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Abstract

A hybrid Lattice Boltzmann(LB)-Finite Difference(FD) numerical scheme for
the simulation of reacting flows at low Mach numbers is presented. The FD
solver is used to model the energy and species fields while the LB model com-
putes the flow field. The proposed LB solver is a modified version of the classical
iso-thermal weakly compressible LB scheme with the hydrodynamic pressure as
its zeroth-order moment instead of density, recovering the well-known low Mach
number approximation for thermo-compressible flows. The proposed numerical
approach is used to model a variety of test-cases ranging from 1-D to 3-D con-
figurations, involving premixed and non-premixed flames. In all cases results
obtained by this solver are shown to agree very well with reference data.

Keywords: Lattice Boltzmann, Finite Difference, Combustion, Thermal
Dilatation, Detailed Thermo-Chemical Models
2010 MSC: 00-01, 99-00

1. Introduction

The lattice Boltzmann (LB) method, proposed in the early 80’s has grown
very popular during the past decades. The rapid emergence of this numeri-
cal method is mainly due to the simplicity and strict locality of the involved
time-evolution operators. The locality of the operators and intrinsic coupling
between the pressure and velocity fields through the distribution function, as
opposed to pressure-based incompressible or low Mach solvers allows for bet-
ter performances on parallel clusters and a much more efficient treatment of
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flows in complex geometries [1]. During the past decade, the LB method for
computational fluid dynamics (CFD) has been extended to many complex flow
configurations ranging from non-Newtonian [2], to multi-phase [3, 4, 5, 6, 7] and
multi-component flows. Although initially limited to low-Mach iso-thermal flows
with an ideal gas equation of state, the LB approach was later modified to lift
many of these restrictions. Releasing the restriction on thermo-compressibility
is an essential step to develop LB solvers for many applications such as reacting
flows at low Mach numbers.
The topic of low-Mach combustion modeling with LB was first touched upon in
1997 in an article by Succi et al. [8]. Since then a limited number of publica-
tions have appeared on the topic, all limited to simplified 1 and 2-D test-cases.
To go from the classical LB formulation to one adapted to combustion simu-
lation, one must take into account additional independent fields – i.e., species
mass fractions and energy– and consistently couple them. As a side-note, it is
also worth mentioning that stability might become a major restriction with the
single relaxation time collision operator when confronted to such flows. This
issue has been dealt with to some extent through a variety of more advanced
collision operators, e.g. multiple relaxation time [9, 10], central moments or
cascaded LB [11, 12, 13, 14], Cumulants [15, 16, 17, 18], regularized [19, 20] and
Entropic [21, 22]. The issue of stability will not be treated here as it is not the
focus of the article. As such the single relaxation time collision operator will be
used. To date, two main categories of solvers, either purely or partially based
on the LB formulation, have been proposed in the literature. In the context of
the present work these categories will be referred to as : (1) single-fluid and (2)
multi-fluid models.
The latter formulation comprises a set of Nsp distribution functions (one for
each species present in the flow) solving the corresponding set of continuity and
Navier-Stokes-Fourier equations for each species. Inter-species interactions such
as mass diffusion are modeled through appropriate collision operators. Notable
examples of such formulations can be seen, for instance, in [23, 24, 25, 26, 27].
The models proposed in [23, 24, 25] are based on the standard LB discretization
of velocity and physical space, standard first-neighbour stencils and equilibrium
distribution function (EDF) for each component supplemented with a slow/fast
manifold decomposition of the collision operator using a quasi-equilibrium state
allowing for independent viscosity and mass diffusion coefficients. Furthermore,
as the populations do not necessarily propagate on-lattice the standard collision
and streaming is followed by an interpolation step. As the standard stencils do
not correctly recover the higher order moments (at third- and fourth-orders),
correction terms are added to the equations. On the other hand the approach
proposed in [26, 27, 28, 29] relies on different velocity and time-space discretiza-
tion strategies. The discrete phase-space and the EDF are constructed using
the moment-matching method, while physical space and time are discretized
using the finite difference (FD) method. The larger velocity stencil employed
allows for the model to correctly recover higher order moments, and capture
non-equilibrium effects. While decoupling time and space discretization from
phase-space, thus potentially facilitating simulations at higher Mach numbers
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and with large temperature variations, the classical space discretization of the
hyperbolic system of equations comes at a higher cost–compared to the LB al-
gorithm.
The first category carries the “single-fluid” denomination because just like clas-
sical CFD solvers, a single so-called “mixture-averaged” set of NS and energy
balance equations are solved. These are supplemented with a balance equa-
tion for each one of the chemical species involved in the flow. While the flow
solver is based on the LB method in all cases, the additional fields can be solved
using various LB formulations [30, 31, 32, 33] or classical solvers for the macro-
scopic balance equations. The so-called “Advection-Diffusion” LB formulation
has usually been employed to model the additional fields. Contrary to multi-
fluid solvers, the additional LB solvers only need to correctly recover the zeroth,
first and second-order moments, and therefore require fewer discrete velocities.
In its classical form, this formulation comes with a number of restriction, e.g.
incompressible flow, generalized Fick approximation for the diffusion term etc,
that have to be dealt with [34]. Extensions to this model allowing to incorporate
more complex physics and variable density for the species, and variable specific
heat capacities for the energy equation have also been developed [35, 36, 37].
The other possibility, i.e. solving the additional fields through classical solvers
for the macroscopic balance equations, has also been considered in a number of
publications[38, 39]. The choice of the solver for the additional fields (i.e., species
and energy), and a comparative performance study of these approaches is not
as straightforward as for the flow solver as no velocity-pressure-type coupling
issues for the species and temperature fields are encountered. The comparison
is even more subtle as due to the reduced number of conserved moments the
memory consumption of the LB solver is drastically reduced and becomes com-
parable to its FD counter-part. Furthermore, the LB formulation results in a
slightly extended linear stability domain compared to a second-order FD scheme
[40]. However, some researchers have reported computational efficiency gains
when replacing the LB solver with a finite difference solver. In [41], a factor of
1.5 is reported when using a Rung-Kutta scheme in combination with a finite
difference solver. The main restriction at this point, for LB advection-diffusion-
based solvers for the additional fields is related to stability issues for vanishing
non-dimensional diffusion coefficients and the recovered physics. As mentioned
previously and reported in [35, 36, 37], incorporation of more complex models,
better-suited for combustion simulations, in these solvers is currently under in-
vestigation. As such in the present article, an FD solver will be used to model
the species and temperature fields.
Of the limited number of LB-based articles on combustion field simulation, the
majority were restricted to the cold flame approximation, where the flow field
is decoupled from energy and species (no thermal dilatation). The coupling of
energy and species fields can be seen by looking at the compressible NS equa-
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tions:

