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Introduction

One of the key challenges in volcanology is to forecast both the onset and end of effusive and explosive eruptions [START_REF] Sparks | Forecasting volcanic eruptions[END_REF][START_REF] Sparks | Monitoring Volcanoes[END_REF][START_REF] Bonny | Predicting the end of lava flow-forming eruptions from space[END_REF], which has been traditionally made by real-time ground monitoring data such as seismicity, SO 2 emissions and deformation. Satellite observations, including the constellation of Synthetic Aperture Radar (SAR) (e.g., TerraSAR/TanDEM-X, COSMO-SkyMED, Sentinel-1) and optical missions (e.g., Pléiades) have provided a wealth of ground deformation and topographic data respectively that can be used to gain insights into the processes that lead to eruptions (e.g., [START_REF] Reath | Thermal, Deformation, and Degassing Remote Sensing Time Series (CE 2000-2017) at the 47 most Active Volcanoes in Latin America: Implications for Volcanic Systems[END_REF]. Unfortunately, their application to study time-lapse magma transport has been limited because the repeat periods of these SAR missions are currently at best one image every 1-6 days, usually longer than the duration of many eruptions. So far, the eruption with the best SAR temporal coverage is the 2018 eruption of Kilauea Volcano [START_REF] Neal | The 2018 rift eruption and summit collapse of Kīlauea Volcano[END_REF]. InSAR data with short repeat periods (less than 12 days) have also provided key data to track time-dependent processes in effusive eruptions elsewhere [START_REF] Xu | The 2015 Wolf volcano (Galapagos) eruption studied using Sentinel-1 and ALOS-2 data[END_REF][START_REF] Dumont | Integration of SAR Data Into Monitoring of the 2014-2015 Holuhraun Eruption, Iceland: Contribution of the Icelandic Volcanoes Supersite and the FutureVolc Projects[END_REF][START_REF] Smittarello | Magma Propagation at Piton de la Fournaise From Joint Inversion of InSAR and GNSS[END_REF].

Co-eruptive geodetic data that record magma reservoir deflation are traditionally inverted for kinematic models that provide key information on the source location, shape and volume/pressure change (e.g., [START_REF] Mctigue | Elastic stress and deformation near a finite spherical magma body: Resolution of the point source paradox[END_REF][START_REF] Yang | Deformation from inflation of a dipping finite prolate spheroid in an elastic half-space as a model for volcanic[END_REF], but unfortunately these models lack predictive capabilities because they do not consider physical processes in the magma reservoirs. These limitations can be overcome by models that couple magma flow in 2 a conduit and reservoir pressurization (e.g., [START_REF] Stasiuk | On the variations of flow-rate in nonexplosive lava eruptions[END_REF][START_REF] Huppert | The role of volatiles in magma chamber dynamics[END_REF][START_REF] Mastin | Constraints on the size, overpressure, and volatile content of the Mount St. Helens magma system from geodetic and dome-growth measurements during the 2004-2006+ eruption[END_REF][START_REF] Anderson | Physics-based models of ground deformation and extrusion rate at effusively erupting volcanoes[END_REF][START_REF] Segall | Volcano deformation and eruption forecasting[END_REF]. These models show that the temporal evolution of extruded volume and the ground deformation follow functions of the form f(t)=f e (1-e -t/τ ) with f e and τ constants that are a function of the plumbing system geometry and magma properties. Indeed, ground deformation and the lava extruded volume in many basaltic (e.g., [START_REF] Stasiuk | On the variations of flow-rate in nonexplosive lava eruptions[END_REF][START_REF] Hreinsdottir | Volcanic plume height correlated with magma-pressure change at Grimsvotn Volcano, Iceland[END_REF][START_REF] Gudmundsson | Gradual caldera collapse at Bardarbunga volcano, Iceland, regulated by lateral magma outflow[END_REF]Coppola et al., 2017a;[START_REF] Kubanek | TanDEM-X Time Series Analysis Reveals Lava Flow Volume and Effusion Rates of the 2012-2013 Tolbachik, Kamchatka Fissure Eruption[END_REF] and silicic (e.g., [START_REF] Schilling | Use of Digital Aerophotogrammetry to Determine Rates of Lava Dome Growth[END_REF][START_REF] Pallister | The Chaiten rhyolite lava dome: Eruption sequence, lava dome volumes, rapid effusion rates and source of the rhyolite magma[END_REF]Coppola et al., 2017b) effusive eruptions follow trends that resemble either logarithmic or exponential trends (hereafter quasi-exponential). These simple exponential models have been useful to predict the end of several effusive eruptions (e.g., [START_REF] Gudmundsson | Gradual caldera collapse at Bardarbunga volcano, Iceland, regulated by lateral magma outflow[END_REF]Coppola et al., 2017a;[START_REF] Bonny | Predicting the end of lava flow-forming eruptions from space[END_REF]. These two different models can be combined into physicochemical models [START_REF] Anderson | Physics-based models of ground deformation and extrusion rate at effusively erupting volcanoes[END_REF] based on solutions to coupled equations between magma chamber deflation, conduit flow, magma physical properties and observables including extrusion and geodetic (InSAR, GPS, tilt) data. Unfortunately it is very rare to have an accurate time series of extruded volume because they rely on expensive airborne methods (e.g., [START_REF] Pallister | The Chaiten rhyolite lava dome: Eruption sequence, lava dome volumes, rapid effusion rates and source of the rhyolite magma[END_REF][START_REF] Schilling | Use of Digital Aerophotogrammetry to Determine Rates of Lava Dome Growth[END_REF]. Nevertheless, when both topographic and geodetic data are available, it is possible to calculate the magma compressibility, which controls both the eruption duration and extruded volume [START_REF] Huppert | The role of volatiles in magma chamber dynamics[END_REF] and can explain discrepancies between the source volume change and extruded volume [START_REF] Rivalta | Magma compressibility and the missing source for some dike intrusions[END_REF]. These models also allow to separate the source volume from the source overpressure, an advantage over kinematic models that do not allow for calculation of these parameters independent from each other [START_REF] Mctigue | Elastic stress and deformation near a finite spherical magma body: Resolution of the point source paradox[END_REF][START_REF] Anderson | Bayesian inversion of data from effusive volcanic eruptions using physics-based models: Application to Mount St. Helens 2004-2008[END_REF]. The use of time-lapse InSAR and satellite-derived DEMs facilitates development and utilization of more realistic and time-dependent models required to improve eruption forecasting and a better understanding of volcanic eruptions.

