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Abstract. The present paper represents a continuation of [26]. There, a continuous
dependence result for the solution of an elliptic variational-hemivariational inequality
was obtained and then used to prove the existence of optimal pairs for two associated
optimal control problems. In the current paper we complete this study with more
general results. Indeed, we prove the continuous dependence of the solution with
respect to a parameter which appears in all the data of the problem, including the
set of constraints, the nonlinear operator and the two functionals which govern the
variational-hemivariational inequality. This allows us to consider a general associated
optimal control problem for which we prove the existence of optimal pairs, together
with a new convergence result. The mathematical tools developed in this paper are
useful in the analysis and control of a large class of boundary value problems which,
in a weak formulation, lead to elliptic variational-hemivariational inequalities. To
provide an example, we illustrate our results in the study of an inequality which
describes the equilibrium of an elastic body in frictional contact with a foundation
made of a rigid body covered by a layer of soft material.
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1 Introduction

Variational and hemivariational inequalities are widely used in the study of many
nonlinear boundary value problems and have a large number of applications in Con-
tact Mechanics and Engineering see, for instance, [4, 19, 24, 25, 29]. The theory of
variational inequalities was developed in early sixty’s, by using arguments of mono-
tonicity and convexity, including properties of the subdifferential of a convex function.
In contrast, the analysis of hemivariational inequalities uses as main ingredient the
properties of the subdifferential in the sense of Clarke [7], defined for locally Lipschitz
functions, which may be nonconvex. Hemivariational inequalities were first introduced
in early eighty’s by Panagiotopoulos in the context of applications in engineering prob-
lems. Studies of variational and hemivariational inequalities can be found in several
comprehensive references, e.g., [1, 3, 6, 9, 10, 12, 15, 21, 34, 35, 36, 37].

Variational-hemivariational inequalities represent a special class of inequalities, in
which both convex and nonconvex functions are present. Recent references in the field
include the book [28] and the paper [5]. The book [28] deals with existence, uniqueness
and convergence results for various classes of variational-hemivariational inequalities.
It also contains applications of these inequalities in the study of mathematical models
which describe the contact between a deformable body and a foundation. The paper
[5] deals with existence, approximation, and regularization results for semicoercive
variational-hemivariational inequalities and includes an application to unilateral con-
tact problems with nonmonotone boundary conditions. A similar regularization tech-
nique was used in [23] in the study of a variational-hemivariational inequality which
describes the delamination of composite structures with a contaminated interface
layer.

The optimal control theory deals with the existence and, when possible, the
uniqueness of optimal state-control pair. It also deals with the derivation of necessary
conditions of optimality or, better, necessary and sufficient conditions of optimality.
Optimal control problems for variational and hemivariational inequalities have been
discussed in several works, including [2, 8, 14, 16, 17, 22, 30, 31, 32, 33]. Due to the
nonsmooth and nonconvex feature of the functionals involved, the treatment of opti-
mal control problems for such inequalities requires the use of their approximation by
smooth optimization problems. And, on this matter, establishing convergence results
for the optimal pairs represents a topic of major interest.

In [26] we have studied variational-hemivariational inequalities of the form: find
u € K, such that

(Au,v —u) + p(u,v) — p(u,u) + 72 (u;v —u) > (f, 70 — Tu)y Vo e K, (11

Here and everywhere in this paper X is a reflexive Banach space, (-,-) denotes the
duality pairing between X* and its dual X* Y is a real Hilbert space endowed with the
inner product (-,-)y and 7 : X — Y. Moreover, in (1.1) we supposed that K, = gK
where K C X and ¢ >0, A: X - X*, ¢o: X x X - R, j7: X > Rand f € Y. Note
that the function ¢(u, -) is assumed to be convex and the function j is locally Lipschitz
and, in general, nonconvex. Therefore, following the terminology in the literature, we
see that inequality (1.1) represents a variational-hemivariational inequality.



A short description of the results obtained in [26] is the following. First, the exis-
tence and uniqueness of the solution of (1.1) was proved by using a result proved in
[18], based on arguments of surjectivity for pseudomonotone operators and the Ba-
nach fixed point argument. Then, under specific assumptions on the functions ¢ and
7, the continuous dependence of the solution with respect f and g was studied and a
convergence result was proved. Next, two optimal control problems were considered,
in which the control were f and g, respectively. The existence of optimal pairs together
with some convergence results were proved, for each problem. Finally, these abstract
results were used in the study of a one-dimensional mathematical model which de-
scribes the equilibrium of an elastic rod in unilateral contact with a foundation, under
the action of a body force.

As it results from above, the study in [26] was focused on the dependence of the
solution with respect the parameters f and g or, equivalently, with respect to f and
the set of constraints K. Nevertheless, various examples can be considered in which
the solution depends on a number of parameters which appear in the operator A, or
in the functions ¢ and j, as well. All of these parameters could play the role of control
in optimal control problems associated to inequality (1.1). For this reason, there is a
need to extend the results in [26] to more general cases and this is the aim of this
current paper. Considering such extension leads to various mathematical difficulties.
To overcome them we use new assumptions and new arguments, different to those
used in [26], which represents the trait of novelty of this current paper.

The rest of the manuscript is organized as follows. In Section 2 we review some
notation and preliminary results. In Section 3 we introduce a variational-hemivaria-
tional inequality in which all the data depend on a parameter p. We state the behavior
of the solution of this inequality with respect to p and provide a convergence result.
Then, in Section 4 we consider a class of optimal control problems associated to the
variational-hemivariational inequality, for which we prove the existence and conver-
gence of the optimal pairs. Finally, in Section 5 we give an example which illustrate
a potential application of our abstract study. The example arises from Contact Me-
chanics and is given by a variational-hemivariational inequality which describes the
contact of an elastic body with a foundation made of a rigid body covered by a layer
of deformable material.

2 Preliminaries

We use notation || - ||x and Ox for the norm and the zero space element of X, re-
spectively. Unless stated otherwise, all the limits, upper and lower limits below are
considered as n — oo, even if we do not mention it explicitly. The symbols “—” and
“—” denote the weak and the strong convergence in various spaces which will be
specified. Nevertheless, for simplicity, we write g, — ¢g for the convergence in R.

