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COHOMOLOGY OF Vect(R) ACTING ON THE SPACE OF
BILINEAR DIFFERENTIAL OPERATORS

ISSAM BARTOULI*, AMMAR DERBALI, MOHAMED ELKHAMES CHRAYGUI,
AND JEAN LERBET

ABSTRACT. We consider the Vect(R)-module structure on the spaces of
bilinear differential operators acting on the spaces of weighted densities.
We compute the first differential cohomology of the vector fields Lie
algebra Vect(R) with coefficients in space Da,,;, of bilinear differential
operators acting on weighted densities.

1. Introduction

Let M be a smooth manifold and Vect(M) the Lie algebra of vector fields
on M. The main purpose of this article is to study the cohomology of
Vect(M) with coefficients in the space of linear differential operators acting
on tensor fields. This cohomology is, actually, a natural generalization of the
Gelfand-Fuchs cohomology (i.e., of Vect(M)- cohomology with coefficients
in the modules of tensor fields on M).

Let g be a Lie algebra and let M and N be two g—modules. It is well-known
that nontrivial extensions of g—modules:

0->M—>.>N-=0

are classified by the first cohomology group H!(g, Hom(N, M)) (see, e.g.,
[9]). Any 1—cocycle A generates a new action on M & N as follows: for all
g € g and for all (a,b) € M ® N, we define g * (a,b) := (g *xa + A(b),g *b).

Although our results and their applications are essentially geometric, the
proofs are algebraic. The considerations are local, so we work in the Eu-
clidean case, replacing M by R.

The space of weighted densities of weight A on R (or A-densities for short),
denoted by:

Fa={fd* | feC=®R)}, AeR,
is the space of sections of the line bundle (T*]R)®A for positive integer A.

The Lie algebra Vect(R) of vector fields X}, = h-L, where h € C*°(R), acts
by the Lie derivative. Alternatively, this action can be written as follows:

(1.1) Xp.(fda?) = Lk, (f)da™ with Ly, (f) = hf' + AW f,
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where f/, b/ are j—f;, %. Each bilinear differential operator A

from C*°(R)®@C*(R) to C*°(R) thus gives rise to a morphism from F) ® F,
to F,, for any (\, v, n) € R3, by fdz*®@gda” — A(f®g)da*. The Lie algebra
Vect(R) acts on the space Hom(F) ® F,, F,) = Dy, of these differential
operators by:

(1.2) XpA=ILh oA~ AoLQY,

where, Lg?}’bu) is the Lie derivative on F) ® F, defined by the Leibniz rule:

Y (f@g)=IX, (f) © g+ f © Lk, (9).

According to Nijenhuis-Richardson [12],the space H! (g; End(V)) classi-
fies the infinitesimal deformations of a g-module V and the obstructions
to integrability of a given infinitesimal deformation of V are elements of
H? (g; End(V)) while the spaces H! (g; L(®"V,V)) appear naturally in the
problem of normalization of nonlinear representations of g in V. To be more
precise, let

T:g— > L@V,V), X Tx =) Tk,
n>0

be a nonlinear representation of g in V,that is, T(x y] = [Tx, Ty]. In [1], it
is proved that the representation T is normalized if T is in a supplemen-
tary of B (g; L(®7V,V)) in Z' (g; L(&}V, V).
In fact if A is a differential operator on the line, A can be viewed as an
homomorphism from Fy to F,. If A is with order n, we can define its
symbol as an element in S5 = @ _, Fs—k, for § = p — A If n goes to
+o00,the space S5 = @~ Fs—k, appears as the space symbols for all differ-
ential operators.The space H! (Vect(R), L(®2Ss, 85)) can be decomposed as
a sum of spaces H.z(Vect(R), Dy ,.,).Thus, the computation of the spaces
Hlip(Vect(R), Dy ) is the first step to normalize any nonlinear represen-
tation of Vect(R) in S;.
For the space of tensor densities of weight A € R, F), viewed as a module
over the Lie algebra of smooth vector fields Vect(R), the classification of
nontrivial extensions

0—=Fy—.—Fr—0.

leads Feigin and Fuks in [10] to compute the cohomology group H}.(Vect(R), Hom(Fy, F,))-
Later, Ovsienko and Bouarroud] in [3] have computed the corresponding rel-
ative cohomology group with respect to s[(2), namely

Hyi (Vect(R), s1(2); Hom(Fy, Fp))-

Later, Bouarroudj in [2] has computed the corresponding relative
cohomology group with respect to sl(2), namely

Hyig (Vect(R), 51(2); Hom(Fy @ Fy, Fpu))-
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In this paper, we will compute the first differential cohomology group
HLs(Vect(R), Dy yip), where, D) ;. is the space of bilinear differential op-
erators from F) ® F, to F,.

This work allows us to study the first cohomology of the Lie superalgebra
K(1) with coefficients in the superspace of bilinear differential operators.

2. DEFINITIONS AND NOTATIONS

In this section, we recall the main definitions and facts related to the
geometry of the space R. We also recall some fundamental concepts from
cohomology theory (see, e.g.,[3, 9]).

2.1. Cohomology theory. Let us first recall some fundamental concepts
from cohomology theory (see, e.g., [0, 7, 8, 9]). Let g be a Lie algebra acting
on a vector space V. The space of n-cochains of g with values in V is the
g-module

C"(g,V) := Hom(A"g; V).

The coboundary operator 5, : C™(g,V) — C"* (g, V) is a g-map satisfying
dn00p—1 = 0. The kernel of §,,, denoted Z"(g, V'), is the space of n-cocycles,
among them, the elements in the range of J,_1 are called n-coboundaries.
We denote B"(g, V') the space of n-coboundaries.

By definition, the n® cohomolgy space is the quotient space

H"(g,V) = 2"(9,V)/B" (g, V).