In this study we use both InSAR ground deformation and DEM data to understand the dynamics and evolution of the effusive phase of 2011-2012 Cordon Caulle (CC) rhyolitic eruption . This eruption is a unique event because it is the best instrumentally recorded rhyolitic eruption [START_REF] Castro | Storage and eruption of near-liquidus rhyolite magma at Cordon Caulle, Chile[END_REF][START_REF] Castro | Rapid laccolith intrusion driven by explosive volcanic eruption[END_REF][START_REF] Schipper | Shallow vent architecture during hybrid explosive-effusive activity at Cordon Caulle (Chile, 2011-12): Evidence from direct observations and pyroclast textures[END_REF][START_REF] Jay | Locating magma reservoirs using InSAR and petrology before and during the 2011-2012 Cordon Caulle silicic eruption[END_REF][START_REF] Wendt | Possible structural control on the 2011 eruption of Puyehue-Cordon Caulle Volcanic Complex (southern Chile) determined by InSAR, GPS and seismicity[END_REF], and one of the few effusive eruptions where both co-eruptive satellite geodetic and topographic time-lapse data were recorded. This makes CC one of the few volcanoes where the data sets required by a time-dependent eruption model are available, like Mount St. Helens [START_REF] Anderson | Bayesian inversion of data from effusive volcanic eruptions using physics-based models: Application to Mount St. Helens 2004-2008[END_REF]. The 2011-2012 eruption of Cordon Caulle lasted ∼9 months, between June 4 2011 until March 2012, and was the first eruption of the volcano since the VEI 4 1960 eruption [START_REF] Lara | Rhyodcacitic fissure eruption in Southern Andes (Cordon Caulle; 40.5 degrees S) after the 1960 (Mw : 9.5) Chilean earthquake: a structural interpretation[END_REF]. The climactic phase of the eruption lasted ∼27 hours and ejected a ∼9-12 km high eruptive column, with a VEI of 4 [START_REF] Bonadonna | Dynamics of wind-affected volcanic plumes: The example of the 2011 Cordón Caulle eruption, Chile[END_REF]. The eruption style shifted from purely explosive to hybrid explosive -effusive on June 15, with the extrusion of a rhyolitic lava flow (Figure 1) punctuated by mixed ash-gas jets with Vulcanian blasts [START_REF] Schipper | Shallow vent architecture during hybrid explosive-effusive activity at Cordon Caulle (Chile, 2011-12): Evidence from direct observations and pyroclast textures[END_REF][START_REF] Castro | Explosive origin of silicic lava: Textural and delta D-H2O evidence for pyroclastic degassing during rhyolite effusion[END_REF]. The lava time averaged discharge rate (TADR) decreased exponentially from the onset of extrusion until a second pulse of lava effusion between October-November 2011 and March 2012 (Coppola et al., 2017b). A shallow laccolith with a volume of ∼0.8 km 3 was emplaced at depths of 0.2-0.4 km during the first month of the eruption, [START_REF] Castro | Rapid laccolith intrusion driven by explosive volcanic eruption[END_REF]. The total extruded magma has a bulk volume of ∼1.2 km 3 for the lava flow and the shallow laccolith [START_REF] Castro | Rapid laccolith intrusion driven by explosive volcanic eruption[END_REF], and of ∼1.22 km 3 for the tephra erupted between June 4-7 2011 [START_REF] Pistolesi | Complex dynamics of small-moderate volcanic events: the example of the 2011 rhyolitic Cordon Caulle eruption, Chile[END_REF]. The erupted magma has a rhyolitic composition (lava 71-72% SiO 2 ) that overlaps to that of the 1960the and 1921the -1922the eruptions (Castro et al., 2013;;[START_REF] Jay | Locating magma reservoirs using InSAR and petrology before and during the 2011-2012 Cordon Caulle silicic eruption[END_REF], and was stored at depths between 2.5 and 6 km [START_REF] Castro | Storage and eruption of near-liquidus rhyolite magma at Cordon Caulle, Chile[END_REF][START_REF] Jay | Locating magma reservoirs using InSAR and petrology before and during the 2011-2012 Cordon Caulle silicic eruption[END_REF][START_REF] Jay | Locating magma reservoirs using InSAR and petrology before and during the 2011-2012 Cordon Caulle silicic eruption[END_REF][START_REF] Wendt | Possible structural control on the 2011 eruption of Puyehue-Cordon Caulle Volcanic Complex (southern Chile) determined by InSAR, GPS and seismicity[END_REF]. InSAR data acquired during the first three days of the eruption (June 4-7) shows that two magma reservoirs located beneath Cordillera Nevada caldera (CNc) and Puyehue volcano (Pv) (Figure 2) deflated and produced more than 1 m of subsidence, whereas a single reservoir located beneath Cordon Caulle deflated with a quasi-exponential trend during the rest of the eruption [START_REF] Jay | Locating magma reservoirs using InSAR and petrology before and during the 2011-2012 Cordon Caulle silicic eruption[END_REF][START_REF] Wendt | Possible structural control on the 2011 eruption of Puyehue-Cordon Caulle Volcanic Complex (southern Chile) determined by InSAR, GPS and seismicity[END_REF].

Here, we expand the available InSAR ENVISAT data with new RADARSAT-2 and TerraSAR-X interferograms, which are modeled with a prolate spheroidal source model and record a slight change in the deformation source halfway through the effusive phase. We then present volumes of the lava flow and shallow laccolith calculated from TanDEM-X DEMs starting on day three of the eruption. Finally, both the geodetic and topographic data sets are combined in a physicochemical eruption model that incorporates time dependent magma properties to predict the magma volatile budget and compressibility and the eruption evolution during the effusive stage of the eruption. We also correct an error in an analytical model for an effusive eruption (Segall , 2013, Supplementary material).

Data sets

InSAR and DEM data processing are described in detail in section 1 of the supplementary material (Figures S1-S4).

InSAR and GPS

We use 16 ENVISAT IS6 interferograms processed by [START_REF] Jay | Locating magma reservoirs using InSAR and petrology before and during the 2011-2012 Cordon Caulle silicic eruption[END_REF](also previously analyzed by Wendt et al., 2017[START_REF] Euillades | Co-eruptive subsidence and post-eruptive uplift associated with the 2011-2012 eruption of Puyehue-Cordón Caulle, Chile, revealed by DInSAR[END_REF], and include five new TerraSAR-X (TSX) and RADARSAT-2 interferograms (Figure 2). All of the interferograms record the time-lapse co-eruptive subsidence rather than bracketing the whole eruption, with variable amplitudes of ∼5-20 cm, but interferograms with useful coherence in the summit area were only recorded during the waning of the eruption between December 2011 and March 2012. transition, similar to previous studies [START_REF] Castro | Rapid laccolith intrusion driven by explosive volcanic eruption[END_REF]. We do not use GPS data from two stations located ∼15-25 km away from the eruptive vent [START_REF] Wendt | Possible structural control on the 2011 eruption of Puyehue-Cordon Caulle Volcanic Complex (southern Chile) determined by InSAR, GPS and seismicity[END_REF] because they were located too far from the volcano.

