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Abstract

In this work we develop multi-surface plasticity model which can reproduce the inelastic behavior and failure modes
of concrete in tension, compression and shear. The main novelty of the proposed concrete model can also capture all
different phases of localized failure for massive structures, where the elastic behavior is followed by the creation of the
fracture process zone with a large number of micro-cracks and subsequent final failure mode with micro-cracks coa-
lescence into the macro-crack. The fracture process zone is represented by homogenized plasticity criterion with hard-
ening (in particular the non-associated Drucker-Prager) since the number of micro-cracks is considered sufficiently
large and their orientation random. The macro-crack is represented with a surface of displacement discontinuity,
which is typical of all localized dissipative mechanisms due to the apparition and development of localization zones.
The main novelty of proposed model is to provide the full set of 3D localization modes for tension, for compression
and for shear, with each mode using corresponding fracture energy.

Keywords: Concrete localized failure model, Non-associated plasticity, Multi-surface yield criteria ;, principal space
formulation, embedded discontinuity

1. Introduction

The intensive investigations made over recent years
have led to a much better understanding of the constitu-
tive behavior of concrete under complex loading condi-
tions. A variety of constitutive models have been pro-
posed, and many of them are phenomenological. In
order to achieve a more reliable estimate of the limit
load and structural design, it is required to provide
model which describe not only pre-failure hardening
regime but also post-peak softening response. The evo-
lution in the behavior of quasi-brittle materials, espe-
cially concrete, submitted to quasi-static external me-
chanical loads, compression or tension, is initially char-
acterized by a quasi-elastic phase, in which the material
can recover its initial state upon unloading. Then, as the
load increases, microcracks (the size of which depend
on the material components) appear in a regular way
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and will coalesce to form a macrocrack. This macroc-
rack will grow and spread until the final material frac-
tures. The appearance and development of these cracks
play an essential role in the failure or collapse of con-
crete structures. Several proposed approaches, enable
us to describe this behavior, range from discrete crack
concepts [1, 2], either with or without remeshing, to var-
ious types of smeared crack concepts, either with fixed
or with rotating fracture planes [3, 4]. The deficiency of
discrete crack models is the dependence on mesh align-
ment, when separation can occur only at elements inter-
faces. To remedy this, special, computer intensive re-
meshing techniques are required that attempt to predict
the crack propagation direction [5]. The weakness of
smeared crack models is their inherent dependency on
element size and alignment, arising from the ill-posed
nature of the classical continuum when applied for soft-
ening materials. This method provides no information
over crack direction nor is the necessary length scale
(so-called crack bandwidth) mesh objective. The ap-
plication of gradient [6] and non-local [7, 8, 9] contin-
uum theories has proved successful in overcoming the
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deficiency of the classical continuum when analyzing
softening materials. All the modifications of this kind
requires a fine mesh within the localisation zone in or-
der to capture the high strain gradients or in other words
a priori knowledge of where failure will occur. Thus,
the potential of such methods for structural scale prob-
lems, especially in three-dimensions is limited. For that
reason, they are often replaced by a particular modifi-
cation of the classical continuum that allows for either
displacement [10, 11, 12, 13, 14, 15, 16, 17, 18, 23, 24]
or strain discontinuities in the formulation [19, 20, 21].
The main advantage of the modified continuum models
of this kind is to provide the adequate measure of the
total inelastic dissipation of the strain softening compo-
nent regardless of the chosen finite element mesh. How-
ever, the vast majority of previous works are mainly de-
veloped by combining elastic response with strain soft-
ening and thus completely ignore the possible inelas-
tic deformation in fracture process zone that proceeds
the strain-softening. In some previous work based on
smeared crack concept the inelastic deformation during
hardening is taken into account [22]. Moreover, it is
well known by now that the nonlinear volume change
during hardening is prominent feature of concrete-like
materials. This sort of behavior generally violates the
associated flow rule. Therefore a separate plastic poten-
tial rather than loading function is needed to define flow
rule.

In this work, we develop a model capable of taking
into account both the contribution of a strain harden-
ing with non-associative flow rule as well as a strain
softening model components. We consider here plas-
ticity model with Drucker-Prager yield criterion, with
similar plastic potential function governing hardening
behavior and corresponding shear line representing the
strain softening behavior. Although the plasticity model
is used in present study, one can note that damage model
could be used as well. However, as long as we do not
go to true cyclic loading applications, either of them
can be successfully applied to obtain the adequate value
of limit load in quasi-static applications. Such a model
can provide a more realistic representation of the limit
state of a massive structural system where both kind of
inelastic dissipations (both strain-hardening and strain
softening) are considered. Another advantage of pro-
posed model is ability to represent nonlinear volume
change during hardening obtained by using plastic po-
tential function similar to yield function in order to de-
fine flow rule.

