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A RIGIDITY RESULT FOR THE HOLM-STALEY b-FAMILY OF
EQUATIONS WITH APPLICATION TO THE ASYMPTOTIC
STABILITY OF THE DEGASPERIS-PROCESI PEAKON

LUC MOLINET

ABSTRACT. We prove that the peakons are asymptotically stable, under the
flow of the Degasperis-Procesi equation, in the class of functions with a mo-
mentum density that belongs to M4 (R). The key argument is a rigidity result
for uniformly in time exponentially decaying global solutions that is shared by
the Holm-Staley b-family of equations for b > 1. This extends previous results
obtained for the Camassa-Holm equation (b = 2).

1. INTRODUCTION

The Degasperis-Procesi equation (D-P) reads

(1.1) Up — Utgy = —dUly + BUplpy + Ulgpy, (t,7) € R?,

It is a particular case of the more general family of equations called b-family equation
that reads

(1.2) U — Upge = —(b+ Dty + buglipy + Wlyee, (1, ) € R?,

with b € R . This family of equations was introduced by Holm and Staley ([22],[23])
to study the exchange of stability in the dynamics of solitary wave solutions under
changes in the nonlinear balance in a one dimensional shallow water waves equation.
It reduces for b = 3 to the DP equation and for b = 2 to the famous Camassa-Holm
equation (C-H)
(1.3) Up — Upgy = — Uty + gty + Wlgee, (t, ) € R,
Even if, as noticed by Holm and Staley, the behavior of the solutions do change
at b = 0,F1,F2, F3, the b-family equations share the same peaked solitary waves
given by
u(t,z) = oe(x — ct) = cp(x — ct) = ce” "7 ¢ e R.

They are called peakon whenever ¢ > 0 and antipeakon whenever ¢ < 0. Note that
the initial value problem associated with (1.2) has to be rewriten as

w4 uug + (1= 02)710,(5u? + 352u2) =0

u(0) = ug,
to give a meaning to these solutions. It is also worth noticing that the b-family
equation (1.2) can be rewritted as

(1.5) Yt + uyy + bugy =0

(1.4)
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2 L. MOLINET

which is a transport equation for the momentum density y = u — ugz,. As a
consequence an initial data with a signed initial momentum density gives rise to
a solution that keeps this property. This is one of the main point to prove that
smooth initial data with integrable signed initial momentum density give rise to
global solutions (see [20]).

Both the Camassa and the Degasperis-Procesi equation can be derived as a model
for the propagation of unidirectional shallow water waves over a flat bottom ([3],
[24]), [1] and [8]. They are also known to be completely integrable (see [3],[4], [13],
[14]) and to be bi-Hamiltonian. They both can be written in Hamiltonian form as

(1.6) OB (u) = —0,F'(u)

For the Camassa-Holm equation it holds

(1.7) E(u) = / u? +u? and F(u) = / u® + uu?
R R

whereas for the Degasperis-Procesi equation it holds
(1.8) E(u) = H(u) = / yu = / 5v% + 402 + 02, and F(u) = / u?
R R R

with v = (4 — 92)~lu.

It is worth noticing that they are the only elements of the b-family that enjoy
such Hamiltonian structure and thus for which results on the orbital stability of the
peakon do exist!. In a pioneer work [11], Constantin and Strauss proved the orbital
stability in H'(R) of the peakon for the Camassa-Holm equation. This approach
has been then adapted in [27] for the Degasperis-Procesi equation but only in the
case of a non negative density momentum. Note also that a great simplification of
the proof has been done in [26]. However, as far as the author knows, there is no
available orbital stability result for the peakon of the DP equation with respect to
solutions with non signed momentum density.

In [34], the author proved that the peakons are asymptotically stable under the
CH-flow in the class of solutions emanating from initial data that belong to H'(R)
with a density momentum that is a non negative finite measure. The main point
was the proof of a rigidity result for uniformly almost localized solutions of the
CH equation in this class. The asymptotic stability result being then obtained by
following the approach developed by Martel and Merle ([31], [32]).

In this paper we first prove that this rigidity property can be extended to the b-
family equations whenever b > 1. This emphasizes that this property is not directly
linked to the integrability structure of the equation since it was proven in [13] that
(1.4) is not integrable for b & {2,3}. In a second part, we establish the asymptotic
stability of the peakons under the DP-flow in the class of solutions emanating from
initial data that belong to H!(R) with a density momentum that is a non negative
finite measure.

Before stating our results let us introduce the function space where our initial
data will take place. Following [10], we introduce the following space of functions

(1.9) Y = {u € H'(R) such that u — u, € M(R)} .

We denote by Y, the closed subset of Y defined by Yy = {u €Y /u — uyy € My}
where M is the set of non negative finite Radon measures on R. Note that since we

However, numerical simulations ([22]) seems to indicate that the peakons are stable under the
flow of (1.4) as soon as b > 1
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are not aware of available uniqueness, global existence and continuity with respect
to initial data results of all the b-family equations for initial data in this class, we
establish such results in Section 2.

Let Cy(R) be the set of bounded continuous functions on R, Cy(R) be the set of
continuous functions on R that tends to 0 at infinity and let I C R be an interval.
A sequence {v,} C M is said to converge tightly (resp. weakly) towards v € M if
for any ¢ € Cp(R) (resp. Co(R)), (vn, ) — (v,¢). We will then write v, —* v
tightly in M (resp. v, —=* v in M).

Throughout this paper, y € Cy;(I; M) (resp. y € Cy,(I;M)) will signify that for
any ¢ € Cp(R) (resp. ¢ € Co(R)) , t — <y(t), ¢> is continuous on I and y,, —* y
in Cy; (I; M) (resp. yn, —* y in Cy,(1; M)) will signify that for any ¢ € Cy(R) (resp.

CoR)), (yn(-), @) = (y(),6) in C(I).
Definition 1.1. We say that a solution u € C(R; H(R)) with u—uy,; € Cy(R; M)
of (1.4) is Y-almost localized if there exist ¢ > 0 and a C'-function z(-), with

x; > ¢ > 0, for which for any € > 0, there exists R, > 0 such that for all t € R and
all ® € C(R) with 0 < ® <1 and supp® C [—R., R.]°.

(1.10) <<I>(~—:r(t)),u(t)—um(t)> <e.

We will say that such solution is uniformly in time exponentially decaying (up to
translation) if there exist a1, as > 0 such that for all (¢,z) € R?

(1.11) lu(t, )| < ajeazlz==®)l

Remark 1.1. In [34] we replaced (1.10) by

(1.12) /R(u?(t) +u2()@( — () do + (B(- = 2(t)), ult) ~ upa(t)) <& .

in the definition of Y-almost localized solutions. This characterization was natural
in the context of the Camassa-Holm equation since the H'-norm is a conservation
law. For the b-family this is not the case and this is why it seems more appropriate
to give the characterization (1.10) that is however equivalent to (1.12) (see the
beginning of Section 2 for the proof of this equivalence).

Theorem 1.1. Let b > 1 and u € C(R; H(R)), with u — uzy € Cpw(R; M), be
a Y-almost localized solution of the b-family equation (1.4) that is not identically
vanishing. Assume moreover that u is uniformly in time exponentially decaying in
the case b & {1,2,3}. Then there exists ¢* > 0 and xo € R such that

u(t) =c* (- —xg — c't), VieR.

As a consequence we get the asymptotic stablity of the peakons to the DP
equation (b = 3) that reads in the weak form as

3
(1.13) ut+uum+§8m(1733)71u2 =0.

Theorem 1.2. Let ¢ > 0 be fized. There exists a constant 0 < n < 1 such that for
any 0 < 0 <cA1l and any ug € Y4 satisfying

(1.14) H(ug — o) < 7798 ,
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there exists ¢* > 0 with |c — ¢*| < ¢ and a C*-function x : R — R with tlim z=c"
—00

such that

(1.15) ult,-+z(t) — e in H(R),

t——+oo

where u € C(R; HY) is the solution of the DP equation (b= 3) emanating from ug.
Moreover, for any z € R,

(1.16) t_1}+moo u(t) = @ex (- = ()| 51 (1=o0,2[U10¢,400]) = O -

Remark 1.2. Using that (1.13) is invariant by the change of unknown u(t,z) —
—u(t,—x), we obtain as well the asymptotic stability of the antipeakon profile cp
with ¢ < 0 in the class of H'-function with a momentum density that belongs to
M_(R).

Remark 1.3. We choose to write the convergence results (1.15)-(1.16) in H*(R)
by sake of simplicity. Actually these convergence results hold in any H*(R) for
0<s<3/2

This paper is organized as follows : the next section is devoted to the proof
of the well-posedness results of the b-family equations in the class of solutions we
will work with. In Section 3, we prove the rigidity result for Y-almost localized
global solutions of the b-family equations with b > 1 with the additional uniform
exponential decay condition as soon as b > 1. Finally, in Section 4 we prove
Theorem 1.2 as well as an asymptotic stability result for train of peakons to the
DP equation. Note that we postponed to the appendix the proof of an almost
monotonicity result for the DP equation that leads to the uniform exponential
decay result for Y-almost localized global solutions.

2. GLOBAL WELL-POSEDNESS RESULTS

We first recall some obvious estimates that will be useful in the sequel of this
paper. Noticing that p(z) = %e*m satisfies pxy = (1—092) "1y for any y € H~*(R)
we easily get

[ullwrr = [[p* (0 — vaz)[[wra S [Jt— vaallnm
and
[tae v < llullzr + lu = vas|ln
which ensures that
(2.1) Y« {u € WHY(R) with u, € BV(R)} .

