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EXISTENCE OF MULTI-SOLITARY WAVES WITH LOGARITHMIC
RELATIVE DISTANCES FOR THE NLS EQUATION
EXISTENCE D’ONDES SOLITAIRES MULTIPLES AVEC DISTANCES RELATIVES
LOGARITHMIQUES DE SCHRODINGER NON LINEAIRES

NGUYEN TIEN VINH

ABSTRACT. We construct 2-solitary wave solutions with logarithmic distance to the nonlin-
ear Schrédinger equation,

19u+ Au+ Jul"'u =0, teR, v eRY,

a+2

in mass-subcritical cases 1 < p < 1+ % and mass-supercritical cases 1+ % <p< g5, e

solutions u(t) satisfying

—0

u(t) = "N Q- — (1)
k=1

H!
and
|z1(t) — z2(t)| ~ 2logt, as t— oo,
where @ is the ground state. The logarithmic distance is related to strong interactions
between solitary waves.

In the integrable case (d = 1 and p = 3), the existence of such solutions is known
by inverse scattering (E. Olmedilla, Multiple pole solutions of the nonlinear Schrédinger
equation, Physica D 25 (1987) 330-346; T. Zakharov, A.B. Shabat, Exact theory of two-
dimensional self-focusing and one-dimensional self-modulation of waves in nonlinear media,
Sov. Phys. JETP 34 (1972) 62-69). The mass-critical case p = 1 + 3 exhibits a specific
behavior related to blow-up, previously studied in Y. Martel, P. Raphaél, Strongly interacting
blow up bubbles for the mass critical NLS (to appear in Ann. Sci. Ecole Norm. Sup.).

RESUME. On construit des solutions au probléme de la propagation de deux ondes solitaires
avec distance logarithmique de Schrédinger non linéaire,

10+ Au+ |ul’'u =0, te R,z e R,

d+2

dans le cas d’une masse souscritique 1 < p < 1+% et d’une masse surcritique 1+% <p< 5,

autrement dit, u(t), qui satisfait

—0

u(t) =" Y Q( — (1)
k=1

H!
et
|z1(t) — z2(t)] ~ 2log(t) quand ¢ — +oo,
ou @ est I'état fondamental. La distance logarithmique est liée & l'interaction forte entre
ondes solitaires.

Dans le cas intégrable (d = 1 et p = 3), l'existence d’une telle solution est connue par
la méthode dite d’inverse scaterring (E. Olmedilla. Multiple pole solutions of the nonlinear
Schrodinger equation, Physica D 25 (1987) 330-346 ; T. Zakharov, A.B. Shabat, Exact theory
of two-dimensional self-focusing and one-dimensional self-modulation of waves in nonlinear
media, Sov. Phys. JETP 34 (1972) 62-69). Le cas d'une masse critique p = 1+ 3 introduit
un comportement spécifique lié a I’explosion, qui a été étudié précédemment par Y. Martel
et P. Raphaél (Strongly interacting blow up bubbles for the mass critical NLS (a paraitre
dans Ann. Sci. Ecole Norm. Sup.).
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1. INTRODUCTION

We consider the nonlinear Schrédinger equation in R?, for any d > 1:

10w = —Au — |u]p_1u1, (td,:r:) €[0,T) x R? (NLS)
u(0,2) =up, up € H :R*— C.
It is well known (see, e.g., [2], [10]) that the NLS equation is locally well-posed in H'(R?)
for 1 <p< % (p > 1ifd=1,2): for any ug € H'(R?), there exist 7* > 0 and a unique
maximal solution u € C([0,T*), H*(R%)) of (NLS). Moreover, the following blow-up criterion
holds

T* < +oo implies tlleqi |Vu(t)|l2 = +oo. (1.1)
Recall that the solution u satisfies the following three conservation laws:
® mass,
[ uttopas= [ jus(a)P? (12
Rd Rd
e energy,
1 1
E _t 2 Pl = B 1.
wt) =5 [ 1Vutt.o)f = — [ Ju(t.o) e = Bw) (1.3
e momentum,
M(u(t)) = Im Vu(t,x)u(t, z)de = M(ug) (1.4)
Rd

for all ¢ € [0,7™). Recall also that (NLS) admits the following symmetries: the transformation
of initial data implies the corresponding transformation of solution:

- scaling, A > 0, )\%ug()\x) — )\P%lu()?t, \z);

- space translation, zg € R ug(x 4 z0) — u(t, z + x0);

- time translation, ¢ty € R, u,(x) — u(t + to, );

- space rotation, A € SO(d), up(A - xo) — u(t, A - zp);

- phase, v € R, ug(z)e" +— u(t, z)e;

- Galilean: 3 € RY, ug(2)e'?* s u(t,r — ﬁt)eiﬁ(r-gt).
As a consequence of (1.2), (1.3), and the Gagliardo—Nirenberg inequality, all solutions to
(NLS) are global in the L? subcritical case (1 < p < 1+ 3). In contrast, blow-up solutions
exist in the L? critical case (p =1+ %) and the L? supercritical case (1 + Z—Ll <p< %). See,
e.g., [2].
This article is concerned with the construction of special solutions to the NLS equation involv-
ing solitary wave solutions (or solitons). We recall the expression of the (standing) solitary

waves 9

u(t,z) = €M0Qy, (7)) with  Qxy(z) = AJ " Q(Aox)
where Ag > 0 and @ is the ground state, i.e. the unique radial positive solution to
AQ-Q+Q"=0, Q>0, QeH'(RY). (1.5)
The whole family of ground-state solitary waves is obtained using the above symmetries. For
more properties of Q, see, for example, [2] and [28]. Recall that in the L? subcritical case, the

solitary waves are stable ([2, 31]), and that in the L? critical and L? supercritical cases, the
solitary waves are unstable [2, 12].
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1.1. Motivation. So far, the problem of multi-solitary wave solutions to (NLS) has been
studied intensively in the integrable case, i.e. for d = 1 and p = 3, as well as for some
nearly integrable models; see |9, 11, 16, 19, 32, 33|. In particular, it is known from the inverse
scattering theory that there are three possible 2-soliton behaviors in the integrable case:

(a) relative distance between solitons of order t, [33];

(b) logarithmic relative distance with symmetric solitons (double-pole solutions), [19, 33];

(c) finite relative distance periodic in time, [32, 33].

Note that (a) corresponds to a free Galilean motion, while (b) and (c) correspond to a non-
free Galilean motion. Remarkably, these solutions admit a pure 2-soliton behavior both for
t — 400 and t — —oo. They describe perfectly elastic interactions between solitary waves in
the integrable case.

In the non-integrable cases, the problem is much less comprehended, except for multi-
solitary waves with free Galilean motion (a) in one direction of time; see Remark 1 below for
a precise statement. In the present paper, we raise the question of other possible behaviors of
multi-solitons. In other words, we ask whether the above non-generic dynamics (b), (c) of the
integrable case persist for non-integrable models. Previous works, see, e.g., |8, 11, 16], study
formally the dynamics of interacting pulses for several integrable or non-integrable models, and
predict the persistence of the logarithmic regime. Indeed, the 2-soliton dynamics is related
in some sense to the simple differential equation #(t) = —e () where z(t) is half of the
distance between the solitons, and for which logt is a special solution. The main point of the
present work is to justify that 2-solitons with logarithmic relative distance engage in universal
behavior in both subcritical and supercritical NLS equations in the presence of symmetry,
thus proving rigorously the persistence of behavior (b) in the non-integrable case.

1.2. Main result. In this article, we prove the following general existence result.

Main Theorem (multi-solitary waves with logarithmic distance). Let d > 1. Let

d+2 4

1<p<ﬁ (p>1ford=1,2) and p#l—i—a.

There exists an H* solution u(t) to (NLS) on [0, +00) which decomposes asymptotically into
two solitary waves, for all t > 0,

2
u)) ~ O Qe —mt)|  <q (1.6)
k=1 H(R)
where x1(t) = —x2(t) and
|z1(t) — z2(t)] = 2(1 + 0(1)) logt, as t — 4oo. (1.7)

The Main Theorem holds for any space dimension and any H! subcritical nonlinearity,
except the mass critical power p =1+ %. Indeed, the critical nonlinearity exhibits a different
phenomenon of strong interactions due to blow-up, previously studied in [24]; see Remark 2.

Note that the result should holds with a similar proof for any number K > 2 of solitons
located on a regular polygon of size logt. By scaling invariance, we can replace @ in (1.6) by
@), for any Ag > 0. We observe that, in the result, solitons need to have the same sign, the
same scaling and the same phase; in fact, the solution is symmetric by 7 : z — —z. Moreover,
the solution is also symmetric by the reflection across the axis passing by the center of the two
solitons. Remark that the situation is the same with the multi-solitons constructed in [19, 33]
for the integrable case.
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Remark 1. For the NLS equation, multiple solitary wave solutions with weak interactions,
i.e. relative distance between solitons of order ¢, have been constructed in various settings,
both in stable and unstable contexts, see, in particular, [4, 20, 25]. A typical result of weakly
interacting dynamics is the existence of multi-solitary wave solutions to (NLS) satisfying, as
t — 400,

< e—ct

~ J

H1(R4)

c>0, (1.8)

u(t) =y e THERQy (=t
K

=1

for any given set of parameters {vg, A} € R? x (0, 00), provided that the following decoupling
condition holds: vy # vy if k # K.

Remark 2. For the L? critical case (p = 1+ %), the existence of bounded multi-solitary wave
solutions with logarithmic distances as (1.6)—(1.7) is ruled out. Indeed, for such solutions, one
would have

[ JaPlutt. o)z ~ togi() (1.9)
which is in contradiction with the virial identity
d2 2 2
. /Rd 22Juf? = 16E(uo).

In fact, in the mass-critical case, the scaling instability directions are excited by the nonlinear
interactions, which leads to the infinite-time concentration, as shown by Theorem 1 in [24]:
for the L? critical two-dimensional case, there exists a global (for ¢ > 0) solution u(t) that
decomposes asymptotically into a sum of solitary waves

K
w(t) — o 1 = ap()
0= ;A@Q( o)

where the translation parameters x(t) converge to the vertices of a K-sided regular polygon
and the solution blows up in infinite time with the rate

1 1
— 0, /\(t):+—0() as t — +oo, (1.10)

- logt

IVu(t)||z2 ~ |logt| as t — +oo.

The regime justified in the present paper is thus different from the one in |24] since, for the
critical case, the interactions primarily affect the scaling parameter, leading to blow-up. This
notable difference with the sub- and supercritical cases shows that a formal approach may not
be sufficient to correctly address such subtle regimes.

We also refer to |14, 15, 17, 18, 22| for previous works on other nonlinear equations where
a refined analysis of interactions between solitons is a key point.

Remark 3. We expect solutions in Main Theorem to be unstable, even in L? subcritical
cases, since generic perturbation can give collision or on the contrary weak interaction. Recall
that the appearance of the log regime is closely related to the equation

i(t) = —e22®)

where logt is a solution with initial conditions z(1) = 0, 2(1) = 1. From the theory of
perturbation, for z(¢) = logt + ev; + ... with initial conditions z(1) =€, 2(1) = 1, one has, at
the linear level,
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whose solution is %tQ + %%, so that we see that the logt solution is an unstable state as
t — +o0.

Remark 4. We believe that our approach is general. In particular, the strategy of this article
can be applied to construct multi-solitary waves with logarithmic relative distance for more
general nonlinearity f(s)

10+ Au+ f(jul*)u=0

where f(s) satisfies standard conditions for the existence of solitary waves (see [23]). Moreover,
combining the construction in this paper and the construction of multi-soliton solutions with
weak interactions in [4], [20], we prove the existence of multi-solitons, with both solitons
distant as Ct and solitons distant as C'logt.

Remark 5. One can give a more precise asymptotic description of the distance (1.7) between
solitons

d—1
2
where C' > 0 a constant depending only on d and p (see (3.22)).

z1(t) — z2(t)| = 2logt — log(logt) — C' + O(log™2(t)) as t — +oo

The article is organized as follows. Sections 2, 3, and 4 concern the proof of the Main
Theorem in L? subcritical cases with p > 2. In Section 2, we consider an approximate
solution (an ansatz solution) to (NLS) made of two symmetric bubbles and extract the formal
evolution system of the geometrical parameters of the bubbles (scaling, position, phase). The
key observation is that this system contains forcing terms due to the nonlinear interactions of
the waves, and has a special solution corresponding at the main order to the regime of Main
Theorem. Here, in contrast with free Galilean motion, the construction of a non-free Galilean
motion as (1.7) requires a refined control of strong interactions between the solitary waves
to bound the error terms. In Section 3, we consider, using modulation, particular backwards
solutions to (NLS) related to the special regime of Main Theorem and prove backward uniform
estimates by energy method. In Section 4, we use compactness arguments on a suitable
sequence of such backward solutions to finish the proof. Sections 5 deals with the case 1 <
p < 2; in this case, there are some extra technical difficulties, even if the strategy of the proof
is similar: the interaction becomes stronger, we have to add extra terms in the approximate
solution and due to lost of regularity, we have to use some truncations. Finally, the algebraic
computations in the proof for L? subcritical cases are still valid in L? supercritical cases.
Section 6 presents additional arguments and modifications needed for L? supercritical cases.

1.3. Notation. The L? scalar product of two complex valued functions f,g € L?(RY) is

denoted by
(f,9) = Re (/Rdf(:c)y(x) dx) .

We denote by Q(z) := ¢(]z|) the unique radial positive ground state of (NLS):

d—1

" +—¢ —q+¢ =0, ¢0)=0, lim g¢(r)=0. (1.11)
r r—-+00
It is well known and easily checked by ODE arguments that, for some constant cg > 0,
forall r > 1, |q(r)— ch*%e*T + ‘q’(r) + ch*%e*’" < r T e (1.12)
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We set
Ig = /Qp(x) e dz, x=(x1,....,2q).
We denote by Y the set of smooth functions f such that
for all p € N, there exists ¢ € N, s.t. for all z € RE, | fP)(2)] < |z|% 1. (1.13)
Let A be the generator of L?-scaling corresponding to (NLS):

Af = p%l f+x-Vf
The linearization of (NLS) around @ involves the following Schrédinger operators:
Li:=-A+1-pQ" !, Lo :=—-A+1-@Q" "
From [30], recall the generalized null space relations in subcritical and super-critical cases:
L-Q=0, Li(AQ)=—20,
Li(VQ)=0, L_(xQ)=—2VQ.