TanDEM-X and Pléiades topographic data

The lava flow volume was calculated with a set of six Coregistered Slant-range Single-look Complex (CoSSC) TanDEM-X (TDX) bistatic images (Figure 4). These CoSSC were processed with a modified version of the Delft Object-oriented Radar Interferometric Software (DORIS) [START_REF] Kubanek | TanDEM-X Time Series Analysis Reveals Lava Flow Volume and Effusion Rates of the 2012-2013 Tolbachik, Kamchatka Fissure Eruption[END_REF] to generate six DEMs. These DEMs were then subtracted to yield differential DEMs (hereafter dDEM). Additional elevation changes were calculated subtracting the global TanDEM-X DEM from the Shuttle Radar Topographic Mission (SRTM) DEM and a pre-eruptive CoSSC TDX DEM to a post-eruptive Pléiades DEM. Topographic changes in the lava flow have magnitudes up to 150 m, but east of the eruptive vent they have amplitudes up to 250 m, produced by the emplacement of a shallow laccolith during the eruption [START_REF] Castro | Rapid laccolith intrusion driven by explosive volcanic eruption[END_REF]. The latter signal is absent in the pre-eruptive dDEM (Figure 4a), thus it can be discarded as a SRTM error. For our purposes we consider the shallow laccolith as magma that was going to be erupted but was instead emplaced at depths < 0.5 km below the surface. For the bulk to dense rock equivalent (DRE) calculation we use a porosity of 10% [START_REF] Schipper | Cristobalite in the 2011-2012 Cordon Caulle eruption (Chile)[END_REF][START_REF] Anderson | Bayesian inversion of data from effusive volcanic eruptions using physics-based models: Application to Mount St. Helens 2004-2008[END_REF] for both the lava flow and the shallow laccolith (section S1.2.4). The DRE TADR is then calculated by dividing the dDEM volume change by its time span (Figure 5). The 2011-2012 DRE TADR is one of the largest that has been recorded for silica-rich effusive eruptions [START_REF] Bertin | High effusion rates of the Cordón Caulle 2011-2012 eruption (Southern Andes) and their relation with the quasi-harmonic tremor[END_REF][START_REF] Pallister | The Chaiten rhyolite lava dome: Eruption sequence, lava dome volumes, rapid effusion rates and source of the rhyolite magma[END_REF]: up to 150 m 3 /s during the first 2.5 months of the eruption (Figure 5) and decreasing quasi-exponentially until the end of the eruption. The total lava flow and laccolith DRE volume is 1.45 km 3 for the TanDEM-X data and 1.38 km 3 for the Pléiades data and were not separated due to the lack of a clear boundary between them. Because amplitude images show that part of the laccolith was emplaced during the explosive stage (Figures 3,S4), this volume must be removed before any further modeling. The combined volume of the laccolith intruded during the effusive phase and the lava flow is estimated with an exponential fit to the time series of extruded volume, and then the predicted volume during the explosive phase is removed. This results in a total DRE volume of ∼1.21 km 3 during the effusive phase (Figure 5, section S3).

3 Effusive phase models

Interferogram inversion

We use the 6 most coherent ENVISAT ascending interferograms and the TerraSAR-X descending interferograms for the source model inversion (Table S1). The interferograms were downsampled with a model-resolution algorithm [START_REF] Lohman | Some thoughts on the use of InSAR data to constrain models of surface deformation: Noise structure and data downsampling[END_REF] using a horizontal sill at a depth of 4 km. This sill model is only used to increase the density of downsampled points in areas with ground deformation, not to invert the source geometry responsible for the ground deformation signal. The resulting downsampled interferograms were inverted using the neighborhood algorithm [START_REF] Sambridge | Geophysical inversion with a neighbourhood algorithm -I. Searching a parameter space[END_REF], a nonlinear inversion method that iteratively searches for the best fit model parameters. We separately invert for three source geometries: a pressurized sphere [START_REF] Mctigue | Elastic stress and deformation near a finite spherical magma body: Resolution of the point source paradox[END_REF], a horizontal pressurized prolate spheroid [START_REF] Yang | Deformation from inflation of a dipping finite prolate spheroid in an elastic half-space as a model for volcanic[END_REF] and a compound dislocation model (CDM) [START_REF] Nikkhoo | Compound dislocation models (CDMs) for volcano deformation analyses[END_REF].

Kinematic model

We seek the best source model that can model the whole ensemble of interferograms. Inversions of the ENVISAT and TSX interferograms with a sphere model yield similar results to previous studies [START_REF] Jay | Locating magma reservoirs using InSAR and petrology before and during the 2011-2012 Cordon Caulle silicic eruption[END_REF][START_REF] Wendt | Possible structural control on the 2011 eruption of Puyehue-Cordon Caulle Volcanic Complex (southern Chile) determined by InSAR, GPS and seismicity[END_REF][START_REF] Euillades | Co-eruptive subsidence and post-eruptive uplift associated with the 2011-2012 eruption of Puyehue-Cordón Caulle, Chile, revealed by DInSAR[END_REF] -a source slightly offset from the eruptive vent and located at ∼6 km below the average volcano surface. Although this model provides a good data fit, we do not use it due to several limitations: a) it does not provide an estimate of the source overpressure without assumptions on the source radius, and it cannot explain well both; b) the uplift amplitude NE of the eruptive vent during June-October 2011; and c) the NW-SE signal elongation during the eruption waning in October 2011 -February 2012. The CDM model does not provide a satisfactory fit to the RADARSAT-2 interferogram and does not provide the source overpressure, therefore neither this interferogram nor this model are used further (Figure S5). Instead, we use an horizontal prolate spheroid model which is then used as an input for finite element (FE) spheroids.

These FE models can also fit the data by just increasing the spheroid semi-minor axis such that these models allow for calculation of realistic source overpressures within the tensile strength of the rock (∼1-40 MPa). These large spheroids violate the boundary conditions of [START_REF] Yang | Deformation from inflation of a dipping finite prolate spheroid in an elastic half-space as a model for volcanic[END_REF] equations, so they can only be calculated numerically. These horizontal FE spheroids also include the pressure change as a model parameter, allowing it to coupled with physicochemical simulations. It must be noted that fixing the source geometry makes the physicochemical eruption model developed in the next section geometry dependent and does not allow for proper estimation of the model parameter uncertainties (section S2, Figure S8).