Moreover, Young’s convolution inequalities lead to

(2.2) max([[ull gz, [lull oo, [lue| L2 [[ua ]l L) < [lu = tae | -
It is also worth noticing that since for u € C§°(R),

/

wa) =5 [ e+ [ T (4 ) ()’

and
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we get u2 < u? as soon as u — Uz, > 0 on R. By the density of C§°(R) in Y, we
deduce that

(2.3) |ug| < u for any w € Yy .

In this paper we will often use that the Y-almost localization of a global solution
u leads to a LP-almost localization of u for p € [1,+00] and even to a H'-almost
localization. Indeed, for u satisfying Definition 1.1, taking ® € C(R) with 0 < & <
1, ® =0 on [—R./s, R./g] and d=1on [—2R./s,2R.s]°, we get for p € [1,+o0]
and any R > 2R, /g that

o))

1, . ~ 1 .
lutt, +2 () ooty < Glle” et +2E)B) | aismy+5 e e, +a () (1-
with
e @yt + @)@ o isry < e laslly(t, + 2(0)Bllac < /4
and for p # +o0,

He—H x (y(t, 4 z(6)(1 - é))‘

Lp(jz|>R)

([ Jerla-ayp+aon])”
= e — 5 5" X
Lr(|z|>R) |z|>R Y
< s M()lle ooy < 2720 M (w)

with obvious modifications for p = +oc. Taking R > 2R, /5 such that 2e~+28 /s M (u) <
/2, this ensures that
[u(- + 2@l Le(z>r) < €
and applying this estimate for p = 2 with (2.3) in hands, we infer that (1.12) holds
for R. > 2R, /g with e~ M (u) < e=2fe/s ¢/8.
Finally, throughout this paper, we will denote {p,, },>1 the mollifiers defined by

-~ -1 .  ME for ] < 1
20 o= ([ s©)€) " nptn) with o) = { o
In [20] the global well-posedness result for smooth solutions with a non negative

momentum density of the Camassa-Holm equation (see [7]) is adapted to (1.4).
This result can be summarized in the following proposition

Proposition 2.1. (Strong solutions [20])

Let ug € H*(R) with s > 3/2. Then the initial value problem (1.4) has a unique
solution v € C([0,T); H*(R)) N C([0,T); H*~') where T = T(|luoll ,3+) > 0 and,
for any r > 0, the map ug — u is continuous from B(0,r) gs into C([0,T(r); H*(R))
Moreover, let T* > 0 be the mazimal time of existence of u in H*(R) then

(2.5) T" <400 <& liminfuy, =—o0
t AT

and if yo = up — ug zx > 0 with yo € L' (R) then T* = 400 and
(2.6) ly(@llzr = ly(0)[| L, vt € Ry .

Unfortunately, the peakons do not enter in this framework since their profiles do
not belong even to H %(R) In [10] an existence and uniqueness result of global so-
lutions to Camassa-Holm in a class of functions that contains the peakon is proved.
This result was shown to hold also for the DP equation in [28]. We check below
that it can be actually extended to the whole b-family and thus do not require the
hamiltonian structure of the equation.
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Proposition 2.2. Let ug € Y1 be given.

1. Existence and uniqueness : Then the IVP (1.4) has a global solution u €
CLR; LY(R) N L2(R)) N C(R; Wht N HY(R)) such that y = (1 — 82)u € Cy(R; M)
Moreover, this solution is unique in the class

(2.7) {f € CR B R) N {f — fuw € LZ(R; M)}

and M(u(t)) = M(ug), for allt € R.

2. Continuity with respect to initial data in W1 (R): For any sequence

{uon} bounded in Yy such that ug, — up in WHL(R), the emanating sequence of
solution {u,} C C*(R; LY(R)NL3(R))NC(R; WHIN HL(R)) satisfies for any T > 0

(2.8) u, — u in C([~T,T); Wt n HY(R))
and
(2.9) (1 —0Hu, —*y in Cy([-T,T],M) .

3. Continuity with respect to initial data in Y equipped with its weak
topology : For any sequence {uo,} C Y, such that? Ugn — * ug n Y, the
emanating sequence of solution {u,} C C*(R; LY(R)NL*(R))NC(R; WHINnHY(R))
satisfies for any T > 0,

(2.10) un = win Cy([=T,T); H'(R))

n—oo
and (2.9).

Proof. 1. First note that in [20] the results are stated only for positive times but,
since the equation is invariant by the change of unknown wu(t, ) — u(—t, —x), it is
direct to check that the results hold as well for negative times.

Uniqueness The uniqueness follows the same lines as for the Camassa-Holm
equation (see [10]) Let u and v be two solutions of (1.4) within the class (2.7). At
this stage it is worth noticing that (1.4) then ensures that u,v € CY(R; L*(R) N
L3(R)). We set w = u — v and

M = sup fult, ) = taa(t, )l + [0t ) = vt llve
One can easily check (see [10]) that

sup ([u(t, )], [v(t, 2)], [ua(t, 2)], [va (8, 2)]) < 5 M

1
(t,z)eR? 2
and

igﬂg(llﬂ(t)lluv [ L1, 1z (Ol L1 oz ()] L) < M-

We proceed exactly as in [10], using exterior regularization. It holds

d
£/|pn*w\ = /(pn*wt)SgH(Pn*w)
R

R

1+1b 1+13-0

BB [l + 225200 [ el + Rt
2 R 2 R

IN

2By this we mean that ug,, — up in H'(R) and ug,pn —* ug in M
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d
&/ lpn *x we| = /(pn*wtz)Sgn(Pn*wr)
R R

4+ |b 5+|13—0
7| |M/|pn*w\+7| |M/|pn>kw$|—|—Rn(t)
2 R 2 R

IN

with
R,(t) > 0asn — +oo and |R,(t)| <1, n>1,t € R.

Gathering these two inequalities and using Gronwall lemma, we thus get

t
[ Goweultlpmsunl)t.) < [ O, (st [ (oo, )0,2)] e
R 0 R

with ¢(b) = %. Fixing t € R, letting n — 400 and using (2.1) this leads to

(2.11) lw®)|wia < e“@Hwollywri, VEeR.

This yields the uniqueness in the class (2.7).

Existence : Let ug € Y;. According to Proposition 2.1 for any n > 1, p, * ug
gives rise to a global smooth solution u”™ of (1.4) and (2.6) ensures that (u™),>1
is bounded in C(R;Y). As p, * ug — ug in Whl, fixing T > 0, we deduce
from (2.11) that (u™),>1 is a Cauchy sequence in C([-T,T]; Wh1)) and thus in
C([-T,T); HY(R)) in view of (2.3). By a diagonal process we thus construct
a function u € C(R; WY1 N H) that satisfies (1.4)A in L2(R) for all ¢t € R.
Moreover, (2.6) ensures that u belongs to the uniqueness class (2.7) and thus to
CY(R; L*(R) N L%(R)) as noticed in the uniquess proof. It remains to prove that

(2.12) (1 —0Hu™ =%y =u — uyy in Cy([-T,T],M) .

Indeed, this will force M (u) to be a conserved quantity since M (u,,) is a conserved
quantity. To do this, we notice that for any v € BV(R) and any ¢ € C}(R), it

holds
W) = —/w’.

Therefore, setting y™ = ul., the convergence of u™ towards u in C ([T, T]; Wh1)),
T > 0, ensures that, for any t € R,

[rwo= [@oorwon = [ wOorund) = .o
and thus y™(t) —* y(t) tightly in M. Using that the equation (1.4) forces {9;u™} to
be bounded in L>(0,T; L'),A Arzela-Ascoli theorem leads then to (2.12). Indeed,
for any ¢ € C’f (R) and any T > 0, we observe that the sequence of C'! functions
{t — (y™(t),¢)} is uniformly equi-continuous on [0, 7] since

d
2" (1), 9] = |/Ru?(¢ = ¢ua)| < 2/ Lo 0,1l -

2. Tt is clear that (2.8) is a direct consequence of the W' !-Lipschitz bound (2.11)
and (2.9) follows then exactly as above.

3. According to Banach-Steinhaus Theorem, {ug,} is bounded in Y. Therefore,
the sequence of emanating solution {u,} is bounded in C(Ry; Wil N HY(R)) with
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{tn} bounded in L>®(R; BV (R)). Hence, there exists v € L=(Ry; H'(R)) with

(1 —02)v € L*®(R; M, (R)) such that, for any T > 0,

un = v € L¥(-T,T; HY(R))A and (1—9?)u,, - (1-0%)v in L™= (=T, T[; M, (R))
But, using that {Q;u,} is bounded in L*°(R;L?*(R) N L'(R)), Helly’s, Aubin-

Lions compactness and Arzela-Ascoli theorems then ensure that v is a solution

to (1.4) that belongs to C,, ([T, T]; H'(R)) with v(0) = uo and that (2.9) holds.

In particular, vy € L>(] — T,T[; L*(R)) and thus v € C([-T,T]; L*(R)). Since

v e L®(] — T, T[; H2~(R)), this actually implies that v € C([=T,T]; H2~(R)).
Therefore, v belongs to the uniqueness class which ensures that v = u. O

Remark 2.1. As noticed by Danchin in [12] for the Camassa-Holm equation, (1.5)
ensures that smooth solution of (1.4) emanating from an initial data with an inte-
grable initial momentum density satisfies

G == [uodl = [l == [l

Therefore by (2.2) and Holder inequality we get

ally(t)llu < b= 1lly@)lz:
that leads to the a priori estimate

l[yoll 1 ,

WOl = 173 )iyl
This shows that in the case b = 1 we can actually replace the requirement uy € Y5
by up € Y without changing the conclusion. Whereas in the case b # 1, replacing
the requirement ug € Yy by ug € Y, exactly the same approach as the one to
prove Proposition 2.2 leads to the existence and uniqueness of a local solution
uw € CH[-T,T); L*(R)) N C([-T,T); WHt N H(R)) such that y = (1 — 8?)u €
Cw([-T,T); M) to (1.4) with T = T'(J|lyol|n) > 0.