The condition which allows to connect pre- and post-
localization state, pertains to imposing the equivalence
of the corresponding dissipations, which can be cast as

the stress orthogonality with respect to localization in-
duced enhanced strain field. The standard finite ele-
ment implementation ought to be modified in order to
account for this orthogonality condition and addition
of corresponding displacement modes representing dis-
placement discontinuity along yield line, which can be
carried out in a very similar manner as for the method
of incompatible modes [25].

Other multi-surface model ingredients pertains of St.
Venant criterion that can handle failure in tension and in
compression. Figure 1.a shows a graphic illustration of
the proposed criterion in principal axes of stress tensor.
One can note that in tension region elastic stage is fol-
lowed by softening, while in compression not only the
ductile part with fracture process zone is larger, but also
its contribution to total dissipation for compression fail-
ure. Figure 1.b clearly reveals that the only special load
case which is not limited, is a three-axial compression
that can be produced by hydrostatic pressure.

The outline of the paper is as follows. In the next sec-
tion we briefly present the theoretical framework capa-
ble of accommodating both strain-hardening and strain-
softening effects. We first start with hardening for non-
associative flow rule written in six-dimensional and in
principal stress space followed by softening plasticity
model. Considerations of the discrete approximation,
based on the finite element method, are given in Section
3. The results for several numerical examples are pre-
sented in Section 4. In Section 5 we state some closing
remarks.

2. Continuum model formulation

In this section, we present the concrete model built in
the view of failure models for massive structures, where
the elastic behavior is followed by the creation of the
fracture process zone with a large number of micro-
cracks and subsequent final failure mode in terms of
the macro-cracks. The fracture process zone is rep-
resented by the non-associated Drucker-Prager contin-
uum plasticity model since the number of micro-cracks
is considered sufficiently large and their orientation ran-
dom. The macro-crack is represented with a surface of
displacement discontinuity, where all localized dissipa-
tive mechanisms will led to development of localization
zones.

2.1. Thermodynamics framework

To simplify our discussion we consider the Euclidean
setting and corresponding tensor [10]. We consider the
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displacement vector, u, as a function of both space po-
sition x and pseudo-time t

u(x, t) = ui(x, t)ei; x = xiei (1)

Standard kinematic considerations define the tensor
of total strains, ε, as the symmetric part of the displace-
ment gradient tensor

εεε = ∇su; εi jei ⊗ e j =
1
2

(
∂ui

∂x j
+
∂u j

∂xi

)
ei ⊗ e j (2)

The hypothesis of small displacement gradient al-
lows us to express the equilibrium equations in terms
of Cauchy (or true) stress, σσσ = σi jei ⊗ e j directly in the
initial configuration

div [σσσ] + b = 0⇐⇒
∂σi j

∂x j
+ bi = 0 (3)

where b is the body force. In elasticity the constitutive
model is governed by Hooke’s law which only requires
to specify the material parameters that allows to con-
struct corresponding elasticity tensor C

σσσ = Cεεε; σi jkl = Ci jklεkl (4)

The elasticity tensor of the simplest case of isotropic
material (we refer to [26] where fine scale model con-
firms that concrete is statistically close to isotropic) can
be constructed with two parameters only; by choosing
Lame’s parameters, λ and µ, we can write such an elas-
ticity tensor as:

C = λ1 ⊗ 1 + 2µI (5)

with I and 1 being, respectively, fourth and second order
unit tensors. Alternatively, the elasticity tensor can be
expressed in terms of bulk (K) and shear modulus (G)

C = K1 ⊗ 1 + 2G
(
I − 1

3 1 ⊗ 1
)

(6)

In the presence of plastic deformation, the constitu-
tive relation in (4) is no longer featuring the total but the
elastic deformation. Namely, by assuming the indepen-
dence of the elastic response on plastic flow, the total
deformation can be split additively into elastic εεεe and
plastic part εεε p,

εεε = εεεe + εεε p (7)

By further assuming that the elastic response remains
linear, reducing to Hooke’s law in (4) in the absence of
plastic deformation, we can construct the free energy
potential as a quadratic form in terms of deformations

ψ(εεε, εεε p, ζ) := 1
2 (εεε − εεε p) · C(εεε − εεε p)) + 1

2ζKζ (8)

Besides the stress tensor σσσ we define the stress-like
internal variable q, which is dual to the strain-like inter-
nal state variable ζ. We assume that this dual variable is
used to define the yield criterion which corresponds to
the classical Drucker-Prager model:

φy(σσσ, q) :=‖ dev[σσσ] ‖ +
1
3

tan(ϕ)tr[σσσ] −

√
2
3

(σy − q)