We recall the coercivity property in L? subcritical (see [20], [26], [30], [31]): there exists p > 0
such that for all n € H',

(L4 Ren, Ren) + (L_Imn, Imn) > p|nlF — % ((n, Q)%+ [{n, zQ)” + (n,iAQ)*) . (1.15)

(1.14)

In L? supercritical (but H® subcritical), we do not have the same situation since the negative
direction can not be controlled by the scaling parameter. We consider the operator

Ly =iLyv; — L_vy with v = v1 + ivs.

The spectrum o (L) of L satisfies

0-([‘) NR= {_€0a 0, 60}'
It is easy to see that iQ), VQ are independent and belong to the kernel of £. In [4], [6], [7], [13],
it is proved that there exist two eigenfunctions Y+ (normalized by ||[Y*||;2 = 1) associated
with eigenvalues +eg

LYE) = +egY ™ (1.16)
and YT = Y~ belong to V; in other words, ReY ™, ImYt € ). Moreover, there holds a
property of positivity based on Y*: there exists u > 0 such that, for all n € H!,
(L4 Ren, Ren) + (L—Imn, Imn) > plln| 7

1 . N .

=2 (V)% 4 Y% o [, 2 Q) 4 (0,1AQ)7) - (1.17)

2. APPROXIMATE SOLUTION FOR p > 2

2.1. System of modulation equations. Let p > 2. Consider a time-dependent C! function
of parameters ¢ of the form
7= (\27v) € (0,+00) x R x R x R,
with |v| < 1 and |z] > 1. We renormalize the flow by considering
el (s) x

u(t,z) = )\p%l(s)w(s,y), dt = A?(s)ds, = ) (2.1)
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so that

iy

0+ A+ [ufP M = i+ Aw — w + [P w — i%Aw F-dw| (@22

2
APt

(w denotes derivation with respect to s). We introduce the following g-modulated ground-state
solitary waves, for k € {1,2},

Pi(s,y) = eirk(svy_zk(s))Q(y — z5(s)) = eivk(s)(y_zk(s))Q(y — z1(s)), (2.3)

where we set

0(s) = —als) = go(s),  a(s) = —2a() = 52(s), Tals.p) =w(s)-y,  (24)

Let
2
P(s,y) = P(y; (2(),v(5))) = Y Pils,v). (2.5)
k=1
Then, P is an approximate solution to the rescaled equation in the following sense.

Lemma 6 (Leading order approximate flow). Let the vectors of modulation equations be

2 —IAV
Py = %k — 2o+ Aok Coav=| Y e
"}/—1+|vk|2—%(vk‘zk)—(vk'zk) -V
U — %vk —yV
Then the error Ep on the re-normalized flow (2.2) at P,
€p—iP+AP—P+ |P|p—1P_i§AP+(1 )P (2.7)
decomposes as
Ep = [ - MQ)(y — 21(s)) + [ 2 - MQJ(y — 22(s)) + G (2.8)
where the interaction term G = |PP7IP — | P[P~ P| — | P|P~1 Py satisfies
Gl S 12177 e, (9G] S J2~ 7 e H. (2.9)

Proof of Lemma 6. Firstly, we compute Ep, = iPy+ APy — P+ |Pyl?~ ' Py —i%APk—i— (1—4)P.
Let y., = y — 2, by computations

1P =| = (01 2)Qus) + (01 20)Q(s,) — i vc2<y2k>}

VP, = VQ(yzk) + ika(ka)] ek Ve

AP, =|AQ(yz,) + 2ivg - VQ(yz2,) — U]?:Q(ka):| el Ve

APk = Z%Q(yzk) Ty [VQ(yzk) + ika(@/zk)]] eivk.yzk

= AQ(ka) + ivk : ysz(yzk) + ivk : sz(yzk) + 2 - VQ(ka)] eivk.yzk .
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Therefore, we get

B . A
Ep, =| — IXAQ(ka) — (2 = 20 + 267) - VQ(Yz)

)\)
. . >'\
— (=1 — vk 2+ |v* — v - ka)@(yz;c)

A .
— (8= o) 0 Q) + AQ(=) — Q) + Q=) Qlys) |00 7).

Since AQ — Q + |Q|P~*Q = 0, we have
Ep, = [ iy - MQ(y — 2i(s)). (2.10)

Returning to the error on the renormalized flow, we obtain

2
Ep =Ep +Ep, + [PPT'P = B[P Py (2.11)
k=1

Next, we estimate the interaction term G = |P[P7IP — |Pi P71 P — |P|P7LP,. Clearly,
(Gl S 1PPTH P + [P~ P2
We observe that, for z = 21 — 29, by (1.12),
QWIQ —2) S L+ [y ™7 (14 |y — 2)) 77 e WleT vl < |5 el (2.12)
which yields
PP B S [Py P[P P2 S 2]~ e | Py
Thus,

da
G(s,9)| < 2] 26"2@”2 — 2(5)) (2.13)
and since p > 2, we get
1G]z < 121~ F el (2.14)
Similarly, by (1.12) and as |v| < 1,
IVG|pe S 2177 7.
U

2.2. Nonlinear forcing. For the next parts of the article, we will need the first-order and the
second-order approximations of F(u) = |u[P~u, where u = a +1ib. We consider the expansion
for |ul < 1

—1 —1
F(1+u):1+pa+ib+p(p2 )a2+p2 b2 + (p — 1)iab + O([ul*) (2.15)
for any 2 < k < 3, from which we can deduce formally
1 —1
F'(P)e=2"2 + P ipp-te 2 P pp-3p2 (2.16)
and
eF'(P)e p 3

—1 54— _
5 == EPPP3 4+ (p—1D|e*PIPP 3+ (p—1) (g — 5) (Re (eP))2P|P\p—5.
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In the case p > 2, set

2
27 = min(3, %)

Remark that 2+ < 2* when p > 2 (where 2* = % is the critical exponent of the Sobolev

injection). Then, from (2.15), we have

2
F(P+¢) = F(P) + F'(P)e+ O(|e]") +0<% ) (2.17)
and ) -
FP+¢)=FP)+ F(P)e+ E'FQ&JFO(WHO(% |P\p> (2.18)

(note that for ‘1%| > 1 we have F(P + ¢€) ~ F(e)).

Lemma 7 (Nonlinear interaction estimates). For |z| > 1,|v] < 1, let

H(z) =p[ [ L@ YW + 2y + / Qp—1<y+z>vc2<y>c2<y>dy].
> EH<-h

Then the following estimates hold: (2.19)
(G, &M NTQy — 21(5)) = HE)| £ (ol 2P + o) ]el =% e |25 e
(2.20)
and
‘H(z) Cp—]z\ Fell| < ,2‘ G112 (2.21)
where C), > 0.

Remark 8. The estimate (2.21) on the leading order of the core part H(z) of the projection
(G, [eT1VQ](y — 21(s))) is valid not only in the case p > 2 but also in the case 1 < p < 2.

Proof of Lemma 7. Step 1. Nonlinear interaction estimates. We prove the estimate (2.21)
and in this step we will have p > 1. Consider

HE=p [ @7 AveweEdty [ @ WVeWQw + Ay
Y1z \<77 Y1~

-z
Recall that
d—1
Q)Qy+2) S|z~ 2 e
_d-1 _,
QWIVQ(y +2) Szl 2 e
then with p > 2, we have

o min(p-1.3)|z]

/ L@ YRRy S

and with 1 < p < 2, from the decay property of @, we have for § = 55~

o) e

< e~ (P-Dl

/ L@+ YRR

—pE3 ),
<e 4 .
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We claim that

‘/ L QT WIVRWQy + 2)dy—cqlz]~ T e /Qp—l(y)vQ(y)ey-édy'
s 2l

H (2.22)
Sl e
Indeed, let 0 < 6 < 1 such that pf > 1. For |y| > 0|z|, we have:
’/|y>9| | 1(y)VQ(y)Q(y+z)dy‘ SePIe] /Q(y+2)dy’
E>-4
<e POl
For |y| < 0|z|, as Q(z) = ¢(|z|) and |q(r) — CQT_%e*W < r_%_le”", we have:
‘Q(wz) —cqly+ 2|7 T e WA Sy 4 2T e It
<[1— 0|27 T e ey,

Thus we get:
‘/y|<0 W)VRW)VQ(y + 2)dy — CQ/y|<0 QM WVQ)ly + 2|7 eIl

EH>-4 vz
Sl e
since [ QP~1(y)|VQ(y)|e?!dy < +oc. On the other hand, |y| < |z| implies

\|y+ o ] S R

for any k£ > 0 and
Y+ z

— = Szl
ly + 2| \ZI
Moreover
z _
I+ 21 = o = v 5| S e
then
e_|y+2\ ‘Z| Y- || <| | 1’y|2 z| |y|
Thus we obtain that
’ry S I e el P O D [E e
Therefore, we have
'/|y<9|| Q" N (W)VQW)ly + 2|7 el relay
>_7

— cqle|Te /|y<9 L QI W)VQy)e VY| < [z ek,
oLl
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Next we observe that

=1 _|z — —Y 1 —pb|z
2|~ e / oo @I W)VQe YTy S ¢ P

z &
A i

and by (1.12)

1
ralEl

<e”

/ QL () VQy)e ¥ Fdy

.i‘<

JEd]
z 2
which finishes the proof of (2.22). Finally, in order to obtain (2.21) with C, = cglg, we use

an integration by parts

p / @ VQe Fidy = / Q(y)e VT dy

and remark from the parity of the integral that

/Q”(y)ey'idyz /Qp(y)e‘yldyzfcz'

Step 2 Error bound. Recall the interaction term
G=|PPF'P— PP — |RP P

From (2.15), we have the following estimates: if y - ﬁ > 0, then |Py| > |Py|

+1
‘G—p—|P1|p Ip, - —|P1|p SPIP| < |Py|? Py P2 (2.23)
and, if y - % <0, then |Py| > | Py
+1
’G p—|P2|p P - —\P2|p SPIPL| S PP R (2.24)
We combine (2.23) and (2.24) to obtain, for all y,
+1 +1
o e e A d
+_|P & 3P2P1] Ay 2 <o| S min(| P12, |Pof?) max(|PiP72, | PoP72). (2.25)

step 3 Projection estimates. Since min(|P;|?,|P»|?) < ]P2\3|P1]% and max(|Py[P=2, | P,P~2) <
|P1[P=2 + | P2|P~2, we have

/ Q- 2)IVQW)IQ W)@ () + Q" 2(y + 2))dy

3(d—1)

< | e / (QP2(y) + Q" 2y + 2))dy < |

1 3
L3l
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so we deduce from the error bound (2.25)

GV QU — s o) — (|5 AP P PP R Ay

+1
P

3(d 1) 3

T ) Pl} 1y 2 <o, [ei“vcz1<y—z1<s>>>\ < ol 3,
(2.26)

Using a change of variables, we have

(PP Pay < 0, [TV QI(y — 21(5))

“he [ @RI~ 2 e gy
y >l
[ L@ TeWR ) e () =)y
o

2]

with z(s) = z1(s) — z2(s). Note that
[ cos(vz - (y +2) —vi-y) = 1| S [z + o[yl

as the same method to prove (2.22), we get

PP PRy o [ SQU 0~ 21(5) ~ [ lczp%y)m(y)c)(ymdy'
Yy

z 5zl
1”72

z

< (WPl + )|~ F e (227)
Similarly, for the other projections, we have
L@ Ve )y
.‘7>77

'<|P1|p R B S e
Y1z
< (022 + )~ e (2.28)

PP o Q- a0 - [ @ TRy

S (o2 + o)z~ el (2.29)
and finally

<|P2’p_1P1']1y-§<07 [ VQI(y — 21(s)))

_ Re / Q" y — 20(5))Qy — 21(5))VQ(y — 2(s))dy
y-ﬁ<0

2

_/ Q" Ny +2)VQY)Q(y)dy.  (230)
y <!

From (2.26)—(2.30), we obtain the desired result (2.20). O
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2.3. Formal resolution and estimates of leading order. From Lemma 6, we derive a
simplified modulation system with forcing term and we determine one of its approximate
solution that is relevant for the regime of the Main Theorem. Formally, we have the following
bounds (making this rigorous will be the goal of the bootstrap estimates in Sect. 3.2)

] < Je =7 e, (231)
from which we derive a simplified system (my, is defined in (2.6)):

25— 204 22 S o e, (2.32)
A A
Furthermore, since we expect the interaction to be strong enough such that it will affect the
main order of the modulation equations, so by projecting Ep onto the direction el VQ(y —
z1(s)), we obtain formally that

coty ~ —(G, e VQ(y — 21(s))) ~ —H(z)
with ¢o = (—yQ, VQ) > 0. This remark suggests us to fix
5= _@[ / Q" () VQW)Qy + 2)dy + / Q"+ 2)VQW)Q)dy| = —éH(z) (2.33)

so v(s) is completely determined by z(s) and initial data v™™. In consequence, there are
only three free parameters left (A, z,v) corresponding to the scaling, translation, and phase
parameters, which we will modulate to obtain orthogonality conditions (as shown below in
Lemma 9). We use (2.21) to estimate the main order of ©

0+ cﬁ\z|d216Z|’ < \z|*%*1e*‘zl (2.34)
z
with o
2 2col
c=""2— 2R > 0. (2'35>
C2 C2

It can be checked that for some real functions 2zpy0d($), Amod($), Umod(s) such that

_ _ _d-1 52
)\mtl)d(s) = 17 UmOd(S) =S 1’ zmoj € et = T (236)
then we have the asymptotics as s — 400
_d-1
Zmod(S) ~ leg(S), @mod(S) = —czmon (S)e*Zmod(S)’

(2.37)
|2mod (8) = 2Vmod(8)| S s IOgil(S)v [Pmod (8)| S s72

_d=1
Indeed, obviously, Ve (s) = —s 2 = —cz_ 2 (s)e *med(s) and by differentiating the equation
of Zmod, wWe get
. _d—1 d—1, S s73
_Zmodzmoj e Zmod __ zmodzmoj e Zmod — _ 9
c

. : _ -3 : _ g
(in the case d — 1 = 0, —Zpoqe *mod = —25-) 50 |Zmoa — 25 1| < s~ log 1(s) thus we can

deduce |2moa(s) — 20mod(s)| < s 'log™1(s). The above estimates suggest that (2.36) is close
to the first-order asymptotics as s — +oo for some particular solutions to (2.32) and matches
the regime in the Main Theorem.
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3. MODULATION AND BACKWARD UNIFORM ESTIMATES

Let (A, 21" ™) € (0, +00) x (0, +00) x R to be chosen with |2 > 1, |[v'*| < 1, Tinod > 0
and (€1, ..., €4) standard basis of R?. Recall that in this section p > 2. Let u(t,x) be the
backward solution to (NLS) with initial data

W(Tmod 7) = ——P" (-2) where PP(y) = P(y: (Mei, o) (3)
(Ain) =1 A

on some time interval including T,,,q. Note that the NLS equation is invariant by rotation

and reflection. In particular, if a solution to (NLS) is invariant by the symmetries 7 : x — —x

and v : (1,29, ...,xq) — (r1, —T2, ..., —T4) at some time, then it is invariant by the symmetry

at any time.