3. A RIGIDITY RESULT FOR Y -EXPONENTIALLY LOCALIZED SOLUTION OF THE
b-FAMILY MOVING TO THE RIGHT

This section is devoted to the proof of Theorem 1.1. We follow [34] but by using
only the conservation of momentum M. We will need the following lemma (see for
instance [21])

Lemma 3.1. Let u be a finite nonnegative measure on R . Then u is the sum of a
nonnegative non atomic measure v and a countable sum of positive Dirac measures
(the discrete part of u). Moreover, for all e > 0 there exists 6 > 0 such that, if I is
an interval of length less than ¢ , then v(I) < e.

3.1. Boundedness from above of the momentum density support.

Proposition 3.2. Let b € R and let u € C(R; HY(R)) with u— 1y, € Cyp(R;YS) be
a Y -localized global solution with xy > co > 0 of the b-family equation (1.4) which
is moreover uniformly exponentially decaying if b # 1. Then there exists rg > 0
such that for allt € R, it holds

(3.1) supp y(t, - + z(t)) CJ — oo, o],
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and

6—27’0

(3.2) w(t,z(t) + o) = —uz(t, x(t) + 7o) > yr M(u) .

0
Proof. Clearly, it suffices to prove the result for t = 0. Let u € C(R; H'),with
U — Uy € Cp(R; M), be a Y-uniformly exponentially decaying solution to (1.4)
and let ¢ € C°(R) with ¢ =0 on ] —o00,—1], ¢ >0and $ =1 on R;. We claim
that

(3.3) (4(0), 6(- — (2(0) +70))) = 0

which proves the result since y € M, .

We approximate uy = u(0) by the sequence of smooth functions ug , = py, * ug that
belongs to H*(R) NYy so that (2.8)-(2.9) hold for any 7" > 0. We denote by u,
the solution to (1.4) emanating from ug , and by y, = Up — Un 2o its momentum
density. Let us recall that Proposition 2.1 ensures that u, € C(R; H>*(R)) and
Yn € Cw((R; LY(R)). We fix T > 0 and we take ng € N large enough so that for all
n 2 no,

1 .
(34) ||un - UHLOO(],T’T[;Hl) < Emm(co,M(u))
and

€0
(3.5) [0,n = wollx < b}

As explain in the beginning of Section 2, the Y-almost localization of u actually
forces an almost localization in all L? for p € [1, +o00]. Therefore there exists rg > 0
such that

(3.6)

1 .
lut, +2E) L2 q—rosrole) Hllult, F@ @) L2 —rosrole) < 7 min(co, M(u)), V¢ €R.

Combining this estimate with (3.4) we infer that for n > ny,
1
(3.7) un (t,x(t) + 2) < R min(cg, M (u)),V(|z|,t) € [ro, +oo[x[-T,T].

Now, we introduce the flow ¢,, associated with u,, defined by

(3.8) Oan(t,) = un(t,qu(t,x)) , (t,7) € R?
’ Qn(07 x) = ,xeR
Following [5], we know that for any ¢ € R,

(3.9) Yn(0,2) = yn(t, gn(t, 2))qn o (t, )"

Indeed, on one hand, (1.5) clearly ensures that

0 ¢
ot (yn(t7 qn (tv x))eb Jo tn.a(5:an(s:2)) ds) =0

and, on the other hand, (3.8) ensures that ¢, ,(0,z) =1, Vz € R, and
(3.10)
0

t
a‘h,r(t, 1') = Un,ac(ta qn(t, x))qu(t, :E) = qn,x(ta x) = exp(/ un,x(sa qn(s, 33)) ds) .
0

We claim that for all n > ng and t € [-T,0] ,

(3.11) an(t, 2(0) + 7o) — x(t) > o + %Om.
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Indeed, fixing n > ng, in view of (3.7) and the continuity of w, there exists ty €
[T, 0[ such that for all ¢ € [ty,0],

n(t,ga(t,2(0) +70) <

and thus according to (3.8), for all ¢ € [t, 0],

iqn(t, 2(0) +1r9) <

Co
dt 4

which leads to
Gn(t2(0) +10) = 2(t) 2 70 + Tltl, 1€ [t0,0] -

This proves (3.11) by a continuity argument.
Now, in the case b # 1, we thus deduce from the uniform exponential decay of u
that for all ¢ € [-T,0] and all > 0,

(3.12) u(t, gu(t, 2(0) + 10 +2) < Cexp(—ﬁ(ro + co|t|/2)>

Therefore, in view of (2.8) and (2.3), there exists n; > ng such that for all ¢ € [T, 0]
and all x > 0,
(3.13)

un(t7 QH(ta :L‘(O) + 1o+ 93) + |un,$(tv Qn(tv I(O) + 1o+ ‘T)| < 4C eXp<fﬂ(’l”0 + CO‘t|/2))

The formula (see (3.10))

(3.14) Gna(t,x) = exp(— /to Un,z (8, qn (s, x)) ds)

thus ensures that Vvt € [-T,0], V& > 0 and Vn > ny,

0 0
exp<f4C/ o Blrotcols|/2) ds) < G,z (t, 2(0)+ro+z) < exp(4C’/
-7

e~ Blrotecals|/2) ds)
-T

8ce=PT0

Setting Cy :=e P  this leads, in the case b # 1, to
1

(3.15) o < Gno(t,z(0) + 19+ ) < Cy, Vt € [-T,0] .
0

Now, we claim that for any b € R and any n > n; it holds

—+oo

+oo
(3.16) / Yn(0,2) de < C’gil/ yn(t,z)dz, YVt < [-T,0] .
z(0)+7ro z(t)+ro+colt|/2

Letting n — 400 using (2.9) and then letting 7' — oo, this ensures that

(y(0), 8- = 2(t) = r0) ) < CEH(y(®), 6(- = a(t) = 10 — coltl/2+ 1)), VL <0

which proves (3.3) since the Y-uniform localization of u forces the right-hand side
member to goes to 0 as ¢ — —oo. Therefore, to complete the proof of (3.1), it
remains to prove (3.16). First, it follows from (3.9) that for any ¢ < 0 and any
Ty > To,

z(0)+r;, z(0)+r(,
/ yn(O,x) dx = / yn(taQn(t7x))Qn,a:(tax)b dx
z(0)+7r0 z(0)+ro
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and (3.15) leads for any b € R to

z(0)+r;, z(0)+7]
[ momde et [ b anlt o) ana(ta) do
2(0)+ro z(0)+ro

The change of variables z = g, (¢, ) then yields

Z(0)+T6 qn(t7$(0)+7‘6)
/ yn(0,2) dx < C’g_l/ yn(t, z) dz
z(0)+ro qn (t,2(0)+70)

and (3.16) then follows from (3.11) by letting r{ tend to +oc.
Let us now prove (3.2). We first notice that thanks to the mean-value theorem,
(3.6) and the conservation of M(u) = (y,1) = [, u, it holds
M (u)
47"0 '

1
(3.17) max u(t,+2(t)) = g ult: + 2 O)rg-rorop >

[=70,70]
But, since u, > —u on R2, for any (¢,7¢) € R? it holds
u(t,z) < u(t,zo)e ™0, Vo <uxg.
Applying this estimate with xo = x(t) + r¢ we obtain that
u(t,z(t) + 1) > [max ult, -+ a(t))e 2"

—7“017"0]

which, combined with (3.17) yields (3.2). O

Remark 3.1. It is worth pointing out that b = 1 is a particular case here. Indeed,
in this case we do not need the Y-uniform exponential localization of u but only a
Y -uniform almost localization since we do not need (3.15) anymore.

3.2. Study of the supremum of the support of y. We define
z4(t) = inf{x € R, suppy(t) C] — o0, z(t) + z]}

In the sequel we set
6727‘0

Qp =

47"() M(U)

to simplify the expressions. According to Proposition 3.2, t — x (¢) is well defined
with values in | — oo, rp] and

(3.18) ut,z(t) + x4 (1)) = —ux(t,2(t) + 24 (¢)) > ap .

The following lemma proved in [34] ensures that ¢ — x(¢) +z(t) is an integral line
of w.

Lemma 3.3. For allt € R, it holds

(3.19) £(8) + 24 (1) = a(t, 2(0) + 24 (0))
where q(+,-) is defined by
(3.20) { (g(((t)g = ulbalt) | (t.2) € R

In the sequel we define ¢* : R — R by
(3.21) q*(t) = q(t,z(0) + £+ (0)) = 2(t) + z+(t), VteR.



12 L. MOLINET

Proposition 3.4. Assume that u satisfies the hypotheses of Proposition 3.2 with
b>1. Let a : R — R be the function defined by

(3.22) a(t) = ug(t,¢"(t)—) —ux(t,¢"(t)+), VieR.

