7 there exist d7(01) >
0,T7(Ko, €0, A,01) > 0, n7(Ko,e0,A) > 0 such that for all 69 < d7,m0 < n7 and for all T < T7 if u €
S(T, Ko, ap, €0, A, 0, 10, t) for all t € [0,t.], for some t. € [0,T), then the following holds:

whenever |z| € [ =0T = )| In(T )|,60}

(1) For all |&| < 2ap+/|In(T — t(x))| and for all

re [max (o, T_“;;) = “z)] ,

if U(xz,&,7) satisfies equation (3.47), then
U(z,&,7)| < C7(p) and Re(U(E, 7)) = C7" (Ko, p),

where U (&, T) is defined as in (3.20), t(z) is defined in (3.21), and C% depends only on the parameter
p and C3*(Ky,p) depends on the parameters Koy and p.
(i) For all || < 2ac0+/|In(T — t(x))], if we define
To(z) = max (()7 T—t(tx(l)> , (4.15)
then, we have
U(2,€,70) — Uk, (70)| < 01
Proof. The idea of the proof relies on the argument in Lemma 2.6, given in [16].
+ The proof of item (i): We aim at proving that for all |z| € [%\/(T—t*)ﬂn(T—t*)\,eo , 1€ <
2a0+/|In(T — t(z))| and ¢ € [max(0,t(z)),t.], we have

U (x,&,7(x,1))| < C7, (4.16)

and
Re(U(¢, 7)) = C77, (4.17)
where 7(z,t) = ;ii((?) and C7,C3* > 0. Let us introduce a parameter § > 0 to be fixed later in our

proof, small enough (note that ¢ has nothing to do with the parameters dp,d; in the statement of our
lemma). We observe that if we have ag < a1 7(Ko,d) for some ay,7 > 0 and small enough, then for all

€| < 200/ In(T — t(z))], we have
(1=d)a| < o +&V/T —t(w)] < (1+6)|z]. (4.18)
We also recall the definition of rescaled function U(x,&, 7(x,t)) as follows
Uz, &, 7)=(T - t(:z:))ﬁ u(r + /T —t(x), t(z) + 7(T — t(z))).
Introducing X =z + &/W, we write
Uz, &, m(x,1) = (T — t(x)) 7 Tu(X, ).

We here consider 3 cases:
+ Case 1: We consider the case where

|X|<—\/ — 1) In(T — t)|.

Using the fact that u € S(¢), in particular item (7) of Definition 3.1, we see that Lemma 3.2 and (3.26) hold,

hence
L X cA3
(T —t)7Tu(X,t) - fo <\/(Tt)|ln(Tt)|>‘ = L+ [In(T —t)]
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Then, we derive the following

U2, & 7(2,t)] < (TT_Q&))__ (fO(OH 1+le(3T—t)l>
- () (“* 1+Olf<3T—t>|>’ o

e > (75 (ot )
) (TT_t(L;)>—_ (K_ \/%) (4.20)

Besides that, we deduce the following from (4.18) and the fact that |X| < e\ /(T —)[In(T — )] :

o] < 20 T BT ).

4(1 —6)
In addition to that, we have that the function T'—¢(z) is an increasing function if |z| small enough. Therefore,
T —t(x) <T—t(KO\/(T—t)|ln(T—t)|>. (4.21)
4(1—9)
As a matter of fact, we have the following asymptotics of function 6(z) = T — t(z),
Inf(z) ~2In|z| and O(x) ~ % [2I* as |z| — 0. (4.22)
K§ [In |||
Plugging (4.22) in (4.21), we obtain the following
2
<7 (g T 0T ) = i -5

In particular, from ¢ € [max(0,¢(z)), t.], we have the following
T—t(x)>T—t.
Plugging into (4.19) and (4.20), we obtain
U(z,&,7)] < C1 (P, 9),
and
Re(U(x, €, 7(2,1))) = Ci7(p,9),

provided that § is small enough, Ky > K;7(6) which is large enough and T' < T} 7(Ky, A). Note that
Cy 7(p,0) and C7*(p,d) depend on ¢ and p, in particular, C 7(d, p) is bounded when § — 0.
+ The second case: We consider the case where

|X| € [I?\/(T — )| In(T — t)|,60} :

By using the definition of U(x, &, 7(x,t)), we deduce that

Ueeret) = (7

However, using the fact that u € S(t), in particular item (i) of Definition 3.1, we have
|U(X,0,7(X, )| <&+ U(1).

In addition to that, we use (4.18), the definition of #(z) and the fact that |X| > £e\/(T —#)[In(T — )| to
derive the following

)p_l U(X,0,7(X,t)).

T —t(x)
1§T—7t()()§2’
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provided that § small enough. Therefore, we have

UG, &m0 < 277 (80 + O, (1)) < 5,

and

Re(U(x, &, m(x,t))) > Uk, (0) — do

provided that dg < %UKU (0) and K¢ > Ko 7.
+ The third case: We consider the case where | X| > ¢g. Using the fact that w € S(t), in particular item
(491) of Definition 3.1, we have

U(e,&r(x,0)] = (T —t(@)77 [u(X, )] < (T —t(x))77 (ju(X,0)] +10),
Re (U(x,&,7(x,1))) = (T —t(x))77 Re(u(X, 1)) > (T — t(x))™* (Re(u(X,0)) — 1p).
Using the definition (3.29), we have for all | X| > €
u(X,0) = U*(X) +1,
provided that T' < T3 7(¢p). In addition to that, we have the following fact

> U, (0),

w\»—*

16|z |?