3.1. Decomposition of u(t). We will state a standard modulation result with the same
idea as in Lemma 3 of [20] or Lemma 2 of [27]. The choice of the special orthogonality
conditions (3.5) is related to the generalized null space of the linearized equation around @
in (1.14) and to the coercivity property (1.15)in subcritical cases. See the proof of Lemma 12
for a technical justification of these choices. For s > 1 fixed, one has the following.

Lemma 9 (Modulation of the approximate solution). Let u(t,z) a solution invariant by T
and v on an interval [T, Tyoq) satisfying u(Tmoed, ) € H*(R?) and

¢ (A 5T 0 (Thoa, N%y) — P (y; (2761, v““))H <1
Hl

for P(s,y) = P(y; (2(s),v(s))) as defined in (2.5). Then there exists a unique C' function on
an open interval I > s™

q(s) = (N z,7,v) : T — (0,400) x R x R x RY,

with G(s™) = (A", 27, 4™, v') and a rescaling time function

in

Hs) = Toa = [ No(r)dr (3.2)
such that u(t,z) decomposes as follows
ei'Y(S) €T
AP—1(s) (s)
where, by setting
E(Sa y) = [eirlnl] (87 Y- Zl)a Fk(57 y) = Uk;(S) Y, (34)

if initially (n1(s™), Q) = (m1(s™),yQ) = (m(s™),iAQ) = 0, the decomposition satisfies orthog-
onality conditions

(m(s), Q) = (m(s),yQ) = (m(s),iAQ) =0 (3-5)

and the extra relation
. 2
0(s) = —C—ZH(Z(S)). (3.6)

Moreover, € is also invariant by the symmetry T and v.
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Proof of Lemma 9. Step 1 Orthogonality conditions. We show that the orthogonality con-
ditions (3.5) and the extra relation (3.6) are equivalent to solve a system of ODEs. Remark
that we can go easily from the rescaled time s to ¢ and conversely

. Tmod dT
s=s(t) =s" - 3.7
m=- [ 5 (3.7
with Tueq = t(s™). Denote
P(Sa y) = [eiplpl] (87 Y- Zl)a SP(S’ y) = [eirlgpl] (37 Yy — Zl)
G(s,y) = [ Gi](s,y — 21)
where G = [P|P7'P — |P|P71P| — |P|P7'P,. Let w =P + ¢ as in (2.1). It follows from the

equation of w (2.2) and the equation of P (2.7) that

A
e+ Ae—e+ ([P+eff"'(P+e)— |PP'P) - iXAe +(1—%)e+Ep =0. (3.8)
We rewrite the equation of € into the following equation for 7; (see also the proof of Lemma 6)

i+ An— 1+ ([P +m [P H Py +m1) — [P1PIPy) 417 - M + Ep, = 0. (3.9)

Thus, for A(y), B(y) € YV, we get

d . _ _
E(%AHB):—<Am—771+(!131+?71!p Py+m) — [P1P~'Py)

+T?L1'M771+5P1,1A—B>.

Choose A=Q,B=0and A=yQ,B =0and A=0,B = AQ then the conditions

n(),Q) = Tm(s).5Q) = =l (5),14Q) = 0
are equivalent to

Amp =+ ([P +m P Py +m1) — PP~ Py) 4 73y - Moy + 5P1,ZQ> =0

A =1+ ([P +m P Py +m1) =[PP~ Py) 4 73y - Moy + 5P1,in> =0

Ay — 1 + ([P +m[P~ Py +m) — |P1[P1Py) + 1y - My + Ep, *AQ> =0.
We claim that the above system is equivalent to an autonomous system of ordinary differential
equations on (6(s), z(s),v(s),v(s),t(s)) where 6(s) = In(\(s)). Indeed, remark that

e(s,y) = em 1" uft(s), "Cly) = P(y: (2(s), v(s)) (3.10)

and the expression of &p, (from (2.7)—(2.8))

Ep, = [y - MQ](y) + [ T2 211D,  MQJ(y + 2) + Gy
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then we get

<m1 MQ71Q> < i(Ta(y+2)- Fl(y))mQ MQ(y+Z) 1Q> <m1 ' 1\7[771716» = *7:1(972777U’t)
(i1 - MQ,iyQ) + (e T2+ TWgy . MQ(y + 2),iyQ) + (M1 - My, iyQ)
= F2(0,z,7v,v,t)
(i1 - MQ, —AQ) + (W)W, - MQ(y + 2), —AQ) + (i - Mipy, —AQ)
= F3(0,z,7v,v,t)
(3.11)

with

F1(0,2,7,0,t) = = (Am — 4+ (IP1+m [P~ Py +m) — |[P1P7'Py) + G1,iQ)
Fo(0,z,7,0,t) = = (A — 1 + (P14 m P~ (P +m) — [P1P7'Py) 4 G1,iyQ)
f3(07277avat) - = <A771 —n+ (‘Pl + Ul‘p_l(Pl + 771) - |P1‘P—1P1) + le _AQ> .

Note that Fj, Fo, F3 are C* functions. Indeed, if we replace 7; by the expression (3.10) and its
definition, it is clear that any term not containing u is continuously differentiable. For terms
concerning u(t,x), by integration by parts and chain rule, we show how to prove that typical
terms, integrals of the form

%Re </u(t,x)A(x)dx> , %Re (/ lu(t, x)\plu(t,x)A(x)dx>

for A(z) some complex functions such that Re A(x), Im A(x) € Y, are continuous. We have

< Re ( / u(t,a:)A(a:)da:) — Im < / u(t,x)AA(az)da:)—Im ( / |u(t,x)|p_1u(t,x)A(:U)d:c>

(3.12)
and

—Re (/\u £ )Pt 2) A )dx) — pRe (/ Btu(t,x)]u(t,a;)\p1A(x)dx) -

- < / Au(t,x)|u(t,x)|p_1A(:U)d:c> - < / |u(t,x)|2p—2u(t,x)A(:c)da:). (3.13)

Recall the persistence of H? regularity for the NLS equation (see Theorem 5.3.1 in [2]), since
W(Tmod, ©) € H?(RY) then u € CH([0, Timoal, L2(RY)) N C([0, Timoa), H2(RY)). By Sobolev’s
injection (&5 < 243 we have u € C([0, Tmod], L*~1(R?)) and thus the right-hand sides
of (3.12), (3.13) are well-defined and continuous. Therefore, in particular, since initially

(m(s™), Q) = (m(s™),yQ) = (m(s™),1AQ) = 0,

the decomposition (g, €) will satisfy (3.5)if (3.11) holds.

step 2 System of ODEs. We show the existence of the decomposition (g, €) for u(t) and a
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rescaling time t(s) by solving the following system on (0, z,v,v,t)

(1 - MQ,1Q) + (el T2+~ 11 W)z, . MQ(Z/+Z) iQ) + (171 - Mn1,iQ) = F1(0, 2,7, v, t)
(M1 - MQ, iyQ) + (el T2+ -T2 W)z, . MQ(y + 2), iyQ) + (171 - My, iyQ)

= F2(0,z,7v,v,t)
(i - MQ, —AQ) + (P21 Wgziy . MQ(y + 2), —AQ) + (171 - My, —AQ)

= F3(0,2,7v,v,t)

=—2H(z)
Li(s) = N*(s).
(3.14)

On the one hand, we calculate
(i - MQ,iQ) = (3)(-1AQ,1Q) = —1(3)
(myq - 1\_/1@, iyQ) = (2 —2v+ Az)(—iVQ, iyQ) = ca(2 —2v + %z)
(1 - MQ, —AQ) = c1(§ — 1+ o> = }(v-2) — (v 2))

with ¢ = (AQ,Q),c2 = (=VQ,yQ) non-zero. On the other hand, there exist a matrix
M(0, z,7,v,t) = (myj)sxs and G(0, 2,7y, v,t) such that

(eiT2(y+2)=T1(®))g73, - 1\7[Q(y + 2),iQ) + (M - M, iQ)
(@2 +2)-T1W) 7, MQ(y + 2),1yQ) + (111 - My, iyQ)
(T2 +2)-T1W) 730 . MQ(y + 2), —AQ) + (171 - My, —AQ)
0
0

= (0, 2,4, 0,0 ) M(0, z,7,0,t) + G(0, z,7,v,t) (3.15)

where all entries of M(0, z,7,v,t) are small |m;;| < 1 as 2 > 1 and ||e(s™)||gn < 1 (from
hypothesis). Then the system (3.14) can be rewritten as an autonomous system

(97 Z.a ;Y7 i}a t)A(Hu Z, ’Ya v, t) + (07 Z.v ;Ya i}’ t)M(97 Z, ’Y) v, t) = ﬁ(ev Z, ’y: v, t) (316)
where
f1(97 z? ,‘)/7 ’U7 t)
Fa(0, z,v,v,t) + 2¢cov
H(07Z,77U,t) = fg(a,Z,’y,’U,t)—i—Cl —61’1)’2 _g(9727’77vﬂt)
2
—SH(2)
c2
626

and the matrix A is given by

—c1 ¢z ci(v-z) 0 0

0 Co c1v 0 0

A=1 0 0 c1 00
0 0 0 10

0 0 0 01

Therefore, the perturbed matrix (A + M)(0,z,v,v,t) is invertible (det A = —clca < 0). As
same as the way to deal with F, one can check that M, G are continuously differentiable, thus
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so are the entries of (A + M)~ and H. Therefore,
R0, 2,7,v,t) = [(A+ M)"T-H|(0, 2,7, v, t)
satisfies the hypothesis of the Cauchy—Lipschitz theorem and the system of ODEs
0, 2,%,0,1) = R(6, 2,7, v,1) (3.17)

admits a unique solution (6(s),z(s),v(s),v(s),t(s)) to the initial value problem. We obtain
the decomposition (A(s), z(s),v(s),v(s)) of u(t) and the renormalization of time ¢(s).

([

Observe from (3.1) that the initial data
w(s™) = P(y: (267, 0M)),  A(s™) = A", 4(s™) =0,
2(s) = 2%, w(s™) =™, e(sM) =0

and u(Tmod, ) satisfy the hypothesis of Lemma 9.

(3.18)

Proposition 10 (Uniform backwards estimates for p > 2). There exists sg > 10 satisfying
the following condition: for all s™ > sq, there is a choice of initial parameters (XN, 2™, v™)
with

1, igad=1l 1l.n - 1, ;

c2(2M) T e — s < sMlogT2(s™), 2M >0,
(3.19)

Ain — 17 ,Uin — C% (Zin)f%ef%zi“ . e_i,
such that the solution u to (NLS) corresponding to (3.1) exists. Moreover, the decomposition
of u given by Lemma 9 on the rescaled interval of time [sg, s™]
elv(s) x )
(P+€)(Say)7 y=+ =, dt=2A (S)dS
AP (5) As)

u(s,z) =

verifies the uniform estimates for all s € [sg, s™]

H( )| — 2log(s)| Slog(log(s)), [A7'(s)—1] Ss71,

B B 1 (3.20)
PS5 lel)lm S50 |l(9)] T el = es?| < $?log7E (s).

Remark 11. The key point in Proposition 10 is that sy and the constants in (3.20) are
independent of s as s — +o00. Observe that the estimates (3.20) match the discussion in
Sect. 2.3. The decomposition in Lemma 9 is only local, but the estimates in (3.20) guarantee
the global existence of the decomposition. The choice of v is direct while the choice of 2™ is
based on a contradiction argument and a topological constraint.

The next subsection is devoted to the proof of Proposition 10 containing several technical
steps. The proof relies on a bootstrap argument, integration of the differential system of
geometrical parameters and energy estimates. Pick a smooth function x : [0, +00) — [0, 00),
non increasing, with x =1 on [0, 1—10], x =0 on [%, +00). We define the localized momentum:

M (s,€) = Im /(Vee)Xk = Im /(Vnknk)x (3.21)

for xx(s,y) = X (log ™" (s)|y — zx(s)]) and x = X (|log™"(s)y])
3.2. Proof of Proposition 10.
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3.2.1. Bootstrap bounds. We shall consider the following bootstrap estimates

cf%|zl%e%‘zl —s| < slog*%(s),

1 (3.22)
le(s) Il < C*s™

with C* > 1 a constant to be chosen large enough. Note that the estimate on z and the
estimate (2.34) of © imply that, for s large

2 1

2]~ 2log(s)| S log(log(s)). S5 2log 2 (), S5 log T3 (s) (3.23)
where the last inequality is obtained by integrating the second one with the choice of initial

data v™ in (3.19). Next, we define
s* = inf{r € [s0,s™]; (3.22) holds on [r, s™]}. (3.24)

0] =8~ o] =8~

3.2.2. Control of the modulation equations. Denote ni}, the system 17, without equation
Zr — 2up + %zk and M* the vector M without the direction —iVV.

Lemma 12 (Pointwise_: control of the modulation equations and the error). The following
estimates hold on [s*, s™].

i (s)] S (C*)%s 2, (3.25)
[{m(s),iVQ)| S (C*)?s™ log ™! (s), (3.26)
12— 20| < st log*%(s). (3.27)
Moreover, for all s € [s*,s"], for all y € R?,
2
Ep(s,9) S 57 og™3())_ Qy — 24(s)) + G5 )] (3.28)
k=1

Proof of Lemma 12. Since e(s™) = 0, we may define
s = inf{s € [s*,s"]; [(n(7),iVQ)| < C**7 '1log™1(7) holds on [s, s™]},
for some constant C** > 0 to be chosen large enough. We work on the interval [s**,s
Recall equation for n; (3.9) as below
im+An —m+ (|P1+ T]1|p71(P1 +m) — ’P1|p71P1) + My - 1\_/[771 +&p, =0.