(9)

where
dev[σσσ] = σσσ − 1

3 (tr[σσσ])1 (10)

is the deviatoric part of the stress tensor, tan(ϕ) is ma-
terial parameter that can characterize the internal fric-
tion and σy is uni-axial yield stress identified from a
tension test. In (10) the Frobenius norm is used with
‖ σ ‖:=

√
σ : σ. Instead to the yield function, plastic

flow develops along the normal to the plastic potential
function resulting with non-associated Drucker-Prager
model. Here, we will use plastic potential function that
is different then yield function

φp(σσσ, q) :=‖ dev[σσσ] ‖ + 1
3 tan(ψ)tr[σσσ] (11)

(a)

s

hydrostatic

axis

1

s

s

3

2

Drucker-Prager

(b)

-I1

J2
1/2

Figure 1: Multisurface criterion (a) in principal stress space (b) in meridian plane
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where tan(ψ) is material parameter describing the angle
of dilatancy.

Specifying three fundamental equations in (7), (8)
and (9) along with (11), are sufficient to completely de-
fine the stress tensor computation as well as the inter-
nal variables evolution corresponding to the plasticity
model. Namely, we simply use the second principle of
thermodynamics and the principle of maximum plastic
dissipation. For the isothermal case of dissipation in-
equality, we have:

0 ≤ D := σσσ · ε̇εε −
∂

∂t
ψ

= σσσ · ε̇εε −
∂ψ

∂εεε
· ε̇εε −

∂ψ

∂εεε p · ε̇εε
p −

∂ψ

∂ζ
· ζ̇

= (σσσ −
∂ψ

∂εεε
) · ε̇εε −

∂ψ

∂εεε p · ε̇εε
p −

∂ψ

∂ζ
· ζ̇

(12)

In the elastic case, where plastic dissipation remains
equal to zero with no change of internal variables, ε̇εε p= 0
and ζ̇ = 0, the last result confirms that the stress can be
computed as:

D = 0; ε̇εε p= 0; ζ̇ = 0; σσσ :=
∂ψ

∂εεε
= C(εεε − εεε p)

(13)
By assuming that such a stress computation remains

valid in the plastic case, and by introducing the thermo-
dynamic fluxes conjugate to internal variables,

σσσ := −
∂ψ

∂εεε p q := −
∂ψ

∂ζ
(14)

we can obtain the final expression for the plastic dissi-
pation according to:

0 ≤ Dp := σσσ · ε̇εε p + q · ζ̇ (15)

The principle of maximum plastic dissipation is then
invoked stating that among all the admissible stress
states (for which φy(σσσ, q) � 0) , we ought to choose
those which maximize the plastic dissipation:

Dp(σσσ, q) = maxφy(σσσ∗,q∗)≤0
[
Dp(σσσ∗, q∗)

]
; (16)

By the Lagrange multiplier method, this problem of
computing the maximum under the corresponding con-
straint can be transformed into an unconstrained mini-
mization problem:

Lp(σσσ, q, γ̇) = max
γ̇≥0

min
∀σσσ∗,q∗

[
Lp(σσσ∗, q∗, γ̇∗)

]
Lp(σσσ, q, γ̇) := −Dp(σσσ, q) + γ̇φy(σσσ, q)

(17)

The associated Kuhn-Tucker optimality conditions
will provide the corresponding evolution equation for
internal variables:

0 =
∂Lp(σσσ, q, γ̇)

∂σσσ
= −ε̇εε p + γ̇

∂φy(σσσ, q)
∂σσσ

;

0 =
∂Lp(σσσ, q, γ̇)

∂q
= −ζ̇ + γ̇

∂φy(σσσ, q)
∂q

;

γ̇ ≥ 0; φy(σσσ, q) ≤ 0; γ̇φy(σσσ, q) = 0

(18)

The corresponding value of each Lagrange multi-
plier γ̇ for associative plasticity model is obtained from
the consistency condition, which assures that in a plas-
tic loading process, subsequent stress and deformation
states remains on subsequent yield surface:

0 = φ̇y =
∂φy

∂σσσ
· σ̇σσ +

∂φy

∂q · q̇

=
∂φy

∂σσσ
· Cε̇εε − Gyγ̇;

(19)

where
Gy =

∂φy

∂σσσ
· C ∂φy

∂σσσ
+

∂φy

∂q · K
∂φy

∂q (20)

Since γ̇ is non-zero only when yield surface is active
it follows that

0 = φ̇y ⇒ γ̇ = G−1
y

(
∂φy

∂σσσ
· Cε̇εε

)
(21)

where G−1
i j is the inverse of matrix Gi j. By using the

last result we obtain the rate form of the stress-strain
relations in (4)

σ̇σσ = Cepε̇εε (22)

where Cep are elastoplastic tangent moduli given by the
expression

Cep =

{ C; ∀γ̇i = 0; i = 1, 2, ...,m
C − G−1

y C ∂φy

∂σσσ
⊗ C ∂φy

∂σσσ

(23)