∂ρui
∂t

+
∂ρuiuj
∂xj

+
∂p

∂xi
− ∂

∂xj

[
µ

(
∂ui
∂xj

+
∂uj
∂xi

)]
− ∂

∂xi

[(
ζ − 2

3
µ

)
∂uj
∂xj

]
= 0, (1)

where here and in the rest of this article Einstein’s convention for repeated
indices is used. The symbols µ and ζ respectively denote the shear and bulk
viscosities, the pressure p is related to local density ρ and temperature through
the equation of state, and ui is the ith component of the fluid velocity vector.
The shortcomings of the classical LB formulation for thermo-compressible flow
simulations are two-fold. In classical LB schemes, the solver being based on the
iso-thermal Hermite expansion of the continuous EDF around a reference stencil

sound speed cs =
√

kBT0

3m0
, where kB is Boltzmann’s constant, T0 is a reference

temperature and m0 is a reference molecular mass [42]. The pressure is only
function of local density and of the said reference sound speed, i.e. p = ρc2s.
Furthermore, due to the lack of symmetry of the classical first-neighbour stencils,
the discrete EDF does not recover the correct third-order moments. On a minor
note, the classical LB formulation does not account for additional degrees of
freedom in poly-atomic molecules (i.e. rotational, vibrational) and as such can
not correctly recover terms modeling dissipation of isotropic stress components
(especially important in sudden compression and dilatation). For mono-atomic
gases, the bulk viscosity (tied to isotropic stress dissipation) is equal to 0, while
the LB solver recovers 2

3µ due to the iso-thermal approximation [43].
A number of LB-based solvers have been proposed to correctly recover thermal
dilatation. They have mostly taken one of two possible approaches; The first
approach, a straight-forward extension of the classical weakly compressible iso-
thermal LB, involves an EDF based on a thermal Hermite expansion of the
continuous EDF around the reference sound speed, i.e. :

f (eq)α (u, θ) = wαρ

N∑
n=0

1

n!c2ns
a(eq)
n (u, θ) : Hn (cα) , (2)

where a(n) and H(n) are tensors of rank n respectively representing the nth

order Hermite coefficient and polynomial, cα are the discrete velocity vectors,
wα are the corresponding weights obtained from the Gauss-Hermite quadrature,

θ = kBT/m
c2s

is the non-dimensional temperature, N is the order of truncation and

“:” is the Frobenius inner product operator. The first few Hermite coefficients
and polynomials are given as:

a
(0)
0 = 1, (3a)

a
(1)
i = ui, (3b)

a
(2)
ij = uiuj − c2s (1− θ) δij , (3c)
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H(0)
α = 1, (4a)

H(1)
α,i = cα,i, (4b)

H(2)
α,ij = cα,icα,j − c2sδij . (4c)

The second-order moment of this EDF being Π
(eq)
ij = ρuiuj+ρc2sθδij , the correct

thermal pressure is recovered at the Euler level. More details on this approach,
and its coupling to FD solvers can be found in [44]. The quality of the ap-
proximation of the EDF by Hermite polynomials (using an expansion around a5

reference temperature and a reference frame at rest), regardless of the order of
the subsequent quadrature, is very sensitive to the maximum deviation from the
reference temperature. Large deviations from the reference temperature result
in non-negligible errors in higher order moments. The deviations in the third-
order moments tensor of the EDF are usually accounted for using appropriate10

correction terms in the time-evolution equations, as derived in [45] and [46].
Another way to overcome this issue is to have a Hermite polynomial expansion
around the local fluid temperature and on a reference frame moving with the
local fluid velocity, similar to Grad’s original formulation [47], which results
in local temperature and velocity-dependent abscissae in the Gauss-Hermite15

quadrature. This concept has been applied and used through “shifted lattices”
[48] and off-lattice propagation of populations [49]. A similar on-grid formula-
tion based on the reconstruction of the collision operator in the local velocity
frame and re-scaled by the local temperature has recently been proposed in [50].
The concept of variable lattice sound speed (equivalent to off-lattice propagation20

with a fixed time-step) was also used in [51] in the form of a “particle charac-
teristic temperature” (as referred to by the authors) and a variable time-step,
δt defined so as to keep the distribution function streaming on-lattice.
Another approach to include thermal dilatation effects into the LB flow solver,
follows the overall concepts of a formulation referred to as the “Low Mach25