We will only need the formula of ¢, (which will be simply denoted ¢) in
degrees 0 , 1 and 2: for E € C%g, V) = V, §Z(z) := = - Z, and for A €
g, V),

(2.1) Az, y) =9 Ay) —y-Alz) = A([z, y]) forany =z,y€g,

2.2. The space of tensor densities on R. The Lie algebra, Vect(R), of
vector fields on R naturally acts, by the Lie derivative, on the space

Fy = {fd:v’\ L fe COO(R)},

of weighted densities of degree A\. The Lie derivative Lﬁ} of the space F)
along the vector field X % is defined by

(2.2) Ly = X0, + \X,

Khere X,f e C®R)and X' := %. More precisely, for all fda* € Fy, we
ave

LA (fdz) = (X f + AfX")da™.
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2.3. The space of bilinear differential operators as a Vect(R)-module.
The space of bilinear differential operators is a Vect(R)-module, denoted

'DA’# = Homdiff<]:)\1 X fAQ,fu).
The Vect(R) action is:

(2.3) IAMA) =LA o A— Ao LA,

where A = (A1, \2) and Lg}\“/b) is the Lie derivative on Fy, ® F, defined
by the Leibnitz rule:

Ly (frda™ @ foda?) = LY(f1) @ foda + frda™ © L2 (fodz™?).

3. Cohomology of Vect(R) acting on D, .,

In this section, we compute the ”differentiable” cohomology of the Lie al-
gebra Vect(R) with coefficients in the space of bilinear differential operators
Dy .- Namely, we consider only cochains that are given by differentiable
maps.

Theorem 3.1. (i) If p — XA —v =0, then

H(ljiff(veCt(R),D)\’y;”) =R for all A and v.

(ii) If u— X —v =1, then

1 R3 if (A v)=(0,0),
Hgig (Vect(R), Dy ;) = R

otherwise.
(4i7) If u — N — v =2, then

R? if (A v) =(0,0),
Hclﬁﬁc(Vect(R),D,\,,,W) =< R if (A\v)=(0,-1),(0,v),(A0), (N, —1—N),
0 otherwise.

() If u— X —v =3, then

R3 if  (\v)=(0,0),
HéiH(VeCt(R), D)\,l/;,u) = RQ if ()‘a V) = (_23 0)’ (Oa _2)7 (_%a _%)7
R otherwise.

(v) If u— A —v =4, then

Hlig (Vect(R), Dy ,.p) = R for all A and v.
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(vi) If u — X\ — v =5, then

¢ R3
R2
I—:[(%liﬂr (VeCt (R>7 D)\,I/;,u) =

R

(vii) If p — A — v =6, then

p

R?)

RZ
H(Iiiff (VeCt (R)v D)\,V;,LL) =

R
(viid) If u — X —v =7, then

R2

H(liiff (VeCt (R)v D)\,V;M) = R

0

e e
=

if

if

if

if

()‘7 V) = (070)7 (07 _4)7 (_470)7

()\7 V) 7& (_%7 _%)? (_%a _2)7 (_17 _%)7 (_17 _2)7
(_%7_3)7(_%7_1)7(_%7_%)7(_%’_2)’
(_27 _5)1 (_11 _1)7 (_27 _1)7 <_27 _%)
otherwise.

(A, v) = (5/12,0), (0, 2519,
V19-5 —v19-5Y\ (_ +/19-5 +/19-5

( 2 2 )7( 2 2 )7

(>\7 V) 7£ (_la _2)7 (_27 _l)v (_la _§)7
(_57_%)’(_21’_§)7(_§7_21)7(_217_22)7
(_ga_l)a(_fla_g)v(_ga_%)’(_z_g)y
(_57_2)7(_%7_55)7(_57_5)7(_27_1)7
(_27_2)7(_27_§)a (_57_2)7
otherwise.

(A v) = (2519 =5-V19) (5419 —54v/19)

)

(0,), (A, 0), (A, =6 — X), (V19 — 1, =¥19=5),
(ﬁvm_ 1)7 <_ V19 — 17 @_5)7
(@_57_\/E_ ]-)7

()" V) 7é (_%7 _3)7 (_37 _%)7 (_37 _%)7
(_ga _3)a (_L _3)a (_3a _1)a (_17 _2)3
b
(‘%i _g): (_5:_22)77<_2277_%>7’(_%27,_22)7’
otherwise.

(ix) If w — A — v > 8 but with A and v generic then

Hflliff (VeCt(R)7 D)x,l/;u) =0.

Remark 3.2. The values —2 can be deduced from the work of Grozman [13]

3

and the values /19 from the work of Feigin-Fuchs [10].
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4. Proof of Theorem 3.1

To prove Theorem 3.1 we proceed bye following the three steps:

e We first study the dimension of the space of operators that satisfy
the 1-cocycle condition.

e We then study all trivial 1-cocycles, namely, operators of the form
LyAz’V where A;’V is a bilinear operator given by (4.2)

e Lastly, by taking into account Part 1 and Part 2 and depending on A
and v-the dimension of the cohomology group H}.;(Vect(R), Dy ,.,)
will be equal to

dim(operators that are 1 — cocycles) — dim(operators of the form LyAz’V).
We need also the following two Lemmas:

Lemma 4.1. Let Y be a vector fields in Vect(R) and letc : Fyx®@F, — F,
be a bilinear differential operator defined as follows. For all f € Fy and for
all g € Fu:

(4.1) o(f.g) = Z c@-,j,lY(i)f(j)g(”

i+jHl=k+1

where ¢; j; are constants. Then, for all X € Vect(R), we have

Lye(fg) = D auXYOfOghe 37 (uAv—j)eu XYW fg0 -

z+j+l k+2 itj+l=k+1
ORIl wet SICEL VST oA w SR RS
i+j+l=k+1 i+j+l=k+1
Z c,-J,lY(i)f(j)(ZC{X(t)g(l_tH))—y Z Cl.wy(i)f(j)(ZC;X(tJrl)g(l—t))
itjHl=k+1 t=2 itjHl=k+1 t=1
Proof. Straightforward computation. By using (2.3). O