DEFINITION 1 An operator A: X — X* is said to be:
a) monotone, if for all u, v € X, we have (Au — Av,u — v) > 0;
b) bounded, if A maps bounded sets of X into bounded sets of X*;



¢) pseudomonotone, if it is bounded and u, — u weakly in X with
lim sup (Au,, u, —u) <0

implies liminf (Au,, u, —v) > (Au,u — v) for allv € X;

d) hemicontinuous, if for all u, v, w € X, the function A — (A(u + \v),w) is
continuous on [0, 1].

We now recall the definition of the Clarke subdifferential for a locally Lipschitz

function.

DEFINITION 2 A function j: X — R is said to be locally Lipschitz if for every x € X
there exists U, a neighborhood of x and a constant L, > 0 such that

J(y) —j(2)| < Lally — 2||[x  forall y, z€U,.

The generalized (Clarke) directional derivative of j at the point x € X in the direction
v € X is defined by

. \o) — i

§°(x;v) = limsup iy + ) j(y)‘

y—z, A0 A

The generalized gradient (subdifferential) of j at x is a subset of the dual space X*
given by
9j(x) ={Ce X" | ;' (z;v) 2 (¢,v) Yve X}

A locally Lipschitz function j is said to be regular (in the sense of Clarke) at the
point x € X if for all v € X the one-sided directional derivative j'(x;v) exists and
3 (w30) = j'(x50).

We shall use the following properties of the generalized directional derivative and
the generalized gradient.

PROPOSITION 3 Assume that j: X — R is a locally Lipschitz function. Then the
following hold:

(i) For every xz € X, the function X 3 v — h%(x;v) € R is positively homogeneous
and subadditive, i.e., j°(x; \v) = \j%(x;v) for all A\ >0, v € X and j°(x;v; + vy) <
70%(z;v1) + 7%z v0) for all vy, va € X, respectively.

(ii) For every v € X, we have j°(z;v) = max{ ({,v) | £ € dj(z) }.

We now recall the notion of convergence in the sense of Mosco, denoted by M, 7
which will be used in the Sections 3-5 of this paper.

DEFINITION 4 Let X be a normed space, { K, } a sequence of nonempty subsets of X
and K a nonempty subset of X. We say that the sequence {K,} converges to K in
the Mosco sense if the following conditions hold.

For each v € K there exists a sequence {v,} such that

on)

v, € K, for eachn € N and v, = v in X.

For each sequence {v,} such that
v, € K,, for each n € N and v,, — v in X we have v € K.

o) {
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Note that the convergence in the sense of Mosco depends on the topology of the

normed space X and, for this reason, we write it explicitly K, M, K, in X. More
details on this topic could be found in [20].

We proceed with the following version of the Weierstrass theorem.
THEOREM 5 Let X be a reflexive Banach space, K a nonempty weakly closed subset
of X and J : X — R a weakly lower semicontinuous function. In addition, assume

that either K is bounded or J is coercive, i.e., J(v) — oo as ||v||x — oco. Then, there
exists at least an element u such that

ue K, J(u) < J(v) Vve K. (2.1)
The proof of Theorem 5 can be found in many books and survey, see, for instance,
[13, 27].

We now introduce the variational-hemivariational inequality we are interested in
and state its unique solvability. The functional framework is the following. Let A
be a set of parameters and, for any p € A, consider a set K, C X, an operator
A, X — X*, the functions ¢,: X x X — R and j,: X — IR and an element f, € Y.
With these data, for p € A given, we state the following inequality problem.

Problem P. Find an element u = u(p) such that
ue Ky, (Au,v—u)+e,(u,v)—q@,(u,u) —i—jg(u; v —u) (2.2)
> (fp, 0 — TU)y Vv e K,.
In the study of Problem P, we consider the following hypotheses on the data.

K, is nonempty, closed and convex subset of X. (2.3)

(A,: X — X* is such that
(a) it is pseudomonotone; (2.4)
(b) it is strongly monotone, i.e., there exists m, > 0 such that
\ (Avy — Avg,v1 — v9) > my|lvy — val/%  for all vy, vy € X,
([ ¢,: X x X — R is such that
(a) pp(u,-): X — R is convex and lower semicontinuous,
for all u € X;
(b) there exists c,, > 0 such that (25)
op(u1,v2) — pp(ur, v1) + @p(us, v1) — Pp(uz, va)
< aplluy — us||x |Jvr — vel|x  for all uy, us, v, v0 € X.




Jp: X — R is such that
(a) it is locally Lipschitz;
(b) [[€llx+ < cop + c1p ||| x for all v e X, £ € 95,(v),
with cgp, c1p > 0; (2.6)
(c) there exists 8, > 0 such that
Jo(is vy — v1) + 5D (v2; 01 — va) < By [Jor — val %

for all vy, vy € X.

ap + By < my,. (2.7)
frey. (2.8)

m: X — Y is a linear continuous operator, i.e.,

Imolly < dollvlly Vo€ X with dy > 0.

The unique solvability of the variational-hemivariational inequality (1.1) is pro-
vided by the following result.

THEOREM 6 Assume (2.3)-(2.9). Then, Problem P has a unique solution u € K.

Theorem 6 represents a slightly modified version of Theorem 18 in [18]. Its proof
is is carried out in several steps, by using the properties of the subdifferential, both
in the sense of Clarke and in the sense of convex analysis, surjectivity result for
pseudomonotone multivalued operators, and the Banach fixed point argument. For
additional details we also refer the reader to [26] and [28, Remark 13].

We end this section with the remark that everywhere in this paper assumption
(2.4) (a) can be dropped if we suppose that the operator A, is bounded and hemicon-
tinuous. Indeed, it is well known that a bounded monotone hemicontinuous operator
defined on X with values in X* is pseudomonotone.

3 A convergence result

Theorem 6 allows us to define the map p — wu(p) which associates to each p € A
the solution u = u(p) € K, of the variational-hemivariational inequality (2.2). In
this section we present an important property of this map, which represents a crucial
ingredient in the study of optimal control problems associated to inequality (2.2).
Let {p,} be a sequence of elements in A and assume that, for each n € N, the
corresponding set K, , operator A, , functions ¢, , j,, and element f, satisfy as-
sumptions (2.3)-(2.8) with constants m,,,, &, Cop, Cipns Bp,- 10 avoid any confusion,
when used for p = p,, we refer to these assumptions as assumptions (2.3),—(2.8),,.