The consequences of the principle of maximum plas-
tic dissipation characterizing such associative plastic-
ity model is the convexity of the yield surface in stress
space and normality of plastic flow with respect to the
yield surface. Drucker’s stability postulate is also in
agreement with this principle. By changing the pro-
posed flow rule with separate potential in (11) we can
conclude that proposed model results with Drucker-
Prager non-associative plasticity that is not stable in the
sense of Drucker. However, stability postulate is suffi-
cient but not a necessary criterion. Since the uniqueness
of stress and strain trajectories for a given loading ex-
ists, the material can be regarded as locally stable, thus
the condition of uniqueness rather than the stability pos-
tulate may be regarded as a basic for establishing stress-
strain relationship. The non-associative flow rule for the
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plastic strain rate tensor, using (11) and strain-like hard-
ening variable , is given by

0 = −ε̇εε p + γ̇
∂φp(σσσ, q)

∂σσσ

0 = −ζ̇ + γ̇
∂φy(σσσ, q)

∂q

(24)

The loading/unloading conditions can be expressed in
the Kuhn-Tucker form as

γ̇ ≥ 0; φy(σσσ, q) ≤ 0; γ̇φy = 0 (25)

The plastic multiplier γ̇ using the plastic consistency
condition φ̇y = 0 can be expressed in the form

0 = φ̇y =
∂φy

∂σσσ
· σ̇σσ +

∂φy

∂q
· q̇

=
∂φy

∂σσσ
· Cε̇εε − γ̇

(
∂φy

∂σσσ
· C

∂φp

∂σσσ
+
∂φy

∂q
· K

∂φy

∂q

)
⇒ γ̇ = h−1 ∂φy

∂σσσ
· Cε̇εε

(26)

where we used relation

h−1 =
∂φy

∂σσσ
· C

∂φp

∂σσσ
+
∂φy

∂q
· K

∂φy

∂q
(27)

We can simplify corresponding results in (26) for pro-
posed model to obtain:

γ̇ =
2Gννν : ε̇εε + 3Kα1tr(ε̇εε)
2G + 9Kα1α2 + 2

3 Kh
(28)

where

ννν =
dev[σσσ]
‖ dev[σσσ] ‖

; α1 =
1
3

tanϕ; α2 =
1
3

tanψ;

Kh =
dq(ζ)

dζ
;

q(ζ) = −
(
σ∞ − σy

) [
1 − exp(−βζ)

]
+ Kh,linζ;

(29)

In (29) above, σy is initial uniaxial yield stress, β is the
hardening parameter that governs the rate with which
the saturation is achieved, σ∞ is limit until the stress
increase,Kh,lin is hardening modulus.

Once the scalar function γ̇ is determined the plastic
strain increment from flow rule can be expressed as

ε̇εε p = γ̇
∂φp

∂σσσ
= h−1 ∂φy

∂σσσ
· C︸  ︷︷  ︸

H

∂φp

∂σσσ
ε̇εε (30)

and corresponding stress increment can be deter-
mined from (4) and (7) combining with last expression

σ̇σσ = C
(
ε̇εε − γ̇

∂φp

∂σσσ

)
=

(
C − h−1C

∂φy

∂σσσ
⊗ C

∂φp

∂σσσ

)
ε̇εε

= Cepε̇εε

(31)

Thus the tangent elastoplastic tensor can be written in
an additive format

Cep = C + Cp (32)

with

Cp = −h−1C
∂φy

∂σσσ
⊗ C

∂φp

∂σσσ
= −h−1H ⊗H∗ (33)

where Cp is plastic tangent stiffness tensor and repre-
sents the degradation of the stiffness of material due
to plastic flow. It can be noted from (33) that tensor
Cp lacks symmetry. The same holds for Cep with a
non-associative flow rule is used as stated for chosen
Drucker-Prager model:

Cep = C −
(2Gνννn+1 + 3Kα11) ⊗ (2Gνννn+1 + 3Kα21)

2G + 9Kα1α2 + 2
3 Kh,iso

(34)

2.2. Hardening plasticity model in principal stress
space

The stress update and formation of the elastoplas-
tic tangent modulus requires the derivative of the yield
function and the plastic potential function. Even for lin-
ear criteria, this is a cumbersome task when carried out
in the general six-dimensional stress space. It will be
shown in the following that computation in principal
stress space simplifies procedure, presented in Section
2.1.. First, the dimension of the problem reduces from
six to three, and second, in the three-dimensional stress
space the stress states can be easily visualized graphi-
cally, making it possible to successfully apply geomet-
ric arguments. The approach is applicable to general
isotropic yield criteria (e.g [27, 28, 29]), but in the fol-
lowing only Drucker-Prager criteria will be considered.
As only isotropic material models are considered, the
manipulations can be carried out with respect to any set
of coordinates. Therefore the predictor stress is trans-
formed into principal stress space, to compute the re-
turn to the yield surface. Considering the fact that the
stress return preserves the principal directions, the up-
dated stress can then be transformed back into the origi-
nal Cartesian coordinates. The constitutive matrices are
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also first formed in principal stress space and then sub-
sequently transformed to standard coordinates.