Then a(-) is a bounded non decreasing derivable function on R with values in
[, M (u)] such that

(3.23) o/ (1) = %@2 — W)t (6)-), VEE R,

Proof. First, the fact that a(t) < M (u) follows from the conservation of M together
with (2.3) and Young convolution inequalities since u = %e"’”‘ *y. To prove that
a(t) > %2, we proceed by contradiction. So let us assume that there exists tp € R
such that a(tg) < ap/8. Since y(ty) € M4 with supp y(to) C]—o0, ¢*(to)], according
to Lemma 3.1 we must have

Qo

3

Without loss of generality we can assume that ¢ty = 0 and thus there exists 5y > 0
such that

lim t <
z,q* (to) Hy( 0)||M(]Z,+oo[)

Qo
(3.24) Iy (O)Ineqga- ©0))~o+och) < 5 -
By convoluting ug by p, (see (2.4)), for some n > 0, we can approach ug by a
smooth function 4y € Yy N H*(R). Taking n large enough, we may assume that
there exists 4 > 24 (0) close to x4 (0), such that

(3.25) Jo = (1 — 9%y =0 on [2(0) + &, +00|
and

- Qo Qo
(3.26) Foll L1 (12 (0) 444 —Bo,+ool) < Y 350

where go = Uy — Uo,4». Moreover, defining ¢o : R — R by
G2(t) = q(t, z(0) + Z4)

where ¢(-,-) is defined by (3.20) with u replaced by @, (2.8) enables us to assume
that the emanating solution « satisfies

(3.27) Jut) = a(t) | < 50
and
(3.23) (1) = 2] < 5370s

for all ¢ € [—t1,t1] with ¢; > 0 to specified later. It is worth noticing that (3.27)-
(3.28), (3.25), (3.9), (3.2) and the mean-value theorem - recall that by Young in-
equalities |u,| < 2 M (u) - ensure that
(3.29) —tg(t,@2(t)) = a(t, G2(t)) = (1 =27")ag YVt € [~t1,ta] -

We claim that for all ¢ € [—¢1,0] it holds

(3.30) aa(t1) < =22 on [@(0),a2(1)],

where ¢, (¢) is defined by ¢ (t) = G(t,z(0) + 4+ — Bo).
To see this, for v > 0, we set

A, ={teR_/Vr € [t,0], ug(r,2) < —yon [Gi(7),G(7)] } .
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Recalling (3.2), (3.26), (3.29) and that @ > 0 , we get for 0 < 8 < fy,
Uz (0,2(0) + 24 = B) < (0, »”U(O) +Z4) + 190l L1 (2(0) +3 -+ — Bo,+00D)

< —a0+

<
- 25 8 25 4
which ensures that ASaO is non empty. By a continuity argument, it thus suffices
to prove that Aao C A3a0 First we notice that for any t € Aao and any = €

[q1 (%), @2(t)], the deﬁmtlon of Aag ensures that

Gz (t,x) = exp(— /tO U (7,q(7, ) dT) >1

where (-, -) is the flow associated to @ by (3.20). Therefore, @ > 0, § > 0, a change
of variables, (3.9) and (3.26) ensure that for any x € [¢1(t), §2(t)],

G2(t) G2(t) G2(t) z(0)+Z 4
/ (£, 8) ds > — / j(t,s)ds > — / i(t,s) ds = — / 3(t,4(t $))du(t, ) ds .
x x q (

g1 (t) z(0)+&+ —Po
Using that b > 1 this leads to

G(t) 2(O)+E+ i , 2(0)+34 a0 o
/ u:p:v<t7 8) dS Z - / - y(t7 q(ta S))qw<t7 8) dS = - / - yO(S) dS Z _§_276
@ z(0)+Z4+—Bo z(0)+Z4+—Bo

and (3.29) yields
q2(t) 3
fn(t) = (0 2(0) = [ alt8)ds < =g+ G+ 5 < =0
which proves the desired result.
We deduce from (3.30) that Vt € [—t1,0],

@0 -a0) = W) - 1)

< = (@) —a®) .
Therefore,
~ ~ ~ ~ 204
(G2 —q1)(t) = (G2 — q1)(0)e™ =" = foe™ 2"
On the other hand, since according to (3.29) and (3.30), @(t,d2(f)) > 2ap/3 and
Uy < 0 on |Gi(t), G2(t)[, we deduce that
a(ta 61 (t)) Z a(t762(t)) 2 20{0/3, on [_tlvo] .

Coming back to the solution u emanating from wy, it follows from (3.27) that

min(u(t,(jl(tl)),u(t,(jz(tl))> > 52 with (@ — @)(h) = foe™ ¥, Ve e [+,0].

Taking ¢; > 0 large enough, this contradicts the Y-almost localization of « which
proves that a(t) > %2 and thus wu,(t,-) has got a jump at z(t) + x4 (t).

It is worth notlcmg that,according Lemma 3.1, this ensures that for all t € R,
one can decompose y(t) as

(3.31) y(t) = v(t) + a(t)0u(t)y 1oy 1) + Z ai(t)dz, ()

i=1
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where v(t) is a non negative non atomic measure with v(¢) = 0 on |x(t)+xz (t), +00],
{ai}n>1 € (R4)N with D272 a;(t) < oo and z;(t) < z(t) + x4 (¢) for all ¢ € N*. It
remains to prove that for all couple of real numbers (t1,t2) with ¢; < ¢,

(3.32) alts) — a(tr) = %/t C(u? = 2)(r, g* (7)) dr

Indeed, since |u;| < u and u € L>(R?) this will force a to be non decreasing and
derivable on R. Let ¢ : R — R, be a non decreasing C'*°-function such that
supp ¢ C [~1,+o00[and ¢ =1 on Ry. We set ¢. = ¢(2). Since u is continuous and
y(t,-) =0 on |x(t) + x4 (¢), +oc[ it follows from (3.31) that for all ¢t € R,

a(t) = lim (y(t), ¢ (- — q*(1))) -

eN0
Without loss of generality, it suffices to prove (3.32) for ¢; = 0 and t2 = ¢ €]0, 1].

Let 8 > 0 be fixed, we claim that there exists g > 0 such that for all 0 < & < gq,
(3.33)

(w(t), 62 (—a* (1))~ (y(0), be(-— —7/ / (P —12)(r, " (F)+e2)¢/ (2) dz dr| < B, vt €]0,1]

Passing to the limit as € tends to 0, this leads to the desired result. Indeed, since
(u? —u2)(r,-) € BV(R) and ¢' =0 on R, for any fixed (7, 2), it is clear that

(w? = u2)(1,q" (1) +e2)¢'(2) — (u® —ud)(1,4"(1)=)¢'(2)

e—0

and, since it is dominated by 2M (u)%¢’, the dominated convergence theorem leads
to

[ [t derosesein o [ e )i
- [0 -y

To prove (3.33) we first notice that according to (3.31) for any « > 0 there exists
v(a) > 0 such that

(3.34) l9llataa ) =~ (@).q* @D < -

We approximate again u(0) by a sequence {ug,,} C H*(R)NY, such that M (ug,,) <
2M (u) and we ask that

(3.35) [4(0) = yo,nllnemy < "M a4 .

where yo, = ugn — aguo,n. We again denote respectively by u, and y,, the
solution to (1.4) emanating from ug, and its momentum density u, — Wy, 45 Let
now g : R — R the integral line of u,, defined by ¢} (t) = ¢, (t,¢*(0)) where ¢, is
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defined in (3.8). On account of (1.5), it holds

i/yme( an(t) = —un(t,qZ(t))/Rynqﬁ'E—/R@x(ynun)@—(b—l)/Rynun’zqse

= [ [l = wnltea” )]l 16t + 2 [ ) =t )
= 2 [ [mte) - <tq<>>}yn<t,->¢'(ﬂ)

€

g [ =) a2 () d:
(3.36) = "+ 1.
Since, according to (2.2), |unx\ < IM(w),

I — g5 Oyt )0 () gy

<

3

—_ a* t
< M) [0 0
R
where in the last step we used that supp ¢’ € [—1,0].
Now, in view of (3.14) we easily get
(3.37) e MW < gt 2) <eMW 1 V(t 2) €] - 1,1[xR
and the change of variables © = ¢, (¢, z) together with the identity (3.9) lead to

/yn(t,af)cb'(x_iq:‘(ﬂ)dx = /yn(tvqn(t7z))qn,:1:(t’Z)¢/s(qn(t’Z)_q;;(t))dx
R R

€

< DM@ / (s (1, 2)) (G (1 2))°6 (g (1, ) — a3(1)) dz

< DM@ / yn(0, )6 (an (£, 2) — () d= .

But, making use of the mean value theorem, (3.37) and the definition of ¢, we
obtain that, for any ¢t € [0,1], z — ¢L(gn(t,2) — ¢;:(t)) is supported in an interval
of length at most ee™(®). Therefore, according to (3.34) and (3.35), setting eg =
e~ MW (B (=MW it follows that for all 0 < € < g9 and all n € N,

t
(3.38) / 157 |dr < 38/4.
0

To estimate the contribution of 11" we first notice that thanks (2.8) it holds
Up.z — Uy in C([—1,1]; L*(R))

and for all T € [—1, 1], Helly’s theorem ensures that
Un,z (T, ) = ug(7,-) ae. on R.

Hence, for any fixed 7 € [—1, 1] there exists a set 2, C R of Lebesgue measure zero
such that u,(7) is continuous at every point x € R/, and

Un,o(T,2) = ug(t,2) , Vo e R/Q.
Since ¢} (1) — ¢*(7), it follows that
Un,o (T, qn(T) + @) = us(7,¢7(T) + 2) , Vo € R/70(1) ()
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where for any set A C R and any a € R, 7,(A) = {z — a,a € A}.
Since the integrand in I15™ is bounded by M(u)¢’ € LY(R), it follows from
Lebesgue dominated convergence theorem that for any 7 € [—1,1],

" — 1 (u? —u2)(1,q¢* (1) +2)¢' (2) dz .

n—oo R

Therefore, invoking again Lebesgue dominated convergence theorem, but on 0, ¢],
keeping in mind that {|u,|}| and {|u, .|} are uniformly bounded on R? by M (u),
we finally deduce that for any fixed ¢ €]0, 1],

(3.39) /OtIIf’"dT — //u —@2)(r, ¢ (r) +e2)d (2)) dz dr

n— oo

Now, we fix t €]0,1[ and ¢ €]0,g¢[. According to the convergence result (2.9), for
n large enough it holds

[y () = y(t), D (- — g (D)) + Kyn(0) = y(0), ¢ (- — +(0)))| < 5/4 .

which together with (3.36) and (3.38)-(3.39) prove the claim (3.33). O
Lemma 3.5. There exists (a_,ay) € [, M(u)]?, with a— < ay such that

(3.40) i u(ta(t) +ei(0) = Jm a(t)/2=a,/2,

(3.41) I _u(ta(t)+as(t) = lm a(t)/2=a_/2,

Proof. The existence of the limits at Foo for a(-) follows from the monotonicity of
a(-). Now, in view of Proposition 3.4, for all ¢ € R,

L= u)a) + o)) = W w)a) + o))
(3.42) - ()(2u(t 2(t) + 24 (1) — alt)) .