Lemma 4.2. Let Az’y : Fa®F, — F, be a bilinear differential operator
defined as follows. For all f € Fy and for all g € F,:

(4.2) A (f9) =Y aijfDgD

itj=k

where a; j are constants. Then, for allY € Vect(R), we have
i

LY A (f9) = Y (p=A—v—i—faY' FO9D = 3" a;3(Cr +

i+j=k i+j=k 5=2

J
AC;—I)y(s)f(i—s—l—l))g(l) _ Z ai,jf Z Ct + Z/Ct 1 ( )g(j—t-i-l))
i+j=k =2
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Proof. Straightforward computation. By using (2.3). O

Any 1-cocycle on Vect(R) should retains the following general form:

(4.3) c(f,g9) = Z ¢i YD f) g0,

itjH=k+1
where ¢; j; are constants. The fact that this 1-cocycle implies that
co,jl =0

the 1-cocycle condition reads as follows: for all f € F), for all g € F,, and
for all X,Y € Vect(R), we have

([X,Y], f,9) — LY (Y, f, 9) + Ly #e(X, f, g) = 0.

(i) The case when 1 — A —v =0

c(f,9) = cr00Y'fg
By a straightforward computation, the 1-cocycle condition above reads

pw—A—v=20

(ii) The case when 1 — A —v =1

c(f.9) =c110Y f'g+c101Y' fg' + c200Y" fg

Again, by a straightforward computation, the above 1l-cocycle condition
reads

p—A—v=1and c11 0\ +c101v =0
Let us study now the triviality of this 1-cocycle. A straightforward compu-
tation shows that
Ly A" = —(ar0A + a01v)Y" fg
(1) If (A\,v) = (0,0), then
dimZ¢ (Vect(R), Dy ) = 3
dimBgg (Vect(R), Dy 1) = 0
(2) f A=0and v #0, then ¢110=0
dimZg;5(Vect(R), Dy .p0) = 2
dimBJg (Vect(R), Dy ) = 1, generated by
A= —ag1vY"fyg.

The results hold true for (A # 0 together with v = 0) and (\,v) #
(0,0).
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(iii) The case when p— A —v =2

o(f,9) = cip0Y "9+ c111Y'f'g" 4+ c102Y' fg"
+ c1,0Y"fg+ c201Y" g + 300" fg

Thanks to a straightforward computation, the above 1-cocycle condition
reads
01,270(1 + 2)\) + 111V = 0
w—A—v=2and 017270)\ + c1,02V = 0
61,171/\ + 01,0,2(1 + 21/) =0

Let us study the triviality of this 1-cocycle. a straightforward computation
shows that

Lx A} = —(az2,0(142N)+a11v)Y" f'g—(a1,1 A +ao 2 (142v)Y" fg'—(az2,0A+ao 2v)Y" fg
(1) If (\,v) = (0,0), then ¢120 =c102=0
dimZ¢ (Vect(R), Dy 1) = 4
dimBJ4(Vect(R), Dy ) = 2 , generated by
Ay = —az20Y" f'y,

A2 = —CLO’QY//fgI.
(2) If (A, V) = (0, —1), then €1,2,0 = C1,0,2 and €102 = 0
dimZ¢ (Vect(R), Dy 1) = 4
dimBJ4 (Vect(R), Dy ) = 3, generated by
Ay = —az0Y" f'g,
Ay =a11Y"f'g,
Ag = —ao2(Y"fg' +Y" fg).
The results hold true for (A # 0 together with v = 0), (A =0
together with v # 0) and (A, v) = (A, —1 — A).
(3) for other cases for X and v, then ¢1 20 =c111 =c102 =0.
Thus, the 1-cocycle is trivial.

(iv) The case when 1 — A\ —v =3

c(f,9) = co03Y'fg" +ci12Y ' f'9" +e121Y 9 + 130V g+ c202Y" fg”
+ 02,1,1Y”f’g’ + 0272,0Y”f”g + CS,I,OY///f/g + 03,0,1Y”/fg/ + 04,0,0Y(4)fg
By a straightforward computation, the above 1-cocycle condition reads
w—A—v=3and

01,073(3 + 31/) + 01’1,2)\ =0, 01,073(1 + 31/) + 6172,1)\ =0,

1,03V + c130\ = 0, c112(14+2v) +c121(1+2)) =0,
ci12v +c130(1 +3X) =0, c12,1V +c1,30(3 +3X) =0,

2,02V + 220N = 0, 3,0,1V + €3,1,0A + 2¢4,0,0 = 0.
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Let us study the triviality of this 1-cocycle. A straightforward computation
shows that

LxAy" = (a03(3 +3v) + a1 2A)Y" fg" — (a12(1 + 2v) + ag1 (1 + 20)Y" f'g’
— (agav+a3p(3+3N)Y"f"g — (a12v + azp(1 4+ 3X)Y" f'g
(a0,3(1+ 3v) + a2 1YY" fg' — (aosv + azoA)Y W fg

(1) If ()\, V) == (0, 0), then C1,0,3 = C1,3,0 = C4,0,0 = 0 and C1,12 = —C1,2,1
dimZg;5(Vect(R), Dy ,.p) = 6
dimBJ;(Vect(R), Dy ) = 3 , generated by

A= —ap3(3Y"fg" +Y" fq'),
Ao = —a12Y"f'q,
Ag = —a 1 Y'f'g.

(2) If ()\, I/) = (—2,0), then 6170,3 = 6270,2 = 0, 0173’0 = 261,172 and
€4,0,0 = €3,1,0
dimZ};5(Vect(R), Dy ) = 5
dimBL4(Vect(R), D ) = 3, generated by

Ar = —aps(8Y"fg" +Y" £,
Ay = —a172(—2Y”fg” + Y”f/g/),
Az = a2’1(3yl/f/g/ + QY”/fg/).