T —t _—
@~ Rl

—1)2|g|2] 2T
w0y ~ o0 =[St
as (X,z) — (0,0), and in particular, from (4.18), we have
(1=9)|z| <X < (A +0)|z|
Therefore, we have

U(z,€& 7(x,1))| <Cz7(5)
RG(U(‘T7§,T( ))) > C. (K075)7
provided that Ky > K37,1m0 < 11,7(§) and § is small. We conclude item (7).
The proof of item (ii): We aim at proving that for all || < 2ap+/|Iné(z)| and 79(z) = max (O, —%) , we
have

Uz, &, 70(x)) — Uk, (7'0(33))‘ < 4. (4.23)

Considering 2 cases for the proof of (4.23):
+ Case 1: We consider the case where

Ky
|z| < T\/T| InT|,

then, we deduce from the defintion of ¢(z) given by (3.21) that ¢(x) < 0. Thus, by definition (4.15), we have

Therefore, (4.23) directly follows item (i¢) of Lemma 3.7 with K¢ > K4 7,00 < a3 7,60 < €37 (see in Lemma
3.7)
+ Case 2: We consider the case where

Ky
|z| > T\/T|lnT|
which yields ¢(«) > 0. Thus, by definition (4.15), we have
To(x) = 0.
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We let X = z + £,/0(z). Accorrding to the definitions of U, U, which are given by (3.20) and (3.25), we

write

U(w,€,0) = Uk, (0)] = (p—1)2K3>p11

07 () (X, 1(x)) — (<p S+

4p 16
1 1\2 2 _ﬁ
= 0777 (2)u (X, t(z)) — <(p 1)+ G 4p1) a(x)||)1il|9(x)|>

(p—1? X \ 7T (p—1)2 K3\ 71
* (“”‘”* m 9<x>|lno<x>> ‘(“”‘1” 4p 1(3)

< ()+{D),
where 0(z) =T — t(z), and

= —ﬁ 2u ) — B (p,1)2 |X|2 _ﬁ
Iy = 10 (r)u (X, t(x)) ((p 1+ 4p 9(X)|ln9(X)> ,

- e o (p— 12 K2\ 77
() = ‘<(p—1)+ dp 0(X)|1n9(X)|> - ((p—1)+ o 1((;) .

Since

1+6)K
x| < @+ o)l < L TG~ 1@)] < Koy (T~ €@ — ()]
Using item (4) of Definition 3.1, taking ¢ = t(z), we write

2 2

) < C(Kp)A < C(Kp)A

V(T —t(z))] V| InT|
provided that T < Ty 7(Ko, A, d1). Besides that, from (4.18) we have
2 K8 X K3

=036 < gm0y mecoy = 1 16

This yields
o
(I < <,
provided that ¢ is small enough. Then, (4.23) follows. Finally, we fix 6 > 0 small enough and we conclude
our lemma. O

4.2. The conclusion of Proposition 3.9

It this subsection, we would like to conclude the proof of Proposition 3.9. As we mentioned earlier, in the
analysis of the shrinking set S(t), the heart is the set V4(s) (see item (i) of Defintion 3.1 of S(t)). So, let
us first give an important argument related the analysis of V4(s); the reduction to finite dimensions. More
precisely, we prove that if the solution (g1, gz2) of equation (3.2) satisfies (q1,g2)(s) € Va(s) for all s € [sg, S4]
and (q1,q2)(sx) € OVa(s«) for some s, € [sg, +00) with sg = —InT, then, we can directly derive that

(01,0, (q1.5) j<n> 42,05 (@2.4) j<ns (@2.5.k)j.k<n) (55) € OVa(84),

where V4 (s,) is defined in (3.34). After that, we will use the dynamic of these modes to derive that they
will leave V4 after that. The following is our statement

Proposition 4.5 (A reduction to finite dimensional problem). There exists Ag > 1, Kg > 1 such that for
all A > Ag, Ky > Ky, there exists ss(A, Kg) > 1 such that for all sy > sg(A, Koy), we have the following
properties: If the following conditions hold:
a) We take the initial data (g1, q2)(s0) are defined by wa iy dy dp (0) with so = —InT (see Definition 3.4,
(2.7) and (3.1)) and (do,d1) € D, 4,5, (See in Lemma (3.7)).
b) For all s € [sg, s1], the solution (q1,q2) of equation (3.2) satisfies: (q1,q2)(s) € Va(s) and qi(s) +
Dy (s) > %e_v%l.
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Then, for all s € [sg, s1], we have

. A%Ins

VZ,] € {la ,n}, |Q2,i,j(s)| < 2452 ) (424)
q1.—(.,8) A
- — e 4.25
[2b] < e < S (1.25)
q2.—(.,8) A2 A3
_— S ﬁ’ q27e S 1o° S T. 4.26
’ L+ [yl i 255" 2. (2)] 257 (426)

Proof. The proof is quite similar to Proposition 4.4 in [5]. Indeed, the proof is a consequence of Proposition
4.1, exactly as in [5]. Thus, we omit the proof and refer the reader to [5]. O

Here, we give the conclusion of the proof of Proposition 3.9:
Conclusion of the proof of Proposition 3.9: We first choose the parameters Ky, A, g, €9, 09, 01, 70,7 and
T > 0 such that all the above Lemmas and Propositions which are necessary to the proof, are satisfied. In
particular, we also note that the parameters d;and 7 which are introduced in Lemma 3.7 and Lemma 4.3,
will be small enough ( §; < dg and n < ng). Finally, we fix the constant 7" small enough, depending on all
the above parameters, then we conclude our Proposition. We now assume the solution u of equation (1.1)
with initial data wg, 4,4, d,(0), defined in Definition 3.4, satisfies the following

u e S(T, Ko, ag, €9, A, 50, Mo, t) = S(t),
for all t € [0,¢,] for some ¢, € [0,T) and
u € 9S(ty).
We aim at proving that
(q1,42)(sx) € OVa(s4), (4.27)
where s, = In(T —t,). Indeed, by contradition, we suppose that (4.27) is not true, then, by using Definition

3.1 of S(t), we derive the following:
(I) Either, there exist x,, £, which satisfy

K,
2l € |2V =T — )] e

&l < aoV/[In(T = t(z.))]-
and
U (24, Euy T(24, 1)) — U(T(24, 7)) = 0.
(II) Or, there exists z* such that |2*] > < and
u(e”, t.) — u(z", 0)| = 1o
We would like to prove that (I) and (II) can not occur. Indeed, if the first case occurs, then, letting
To(2+) = max ( ;((I*) 0) it follows from Lemma 4.4 that: For all |{] < 2a0+/|In(T — t(z.))|, we have