The inversion predicts a ∼10 km long spheroid below CC and spanning from CNc to Pv at a depth of ∼5 km (hereafter M 1 ), and with its centroid offset ∼3 km NW from the eruptive vent (Figure 6). Using a set of models with semi-minor axis between 2 and 3 km and a shear modulus of 20 GPa, the inverted source pressure drop is ∼20-50 MPa, within the tensile strength of the rock (section S2), and fits the data with very small residuals (Figure 6). This spheroid is elongated along the NW-SE direction of the local graben structure, but slightly different from the one reported by [START_REF] Delgado | Rapid reinflation following the 2011-2012 rhyodacite eruption at Cordon Caulle volcano (Southern Andes) imaged by InSAR: Evidence for magma reservoir refill[END_REF] for the post-eruptive inflation (Table 1). A source radius increase from 2 to 3 km has a negligible effect in the residual of the interferograms that span June and October 2011 but a slight increase in the residual of the October 2011-February 2012 pairs (Figures 6 andS6-S8). This arises because the data recorded during June -October 2011 are not coherent on top of the volcano, so they are insensitive to the FE spheroid dimensions (Figure S7). As M 1 cannot fit both the June-October 2011 and October 2011-March 2012 interferograms with residuals of similar amplitude, we invert the latter data independently (Figures 6, S6-S7). The best fitting inversion for the eruption waning is a slightly deeper spheroid (5.8 vs. 5.2 km for M 1 ). This second source model (hereafter M 2 ) is consistent with a slight change in the plumbing system during the eruption waning, in agreement with a second pulse of magma intrusion (Coppola et al., 2017b) and with profiles that show that the shape of the deformation signal changed (Figure S6). Because most of the ground deformation and lava extrusion were recorded during June -October 2011 and the M 1 and M 2 residuals are not statistically significant, we use M 1 in the following sections and hence M 2 is not considered further.

The temporal evolution of the eruption is constrained with a time series of the M 1 FE spheroid pressure drop that will be used in the next sections. This time series is calculated inverting every interferogram for the pressure change and then with a network inversion where the pressure changes are retrieved for every SAR date instead of every interferogram pair (e.g., Biggs et al., 2010, section S2.2). The time series of pressure drop shows a quasiexponential pressure drop between -28 and -20 MPa for radii of 2.5 and 3 km respectively, (Figure 7). The maximum subsidence predicted by these best fit FE spheroids varies between 2.2 and 2.5 m between June 7 2011 and the end of the eruption in March 2012. We note that the source volume cannot be independently resolved from the pressure drop because a larger source implies a smaller pressure drop (Fig 5 in [START_REF] Anderson | Bayesian inversion of data from effusive volcanic eruptions using physics-based models: Application to Mount St. Helens 2004-2008[END_REF]. Given the lack of sensitivity of the InSAR data to the finite dimensions of the spheroid (Figure S7), we do not calculate an absolute pressure drop.

Physicochemical model

The physicochemical model follows the studies of [START_REF] Mastin | Constraints on the size, overpressure, and volatile content of the Mount St. Helens magma system from geodetic and dome-growth measurements during the 2004-2006+ eruption[END_REF]Anderson and[START_REF] Anderson | Physics-based models of ground deformation and extrusion rate at effusively erupting volcanoes[END_REF]. These models simulate the evolution of an effusive eruption and predict time series of both ground deformation and extruded lava volume. The model consists of a pressurized horizontal prolate spheroid reservoir in a linear elastic half-space under litho-static conditions that contains magma made up of melt, crystals, and exsolved and dissolved volatiles [START_REF] Liu | Solubility of H2O in rhyolitic melts at low pressures and a new empirical model for mixed H2O-CO2 solubility in rhyolitic melts[END_REF]. The reservoir is connected to the eruptive vent by a conduit, but as the spheroid centroid at CC is clearly offset from the eruptive vent (Figure 6), for simplicity we assume a dipping conduit. As magma outflows from the reservoir, the flow rate is controlled by the conduit dimensions, reservoir pressure, and magma viscosity, which is a function of the dissolved H 2 O [START_REF] Hess | Viscosities of hydrous leucogranitic melts: A non-Arrhenian model[END_REF] and the crystal volume fraction [START_REF] Farquharson | Examining rhyolite lava flow dynamics through photo-based 3D reconstructions of the 2011-2012 lava flowfleld at Cordon-Caulle, Chile[END_REF]. During the eruption, magma piles up on top of the eruptive vent, increasing the lithostatic load on the reservoir, and reducing the pressure gradient that drives the conduit flow. The model is isothermal and does not consider other processes such as variations in magma properties due to decompression in the conduit, conduit degassing, crystal growth, or H 2 O exsolution due to magma crystallization (section S4). Therefore magma properties are kept constant as magma ascends in the conduit in all the models used in this study.

We model the time series of extruded volume (Figure 5) and pressure change inverted from the complete set of interferograms (Figure 7) with the M 1 spheroid model with semiminor axes of 2.5 and 3 km, and for the effusive phase only (section S3). The inversions solve for the pressure drop, magma compressibility and conduit conductivity in the exponential and lava load models, and for the total H 2 O and CO 2 contents, initial source overpressure and conduit radius in the physicochemical model (model parameter uncertainties in section S4.2). As described earlier, we do not include the reservoir volume as an independent model parameter so we use the reservoir volume derived from the FE models for each time series of pressure drop (Table 1). The most relevant parameters of volcanological interest are the magma compressibility and the total volatile content. The conduit radius and conductivity control the magma flow rate in the conduit, but are of secondary interest for this study compared with the magma volatile phases.

Exponential model with and without lava load

Equations 9-10 (section S4) can be solved analytically for constant magma properties with no recharge (hereafter the exponential model, Anderson andSegall , 2011, 2013).

∆P (t) = -p ch (1 -e -t/τ ) (1) ∆V (t) = V 0 (β m + β ch )p ch (1 -e -t/τ ) (2) p ch = p ch 0 -ρ m gL = (ρ l -ρ m )gL + p 0 (3) τ = V 0 (β m + β ch ) c , c = c b L , c b = πR 4 8η (4)
Here equation 1 is the pressure drop in the shallow reservoir, equation 2 is the extruded volume, equation 3 is excess pressure above magmastatic and equation 4 is the exponential time constant as a function of the conduit conductivity c b (Tables 1 andS2). Despite its simplicity, we use this exponential model in our first set of inversions.