The results hold true for (0,—2) and (-2, —2).
(3) If A and v are not like above, then ¢ 03 =112 = c121 =130 =0,

202 = —2ca00 and €100 =& —ves 1 — Aes 10
dimZ¢ (Vect(R), Dy 1) = 4
dimBJi;(Vect(R), D ,.) = 3, generated by
A1 = ag(~ U2y pryy Ay g 4 (14 30y fgl 40V f),

A2 — a2’1 (_>\Y”fg// + 2()\ _ V)Y//f/g/ + VY”f//g _ VY///f/g + )\Y”/fg/),

Az = —az 0(_)\(3—:3)\) Y//fg// _ (1+2V)V(3+3)\) Y//f/gl + (3 + SA)Y”f"g + (1 + 3)\)Y”’f’g + )\Y(4)fg)

)

(v) The case when -\ —v =4

= c1a0Y ' fWg+c131Y' g + 122V 9"+ c1a3Y Fg" + cro4Y fgP)
+ 0273701///')[‘///9 + 6272,1Y”f”g, + 0271’2}///‘}0/9” + 02,0,3Y”fg"’ + Cs,z,oY”’f”g
+ 311" 19 +c302Y" fg" + ca10Y D flg+ a0 YV Fg + es00Y O fg

c(f,9)
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By a straightforward computation, the above 1-cocycle condition reads
pw—A—v=4and

0174,0(6 + 4)\) +c131v = 0, 61,470(4 + 6)\) + C122V = 0,
c1.40(1 +4X) +c113v =0, c1,4,0\ +c10av = 0,

0173,1(3 -+ 3)\) + 01,272(1 + 21/) =0, 61,371(1 + 3)\) + 6171,3(1 + 31/) =0,
0173’1)\ + 61’0,4(1 + 4V) =0, 61’272(1 + 2)\) + 6171,3(3 + 31/) =0,
0172’2)\ + 61’0,4(4 + 6V) =0, 61,173)\ + 01,0’4(6 + 41/) =0,
c2,30(1+3A) +c2120 =0, 23,0\ + 203V =0,

c221A +c203(1 +3v) =0, c32,0(1+2\) +c311v + 2¢410 =

311N+ ¢3,02(1 +2v) +2¢401 =0, C4,1,0A + €4,0,1V + 55,00 = 0.

The space of solutions of the above system is five-dimentional for (\,v) =

(0,0), (X, 0),(0,v), and four-dimentional otherwise.

Let us study the triviality of this 1-cocycle.A straightforward computation

shows that

LxAi’V = —

CL371>\ + a0,4(1 + 411) (a4,0)\ + a074u)Y(4)fg

(1) If (A\,v) = (0,0), then c140 = c131 = Ci122 = C1,13 = Cl04 =

€230 = €203 = 500 = 0, c320 = —2c4,10 and c392 = —2¢40,1
dimZj;¢(Vect(R), Dy ) = 5
dimBéiﬁ(Vect(R), D)) = 3, generated by

= —a3 1(3y/lf//g/ + Y'l//flgl)7

= —ay Q(Y”f// / + Y//f/ //)

_—CL13( Y//f/g//+Y///f )
(A,

v) = (X,0),(0,v) .

The results hold true for

(2) for the other values of A and v, then the space Bls(Vect(R), Dy ,.)

is two-dimentional.

For example, if (\,v) = (-1

29

1
11,3 = €104 = 0, 221 = —¢203, €212 = €203, €410 = 7C3,1,1,

101 = 1¢31,1 and C500 = 5 063 1,1
dimZ}g (Vect(R), Dy ) = 4
dimBl,;(Vect(R), Dy ,.,) = 2, generated by

Al — a470(_3Y/If///g _ 3Y//f//g/ + 3Y//f/g// + 3Y//fgl// _ Y//lf//g + Y///fg// _ Y(4)

A2 — %a3,1(Y'"f”g 4 Y///fg//)

1
—3), then c140 = c131 = c122 =

(a4,0(6 +4X) + az 1 v)Y" f"g — (a3,1(3 + 3X) + ag2(1 + 2v))Y" f"¢
(a22(1 +2X) + a1 33+ 3v))Y"f'g" — (a13\ + apa(6 + 4v
— (auo(4+6X) + az90)Y" g — (az1 (1 + 3N) + ars(1 + 30))Y" f'g’
(22X + apa(4 + 61/))Y”/fg” (as0(1+4X) + ay30) YW f'g

( )Y

)Y//fg///

f'9),
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(vi) The case when v — A\ —v =5

c(f,9)

4+

c150Y fO g+ c1a1Y fDg + 132V 9" + c123Y fg" + c11.4Y" f'g D
c105Y' 9O + cauoY"fDg + coz 1Y g + c222Y" fg" + co13Y" f'g"
027074Y”fg(4) + 03’3703////!]0///9 + 03,2,1Y”’f”g’ + C3,1,2Y”/f,g” + 03,0,3Y”’fg'”
c120Y Vg + s 11 YD g + ca02Y D fg" + 510V O fg

c501Y O fg' + 600V O fg

A straightforward computation shows that the above 1-cocycle condition

reads

w—A—v=>5and

1,50(10 +5X) + 1417 =0,
01,570(5 + 10)\) + C1,23V = 0,
1,50\ + 1057 =0,

01,471(4 + 6)\) + 61’273(1 + 31/) =0,
c141A +c105(1 +5v) =0,
61’372(1 + 3)\) + 61’174(4 + GV) =0,
61’273(1 + 2)\) + 61’174(6 + 4V) =0,
1,14 + ¢1,0,5(10 + 5v) = 0,
c2,40(4+ 6X) 4+ c2 220 =0,

2,40\ + 204 =0,

02,371)\ + 027074(1 + 41/) = 0,

(ca2,0 — €33,0)A + (€a02 — €3,0,3)V + 5¢6,00 = 0,
63,271(1 + 2)\) + 03,172(1 + 2V) + 264,171 =0,