U@, m0(2)) = O(ro(w))| < 01,

and for all 7 € {max (— He.) t*ft(z*))} , we have

T—t(zy)’ T—t(zx)
Uz, & r(za))] < O,
Re(U(z., &, 7(2.))) = C7,

where C%,C3* are given in Lemma 4.4. Then, we apply Lemma 4.2, with £, = ao/|In(T — t(z4))], 71 =

To(2s), 72 = % = C3* and A; = C7, to derive that: for all £ € [—&, &)

’U(m*7§7 T(Qf*,t*)) - U(T(x*7 ))‘ < C(K07A5)‘57 61760)

where C(Ky, As, As,1,&) — 0 as (61,&) — (0,+00). Taking (d1,&) — (0, +00), (note that & — +oo as
€0 — 0), we write

’U(ar*7§*, (2, 1.)) = U7z, *))‘ <%0
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this is a contradiction.
If (IT) occurs, we have for all |z| € [£, +00)

|U(I,t)‘ S C(€oaA,5o,770)aW € [Oat*]'

Indeed, we consider the two following cases:
+ The case where |z| > <2, using item (ii7) if the definition of S(t), we derive the following

u(z, )| < |u(z,0)| +no < C(A,10), Vt € [0, 1],

+ The case where |z| € [, <], using item (i) in the definition of S(t), we have

[u(w, £)] < C(do) (T = H(x)) 7 < Cleo, &), V¢ € [0,.).
Then, we apply Lemma 4.3 with n < > and o = C(eo, A, do,70), to derive the following

fu(a”,t.) = u(a®, 0) < L.

Therefore, (II) can not occurs. Thus, (4.27) follows. In addition to that, from (4.27), Proposition 4.1 and
Lemma 4.5, we conclude the proof of item (7) of Proposition 3.9. Since, item (ii) follows from item (i) (see
for instance the proof of Proposition 3.6, given in [5]). This concludes the proof of Proposition 3.9.

A. Cauchy problem for equation (1.1)
In this section, we giva a proof to a local Cauchy problem in time.

Lemma A.1 (A local Cauchy problem for a complex heat equation). Let ug be any function in L> (R™, C)
such that
Re(up(x)) > A\, Vo € R™, (A1)

for some constant A > 0. Then, there exists Ty > 0 such that equation (1.1) with initial data ug, has a
unique solution on (0,T1]. Moreover, u € C ((0,T1], L>=°(R"™)) and
A
Re(u(t)) > §,V(t,x) € [0,T1] x R™.

Proof. The proof relies on a fixed-point argument. Indeed, we consider the space
X =C((0,T1], L=(R",C)).
It is easy to check that X is an Banach space with the following norm

ullx = sup [lu(t)|L=,Vu = (u(t))ico,m) € X.
te(0,T1]

We also introduce the closed set By (0,2|ug||r=) C X defined as follows

| >

By (0,2||ugl|r) = {u € X such that |Julx < 2|ugllr=}nN {u € X|vt € (0,T1], Re(u(t, x)) >

Let Y be the following mapping
Y1 BY (0, 2||uolz~) — X,
where Y(u) = (V(u)(t))ie(0,1) is defined by

V(u)(t) = et (ug) + /0 =2 (4P (s))ds. (A.2)

Note that, when u € By (0,2]|ug||z), uP is well defined as in (2.4) and (2.5). We claim that there exists
T* = T*(||uo||Lee, A) > 0 such that for all 0 < T} < T™*, the following assertion hold:

(i) The mapping is reflexive on By (0, 2||ug| 1) , meaning that
Y1 By (0,2[|uol| =) — By (0, 2]|uo|| L) -
(it) The mapping Y is a contraction mapping on B;\“ (0,2||ugl|pee) :

1
IP(u1) = Y(uz)|[x < 5llua = uallx,

for all uy,us € Bj\_ (0, 2[[uol|Lo<)-
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The proof for (i): By observe that, by using the regular property of operator e*®, we conclude that J(u) €
C ((0,T1], L>*(R™,C) N C(R™,C)) . Besides that, for all u € BY (0,2 uo||r=) we derive from (A.2) that for
allt € (0, Tl]

t
1Y) (®)llz= = ||€"(uo) +/ IR (P (s))ds
0 Loo
t
< HetA(UO)HLOO + H/ e(t‘S)A(u”(s))ds
0 Loo
< luollpee + 27 [uol[p o -
Hence, if we take T < 2] lup,l then we have
Uo || 7,00

[Y(W)lx = sup [|Y(u)llze < 2f|uollLe-
te(0,Ty]

Now, let us note from (A.1) that
Re (em(uo)) = e'® (Re(ug)) > e (\) = A
Therefore, from (A.2) for all (¢,z) € (0,71] x R”

Re(Y(u)(t,z)) > X — ‘ / e(th)A(up)(T)dT

Loe

0
Note that,
t
‘/ DR WP)(r)dr | < 427 o[
0 Loo
SO, if T1 S W, then for all ¢ S (O,Tl] x R™
A
Re(V(u)(t,2)) = 5.
Therefore,

Y(u) € BY (0,2[|uo] =)
The proof of (ii): We first recall that the function G(u) = uP,u € C is analytic on

{u € C such that Re(u) > /2\} .

Then, there exists Ca(||ug|/p,A) > 0 such that

1V (1) = V(u2)llx

t
sup / =92 (P —ub) (s)ds
te(0,T4] 0
T102 sup ||U1 —UQHLoo.
te(0,T1]

I,

IN

Then, if we impose

(i) follows.
We now choose 7T = min ( L 2 L ) Then, for all T3 < T™, item (i) and (¢7) hold. Thanks

27 [[uol[}oe 7 2P M luollf oo ? 2C2

to a Banach fixed-point argument, there exists a unique u € By (0, 2||ug|| ) such that
Y(u)(t) = u(t), vt € (0,T1],

and we easily check that wu(t) satisfies equation (1.1) for all (0,73] with u(0) = ug. Moreover, from the
definition of BY (0,2||ug| 1) we have

Re(u)(t,x) >

| >

This concludes the proof of Lemma A.1. O
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B. Some Taylor expansions

In this section appendix, we state and prove several technical and straightforward results needed in our
paper.
Lemma B.1 (Asymptotics of By, By). We consider By(w1,ws) as in (2.11), (2.12). Then, the following
holds:

Bi(wy,we) = i + 0wl + waf?), (B.1)

R
2K

Bo(wy,ws) = %mlwz + O ([m]*ws]) + O (Jwa]?) . (B.2)
as (w1, wz) — (0,0).