Then, if condition (2.9) is satisfied, we deduce from Theorem 6 that for each n € N
there exists a unique solution u,, = u(p,) for the following problem.

Problem P,. Find an element u,, = u(p,) such that

Uun € Ky, <Apnum V= Up) + Cpn (Un,v) — Ppn (Un, Un) + jgn (Un;v —up)  (3.1)

Z <fp7L77TU_7Tun)Y VUGK”.

We now consider the following additional assumptions.
K,, LN K, in X, as n— oo. (3.2)

( For any n € N there exists £}, > 0 and 6, > 0 such that
(a) |Ap, v —Ap|lx < F.(||lvllx +0,) forallveX;
. (3.3)
(b) lim F, = 0;
n—0
| (c) the sequence {d,} C R is bounded.

For any n € N there exists a function ¢, : Ry, — R, such that

(2) @pn (1, v1) = @p, (4, v2) < cn([lullx)]lor = vallx
Yu, v, v2 € X (3.4)
(b) the sequence {c,(||vallx)} C€ R is bounded

L whenever the sequence {v,} C X is bounded.

( For all sequences {u,}, {v,} C X such that

u, — uin X, v, — v in X, we have (3.5)
( lim sup (Qppn (um Un) — Ppn (um un)) < @p(ua U) - SO;D('L% u)

( For all sequences {u,}, {v,} C X such that

{ u, —~wuin X, v, — vin X, we have (3.6)

[ timsup 79, (s 0 — ) < (050 — ).

{ For all sequence {v,} C X such that (3.7)
v, — v in X, we have 7v, - v in Y.

fon—f, In Y, as n—oo. (3.8)
There exists my > 0 such that mo + o, + 3,, < my, Vn eN. (3.9)
The sequences {cgp, }, {¢1p,} C R are bounded. (3.10)

The main result of this section is the following.
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THEOREM 7 Assume (2.3)~(2.9) and, for each n € N, assume (2.3),(2.8),,. More-
over, assume (3.2)—(3.10) and denote by w,, and u the solutions of Problems P, and
P, respectively. Then the sequence {u,} converges strongly to u, i.e.,

Uy — U in X. (3.11)

Note that in applications, A C Z where Z is a normed space and conditions (3.2)—
(3.6) and (3.8)—(3.10) are satisfied when p, — p in Z. In this case Theorem 7 implies
that

pn—p In Z = u(p,) —ulp) in X, (3.12)

which shows that the operator p — u(p) : A — X is weakly-strongly continuous.

The proof of Theorem 7 will be carried out in several steps that we present in
what follows. Everywhere below we assume that the hypotheses of Theorem 7 hold.
The first step of the proof is the following.

LEMMA 8 There is an element u € K, and a subsequence of {u,}, still denoted by
{un}, such that u, — uw in X, as n — oc.

Proof. We first establish the boundedness of {u,} in X. Let v be a given element in
K,. We use assumption (3.2) and consider a sequence {v,} such that v, € K, for all
n € N and

v, v in X. (3.13)

Let n € N. We test with v, € K, in (3.1) to obtain
(Ap, Un, Uy — ) < (3.14)
+p, (tn, Un) — ©p, (U, un) 4 G5 (Ui — ) + (fpn s TUn — 70, )y
Moreover, using the strongly monotonicity of the operator A, we deduce that
(Ap Uy Uy — V) > M, [t — V|5 + (Ap, Uy U — V). (3.15)
Next, we write
Pp, (Un; Un) = ©p,, (Un, Un)
= p, (Un; Vn) = @p,, (tn, Un) + @p,, (Vn, Un) = ©p,, (Un; Vn)
+@p, (Vn, Un) = @p,, (Un, Un),
then we use assumptions (2.5),(b), (3.4) to see that

Ppn (Un, V) = P, (Un, Un) (3.16)

< o[l = vallx + enllvnllx)llun — vallx.



On the other hand, by (2.6),(b) and Proposition 3(ii), we have
T (U U — U, )
= Jpu (Un Vo = ) + . (Un3 un = 0n) = G, (Vni . — V)
< G (U U = ) + ) (Un; U — V) + |G, (U5 i — 03,)|
< By lun — vallx + [max{(¢, 1t — va) | ¢ € D, (va) }|
and, using assumption (2.6),(b) we find that
Ipn (U U = ) < By, [l — vallX + (Cop, + C1p,l[vallx) lun — vallx. (3-17)
Finally, assumption (2.9) yields
(fon Ttin — 7on)y < dol| fyp, ||y lun = vallx- (3.18)
We now combine inequalities (3.14)—(3.18) to see that
Mp, Nt — nll% < (Ap, Vn, o — tn)
o, [[un — vallx + ealllvnllx)lun — vallx
+Bpllun — vallX + (Cop, + c1p,vnllx) ltn = vallx + doll fypully 1w — vallx,
which implies that
(mp,, = @, = Bp,) [un = vallx < ([ Ap, vnllx (3.19)
+en(l[onllx) + (cop, + cap, [[vnllx) + doll fy, [l
Note that assumptions (3.9) and (3.3) imply that
mo < my, — oy, = By, and || Ay, vallx < [[Apvallx + Falllvallx + 6n),
respectively. Therefore, using these inequalities in (3.19) we deduce that
mo [|un = onllx < | Aponllx + Fn(l[onllx + 6n) (3.20)
Unllx) + dol f,

Next, by (3.13) and (3.8) we know that the sequences {v,,} and {f,,} are bounded
in X and Y, respectively. Therefore, using assumptions (2.4)(a), (3.3)(b), (c), (3.4)(b),
(3.10) and inequality (3.20), we deduce that that there is a constant C' > 0 indepen-
dent of n such that ||u, — v,||x < C. This implies that {u,} is a bounded sequence
in X and, from the reflexivity of X, by passing to a subsequence, if necessary, we
deduce that

+en(l[onllx) + (cop, + C1p,

Y-

u, =~ u in X, asn — oo (3.21)

with some ©w € X. Finally, recall that u,, € K,,. Therefore, the convergence (3.21)
combined with assumption (3.2) shows that u € K, which concludes the proof.  [J

The second step in the proof is as follows.