047270(1 + 2)\) +ca1,1v + 5657170 =0,
C4,171)\ + C47072(1 + 2V) + 56570,1 =0,

6175,0(10 + 10)\) + 1320 = 0,
c1,50(1 +5A) +e114v =0,

C1,4,1 (6 + 4)\) + 0173’2(1 + 21/) =0,
6174,1(1 + 4)\) + 0171’4(1 + 41/) =0,
6173,2(3 + 3)\) + C172’3(3 + 31/) =0,
0173,2>\ + 61,075(5 + 101/) = 0,
017273>\ + 61,075(10 + 10V) =0,

c240(1+4X) + 2137 =0,

027371(1 + 3)\) + 027173(1 + 31/) =0,
627371>\ + 027074(4 + 6V) =0,

6373,0(3 + 3)\) +c32,1V + 2047270 =0,
6371,2/\ + 03,073(3 + 3V) + 2647072 =0,

51,0 + €501V + 9¢g.0,0 = 0.

The space of solutions of the above system is six-dimentional for (\,v) =
(0,0), five-dimentional for (\,v) = (0,-2),(-2,0),(0,—4),(—4,0), four-

dimentional for (A, v) = (-2, -2), (-2, —

2),(0,v), (A,0), and three-dimentional

otherwise. Let us study the triviality of this 1-cocycle. A straightforward
computation shows that

LxAg\’V =

— (a5,0(10 +5X) + ag 1) Y" fDg — (ag1(6 + 4N\) + az2(1 + 20))Y" f"g

— (CL372(3 + 3)\) + a2,3(3 =+ 31/))Y”f”g” — (CL273(1 + 2)\) + a1,4(6 =+ 41/))Y”f’g/”

— (a14) + ao5(10 + 50))Y" fg™) — (a50(10 4+ 10X) + az )Y g

- (a471(4 + 6)\) + a273(1 + BV))Y”/f”g/ - (a372(1 + 3)\) + a1,4(4 + 61/))Y”’f’g"

— ((1273)\ + a0,5(10 + 10V))Y/”fg’” — (a570(5 + 10)\) + ag’gy)Y(‘l)f”g

— (ag1(1+4N) + a14(1 + ) YD fg — (aza) + ags(5 + 100)) YW fg"
- (a570(1 + 5/\) + CL174V)Y(5)f/g — (a471/\ + a0’5(1 + 5V))Y(5)fg/

— (as0X+aosv)Y O fg

(1) If (A\,v) = (0,0), then c150 = c141 = €132 = €123 = Cl,14 =

1,0

€C1,0,5 = €240 = €2,0,4 = €6,0,0 = 0, €231 = —€213, €33,0 = — 3 C5,1,0
1,0 _ _

€321 = —C312 —2C411, C3,03 = —3C50,15 C4,2,0 = —9C51,0 » C4,02 =
3

—5¢5,0,1

dimZj;5(Vect(R), Dy ) = 6
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dimBl,;(Vect(R), Dy ,.,) = 3 , generated by

Al — _a471(_6Y//f///g/ + 6Y//f/g/// _ 4Y///f//g/ + 4Y///f/g//)7

Ay = —Cng(—Y”fmgl —3Y" g Y f g — %Y"’f’g” + %Y(4)f’g’),

Ag = _a2’3(_3yl/f//g// _ Y///f//g/ + %Y”’f/g// + %Y(4)f/g/).

(2) If (A\,v) = (0,—4), then the constant as 3 and a; 4 are arbitrary. On
the Other hand,

aps =0
_ 142 158
a5,0 = 45 23 — —g @14
_ 62 3,0,
41 = 4023 — —g A14
1,3 4,0
432 = 3 A23 — 35014

dim B¢ (Vect(R), Dy 1) = 2
The results hold true for (\,v) = (—4,0).

(3) If (A\,v) = (0, —2), then the constant as 3, a1 4 and ag 5 are arbitrary.
On the other hand,

3
as5,0 = 52,3 — a14

a4,1 = —2a3 — 3a14
_ 7 8

a32 = 3423 — 3014

ag,s

dim B (Vect(R), Dy 1) = 2
The results hold true for (A,v) = (—2,0).

(4) If (\,v) = (0,v), then the constant as3 and a; 4 are arbitrary. On
the other hand,

agp,5 = 0

azs = 1—33ua273 + 24-3161/(1174

ans — 3’/2’9‘1”’2@273 + (17””3(2”*3)@174
asg = T2, Ly (oD@ )

dim B¢ (Vect(R), Dy ,.p) = 2
The results hold true for (A,v) = (), 0).

(5) If (A\,v) = (—1,—1), then the constant ag2 and ags are arbitrary.
On the other hand,

1
aso0 = ﬁa3,2

1
as) = 5032
a3 = 10ag 5
ai4 = dag 5

)
The results hold true for (A, v) = (=3, —3), (-3, -2), (-1, —
(=3, =5) (=5, =1, (=3, =5). (=5, -2). (-2, —3).(
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(6) If A and v are not like above, then the space Bjz(Vect(R), Dy ,.p)
is one-dimentional.
For example, if (A, v) = (-3,
On the other hand,
as0 = a4, = ay4 = ags =0
as = —az;3

—%), then the constant ag 3 is arbitrary.