Let A(y) and B(y) be two real-valued functions in ). We claim the following estimate on
[8**, Sm]

d -

—(m, A+iB) - [(nl, iL_A— L,B)— (i, - MQ,iA — B)] ‘ < (02572 + s~ Y], (3.29)

We compute from (3.9),

in]-

d
—(m,A+1iB) = (m,A+1iB) = (im,iA — B)

ds
p+1 p—1 .
= (=Am +m = (F—=Q" lm + Q" '), i4 - B)
_ — +1 -1 _ 4 .
— Py m[P Py ) = [P TP - B QP - Qv 1A - B)

- <’I’?’L1 _dnlulA - B> - <5P1,iA — B>
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First, since A and B are real-valued, we have
Lorin +
Second, recall the expression of Py

Py = Q(y) + T2 (2=20)-T1W)Q(y — (25 — 27)).

By the expansion in (2.17), we can deduce the first order and the error of

p+1 o p—1 _
QY 1 B QY 1771

_ —1 _
N 1>m+pT<|P1\p "p? - 1)n1+0(‘

p+ p—1 1. .
(—Am +m — ( 2 5 Q" '7,),iA— B) = (n,iL_A — L, B).

[Py +m [P (P +m) — PP Py —

=23 )+ O(mP).

By (3.22)7(3.23), for some ¢ > 0,
(PP~ = Q") (A = B))| + [{(P1P~°PT — Q1) (1A — B)))|
S lzl%e Hl 2 £ €57 log!(s).

Using the Cauchy—Schwarz and Gagliardo—Nirenberg inequalities (as p > 2),

2
m
<P1

([P, (A = B)) < llelff S (C7)?s2

PP, (1A — B>> < Jlela < (€257,

Therefore,
([Py -+ P (P +mn) — [PrP Py = PR Qr iy - PR Qr i - BY| £ (€052
(3.30)
Next, using (3.22)—(3.23), we obtain
|1 A1, 1A = B)| S C*s ™ [ria(s)]-
Finally, we need to prove following estimate
(Ep,,iA — B) — (i1 - MQ,iA — B)| < 572 4+ sy |. (3.31)

Indeed, recall that we have
Ep, = [1i1 - MQ](y) + [ "2~ 22Ty NIQ)(y — (22 — 21)) + G
From (2.14) and (3.22)~(3.23),
(GriA - B)| S [Gllw S |21 Fre Fl < 57
Since A, B € ), we have
T2 (5, - NHQ( (23 — 1)), 14— B)| S 57,
so the proof of (3.31) is complete.

We now use (3.29) to control the modulation vector 71;. Note that 1, satisfies the orthogonality
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conditions (3.5). .
(n,Q)=0. Let A=Q and B =0. Since L_Q =0 and (i - MQ,iQ) = —cl(§), we obtain

‘%( < (C*)25~2 4+ 5~ i), (3.32)
(m,iAQ) =0. Let A = 0 and B = AQ. Since L (AQ) = —2Q, (n,Q) = 0 and (ii; -
MQ, —AQ) = c1 (¥ — 1+ |v]2 — %(U -z) — (v-£)), we obtain
‘ﬁ — 1+ v - %(v 2) = (v-2)| S(C*)2s72 + s~ Y. (3.33)
(nm,yQ) = 0. Let A =yQ and B = 0. Since L_(yQ) = —2VQ, |(n1,iVQ)| < C**s 1 log™!(s)
and (mq - MO, iyQ) = ca(2 —2v + %z), we obtain

A
’,é — 20+ Xz’ < C™*s7tog ™ (s) + (C*)2s72 + s~ Hmy). (3.34)

By (3.23) and (3.32),

i - %v‘ < J] + % o] < 572 (3.35)
Combining Egs. (3.32) to (3.35), we have proved, for all s € [s**, 5],
i (s)] S (C7)%s™2 (3.36)
and
12— 20| < s log™1(s). (3.37)

Now we turn to the study of localized momentum My:
d . Co o .
M= 1m /(Vm )X + (im, 21V +mVi).
We claim that
1d - (Py)- . AN _
My = <w VQ> + <21 — v + —21> (VQ, Vi) + O(log ™ (s)lm11120)-

2ds )
(3.38)
Note that, by direct computations,

X < |s7 log 2 (s)yX (log ' (s)y)| < s log ™ (s)
and so, by (3.22)—(3.23),

‘Im /(Vm )X

Now, we use the equation (3.9) of n;

1
< s ogT (s)Imllzp < 570 logT 3 (s).

. _ _ B . Ao
i+ An =+ ((Pr4+m P (Pr4m) — [Py Py) + - M 771—(21_2”1+Xz1)'1V771

—

A . -
+i - M'Q — (21— 201 + $21) iVQ + [eT2W=2)=T1W) 7,  MQJ(y — 2) + G1 =0
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to estimate (i, 21V, + m1 Vi). By integration by parts, we check the following

. . 1
(Amy, 21V +m Vi) = =2(Vn - Vx, Vi) + 3 / Im|*V(Ax).

We have
(Vo1 Vx, V)| S log ™ (s) I 7
and as |V(Ax)| < log™3(s) we obtain

[ imPv@y
In conclusion for term An; in the equation of 11, we get
(A, 20V +m V)| S log™ (s)l|m 11
For the term 7)1, we simply verify by integration by parts that
(n1, 21V +m Vi) = 0.
From (3.36) and (3.37), we also have that

< log ™3 (s)m |71

— — . . _ _1
‘<m1-M771,21V771 +m Vi) < s log 2 (s)||m |3,

T . . N2 — _5
(i} - MQ, 21V +mVi)| S (C7)2s ™|l < 572,

1<[m2 QI = 2,2V + m V)| < 5~ log=3 (s)e™F L < 57,

and

. . d _3
\<Gl,mw i) < 1Gile logd ()il S sl

where we use the Cauchy—Schwarz inequality and the fact that the support of x is contained in
{ly| < $1og(s)}. Now we will deal with the term (|Py+n[P~ (Py+m) — [Py [P~ Py, 21V +
mVi). By (2.17), we consider

2

i)

and, using the Gagliardo—Nirenberg inequality (note that if p > 2 then 3 < 2%),

2
m
‘< Py

. 1 — —
[(m P, 21V +m V)| S [Imllh S 52 log™%(s).

Py P P )~ [Pal P = F(Pyn + O(P) + O |

Nj

P[P, 21V +n1Vx>‘ Slmlls Ss72,

Then, we have
[(F (P1)m, m V)| S Vx| [[ellfn < log™ (s)llmllFn-

Finally, by integration by parts, we get

n-F"(P1)m

(F/(Py) oy, 21V ) = —2 <VP1X, ¢

> — (F'(P1)-m1,m Vi),
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therefore the collection of above bounds gives

d n-F(Py): . A\ o -
s = a(wpyy WM, ( ~ 20+ —zl> (VQ.19m1) +Ollog™ () ()3

A
(3.39)
We finish the proof of (3.38) by showing the following estimate
(TP F @)~ (T P ) S | [ e ®mvec+)
<z logs

‘ / m-F”(P1)-m)VQ‘ < s jel[%,.
ly|> 5 log s

and

A
<231 —2v1 + XZ1> |<iVQ, iV771> — <iVQ, VT]1>| ,S s logfé(s) /|| VOV
Y > o logs

1 3
< 577w log ™1 (s) |

here we use (1.12). On the other hand, from (3.29), refining up to order s~2, using L1 (VQ) = 0
and (2.18), we have that

Smive) = (M v (@1 - §v1>

— (61, VQ) + {1 - M, VQ) +O(s~*").
From (2.20) and the choice of v in (3.6), we get

A
e2in + (G1,VQ) — ea5v1| S (022l + [of?) 2] "2 74l 4 |27 ‘Z'+|U\ <$s7°

A

9

then, from (3.36), we obtain
(7] - M1, VQ) S 572 |ml| -
Thus, we deduce that
d
ds
Note that (iVn, VQ) = —(iVQ, V1), we obtain

d ) 1d _ _
SmivQ) = 5 Lt [ (Vma)x + Olog () ml3)

This information, combined with (n;(s'),iVQ) = 0 and M (¢™) = 0, implies that

<771,1VQ> = <W,VQ> - (21 —2v1 + %21> <iV771, VQ> + O<8_2+)~

1
n.19Q) — 0] 5 (€ o0
From the bootstrap (3.22), we deduce that |(n1,iVQ)| < (C*)2s7 1 log™! so, if we take C** big
enough such that <~ > (C*)?, then s** = s*. Those estimates (3.27) and (3.28) are direct
consequences of (3.23), (3.25) and (3.32). O
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3.2.3. Energy functional. Consider the nonlinear energy functional for e

H(se) = / (rVeP e - ﬁ (IP + el7+! = [P]P*! — (p+ 1)[P"~" Re @)))
and

I=>"Tn, Ji(s,€) = vp - My(s,e).
k

where Mj(s, €) the localized moment defined in (3.21). Finally, we set
W(s,e) = H(s,e) — J(s,¢€).
The functional W is coercive in € at the main order and it is an almost conserved quantity

for the problem (see [29] for a similar functional).

Proposition 13 (Coercivity and time control of the energy functional). For all s € [s*, s™],
W(s,e(s)) Z ()1 (3.40)

and

d

ds

Proof of Proposition 13. Step 1. Coercivity. The proof of the coercivity (3.40) is a standard

consequence of the coercivity property (1.15) around one solitary wave with the orthogonality

properties (3.5), (3.26), and an elementary localization argument. We refer to the proof of
Lemma 4.1 in Appendix B of [23] for a similar proof.

[W(S,G(S))}' < 572 le(s)ll - (3.41)

Step 2. Variation of the energy. We estimate the time variation of the functional H and
claim that for all s € [s*, s™]

d 2
[H(s,e()] = Y 2+ (TP,
k=1

)

eF"(P)-¢ _ _ 3
EETRYE] < 2o + 5 log= () elZn.  (342)

)

The time derivative of s +— H (s, €(s)) splits into two parts
d
15 H(s: €(5))] = DsH(s, e(s)) + (DeH(s, e(s)), &),

where D, denotes differentiation of H with respect to s and D, denotes differentiation of H
with respect to e. Firstly we compute:

D,H=— Re /[P(|P +€ePH(P +¢) — |PP7IP)
p— 1 =3B - _ 1=y
- T|P\ (PP + PP)Re (eP) — |P|P~€P](y) dy

— Re /[P(|P + e P+ e) - [PPIP)

s PP +¢|P|?P + ¢|P|?P + PP

2
. 1 —1
=—(P,P+er ' (P+e)— PP - ’%emp—l - pTEPZ\PP’_?’).

p—1 L
- —p — [PPP~'eP](y) dy

We observe that P, = —2j, - VP + 10y, - (y — z) Pi. Denote

1 —1
K=[P+e Y (P+e)— |PPIP— %G\Pv’—l e
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then by (2.16), K = |P + ¢[P"L(P +¢) — |[P|P"!P — F'(P)-¢, we deduce from (2.17) that
K| S el [PP=2 + |el?
so we obtain
[(itn - (y — 2i) P, K| S (el + el )l0] S s72 el 7

Next, we look more precisely at K

eF"(P)- 2+
K= T o £ 1P+ o)

€

as %] <s71and p— 27 > 0, we have

2+
€

‘<73k'VPk, P

|P\p>\ < s el
and
(=50 - VP e} < s~ 1l 2.
H

Combining these computations, we get

2 - (P
DH(s, ) = 3 (3 - VB, P

_ + _ _
5 ) T 06 ellzn) + O(s ™2 ellfn) + O(s ™ [lellfn)- (3.43)
k=1
Secondly, we consider
DH(s,€) = —Ac+e— ([P +ef (P +e)— PP 'P)

and note that the equation (3.8) of € can be rewritten as

i¢ — DH(s,e) — i%Ae +(1—-A)e+Ep =0
so that
(DH(s,€),é) = iDH(s,€), i€)
= %(DEH(S» €),Ae) — (1 = 4)(iDH(s, €),€) — (iDH(s, €), Ep).
On the other hand, from (3.25) and (3.22)—(3.23), we have

é<D€H(s, €), Ae)

; 1 ]
! <[] (e + 1etgt) 5 €25 21l

(1= A)(iDH(s,€), ) S [1 =] (lell 7 + lelBit) S (C*)*s™2lel7-
For the last term, we rewrite
(iDH(s, €), Ep) =(—iAe +ie —i (|P + €[ (P +¢) — [PP~'P),
[ty - MQ)(y — 21(s)) + €207 - MQ](y — 22(5)) + G).
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Recall that with 11 = ni + in? for ni,n? real, from the expression of operators L, and L_
L =(—iAe+ic—i ([P + €' (P +¢€) — [PP'P), [eT1my - MQ](y — 21(s)))

=(—iAn; +in —1([Py +m [P~ (P14 m1) — [P1P7Py), by - MQ)

=(iLymi — Loni, i - MQ)

. _ _ +1 e D I
= (1P P Pyt = PPy = PRty = P ) N
5 Ch
=- X<n15 —2Q) + (v — X”)@Il, —2iVQ)
. _ _ +1 -1 4 L oo
= (i mp @)~ [Py - Rt - P, ) Q).

By orthogonality of 71 (3.5), (3.26) and the estimate (3.25), (3.30), we get
L] = 0((C*)’s log™1(s)).
By symmetry, we have the same estimate for . Finally, from (2.13) and (3.22), we have
||G||lgr < 572, so using an integration by parts and the Cauchy-Schwarz inequality
[(—iAe +ie —i(|P + PP 4 €) — |P\p_1P) G < 572 |€|| (3.44)
The collection of above estimates finishes the proof of (3.42).
Step 3. Variation of the localized momentum. We now claim: for all s € [s*, s™],

d EF"(P)-e
2

2
T e(s)] = Y200 (VP
k=1

) < 572 log ™ (s)[|e(s) ] 1 (3.45)

Indeed, we compute, for any k,

%[Jk(s,e(s))] = Uk - Im /(VG €)Xk + v - % Im /(Ve €)Xk-

By (3.22) and (3.23), we have

< s72ell?p.