Number Approximation” (LMNA) in classical CFD [52]. In this approach, the
local pressure is decomposed into “thermodynamic” and “hydrodynamic” com-
ponents (p = pth + εph), the hydrodynamic component being a first-order (in ε,
a small perturbation expansion parameter function of the flow Mach number)
perturbation to the “equilibrium” thermodynamic pressure. The density is a30

dependent property computed through the ideal gas law and the local thermody-
namic pressure (assumed to be uniform in the entire domain) and temperature.
Further details on the LMNA, its derivation and application to low Mach com-
bustion can be found, among other sources, in [53, 52, 54]. The classical LB
formulation being a (weakly compressible) solver for the incompressible flow for-35

mulation (vanishing Mach number), it can be used to solve the LMNA. In LB,
the diagonal components of the second-order moment tensor of the EDF acting
as pressure are a linear function of density. As such, density and pressure (in
LB) must be decoupled, in order to enforce temperature-dependent density in
the context of a LMNA formulation. A limited number of modified EDFs have40
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been developed to that effect. The EDFs are usually modified to get “hydro-
dynamic” pressure as the zeroth-order moment (instead of density). For more
details on some of these schemes, interested readers are referred to [51, 55].
This work will focus on presenting a hybrid LB-FD solver for combustion sim-
ulations able to recover the macroscopic balance equations in the context of45

the LMNA formulation, based on the thermo-compressible scheme proposed in
[56]. The details of the numerical method are presented in section 2, while the
third section presents validation test-cases along with the obtained results. The
developed model is shown to be appropriate for low Mach number combustion
simulations through a variety of test-cases with increasing levels of complexity.50

2. Governing equations and numerical model

2.1. Flow field

Starting from the classical LB formulation, in its time and space-continuous
form one gets:

∂fα
∂t

+ cα,i
∂fα
∂xi

=
1

τ

(
f (eq)α − fα

)
− Fi

∂f

∂ξi
, (5)

where fα is the distribution function, Fi the ith component of the sum of body
forces on the fluid element and τ is the relaxation coefficient. The last term
on the RHS is a first-order approximation of the forcing term appearing in the
continuous Boltzmann equation as follows:

Fi
∂f

∂ξi
≈ Fi

∂f (eq)

∂ξi
= −ξi − ui

ρc2s
Fif

(eq). (6)

Here we have used ξ to designate the particle velocity instead of cα as we are
dealing with the phase-space continuous Boltzmann equation, and distribution
function f .
Following [56, 57, 58, 59], a new distribution function, gα is introduced as:

gα = c2sfα + wα
(
ph − ρc2s

)
. (7)

Putting this equation back into Eq. 5 the following time-evolution equation is
obtained for gα:

∂gα
∂t

+ cα,i
∂gα
∂xi

=
1

τ

(
g(eq)α − gα

)
− wαc2s

(
∂ρ

∂t
+ cα,i

∂ρ

∂xi

)
+ wα

(
∂ph
∂t

+ cα,i
∂ph
∂xi

)
+

1

ρ
(cα,i − ui)Fif (eq)α . (8)

Terms involving the time-derivative of pressure are dropped as they are negligi-
ble [55]. Furthermore the material derivative of density can be evaluated using
the continuity equation as:

∂ρ

∂t
+ cα,i

∂ρ

∂xi
= (cα,i − ui)

∂ρ

∂xi
− ρ∂ui

∂xi
. (9)
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As mentioned earlier, the iso-thermal thermodynamic pressure in the classical
LB affects the momentum balance equation through the second-order moment of
the EDF. To take out this term and include contribution from the hydrodynamic
pressure, ph, the forcing term appearing in Eq. 8 is defined as:

Fi = c2s
∂ρ

∂xi
− ∂ph
∂xi

+ Fb,i, (10)

where Fb represents other body forces, such as gravity. Including this force term
results in:

∂gα
∂t

+ cα,i
∂gα
∂xi

=
1

τ

(
g(eq)α − gα

)
+ wαc

2
sρ
∂ui
∂xi

+ (cα,i − ui)
(
f (eq)

ρ
− wα

)
c2s
∂ρ

∂xi
+
f
(eq)
α

ρ
(cα,i − ui)Fb,i

−
(
f (eq)

ρ
− wα

)
cα,i

∂ph
∂xi

+
f (eq)

ρ
ui
∂ph
∂xi︸ ︷︷ ︸

∝Ma3

. (11)

Neglecting terms of order three in Mach, the final form of the equation is ob-
tained:

∂gα
∂t

+ cα,i
∂gα
∂xi

=
1

τ

(
g(eq)α − gα

)
+ wαc

2
sρ
∂ui
∂xi

+ (cα,i − ui)
(
f (eq)

ρ
− wα

)
c2s
∂ρ

∂xi
+
f
(eq)
α

ρ
(cα,i − ui)Fb,i. (12)