Therefore, since a takes values in [ag/8, M (u)], it remains to prove that a’(t) — 0

as t — £o00. Since
/a'(T) dr < o0,
R

the desired result will follow if a’ is Lipschitz on R. But this is not too hard to
check. Indeed, first from (3.23) we have for all (t1,t2) € R?,

la(ty) = alt2)] < [t — ta| max(jul)? < [t — ta| M (u)*

0<d(t)=

and thus t — a(t) is clearly Lipschitz on R. Second, since z(t) + x4 (t) = ¢*(t), it
holds

d * * *
Ut z(t) + 24 (1) = ult, ¢ ())ua(t, " (1)) + ue(t, 4" (1)) -
But, sup(; ,)cpe [ut| < M(u)* and
214 (0 2 30 5
sup |ug] < sup Juug|+ sup |(1—07)7 Ou(zu’+ ——u3)
(t,x)ER? (t,z)ER? (t z)ER? 2 2
3-0
< M(u)? +SHP||* (1) + ——ui ()l
teR
< M(u)?.
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Therefore ¢ — wu(t, z(t) + x4 (t)) is also Lipschitz on R which achieves the proof
thanks to (3.42). O

3.3. End of the proof ot Theorem 1.1. In this subsection, we conclude by
proving that the jump of u;(0,-) at z(0) + x4 (0) is equal to —2u(0, z(0) 4+ 24(0)).
This saturates for all v € Y, the relation between the jump of v, and the value of v
at a point £ € R and forces u(0, -) to be equal to u(0, z(0)+z4(0))p(-—2(0)+z(0)).
The proof is exactly the same as for the C-H equation in [34]. We give it here for
the clarify of the presentation.

We use the invariance of the b-family equation (1.4) under the transformation
(t,z) — (—t,—x). This invariance ensures that v(t, z) = u(—t, —z) is also a solution
of the b-family equation that belongs to C(R; H'(R), with u — uz, € Cy(R; M)
and shares the property of Y-almost localization with x(-) replaced by —x(—-) and
the same fonction € — R, (See Definition 1.1). Therefore, by applying Propositions
3.2, 3.4 and Lemma 3.3 for v we infer that there exists a C'-function z_ : R
] — 00,70] and a derivable non decreasing function @ : R — [ag/8, M (u)] with
limy;_,+o a(t) = @ such that

(3.43)  a(t) = va(t, (—2(—t) + 24 ()+) — va(t, (—x(—t) + 24 (t)—), VteR.

Moreover,

tilanoov(t, —z(—t) +24(t)) = tilanoo a(t)/2 =ax/2.
Coming back to u this ensures that
(3.44) t_l}gloo u(t,z(t) —z_(—t)) = t_l)u_nooa(t)/Q =a_/2,
(3.45) t_l}r_noo u(t,z(t) —z_(-t)) = t_13+moo a(t)/2=a+ /2,

At this stage let us underline that since

z_(—t) =sup{z € R, suppy(—t) € [z(t) — x(—t), +oo[}
and v # 0 we must have x_ (—t) + x4 (t) > 0 for all ¢t € R. We claim that this forces
(3.46) - =ay=a_ =a; .

Note first that since a— < a4 and a— < a4, it suffices to prove that a_ > a4
and a4 < a_. This follows easily by a contradiction argument. Indeed, assume for
instance that a_ < a4.Then, there exists ¢y € R and ¢ > 0 such that u(t, z(t) —
x_(—t)) < u(t,z(t) + x4(t)) — e for all t > tg. Without loss of generality we can
assume that tg = 0. Since z(t) — x_(—t) = q(¢t,2(0) — z_(0)) and z(t) + z(t) =
q(t,z(0) + 24+(0)), it follows from (3.20) that

— >
x4 (t) Fx_(—t)) > et St + oo

which contradicts that (z,(t),z_(t)) €] — 00,70)%. Exactly the same argument but
with ¢ = —oo ensures that a; < a_ and completes the proof of the claim (3.46).

We deduce from (3.46) that a(t) = a+ for all ¢ € R and thus (3.42), (3.19) and
(3.22) force

ult, z(0) + z(0) + %t) = % Vvt € R

and

U (t, (2(0) + 24.(0) + %t)f) — g (t, ((0) + 24 (0) + %m) —a,, VieR.
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In particular, in view of (3.31),
w(0,2(0) + 1 (0)) = - and y(0) = 415, 0) 40 (0) + 1
with u € M4 (R). But this forces p = 0 since
(1= 82)7 @+ dagoy o @) = 5 exp(—| - —(2(0) +2:(0))])
and for any pu € M4 (R), with p # 0, it holds

1
(1-03 "t = 567“" xv>0onR.
We thus conclude that y(0) = a4 04(0)+2, (o) Which leads to

u(t,z) = %exp(—‘x —2(0) —24(0) — %tD

4. ASYMPTOTIC STABILITY OF THE DP PEAKON

We now focus on the case b = 3 that corresponds to the Degasperis-Procesi
equation. Recall that in this case (1.4) becomes (1.13) and that the quantities 3(+)
and F(-), defined in (1.8), are then conserved quantities for our solutions (see for
instance [28]). The following proposition proven in the appendix ensures that a
Y- almost localized global solutions to the DP equation enjoys actually a uniform
exponential decay.

Proposition 4.1. Let u € C(R; L?(R)) with y = (1 — 0?)u € CpW(R;My) be a
Y -almost localized solution of (1.13) with infr& > ¢o > 0. Then there exists
C > 0 such that for allt € R, all R > 0 and all ® € C(R) with 0 < & < 1 and
supp ® C [-R, R]°.

(4.1)

[ (4020 4+ 5020 + 2.0 0( — 0(6)) di + (2~ 2(2))5(0)) < C exp(~R6)
R

where v(t) = (4 — 02)~tu(t). In particular, u is uniformly in time exponentially
decaying.

This proposition is a direct consequence of an almost monotonicity result for
H(u) + coM (u) at the right of an almost localized solution that is contained in the
following lemma (see the appendix for a sketch of the proof). At this stage it is
important to notice that direct calculations lead to

1
(4.2) lwlze < 3H(w) < Jlwllzz, Yw e L*(R).
As in [32], we introduce the C*°-function ¥ defined on R by
2
(4.3) U(x) = = arctan (exp(x/ﬁ))

Lemma 4.2. Let 0 < a < 1 and let u € C(R; L*(R)), with y = (1 — 8?)u €
Cw(R;My), be a solution of (1.13) such that there exist x : R — R of class C*
with infgr & > ¢g > 0 and Ry > 0 with

(1-a)

co
(4.4) lu( L (a—wi>R) < 55— » VEER.

For0<pB<a, 0<~y< %(1 —a)cy, R>0, tg € R and any C*-function
(4.5) z: R=>Rwith (1 —a)z(t) < 2(t) < (1-p)z(t), VteR,
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setting
(4.6) IER() = (502(8) + 402(t) + v2, (1) +7w(), ¥ (- = =5 (1)))
where
Z;F,R(t) (to) F R+ 2(t) — z(to)
we have
(4.7) IR (to) — IR (t) < Koe /5, vt <ty
and
(4.8) IR () — I (o) < Koe /6, vt >ty

for some constant Ko > 0 that only depends on H(u), M(u), co, Ro and 5.

According to [27] and [26], for any speed ¢ > 0 there exists g > 0 and Cp > 1
such that for any uo € Y, with

(4.9) llup — collac < e*, 0<e < e,

it holds

sup [[u(t) — ep(- = £(t))llac < Coe,
teR

where u € C(R; H') is the solution emanating from wup and £(¢) € R is the unique
pomt where the function v(t,-) = (4—02)~u(t, -) reaches its maximum. According

o [25], by the implicit function theorem, one can prove that there exists g > 0
and K > 1 such that if a solution v € C(R; H) to (1.13) satisfies
(4.10) sup inf [lu(t) — cp(- —y)llsc <e

teR Y€

for some 0 < & < g, then there exists a uniquely determined Cl-functionz : R—> R
such that

(4.11) sup [|u(t) — cp(- — (1)) llac < Ke

teR
and
(4.12) / v(t)p' (- —z(t) =0, VteR,

R
where v = (4 — 9,)"'u and p = (4 — 9,.) "L¢. Moreover, for all ¢ € R, it holds
(4.13) |£(t) — ] < Ke .
At this stage, we fix 0 < 0 < ¢ A1 and we take

. (27109 £)

(414) €—mln(K7%,EQ,FO)

5r0- 1t follows

so that (4.9) ensures that (4.11) and (4.13) hold with Ke <
2.3 nfer that there

that & > 3¢ on R. Moreover, combining (4.11), (4.2) and (
exists R > 0 such that

llu(t, -+ x()l a1 -r,Rl) < 279 .
Hence, u satisfies the hypotheses of Lemma 4.2 for any 0 < o < 1 such that
0

(4.15) (1-a)> ¢

)
510 <
3) we in
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and any 0 < < 2(1—a)c. In particular, u satisfies the hypotheses of Lemma 4.2
for o = 1/3. Note that the hypothesis (1.14) with
/2710 gh\8
n= mm(—KOO,EO, a)
implies that (4.9) holds with e given by (4.14).
In the sequel we will make use of the following functionals that measure the

quantity H(u) +yM (u) at the right and at the left of u. For 0 <y < 5, ueY
and R > 0 we set

(4.16) JE(w) = <5U2 + 402 + 02, + (U — ugy), V(- — R)> .
and
(4.17) TP (w) = <5v2 402 + 02, 4y — ), (1 — T(- + R))>

where v = (4 — 92)"1u.