Proof. The proof of (B.1) is quite the same as the proof of (B.2). So, we only prove (B.2), hoping the reader

will have no problem to check (B.1) if necessary. Since, k = (p — 1)_17%1 > 0, we derive k +w; > 0 when w;
is near 0, so we can write By (w1, ws) as follows

= p
By (wy, w2) = ((k +w1)* +w3) * sin | parcsin w2 __P wa,
(K +w1)? + w3 p-1
as w; — 0. Thus,
bwa P w
- 2
(k+w)2+wi p—1

Bg(ﬁjl,’LUQ) = ((/ﬁ+u’11)2+w§)7

+  ((k+w1)* 4+ w3)? < sin |parcsin 7{]2 =] - piuz =
I V(K +w1)? +ws ) | (k4 w1)% + w;

p=1

= ((n+w1)2+w§) 2 pwg—pglwg

+ ((k+w)*+ w%)g sin |parcsin 02 - P

i (K + 1) + w3 ) | (k +w1)2 + w3
(I) + (IT).
In addtion to that, we have the fact

sin(pz) — pr = O(|z|*),

w2
= O(Jwzl),
(k +w1)? + w3

as ¢ — 0 and (w7, ws) — (0,0). Plugging these estimates in (I7), we ontain
(11) = O(|Jwa*).
as (w1, ws) — (0,0). For (I), we use a Taylor expansion for ((x + w1)? 4+ w3), around (wy,ws) = (0,0) :

1 (p—1)
p—1 &k(p-1)

Plugging this in (I), we derive the following:

((k+ 1) +wd)% = w1 + O(lw — 1%) + O(|wa?).

(1) = Zrws + O ws) + O(jwal’),
as (w1, wz) — (0,0). From the estimates of (I) and (I7), we conclude the Lemma. O

IN the following lemma, we aim at giving bounds on the principal potential V and the potentials V; ;:

Lemma B.2 (The potential functions V' and Vj , with 5,k € {1,n}). We consider V, V1 1,Vi2,V21 and Voo
defined in (3.3) and (3.4) - (3.7). Then, the following holds:
(1) For all s > 1 and y € R™, we have |V (y,s)| < C,
C(1+y?
V(s < CEED, (B.3)

- S
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and
2
yl© —2n -
Vi) = -2 i), (B.4)
where V satisfies
- 1 4
V(. 5)| < c%,vs > 1, |yl < 2Kov/5. (B.5)
() e potential functions Vi with j, k € 11,2} satisfy the following
ii) Th jal f ' Vi with j, k € {1,2 isfy the followi
C
Vialloe + [Vaollze < 2
C
Vi2llzee +1V2allze < —,
C(1+|y|*
Vialy o)l +Vapy )] < CEERE)
C(1+yl?
Vialy o)l +Van(ys) < CEERE)

foralls > 1 and y € R™.

Proof. We note that the proof of (i) was given in Lemma B.1, page 1270 in [23]. So, it remains to prove
item (i7). Moreover, the technique for these estimates is the same, so we only give the proof to the following
estimates:

Viallzee +1V22lze < 5, (B.6)
C(1+ |y
Vialw )l + Vool < CEERE) (8.7
+ The proof of (B.6): We recall the expression of V3 1 and Va5 :
V171 = 8H1F1(u13u2)‘(u1,u2):(¢’17¢’2) 7pq)€)71’
‘/2,2 = 811.2F2(u1aUQ)‘(ul,ug):(Cbl,(I)g) 7pq)11)717
where ®1, ®, are given by (3.4) and (3.7). Hence, we can rewrite Vi ; and V5o as follows
2 [ . ®, ] . . 0
Vii = pui+ u2)g U1 cos |parcsin | —————| | — ug sin |parcsin | ———
L i VoI + 3 ) V02 + B2
-1
- p(b%[) )
P . (I)Q . . ©2
Voo = p(u2 + u2) 2 | up cos |parcsin [ ———— + ug sin |parcsin (| ———
e i VoI + @3 )| Vo + @3
- p(p11)717
We first estimate to V; 1, from the above equalities, we decompose V;,; into the following
Vian=Vii1+Vii2+Vis, (B.8)
where
2 2\ 252 -1
Viigg = P(‘I)l +‘I’2) 0y —pdYT,

(= i)
Viie = »p (@% + @g) E [0 (cos [parcsin <2>

V@1 + D3

p— P
Viisg = —p(®F+ @%)72©2 sin [parcsin <2>

V®? + @3

_1>7
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As matter of fact, from the definitions of <I>1, <I>2, we have the following

C
< 5 (B.9)
|<1>1 )||L°° < G, (B.10)
@2z < S (B.11)
for all s > 1 and
|cos(parcsinz) — 1| < C|z|?, (B.12)
|sin(p arcsin ) — z| < Clz|?, (B.13)

for all |z| < 1. By using (B.9), (B.10), (B.11), (B.12) and (B.13), we get the following bound for V; ; 5 and
Viis

C
V120, 8)llzee + 1Va13(s8)llze < - (B.14)
For V41,1, using (B.9), we derive
p—2
B @2 2 C
Vil = |p2l™" <<1 + q>2> - 1) = s

This gives the following

c
Vi)l < 55

We can apply the technique to V52 to get a similar estimate as follows

C
Vs s)lle= < 5.