Integrating the continuous equation along characteristic lines and introducing
a change of variables, i.e. :

ḡα = gα −
δt

2τ

(
g(eq)α − gα

)
− δt

2

[
wαc

2
sρ
∂ui
∂xi

+ (cα,i − ui)
(
f
(eq)
α

ρ
− wα

)
c2s
∂ρ

∂xi

+
f
(eq)
α

ρ
(cα,i − ui)Fb,i

]
, (13)
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to make the resulting equation explicit, the following collision–streaming algo-
rithm is obtained:

ḡα (x + cαδt, t+ δt)− ḡα (x, t) =

δt

τ̄

(
ḡ(eq)α (x, t)− ḡα (x, t)

)
+ δtc2swαρ (x, t)

∂ui (x, t)

∂xi

+ δt (cα,i − ui (x, t))

[(
f
(eq)
α (x, t)

ρ (x, t)
− wα

)
∂c2sρ (x, t)

∂xi

+Fb,i
f
(eq)
α (x, t)

ρ (x, t)

]
, (14)

where δt and δx are respectively the time-step and grid sizes, and the relaxation
time is now defined as:

τ̄ =
ν

c2s
+
δt

2
. (15)

The hydrodynamic pressure ph is computed through the zeroth-order moment
of the distribution function as:

ph =
c2sδt

2

(
ui
∂ρ

∂xi
+ ρ

∂ui
∂xi

)
+
∑
α

ḡα, (16)

while the velocity is defined as:

ui =
1

ρc2s

∑
α

cα,iḡα +
δt

2
Fb,i. (17)

For the sake of simplicity, the overbars on gα and τ will be dropped in the re-
mainder of the article.
The asymptotic analysis of this scheme and the corresponding macroscopic equa-
tions can be found in [56]. The velocity divergence appearing in Eqs. 14 and 16
is computed as:

∂ui
∂xi

=
1

r̄T

(
∂r̄T

∂t
+ ui

∂r̄T

∂xi

)
− 1

pth

dpth
dt

, (18)

with :

r̄ =
R

M̄
, (19)

where T is the temperature, and M̄ is the mass-averaged molar mass computed
as:

1

M̄
=

Nsp∑
k

Yk
Mk

, (20)
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where Yk and Mk are the mass fraction and molar mass of species k and Nsp is
the total number of species. Using Eq. 19, Eq. 18 can be further expanded as:

∂ui
∂xi

=
1

T

(
∂T

∂t
+ ui

∂T

∂xi

)

+

Nsp∑
k

M̄

Mk

(
∂Yk
∂t

+ ui
∂Yk
∂xi

)
− 1

pth

dpth
dt

. (21)

Contrary to the weakly compressible LB model, here the local density is not an
independent variable. It is computed from the temperature through the ideal
gas equation:

ρ =
pth
r̄T

. (22)

2.2. Energy and species fields

Writing the conservation equation for sensible enthalpy one gets, neglecting
higher-order effects [60]:

ρ

(
∂hs
∂t

+ ui
∂hs
∂xi

)
−
(
∂p

∂t
+ ui

∂p

∂xi

)
− ∂

∂xi

(
λ
∂T

∂xi

)

+
∂

∂xi

ρ Nsp∑
k

Ykhs,kVk,i

− µ( ∂ui
∂xj

+
∂uj
∂xi

)
∂ui
∂xj

= ω̇T , (23)

where hs is the sensible enthalpy per unit mass of the mixture defined as hs =

h−∑Nsp

k Ykhk(T0), λ the thermal conductivity and ω̇T the heat release rate due

to combustion defined as ω̇T = −∑Nsp

k hk(T0)ω̇k, where ω̇k is the kth species
mass production rate per unit volume. In the context of the LMNA, Eq. 23 can
be re-written as:(

∂T

∂t
+ ui

∂T

∂xi

)
=

r̄T

∂Ths

dpth
pthdt

+
1

ρ∂Ths

∂

∂xi

(
λ
∂T

∂xi

)

− 1

∂Ths

Nsp∑
k

∂T (hs,k)YkVk,i

 ∂T

∂xi
+

ω̇T
ρ∂Ths

, (24)

where ∂Ths and ∂Ths,k can be replaced with the mixture and species specific
heat capacities at constant pressure, cp and cp,k.
The species transport equation can be written as [60]:

ρ

(
∂Yk
∂t

+ ui
∂Yk
∂xi

)
+

∂

∂xi
(ρYkVk,i) = ω̇k, (25)

where Vk is the species diffusion velocity vector. The diffusion velocity is ideally
computed from the Maxwell-Stefan system of equations [34, 52, 60, 61]. This
system of equations being rather time-consuming to solve at each node and
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time-step, simpler approximations are used instead. One of the approximations
commonly used in combustion is the Hirschfelder-Curtiss approximation with a
correction for the diffusion velocity. In the context of this approximation the
diffusion velocity is defined as [60]:

YkVk,i = −DkYk
Xk

∂Xk

∂xi
+ YkVc,i, (26)

where Dk is the effective diffusion coefficient and Xk is the mole fraction of
species k and Vc the diffusion velocity correction. The mole fraction is related
to the mass fraction through:

Yk
Xk

=
Mk

M̄
. (27)

Using Eq. 27, Eq. 26 can be re-written as:

YkVk,i = −DkMk

M̄

∂Xk

∂xi
+ YkVc,i. (28)