(vii) The case when 1 — A —v =6

c(f,9) C1,6,0Y/f(6)9 +e151Y FO g + c142Y fVg" +e133Y 9" + c104Y" g
c115Y 19 + c106Y fg© + 2,5 OY”f(5)9 + 02,4,1Y”f(4)9, + 232" f"g"
CQ 9 3}/’//f//g/// + CQ 1 4}/’//f/ + co 0 5Y//fg + C3 4 OY//lf g + C3 3 IY///f/// /
63 9 2}/’///](‘//g// + 63 1 3}/’///](‘/g/// + 63 4Y///fg(4 _|_ C4 3 OY f///g _|_ 04 2 1Y f// /
04,1,2Y(4)f9" + C4,o,3Y(4)f9W + 520V O fg + 05,1,1Y(5)f q + C5,0,2Y(5 fq"
c6,1,0Y O f'g+ c01Y O fg' + cr00Y D fg
A straightforward computation shows that the above 1-cocycle condition
reads
w—A—v==06and
6176’0(15 + 6)\) + C151V = 0,
6176’0(15 + 20)\) +c133v =0,
01,6,0(1 + 6)\) +cr15V = 0,
0175,1(10 + 5)\) + 617472(1 + 21/) =0,

A+t

c1,6,0(20 + 15X) + ¢ 420 = 0,
c16,0(6 4+ 15X) + c104v =0,

c1,6,0A + c1,0,6v = 0,

6175,1(10 + 10)\) + 61,373(1 + 31/) =0,

0175,1(5 + 10)\) + 617274(1 + 41/) =0,
0175,1)\ + 6170,6(1 + 61/) == 0,

0174,2(4 + 6)\) + 617274(4 + 6V) = 0,
0174,2)\ + 617076(6 + 15V) = 0,

0173,3(1 + 3)\) + C17175(10 + 10V) = 0,
0172,4(1 + 2)\) + C17175(10 + 5V) = O,

6175,1(1 + 5)\) + 6171,5(1 + 51/) = 0,
6174,2(6 + 4)\) + 6173,3(3 + 31/) = 0,
617472(1 + 4)\) + 6171,5(5 + 1OV) = 0,
617373(3 + 3)\) + 6172,4(6 + 41/) = 0,
617373/\ + C17076(15 + QOV) = 0,
617274/\ + C17076(20 + 15V) = 0,

0171,5)\ + 01,0,6(15 + 61/) = 0,

027570(5 + 10/\) + Co23V = 0,

2,50\ + o050 = 0,

027471(1 -+ 4)\) + 0271’4(1 + 4V) =0,

027372(1 + 3)\) + 0271’4(4 + 6V) =0,

0272’3)\ + ¢ 0 5(10 =+ 101/) = 0,
0373’1(34-3)\)-5-0322 +2l/)+20421—0
0372’2(1 +2)\) +0313(3+3V) +20412 0,
c13,0(1 +3X) —e340(1 +4X) + (ca1,2 — 03,1,3)1/

627570(10 + 10)) + c2,32V =0,
6275,0(1 + 5)\) + 14V = 0,

027471(4 + 6)\) -+ 627273(1 + SV) =0,
627471/\ + 027075(1 + 5V) =0,

62’372/\ + 027075(5 + 10V) =0,

¢3,4,0(6 +4X) + c33,1v + 2c430 = 0,
c6,1,0A + 6,01V + 14c7 90 = 0,
¢3,1,3A +¢3,04(6 +4v) +2c40,3 =0,

+5¢6,1,0 = 0, c430(34+3\) + a1V + 5eap3 =0,
(c331 — 04,2,1))\ — 3,041 +4v) 4+ c403(1 + 3v)
+5¢6,0,1 = 0, ca12A+ €1,03(3+3v) 4+ 5502 =0,

0472’1(1 + 2)\) =+ C4,172(1 + 21/) + 50571’1 = 0, 65’2,0(1 =+ 2)\) + C5,1,1V + 906,1,0 = O,
52,0\ + €502V — €340\ — €304V + 14c70,0 = 0, 5,10 + ¢5,02(1 4+ 2v) +9¢c6 0,1 = 0.
The space of solutions of the above system is four-dimentional for (A,v) =

(0,0), (=3, =3),(~3,0), (0,—3), (0, 25, (2219, ), (=419, 5V10) (D10 —54VI0),
and three-dimentional otherwise. Let us study the triviality of this 1-cocycle.
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A straightforward computation shows that

LxAg\’V =

(1) If (A,

C1,1,5

€340 =

€6,1,0

€520 =

52,0 =

€7,0,0

C3,3,1 =

€322
C6,0,1
C3,0,4

((1670(15 + 6)\) + a5,1u)Y”f(5)g — (a571(10 + 5)\) + a4,2(1 + QV))Y”f(4) !

(a4,2(6 4+ 47) + az3(3 + 30))Y” f"g” — (a33(3 + 3X) + an.a(6 + 40))Y" f"g"

(a2.4(6 +4X\) + a1 5(10 + 50))Y" f'g™) — (a3 5A + ag6(15 + 6v))Y" fg°)

(a6,0(20 + 15X0) 4+ ag o) Y™ fMg — (a51(10 + 10A) 4 az3(1 + 3v)) Y™ f ¢

(a472(4 + 6/\) + a2,4(4 + 6V>)Y/”f”g” — (a3,3(1 + 3)\) + a1’5(10 + 101/))Y”lf/g/”
—  (agaA + aps(20 + 150))Y" fg) — (az 3(15 4 20A) + agov)Y D fg

(as51(5 4 10X) + aga(1 +4v)) YD g — (a15(1 4+ 4X) + ag (5 + 10v)) Y4 f'g”

(CL373)\ + a0,6(15 + 201/))Y<4)fg”’ — (a2,4(6 + 15)\) + (LG,()I/)Y(‘:’)f”g

(a1.5(1 4 5X) +as1(1+50) YO g’ — (aga) + aoe(6 4 150))Y ) g

(a175(1 + 6/\) + aﬁyoy)Y(G)f’g — (a571/\ + a076(1 + 61/))Y(6)fgl

(CL6 0)\ + ap 61/)Y(7)fg

v) = (0, =25 f) then c160 =c151 =c142 =133 =C124 =
= 1,06 = C250 = C24,1 = €232 = €223 = 214 = 205 = 0,
= (AOBVI) ey g SV g 4 BTy
= (3&;8(() €313 — 5370\/@64,2,1 + %5\/@%1,2,
—( (38J1r(?o\ﬁ)) 31,3+ 2(52%\5/179)04,2,1 - 9(5%{?9)04,1,2,