The exponential model predicts the overall temporal evolution of both the reservoir depressurization and the extruded volume, with a magma compressibility of 1.06×10 -10 Pa -1

(Figure 8, Table 1). Given the estimates of the magma compressibility, the reservoir volume change ∆V can be calculated with the formula ∆V = -V ex βc βc+βm (Anderson and Segall , 2013, page 13). For a shear modulus of 20 GPa and a total erupted volume of 1.21 km 3 DRE we get ∆V ∼-0.5 km 3 . Setting the shear modulus from 20 to 10 GPa in the exponential model doubles the conduit conductivity and the magma compressibility, resulting in an unrealistic negative magma overpressure (Table 1). Because this simple model can fit the data well, we do not consider co-eruptive magma recharge in the reservoir in the subsequent simulations.

The effect of the lava load on the model changes the force balance in the conduit and requires a numerical solution (hereafter the lava load model, section S4.1). Despite the fact that the inversions predict overpressures ∼4 MPa larger than the exponential model to compensate for the increasing load, the inversion results do not change the predicted magma compressibility (Table 1, Figure 8). The magma compressibility calculated for semi-minor axes of 2.5 and 3 km are very similar, therefore it is not very sensitive to the spheroid semi-minor axis.

In the following calculations we only use a semi-minor axis of 2.5 km.

Physicochemical numerical model

In this model we allow for gas to exsolve in the reservoir due to magma decompression.

Then, the gas exsolution changes both the magma compressibility and the viscosity, the latter controlling the conduit flow rate. We find that the only well constrained parameter in this model is the pressure drop with respect to the lithostatic load because inversions with the total CO 2 as a free model parameter show multiple local minima. This model parameter trades-off with the conduit radius and total H 2 O, and is dependent on the search scheme in the inversion algorithm. This problem can be partially alleviated by setting the total CO 2 content to a small value of 50 ppm, which is justified because the CO 2 is low enough that the rhyolitic magma can be considered as devoid of this gas (see Discussion section). The model predicts a magma overpressure of ∼17-19 MPa, a conduit radius of 30-70 m, dissolved H 2 O of 1-3 wt.% with no exsolved gas phase in the reservoir, a magma compressibility of ∼1.17×10 -10 Pa -1 and magma viscosities of 10 6 -10 8 Pa s. However, the physicochemical model does not provide a significantly better fit to the data than the exponential and the lava load models (Figure 8, Table 1). S4), which implies that a non-negligible fraction of the laccolith was emplaced before the onset of lava extrusion and coeval with magma fragmentation, and at depths similar to those predicted by magma fragmentation models [START_REF] Castro | Rapid laccolith intrusion driven by explosive volcanic eruption[END_REF]. The mechanism responsible for this apparent paradox is beyond the scope of this study.

Discussion

Lava flow extrusion and shallow laccolith intrusion

4.2 Volcano plumbing system source models: correlation with two pulses of lava discharge

The spheroid source M 1 located beneath Cordon Caulle that fits the data during the effusive phase is elongated along the NW-SE direction from CNc to Pv, and implies a large plumbing system located beneath these three edifices at shallow depths (z ∼5 km). This likely implies lateral magma transfer during the whole eruption and not only during the first three eruption days [START_REF] Jay | Locating magma reservoirs using InSAR and petrology before and during the 2011-2012 Cordon Caulle silicic eruption[END_REF]. Nevertheless, this interpretation could be biased by the lack of InSAR data on top of the volcano during most of the eruption. It also implies that the eruption was likely tectonically controlled, as suggested for the long term volcano evolution [START_REF] Lara | Structural controls of volcanism in transversal chains: Resheared faults and neotectonics in the Cordon Caulle-Puyehue area (40.5 degrees S), Southern Andes[END_REF], for the post-eruptive inflation [START_REF] Delgado | Rapid reinflation following the 2011-2012 rhyodacite eruption at Cordon Caulle volcano (Southern Andes) imaged by InSAR: Evidence for magma reservoir refill[END_REF] 1).

There is clear evidence during the effusive phase for a slight change in the deformation source in October -December 2011 (Figure 2, Figure S6-S7), an increase in the TADR when it reached ∼15 m 3 /s in October 2011 (Coppola et al., 2017b;[START_REF] Bertin | High effusion rates of the Cordón Caulle 2011-2012 eruption (Southern Andes) and their relation with the quasi-harmonic tremor[END_REF], and an increase in the quasi-harmonic tremor during October -November 2011 [START_REF] Bertin | High effusion rates of the Cordón Caulle 2011-2012 eruption (Southern Andes) and their relation with the quasi-harmonic tremor[END_REF].

These changes are interpreted as due to a second pulse of lava extrusion during the waning of the effusive stage (Figure 5). The second extrusion pulse is not observed in the dDEM nor in the GPS data of Wendt et al., 2017 because of the poor spatio-temporal sampling of these data sets. The spheroid that can explain the deformation data during this second pulse between October 2011 and March 2012 (M 2 ) is slightly deeper than M 1 , but it is also located within the large plumbing system because it is not statistically different than the M 1 model (Figure S7). Renewed lava effusion pulses during eruption waning have also been observed

during the 2008-2009 Chaiten rhyolitic eruption [START_REF] Pallister | The Chaiten rhyolite lava dome: Eruption sequence, lava dome volumes, rapid effusion rates and source of the rhyolite magma[END_REF] and at several basaltic systems [START_REF] Bonny | Predicting the end of lava flow-forming eruptions from space[END_REF]. It is possible that the pressure drop between June and October 2011 was large enough to remobilize magma from interconnected reservoirs at similar depths, but not to trigger additional intrusions from a deeper source, which likely happened right after the end of the eruption resulting in ∼77 cm of post-eruptive uplift [START_REF] Delgado | Rapid reinflation following the 2011-2012 rhyodacite eruption at Cordon Caulle volcano (Southern Andes) imaged by InSAR: Evidence for magma reservoir refill[END_REF]. The latter might require a much larger pressure gradient achievable only when the TADR reached its minimum at the end of the eruption. We speculate that magma from a different part of the large crystal mush that likely underlies the volcano was remobilized during the second effusive pulse. Future petrological studies should consider this hypothesis.

Comparison between exponential and physicochemical eruption models

Although both the exponential and physicochemical models can fit the data reasonably well, there are some differences in the model predictions (Figure 8). The main difference arises in the fit to the time series of extruded volume, as the physicochemical model predicts a slightly higher magma volume for a compressibility of ∼1.17×10 -10 Pa -1 with 1-3.0 wt.% of H 2 O in the reservoir, whereas the exponential model predicts a magma compressibility of ∼1.06×10 -10 Pa s. Given the data uncertainties, the magma compressibilities predicted by the exponential, lava load and physicochemical models are basically the same. Regardless of the type of model, these compressibilities are half the 2.1 (±0.4)×10 S2). Wendt et al., 2017 suggested that there is a missing volume required to account for the mismatch between the volume change of the deflating source and the lava flow volume during the onset of the effusive phase and this is indeed due to the large volume of the shallow laccolith.