In order to guarantee mass conservation one must have:

Nsp∑
k

YkVk,i = 0. (29)

Under this condition the diffusion velocity correction should be defined as:

Vc,i =

Nsp∑
k

DkMk

M̄

∂Xk

∂xi
. (30)

It is also worth mentioning that even simpler approximations are also frequently
used. One of these approximations, used later for the first free-flame test-case as
well as for the 2-D and 3-D counter-flow simulations, is the Fick approximation
where the diffusion velocity Vk is computed as:

YkVk,i = −Dk
∂Yk
∂xi

. (31)

In the context of the present study, both convection and diffusion terms in
the species and energy balance equations are discretized using a second-order,55

central FD approximation in space, while to update the corresponding fields a
first-order explicit Euler discretization is used in time.
For the 1-D test-case involving detailed thermo-chemistry (detailed kinetics,
thermodynamic and transport properties) all parameters (local mixture-average
specific heat capacity, effective diffusion coefficients etc) are evaluated using the60

in-house library REGATH. A detailed description of the models and equations
can be found in [34].
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2.3. Overall structure of the code

The code consists of three main building blocks, namely 1) a module to
evaluate thermodynamics and transport properties, 2) the lattice Boltzmann65

LMNA solver for the flow field, and 3) an FD module for solving the species
and temperature fields. The overall code structure is depicted in Fig. 1. At
the beginning of each time-step, first thermo-chemical parameters (production
rates, heat capacity and average molar mass) are evaluated at each node. Then,
these parameters are used to compute the transport properties, i.e. the diffusion70

coefficients for momentum, energy and species. Once all parameters have been
evaluated, the left-hand side of the species and energy transport equations are
evaluated, and used to compute the divergence of the velocity field using Eq. 21,
as well as temperatures and mass fractions at the next time-step. Using the ob-
tained divergence, the flow solver populations are updated (collision, streaming75

and subsequent application of boundary conditions) and finally used to get the
zeroth and first-order moments.

3. Validation of the hybrid solver

To validate the proposed scheme and showcase its performance, two classes
of test-cases are considered. First, pseudo 1-D freely propagating flames with80

simple and detailed thermo-chemistry are modeled. Then, to demonstrate the
ability of the proposed algorithm to deal with more realistic geometrical config-
urations, 2-D and 3-D flames are modeled.

3.1. Pseudo 1-D freely propagating flame-front

3.1.1. Simple thermo-chemistry: Propane/Air 1-D freely propagating flame-85

front

A 1-D freely-propagating Air/Propane premixed flame is first considered.
This configuration consists of a 2-D simulation domain bounded by an inlet and
outlet boundary condition in the x-direction and periodic boundary conditions
(with only two grid-points)in the y-direction. At the inlet, a given mass flow-rate
with a fixed temperature and composition is imposed through a fixed-velocity
boundary condition on the flow solver and a set of Dirichlet boundary conditions
on the temperature and species solvers. These boundary conditions correspond
to the fresh gas composition. At the outlet, to emulate open-boundary condi-
tions, constant hydrodynamic pressure – for the flow-field solver – and Neumann
first-order zero-gradient boundary conditions – for the species and temperature
fields, are enforced.
The simulations are initialized by imposing respectively fresh and burnt gas
composition, temperature and density on the left and right half of the domain.
Taking into account all time-step and grid-size restrictions emanating from the
different solvers, namely: a lower and upper bound on the Fourier number
Fo= Dδt

δx2 brought about respectively by the LB and FD solvers, an upper bound
on time-step due to the stiffness of the chemical reaction terms, and finally an
upper bound on the Courant–Friedrichs–Lewy (CFL) number umax

δx/δt tied to the
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stability of the LB solver, the time-step and grid-size were set to δt = 5× 10−8s
and δx = 1.55 × 10−5m, respectively. It is worth mentioning that the generic
parameter D appearing in the definition of the Fourier number is the parameter
controlling diffusion in each solver, namely the viscosity, species diffusion coef-
ficients, and thermal diffusivity, respectively. The simulations were performed
over a 6.2 cm long domain in x-direction.
For this test-case, the Fick approximation is used to model species mass diffu-
sion, while the dynamic viscosity is approximated through a Sutherland model
following [44];

µ = µ(T ∗)

(
T

T ∗

)β
, (32)

where T ∗ – here taken to be 298 K –is a reference temperature, independent
from the temperature used for the non-dimensionalisation of the heat trans-
port equation, µ(T ∗) is the dynamic viscosity at this temperature and β is a
parameter set to 0.69 [44]. The thermal and species diffusion coefficients are90

determined through fixed Prandtl and Schmidt numbers given in Table 1.