Vg -+ Im /(VEE)Xk

Recall from (3.38) that

ond | (MG, (5] — 2 (VBTG <z‘k ot §k) (VQ. V).
< 5™ og ™ (5)e(5) 3
From (3.27),

— _3
v < 572 log ™1 (s) [lell s

. A .
(Zk —2uy, + XZk) (ivVQ, Vi)

so we get (3.45).
step 4 Conclusion. Recall that, by (3.27), [, — 2vi| <571 log*%(s) S0
€-F”(P)-e>

3
5| S 5 o (9l

(2k — 2vk) - (V Py,
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and (3.41) now follows from (3.42), (3.45). This concludes the proof of Proposition 13. O

3.2.4. End of the bootstrap argument. We close the bootstrap estimates (3.22).

Step 1. Closing the estimate in e. By (3.41)in Proposition 13 and then (3.22)—(3.23), we

have
d

WG] £ 5 el £ €57
s
Thus, by integration on [s, s'] for any s € [s*, 5], using €(s™) = 0 (see (3.18)), we obtain
(W (s, e(s))] S C*s72
By (3.40), in Proposition 13 we get
le(s)]1Zn < CoCs™2
Therefore, for C* large enough such that CoC* < #, we have ||e]|gn < %s‘l, which
strictly improves the estimate on ||¢||z1 in (3.22).

step 2 Closing the parameter z. Now, we need to finish the bootstrap argument for z(s).
Note that

b4 ez T e Pl < 572 log 7 (s)

E

12— 20 < s Mlog™1(s)

thus we deduce

I c|z]*%e*|zl < s 2log " !(s)

We get
< s 3log™ %(s)

2 (v |Z|>< ) e e

since |v| < s71, 9| < s72. Therefore, by the explicit choice of initial data

v(sin) = \/E(,zm)_dZ e ézmel, z(sm) = 2@,

we integrate on [s,s'] for any s € [s*,s™), if d—1>0

2
2|

ifd—1=0, ‘2(11'7’2‘)( ||)+cz |‘e*M

in

9, _3 S ldel g 9, _3
< s2log 4<s>+/ 212 el < 52 log 3 (s),
S

<573 log*%(s)(s) implies also ‘(U CE)2 — el <

|z

572 log_%(s). In both cases, combining with (3.27), we get
.z z 1, _3
(0 ||> VR <z-—>—2<v-—>\55 Hog (s

so |(2+ ) = 2v/elz| -

_l’_

1 S
Z- |z] 1
4 7 7l

32l
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andifd—1=0

thus
3 d—1

Slog™1(s) + —— 32T lezll SlogTi(s)  (3.46)

di CathEr
S

here we use |z| < log7'(s) and [2| < s'. Next, we need to adjust the initial choice of
2™ through a topological argument (see [4] for a similar argument). We define ¢ and £ the
following two functions on [s*, s™]

C(s) = 2|2 T ezl g(s) = (¢(s) — 5)%5 2 log(s). (3.47)

1

Then, (3.46) writes ‘
E(s) — 1] S log ™1 (s). (3.48)
According to (3.22), our objective is to prove that there exists a suitable choice of
C(sin> — Cin c [Sin _ sin log—%(sin)’sin + Sin log—%(sin)]’
so that s* = sg. Assume for the sake of contradiction that for all ¢* € [—1,1], the choice
gin — Sin + Cﬁsin logfé(sin)
leads to s* = s*(¢*) € (s0,5™). Since all estimates in (3.22) except the one on z(s) have been
strictly improved on [s*, s™], it follows from s*(¢*) € (s0, 5] and continuity that
1C(s*(¢F)) — 5%| = s log_% s* ie. ((s*(¢CH) =5 £ 5" log_% s
We need a transversality condition to reach a contradiction. We compute:
£(s) = 2(¢(s) = 8)(C(s) — 1)s~*log(s) — (¢(s) — 8)*(2s % log(s) — s7%). (3.49)
At s = s*, this gives
. 1
[€(s™) +2(s") 71 S (%) logT 1 (s").
Thus, for sg large enough, '
£(s*) < —(s") L. (3.50)
A consequence of the transversality property (3.50) is the continuity of the function ¢t e
[—1,1] — s*(¢*). Indeed, let € > 0, then there exists § > 0 such that £(s*(¢F) —¢) > 144
and £(s*(¢H) + €) < 1— 6. Moreover, by definition of s*(¢*) (choosing § small enough) for all
s € [s*(¢CH) + ¢, 8], we have {(s) < 1 — 4. But from the continuity of the flow, there exists
¢ > 0 such that for all |¢* — ¢f| < ¢
Vs € [s*(¢F) — e, 8™, [€(s) —&(s)] < 6/2
so we obtain that s*(¢*) — e < s*(C?) < s*(€%) + € and the continuity of s*(¢?), as expected.
Thus we deduce the continuity of the function ® defined by
e [-1,1] e (C(5%) — 87)(s*) M logh (s%) € {11},
Moreover, for (* = —1 and ¢* = 1, £(s™) = 1 in these two cases; from (3.49) we have that
£(s™) < 0, thus s* = s™. Therefore, ®(—1) = —1 and ®(1) = 1, but this is a contradiction
with continuity.
In conclusion, there exists at least a choice of

C(Sin) — Cin c (sin _ Sin log—%<sin),sin + sin log—%(sin»
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such that s* = sg. This concludes our bootstrap argument.
Step 3. Estimate on the parameter A. From (3.25), we obtain

< 572,

~

A

By integration on [s, s], for any s € [sg,s™], using the value A(s™) = A" = 1 (see (3.19)),
we have

[log(A(s))] < 57",

and thus
As) =1 S s71
or in other words
IAHs) -1 S s (3.51)

4. COMPACTNESS ARGUMENTS
4.1. Construction of a sequence of backwards solutions.

Lemma 14. There exist tg > 1 and a sequence of solutions u, € C([to, Tn], H') of (NLS),
where
T, — +00 asn — +oo, (4.1)

satisfying the following estimates, for all t € [to, Ty],
| 1zn(t)| — 2log t| Slog(logt),

AN -1 S

n

_ 4.2
OISE el S [0 0 - 2| < Progh, )

where (An, Zn, Yn,Vn) are the parameters of the decomposition of uy,, i.e.

_em® 2 T x (—1)k T
U (t, ) = Aﬁ(t) (; [T+ Q] ( 0 + zn(t)> + €n (t, ™ (t)>) : (4.3)

‘ _1\k+1 2
with Ty (L, x) = %U”(t) RON

Proof of Lemma 14. Applying Proposition 10 with s™ = n for any large n, there exists a
solution uy,(t) of (NLS) defined on the time interval [0, 7},] where

Tn:/ A2 (s)ds.

0
and whose decomposition satisfies the uniform estimates (3.20). First, we see that T,, —
+00 as n — 400, which follows directly from the estimate on A, (s). From the definition of
the rescaled time s (see (3.2)), for any s € [sg,n|, we have

S
t(s) = / M (s')ds' where [A2(s)—1| < sl
50
Fix ty = 59 with 59 > sg large enough and independent of n such that, for all s with n > s > 5,

1 5 3
28 < / M (s')ds' = s (1+ 0(3_1)) < 28
50
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then, for all ¢ € [to, T,,],
ts)=s(1+0(sh)) >

S

N |

and
s=t(1+0@)-
Thus, we get from (3.20)
[ [zn(s)] — 2log(s)| < log(log(s)) < | |zn(s(t))| — 2log(t)| < log(log(?))
N =1 SsThe N si) -1 St
len() a1 S 57" & llen(s@)llm St
on(8)] S 71 & Jua(s(t))] S ¢

O
4.2. Compactness argument. Next, we claim a strong compactness result in L?(R%).
Lemma 15. There exist ug € H'(R?) and a sub-sequence, still denoted w,, such that
U (to) — ug weakly in H(RY)
U (to) — ug in HO(RY), for0< o < 1
asn — oo.
L2

Proof of Lemma 15. By interpolation, it is enough to prove that the sub-sequence u,(ty) —
up as n — oo. First, we claim the following: Vé; > 0,61 < 1, Ing > 1, IK; = K1(61) > 0
such that Vn > ng

/| ol )Pz <61 (4.4)
x| >

Indeed, denote ,(t) = 2z, (t) A (t) and

= i (1) 2\ (—1D)*
R, (t,x) =€ Z E k‘"Q)\:Ll(t)] <af + 5 wn(t)>
k=1

Ry, (t,z) = ¥ 22: Q <3: + (DF, (t)>
7 k=1 2 !
then we have
[lun(t) = Ra(®)ll 1 < en (Ol + 2/ Ra(t) — Ru(®)]| 1
Sllea®llm + 2O = 1 + ()] S 71 (45)
We get a direct consequence of the above estimate
lun @[ < C (4.6)

for all t € [to, T,] since || R, (t)||g1 < 2||Q||g1. Furthermore, for fixed 41, there exists ¢; > to
such that

[lun(t1) = Ra(t)llm S (01) 71 < V61

for n large enough that 7T, > t1; in others words, we have

/|un(t1,x) — Rn(tl,l‘)|2dﬂf < 1.
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Besides, |z, (t1) — 21log(t1)] < log(logty) then for Ko > 1 large enough, we have
/ Ro(t1, )2 < 6.
\x|>K2

Consider now a C! cut-off function g : R — [0,1] such that : ¢ = 0 on (—00,1], 0 < ¢’ < 2
on (1,2) and g = 1 on [2,+00). Since ||uy(t)]|g1 < C bounded in H! independently of n and
t € [to, T},], we can choose y; > 0 independent of n such that

2
v > 5—(t1 — ) C%.

1
1 — K
S fu(we ) (M)
ol || M

We have by direct calculations, for ¢ € [tg, T},]
01

S untt, =22 4| =
dt/|u( m)‘g< gl ) :E’

2 2
< — sup |up(t < )
S [lun @) < 37—

By integration from ¢y to t;

— K — K
[ ntto, )% (”“"‘—) dz~ [ lun(ts, )P (L) aa
71 71

t d ’%‘—KQ
< — | |un(t,x 29(—) dx‘gé.
/to G [ ol (P 1

From the properties of g we conclude:

- K
/ | (to, z)[2da < /|un(t0,:c)|2g ('5”'—2> dz
‘$|>271+K2 ’Yl

— K
< [ funttr. g <'9”'—2> drdi< [ funtn )P+ 6 <50
Y1 ‘$|>K2

Thus (4.4) is proved. As ||un(to)||g1 < C, there exists a subsequence of (uy,) (still denoted by
(un)) and up € H* such that

un(to) = up  weakly in H'(R?),

un(to) — ug  in L2 _(R?), as n — 400

loc

2
and by (4.4), we conclude that wuy,(to) L up as required. O

Let us finish the proof of the Main Theorem in subcritical cases with p > 2. We consider u
the solution to (NLS) corresponding to u(tg) = up. By continuous dependence of the solution
upon the initial data (see [2] and [3]), for all 0 < o < 1, for all t € [tg, +00),

un(t) — u(t) in HO(R?).
Moreover, the decomposition (¢, €) of u satisfies, for all ¢ > o,
Gu(t) = @), en(t) — €(t)in H?, e,(t) — €(t) in H' (4.7)
(see, e.g., [26], Claim p. 598). In particular, for all ¢ € [to, +00), u(t) decomposes as

_ e (™) & iy T+ (_zl)k A(t)2(1) T
u(t, x) = 0 <Z [e*Q] < Y0 ) +e (t, W)) (4.8)

k=1
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where 'y (t,y) = g_—lzkilv(t) -y, and it follows from the uniform estimates (4.2) that

|[2(t)] — 2logt| Slog(logt), [A'(t)—1| St

_ 4.9
VOIS Tl S [0 - S Rlog b,

We obtain |z1(t) — z2(t)| = A(t)]2(t)| — 2(1 + o(1)) log t; more precisely

[1(1) — ()] ~ 2108(1)| < log(lox(1)
and the following estimate
2
u(t) =N Q (z —a )| S el +ATHE) = 1+ ot St (4.10)
k=1 H1

5. SUB-CRITICAL CASES WITH 1 < p < 2

In this section, we show the difficulties occurring and sketch the proof of the Main Theorem
in the case 1 < p < 2. In this case, let
« P13
2% ——).
2
Note that p — 27 > —1. From (2.15), we deduce the following Taylor expansions:

FP+e¢€)=F@P)+ F'(P)e+ O(|ef) (5.1)

27 = min(

2
|HQ (5.2

(since |e| > @ then |e[? < |5|%P|P and [¢| < % then |5|?|P[P < [€]P) and

ﬂP+d=F@)Hﬂmf+OQ%

2+

FP+e¢)=FP)+ F(P)e+ ﬂ + O< % \P|P>. (5.3)

In the following remark, we identify new problems compared with the case p > 2.

Remark 16. Let us try to control the nonlinear interaction term
G(y; (2(s),v(5))) = [PPT'P — [Py[P' Py — [P~ Py
Since |Py| > |P| for y - & > 0 and |P2| > |Py| for y - 17 <0, one has, by (2.15),

||

IG(y; (2(5),0(s))| = || P+ PP~ (PL+ Po) — [Py P Py — | PP Py

- - (5.4)
SIPP Py = o + [PoP 7 Pi] Dy = .
Using the asymptotic behavior of @, on the half space {y - é > 0},
- -1 p, 2~ e B
[Pl l‘PQ|']19’T§|>0 S PR P p']ly'\%po NRE] 2 e (Pl py)2 p.]ly.ﬁ>o
_(2=-p)(d=1)
S o e Dk g S o P Pt 1
(5.5)

By symmetry, we have the same estimate on the other half space {y - |i < 0} and thus

2]

1G]z < |2|“Fre bl ~ 5P (5.6)
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(to be compared with (2.9)). Now for the projection of interaction, we recall that its core part
(as identified in the proof of Lemma 7 and in step 4 of Proposition 17) is given by

)=rf L @T@veweutawe [ @7 vew Qe

<_7

[z] \Z\

and the following estimate of H(z) is still valid for 1 < p <2 (see Lemma 7)

< |27t “Telel, (5.7)

H(z)—cQIQ‘ ||z] ekl

In summary, the projection (G, e"'VQ(y — z1(s))) and thus © are still of order s~2; however,
the interaction G is of order s > 572 in L> norm. Therefore, there still exist some terms in
the interaction that perturb our regime and prevent us from closing the bootstrap arguments
(for example, (3.44)).

In view of the above remark, we look for a refined approximate solution P of the form
2

P(s,y) = P(y; (2(s),v(s))) = > _ e OW0=GNQ(y — 2(5)) + W (y; (2(s), 0(s)))
k=1
- (5.8)
= Z Pk(87 y) + W(:U: (Z(S)7 U(S)))a
k=1

where W (y; (2(s),v(s))) is to be determined.