The Drucker-Prager model in principal stress space
is right-circular cone with its axis equally inclined with
respect to each of the coordinate axes, and with its apex
in the tension octant. It can be shown that plastic defor-
mation must be accompanied by an increase in volume
if ϕ , 0. This property known as dilatancy is conse-
quences of the dependency of yield surface for associa-
tive or plastic potential surface for non-associative flow
rule, on hydrostatic pressure. Figure 2 shows Drucker-
Prager yield surface open in direction of the negative
hydrostatic axis along with plastic potential function.
From flow rule the plastic strain increment dε p

i j is per-
pendicular to plastic potential surface at the actual yield
point M. The vector dε p

i j can be decomposed into verti-
cal and horizontal component where horizontal compo-
nents dε pv

i j represents the plastic volume change, which
is always positive for ψ > 0 so and for associative plas-
ticity. When using a negative dilatancy angle, we find
that stress-strain curve gradually approaches a line with
a negative slope. In other words, hardening is followed
by softening leading to unstable behavior where the ma-
terial resistance vanishes.

-I
1

J1/2
2

d pv
ij

d p
ij

M

Current loading surface

Plastic potential surface

Subsequent loading surface

Figure 2: The loading and plastic potential surfaces for the Drucker-
Prager material with a non-associated flow rule

Defining three main ingredients sufficient for the con-
stitutive model of plasticity we can provide the stress
tensor computation as well as internal variables evolu-
tion:

• additive decomposition of total strain into elastic
and plastic component
εεε = εεεe

+ εεεp

• the free energy function constructed in terms of de-
formations
ψ(εεε, εεε p, ζ) := 1

2 (εεε − εεε p) · Ĉ(εεε − εεε p) + 1
2ζKζ

• the yield criterion takes a very simple form in the
principal axis representation

φy,s(σσσ, q) :=
√

J2 + 1
3 tan(ϕ)I1 −

√
2
3 (σy − q)

while plastic potential function is defined as
φp,s(σσσ, q) :=

√
J2 + 1

3 tan(ψ)I1

where

J2 = 1/6
[(
σσσ1 −σσσ2

)2
+

(
σσσ2 −σσσ3

)2
+

(
σσσ3 −σσσ1

)2
]

I1 = σσσ1 +σσσ2 +σσσ3
is the second invariant of the deviatoric part of the
Cauchy stress and the first invariant of the Cauchy
stress, respectively.

The principal stresses and deformations as well as
their directions are found by solving the eigenvalue
problem

(σσσ − σiI)ni = 0
(εεε − εiI)mi = 0

(35)

where σσσ,εεε are stress and deformation tensor, σσσi, εεεi are
the eigenvalues, I is identity matrix and ni,mi are eigen-
vectors. The three eigenvectors of deformation tensor
form a coordinate transformation tensor Qi, j

Qi, j =
[
n j,1 n j,2 n j,3

]
=

=

cos(x, x) cos(y, x) cos(z, x)
cos(x, y) cos(y, x) cos(z, x)
cos(x, z) cos(y, x) cos(z, x)

 =

cxx cyx czx

cxy cyy czy

cxz cyz czz


(36)

where the components are direction cosines between the
two sets of axes. With the elements of Qi, j the transfor-
mation matrix can be written as:

T =



c2
xx c2

yx c2
zx

c2
xy c2

yy c2
zy

c2
xz c2

yz c2
zz

cxxcxy cxycxz cxxcxz

cyxcyy cyycyz cyxcyz

czxczy czyczz czxczz


(37)

All the remaining ingredients of the plasticity model
can be obtained from the standard thermodynamics con-
siderations. Namely, the plastic strain rate tensor and
strain-like hardening variable in principal direction, is
given in same way as given in (24).