Uncertainties in the shear modulus also have an effect in the estimated magma compressibility. Halving this modulus doubles the estimated magma compressibility (Table 1), to values similar to those estimated by Jay et al., 2014 for the explosive phase, which is unrealistic for the onset of lava effusion. We speculate that the slightly poorer fit of the physicochemical model to the time series of extrusion volume is due to the removal of some of the lava flow volume when accounting for the volume of the laccolith intruded during the explosive phase. This results in a slightly lower compressibility in the exponential model inversion that is not possible to reach in the physicochemical model. On the other hand, differences between the models and the data can be explained by the eruption being made of two pulses of lava extrusion rather than one (Coppola et al., 2017b), although this is not possible to constrain with the poor temporal sampling of both the InSAR and dDEM data.

The slight differences in the temporal evolution predicted by the exponential and physicochemical models can also be explained by the time constant. In the exponential model, the flow rate is controlled by the conduit conductivity, a function of the conduit radius, length, and magma viscosity, whereas in the physicochemical model these parameters are decoupled, as the viscosity is a function of the dissolved H 2 O content. This implies that the conduit conductivity that controls the flow rate [START_REF] Anderson | Bayesian inversion of data from effusive volcanic eruptions using physics-based models: Application to Mount St. Helens 2004-2008[END_REF] kg/m 3 may dissolve up to 4.8 wt.% of H 2 O, which is considerably higher than the range of 1-3 wt.% predicted by the physicochemical model. These calculations imply that the magma in the reservoir at the onset of the lava effusion was already degassed with respect to its equilibrium condition, due to the violent decompression during the explosive phase.

However, the measured dissolved water in the lava flow is much lower, < 0.2 wt.% [START_REF] Tuffen | Exceptional mobility of an advancing rhyolitic obsidian flow at Cordon Caulle volcano in Chile[END_REF], which implies a variety of gas loss mechanisms. These include a) volatiles were lost as magma ascended in the conduit [START_REF] Eichelberger | Silicic volcanism: ascent of viscous magmas from crustal reservoirs[END_REF], b) volatiles remained in the magma leading to magma fragmentation in the upper conduit resulting in hybrid lava extrusion coeval to explosive Vulcanian blasts [START_REF] Schipper | Shallow vent architecture during hybrid explosive-effusive activity at Cordon Caulle (Chile, 2011-12): Evidence from direct observations and pyroclast textures[END_REF], and c) some volatiles were lost through flow in the permeable conduit [START_REF] Jaupart | Gas content, eruption rate and instabilities of eruption regime in silicic volcanoes[END_REF]. These mechanisms are discussed elsewhere [START_REF] Schipper | Shallow vent architecture during hybrid explosive-effusive activity at Cordon Caulle (Chile, 2011-12): Evidence from direct observations and pyroclast textures[END_REF][START_REF] Castro | Explosive origin of silicic lava: Textural and delta D-H2O evidence for pyroclastic degassing during rhyolite effusion[END_REF]. The range of predicted viscosities (10 6 -10 8 Pa s) are also higher compared to those calculated for the explosive phase of 10 4 -10 5 Pa s [START_REF] Castro | Storage and eruption of near-liquidus rhyolite magma at Cordon Caulle, Chile[END_REF].

Observations of the conduit geometry are also scarce. A visual overflight on June 20, 2011, reported an elliptical conduit of 50 x 100 m [START_REF] Castro | Storage and eruption of near-liquidus rhyolite magma at Cordon Caulle, Chile[END_REF]. These dimensions are within the range of model predictions of ∼30-70 m for the conduit radius (Table 1), which must be considered as an average during the eruption. Deviations from an exponential function in the time series of extruded volume are evidence for changes in the conduit radius [START_REF] Stasiuk | On the variations of flow-rate in nonexplosive lava eruptions[END_REF][START_REF] Castruccio | The Influence of Plumbing System Structure on Volcano Dimensions and Topography[END_REF], but these are not observed during the effusive phase so the conduit conductivity remained constant during the effusive phase.

In summary, both models do a reasonable job of approximating the evolution of the eruption with a wide conduit, and magma compressibilities of ∼1.1×10 -10 Pa -1 in a partially degassed rhyolitic reservoir, much lower than 2.5-5 x 10 -10 Pa -1 for the dacitic dome of the 2004-2008 eruption of Mt St. Helens [START_REF] Mastin | Improved constraints on the estimated size and volatile content of the Mount St. Helens magma system from the 2004-2008 history of dome growth and deformation[END_REF]. The compressibility of the rhyolitic lava are due to changes in the crystal and liquid phases, not in the gas phase. Finally, these models do not consider inelastic effects such as conduit clogging that might end the eruptions earlier than the model predictions, as observed during the Bardarbunga eruption [START_REF] Gudmundsson | Gradual caldera collapse at Bardarbunga volcano, Iceland, regulated by lateral magma outflow[END_REF]Coppola et al., 2017a), and the fact that a pure exponential predicts that the eruption will never end.

Limitations on satellite observations needed for constraining physicochemical eruption models

Despite the key results obtained by the combination of InSAR and physicochemical eruption models, there are several limitations that preclude the systematic use of this type of models.

A geometry-independent inversion for an spheroid of arbitrary dimensions and coupled with magma physics and conduit flow is computationally intensive and time consuming. Further, due to the poor temporal sampling of the dDEM data, time series of extruded volume is aliased, and as described earlier, this could can also bias the inverted model parameters. On the other hand, if the goal is to forecast the temporal evolution of an eruption that shows an exponential trend using data with poor temporal sampling, there is no real gain using a fully numerical model because the predicted time series are very similar for both models. The key difference is that the physicochemical model can decouple the compressibility resulting from gas exsolution from the melt and crystal compressibilities. Clearly the pressure drop inverted from the exponential model can be biased because it does not consider the effect of the surface load that counterbalances the pressure gradient that drives the conduit flow.

However, this effect can be neglected if the flow thicknesses are <40 m (Figure S10).