9



LEMMA 9 The element u € K, is a solution of Problem P.

Proof. Let v be a given element in K,. We use assumption (3.2) and consider a
sequence {v,} such that v, € K, for all n € N and (3.13) holds. Let n € N. Then
inequality (3.14) holds and, passing to the upper limit in this inequality, we find that

lim sup (A, Un, Un, — vy,) < Hmsup [@p, (Un, V) — @py, (Un, Up)] (3.22)
+ lim sup jgn (Un; Up, — up) + lmsup (f,,, Tu, — 70,)y.

We now use the convergences (3.21), (3.13) and assumptions (3.5), (3.6), to deduce
that

lim sup [(Ppn (Un, V) — Ppn (Un, up)] < Sop(a’ v) — @p(aa u), (3.23)

limsup jo (up; vy — ) < g (U5 v — ). (3.24)
On the other hand, the convergences (3.21), (3.13) and assumptions (3.7), (3.8) yield
lim (f,,, mun — o)y = (fp, 70 — T0)y. (3.25)
We now combine relations (3.22)—-(3.25) to deduce that
lim sup (A, Un, Uy, — vy) < @p(0,v) — p,(u, ) (3.26)
—|—jg(ﬂ; v—u) + (fp, TU — TV)y.
Next, we write
(Ap, Uy Up, — V) = (Apl, Uy — V) + (Aptln, v — vy) + (Ap, Un — Aplly, Up, — V).
Then we use we assumptions (2.4)(a), (3.3) and the convergence (3.13) to see that
(Aptn, v — v,) — 0,
[{ Ayt — Agtin,t — )] < Fullltnllx + 60)llen — allx =0,
which imply that
lim sup (A, Uy, Uy, — v,) = limsup (Apu,, u, — v). (3.27)
We now combine inequality (3.26) with (3.27) to obtain that
lim sup (A uy,, u, — v) < @, (0, v) — @,(u, w) (3.28)
—l—jg(ﬁ; v—u) + (fp, 7u — w0y
Next, we take v = 7 in (3.28) and use Proposition 3(i) to deduce that

lim sup (A, up,, u, —u) < 0. (3.29)

10



Exploiting now the pseudomonotonicity of A,, from (3.21) and (3.29), we have
(Ayu,u —v) < liminf (Apu,, u, —v) for all ve X. (3.30)

Next, from (3.30) and (3.28) we obtain that u satisfies the inequality (2.2), which
concludes the proof. O

We are now in position to provide the proof of Theorem 7.

Proof. Since Problem P has a unique solution, denoted wu, it follows from Lemma 9
that @ = u. This implies that every subsequence of {u,,} which converges weakly in X
has the same limit and, therefore, it follows that the whole sequence {u,} converges
weakly in X to u, as n — oo.

We now prove that u, = v in X, as n — oo. To this end, we take v = u € K, in
both (3.30) and (3.28), then we use equality © = u to obtain

0 < liminf (Ayuy,, u, —u) < limsup (A,u,, u, —u) <0,

which shows that (A,u,, u, —u) — 0, as n — oco. Therefore, using the strong mono-
tonicity of the operator A, and the convergence u,, — u in X, we have

mal|un — ull% < (Apun — Apu, upy — u) = (Aptin, up — u) — (Apu, u, — u) — 0,

as n — oo. Hence, it follows that u,, — u» in X, which concludes the proof of the
theorem. O

4 An optimal control problem

In this section we assume that the set of parameters A has a special structure that we
describe in what follows. Let @) be a reflexive Banach space with the norm || - ||, ©
a normed space endowed with the norm || - || and denote by Z their product space,
e, Z =Q x O. A generic element of Z will be denoted by p = (¢,7). We endow Z
with the norm

Iplz = lldlle +lnlle  Vp=I(a¢.n) € Z

Let U C @@ and ¥ C © be given nonempty subsets assumed to be weakly closed
in () and O, respectively, and let A = U x X. Then, for each ¢ € U and n € X
we have p = (¢,n) € A and, under the assumption of Theorem 6, we denote by
u = u(p) = u(gq,n) the solution of Problem P. Moreover, for each n € X, let F(n)
denote a subset of U which depends on 7. With these notation define the set of
admissible pairs for Problem P by equality

Vaa(n) ={(u,q) : ¢€ F(n), uv=u(g,n)}. (4.1)

In other words, a pair (u, q) belongs to V,4(n) if and only if ¢ € F/() and, moreover,
u is the solution of Problem P with p = (¢,7). Consider also a cost functional L :
X x U — R. Then, the optimal control problem we are interested in is the following.

11



Problem Q. Given n € X, find (u*,q*) € V,a(n) such that
Lu*,¢")= min L(u,q). (4.2)

(uvq)evad (77)

To solve Problem Q we consider the following assumptions.

F(n) is a nonempty weakly closed subset of . (4.3)

( For all sequences {uz} C X and {gz} C U such that
up, —u in X, ¢ —q in @, we have

(a) lilgn inf L(ur, ) > L(u,q), Y

(b) lim [,C(uk, qk) — L(u, qk)} = 0.
\ k—o0
( There exists h : U — IR such that

(a) L(u,q) > h(qg) YueX, qel, (4.5)
( (b) llgrllq = +00 = h(qx) — .

U is a bounded subset of Q. (4.6)

ExXAMPLE 10 A typical example of function L which satisfies conditions (4.4) and
(4.5) is obtained by taking

L(u,p) =g(u)+h(qg) VYueX, qel,

where g : X — R is a continuous positive function and h : U — IR is a weakly lower
semicontinuous coercive function, i.e., it satisfies condition (4.5)(b).

Our first result in this section is the following existence result.

THEOREM 11 Assume (2.3)~(2.8), for any p € A. Moreover, assume (2.9), (3.12),
(4.3), (4.4) and, in addition, assume that either (4.5) or (4.6) hold. Then Problem Q
has at least one solution (u*,q").