Then, (B.6) follows.
+ The proof of (B.7): We can see that on the domain {|y| > Ko+/s} we have

1+ [yl*
st = ?7

and in particular, we have (B.6). Thus, for all |y| > Ko+/s.

Cllyl* +1)

Vii(y, )|+ [Vaz(y,s)| < 7

S

Therefore, it is sufficient to give the estimate on the domain {|y| < 2Ky+/s}. On this domain, we have the
following: there existes C(Kj) > 0 such that

1

In addition to that, using the definition of ®5 given by (2.39), we derive the following

2
@20y < WY vy 0) € B 1, 400). (B.15)
Then, from (B.8) we have
1+ [yl*
Viralwo) < oy < L0,
1+ |yt
Voo a(0.5) s|%@mfscizﬁl

We now estimate V; 1, thanks to a Taylor expansion of (<I>2 + <I>2) o , around P,
(@3 +93)"7 — 81 72| < Claf?
This directly yields

1+ |y*
Viia(y,s)| < C(Ko)|®of* < C(s#'
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So,

Via1(y,s)| < Cw

Moreover, we can proceed similarly for V5 5, and get

,Vy € R™.

+ n
Vot )| < 0Ly, e,
Thus, (B.7) follows. O
Now, we give some estimates on the nonlinear terms Bj(q1,¢2) and Ba(q1,g2)

Lemma B.3 (The terms Bi(q1, ¢2) and Ba(q1,q2)). We consider Bi(q1,q2), Ba(q1, g2) as defined in (3.8) and
(3.9), respectively. For all A > 1, there exists sg(A) > 1 such that for all so > s9(A), if (q1,q2)(s) € Va(s)
and q1(s) + ®1(s) > %e_ﬁ for all s € [sg, s1], then, the following holds: for all s € [so, s1],

IX(,8)Bi(q1,¢2)| < C(lal* + la2l?), (B.16)
oo Balana) < (154 alial + el (B.17)
cA*
[B1(q1,q2)|l < I (B.18)
CA?
B2(q1,q2) e < T (B.19)

where x(y, s) is defined as in (3.12).

Proof. We first would like to note that the condition ¢;(s) + ®1(s) > %e_p%l is to ensure that the real part
w1 = q1(s) + ®1(s) > 0. Then, (2.2) holds and Fy, F5 which iare involved in the definition of B;, Bs, are
well-defined (see (2.4)). For the proof of Lemma B.3, we only prove for (B.17) and (B.19), because the other
ones follow similarly.

+ The proof for (B.17): Using the fact that the support of x(y, s) is {|y| < 2Ko+/s}, it is enough to prove
(B.17) for all {|y| < 2Ky+/s}. Since we have (q1,g2) € Va(s), we derive from item (ii) of Lemma 3.2 and the
definition of ®1, @5 that

C
<q+® <, |Q2+<I>2|S§-

Ql =

and

CA CA?
|q1| < %7 |q2| = p1+2 ,V|y| < 2K0f (BQO)
S

In addition to that, we write Ba(q1,¢g2) as follows:
By(q1,q2) = Fo(®1+4qu, P2+ q2) — Fo(P1, Do) — Oy, Fo(q1 + @1, q2 + P2)n
— OupFo(qi + @1,q2 + P2)qo

where

P
Fy(u1,u) = (ui +u3)? sin |parcsin
\/u1 —|— u2

Using a Taylor expansion for the function Fs(q; + @1, g2 + ®2) at (g1, ¢2) = (0,0), we derive the following

Folgi + @1, + P2) = Z Tklam (Fa(q1 + ®1, 02 + ©2)) | (41.02)=(0,0) o+
j+k<4
+ Z Gix(q1,q2)ql s,
k=5

where )
b)
Gjyk(ql, QQ) = WA (]. — t)48;’{q§ (FQ((I)1 + tql, (I)Q + tQQ))dt.

In particular, we have
Gk(qr, q2)| < CVj +k = 4.
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As a matter of fact, we have

32;12(112(41 + @1, q2 + D2)) |(q1,qz):(0,0) = 32?,5172(“1, us) |(u1,u2):(0,0) (B.21)

Therefore, from (B.20), we have

1 . ,

Fy(q1 + ®1,q2 + ®2) — Z Tklaijkoz(uhuz) | (a1 uz) =(1, ) @ a5
j+R<3 VAL 1%2

2

5
< © j 5—j <C |(J1 2\
< ;Iqlqg | < (7 +lallel+ el

In addition to that, we have the following fact,

|aiz_:§F2<u1,u2) |(u17u2):(‘1>1,<1>2) | <C\Vj+k <3,

and for all 1 < j <4, we have

1Q

8i{F2(u1,uQ)

(u1,u2)=(®1,%2) S

This concludes (B.17).
The proof of (B.19): We rewrite By (q1,q2) explicitly as follows:

P
2

Ba(qi,q2) = ((Q1 + &1)? + (g2 + @2)2) sin

d
parcsin @2+ %
V(g + @)% + (g2 + @2)2

P (I)Q
&2 4+ $2)2 sin |parcsin | ———e—=
( 1 2) p \/m

p (97 + @3) = &, sin |parcsin _ %
V@7 + 03

p—2 (0]
- ®2 + 32) 2 | dysin |paresin [ ——n—
p ( 1 2) 2 p \/W

)
Jo

. D9
— ®5 cos |parcsin | ———
V@I + @3

)
+ @4 cos |parcsin —
V@3 + D3

Then, we decompose Ba(q1,q2) as follows:

Ba(q1,92) = B21(q1,42) + B2,2(q1,2) + B2,3(q1,q2) + B2.4(q1,92) + B2 5(q1,92) + B2,6(q1, q2),
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where
Boa(q1,q2) = plga+®2) ((n + @ )2+ (g2 + @2)2) o p(®3 + ®3)"= "D, (B.22)
— p(02 49D @y,
» . . + o
Boa(gi,g2) = ((q1+®1)? + (g2 + ®2)%)2 {Sm lpamsm <\/(Q1 + <I>q12)2 + (QQQ + <I>2)2>
3 p(g2 + ®2)
V(g +®1)? + (g2 + 2)? } ’ (529

z pP2 . . i3
Bos(q1,q2) = (82 +®3)2 | ————= — sin |parcsin [ ———= , (B.24)
@i+ Ve NGETT
2 2 . (b2
By a(gi,q2) = p(®7+ @ ) ‘I>1 1 —cos [parcsin | ——— q2, (B.25)
VP2 + @3
B — (92 4+ 32)T { Dy cos i ik
25(q1,2) = p( 1+ 2) 2 COS | parcsin \/ﬁ
D,
—  ®qsin |parcsin | ——— qi, (B.26)
<\/¢>§ + @5) }
Bs sl ) = (<I)2 + <I>2) 22* &, sin | p arcsin L (B.27)
2,6141, 92 - 2 D \/m q2- .
we prove that: for all y € R™:
CA?
|Ba,j(q1,q2)| < Srmn(51) Vi =1,..,6.
We now aim at an estimate on Bs 1(g1, ¢2): We first need to prove the following:
p—1
(@1+ @) + (@2 +)?) 7 — (@240} | < 0|z (B.28)

where
1Z| = 211 + 2q2%2 + G} + G5
p=1 -
Note that Z is bounded. On the other hand, we have (®1 +¢1)? 4 (P2 +¢q2)?) * = (PI+P3+ 2)" =

Then, if 25= > 1, using a Taylor expansion of the function (®7 + ®3 + Z)% around Zy = 0 (note that
o7 + <I>2 is unlformly bounded), we obtain the following:

2 et 2 2
(@14 q1)* + (P2 + g2)°) * — (7 +®3)" <C|Z|
which yields (B.28). If 2% < 1, then, we have
p—1 p—1
‘((@1 @) (Rt )?) T - (B340 | = (034 23) ‘(1+£) -1,
where
¢ = Z
TR T
In particular, we have £ > —1. In addition to that, we have the following fact: for all £ > —1
1+ -1 <clg™ (B.29)
Therefore, (B.29) gives the following
2 2t 2 2 2 2\ 55+ Z = 21
(@14 q)2 + Dy +g2)2) 7 — (B2 + DY) | <0 (92 +ad)7 2| <o)z
o7 + @5
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Then, (B.28) follows. Using (g1,q2)(s) € Va(s) and Z = 2®1q; + 2®2q2 + ¢F + ¢3, we write

A2
1Z]| L= < ¢ ,Vs > 1.
Vs
So, we deduce from (B.28) that
p—1 p—1 CA2
[p®2 (((<I>1 + 1)’ + (P2 + (J2)2)T) —p®o(PF + ®3) 7 L~ < (51 (B.30)
S 4 2
Using (B.28), we have the following
p-1 p—2 CA2
(@14 0)* +(P2+@)) 7 — (@ +25)°= &1 < Ty, (B-31)
oo S 4 02

Indeed, we have

—1

(1 + @)’ + (Py + QQ)Z)T — (92 + ¢§)L;2‘P1

p—

p—1
‘((<I>1 +q)?+ (P2t q2)?) F — (BT + ‘I%)?l‘

IN

p—2

+|@3+03) - (@34 0h) T e

_oxe ¢
min(2511) | 52
S 2

IN

Then, (B.31) holds.
On the other hand, using (B.31) and the following
CA3
la2(., )l < — 5701 >0,
s 2

we conclude that
C A2

Sl—&-min(%,%) ’

—1 p—2

HPQ2 (((I)l +q1)? + (P2 + (J2)2) T (P14 P3) T By (B.32)

Sl

provided that s > s1 9(A). From (B.30) and (B.32), we have
CA?

Sl+min(%,%) ’

[ B2,1(q1, ¢2)l| L~ < (B.33)

We next give a bound to Bz 2(¢1,¢2) : Using the following fact
|sin(parcsinx) — x| < C|z|3,V|z| < 1,

we derive the following

. . 72 + P
sin | parcsin
Vg + ®1)% + (g2 + ©2)?
(g2 + @2)°
(g1 4 ®1)% + (g2 + ©2)%)2
Plugging the above estimate into Bs(¢1,¢2), we deduce the following

p(g2 + ®2)
VgL + ®1)% + (g2 + ©2)?

p—=3
1B22(q1,2)] < C ((q1 + @1)* + (P2 + 2)%) % g2 + P,
which yields
|B2,2(q1,42)| < Clgo + o™ @)
Using (g1, ¢2) € Va(s), it gives the following

| Q

g2 + ®2| < S
provided that s > s3 9(A). Then,
C

Smin(p,3)

[ B2,2(q1, ¢2)[| L= < (B.34)
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It is similar to estimate to B 3(q1,¢2)
1B2,3(q1,q2) ||~ < 3 (B.35)
We estimate to Ba 4(q1,¢2), using the following
|1 — cos(parcsinz)| < C|z|?, V|z| < 1,
we write )
Dy CA3
|B2,4(q1,q2)| < C|| = llazllL~ < .
(bl oo
Then, we derive that
CA3
|B2,4(q1,q2) || L= < pa (B.36)
We also estimate to By 5, Ba g as follows:
CA?
| B2,5(q1,q2)||lL> < e (B.37)
CA3
1B26(a1, g2l < 5~ (B.38)

Thus, from (B.33), (B.34), (B.35), (B.36), (B.37) and (B.38),

we conlude (B.19), provided that s > s39(A).
O]

In the following Lemma, we aim at giving estimates to the rest terms Ry, Ro :

Lemma B.4 (The rest terms Ry, Ra). For all s > 1, we consider Ry, Ry defined in (3.10) and (3.11). Then,

(1) Foralls>1 and y € R™

C ~
Rl(y78) = % +R1(ya3)a
C ~
RQ(y78) = % +R2(ya3)a
where ci pand ¢z, are constants depended on p and Rl, Ry satisfy
5 C(1+ 1yl
|Ri(y,s)| < — 3
|R2(y s)| < M
) — 84 3
for all |y| < 2Ko/s.
(#1) Moreover, we have for all s > 1
C
[R1(.8) Lo @n) < 3’
C
[R2(. 8)lLoemny < 2