Proposition 17 (Expansion of the refined approximate solution). There exists a series of
(J + 1) functions R;j(y; (2(s),v(s))) that are invariant by T and v such that by setting

J
W (y: (2(5),0(9)) = D Ri(y; ((s), v(s))),
=0

the error Ep defined as in (2.7) admits the decomposition
Ep = [eirlml . MQ](y —z1(8)) + [eiFQTﬁQ . 1\7[@] (y — 2z2(s)) + Go, (5.9)

where under the bootstrap assumptions (3.22) and the pointwise control of the modulation
equations (3.25)—(3.27)

A
|2l Slog(s), 2 Ss7h PlSs™, 9] Ss7% ‘X SO =1 5 (072

the corrected interaction term G satisfies
1Gollrz S 572, [[VGollp2 S 577 (5.10)

Moreover, Gg is symmetric and

(Go, "1V — 21 () = Gyl T e S50 M) (B

with Cp > 0.

Remark 18. In fact, before the pointwise control of the modulation equations in Lemma 12,
we bound ||Gpl|z2,||VGollr2 by z,v and s P|ni]|, then once we have the control on 7, we
will obtain (5.10).



34 T.V. NGUYEN

Proof of Proposition 17. Step 1. Properties of the Helmholtz operators. We recall well-known
properties of (—A + 1)us(y) = fs(y) in R%. The operator (—A + 1)~! is continuous from L2
to H', in particular
[l < [ f]] 2
It is self-adjoint
(u, (A +1)g) = ((=A+ Du,g) = (f,9), (5.12)

invariant by 7, v and (—A+1)t,(y) = fs(y) (f denotes the derivative with respect to time s).
Moreover, by theory of elliptic equation (see, e.g., [1]), we have an explicit kernel representation
E4 for (—A +1)~! as follows

1

Eule) =~ (o) ey o)

ule) = [ Eae~ ) f0)y (513)

where ICp, is a modified Bessel function of second kind that is decreasing exponentially when
|z| — +o0. This is a convolution of type L'+ L™, so we deduce that

[ullee S N[ fll e (5.14)

Next, we claim the exponential decay property: assume that a regular function f is exponen-
tially decreasing in the direction e;, eWil| f(y)| < C with 0 < § < 1, then so is the solution u
of (A +1)71

Indeed, we consider

e6|$]'| ’U(ﬂf)’ = eé‘xj‘

[ Eata = st

1\ ! 1):2!
o / ( ) o—la=vl (a5 -lusD g <_> o~ (1=5)al
re \ |z =yl 2]

Step 2. Iteration of R;. We introduce a suitable smooth cut-off function that localizes the
points whose distances to center of two solitons are smaller than |z|. Denote 1p : R — [0, 1]
OSwf)SC; ¢OEOOH (_007_1]7 %Elon [O,—l—OO)

such that
N (k1 - 22))-

$(s3() = i (129 = |y + 25
Recall the definition of G
G(y; (2(5),0(5))) = |PL+ P[P (PL + Po) = |Pi[P' Py — [P Py
and denote pr; the projection on the direction V@ around each soliton
(). Q-+ 5 ()

pei(f) = = VQ(+ -5+
IVQ(+ S 2(5)) 112

<

~

<cC <c.

Lt

and

Setting
Ao(y; (2(s),v(s))) = G(y; (2(s), v(s)))(y; 2(s5)),

1210 = Ao — pry(Ao) — pra(Ao),
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A = |P1 + P+ Ro‘p_l(Pl + P +R0) — |P1 + P2|p_1(P1 +P2),
Ay = Ay —pry (A1) — pry(Ay)

and for j > 2
j—1 j—1 =) j—2
Aj=|P+ P+ ZRk|p—1(P1 + P+ ZRk) — P+ P+ ZRk|p—1(P1 Y P+ ZRk)’
k=0 k=0 k=0 k=0

Aj = Aj —pri(Aj) — pro(4;):-
Observe that

J j-1 i1
S A =P+ P+ RPN (Pr+ Pt > Rp) — [P+ PP (P + P). (5.15)
=1 k=0 k=0
Then let

R;(y; (2(s),0(s))) = (~A + 1) 4;-
We will show by induction on j the following properties.
— R; is almost orthogonal to V(QP)(- &+ 12), i.e.

1 _
(Rj(-), V(@)( % 52)) $57° (5.16)
— The L™, H' norm of R; satisfies
IRl S5O VRl S 577,

1Ryl S s Rylln S 577 log™(s)

with 0 < kK < 1 to be determined (see (5.33), (5.34)).
— After a finite number (J + 1) of steps, the function R satisfies the two following esti-
mates: there is € > 0

QT R+ D)+ 1Q7 W) Raly + 5)| S W2 (5.17)

IR + PP DR[| < 572 (5.18)
independently of z,v ((5.18) means thats there exists d > 0 such that |R,|%, +

s PPV Ryl S 5777°).
Note that a direct consequence of the above estimates is

[ Astallre2
J J J-1 J-1
= ||+ P +ZRj!p71(P1 + P +ZRj) — [P+ P +2Rj’p71(P1 + P +2Rj)
i=0 i=0 i=0 =0 ||
J—1
SIWIPL+ P+ D RyIPTH R+ | RyIP
J=0 L2

_ z — _
SNQP R+ DIz + IR G2 + PPV Ryllpz € 572

- (5.19)
since || Rj||r~ < ||Rollze S s7P,Vj=1,J.
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Let us begin with Ry. We have that
G(y; (2(s), ()| = [|PL + BPTH(PL+ Po) =[PP P — | PP Py
S|P R, 0+ [P 1’P1\]1 <0-
Consider

PP, <e*(p*1)(“*yﬁ>)f‘ R
BP0 5 2 (5.20)
< |Zy— SR P G O o B S—pe*(%p)yﬁ,zj‘—%

~Y )

by symmetry, we also have the same estimate on {y - |§| < 0}. Thus, from the definition of v,
we get

(2—p)(d—1)

e PV E gy (2(5), v(s))llie S 5772 F T S (5.21)

~

and

140(ys (2(5), v(s)))ll 2 S 7P log(s). (5.22)
The estimate (5.21) yields

z —(2— LE 4z _(2-p)(d-1)
Aoy + )| S e” @ PIWETHRlgp =
S e(2fp)|y'ﬁ|e—(2—p)%|Z’—%S—p S e(pr)‘y'ﬁ|s—2

S0 it gives a control on projections of Ag

/ Aoly + 5)VQy) dy| < 57 (5.23)

Therefore, from definition of Ay
[P Agl| e S 57121 . I oflz2 S 577 log(s)-

From step 1, we can transfer these properties to Ro(y; (2(s),v(s)))

p)(d—1)

e C-ply-Z ‘Ro( :(2(s), v(8)))]| Lo 55_P|Z|_(2_f’ (5.24)

1Ro(y; (2(5), v(s))) |l < 5P log(s). (5.25)
To show the almost orthogonality condition, we note that (—A +1)VQ = V(QP), so from the
self-adjoint property (5 12) of (=A + 1), we have

(Ro, V(Q)(- + 5))| = | (40 — pri(Ao) = pra(40), V(- + 2)
= |{pr1(40), VQ(- + 2))| S 57HVQ( = 2). VQ(- + 2)) £ 57

(2—=p)(d—1)
2

If 3 < p <2, we see that Ry satisfies already the conditions (5.17), (5.18) as
| Rollf < 577 10g™ (s) < 57 log®(s) < 572
PO Rollpr 571572 <57
and |Ro(y + 2)| < o~ @ Pyt |z |—%2(d_1) < PN =2 o for ¢ = 29p—3>0

|Q”—1( )Ro(y + )| < o@-Ply Q (2— p)(y)5—2Q(2p—3)(y) < e—clulg—2
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Thus J =0 and W = Ry(y; (2(s),v(s))) in this case.
If % <p < 2, we consider A;(y; (2(s),v(s))), by (2.15), we obtain

|Py + Py + Ro|P" (P, + Py + Ry) — |PL + PP (P, + P)

p—i—l

|P1 + P2|p 1R0 — —‘Pl + Pg‘p 3(P1 + PQ) R() < ‘Ro‘p (5.26)

Next remark that for 1 < p < 2, [|[PL+ Po|P~! — |[Pi[P~! — | PP~ | < min(|P [P, [Py P7Y)
so the main part of A; = |P + P, + R0|p_1(P1 + Py + Ry) — |P1 + Pg‘p_l(Pl + P5) can be
computed by

+1 i —1 _ — _
Hp |P + PP 1Ro+pT|P1+P2|P (P + P2)*Ry — p|PL + P[P ' Ry
o (5.27)
< ‘ [0y + [0 |2) [ Ro|(|1P P~ + PP Y| <872
L2
'lpl + P[P Ry — (| PP + [ Po|PT Y Ro| S min(|Py P [P P | Rl (5.28)

here in (5.27) we use the bootstrap assumptions and the control of modulation equations. Let
estimate Ro(y)QP!(y + %), from the decreasing properties of Ry (5.24), we have

—(2— L (2—p)(d—1) 2|
|Ro(y)QP ' (y + §)| <e (2-p)ly \zl‘s_p\ere@ DIy Zilg=(0-1)'3 50
< 67(372p)|y.‘§7‘|5_(2p_1)|z|_% .

so for k < 1 determined later in (5.33)
IRo(w) @y + 5l S s~ @710, (5.30)

The collection of above estimates gives a bound on norm L? and on the decay property of Ay

[A1]lr2 S [[Rol% 2 + [[Rol PolP~ |2 + || Rol P2 P~ || 2
< 8_172 1Ogdp(s) _‘_5—(21)—1—&) < S—(2p—1—m)’

||e(3*2p)|y'lz7\|A1||Loo

< He(?’*?p)ly-ﬁl|RO|pHLoo + ||e(3*210)|y-ﬁ|RO|P2|p—1HLoo + ||e(3*2p)|y-‘72|\R0|P2|p—1HLOO

< 5P g gl e
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—(2-p)ly-Z| —B=2p)ly 51

as the decay e of Ry is faster than the one of e

(AL VQE+2) = p (@ (y = )Ro+ Q" (y + )R, QU +3))|

S (IR, VQUy+2)) + (min(| PP~ |Po" )| Rol, VQ(y + ) )

<< ~@opply il 2 R Cophply |- ol 1-Coplpy 4 2 )>
~ 2
+ <8—(p—1)e*(27p)‘yﬁ‘s‘p\z|_%e(27p)ly'l72||e_(2_”)%, QU P (y + §)>

Finally, we consider

<57 gm0 572,
We can deduce from the almost orthogonality (5.16) that
(4, VQy £ 3)) < 572, (5.31)

in other words, we have
Ipri(A)lle <572, i=1,2. (5.32)

Therefore, we have the following estimates for A; = A; — pr;(A;) — pry(Ag)

P P T
and the analogue for R
IRillin S 5~ @17, el Ry o G = 52
There exists 0 < k < 1 such that for all p > %
—-2p—-1—-kp<—-2, —2p—1—-k)—pp—1)< -2 (5.33)

so [|[Ry|% + sPP Y| Ryl S s7@p1m0p 4 5= Cp=1=m)=p(0—1) « 572 and for e = 3p — 4 > 0

_ z —(3— LZ 42| (o (52)(d1)
QT W) Raly + )| S e CTIE LG TR e y)

< e(3—2p)|y~g|Q(3*2p) (y)s*2Q(3pf4) (y) < e—€lulg—2
The almost orthogonal property of Vj is a direct consequence of (A; (- + 5),VQ) < 573, Thus
J=1and W = Ry(y; (2(s),v(s))) + Ri(y; (2(s),v(s))) in this case.

If £33 +2 <p< jﬁ, we proceed the same way and after (J -+ 1) steps, our process will finish
with

J
W= 3" Ryl (2(s), o(s).
j=0

— J+2 J+1
=(J+2)p—(J+3)>0and 0 <k < 1such that for all 755 <p < =

—((J+)p—-—J—-—k)p<—-2, —(J+1)p—J—k)—p(p—1)<-2. (5.34)
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Step 3. Estimate of Gg. Let P = P} + P, + W and put into the definition Ep, it follows from
the computations in Lemma 6 that

Ep = [Ty - MQ|(y — 21(s)) + [ 2172 - MQ](y — 22(s ))+|P|p*1P—\P1|p’1P1—\P1|P*1P1
J

+) (A -1)R; —i—ZlR iz AR +(1—4)Rj]. (5.35)
j=0

Note that
J

J J
SA-DR ==Y 4,=->"4 +Zpt1 )+ pra(A4;)]
i=1 j=1 j=1

thus following (5.9) and (5.15), we have the explicit expression of Gy

J J J—-1 J—1
Go = |P1+P2+ZRj|p_1(P1+P2+ZRj)_ |P1+P2+ZRj|p_1(P1+P2+ZRj)
Jj=0 J=0 Jj=0 Jj=0

J
+ > [Aj+ (A= DR)]+|Pi+ BT (PL+ Po) = | PP PL— [ PoP ' Po+ (A = 1) Ry

J=1
J
+) [iR; — it AR + (1 —4)Rj]
7=0
J J-1 J-1
=P+ P+ Y RjPHP+ P+ ZRj) —[PL+ P+ Y R P+ P+ Y Ry)
J=0 J=0 7=0 j=0
J J ] )\
+ D _lpe(A)) + pra(A))] + G+ (A= DRy + Y _[iR; —iTAR; + (1= H)R)]
7j=1 Jj=0
J J .
5 A .
= AJ+1+Z pey (A)) 0t (A7) +p1 (GU) 920 (GU)+G(1=0)+)_[iR;—ITAR;+(1—4) R;).
j=1 j=0

We bound the first term by (5.19)