The proof will be carried out in several steps that we present in what follows. To
this end, everywhere below we assume that the hypotheses of Theorem 11 hold and,
given n € 3, we consider the function J(-,n) : U — IR defined by

J(q,n) = L(u(g;n),q)  VqeU. (4.7)
The first step of the proof is as follows.

LEMMA 12 For all sequences {qx} C U and {nx} C X such that g — q in Q, nx —
n m © and for all s € U, the inequality below holds:

limsup [J(s, ) — J (g, me)] < J(s,m) — J(g:m). (4.8)

k—o00
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Proof. Assume that {¢g;} C U and {n,} C A are two sequences such that ¢, —
qin @, ny — nin © and let s € U. Then, using (4.7) we have

J(s,1m) = J(qrs ) = L(u(s,nk), 8) — Lw(gr, ), Gr)- (4.9)

Moreover, assumption (3.12) implies that u(s, ny) — u(s,n), u(qx, nx) — u(q,n), both
in X. Therefore, assumption (4.4) and definition (4.7) imply that

k;lg{olo ,C(U(S, nk)a S) = *C(U(S’ 77)? S) = J(Sv 77)7 (410)
liirisup[—ﬁ(U(qk,nk),qk)} < —L(u(q,n),q) = =J(q,n). (4.11)

We now pass to the upper limit in (4.9) and use relations (4.10), (4.11) to deduce
that (4.8) holds. O

We now consider the following auxiliary problem.

Problem R. Given n € ¥, find ¢* € F(n) such that

J(q*,n) = min J(q,n). (4.12)
qEF(n)

The solvability of Problem R is provided by the following result.
LEMMA 13 Problem R has at least one solution q*.

Proof. Let n € ¥. We take 1, = n in the statement of Lemma 12 to see that for all
sequences {qx} C U such that ¢y — ¢ and for all s € U we have

limsup [J(s,1) — J(qr.n)] < J(s,m) — J(q,n),

k—o0
which implies that
lilgninf J(qr,n) = J(q,n)-
—00

We conclude from here that the function J(-,7) : U — R is lower semicontinuous.
Assume now that (4.5) holds. Then, for any sequence {¢qx} C U, we have

J(qe,m) = L(u(qr,n), ) > h(qk).

Therefore, if ||qx||g — oo we deduce that J(g,n) — oo which shows that the function
J(-,m) is coercive. Recall also the assumption (4.3) and the reflexivity of the space Q.
The existence of at least one solution to Problem R is now a direct consequence of
Theorem 5. On the other hand, if (4.6) holds we are still in position to apply Theorem
5. We deduce from here that, if either (4.5) or (4.6) hold, then Problem R has at least
a solution, which concludes the proof. OJ

We are now in position to provide the proof of Theorem 11.

Proof. Using the definitions (4.7) and (4.1) it is easy to see that

(4.13)

(u*, ¢*) is a solution of Problem Q if and only if
q* is a solution of Problem R and u* = u(q*,n).

13



Theorem 11 is a direct consequence of the equivalence (4.13) and Lemma 13. O

Let n € ¥ and, for each n € N, consider a perturbation 7, € X of n together with
the set of admissible pairs defined by

Vai(n) = {(u,q) : ¢ € F(na), uw=u(q,m) }- (4.14)
With these data we consider the following perturbation of Problem Q.
Problem Q,. Given n, € ¥, find (u},q:) € Vaa(n,) such that

Lu,q:)= min  L(u,q). (4.15)

v (U,Q)Gvad(nn)

We also consider the following auxiliary problem.

Problem R,. Given n, € ¥, find g € F(n,) such that

J(qn:mn) = min J(q,n). (4.16)
qu(nn)

The proof of Lemma 13 shows that Problem R, has at least one solution ¢, for
each n € N. Moreover, using (4.7) and definition (4.14) it is easy to see that

(4.17)

(uf,q:) is a solution of Problem Q,, if and only if
i is a solution of Problem R,, and u} = u(q}, n,).

This implies that for each n € N, Problem Q,, has at least one solution (u, q).

In order to study the link between the solutions to Problems Q,, and Problem Q
we consider the following assumptions.

N, —1n in ©O. (4.18)
M :

F(p,) — F(n) in Q. (4.19)
For all sequences {u,} C X and {g} C U such that
up —u in X, ¢ — ¢ in @, we have (4.20)
lim L(uk,qr) = L(u, q).
k—o0

Then, we have the following convergence result.

THEOREM 14 Assume (2.3)~(2.8), for any p € A. Moreover, assume (2.9), (3.12),
(4.3), (4.4) and, in addition, assume that either (4.5) or (4.6) holds. For each n € N,
let (uf,q}) be a solution of Problem Q,. Then, if (4.18)—(4.20) hold, there exists a

subsequence of the sequence {(u},q%)}, again denoted by {(u},q:)}, and an element
(u*,¢*) € X x @, such that

u, = u" in X, (4.21)
¢ —q° in Q. (4.22)

Moreover, (u*,q*) is a solution of Problem Q.

14



The proof of Theorem 14 will be carried out in several steps that we present
in what follows. To this end, everywhere below we assume that the hypotheses of
Theorem 14 are satisfied. The first step of the proof concerns the function (4.7) and
is as follows.

LEMMA 15 (i) For all sequence {ny} C X such that ny — n in © and for all ¢ € U,
the equality below holds:

(ii) For all sequences {qr} C U and {ny} C ¥ such that ¢ — q in Q, n, — n in ©
the equality below holds:

Y (g i) — J(g. 0] = 0. (4:24)

Proof. (i) Let {n,} C X be a sequence such that 7, — 7 in © and let ¢ € U. We use
the definition (4.7) to see that

J(q,m) — J(q,m) = L(ulg,nk),q) — L(u(g,m),q)- (4.25)

On the other hand, using the convergence u(q,mx) — u(q,n) in X, guaranteed by
assumption (3.12), we deduce from (4.20) that

lim [£(u(q, ), q) — L(u(g,n),q)] = 0. (4.26)

k—o0

We now combine relations (4.25) and (4.26) to see that the equality (4.23) holds.