Proof. The proof for R; is quite the same as the proof for Rs

. For that reason, we only give the proof of the

estimates on Ry. This means that, we need to prove the following estimates:

_n(n+4)k

Ry(y,s) = o—1)5 + Ra(y, 9), (B.39)
with . .
- 1+
and
C
[Ra(.,8)[ < - (B.40)

We recall the definition of Ry(y, s):

D)

1
Ry(y,s) = Ady — 2Y- Vo, —

1 + F5(®q, P2) — 05P2,
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Then, we can rewrite Ry as follows

®,

1 - *
Ry(y.s) = Ay — Sy - Vs — —— 4 p@f '@y — 0,02 + R3(y.5).

where

b (p _
Ri(y,s) = (@+ ®3)7sin [parcsin <2> — p®? 1,

Using the defintions of ®1, 5 given in (2.39) and (2.40), we obtain the following:

2| . o,
&2 + $2)2 { sin |parcsin [ —e——
(#1+92) P VT 33

+ |pea(@f+0d)T —ap ).

R5(y,s)| <

P
V/®F + @3

It is similar to the proofs of estimations given in the proof of Lemma B.3, we can prove the following

« C(1+ |yl¢

RByws) < B v cor s,
and

. c

[R5(,8)l[L < =

In addition to that, we introduce R» as follows:

Dy

_ 1 _
Ro(y,s) = Ay — sy - VO, — — + pdf '®, — 0,®,.

Then, we aim at proving the following:

_ n(n+4)k C(1+ |yl%)
_— ———=—~ for all < 2K B.41
aly)+ S, D for ai | < 205 (B.41)
= C
[Ra(., $)|peemn) < 2 (B.42)

+ The proof of (B.41): We first aim at expanding A®, in a polynomial in y of order less than 4 via the
Taylor expansion. Indeed, A®; is given by

P 2p
m _12 2\ T p-1 —1 2 _12 2\ " p—1
Ad, = 2 pr(p )71yl =Dyl pr(P )” 1yl
s 4ps 53 4p s

_2p—1 _3p-2
(2 =DlyP (), =D 77 @=De-Dl" (. e\
253 b 4p s 4pst b 4p s '

2 2 -
Besides that, we make a Taylor expansion in the variable z = % for (p -1+ %%) """ when |z| < 2K,

and we get
__p_
(P=D2WP\ 7" s kP o+ ylY
T - L < L Yy < 2K
(p + 4p8 p— 1 + 4(p _ 1) s —= $2 ) |y| = \/g
which yields
B (pae oot T m e | CAllY) O ) Vly| < 2K /s
$2 4ps (p—1)s2 " 2(p—1)s3| ~ o < = , < )
It is similar to estimate the other termes in A®5 as the above. Finally, we obtain
2nkK nkly|? K|y C(1+ [yl°)
Ada - < V]y| < 2K /5. B.43
’ 2 (p — 1)32 (p _ 1)83 (p _ 1)83 = e 3 |y‘ > \/g ( )
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As we did for A®,, we estimate similarly the other termes in Ry: for all |y| < 2K+/s

1 Klyl? Klyl* Klyl* C(1+yl%)
L ve _ _ < B.44
27 Vo (p—1)s2 4d(p—-1)s* 4(p—-1s3| — st ( )
P 2 4 2 1 6
b bl 2 | COB) g
p—1 (p—1)2s2 4(p—1)2s3 (p—1)2s2 st
2 _ 4 2 2 6
o1, PE[y| (2p — Dilyl*  nxly| e _ 0k < C(1L+ |yl )(B.46)
(p—1)2%s*  A(p—1%°  (p-1s* (p-1)?2* (p-1)s° st
2k|y|? dnk C(1+yl%
—8,®y — < ————=(BA47
' BN R Ve T (P47
Thus, we use (B.43), (B.44), (B.45), (B.46) and (B.47) to deduce the following
_ nn+4)k| _ C(1+|yl%
< <2K
R2(y7 S) + (p _ 1)33 84 ) v‘y| — \/§7
and (B.41) follows
+ The proof (B.42): We rewrite ®1, P, as follows
nk 1 2nK Y
Q4 (y,s) = Ri0(2) + s and Po(y, s) = ;RQJ(Z) T where z = 75

where R o and Ry are defined in (2.34) and (2.36), respectively. In addition to that, we rewrite R in
termes of Ry and Rg 1, and we note that Ry g and Rg; satisfy (2.30) and (2.32). Then, it follows that

_ C n
|R2(y75)| < 877Vy € R™.

Hence, (B.42) follows. This concludes the proof of this Lemma. O

C. Preparation of initial data

Here, we here give the proof of Lemma 3.7. We can see that part (II) directly follows from item (i) of
part (II). The techniques of the proof are given in [16] and [29]. Although those papers are written in the
real-valued case, unlike ours, where we handle the complex-valued case, we reduce in fact to the real case,
for the real and the imaginary parts. In addition to that, the set Dk, 4,5, is the product of two parts, the
first one depends only on d;, and the other one depends only on ds. Moreover, the real part is almost the
same as the initial data in the Vortex model in [16], except for the new term 1, but this term is very small
after changing to similarity variabl: e 7 71.In fact, handling the imaginary part is easier than handling the
real part. For those reasons, we kindly refer the reader to Lemma 2.4 in [16] and Proposition 4.5 in [29] for
the proof of item (¢) of (I) and (II). So, we only prove that the initial data satisfies item (i) in definition
of S(0) (the item (i73) is obvious).