Parameter value

Pr 0.682
ScC3H8 1.241
ScO2

0.728
ScH2O 0.941
ScCO2 0.537
ScN2

0.682

Table 1: Prandtl and Schmidt numbers used for the 1-D Propane/Air simulations

For the sake of simplicity, the mixture heat capacity is taken to be constant
and equal to 1008 J/kg.K.
The chemistry is described through a one-step global reaction:

C3H8 + 5 (O2 + γN2) −→ 3CO2 + 4H2O + 5γN2

and an Arrhenius-type forward reaction rate, kf = kT βe−
Ea
RT , where the reaction

rate constant k, the activation energy Ea and the constant β are respectively
set to 9.9 × 10−7m3.mol−1s−1, 125520 J and 0. Furthermore, the overall heat
of reaction is taken to be equal to 2.0× 106J/mol [44, 30].95

The simulations were ran for a range of equivalence ratio φ =
(YC3H8

/YO2)
(YC3H8

/YO2)
st

–

going from 0.5 to 1. The obtained results were assessed by comparing the
adiabatic flame temperatures and flame propagation speeds to results reported
in [44]. The flame propagation speed was computed by following the position
of the flame-front–taken to be the position of the production-rate maxima. The100

obtained results for flame propagation speed and adiabatic flame temperature
are shown in Fig. 2. Furthermore, the species and temperature profiles are also
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compared to results from [44] in Fig 3. The results obtained by the developed
LB-FD code are in very good agreement with those reported in [44]. To better
showcase the effect of the temperature and species fields on the flow solver, the105

density and velocity profiles are also shown separately in Fig. 4.

3.1.2. Detailed thermo-chemistry: Methane/Air 1-D freely-propagating flame

As a proof of concept, and in order to show that the proposed model can
be used with any type of formulation (also for multi-component diffusion and
complex chemistry), results for an additional 1-D free-flame configuration are
shown here. The case presented in this section is that of a premixed pseudo 1-D
Methane/Air freely-propagating flame at an equivalence ratio of 1. The reduced
chemical scheme is made of 7 chemical species and 4 reactions and is based on
[62]:

CH4 +
1

2
O2 −→ CO + 2H2

CH4 + H2O −→ CO + 3H2

H2 +
1

2
O2 ⇀↽ H2O

CO + H2O ⇀↽ CO2 + H2

At the inlet (left side) a constant flow rate of fresh gas at room temperature is
applied while at the outlet (right side) zero-gradient boundary conditions are
applied to the species and energy fields while a constant hydrodynamic pres-110

sure is enforced on the flow field. For this test-case, detailed thermo-chemical
properties, as reported and detailed in [34] are used in conjunction with the
Hirschfelder-Curtiss approximation with a correction velocity for the species
diffusion term. Thermodynamics and transport properties are handled using
an in-house code, REGATH, coupled to the in-house LB solver, ALBORZ. The115

simulation was performed over a domain of size 80 mm. The simulation domain
was spanned with 8000 grid-points with δx = 1× 10−5 m and δt = 1× 10−9 s.
Given the stiffness of the reaction terms involved in the present chemical scheme,
an IMPLEX (Implicit-Explicit) approach was used for the species and energy
equations. The source terms were evaluated using a 5th -order Runge-Kutta120

implicit solver (RADAU5) [63] while the remainder of the terms were advanced
in time using a forward Euler scheme. The species profiles, as obtained from
simulations with the hybrid solver are compared to their reference counterparts
from [62] in Fig. 5. The agreement is excellent.

3.1.3. Order of accuracy: Methane/Air 1-D freely-propagating flame with BFER125

scheme

To assess the overall order of accuracy of the proposed solver, a 1-D freely
propagating Methane/Air flame (similar to the previous test-case) is modeled
using the BFER 2-step chemistry model [64]. The two-step chemical reactions
are:

CH4 +
3

2
O2 −→ CO + 2H2O
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CO +
1

2
O2 ⇀↽ CO2

Corresponding reaction rates can be found in [64]. Detailed transport and ther-
modynamic properties are used for this simulation. The physical size of the
domain is 1 cm. Initially, the domain is divided into two equal-sized sections.
The left-hand side is initialized using fresh gas while the right-hand side is filled130

with burnt gas. The initial conditions are given in Table 2. Similar to the pre-

Parameter fresh gas burnt

T [K] 800 2230
u[m/s] 0 0
YCH4

0.0393 0
YO2 0.2239 0.0682
YH2O 0 0.0883
YCO2

0 0.1046
YCO 0 2.01× 10−3

Table 2: Methane/Air BFER free flame initial conditions

vious test-cases, at the inlet fresh gas composition, temperature and density are
imposed along with constant velocity, while the outlet is modeled using zero-
gradient boundary conditions.
Simulations were performed using five different grid-sizes, namely 10−5, 1.5 ×135

10−5, 2× 10−5, 3× 10−5 and 4× 10−5m. The time-steps determined based on
diffusive scaling were taken as: 5×10−9, 1.125×10−8, 2×10−8, 4.5×10−8 and
8× 10−8s, respectively.
After convergence, the flame-front propagation speeds were measured and cor-
responding errors (as compared to a reference REGATH simulation) were com-140

puted. The obtained results are shown in Fig. 6. As can be observed, the overall
solver shows second-order convergence behavior in space. This is in agreement
with the order of each individual solver, and of the coupling scheme.