Aside from this study, only [START_REF] Anderson | Bayesian estimation of magma supply, storage, and eruption rates using a multiphysical volcano model: Kīlauea Volcano, 2000-2012[END_REF] have used InSAR and dDEM data in physicochemical models of magma supply, storage and eruption rates. In contrast, their study at Kilauea Volcano used a steady-state model rather than a time-dependent simulation. Advances in these eruption models applied to effusive eruptions require time series of extruded volume with a much better temporal resolution than those currently achievable from either airborne LIDAR or photogrammetry (∼1 week to ∼1 month) (e.g., [START_REF] Schilling | Use of Digital Aerophotogrammetry to Determine Rates of Lava Dome Growth[END_REF] and from the TanDEM-X mission (11 days). This is highlighted by the difference in elevation in two of the dDEMs in the shallow laccolith (Figure 4g,i) due to potential post-emplacement processes. To our knowledge, the only exception is the airborne NASA GLISTIN Ka-band interferometer that recorded five DEMs during the first month of the 2018 Kilauea eruption (NASA Disasters Program, 2018). As the TanDEM-X mission was designed to create a global DEM rather than tracking time-lapse topographic changes on the Earth's surface [START_REF] Rizzoli | Generation and performance assessment of the global TanDEM-X digital elevation model[END_REF], its repeat period is not optimal for studying lava flow extrusion. Only Cordon Caulle, Tolbachik [START_REF] Kubanek | TanDEM-X Time Series Analysis Reveals Lava Flow Volume and Effusion Rates of the 2012-2013 Tolbachik, Kamchatka Fissure Eruption[END_REF] and Bardarbunga [START_REF] Dirscherl | Geomorphometric analysis of the 2014-2015 Bárarbunga volcanic eruption, Iceland[END_REF] volcanoes have dDEM time series of lava extrusion that show either exponential or logarithmic trends, and these are biased by the TDX poor temporal sampling (e.g., [START_REF] Poland | Time-averaged discharge rate of subaerial lava at Kilauea Volcano, Hawai'i, measured from TanDEM-X interferometry: Implications for magma supply and storage during 2011-2013[END_REF].

The DEM temporal sampling is more problematic for optical data such as Pléiades [START_REF] Nakada | Growth process of the lava dome/flow complex at Sinabung Volcano during 2013-2016[END_REF] and WorldView [START_REF] Dai | Measuring Lava Flows With ArcticDEM: Application to the 2012-2013 Eruption of Tolbachik, Kamchatka[END_REF] because these images are also limited by cloud coverage, a systematic problem at many volcanoes. On the other hand, there are many stereo optical satellites, and if their observations could be coordinated over erupting volcanoes, better time series could be possible. Currently, high temporal resolution

(1 image per 1-3 days) TADR can only be achieved from high-temporal, but low-spatial resolution (∼1 km/pixel) systems such as MODIS thermal imagery by means of an energy balance, but their reliability is a matter of debate [START_REF] Dragoni | Assumptions in the evaluation of lava effusion rates from heat radiation[END_REF][START_REF] Ganci | Mapping Volcanic Deposits of the 2011-2015 Etna Eruptive Events Using Satellite Remote Sensing[END_REF]. Given the low frequency of these long-lasting effusive eruptions, future improvements in this type of models will likely rely on DEMs acquired by drones and better use of the constellation of high-resolution optical satellites and TanDEM-X.

Conclusions

A unique data set of SAR observations including ground deformation interferometry, radar V f = 1.27 km 3 and τ = 51 days. Bottom. TADR from TanDEM-X, optical and radar amplitude imagery planimetry [START_REF] Bertin | High effusion rates of the Cordón Caulle 2011-2012 eruption (Southern Andes) and their relation with the quasi-harmonic tremor[END_REF], and MODIS imagery (Coppola et al., 2017b). The vertical dashed orange line shows the onset of the second pulse of lava extrusion (Coppola et al., 2017b).

The numbers on top of the horizontal black lines are the Tandem-X TADR. The volume changes from the MODIS and planimetric data do not include the shallow laccolith (Coppola et al., 2017b). [START_REF] Delgado | Rapid reinflation following the 2011-2012 rhyodacite eruption at Cordon Caulle volcano (Southern Andes) imaged by InSAR: Evidence for magma reservoir refill[END_REF] is shown to highlight that the co-eruptive and post-etuptive deformation sources are similar in shape but different in location and depth. For the FE models we increase the M 1 spheroid b to 2.5 and 3 km while keeping the rest of the parameters fixed, resulting in spheroids with volumes of 272 and 392 km 3 . Bottom: Eruption models best fit source parameters. b FE spheroid semi-minor axis, p 0 initial magma overpressure, c b conduit conductivity (Equation 4), β m magma compressibility, χ w T total H 2 O content, χ c T total CO 2 content. * indicates a fixed parameter. N/A indicates a model parameter that is not calculated by a given model. Note that p 0 is higher for the physicochemical model because the magma density predicted by the model is lower (∼2320 kg/m 3 ) than the magma density used in the other models (2200 kg/m 3 ). As the data uncertainties are unrealistically small (see main text), the model parameters uncertainties are very small, hence they are not report here (Figures S11-S12 

  Significant topographic changes with amplitudes of ∼250 m are observed E of the eruptive vent area in the January -August 2011 dDEM (Figure4) and interpreted by[START_REF] Castro | Rapid laccolith intrusion driven by explosive volcanic eruption[END_REF] as being produced by the emplacement of a shallow laccolith at depths <400 m during the first month of eruption. The DRE volume of the laccolith and the lava flow is ∼1.45 km 3 , similar to the 1.3 km 3 bulk of[START_REF] Castro | Rapid laccolith intrusion driven by explosive volcanic eruption[END_REF], while the bulk volume of the lava flow from MODIS imagery is ∼0.6 km 3 , equivalent to ∼0.54 km 3 DRE. The difference of these two numbers is ∼0.91 km 3 DRE for the shallow laccolith, higher than the bulk ∼0.8 km 3 reported byCastro et al., 2016 (section S1.2.4). Our lava flow thicknesses are in agreement with our own visual observations in January 2017 on the N side of the flow (∼30 m), and similar to those calculated by Castro et al., 2016 (Figure1), but 4 times larger than the 35 m assumed by[START_REF] Bertin | High effusion rates of the Cordón Caulle 2011-2012 eruption (Southern Andes) and their relation with the quasi-harmonic tremor[END_REF][START_REF] Tuffen | Exceptional mobility of an advancing rhyolitic obsidian flow at Cordon Caulle volcano in Chile[END_REF] because measurements from its edges are not representative of its actual thickness. The shallow laccolith emplacement also produced a distributed uplift signal to the SE of the eruptive vent (FigureS3) as well as a clear post-emplacement topographic decrease of ∼40 m in the area of the laccolith itself (Figure4c,e), but they are not described in this study.[START_REF] Castro | Rapid laccolith intrusion driven by explosive volcanic eruption[END_REF] proposed that the flow thickness is ∼50 m and most of the ∼150 m of topographic change in the flow itself was produced by the shallow laccolith intrusion. If this would be true, there should be a higher topographic change closer to the eruptive vent and in the middle of the lava flow, but this is not the case because the flow thicknesses are similar W, S and N of the eruptive vent and only abruptly decrease at its edges (Figure4). Castro et al., 2016 argued that the shallow laccolith was emplaced during the first month of the eruption, during both the explosive and effusive stages based on morphological analysis of TSX amplitude images around the eruptive vent, and due to a reduction in the conduit radius that increased the overpressure in the conduit. Radar amplitude images that complement the analysis of Castro et al., 2016 show that significant morphological changes occurred during the explosive stage of the eruption. Indeed, there were clear topographic changes in the area of the eruptive vent as of June 6, 2011 (Figures 3 and