(ii) Assume now that {gz} C U and {n} C X are two sequences such that
g — q in Q and n — n in ©. We write

J(aw, i) = (g me) = L(ulan, mk), @) — L(ulg, ), q) (4.27)
= L(uw(gr, mk), ar) — L(u(g,n), )
+L(ulg, n), ar) — L(u(g,n), q)
+L(u(g,n), q) — L(ulg, mk), q)

and, since u(qy, ) — u(q,n), u(q,n) — wu(q,n), both in X, assumptions (4.4)(b)
and (4.20) imply that

L(u(qr, mk), ar) — L(ulq,n), qr) — 0,
L(u(q,n), qx) — L(u(g,n),q) — 0,
L(u(g;n),q) — L(ulg,nx),q) — 0.

Wo now use these convergences in equality (4.27) to deduce that (4.24) holds, which
concludes the proof O

In the next step we prove the following convergence result concerning Problems
R, and R.

15



LEMMA 16 For each n € N, let ¢ be a solution of Problem R,. Then, there exists
a subsequence of the sequence {q}}, again denoted by {q:}, and an element ¢* € Q,
such that (4.22) holds. Moreover, ¢* is a solution of Problem R.

Proof. We claim that the sequence {¢}} is bounded in @. This claim is obviously
satisfied if we assume that (4.6) holds. Assume in what follows that (4.5) holds. If
{¢:} is not bounded in @, then we can find a subsequence of the sequence {¢}},
again denoted by {¢}}, such that ||¢}|| o — oo. Therefore, using definition (4.7) and
condition (4.5) we deduce that

J(@ ) = Lul(q,m), ) > () — oo,

which implies that
J(GpsMn) — 00. (4.28)

Let s be a given element in F'(n) and note that assumption (4.19) and condition
(M) in Definition 4 impliy that there exists a sequence {s,} such that s, € F(n,)
for each n € N and

Sp— s in Q. (4.29)

Moreover, since ¢ is a solution of Problem R, we have J(g},n,) < J(sp,n,) and,
therefore,

J(Q:mnn) < [J(Smnn) - J(S777N)] + [J(S777n) - J(S’ 77)] + J(S’ 77) Vn €N, (430)

On the other hand, the convergences (4.29) and (4.18) allow us to use equality
(4.24) in Lemma 15(ii) to find that J(s,,n,) — J(s,n,) — 0 and, in addition, equality
(4.23) in Lemma 15(i) shows that J(s,n,) —J(s,n) — 0. Thus, (4.30) implies that the
sequence {J(q:,n,)} is bounded, which contradicts (4.28). We conclude from above
that the sequence {¢*} is bounded in @ and, therefore, there exists a subsequence of
the sequence {¢*}, again denoted by {¢’}, and an element ¢* € @, such that (4.22)
holds.

We now prove that ¢* is a solution of Problem R. To this end we recall that
¢ € F(n,), for all n € N. Therefore, using (4.22) and condition (M>) in Definition
4, guaranteed by assumption (4.19), we deduce that ¢* € F(n). Next, we consider an
arbitrary element s € F(n) and, using condition (M;), we know that there exists a
sequence {s,} such that s, € F(n,) for each n € N and (4.29) holds. Since ¢ is the
solution to Problem R,, we have J(¢},n,) < J(Sn,n,) which implies that

0< [J(s,m0) = J(gps )] + [ (50, 10) — J(5,170)]- (4.31)

We now use the convergences (4.18), (4.22), (4.29), Lemma 12 and Lemma 15(ii) to
see that

i sup (s, 1) = S5, 1)) < J(s,0) = Jla" ), (4.52)
T [(s0.m) = J(5.1m.)] =0, (4.33)
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respectively. We now pass to the upper limit (4.31) and use (4.32), (4.33) to deduce
that

0 < J(s,n) = J(q",n)

and, since ¢* € F(n), we deduce that ¢* is a solution of Problem R, which concludes
the proof. O

We now have all the ingredients to provide the proof of Theorem 14.

Proof. We first use (4.17) to see that, for each n € N, ¢ is a solution to Problem R,,.
Then, we use Lemma 16 to see that there exists a subsequence of the sequence {¢}},
again denoted by {¢’}, and an element ¢* € @, such that (4.22) holds. Moreover, ¢* is a
solution of Problem R. Let u* = u(q*,n). Then, equivalence (4.13) shows that (u*, ¢*)
is a solution of Problem Q. On the other hand, (4.17) implies that v’ = u(q}, n,) and
the convergences (4.22), (4.18) show that p = (¢}, n,) — p* = (¢*,n) in Z. It follows
now from assumption (3.12) that (4.21) holds, which concludes the proof. O

5 An elastic contact problem

The abstract results in Sections 3—4 are useful in the study of various mathematical
models which describe the equilibrium of elastic bodies in frictional contact with a
foundation. In this section we provide an example of such model and, to this end, we
need some notations and preliminaries. For details on the material below we refer the
reaer to [11, 27], for instance.

Let d € {2,3}. We denote by S? the space of second order symmetric tensors on
R? or, equivalently, the space of symmetric matrices of order d. We recall that inner
product and norm on R? and S¢ are defined by

wv=uy,, |v|=w-v)z2 VuveR:

o-T =0,Tij , Ikl :<T"T)% Vo, €8

where the indices 7, j run between 1 and d and, unless stated otherwise, the summation
convention over repeated indices is used. The zero element of the spaces R? and S¢
will be denoted by 0.