Using plastic consistency condition we can obtain
plastic multiplier in same way as for computation in lo-
cal coordinates and then update stress in the principal

6



stress space. Stress tensor in local coordinates can be
obtain by using transformation matrix either using spec-
tral decomposition of the principal stresses

σσσ =

3∑
i=1

σini ⊗ ni → σσσ = Tσσσ (38)

After this computation, we also have to obtain the
elastoplastic tangent modulus which consists of a ma-
terial and of a geometric part

C =
∂σσσ

∂εεε

=

3∑
i=1

∂σi

∂εεε
ni ⊗ ni︸            ︷︷            ︸

Cmat

+

3∑
i=1

σi
∂

∂εεε
(ni ⊗ ni︸               ︷︷               ︸

Cgeo

) (39)

By applying the Gâteaux derivative formalism to the
eigenvalue problem in (35) we obtain

∂εi

∂εεε
= ni ⊗ ni (40)

By exploiting this results we can provide the closed
form expression for the material part of elastoplastic
tangent modulus in terms of its reduced form in prin-
cipal axes Dep

i j :

Cep
mat =

3∑
i=1

∂σi

∂εεε
ni ⊗ ni

=

3∑
i=1

3∑
j=1

∂σi

∂ε j

∂ε j

∂εεε
ni ⊗ ni

=

3∑
i=1

3∑
j=1

Dep
i j [ni ⊗ ni] ⊗

[
n j ⊗ n j

]
(41)

In particular, for an elastic step the elastoplastic tan-
gent modulus in principal direction is the same as the
elasticity tensor Di j, while for a plastic step it is com-
puted as the corresponding modification of elasticity
tensor taking into account the final value of stress tensor
for plastic step defined in (38):

Dep = D −
D ∂φy,s

∂σσσ
⊗ D ∂φp,s

∂σσσ

∂φy,s

∂σσσ
· D ∂φp,s

∂σσσ
+

∂φy,s

∂q · K
∂φy,s

∂q

(42)

In order to obtain geometric part of the tangent tensor
we use fact that ni ⊗ ni can be obtained in closed form
in terms of εεε which follows from Serrin’s representation
theorem. If all εi are distinct, then

ni ⊗ ni =
εi

di

[
εεε − (i1 − εi)I + i3ε−1

i εεε
−1

]
(43)

if and only if di , 0 where ii; i=1,2,3 are the principal
invariants of deformation tensor and

di = (εi − ε j)(εi − εk) (44)

With this result in hand and using chain rule we can
write the geometric part of tangent modulus as:

Cgeo =
σi

di

[
I − 1 ⊗ 1 − i3ε−1

i (Iεεε−1 − εεε−1 ⊗ εεε−1) + 1 ⊗ ni

+ ni ⊗ 1 − i3ε−2
i × ((ni ⊗ ni) ⊗ εεε−1 + εεε−1 ⊗ (ni ⊗ ni)

+ 2(i3ε−3
i − 1)(ni ⊗ ni) ⊗ (ni ⊗ ni)

]
(45)

where

IABCD
εεε−1 =

1
2

(εεε−1ACεεε−1BD + εεε−1ADεεε−1BC) (46)

In the case two or even all three principal deformation
are the same, we can obtain similar expression (43) by
using numerical perturbation of the identical values.

Finally, we can write the tangent tensor in matrix
form using transformation matrix

Cep︸︷︷︸
6x6

= T︸︷︷︸
6x3

Cep
mat︸︷︷︸

3x3

TT︸︷︷︸
3x6

+ Cgeo︸︷︷︸
6x6

(47)

2.3. Softening plasticity in principal stress space

In this section, we present the theoretical formulation
of the strong discontinuity approach for modeling the
cracking of concrete. While in compression it can be
observed three different deformation stages, linear elas-
tic, nonlinear inelastic and localized stage in tension,
elastic stage is followed by unstable softening stage. In
order to take into account these two types of dissipa-
tive mechanisms we build multi-surface model in order
to better reproduce the behavior of massive structures:
a bulk dissipation characterized by the development of
micro-cracks, which is taken into account by the intro-
duction of Drucker-Prager model and a surface dissipa-
tion taking place at the level of the localization zones
in terms of the macro-cracks triggered with St. Venant
plasticity criterion in strain space defined by three sur-
faces.

φ1(εεεe) = εe
1 − (εy − q) ≤ 0

φ2(εεεe) = εe
2 − (εy − q) ≤ 0

φ3(εεεe) = εe
3 − (εy − q) ≤ 0

(48)

One can also recover the standard format of the limit
criterion in the stress space, which is more efficient in

7



numerical implementation,according to:

φ1(σσσ) =
3K + G

9KG
σ1 −

3K − 2G
18KG

(σ2 + σ3) − (σy − q) ≤ 0

φ2(σσσ) =
3K + G

9KG
σ2 −

3K − 2G
18KG

(σ1 + σ3) − (σy − q) ≤ 0

φ3(σσσ) =
3K + G

9KG
σ3 −

3K − 2G
18KG

(σ1 + σ2) − (σy − q) ≤ 0

(49)

where we have chosen the reference value of the elas-
ticity limit obtained from hydrostatic tension test.