Figure 1 :Figure 2 :

 12 Figure 1: Top. Airborne photograph of the 2011-2012 lava flow in March 2012 (courtesy of Daniel Bertin). The area inside the blue dashed box was uplifted 250 m during the first month of the eruption by the intrusion of a shallow laccolith (Figures 3-4). The red circle shows the location where visual observations of the lava flow were carried out on January 2017. Bottom. Cordon Caulle location map with SRTM shaded topography, eruptive vents (color triangles), the 2011-2012 lava flow (brown outline) and faults (black lines). All the eruptive vents are located in the NW-SE direction faults that bound the graben structure that makes up Cordon Caulle. The inset shows the location within South America, where the red triangle is Cordon Caulle.

Figure 4 :Figure 5 :

 45 Figure 4: Differential DEMs (dDEM) of the rhyolitic lava flow. All of these products are the differences between two TDX DEMs except a) which is the difference between SRTM and a preeruptive TDX CoSSC DEM, h) which is the difference between the 12 m TanDEM-X DEM and the SRTM DEM, and i) which is the difference between a post-eruptive Pléiades DEM and a preeruptive TanDEM-X DEM. The topographic changes are produced by the extrusion of the lava flow (outline is the black line, Bertin et al., 2015) and by the intrusion of a shallow laccolith with a maximum of topographic change of ∼250 m, and subsequent subsidence (dashed black line). The bottom panel shows the time span of the dDEM. The vertical red lines are the start and end of the eruption. The vertical dashed red line is the onset of lava effusion. The dDEM in g) -i) show the total co-eruptive topographic change and the difference in elevation in the area of the shallow laccolith between g and i suggests a post-emplacement mechanism.

Figure 6 :Figure 7 :

 67 Figure 6: Downsampled TerraSAR-X (a) and ENVISAT (f, k, p, u) interferograms; M 1 model predictions (z∼ 5.2 km, a ∼10.4 km) (b, g, l, q, v ); M 1 residuals comparing data and the model for the inversion of the FE spheroid with a minor semi-axis of 2.5 km (c, h, m, r, w); M 2 model prediction (z∼ 5.8 km, a ∼8.6 km) (d, i, n, s, x); M 2 residuals comparing data and the model for the inversion of the FE spheroid with a minor semi-axis of 3 km (e, j, o, t, y). Green circle and black lines show the spheroid centroid and axis. The red triangle is the eruptive vent. The color scales are the same for the interferogram and model predictions in each row and all the residuals have the same color scale. The residual RMS are shown in Figure S7.

Figure 8 :

 8 Figure 8: Joint reservoir pressure and extruded volume time series, with model fits. The red and blue dots are the M 1 pressure drop (∆P) for a spheroid with a semi-minor axis of 2.5 km and DRE extruded volume time (∆ V) series. The thick lines, dashed lines and points are the synthetic signals predicted by the best fit model parameters from the exponential, lava load and physicochemical eruption models. The error bars of the extruded volume and of the pressure drop during the waning of the eruption are very small, so they are not shown in the figure. The simulation starts at the onset of lava effusion.

  

  

  and indirectly shown for the eruption by Wendt et al., 2017. The deformation source active during the effusive phase is slightly different than the one active during the 2012-2015 post-eruptive uplift (Delgadoet al., 2016, Table 

  -10 Pa s calculated by Jay et al., 2014 for the explosive phase and are only attainable if the magma in the reservoir had little or no exsolved volatiles (following paragraphs), hence magma compressibility variations are only produced by pressure changes in the melt and crystal fractions. It is possible to improve the fit of the extruded volume data if the melt and crystal compressibilities are reduced, although thermodynamical modeling precludes smaller values (Table

  a the time of writing (April 2019) is from[START_REF] Tuffen | Exceptional mobility of an advancing rhyolitic obsidian flow at Cordon Caulle volcano in Chile[END_REF] who reported glass H 2 O contents ≤ 0.2 wt.% but no CO 2 measurements. The dissolved water content χ H 2 O d of a rhyolitic magma in the upper crust can be approximated by Henry's law for a CO 2 -free magma and is given by χ H 2 O d = 4.1 × 10 -6 √ P with P the pressure in Pa (Jaupart and Tait, 1990). This simple formula predicts very similar dissolved H 2 O for a CO 2 -free magma at pressures < 200 MPa than the Liu et al., 2005 solubility model used in the physicochemical model. Magma stored at a depth of 5.2 km in a crust with a density of 2700

changes between the different models because it depends on a different set of model parameters. The volatile contents of the CC rhyolite erupted in the explosive stage of the eruption are ∼4 wt.% H 2 O and 220 ppm CO 2 (Jay et al., 2014) and 0.44-1.23 wt.% H 2 O and 38-12 effusive phase

Table 1 :

 1 Source modelX s (km) Y s (km) Z s (km) a (km) b (km) Top. Yang spheroid best fit source models. See text for details on the rationale behind M 1 and M 2 models. X s centroid EW coordinate, Y s centroid NS coordinate, Z s centroid depth, a major semi axis, b semi-minor axis. Centroid coordinates are in WGS84 UTM 18S datum. The spheroid plunge and semi-minor axis are fixed to 0 and 1 km. The 2012-2015 spheroid responsible for post-eruptive ground deformation

	θ	δ

Table 2 :

 2 ). Model parameters used in the exponential eruption model (Equations 1 -4).

	Parameter Description	Value
	∆P	Reservoir pressure	Modeled
	p ch	Reservoir pressure drop	Inverted
	p ch 0	Initial reservoir overpressure	p 0 + ρ l gL
	p 0	Magma overpressure	Calculated with p ch and equation 3
	ρ m	Depth averaged magma density	2200 kg/m 3
	ρ l	Wall rock density	2700 kg/m 3
	∆V	DRE extruded volume	Modeled
	V 0	Spheroid volume	Fixed from kinematic model (Table 1)
	β m	Magma compressibility	Inverted
	β ch	Prolate spheroid compressibility 2 3 4G
	G	Shear modulus	10 -20 GPa
	L	Conduit length	Fixed from kinematic model
	c b	Conduit conductivity	Inverted
	η	Magma viscosity	not calculated, trade-offs with c b and R
	R	Conduit radius	not calculated, trade-offs with c b and η
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