3849v1 5++v19 3(5+v19
8 2,0 )637173+( 3,0 )val+ (1,0 )va’

= 513+ V19)(4 + V19)(5 4+ V19)ca 0,3,
L3+ VI9) (4 + VI0)es13 — Zego + 200 Dey o,
= 3(3+V19)c31,3+2c412, 511 = 1642 1—+(=4=V19)cy 1 2,
5
= 50(3 +V19) 4+ V19)ea03, 502 = 153+ V19eaoa,
1
dimZ¢ (Vect(R), Dy ) = 4
dimBj(Vect(R), Dy ) = 1, where

aog =0, a5 = —3:(—35 4+ 8V19)as 1, aza = 2(—13 + 3v19)as 1,

as,3

= —%(—31 + 7V19)as 1, ar2 = 153,0(—4 + V19)as1 , ago =

—%(5 + \/E)a571.
The results hold true for (A, v) = (0, _5*'2@), (_5i2m,0),

(75+\/ﬁ 75—\/5) (757@ 75+\/E)
2 ’ 2 ’ 2 ; 2 .

(2) If (X,

v) = (0,0), then the constant az 3 and ag4 are arbitrary. On

the Other hand,

agp = ape =0

1
asg = (Yazs — tas)
a2 = (— a33—a24)
a1 = (15033 + 2502,4)

dim B¢ (Vect(R), Dy 1) = 2
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The results hold true for (A, v) = (—2,-3),(=32,0), (0, —3).
(3) If (\,v) = (—3,0) then the constant a3 and ag 4 are arbitrary. On
the other hand, a15 = 6aq,6, as,a = 2as1, ag3 = %0%,1, asp = Sasp,

_ 1
a6,0 = §as,1-

dimBgg(Vect(R), Dy 1) = 2

The results hold true for (A, v) = (=2,—3), (=%, —3), (-3, —3),
(_17_%)7(_%7_1)7(_17 ) ( 2, _1)7( % - )7( L, %) (_%7_%)7
(_2’_%)7( ;7_2)7(_%’_5)7(_77_%)7( ) 2)

(—2,—-35) and ( 2,-2).
(4) If (A\,v) = (0,— ), then the constant ag is arbitrary. On the other

hand,
=0 _ 1 _ 1
ap,6 = Y, a6,0 = 6,0(1571’ as1 = 2’061472,
_ _3 _ _5 _ 35
a4,2 = —g03.3 as,3 = —3024, a24 = —70a15

The results hold true for otherwise.

(viii)The case when y—A—v =7

170V @ 9 + €16, 1Y'f(6)g + c152Y ' fO1g" + e1a3Y fWg" + ¢ 34V " g
c1,2 5Y’f” V+e116Y' 199 + cr07Y" fg( + ca60Y" fO)g + 62 5, 1Y”f(5)9
C2,4,2Y”f )g" + a3 3Y”f”/ "4 oY "G + a1 sY" g4+ can6Y" g0
03,5,0me( )g + 637471Y/”f g + ¢33, le//f///g// + 3.2 3Y///f//g/// + 31 4y///f/g(4)
305" f9O) + 140V D fDg 4 ey 51 YD g + 40, 2Y(4 fg" +can 3Y ' fg"”
04,0,4Y(4)f9"' +e530Y O fg + 05,2,1Y(5 f'g + 512V OV f1g" + 50,37 ) fg”
c6.2,0Y O f"g + cq 1, 1Y(6)f9 + c60.2Y O fg"

cr1.0Y D flg+ cr01Y D fg + CSOOY(S)fg

c(f,9)

e o SR |

A straightforward computation shows that the above 1-cocycle condition
reads
w—A—v="7and
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6177’0(21 + 7)\) + Cc16,1V = 0,
6177’0(35 + 355)\) + €143V = 0,
0177’0(7 + 21)\) + C125V = 0,

c1,7,0\ +c10,7v = 0,

01,6,1(20 + 15)\) + 0174y3(1 + 31/) =0,
0176,1(6 + 15)\) + 617275(1 + 51/) =0,
01,6,1)\ + 6170,7(1 + 71/) =0,

0175,2(10 + 10)\) + 617374(4 + 61/) = 0,
017572(1 + 5)\) + 617176(6 + 151/) = O,
017473(6 + 4)\) + C17374(6 + 4V) = 0,
c143(1+4X) 4+ c1,1,6(15 + 20v) = 0,
017374(3 + 3)\) + C17275(10 + 5V) = O,
017374)\ + 017077(35 + 35V) = 0,

1,25\ + ¢1,0,7(35 + 21v) = 0,

61,770(35 + 21)\) + C152V = 0,
617770(21 + 35)\) + C1,34V = 0,
c170(L+7AN) +cra6v =0,

01,6,1(15 + 6)\) + 0175,2(1 + 21/) =0,
01,6,1(15 + 20)\) + 017374(1 + 41/) =0,
617671(1 + 6)\) + 617176(1 + 61/) == O,
617572(10 + 5)\) + 017473(3 + 31/) == 0,
617572(5 + 10)\) + 617275(5 + 101/) = 0,
617572)\ + 6170,7(7 + 21V) = 0,

617473(4 + 6)\) + 617275(10 + 101/) = 0,
617473)\ + 017077(21 + 35V) = O,
0173,4(1 + 3/\) + 617176(20 + 151/) = 0,
6172,5(1 + 2/\) + 617176(15 + 61/) = 0,
6171,6)\ + 617077(21 + 7V) = 0,

C1,7,0 = C1,6,1 = C1,52 = €143 = C134 = C125 =C1,16 = Cc107 =0  forall A

and v.