Let to € R be fixed. Fixing a = 8 = 1/3 and taking z(-) = (1 — @)z(), 2(-)
clearly satisfies (4.5). Moreover, we have JX, (u(to, -+ x(tg)) = IfOR(tO) where I;gR
is defined in (4.6). Since obviously,

JR (u(t, t x(t))) > TR, V<t
we deduce from (4.7) that
(4.18)  JE, (u(tm + :c(to))) < JE (u(t, + x(t))) + Koe R/6 |t < to,
where Kj is the constant appearing in (4.7). Now, let us define
B0 = (5020 + 4020 + 02,0 + Su0).1 W~ 2(0) + B+ alelto) - (1))
= F(u(t)) + M (u(t) - I;,"(t) |

where we take again z(-) = (1 —a)z(-). Since M(-) and H(-) are conservation laws,
(4.8) leads to

IR () > IR (to) — Ce™H/0, Wt > 1, .
We thus deduce as above that V¢ > t,

(4.19) i (u(t, . x(t))) > JR, (x(to, . x(to))> ~ Koe RIS

The following proposition ensures that, for € small enough, the w-limit set for
the weak H!-topology of the orbit of ug is constituted by initial data of Y-almost
localized solutions. The crucial tools in the proof are the almost monotonicity
properties (4.18) and (4.19). We omit the proof since it is exactly the same than
the proof of Proposition 5.2 in [34].

Proposition 4.3. Let ug € Y satisfying (4.9) with € defined as in (4.14) and let
u € C(R; HY(R)) the emanating solution of (1.13). For any sequence t, /* +oo
there exists a subsequence {t,, } C {t,} and iy € Y4 such that

(4.20) Utn,, +x(tn,)) — o in H'(R)
ni—+oo

and

(4.21) U(tn, - +2(tp,)) — o in HL.(R)

nE——+00
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where z(-) is the C-function uniquely determined by (4.11)-(4.12). Moreover, the
solution of (1.13) emanating from tg is Y -almost localized.

So, let ug € Yy satistying (4.9) with € defined as in (4.14) and let ¢, / 400 be
a sequence of positive real numbers. According to the above proposition, (4.20)-
(4.21) hold for some subsequence {t,, } C {t,} and @y € Y, such that the solution
of (1.13) emanating from g is Y-almost localized. Theorem 1.1 then forces

tp = cop(- — o)
for some xg € R and cg such that |c — co| < Ke < ¢/2%. Since (4.20) implies that

V(tn,, +a(tn,)) — T in H*(R)

nk——+0oo

with v, = (4 — 82)"tu and 99 = (4 — 0%) " lug, we infer that ¥y satisfies the
orthogonality condition (4.12) and thus we must have g = 0. On the other hand,
(4.21) and (4.11) ensure that ¢g = lim max u(ty, ) and thus

n—-+oo

U(tn,, + x(tn,)) — Mty )e o, 0in H'(R)

where we set A(t) := maxg u(t), Vt € R. Since this is the only possible limit, it
follows that

u(t,- +x(t)) —At)e — 0in HY(R).

t—+o0
and thus
(4.22) u(t, -+ z(t)) — At)p — 0in H(R)
and
(4.23) v(t,-+z(t) — AMt)p — 0in H} (R),

where p = (4 — 0%)71p.

4.1. Convergence in H'(]—A, +oo[) for any A > 0. Let § > 0 be fixed. Choosing
R > 0 such that J&.(u(0),-+2(0)) < 6 and Koe F/¢ < §, where Ky, is the constant

that appears in (4.18). We deduce from (4.18) that J{, (u(t, -+ x(t))) < 20 for all
t > 0. This fact together with the local strong convergence (4.23) clearly ensure
that

(4.24) v(t,- +x(t)) = At)p — 0in H*(] — A, +oc) for any A >0

t—+oo

and thus

u(t,-+x(t)) — Mt)p — 0in L*(] — A, +oof) for any A >0 .

t—+o00
Since {u(t),t € R} is bounded in Y, this leads to

(4.25) u(t,- +x(t)) — ANt)p — 0in H'(] — A, +oc[) for any A >0 .

t—+o0
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4.2. Convergence of the scaling parameter. We claim that

(4.26) At) — .

t——+oo

Let us fix again 6 > 0 and take R > 0 such that Koe f/6 < §. (4.19) with v =0
together with the conservation of E(u) ensure that, for any couple (¢,t') € R? with
t > ' it holds

/(51}2—1—4@3—1—1}51)(15,x)\I/(x—x(t)+R) dr < /(5v2+4v§+vgm)(t',x)\I/(x—x(t’)—i—R) dz+4
R R

where ¥ is defined in (4.3). On the other hand, by the strong convergence (4.24)
and the exponential localization of ¥, there exists T' > 0 such that for all ¢t > T,

]/ (50 + 402 + 02,)(t, 2)U(x — (1) + R) dz — N2(D)E(e)| < 5.
R
It thus follows that

N()E(p) < N()E(p) +36, Vt>t' >T.

Since § > 0 is arbitrary, this forces A to have a limit at 400 and completes the
proof of the claim.

4.3. Convergence of &. We set W (t,-) := cop(- — z(t)) and n(t) = v(t) — cop(- —

x(t)) = v(t) — W(t) for all ¢ > 0. Differentiating (4.12) with respect to time and
using that 4p — p”" = ¢, we get

/ntaxW=ﬂb/n3§W= —cw’c/nsOC —z(t)) +456/TIW,
R R R R
and thus by (4.13),
(127 | [ noaw] <2 [ et —atep] +seol [ .

R R R
We notice that v = (4 — 92)~! is solution of

1

(4.28) vy = —20,0° — 50(1 = O (120 + 8v2 +02,), (t,z) € Ry x R.

Substituting v by n+ W in (4.28) and using the equation satisfied by W, we obtain
the following equation satisfied by 7 :

(4.29) 10— (& — o)W = —40,mW — (1= 02) 710, (SyW + 160, W, + 70 W) -
At this stage it is worth noticing that on one hand (4.13) forces

vVA>0,  lim W (@)l 72 (100,41
and on the other hand (4.24)-(4.26) ensure that

VA>0,  lim ()]l m2(aeop =0

@ | [net-a@)l+ [ W1+ IO Ol 0.
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Taking the L2-scalar product with 9, W with (4.29), integrating by parts, using

that [|[0,W||2, = & and the decay of p and its first derivative, (4.27), (4.30),
(4.11) lead to

() = col — 0.

4.4. Strong H'-convergence on |0t,+oco[. We deduce from (4.26) that

v(t,") —cop(- —z(t)) — 0in H'(R)

t——+oo

and

(4.31) v(t, -+ x(t)) — cop i 0in H'(] — A, +oo[) for any A > 0.
—+o0

(1.16) will follow by combining these convergence results with the almost non in-
creasing property (4.7). Indeed, let us fix 6 > 0 and take R > 1 such that

(4.32) 101200, —ryop <6 and [ W = 1] r/2, 100 < 0

where ¥ is defined in (4.3). According to the above convergence result there exists
to > 0 such that z(tg) > R and for all ¢t > ¢,

—+oo
/ (5% + 402 + 02, (t -+ (1)) < 6,
—R/2

where we set n = v(t) — cop(- — x(t)). In particular, (4.32) ensures that
(4.33)

960~ [ (500t +a(e))or v, +2(O)petes (0t +2(0) JU49)| S8 ¥y = RVE>

We set z(t) = £t and notice that (4.15) ensures that (4.5) is satisfied with 1—a = £
and 8 = 1/4. Moreover, as noticing in the beginning of this section (see (4.15)), u
satisfies the hypotheses of Lemma (4.2) for such a. According to (4.8) with v = 0,

we thus get for all t > tg,

[ G 6 PWalto) G (t=t0)+R) < [ Gr+an4i) o, ) (a—a(to) +R)+Kofe)e
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which leads to

2 2 2 ¢
[0 an2 4 )00 (= alto) = 5t = t0) + )

= /RW + 402+ 02, ) ()0 (- = wlto) - §<t o) + o)
=20 [ (50t = o(0)) + 40(Opa(- = 2(0) + vea Ol = 2(0))¥ (- = alte) = 5t~ t0) + R)
wb [ G+ 402+ )t~ 2(0)¥ (-~ 2(t0) — Gt~ t0) + B)
= / (502 + 402 + 02,) (b0, V(- — z(to) + R) + Ko(a)e R/°

R
— 2¢y /R(Sv(to)p(- —x(to)) + 4ve(t0) pe (- — x(t0)) + Vaw (t0) poa (- — x(t0))¥(- — x(to) + R) + C &
+ 3 / (507 + 492 + p2,)to, - = w(t0)) ) ¥(- = a(to) + R) + Ce /0

R

< [ 517 + 4 12,) (10, VU~ alto) + ) + OO )
R

SO+ e /0

where in the next to the last step we used that p decays exponentially fast and
(4.33) since x(t) — z(to) — §(t —to) + R > R for all t > t;. Taking R large enough
and t1 > to such that 0t; > x(tg) + 5(t1 — to) — R, it follows that for t > ¢,

/R (5 + dn2 + 12,) (1, )U(- — 01) < §

which completes the proof of the strong H? convergence of v(t, -+z(t)), on |0t, +-o0].
The strong H!-convergence of u(t, -+ x(t)) follows by using that u = (4 — 92)v and
that « is uniformly in time bounded in H i,

4.5. Strong H'-convergence at the left of any given point. In this subsection
we complete the proof of Theorem 1.2 by proving the lemma below. As for the C-H
equation, the main observation in order to prove this lemma is that all the energy
of the solutions to the DP equation that have a non negative density momentum, is
traveling to the right. This property should be shared by most of the Hamiltonian
CH-type equations because of the absence of a linear part.