[Asille Ss7°

=4 S ()22

Next, from pointwise control of the modulation equations, we have ’%

and ||R;|| g1 < ||Rollz < s7Plog?(s); therefore,

7
Zi%ARj ~(1-9R;|| <s 2 (5.36)
12
We recall (5.23) that
lpes (G)ll 2 + pea(GY) 2 S 577
and similarly to (5.32), we have

lpey (A2 + [lpra(A))]l 2 < 872, V5> 1



40 T.V. NGUYEN

The term ]
_d=1 _ -1 -1 _
G =)z S 12177 e (PR + 12)) S 572
is a consequence of the choice of localized cut-off function ¢ and the decay property of Q. For

the last term, we have Rj =(—-A+ 1)*1121j7 S0

1Rl < 114 2

We consider Ry and Ap; proceeding in the same way as when we controlled G in (5.4), we
have that G decays more rapidly because of extra terms z and v. In fact, we have

|G| < |(Py + Py)|PL + PPt — Py|Py[P~Y — Py | PPt

+’(P1 + P)|Py + PP72(Py, + P,) — Pi|P1|P72P, — Po| PP 2Py

and
P, =2.VP, + ii)k(y — Zk)Pk-
Then for |P;| > |P,|, we deduce from the asymptotic behavior of ), VQ at infinity that

‘(VPl — VPR)|P, 4+ P[P~ — VP |P [P~ + VP | PPt

_ VP, Py
=\VA PP (1-=)[1+=
v [ (1- 5[

Py

Py

p=1 VP
1 2

p—1
- < < |P P Py 1,
M LT T W

and

‘(VP1 — VP)|Py + PJP72(Py + Py) — VPP [P2P, + VP | P[P 2 P,

P P, VP | B[P % P
2 2 2

1+ 2 ) — 1+ =2 =
( +P1) 2 P1H

_ VP,
=|VP PP 2P| (1 - =—=]]1
‘V 1P| 1[( VP1>‘ +

P
Py

P

Py

S \Pllp_l\Pﬂ'ﬂyﬁw-

We do the same way in case |P»| > | P1| and for function (y— zj) Pj; thus, we obtain from (5.20)
that

Gl SI2ls™ + [o]s ™7 < s~ P
o HAOHL2 < ||Gil| 2 + |2||GVil| 2 < s~2. Next remark that for a function f
d S .
b S [pn(h)] + Bl =12 (5.37)

thus HAO‘
by induction that

L < 572 by properties of (—A + 1)71, this implies HROHLz < s72. We will prove

1Rl 2, Vi = 1-
For A; (j > 1), we have
Jj—1 Jj—1 Jj—2 j—2
1451 S ‘(Pl + P+ Y R)IPL 4+ Pr+ > RelP ™ = (Pr+ Pat+ Y Rp)|PL+Pat > Rt
k=0 k=0 k=0 k=0
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As |Ril|p2 < s72 for 0 < k < j, it is sufficient to prove that

Jj—1 Jj—2
'(P1 + P2)|P1 + P, + Z Rk’pfl — (Pl + PQ)‘Pl + P+ ZRMPil < 572 (5.38)
k=0 k=0
Let us estimate
j—1 J—2
Bj = ‘(vpl —VP)|PL+ P+ Y R~ = (VP = VP)|PL+ P+ Y Ry
k=0 k=0

We have three cases to consider.
At a given point z, if it holds max(|Py|, |P2|, |Vol, ..., |[Vj—1|) > max(|Py|,|P2|), then
-1
Bi S ) [VilP S5
0

.

B
Il

otherwise, if max(|P1|, | P2, |Vol; ..., |[Vj—1|) = | P1|, then, by the first-order Taylor expansion

i—1 Jj—1
1-VP/VP P R P R
:‘vpﬂpllp_l[ ARt L+ > 2 i+ 232
1+P2/P1+Zk:0Rk/P1 Py k=0 Py Py k=0 Py

VP,

- (1= §7ﬁ§)

—-p
S

p—1

7j—1
|51 1Pal 1y 0 + P
k=0

and similarly for the case max(|P1],|P2|, |Vol, ..., |Vj=1]) = |P2|. Thus, B; < s7P, from which
we deduce (5.38). Recall the estimate for the derivative of a projection (5.37), so we get

HAJ H , < 572, In conclusion, we have ||Go| ;2 < s72. Similarly, the same estimate holds for
L

V Gy, which finishes the proof of (5.10).
Step 4. Estimate of projection. From step 3, the terms Whose norm L? is of order s

axe Ayo1, 0t (Gi), peo(G), G(1 — ). As |{pry(Gid), M1 0-51DVQ(y — 21 (5))] < 52 and
similarly to (5.32), we can show that |pt; (AJ+1)\ < s72; thus

(Go, T OTQ(y — 24(5))) = (G, N IHEDVQ(y — 21(5)) + ofs~2).
For 1 < p <2, we also have the analogous estimates of (2.23), (2.24)

[p—i—l

-2

'P!’”P PP — (B —

[p+1

[Py PPy +--————|fﬁ!p 3fﬂ-Fb] y >0

< min(|P|P, [ P2fP).  (5.39)

L T ]

We note that, for § = p%l >0,

@+ 27y 5 - Fe e (B) [ @ay

2
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/ Q" (y)VQ(y)dy
Y

z |zl
=<2

< QW= ('7) [ @ s < g o)
We repeat the approach in step 3 of Lemma 7 and combine it with (5.7) to conclude that

ST e S 52 log T (s)

(Go, T =21 TQ(y — 2(s))) — cpé‘rzr%eflz'

as required. O

The modulation part remains the same as for p > 2 (see Lemma 9), except that the extra
relation will be 5
0= ——Hy(v, 2) (5.40)
C2
where

Ho(v,2) = <Go(y; (0(s5), 2(s))), ¢ 5 =5 6Dy (y N @)>

= (Go, e WEIVQ(y — z1(5))).
Remark that by (5.11), the main order of v still remains

(5.41)

U+ C%M’%e"ﬂ S |z]’%*1e’|z|-

We claim the following analogue of Proposition 10in the context 1 < p < 2 for L? subcritical.

Proposition 19 (Uniform backwards estimates for 1 < p < 2). There exists so > 1 satisfying
the following condition: for all s™ > sq, there is a choice of initial parameters (A", 2™ v'")
such that the solution u to (NLS) corresponding to (3.1) exists. Moreover, the decomposition
of u with extra relation (5.40) on the rescaled interval of time [so, s™]

el(s)
u(s, 1) = ———P +e)(s,9), y=
Ar=1(s)
verifies the uniform estimates for all s € [sg, s™]
| |2(s)| — 21og(s)| Slog(log(s)), |A"(s) =1 S s7%,

Pl S5 lel)llm S5 |l T el — es?| S $?log7H (s).

x = 28 S
o 4= (s)d

(5.42)

Proof of Proposition 19. We only sketch the proof, since it is very similar to Section 3.2, the
main difference is the localization to avoid singularities due to the small power p in Taylor
expansions (5.1)—(5.3).

Step 1. Modulation equations. Consider

d
_<7717A+1B> = <77171L7A_ L+B> - <T?L1 _dnlle - B> - <SP1ﬂiA_ B>

ds
- _ +1
Py Py ) — [Py

(5.43)

-1
Q" 'm — F5=Q" 1T 1A - B)

where the expression of Py is given by

J
P1 = Q(y) + P0G TGy — (5 — 21)) + 3 e TRy + ).
j=0
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Let C the set such that max (|Ro(y + 21)|, ..., |Rs(y + z1)|) > ﬁ@(y) then for y € C

Q)| S |Rillpe < s7P, for some i € {0, ...}
Since |A|, |B| < |z|%~1#], from the asymptotic behavior (1.12) of Q, over the set C, we have
|A| + |B| < s7Plog?s. (5.44)

Next, denote
1. 1,
P(s,y) =Ta(y — (22— 21)) = T1(y) = —giv- (y +2) — 5iv -y, (5.45)

from the estimates |[z| — 2log(s)| < log(log(s)) and |jv| — 571 < s7'log™!(s), there exists
a constant ¢y (independent of s™) such that if |y| < cos then [[(s,y)| < 5. Let D = {y €
RY, |y| > cps} , we have for y € C°N D¢

1

J——i—2Q(y> <|Piy)| S1 (5.46)

since |Ro(y + z1)|, .., [Rs(y + 21)| < %HQ(y) and Re[e'Q(y + 2)] > 0. And we have for
y € CUD, using A, B € ) and (5.44),

1t

[A@)] + B(y)| < min(e™ %%, 57 log"(s)) < s~ (5.47)
with 1T = ’%1. We denote
¢(s,y) = Lpelce. (5.48)
A consequence of (5.46) and (5.47) is that
Py Q)" ¢(s,y) S1 forn>m >0 (5.49)
and
_1+
(1AW + BN —p(s,y) S5 (5.50)

By the Cauchy—Schwarz and Gagliardo—Nirenberg inequalities,

PERQr iy~ PR QU (A - B)(1L - g(s,9))

S A+ ImlP (A +B)Y(A = o(s,)) S 574 (lmlle + Imlffp) S €%,

From the expansion in (5.1), we get

(P +mP Py +m) — [PP'Py —

P+
2

_ _ 1 -1 1
[\P1 +mP P+ m) — PP Py — QP — P QY 1771] ©(s,y)

2
_ [lil
2
We control the first two terms as before in the case p > 2
(P[P~ = Q" My, (LA = B)p(s, )| + [{(IP1[P7°PT — Q" 1)y, 1A — B)g(s, )|
< C*s~ Pt 1ogd(s)

and, for the last term, we use (5.49) to remark that |P1[P~2[iA — B|y(s,-) < 1, then deduce
the inequality

2
- - p—1 - 1y~ m
(1=t = @+ L (PP = @+ O | [Pt

2
PP, (A — B)g(s, ->> < JlelZa < (07572

m
P,
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To summarize, we have shown that

_ _ +1 -1 . _
<|P1 +mPT (P4 m) — [P1P TPy — b 5 Q iy L 5 Q" 'my,1A — B> S
(5.51)
Next, it is obvious that we still have, as before,
(i1 A, 1A — B)| S C*s™ i (s)).
To prove the estimate
(Ep,,iA — B) — (111 - MQ,14 — B)| < 572 + s |y, (5.52)

we recall Ep, = [1m1-MQ)](y)+[e T2 (2=20)-T1W) 7, . MQ] (y — (22— 21)) +e T W G (y+21).
From (5.10)

(e W Go(y + 21),iA = B)| S [|Gollz2 S 572
and finally since A, B € ), we have

(P22 (7, - MQ(- — (22 — 21))),1A = B)| S 57|,

which yields the estimate (3.29)in the case 1 < p < 2. We project 71 onto three null spaces of
the linearized equation around () and obtain the almost orthogonality for the forth null space

by the localized momentum thanks to the special choice of v in (5.41) (as in Section 3.2.2).

Indeed, proceeding in the same way as in (5.43), taking into account the terms of order s=2,

we have that

k- F" (Py,)

d . By
£<77kvin> = < 9 T , VQ> + (Zk — 2 + sz> (ivQ, Vi) + O(C*s~ (1),

For the estimate of localized momentum My for all s € [s*, 5],

1 ne-F" (P},)-
4y :<77k (Pr) 1k

. A . _
s 5 ,VQ> + <Zk — 2 + sz> (iVQ, Vi) + O(log ™" (s)||mk|311)-

(5.53)
Recall that from the equation of i (3.9), we have

d . _ _
&Mk = Im /(Vnk )X — (An — i + (|Pr + P (Pr + i) — [PrlP ' Py)

+m;f; M g — (2 — 2 + sz) -iVng +m*,; -M*Q — (zk — 2, + sz) -iVQ
+ [T =T, MQ|(y + 2) + G, 21V + 7 Vi).

We proceed the same way as in Lemma 12 for L? subcritical cases with p > 2, except for the
term

(IPr + P 1 (Pr + i) — |PLPT TPy, 2V + iV X)-
First, by (5.1)
P+ 06’ (Pr +mi) — [PilP 1Py = F'(Py)-e + O(|mi[?)

and then we have
[([np [P, 21V, + 0k VX)| S [lellBh < s72log™%(s).
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Second, we consider

[CE ()i, me V| S (Vx| Il 7 S log ™ ()[el[Fa-
Finally, by integration by parts, we obtain

. 1 _ 1 )
(F'(Pg) i, iVng) = —§<VPan77k'F”(Pk)'77k> - §<F/(Pk)‘77ka77kV1>-

1 .
8 2 [|Villee, Vi = 0,7

|

These estimates yield (5.53), since in the support of x, we have |Pg| 2 s
so . = 1, then

(VP Tk F" (P) 1) — {01V P, - F" (P1) 1) |

s[g /w| P P vcz‘ ‘ / I P DY)
Tt <llogs ly|> 15 log s

-1
< s lell,

and

GV, iV) — <1vc2,v77k|<' / A CA R
ly|>

—1ogs

< 1.

~

VP,
P

here we use the property (5.49) of ¢y, that ¢ # 0 implies Vi
Step 2. Control the energy functional. We still consider the energy functional

W (s,e) =H(s,e) — J(s,€)

1 2 B —
:2/<|Ve|2+| |2—?(|P~|—e|p+1 PP — (p+ 1)|PJP 1Re(eP))>

2
- ka - Im /(Vee)Xk
k=1
and remark that we still have the coercivity property
W(s,e(s) 2 le(s) 17
(see for example [17], [22]). Define
e1(s,y) = ¢(s,y — 21(s)) (5.54)

a function localized to the first soliton P;. Similarly, we can define an analogous function
©v2(s,y) localized to the second soliton Pj.

We claim an estimate on the derivative of H by 2 - (V P, %), but now localized by ¢y
2
d EF"(P)-€ _ _
BHO O] = v (@ B 57 S+ el 65)
=1
Recall that we have
d

75 (s, €(5))] = DsH(s, €(s)) + (DH(s, €(s)), &),

and

DH = <P,K), (DH(s,¢€),é) = %(DEH(s,e),Ad — (1 —9)(iDH(s,€),€) — (iDH(s,€), Ep)



46 T.V. NGUYEN
with K = [P +¢€|P"}(P +¢) — |P|P~'P — 1%16|P\p*1 — p%lEPZ\P]p*:S. We observe from (5.47)
that for P, = —% - VP + ivy, - (y — zx) Py, over the set CU D \Pk] < s*(lﬂﬂ7 then
: (141t
(P K(1 = o)) S s~ e .
From (5.1), |K| < |€?|P|P~2, so we obtain

[{itn - (y — 21) P, Kow)| < 101 llel 7 S 72 el 7

since % <1 by (5.49). Next we look more precisely at K
EF"(P)-e e ¥
K=" o(lE] e
e o(g] ep)

since || < s7!and p — 27 > —1, we also have

2+
€

— %2, VP, |=| |PP
‘< 4 VB 5| P SOk>
We deal the first two terms of (D H(s,¢€),¢é) as in the case p > 2

; ; o
R0H(5.0.89| 5| | (16l + Wit} < (€022l

_ +
< s Hlell7n-

(1 = 4)(iDH(s,€), ) S |1 =] (llellFn + llellfi") S (€)% lell 71
Recall that for the last term we have
(iDH(s,€),Ep) =(—iAe +ic —i (|P + €[ (P +¢) — |[P[P~'P),
[ 71 - MQ)(y — 21(s)) + [ 22 - MQ](y — 22(5)) + Go)
so from the properties of operators Ly and L_

I =(—iAe+ie—1i (]P + e|p_1(P +e)— |P\p_1P) , [eirlﬁil . 1\7[Q](y — 21(s)))

A A .
=- X<771, —2Q) + (v - X’U)@h, —2iVQ)
. _ _ +1

- <1<|P1 P Py ) — [Py PPy - B

2

_ p—1 __ ,_ . o
QP 1ty — @ 1n1>,m1'MQ>~

By the same way to prove (5.51), combining with the orthogonality of n; (3.5), (3.26) and the
estimate of modulation equation (3.25), we get
11| = O((C)'s™) + O((C*)*s ™).