Let us consider T > 0, Ky, ag, €9,01 which will be suitably chosen later, then we will prove that for all

|z| € {%\/T\ lnT\,eo} and |€| < 2a9+/| In(T — t(x))| and 79(z) = —Ti(if()z), we have
Uz, €.m0(@)) = O(ro(@))| < 1. (BY
We now introduce some neccessary notations for our proof,
K 1 P
0o =T, r(0)= TON/90| In(f)| and R(0) = 62 |Inbp|%. (C.2)

Then, we have the following asymptotics:

16 64 _
0r(0) ~ b . O(RO)) ~ 2ol b, 8(2R(0)) ~ ol I~ (3)
0 0
Inf(r(0)) ~ InbO(R(0)) ~nd(2R(T)). (C.4)
In addition to that, if ag < If—é’ and ¢y < %C*, where C* is introduced in (3.33), then, from the definition

(3.21) and |z| € [r(0), €0] , and for all |[¢] < 2ap+/|Inb(z)|, with O(z) =T — t(z), we have

6/ < lal,
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which yields

(0)
2

G. K. DUONG

T 3 3 .
By 2 <ot @) < 2 < 2 < 0

<

Hence, using (3.20), (3.4) and definition of x7 and |£| < 2ap+/0(x) wa have

U(x,f,’]'o) = U1(x,£770) + iU2($7f,T0),
where
U1(£C,§,T0) = +£\/ II ]-_Xl IL’+£\/ III
(0T (24 6/80)
n = (9> » <ﬁ,|1n<T>|) ,
a1 = (@)U (v+6/0@).
(I11) = (6(x)7 "
= /0
Usa,rm) = (92?) o, (“ A i - to)> ,
The conclusion of (C.1) follows from the 4 following estimates:
‘(1)—0(70)‘ < oL forall fo] € [T(O),21£)OR(O)] and for all |€] < 2a01/8(2),
N 01 99
‘(II) - U(’To)‘ < for all |x| € [T(O),eo] and for all [€] < 2ap+/0(z),
4 100
((IID)| < =L, for all |z| € [r(0), €] and for all [¢] < 2a0+/0(x),
Uy(,&,m0)] < —, forall |z| € [ (0), 2@]%( )] and for all |£] < 2ap+/0(z).

It is very easy to estimate for (C.8) for ¢y small enough.
We now estimate (C.9): We rewrite Us(x, &, 7o) by using (3.30) as follows:

e = 0 (6 0)

b0 \" 7T [z + £y/B) NG AN
(o) (p‘” )

T|InT| T|InT] |InT|

C (. (1P teyERN
7] (“’ Vow T o o<x>ln<oo>|)

In addition to that, for all [z] € [r(0),242 R(0)] and [¢| < 209+/0(x), we have

x4+ &val? 1
0(x)|In(6o)| — CKG’

which yields
2
CK{™
|InT|

|U2(J}7§,7'0)| S S %7

if T < Ty 3(Ko, 01, a0) and for all [z] € [r(0),2322 R(0)].
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The estimate of (C.6): We derive from the definition of ®; in (2.39) and the definition of U(7) in (3.59)
that

fo ) + (p 4p1)2 ‘x+€m‘

0(z)|In 0o |

_ <(p1)(9‘();))+(p4p1)211(6g>—;1|

In addition to that, from (3.21), we have

K3 o) _ |7+ €/

=
\
q>
7N
| |
| =
&=
S~—
~~_
|
=
\
=
7 N
=
&

2 K3 [In0(x)|

1-2 —_— <(1+2 V€] <2 0(x). 1
(0= 2000 36 Tl = @ mao] = T2 Tg Thgy) 16 = 20 V@) (C.10)
Using the monotonicity of 0(x), we have for all |z| € [r(O),?%R(O)]
[Inr(0)] < [Iné(x)] < \1nR(O)|.
[Infg] = |Inby| — |In6bg]
Thanks to (C.3), we have
I o()|
~lasT . A1
EX asT =0 (C.11)
This yields
o (=) |z +&y/0(2)  K§
I — < CO(K,) | ZSVADE B
-0 (565 | < oo e~ 58| >0

uniformly for all |z| € [r(0),240R(0)],|¢| < 2a0+/0(x) as ag — 0 and T — 0. Hence, there exists
04273([(0,61) and T273(K0,51) buch that
~ —t(x) 51
I)-U < —=
-0 (5)| <%

for all |z| € [r(0),2°92R(0)], €| < 2001/0(z) provided that ag < ag3 and T < Tp 3. This concludes the
proof of (C.6).

The estimate of (C.7): Let |z] € [25R(0), €o] . We use the definition of U* to rewrite (I1) as follows

(p—1)? ’IJF&VG(I)F B (p—l)zl%v|ln9(x)‘+§‘2
8p  O(x)|In(x + £+4/0(x))] 3p [In(z + £1/6(2))]

1
1
- 1°KE | (-1 ([ 5VI *f!
64 8p |In(x + &/0(x 8

(I1)

Then,

=

. i 12 R2 _ K"\/HT—I-f
‘(H>_U(t09(;§ ))‘ - " 612 o 8p1 ‘|1nx+gf‘ S

IN

C(Ko)((II) + (I13)),
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where

2
‘%\/|1n9(:1:)|+§‘ K2

IIl == )
) [ In(z + £/0())] 8

0
(I2) = (p— 1)W§5).

Let us give a bound to (I1;): Because |£| < 2a9+/Inf(z), we have

2
‘%\/\lne(azﬂ+2a0\/1n9(x)‘ K2
In |z + 200,/0(z)| In0(z)]|| 8

In f() : <K0 )2K§ .

(1)

IN

=0 4 20
aoKo|z|
|In |z + 2050zl 4 8

Using the fact that
Inf(z) =In(T — t(z)) ~ 2In|z|,
and X
[In(jz + 200 /A MBEID] = Inz + L a| ~ |1n o,
as |z| — 0, we derive that, there exists ag 3(Ko,d1) such that for all g < as 3, there exists ez 3(Ko, o, 01)
such that for all €y < 33, for all z € [2XR(0), €0] and for all |¢] < 2094/ In6(z)|, we obtain

100
)
<2
It remains to bound (I13). From (C.3), the fact that |z| > %R(O) and the monotonicity of f(x), we have

|(II2)] < ‘9(9];?3))‘ < C|l(0)|~*" M < %1

provided that T' < T} 3(Ko, 61). This gives (C.1), and concludes the proof of Lemma 3.7.
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