Let © C R? be a domain with smooth boundary I'. The boundary I is divided
into three measurable disjoint parts I'y, 'y and I's such that meas (I';) > 0. A generic
point in QUT" will be denoted by & = (z;). We use the standard notation for Sobolev
and Lebesgue spaces associated to Q and I'. In particular, we use the spaces L*(Q)?,
L%(Ty)4, L*(T'3) and H'(Q)?, endowed with their canonical inner products and asso-
ciated norms. Moreover, for an element v € H'(Q)¢ we still write v for the trace of
v to I'. In addition, we consider the space

V={veHQ)*: v=0 on I'|},

which is a real Hilbert space endowed with the canonical inner product
(w, v)y = / e(w) - e(v) da (5.1)
Q
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and the associated norm || ||y,. Here and below & represents the deformation operator,
ie.,

e(u) = (gij(u)), &iy(u)= % (i + wj),

where an index that follows a comma denotes the partial derivative with respect to
the corresponding component of x, e.g., u; ; = 61;?. The completeness of the space V'
follows from the assumption meas (I'y) > 0 which allows the use of Korn’s inequality.
We denote by 0y the zero element of V' and we recall that, for an element v € V', the
normal and tangential components on I' are given by v, = v -v and v, = v — v, v,
respectively. Finally, V* represents the dual of V and (-, -) denotes the duality pairing
between V* and V. We also denote by ||| the norm of the trace operator v : V —
L*(T3)% and we recall the inequality

[ollz2ye < IVllllvllv - VoeV. (5.2)

In addition, we use the space Y = L*(Q)? x L?*(T'3)? equiped with the canonical
product topology and the operator 7 : V' — Y defined by

= (v,yv) VYveV. (5.3)

The contact model we consider in this section is constructed by using a function
F and a set B which satisfy the following conditions.

([ F:Q xS*— S is such that
(a) there exists Lz > 0 such that
[F(x,e1) — F(w,e2)|| < Lrller — e
for all e1,e, € S%, ae. x € Q,
(b) there exists mz > 0 such that (5.4)
(F(z,€1) = F(x,€2)) - (€1 — €2) > mr[ler — &2
for all e;,e, € S%, a.e. & € Q,
(c) F(-,€) is measurable on Q for all € € S

| (d) F(x,0) =0 forae x €

mr > |17 (5:5)

B is a closed convex subset of S? such that 0 € B. (5.6)
Note that assumption (5.5) allows us to find a constant my € IR such that
mr — ||v]]* > mo > 0. (5.7)

Moreover, we use (5.6) and denote in what follows by Pg : S¢ — B the projection
operator on the set B.

To complete the model we consider the data w, p, f,, fs, g and p assumed to
satisfy the following conditions.
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we L*(Q), w(x)>0 forae x el
n e LOC(Fg)/ ILL(.’E) > 0 for a.e. x € Fg./ |’MHL00(F3)H"\/H2 < ﬁlo.
Foe LMY, fye LT

g >0, p>0.

5.8)
5.9)
(5.10

(

ot Ot~ o~

10)
11)

11

Let A be the set of elements p = (w, i, fo, f2, 9, p) such that (5.8)—(5.11) hold.
Note that A is a subset of the product space L>(€2) x L>=(T'3) x L*(Q) x L?(Ty) x R?
and, moreover, inequality my > 0 in (5.7) guarantees that A is not empty. Next, for
any p = (w, i, fo, f2.9,p) € A we define the set K),, the operator A,, the functions

¥p, Jjp and the element f,, by equalities

K,={veV]|v,<g ae only},
A, V=V (Apu,v) = / Fe(u) - e(v)de
—i—/gw(s(u) — Pge(u)) - e(v) d,

¢¢va%R,¢¢mm:/ﬂwHMJM,

s

Jp: V=R, j,(v) :/ Jp(vy) da,
I's

foeY. oy = [ fyvdes [ fy0da
Q

I's

for all w,v € V. Here and below r* represents the positive part of r, i.e.,

mazx {r,0}. Moreover, j, : R — R is the function defined by

Jor) = / k(s)ds  VreR,
0
where
0 if r<o0,
r it 0<r<p,
kp(r) = .

2p—r it p<r<2p,
r—2p it r>2p.

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

rt =

(5.17)

(5.18)

It is easy to see that the function k£, : R — R is Lipschitz continuous, yet not

monotone. As a result the function j, is not convex.

With these notation, for p € A given, we consider the following problem.

19



Problem S. Find a displacement field uw = u(p) such that
u € K, (Ayu, v — u) + pp(u,v) — @,(u,u) —i—jg(u; v—u) (5.19)
> (f,,mv—7u)y forall veV.

Following the arguments in [28], it can be shown that Problem S represents the
variational formulation of a mathematical model which describes the equilibrium of
an elastic body in frictional contact with a foundation, under the action of external
forces. It is assumed that the foundation is made of a rigid material covered by a
layer of deformable material. The data F, w and B are related to the constitutive
law, while f, and f, denote the density of body forces and applied tractions which act
on the body and the surface I'y, respectively. In addition, u represents the coefficient
of friction and p is a given stiffness coefficient. Finally, g represents the thickness of
the deformable layer.

Contact models which lead to inequality problems of the form (5.19) have been
considered in the books [19, 28]. There, the reader can find the classical formulation of
the models, including the mechanical assumptions which lead to their construction,
as well as their variational analysis, based on arguments similar to that we briefly
resume below in this section.

Our first result in the study of Problem S is the following.

THEOREM 17 Assume (5.4)—(5.6). Then, for each p = (w, i, fo, f2,9,p) € A there
exists a unique solution uw = wu(p) to the Problem S. Moreover, if the sequence {p,}
with P = (Wn, s Prs Gns Fons Fon) € A is such that

w, —»w in  L¥(Q), (5.20)
i — o in L(T), (5.21)
Fon — Fo in L2(Q)Y, Ffon — Ffo in L3Iy (5.22)
gn = 9, (5.23)
Pn = P, (5.24)

then w(p,) — u(p) in V.

Proof. Let p = (w, i, fo, fa,9,p) € A. For the existence and uniqueness part we apply
Theorem 6 on the space X = V. To this end, we remark that, obviously, condition
(2.3) is satisfied. Moreover, the operator A, defined by (5.13) satisfies condition (2.4).
Indeed, for u, v, w € V, by assumption (5.4)(a) and the properties of the projection
operator Pg, we have

(Apu — Apv, w)yexv < (L + 2||w|| e @)l|u — v|lv]w]v.

This proves that

|Apu — Ao

v < (Lp 4 20l e = ]l
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for all w, v € V, which implies that A, is Lipschitz continuous. On the other hand,
using assumption (5.4)(b) and the nonexpansivity of the projector operator yields

(Apu — Apv,u — v)yeuy > mr|u — UH%/?

for all u, v € V. This shows that condition (2.4)(b) is satisfied with m, = mz. Since
A, is Lipschitz continuous and monotone, it follows that A, is pseudomonotone and,
therefore, (2.4)(a) holds.