3.2. Multi-dimensional configurations

3.2.1. 2-D configuration I: premixed Propane/Air counter flow flame145

The next test-case considered here, is that of a 2-D premixed counter-flow
burner. The corresponding geometry is represented in Fig. 7. As shown there,
at the inlets, the fresh gas mixture comes in at a constant velocity (therefore
constant mass flow-rate), an equivalence ratio of φ = 0.6 and a constant tem-
perature of 300 K, and at the outlets (left and right) a constant hydrodynamic
pressure is imposed on the flow field while the species and temperature fields
are subjected to zero-gradient boundary conditions. At solid walls, zero diffu-
sive flux is imposed on both the temperature and species fields. The simulation
is initialized with fresh gas in the blank region in Fig.7 while the grey-colored
region is filled with burnt gas. In the simulations, due to the symmetrical config-
uration of the burner, only the upper right quadrant is considered. The chemical
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Parameter fresh gas burnt

T [K] 300 1970
ρ[kg/m3] 1.17 0.162
u[m/s] 0 0
YC3H8 0.037 0
YO2

0.224 0
YH2O 0 0.061
YCO2 0 0.111

Table 3: 2-D counter-flow burner initial conditions

scheme, thermodynamic and transport properties follow those set in subsection
3.1.1. The test-case is modeled using both the proposed hybrid scheme, and
the commercial CFD solver ANSYS-FLUENT for comparison. The initial con-
ditions are given in Table 3. The background thermodynamic pressure in both
solvers is set to atmospheric pressure.
In FLUENT, the pressure-based solver is used to model the previously defined
flow on a uniform grid of size δx = 2 × 10−5m. The correlations for viscosity,
thermal conductivity, and species diffusion coefficients are imposed using exter-
nal user-defined functions. The inlet and outlet are respectively modeled using
the constant velocity and outflow boundary conditions.
In the LB-FD simulation, the D2Q9 stencil is used, while the grid and time-step
sizes are respectively set to δx = 5.55 × 10−5m and δt = 5 × 10−7s. The inlet,
walls and outlet boundary conditions are imposed using a modified version of
the non-equilibrium extrapolation method, while the symmetry boundary con-
ditions are applied using the classical approach, given in details in [1].
For the non-equilibrium extrapolation boundary conditions [65], the missing
population at the boundary node are computed as:

gα (xw, t+ δt) = g(eq)α (xw, t+ δt)

+ gα (xw + n, t+ δt)− g(eq)α (xw + n, t+ δt) , (33)

where n is the inward pointing vector perpendicular to the boundary surface.

For velocity boundary condition, g
(eq)
α (xw, t+ δt) and g

(eq)
α (xw + n, t+ δt) are

defined as:

g(eq)α (xw + n) = wα
(
ph(xw + n)− c2sρ(xw + n)

)
+ c2sf

(eq)
α (ρ(xw + n),u(xw + n)) , (34)

where the hydrodynamic pressure, density and velocity at xw + n can be com-
puted as all populations are known:

g(eq)α (xw) = wα
(
ph(xw + n)− c2sρ(xw)

)
+ c2sf

(eq)
α (ρ(xw),u(xw)) . (35)
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In both equations, the local hydrodynamic pressure is approximated by the
neighbor node pressure, the velocity is imposed, and the temperature is com-
puted from the local temperature and composition (through the ideal gas law).
For the pressure boundary condition, the last equation is replaced by:

g(eq)α (xw) = wα
(
ph(xw)− c2sρ(xw)

)
+ c2sf

(eq)
α (ρ(xw),u(xw + n)) . (36)

At steady-state, the solutions obtained using both codes are compared. First,
the density and Propane net production rates are compared in Fig. 8; these
quantities can be used to identify the position of the flame front. As observed
in this figure, there is an excellent agreement concerning position and shape
of the flame fronts for both solvers. Furthermore, to verify that the thermal150

dilatation effect is correctly captured, the y-component of the velocity vectors
along the vertical center-line are compared for both codes in Fig. 9. It is readily
observed that the proposed hybrid scheme is able to correctly capture thermo-
compressible effects.

3.2.2. 2-D configuration II: co-current jet Methane/Air diffusion flame155

To illustrate the ability of the proposed algorithm to deal with diffusion
flames, a laminar co-flow Methane/Air diffusion flame is considered here. The
simulation uses the same thermo-chemical settings as those used in subsection
3.1.3. The geometrical configuration along with boundary conditions are given
in Fig. 10 and Table 4. The fuel is injected at the center while the oxydant160

comes in from the sides. In the context of this study only the right-half of
domain is modeled, and a symmery boundary condition is applied on the left-
hand side. The time-step and grid-sizes were respectively set to δt = 5 × 10−8

Parameter central inlet left/right inlets

T [K] 950 950
u0[m/s] 0.3 0.3
YC3H8

0.1 0
YO2

0 0.224
YH2O 0 0
YCO2

0 0
YCO 0 0

Table 4: 2-D counter-flow burner initial conditions

s and δx = 2.5 × 10−5 m. The temperature, CO and CO2 mass fraction fields
are shown in Fig. 11. The results obtained from this simulation are compared165

to their counterpart from FLUENT in Fig. 12.