02,6,0(20 + 15)) + co 42V =0,
027670(6 + 15)\) + Co 24V = 0,

€2,6,0\ + 20,6V = 0,

027571(5 + 10)\) + 627274(1 + 4V) = O,
027571)\ + 02,0,6(1 + 61/) =0,

027472(1 + 4)\) + 627175(5 + 101/) =0,
027373(1 + 3)\) + 027175(10 + 10V) =0,
027274)\ + 62’076<20 + 151/) =0,

15 4+ 20)) + c233V =0,

1+ 6/\) + 215V = 0,

€251 10 + 10)\) + 027373(1 + 31/) =0,
€251 1+ 5/\) + 627175(1 + 5V) = O,
6274,2(4 + 6/\) + 627274(4 + 6V) = 0,
627472)\ + 627076(6 + 15V) =0,

027373)\ -+ 627076(15 + 20V) =0,

€2,6,0
€2,6,0

e R S NN

€2,6,0 = C2,5,1 = €242 = €233 = €224 = €215 = 20,6 = 0 for all A and v.

037570(10 + 5)\) + 34,1V + 26474,0 =0,
037570(1 + 5)\) + 314V = 0,

037471(6 + 4)\) + 6373,2(1 + 2V) + 2047371 =

037471)\ + 637075(1 + 51/) =0,

037372)\ + C37075<5 + 101/) =0,

037174)\ + 63’075<10 + 51/) + 264’074 =0,
0474’0(6 + 4)\) +c431V + 5057370 =0,
c4,4,0\ + 4130 = 0,

63,570(5 + 10)) + c323v =0,
€350 + c305v =0,
0, 0374’1(1 + 4)\) + C37174(1 + 4V) = O,
0373’2(3 + 3)\) + 037273(3 + 3V) + 20472’2 = 0,
0372’3(1 + 2A) + 037174(6 + 4V) + 20471’3 =0,

c4,4,0(4 +6X) + ca22v + 5cg 2,0 = 0,
04,3’1(3 + 3/\) + C4,272(1 + 21/) + 505,2’1 =0,

0473’1(1 =+ 3)\) =+ 04,173(1 + 31/) + 506,1,1 = 0, C4,2’2(1 + 2/\) =+ C4,173(3 + 31/) + 505,172 = 0,

€422\ + €4,0,4(4 + 6v) + 5eg o2 = 0,
0573’(])\ + ¢5,0,3V + 1408,0,0 =0,

c5,3,0(1+3\) + ¢c5120 + lder 10 = 0,
521 + ¢5,0,3(1 + 3v) + 1der o1 = 0,
06,2,0(1 + 2)\) +ce1,1V + 1467’1,0 =0
06,1,1)\ + 66’0,2(1 + 21/) + 1467’0,1 =0

)

9

4,13\ + ¢4,04(6 +4v) 4 5¢503 = 0,
53,03 4+ 3X\) + ¢5217 + 9c62,0 = 0,
C5,2’1(1 + 2)\) =+ C5,172(1 + 2V) + 906,1,1 = 0,
cs12A +¢503(3 +3v) +9c602 =0,

6,2,0\ + C6,0,2V + 28¢g,0,0 = 0,

C7,170>\ + cr o1V + 2068,070 =0.

Let us study the triviality of this 1-cocycle. A straightforward computation
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shows that
LxAY = — (a70(21+7A) +ag1v)Y"fOg — (ag1(15 4 6X) + as.2(1 + 20))Y" fO) ¢
(a52(10 + 5X) 4+ a4,3(3 + 3V))Y”f(4)g” — (a43(6 +4X) + a3z 4(6 + 4v))Y" f"g"
(a3,4(3 4 3X) + a25(10 + 50))Y" f" g4 — (ag5(1 + 2)\) + a1,6(15 + 6v))Y" f/g®)
(a1,6\ + ao7(21 + ))Y" g — (a7,0(35 + 21\) + a5 20)Y" fO)g
(a6.1(20 + 150) 4+ ag3(1 +30))Y" fB g — (a52(10 + 10N) + az4(4 4 6v))Y" f"g"
(ag3(4 +6X) + az5(10 4+ 100)) Y™ f"g" — (az.4(1 + 3\) + a1,6(20 + 150))Y" g4
— (agsA + ao7(35 + 210))Y" fg©®) — (a70(35 + 35)\) + ag3v)Y W f(4)g
(a1 (15 + 200) 4+ az (1 +4v))Y D g — (a52(5 4+ 10X) + ag5(5 + 100))Y @ fg”
(as3(1 +4N) + a16(15 4 200))Y W £/ g" — (az 4\ + ag7(35 + 350)) Y4 fg(4)
(a7.0(21 + 35)) + az 4v)Y ) f’” — (ag1(6 4+ 15X) + ag5(1 + 50)) YO g/
(as5.2(1 +5X) + a16(6 +150))YO) f'g" — (ag3)\ + ag7(21 + 350))Y O) f g
(a70(7+21X) + a2,51/)Y(6)f”g — (a6 (1 +6X) +a16(1+ 61/))Y(6)f'g’
(a572)\ + a077(7 + 21V))Y(6)fg// — (a7’0(1 + 7A) + aljﬁy)me’g
— (ag1(L+ 7N + ao )Y D fg' — (azo) + ag )Y ® fg
The proof here is the same as in the previous section. We just point out
that the space of solution of the 1-cocycle is four-dimensional for (\,v) =

(0, —3) (—3 0) and (—3, —3), three-dimentional for (\,v) = (—54-2@’ _5+2\/E),

(=2.22),(0,0), (3,0), 0, =6-2), (VIS—1, 238), (232, VI9-1), (V15
1, 55), (Y0955, VIG-1), (=3, ), (—F, ~3), (~h.—3) (-3, 1), (-2, )
(—2,-2),(— %, 2), and two—dlmentlonal otherwise.

(ix)The case when k > 8

For k£ > 8, the number of variables generating any 1-cocycle is ”much”
smaller than the number of equations. For instance, the 1-cocycle condition
for k = 8 involves 45 variables for 90 equations. For generic A and v the
number of equations will generates a one-dimensional space, which give a
unique cohomology class. This cohomology class is indeed trivial because
the expression LXAQ’V is also a 1-cocycle.
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