Next, for ¢, defined by (5.14), we use the trace inequality (5.2) to see that (2.5)
holds with o, = ||| Lo (1) || 7]

On the other hand, since j/(r) = k,(r) for all 7 € IR, it follows that j, is a C"
function and, therefore, is a locally Lipschitz function. Moreover, it is easy to see that
|k,(r)| < 2p+ |r| for r € R and the function r +— k,(r) + r is nondecreasing. We use
these properties and equality jg(r; s) = k,(r)s, valid for all r, s € IR, to see that the
function j, satisfies condition (2.6) on X = IR with ¢y, = 2p, ¢1, = 1 and 3, = 1.
Therefore, following the arguments in [28, p.219] we deduce that the function j, given
by (5.15) satisfies (2.6) with co, = 2pv/2meas(Ls) |||, c1p, = V2 ||7]|? and 8, = ||7]|%.

It follows from above that o, + 3, = (||p]| Lo (ry) + 1)||7]|* and, using assumption
(5.9) and inequality (5.7), we deduce that o, + 5, < mz = m, which shows that the
smallness condition (2.7) is satisfied. We also note that conditions (2.8) and (2.9) are
obviously satisfied.

Therefore, we are in position to use Theorem 6. In this way we deduce that there
exists a unique element u € V such that (5.19) holds, which concludes the existence
and uniqueness part of the theorem.

For the continuous dependence part we use Theorem 7. Assume that (5.20)—(5.24)
hold. We start with the remark that (5.23) implies (3.2). Moreover, using the conver-
gence (5.20) it is easy to see that condition (3.3) is satisfied with ), = 2 ||w,, —w/|| = (0)
and d, = 0. Next, (3.4)(a) holds with ¢,(r) = |||l zoo(rs)||7]|* 7 and, using conver-
gence (5.21) combined with the compactness of the trace, we see that (3.4)(b) and
(3.5) hold, too.

On the other hand, since the function j, is regular, Lemma 8 in [28] guarantees
that

Jo(u;v) = / Jo(uiv,) da = / ky(u,)v,da  Yu,v eV, peA. (5.25)
Fg FS
Moreover, an elementary argument shows that
(1) = k()| < 2lpu—pl  VrER, (5.26)

Therefore, if u, — u and v, — v in V, using (5.25) and (5.26) we deduce that
]Z(?)n (un; Un — un) = / kpn (unl/)(vm/ - U”nl/) da
I's

< 2|pn — pl |VUny — Upy| da +/ kp(tny) (Vny — Uy ) da.
F3 FS
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Then, the convergence (5.24), the compactness of the trace and the properties of the
function £, imply that

limsup jp (tn; v, — wp) < / kp(uy) (v, — u,) da = j)(u; v — u)
Iz

which shows that condition (3.6) holds.
Next, by standard compactness arguments it follows that the operator (5.3) sat-
isfies condition (3.7). Moreover, the convergences (5.22) show that (3.8) holds, too.

Finally, we recall that a,, = |||l [7]]% cop. = 2pn\/2 meas( Fg H'yH Clp, =
V2|72, By, = I7lI? and m,, = mz. Therefore, using (5.9) and (5.7) we deduce that
condition (3.9) is satisfied with my = mz — mg — ||7||* and, obviously, (3.10) holds.
It follows from above that we are in position to use Theorem 7 in order to deduce
that u(p,) — w(p) in V, which concludes the proof. O

We now associate to Problem S an optimal control problem, in the framework
described in Section 4. To this end we consider the space Z = ) x ©, where ) =
R x L?(I'y)¢ and © = R?® x L?(Q)%. The spaces @Q and © are equiped with their
canonical product norms, denoted by || - ||g and || - ||e, respectively. We endow Z with
the norm

Ipllz = llallq + lInlle  ¥p=(a1.n) € Z.

A generic element of Z will be denoted by p = (¢,n) where ¢ = (g, f,) € Q and

77: (wnu’apafo) E@-
Let U C Q, ¥ C ©, A C Z be the sets given by

U:{q:(gan)eQ : OSQSQO) ||f2||L2(F2)d§h0}7
S={n=(wp.p.f0) €O : w, n>0, p>po, plyl* < Mo},
A=U x %,

where go > 0, hg > 0 and py > 0 are given, py < go. Moreover, for each n =
(w, i, p, fo) € 3, let F(n) C U be the subset given by

Fn)={q=1(9,f2) €U : p<g<go} (5.27)

Then, under the assumptions (5.4)—(5.6), it follows from Theorem 17 that for each
p € A Problem S has a uniques solution w = wu(p) = u(q,n). For each n € ¥ we
define the set of admissible pairs for Problem S by equality

Vad(n) = { <U’7Q) S qce F(n)’ U = U’(Qan) }
Consider also the cost functional £:V x U — R given by
Llu,q) = / (wy—)?da  VYueV, qel. (5.28)
s

where ¢ € L*(T'3) is given. Then, the optimal control problem we are interested in is
the following.
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Problem 7. Given n = (w, u, p, fo) € 2, find (u*,q*) € Vaa(n) such that

L', q) (u,q%fAn)ﬁ(u’Q)'

With this choice, the mechanical interpretation of Problem 7T is the following:
given a contact process described by the variational-hemivariational inequality (5.19)
with the data ¢ = (g, fy) € U and n = (w, , p, f) € X, we are looking for a thickness
g € [p, go) and a density of surface tractions f, € L*(I'y) with || 5 z2(ry)e < ho such
that the normal component of the corresponding solution is as close as possible, on
I's, to the “desired normal displacement” ¢.

Note that, in this case assumptions (3.12), (4.3), (4.4) and (4.6) are satisfied.
Therefore Theorem 11 guarantees the existence of the solutions of the optimal control
problem 7. Moreover, note that assumption (4.18) implies the convergence (4.19) and,
in addition, (4.20) holds. Therefore, the convergence result stated in Theorem 14 can
be applied in the study of Problem 7.
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