3.2.3. 3-D configuration: premixed Propane/Air counter flow flame

The last test-case considered here, is the 3-D version of the previously dis-
cussed 2-D counter-flow premixed flame. All parameters and boundary con-
ditions are similar to the previous case. The corresponding geometry in 3-D170
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is shown in Fig 13. For the 3-D simulation in LB, the D3Q27 stencil is used
while the grid and time-step sizes are respectively set to δx = 1.67×10−4m and
δt = 6×10−6s, leading to a simulation domain of 200×200×120 grid points. The
pressure outlet, velocity inlet and wall boundary conditions are applied through
the modified non-equilibrium extrapolation scheme, similar to the previous 2-175

D simulation. The computation was performed in parallel on the Neumann
high-performance cluster at the university of Magdeburg, using 125 processing
units. The steady-state fields obtained from the hybrid LB-FD simulation are
displayed in Fig 14. In this figure, the flame front, represented by a Propane
production rate iso-surface is shown in light gray, while the combustor walls are180

shown in darker gray. To validate the results, the temperature and species mass
fractions, along with the z-component of the velocity vector along the central
vertical line are compared to a pseudo 1-D simulation in cylindrical coordinates
obtained from REGATH in Fig. ??. Though the hybrid LB-simulation is 3-D
while the solution from REGATH is 1D-axisymmetric, the distance from the185

vertical centerline to the domain boundaries is so large that the solutions are
expected to closely agree. Indeed, as for all previous test-cases, the results ob-
tained with the proposed hybrid LB-solver are in excellent agreement with their
REGATH counterparts corresponding to a pure FD-approximation.

4. Conclusions and perspectives190

A hybrid LB-FD solver for low Mach number combustion has been devel-
oped. The different test-cases studied here have shown that the proposed scheme
is able to correctly recover the physics of low Mach flames. This is true for simple
as well as for detailed thermo-chemical models; in 1-D, 2-D, and 3-D configu-
rations; and considering geometries with different levels of complexity. To the195

knowledge of the authors this is the first time that results are published for
3-D combustion simulations taking into account thermo-compressibility using
(in part or entirely) the LB method. Application of the proposed model to
turbulent combustion is the topic of our present research.
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wards direct numerical simulations of low-Mach number turbulent reacting
and two-phase flows using immersed boundaries, Computers & Fluids 131
(2016) 123–141.

[55] O. Filippova, D. Hänel, A novel lattice BGK approach for low mach number
combustion, Journal of Computational Physics 158 (2) (2000) 139–160.355

[56] H. Safari, M. Krafczyk, M. Geier, A lattice Boltzmann model for thermal
compressible flows at low mach numbers beyond the boussinesq approxi-
mation, Computers & Fluids (2018).

21



[57] T. Lee, Effects of incompressibility on the elimination of parasitic currents
in the lattice Boltzmann equation method for binary fluids, Computers &360

Mathematics with Applications 58 (5) (2009) 987–994.

[58] T. Lee, L. Liu, Lattice Boltzmann simulations of micron-scale drop impact
on dry surfaces, Journal of Computational Physics 229 (20) (2010) 8045–
8063.

[59] K. Sun, S. Yang, C. K. Law, A diffuse interface method for simulating the365

dynamics of premixed flames, Combustion and Flame 163 (2016) 508–516.

[60] T. Poinsot, D. Veynante, Theoretical and numerical combustion, RT Ed-
wards, Inc., 2005.

[61] R. Hilbert, F. Tap, H. El-Rabii, D. Thévenin, Impact of detailed chemistry
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Figures

Compute thermo-
dynamic parameters
: c̄p, M̄ , ω̇k and ω̇T

Compute transport pa-
rameters : µ, λ and Dk
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ρ
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ph (x, t+ δt)
u (x, t+ δt)

End?
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Figure 1: Overall structure of the proposed algorithm (in green the steps handled by the LB
solver, in magenta those handled by the FD solver, and finally in red the thermo-chemistry
module)
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Figure 2: Adiabatic temperature (in red, left axis) and flame propagation speed (in black, right
axis) obtained from the present hybrid LB-FD solver ( ) compared to published reference
data ( ) from [44]
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Figure 3: Species (left axis) and temperature (right axis) profiles obtained from hybrid LB-
FD simulations shown with plain lines, compared to reference values from [44] shown with
markers: ( ) YO2 , ( ) YC3H8 , ( ) YH2O, ( ) YCO2 , and ( ) temperature
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Figure 4: Density (left axis, ) and velocity profile (right axis, ) distribution around the
1-D freely-propagating flame-front at φ=1
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Figure 5: Species profiles around the flame-front from LB-FD simulations shown with plain
lines compared to reference values from [62] shown with markers: ( ) YO2 , ( ) YCH4 , ( ) YH2O,
( ) YCO2

, ( ) YH2
, ( ) YCO
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Figure 6: Methane/Air flame propagation speed error for different resolutions using the BFER
scheme
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Figure 7: Geometrical configuration of the 2-D counter flow premixed Propane/Air flame.
The grayed-out area is initially filled with burnt gas.
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Figure 8: Density(lower half of the domain) and Propane net production rate (upper half
of the domain) fields as obtained using FLUENT (left half) and the proposed Hybrid solver
(right half).
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Figure 9: y-component of the velocity vector along the vertical center-line
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Figure 10: Geometrical configuration of the 2-D co-flow Methane/Air diffusion flame.
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Figure 11: Temperature, CO and CO2 mass fraction (from left to right) fields for co-flow
diffusion flame
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Figure 12: Species profiles obtained from FD-LB solver shown with solid lines, compared to
results of FLUENT shown with markers: ( ) YO2
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Figure 13: Geometrical configuration of the 3-D counter flow premixed Propane/Air flame.

Figure 14: Flow field obtained at steady-state for the 3-D counter-flow test-case. Shown in
this figure: Iso-surface of Propane consumption rate ω̇C3H8

in light gray; streamlines colored
with velocity magnitude (see color scale); cut showing the z-component of the velocity vector
in the central plane (see color scale)
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