Lemma 4.4. For any ug € Yy and any z € R, denoting by u € C(R; H') solution
of (1.13) emanating from ug it holds

(4.34) i Ju()] a1 -co:p =0

Proof. Let 0 < v < ||ug||3; and let z, : R — R be defined by

(4.35) [ 0% 402+ )09 1) =

with ¥ defined in (4.3). Note that z,(-) is well-defined since uo € Y, forces u > 0
on R? and thus for any fixed t € R, z — [ (50° +4v2+v2,)(t)¥(-—z) is a decreasing
continuous bijection from R to 0, |ug||%[. Moreover, u € C(R; H') ensures that
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v € C(R; H?) and thus z.(-) is a continuous function. (4.34) is clearly a direct
consequence of the fact that

(4.36) lim z,(t) = 4+o0.

t—+o0

To prove (4.36) we first claim that for any ¢ € R and any A > 0 it holds

t+A Iv(t)+2 1/2
(4.37) Ty (t+ A) — > 27 / / (1,8)ds dT) >0.

Let us prove this claim. First we notice that by continuity with respect to initial
data, it suffices to prove (4.37) for u € C>®°(R; H>®) N L*°(R;Yy). Then a simple
application of the implicit function theorem ensures that ¢ — z.,(t) is of class C1.
Indeed,

Y (z,v) — /R(sz —|—4vz —&—vf,m)\ll(- —2)

is of class C! from R x H?(R) into R and for any (z9,v) € R x H3(R)/{0},
0:40(20,v) = [o(50® + 42 + v2,)¥'(- — z) > 0. Now we need the two follow-
ing Lemmas proved in the appendix :

Lemma 4.5. Let u € C(] — T,T[; H*(R)), with 0 < T < 400, be a solution of
equation (1.13). For any smooth space function g : R — R, it holds

pn (411 + 502 +0v2,) (t)g
(1.35)
_2 W) g v f— vu?(t)g’ v ' -

=3 [ +5 [ vonw =1 [ vl + [ vonaig. e -7

R
where h = (1 — 92)~1u?

Lemma 4.6. Letu € Yy and v = (4 — 8%)"'u. Then the following estimates hold:
4
(4.39) v <u<by, |v] <2v  and |vg,| < U

Integrating by parts the last term of the right-hand side member of (4.38) and
using that ha, = —u® + h, we infer that

0 (t) [ (ot + 2V = (0) = 5 [ POV, (1)
(4.40)

+440@m@@@—%ﬁn—3/

R

(U ()W’ (- — 24 (1)) + / v(t)ha (£) 97 (- — 24 (1))

R
Observe that by using integration by parts and |u,| < u we get

1 —x N 2 1 T e -n,,2
h(z) = ¢ e"u®(n) + ¢ e "Mu*(n)

— 00

1 v 1 oo
= —u?(z) — efx/ e"uug (n) + §u2(m) + em/ e Muug ()

— 00 T

> (@) - [ i)
> u?(z) — 2h(z)
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and thus h(z) > fu?(z). Combining this estimate with |h,| < h and (4.39), using
that by direct calculations |¥”| < ¥’ /6, we infer that
1 31
3vu W + v|hy||9"] < (3uv + 6v|h$|)\ll’ < (4vh + w1 Y He!
Injecting this last inequality in (4.40) we eventually get

i (1) /RW P42 2 (1) > / POV (-~ (1)) -

Noticing that by (4.39), 50 + 4v2 + 02, < 37 u?, Holder inequality together with
(4.39) and the fact that ¥’ is a non negative functlon of total mass 1 lead to

(4.41) i (1) > %(/}R WP (- — ;cw(t)))l/2 .

Integrating this inequality between ¢ and t + A yields (4.37) that obviously implies
that z.,(-) is an increasing function. In particular there exists z5° € RN {+oc} such
that . (t) / #3° as t — +oo and it remains to prove that z3° = +oo. Assuming
the contrary, we first notice that (4.39) and u < [Jyo|lac on R? ensure that (4.35)
leads to

(4.42)

. 2 2, .2 o 2 2, .2 ooy _
im R(5U v o)V~ (1) = lim R(sv +dvg +vg,) V(- —aF) =7
Now, taking A = 1, (4.37) forces

t+1 xv(t)+2
lim / (r,8)dsdT =0
t—+o0 @y (1)
which, recalling that z.(t) — 25° , leads to
t+1
lim / (1,8)dsdr =0.
t——+oo
In particular there exists a sequence (¢, Tn)n>1 C Rx [22° 3, x5 + 2] with ¢, ' +o0

such that wu(t,,x,) — 0 as n — co. Therefore, making use of the fact that |u,| < u
on R? forces, for any (t,z0) € R?, that

(4.43) u(t,z) < elxo_””‘u(t,xo), VreR,
we infer that for any A > 0,
lim sup u(tn,x) =0.

n—o0 Ie[wf;ofA,wf;o +A]
and (4.39) then yields
(4.44) lim sup (502 (tn, ) + 402 (tn, ) + 02, (tn,2)] =0 .

n—o0 a:e[w?{"—A,a;?{o—ﬁ-A]
Finally, taking A > 0 such that z3° — A < z,(0) with v <~ < [lug||31, we infer
from (4.44) and the monotonicity of t — x./(t) that

lim (5@2+4v§+viz)(tn,-)ﬁ/(~—xf{c) ="

n— oo R

This contradicts (4.42) and concludes the proof of the lemma. 0
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5. ASYMPTOTIC STABILITY OF TRAIN OF DP-PEAKONS

In [25] the orbital stability in L?(R) of well ordered trains of peakons is estab-
lished. More precisely, the following theorem is proved :

Theorem 5.1 ([25]). Let be given N wvelocities c1,..,cy such that 0 < ¢1 < ¢2 <
.. < cn. There exist A > 0, Lo > 0 and 9 > 0 such that if u € C(R; H') is the
global solution of (C-H) emanating from ug € Yy, with

N
(5.1) lug = 3 ey (- = 20 lac < &2

for some 0 < € < gy and z;) - z?_l > L, with L > Lg, then there exist N C'-
functions t — x1(t),..,t = xn(t) uniquely determined such that

N

(5.2) sup ||u(t, Z(pcj —z; ()5 < A(f+ L—l/s)

teR+

and

63 [ (v qu (1)) e ay(0) dr =0, i€ {1,..N},

where v = (4 — 92)~u and p., = (4 — 82)"Lp.,. Moreover, fori=1,..,N
(5.4) i — i < A(ﬁ+L—1/8), VEER, .

This result combined with the asymptotic stability of a single peakon established
in the preceding section, yields the asymptotic stability of a train of well ordered
peakons by following the general strategy developped in [30] (see also [16] ). We
do not give the proof but refer the reader to [34] for a detailed proof in the case of
the Camassa-Holm equation.

Theorem 5.2. Let be given N wvelocities ¢, ..,cny such that 0 < ¢ < co < .. < ¢y
and 0 < 0y < c1/4. There exist Ly > 0 and g9 > 0 such that if u € C(R; H') is the
solution of (C-H) emanating from ug € Y, with

(5.5) luo = e, (- = 2lls¢ <3 and 20— 20, > Lo,
j=1

then there exist 0 < ¢ < .. < ¢ and C'-functions t — x1(t),..,t — xn(t), with
i;(t) — cj ast — +o0, such that,

(5.6) u(-+x;(t)) = e in HY(R), Vi€ {1,.,N}.

t—+4oo

Moreover, for any z € R,

(5.7) u— Z Per (- —w;(t) — 0in H(] — 00, 2[U]fgt, +o]) .

t—+4oo
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6. APPENDIX

6.1. Proof of the Lemma 4.5. First we notice that applying the operator (4 —
92)~! to the two members of (1.13) and using that

1 1

(6.1) (A=) -0 = -8 - S (- )
we infer that v satisfies

1 1
(6.2) v,:_?%u_a@*m2:_§m.

With this identity in hand it is easy to check that

d
4— [ vig = 8/ VUG = —4/ vhzg ,
dt Jg R R
and

d
5—/1139: 1O/vwthg:—5/%(1—8%)_18£u2g:5/vzu29—5/vwhg
dt Jr R R R R

:5/ku2g+5/vh$g+5/vhg’
R R R

In the same way we get
d —
% ngg = 2/ Umzvxmtg == */ vmmax(]- - a:z) 133u2g
R R R

- / 'U:cmax(UQ)g - / Ua:x(]- - 83)718I(u2)g
R R
—A+B
where it holds

A= [a-o2 ooy = - [wou)g+4 [ w0,
R R R
= 2/u?’g'74/vIquféL/vuzg’
3 R R R

B- / vp(1— 82) 102 (u2)g + / Vshag!
R R

:f/vmuzg+/vzhg+/vzhmg'.
R R R

Gathering the above identities, (4.38) follows.

and

6.2. Proof of Lemma 4.6. According to (6.1) it holds

1 1
(6.3) v=(4=0) T 1 -0) Ty =gu— A=)y

which proves that v < éu since y > 0. On the other hand, (6.1) also leads to

60— u=(1—02) "y —2(4— %)y

1 1

= ie_l.l * Y — 56_2|.| * Y
1

= 5(e_H —e Ahxy>0
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which proves that u < 6v. Now, the identities

e—2z x . e2z +o0 .
v(z) = 1 / e* u(z)da' + T/ e 2" u(2')dx'

and

e e

z , 2z p+oo ,
Ve (1) = — 5 / X u(x')dx' + 7/ e 2 u(2')dx'
—0o0 x

ensure that |v,| < 2v. Finally, combining the previous estimates with v,, = 4v —u,
we eventually get that |vg,| < 3u.