Finally, using integration by parts and the Cauchy—-Schwarz inequality, from the bound for
H! norm of Gy (5.10), we obtain

[(~iAe +ie —i ([P + e~ (P +€) — [PPTIP) , Go)| < 577l .

Combining these computations, the proof of (5.55) is finished. We still have the same estimate
for the localized momentum Ji: for all s € [s*, s™],

2
%[J(s, e(s))] — 22% (i V Py,
k=1

EFTPYE)) < 521064 (5)e(s)l . (5.56)
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(by using (5.53)). Then we can deduce from the modulation equation |z, —2uvg| < 571 log*% (s)

that
d

WG] 572l

The rest of the proof stays unchanged in comparison to the case p > 2 in Section 3.2.4. [l

From the uniform backwards estimates in Proposition 19, since ||R;|| g1 < s7! for j =0, J,
we have that
2

> Q) (55 + Sh=0) | Sl +Z 1;(5) 1

2
AP=1(8) =1

elv(s)
u(t(s), z) —

N

then we proceed like in Section 4 to obtain the existence of a solution w(t) satisfying the
regime (1.6)in subcritical cases with 1 < p <2

2
1) — 1037 Q( — (1))
k=1

6. SUPERCRITICAL CASES

S

~& | =

Hl

In this section, we will present the necessary modifications to prove the result in the L2

supercritical cases (1 + 3 < p < $2) (sce [4]). For k € {1,2}, z1(s) = —za(s) = 32(s),
v1(s) = —va(s) = 3v(s), denote
Y (s,y) = eTrlwmals )Yi(y 2k(s)) (6.1)
Zi(s,y) = THEVTHEIAQ(y — 24(s))
Vi(s,y) = eTHEv2 DV Q(y — 21(s))
Wi(s,y) = eTEEV=E) (y — 2(5))Q(y — 21(s)).
Let
2 2
YE(s,y) = Y (y; (2(5),0(5) = D Vi (5,9), Z(s,9) = B(y; (2(s),0(5))) = Y Zi(s, ),
k=1 k=1

Vis,y) = V(y; (2(s), v(s))) = Va(s,y) — Va(s,y),
W(s,y) = W(y; (2(s),0(s))) = Wils, y) — Wa(s, y)-
We need some extra parameters to control the instability created by Y*. Consider a solution
to the NLS equation with symmetric initial data like those below: for b = (b, b7, by, by, b3) €
R, |[b]] < C (Si“)fg (the constant C'is independent of s™ and given in Lemma 20):
1 : T

u(Tmodam) = Tw(slnay)a Y=,
()= x

(6.2)
with
w(s™) = P™(y; (ze1, ™)) + b+iY+(y, (2™, v™)) + bIY " (y; (2™, o™))
+ 01Z(y; (21, 0™)) + b2V (y; (2M€1, v ™)) + bW (y; (¢, v™)).  (6.3)
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Then we get
e(s™) = b Y T (y; (206, v™)) + bTiY ~ (y; (2, o))
B (76, o) + 0V (y; (76, 0™) + bWy (27, o)),

Lemma 20 (Modulated data in dlrectlon Y*). There exists C > 0 such that for all s™ > s

and for all a™ € [—(s™)~ g,(sm) 2], there is a unique b so that ||b|| < Cla™| (C independent
of s™) and the initial data satisfies

(m(s™), 1Y ™) =a™ (i (s™),iY) = (m(s™),1AQ) = (m(s™),yQ) = (m(s™),iVQ) 2(694)
with 1, defined as in (3.4).
Proof of Lemma 20. Let
¢ = ((m(s™), 1Y), (m(s™), 1Y), (m(s™),iAQ), (m(s™),iVQ), (m(s™), y@Q))-

We consider the linear maps
U: R — HYRY  &: HY(RY) - R®

b — e(sM) e(s™) — ¢

and Q =io V¥ :R5 — R We compute
V(h) = (Y (y: (2@, 0™)), 1Y (y; (271, 0™)),
Z(y; (™1, 0™)), V(y; (27er, o)), W(y; (™, 0™))) - h
and

o(p)le Ty — 52" dy
o) TNy - 5 dy
o(y)fe RG] (y — 52E1) dy
o(y)le V@I — 52" dy
[ ewle ™l - 5ema) dy

then we can deduce that for some complex functions A(y), B(y) € Y

iy
=
Il
——— —

Q=ioW=N+O(|(A(y + 2"&), B(y))|) = N + O(e”*")

where
iyt iy t)y (iy 1Y+) (AQ,iYT) (iVQ,iYT) (yQ,iY™)
(Y ave) (Yoivo) (AQUIYT) (VQUYT)  (yQuiv)
No | HiAG) (Y-IiAQ) GAGIAQ) (VOUAQ) (yiAQ)
(Y+,iVQ) (Y—,iVQ) (AQ.IVQ) (iVQ.iVQ) (yQ.iVQ)

(iY*tyQ) (Y ,yQ) (AQ,yQ) (iVQ,yQ) (yQ,yQ)
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and Q(0) = 0. Remark that N is the Gramian matrix of iY™",iY ™ iAQ,iVQ, yQ, which are
linearly independent since, if for some m,n,p,q,r € R (not all zeros),

miY " +niY ™ 4+ piAQ + qyQ +riVQ =0

then mY T +nY ™~ +pAQ — qiyQ + rVQ = 0. We apply L to both sides of the equality
(L+(AQ) = —2Q, L_(2Q) = —2VQ, L+(VQ) = 0) and get

megY  —mneyY  —2piQ —2qVQ =0

som=n=p=q=0asYT, Y‘,_iQ, V@ are linearly independent thus r = 0, a contradiction.
Therefore, det N # 0 and with |2™] > 1, we have that € is invertible around 0 and

1071] < [|Gram(iY ", 1Y 7, 1AQ,iVQ, yQ) | +2
Therefore, for any a'® € [—(s™)~2, (s™) 2], we can choose
b=071((0,a™,0,0,0)), [[bf] < [|27"]||a"
to conclude the lemma. ]

In fact, the coefficients by, by, and b3 can be determined explicitly from b™, b~ as follows

1

by = . . bt (v, iA
+ b (eTOOIY (- 4+ 21¢),IAQ) + b~ (1Y T, IAQ) + b (T OiY T (- 4 218)),1AQ))
by = : ! . (b7 (1Y *,iVQ)
IVQI72 — (€T O[RVQ](: + 2™Mé1),iVQ) ’
+ 0Oy (- 4 21E),iVQ) + b7 (Y 7, iVQ) 4+ b (T OV (- + 206),1VQ))
by = — . (6" (Y, yQ)
lyQll72 — (eToO[yQ(- + 2e1), yQ)
+ 0T (O (4 2, 5Q) + 0 (1Y T, yQ) + b (TViIY (4 2e), yQ)
where Ty(y) = —% iv . (y + 2"e)) — %ivi“ -y. This specific choice is made so that, initially,
we have the following orthogonality conditions

(m(s™),1A) = (m(s™),yQ) = 0 (6.5)
and (n(s™),iVQ) = 0. We recall the decomposition of u(t): there exists a C' function
qt) = (N z,7,0) : [s0,5"] — (0, +00) x RY x R x R?
such that we can modulate u(t) on [sg, s™] as
el7(s)
u(t(s), z) = W(P +6)(s,y)
and (n1(s),iA) = (ni1(s),yQ) = 0. Here we obtain only two orthogonality conditions, as the

initial data satisfies only two (6.5). The proof of uniform estimates will remain the same,
except for some modifications that we will clarify immediately. Denote

ai(s) = <771(S)71Yi>7 (6'6>
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Lemma 20 allows us to establish a one-to-one mapping between the choice of (b, b67) and the
constraints a™ (s™) = 0,a” (s™) = a™ for any choice of a™. We now define the maximal time
interval [S(a™), s™] on which (3.22) holds and
ja*(s)| < s~
for all s € [S(a™), s™]. We will prove that there exists a choice of
a™ € [~(s") 2. (") 7]
and 2™ such that S(a'™) = so. The first thing changed is that ¢(s™) may not be zero, but
we still have €(s™) < |[b]] < (sin)_%. This is enough to conclude that [W (s, e(s))] < C*s~2
from the fact that ’%W(s,e(s)ﬂ < C*s73. Next, from (n;(s™),iVQ) = 0, we still deduce
that |(n1,iVQ)| < (C*)%s~ log ™! (s) by considering the localized momentum Mj,. The second
thing that needs to be modified is the coercivity of W. By (1.17),
W(s,e(s)) 2 lle(s)[l7n +O(s77)

the process in Section 3 is still valid as long as we have (6.7). We claim the following prelimi-
nary estimates on the parameters a™(s).
Lemma 21. For all s € [S(a™), s™],

da™

S () F coa®(s)

Proof of Lemma 21. Applying the inequality (3.29) with A = —ImY ™, B = ReY ™ and using
the equation of Y+ (1.16)

3
2

(6.7)

< Nellfn (6.8)

d
‘g(%iReY+ —ImY ™) — [(m,—iL_(ImY*) — Li(ReY ™))

— (M1 - MQ, —ilmY+ — Rey+>]' <(C*2s72 + 57| (6.9)

so we get
d ) i o i R
Y = )] S (€ s ] (- QY

This implies %(s) —epa™(s)| < |le]]3:. In the same way, we also obtain

S (5) + coa™(s)

as desired. 0

< Mlellzn

By the same arguments in Section 3, we improve all estimates in the bootstrap bounds,
except those of a*(s) and z(s). It seems to us that the reasoning to close the bootstrap bound
of z(s) still works; in fact, it does; however, we will control a®(s) through a suitable value of
a™™ also by a topological argument, so we have to choose (z'*,a™™) at the same time.

Lemma 22 (Control of a™(s)). For all a™ € [—(sin)_%, (sin)_%], the following inequality holds
for all s € [S(a™™), s™]

|
e

lat(s)| < (6.10)

N =
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Proof of Lemma 22. Tt follows from (3.22), (6.8) and a™(s™) = 0 that, for all s € [S(a™), s™],

lat(s)] < (C’*)Qeeos/ e T 2qr

<

for sg to be large enough. ([l
Lemma 23 (Control of a~(s) and closing the parameter z). There exist 2™ and a™ €
[—(sin)_%, (si“)_%] such that S(a™) = sg.
Proof of Lemma 23. We argue by contradiction. Consider ((s), £(s) as defined in (3.47) and
N(s) = s*(a™(s))>.
Suppose for all (¢*, af) € D = [~1,1] x [~1, 1], the choice of
¢in — gin 4 (gin log—%(sin)’ a® = af (")~

gives us S(a') = S(¢¥, a*) € (s0,5™). Recall that

£(5) = 2(¢(s) — $)(E(5) — s~ log(s) — ((5) — 5)2(25  log(s) — 579, (6.11)
On the other hand, for s € (S(¢*, af),s™], then by (3.22) and (6.8), we have

nlw

N(s) = s*(3s7ta™(s) + 2%(8))&7(8)
=5°(3s7" — 2e0)(a”(5))* + O (|le|| 3 5% |a(s)]) -

Due to the bound on ||e||%,,, we obtain

2
HL>
N(s) < 33571 = 2e0)(a™ (5))2 + C(C*)2s™2 /N (5)

1
then, for sy large enough (% < 3ep and C(C*)2sy % < Leg), the estimate becomes

N(s) < —geoN(S) +C(CH)2s 5 N(3). (6.12)
Denote
i (5) = (C(s) — 5)(s)*log2 (s),
Wy(s) = a(s)(s)2.

From the definition of S(a'™) and the continuity of the flow, at the limit S(¢*,a*), we have
one of the following situations:

Uy(S(¢F,ah)) =1, Uy e[-1,1] (6.13)

Uy(S(¢F,af)) =+1, ¥ e[-1,1]. (6.14)

Remark that, in the first case, we have

E(S(¢Faf)) < —(S(¢Faf) 7t <0
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and in the second case, we have N (S(¢*, af)) = 1
N(S(¢H a%)) < —eg < 0.

A consequence of the above transversality property is the continuity of the map (%, af) —
S((¢¥,at)), thus the following map

v o D — oD
(¢ ah) = (W1(S(CH ab)), Ua(S(CH ah))),

where 9D is the boundary of D, is also continuous. Note that if a® = 41, then from (6.12),
N(s™) < 0, we have S(¢%, af) = s™ and if ¢* = £1, then from (6.11), £(s™) < 0, we also have
S(¢* af) = s™. Thus W(¢F, af) = (¢F, af) for all (¢*, a*) € OD, which means that the restriction
of ¥ to the boundary of D is the identity. But the existence of such a map contradicts

the Brouwer fixed-point theorem. In conclusion, there exist final data (2™, a™) such that
S(a™) = sq. O

Finally, we still have the strong compactness result as in Lemma 15
U (to) — ug weakly in H(RY)

un (to) — up in HU(Rd), for0<o <1
then we also consider u, the solution to the NLS equation corresponding to ug, by local well-
posedness and continuous dependence (in [3]) for L? super-critical of (NLS), we have, for all
t € [to, +00),

up(t) — u(t) in H(RY), s.<o<1
% - %1 < 1. Thus we can pass to the limit the

where s. is the critical exponent s, = 5

decomposition (g, €) and get

<t L (6.15)
H1

2
u(t) =" " Q (x — (1))
k=1
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