6.3. Proof of Lemma 4.2. Let us first notice that ¥(—-) =1—- P on R, ¥ is a
positive even function and that there exists C' > 0 such that Vz < 0,

(6.4) [W(2)] + ¥ (2)| < Cexp(x/6) .

Moreover, by direct calculations, it is easy to check that

nr 1
(6.5) 7)< ¥ R
and that
6.6 v svre=Lt " e
(6.6) (z) > ()—gma z€[0,2].

We first approximate u(tg) by the sequence of smooth functions ug ,, = pn, *u(to),
with {p,} defined in (2.4), that belongs to H*°(R) N Y, and converges to u(tp) in
Y. According to Propositions 2.1 and 2.2, the sequence of solutions {u,} to (1.13)
with w, (to) = o, belongs to C'(R; H*(R)) and for any fixed T > 0 it holds

(6.7) w, — win O([to —T,to+T); H")
(6.8) vy, — winC(fto — T, to +T); H?)
(69) Yo —% yin Cti(]to — Tty + T[; M)

where v, = (4 — 8%)"'u,, and y, = u,, — O?u,,. In particular, for any fixed T' > 0,
there exists ng = ng(7") > 0 such that for any n > ng,

(1—a)cy
l|u — Un || Loo (Jto—T to+T[xR) < o6
which together with (4.4) force
1—a)c
(6.10) sup Nun(t)ll Lo (jo—a(t)> Ro) < (2% :
te]tofT,to%*T[

At this stage it is worth noticing that (4.39) then ensure that it also holds
(1-a)ey
(6.11) sup ||on (&) + e (@)l (o—a()1> o) < o5 -
telto—T,to+T]

We first prove that (4.7) holds on [t — T, to] with u replaced by w,, for n > ng. The
following computations hold for u,, with n > ng but , to simplify the notation, we
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drop the index n. For any function g € C1(R) it is not too hard to check that (1.5)
with b = 3 leads to

d
7 ygdw = —/t%(ng—?/yuzg
R R
= /yug —2/(u—uw)u$g
/yug —l—/ u? —u

Applying (4.38) and (6.12) with g(t,z) = ¥(z — 2{(t)) we get

(6.12)

d
SO = ) [ W[r s v ] 4o 02w
2
+/u(7u —4uv+’yy)\ll’+5/vh\If’Jr/vzhz\Il/
R 3 R R
< fz()/\Il’[élv + 502 +vm+fyy}+fy/ 0’
2
+/u(fu —4uv+’yy)\I!’+/(5v+|vz|)h\Il’
R 3 R
(6.13) < —z'(t)/\I!’[4v2+5vz+v§m+'yy] +'y/u2\I!’+J1+J2
R R

Where from the first to the second step we used that ¥/ > 0 and that h = (1 —
92)71u? ensures that |h;| < h( see the proof of (2.3)).
We observe that

(6.14) /(u — )W < /uQ\Il’ = /(4v—vm)2\11’ < 2/(16v2+v§x)\11’.
R R R R

so that, for 0 <y < £(1 — a)co, it holds

A
fé(t)/\ll’ {4@2+5v§+vﬁx+’yy] Jr’y/(u —u2)¥' < (2) /R\I/' {4v2+5vi+vix+’yy
R
To estimate J; we divide R into two regions relating to the size of |u| as follows

2 2
At) = / u(Gu? —4uv+vy)\11’+/ u(Su? — 4w + yy) W'
|z —2(t)|<Fo |z—a(t)|>Ro
(6.15) = Ju+Ji2

Observe that (4.5) ensures that #(t) — 2(t) > Beo for all ¢ € R and thus, for
|z — z(t)| < Ro,

(6.16) x—zﬁ(t) =z—x(t)—R+(z(t)—2(t)) — (x(to) —2(to)) < Ro—R—Beco(to—t)
and thus the decay properties of ¥’ lead to

Fa) 5 [l (s + [0l + colly(r)]| )] eo/Pe=R/oe=Feolo=
(617) < luollac(lluollFe + collyoll )0/ OeR/CeFeolto0
where we used that ||[v||r2 < |lu]ls¢ and that « — ug,, > 0 ensures that

lullZee < lullfn < 2lulfe < lull -
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On the other hand, (6.10) ,Young’s inequality and (6.14) lead for all ¢ € [ty — T, o]
to

J12

IN

4wl oo (jo—a(t)|>Ro) / (u? + 0% + yy) ¥’
|lx—xz(t)|>Ro

(1-a)cy

(6.18) <

IA

/ {4@2 + 502 +v2, + vy} v’
|lz—x(t)|>Ro

It thus remains to estimate Ja(t). For this, we decompose again R into two regions
relating to the size of max(v, |vy|). First proceeding as in (6.17) we easily check
that

/ (50 + s T(1 — 2) ) (u?)
|lz—z(t)|<Ro

5 —|T
< <||lv+|vzlllLe  sup |\Il’(x—z£(t))|/e z| 02 da
2 lz—z(t)|<Ro R

(6.19) < Clluo||3, efto/6e=F/6 = Geolt—to)
since [|v + |vg|l|ze < vl g2 < |julls and

1
(6.20) Ve L'(R), (1-82)7'f =G "xs

Now in the region |z —x(t)| > Rp, noticing that ¥’ and u? are non-negative, we get

[ e lhva -t
|z—z(t)[>Ro

IN

5110(t) + [0 (O] 1 (fe oty 0 / V(1 02) " (u?)
|z—z(t)|>Ro

621) < S+ Ioa Olllm st [ (22)(1 = 02)71W
On the other hand, from (6.5) and (6.20) we infer that

(1- 03V > %qﬂ = (1-93)7' <20’ .
Therefore, on account of (6.11) and (6.14),

/ (50 + o) 01— 32)7 ()
le—z(t)|>Ro
< 1000(6) + [oeOll oty [ 020
1_
(6.22) < (=)o
8
Gathering (6.15), (6.17), (6.18), (6.19) and (6.22) we conclude that there exists C

only depending on Ry, M(u) and H(u) such that for R > Ry and ¢t € [-T + tg, to]
it holds

/(41}2 + 502 402 )V
R

d
(6.23) alzgR(t) < CeB/6e—8(to—t)
Integrating between ¢ and ¢, we obtain (4.7) for any ¢ € [t — T, to] and u replaced
by wu, with n > ng. Note that the constant appearing in front of the exponential

now also depends on 3. The convergence results (6.7)-(6.9) then ensure that (4.7)
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holds also for u and t € [tg — T, to] and the result for ¢ < ¢, follows since T' > 0 is
arbitrary. Finally, (4.8) can be proven in exactly the same way by noticing that for
|z — z(t)] < R it holds

(6.24)

-z () =2 —2(t) + R+ (2(t) — 2(t)) — (z(to) — 2(to)) > —Ro+ R+ Beo(t —to) -

O

6.4. Proof of Proposition 4.1. First, as explained in Remark 1.1, the Y-almost
localization of u implies that u is H!-almost localized and since v = (4 — 92)~tu
the same type arguments show that v is H3-almost localized. Therefore, it is clear
that u satisfies the hypotheses of Lemma 4.2 for o = 1/3 and Ry > 0 big enough.
We fix @ = 1/3 and take 8 = 1/3, v = §3 and z(-) = Z(-) which clearly satisfy
(4.5). Let us show that I;gR(t) o 0 which together with (4.7) will clearly lead

to

(6.25) I} R(to) < Ce1/0
For R. > 0 to be specified later we decompose Ig B into
=t
R = (4020 + 50200 + 02,00 + Ly, w0~ £ o) (1 o AD)))
€

+(40%(8) + 502(8) + 02, (8) + T3y(t), W(- — A )
= Il(t) + Ig(t)

where ¢ € C*°(R) is supported in [—-1,1] with 0 < ¢ <1 on [-1,1] and $ =1 on
[~1/2,1/2]. From the Y-almost localization of u and the H?(R)-almost localization
of v, for any € > 0 there exists R. > 0 such that I;(¢) < /2. On the other hand,
we observe that

1(t) < (ol + collgolln) ¥ (Re — R = 3 (alto) — (1)

But & > ¢g > 0 obviously imply that, for |z — 2(t)| < R,
1 1
z— 27 (t) =2 —a(t) - R~ g(l'(to) —a(t)) <R —R— gco(to 1), T

which proves our claim since lim ¥(z) = 0.
T——00

It follows from (6.25) that for all t € R, all zp > 0 and all ® € C(R) with0 < ® <1
and supp ® C [zg, +o0].

/(402@) +5U2(8) + 2, ()P — (1) do+ T2 (- —a(1),y(t) ) < C exp(—w0/6)
R

The invariance of (D-P) under the transformation (¢, ) — (—t, —z) yields the result
for supp® C] — 0o, —z¢). Finally, the identity u = (4 — 82)v together with (2.3)
ensure that

/R(UZ(t) +u(1)®(- — x(t)) de < O exp(—x0/6) .

and the Sobolev embedding H!(R) < L*(R) enables to conclude that u is uni-
formly exponentially decaying.
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