Figure 3 present the principal axis representation of
this three dimensional criterion. The three surfaces are
therefore simply represented by planes in 3D or straight
lines in 2D case. We should note that Φ1 ≥ Φ2 ≥ Φ3, so
that the second and third surface can never be the only
one active, for 2D case the second surface is the one
which can never be the only one active (see Figure 3.b).
In pure tension mode, the limit of the elastic domain is,

φ1(σσσ2) =
3K + G

9KG
σ1 − σy ≤ 0 (50)

and, in pure compression:

φ1(σσσ1) =
3K − 2G

18KG
σ2 − σy ≤ 0 (51)

where we have chosen the reference value of the elas-
ticity limit obtained from hydrostatic tension test.

In order to provide reliable predictive model for con-
crete taking into account two types of dissipative mech-
anisms, we combine this multi-surface model in order
to represent localized failure. The fracture process zone
is still represented with non-associative Drucker-Prager
model. Figure 1.a shows a graphic illustration of the
proposed criterion in principal axes of stress tensor. One
can note that in tension region elastic stage is followed
by softening, while in compression not only the duc-
tile part with fracture process zone is larger, but also its

contribution to total dissipation for compression failure.
Figure 1.b clearly reveals that the only special load case
which is not limited, is a three-axial compression that
can be produced by hydrostatic pressure.

In order to provide the appropriate interpretation of
the localized plastic deformation, we consider a domain
Ω split into two sub-domains Ω+ and Ω− by a surface
of discontinuity, denoted as Γs, see Figure 4. The total
displacement field u is written as the sum of a smooth
regular part ū and the displacement discontinuity ¯̄u ,
centered at the Γs. The surface of discontinuity Γs is
characterized at each point by a unit vector of exterior
normal denoted as n, a tangential vector denoted as m
and binormal vector b. The discontinuous displacement
field can then be written as

u(x, t) = ū(x, t) + ¯̄u(x, t)MΓs (x)
MΓs (x) = HΓs (x) − NΩ̃(x)

(52)

where HΓs (x) is the Heaviside function being equal to
1 in Ω+ and to 0 in Ω−, whereas NΩ̃(x) is continuous
function which can be sketched arbitrary except for sat-
isfying following two conditions:

NΩ̃(x) =

1; x ∈ Ω+

0; x ∈ Ω−

Figure 4: Slip line Γs separating domain into Ω+ and Ω−

By combining the Newton third law which imposes
the continuity of traction across displacement disconti-

(a)

n n1 1

n n2 2

1

2

3

inadmissible

domain

hydrostatic

axis

s

s

s

(b)

s1

s2

Figure 3: Elastic domain in principal stress space (a) 3D case (b) 2D case for σ3 = 0
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nuity line Γs and the Cauchy principle, we can write:

0 = ṫ = σ̇σσn +σσσ ṅ︸︷︷︸
=0

(53)

where the second term drops out because it is assumed
that the direction of the discontinuity remains fixed in
time.

Furthermore, by using last results with assumption
that the bifurcation phenomena in an elastoplastic re-
sponse can be interpolated as the difference between
two smooth stress fields, defining the corresponding
jump in the stress rate, we obtain:

0 = Cep(m ⊗ nα̇)n
= Aepmα̇; Aep = nCepn

(54)

where Aep is the acoustic tensor. Herein, we assume
that the critical mode m is parallel to a normal vector n
providing mode I as a opening mode in tension.

The corresponding deformation field that is produced
by such a displacement field can be written as

εεε(x, t) = ∇sū(x, t) + Ḡ(x) ¯̄u(t)︸                   ︷︷                   ︸
ε̄εε

+( ¯̄u(t) ⊗ n)sδΓ(x)

Ḡ(x) = −∇sNΩ̃(x)
(55)

The strain field appears then to be decomposed into a
regular part and a singular part, the latter accompanying
the Dirac-delta function δΓ(x). The strain energy in this
case can be written:

ψ(εεε, ζ̄, ¯̄ζ) := ψe(εεεe) + Ξ̄(ζ̄)︸          ︷︷          ︸
regular

+ ¯̄Ξ( ¯̄ζ)δΓs (56)

where the first term is the elastic energy, whereas the
second and the third terms are the contributions of hard-
ening and softening mechanisms, respectively.The total
plastic dissipation can be expressed as the sum of the
dissipation from fracture process zone in Ω̃ and from
the discontinuity on Γs, which can be written:

0 ≤ Dp
Ω̃

=

∫
Ω̃

[
σσσ · ε̇εε − ψ̇(εεε, ζ̄, ¯̄ζ)

]
dV

=

∫
Ω̃

[
σσσ · ˙̄εεε − (ψ̇e(εεεe) + ˙̄Ξ(ζ̄))

]
dV

+

∫
Γs

[t ·m] α̇dA −
∫

Γs

˙̄̄
Ξ( ¯̄ζ)dA

(57)

From results above we can then obtain the additive de-
composition of the total plastic dissipation into a regular
and a singular part:

Dp
Ω̃

=

∫
Ω̃

(
σσσ · ˙̄εεε p + q̄ ˙̄ζ

)
dV +

∫
Γs

¯̄q ¯̄̇
ζdA (58)

For the last result to be valid we assume that the follow-
ing stress orthogonality condition must be satisfied:∫

Ω̃

σσσ · G̃mα̇dV +

∫
Γs

(t ·m) α̇dA = 0 (59)

The yield condition controlling inelastic deformation at
discontinuity is set directly in terms of the traction vec-
tor component tm = t ·m (⇐ m = n):

¯̄Φ(tm, ¯̄q) = | t ·m︸︷︷︸
tm

| − (σy − ¯̄q) (60)

Here, σy is a failure threshold and ¯̄q is the internal
plasticity variable for evolution of softening. When the
softening constitutive law is chosen to be exponential,
the internal variable for plasticity can be written as:

¯̄q = σy

(
1 − exp

(
− ¯̄ζ

σy

G f

))
(61)

where G f is the corresponding value of fracture energy.
Since the compressive and the tension failure mecha-
nisms are reproduced according to the same fracture
mode driven by the principal tensile strains, the corre-
sponding amount of fracture energy can be quite differ-
ent because of the number of cracks created in those two
cases. This is illustrated in Figure 5.a representing the
crack pattern in simple tension and the one in simple
compression test, leading to quite different dissipated
energy. Here, we indicate that the fracture energy is
supposed to change continuously from a specified value
in tension Gt to compression Gc (Figure 5.b) according
to:

G f =
Gc + Gt

2
−

Gc − Gt

2
tanh(βtr[ε]) (62)

where β is a parameter to be chosen to set a more or less
rapid transition.

Assuming further that the plastic multiplier takes the
form γ̇ = ˙̄γ + ˙̄̄γδΓs , we can make use of the principle of
maximum plastic dissipation with

¯̄Lp(σσσ, q̄, ˙̄̄γ) = max
˙̄̄γ≥0

min
∀(t∗, ¯̄q∗)

[ ¯̄Lp(σσσ∗, q̄∗, ˙̄̄γ∗)
]

= −Dloc
Ω (·) +

∫
Ω

˙̄γΦ̄dV +

∫
Γs

˙̄̄γ ¯̄ΦdA
(63)

The Kuhn-Tucker optimality condition will provide
the corresponding evolution equation for internal vari-
ables:

0 =

∫
Ω

(
− ˙̄εεε p + ˙̄γ

∂φ̄

∂σσσ

)
dV;

0 =

∫
Ω

(
− ˙̄ζ p + ˙̄γ

∂φ̄

∂q̄

)
dV;

(64)
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accompanied with

0 =

∫
Γs

− ˙̄̄
ζ + ˙̄̄γ

∂ ¯̄φ
∂ ¯̄q

 dA ⇒

∫
Γs

˙̄̄
ζdA =

∫
Γs

˙̄̄γdA (65)

The plastic multiplier can be computed from plastic
consistency condition enforcing that ¯̄Φ = 0, which re-
sults with:

˙̄̄γ =
1
¯̄K

∫
Ω

σ̇σσḠdV (66)

3. Space and time discrete approximation

In this section we will present the main steps in apply-
ing the implicit backward Euler scheme to 3D plasticity
model for concrete materials.

3.1. Spatial discretization

We first elaborate upon the solution of the initial
boundary value problem, posed by the weak form of
the equilibrium equations (3) and the evolution equa-
tions (24). We use standard semi-discretization proce-
dure to construct the finite-element-based displacement
approximation over a single element Ωe

u( x, t) |Ωe =
nen∑
a=1

Ne
a(x)ua(t) (67)

where ‘nen’ is the total number of element nodes, Ne
a(x)

are the finite element shape functions and ua(t) are the
nodal displacements. Upon replacing this approxima-
tion into the weak form of the equilibrium equations
in (3) we can integrate with respect to the space vari-
ables x, thus reducing the current problem to tracing
the pseudo-time history of the state variables. In other
words, the weak form of equilibrium equations can be
written as

G =
nel

A
e=1
{
∫

Ωe BeT
a (x)σσσ( εεε(x, t), εεε p(x, t), ζ(ξξξ, t)) dV

−
∫

Ωe Ne
a(x) · b(x, t)dV −

∫
Γσ

Ne
a(x) · t(x, t) dA} = 0

(68)

where
nel

A
e=1

denotes the standard finite element assembly

procedure over the total number of elements nel.
By choosing the Gauss quadrature rule with nin

points, with abscissas ξξξl and integration points wl we
can rewrite equilibrium equations as

G =
nel

A
e=1
{

nin∑
l=1

( wlBeT
a (ξξξl)σσσ( εεε(ξξξl, t), εεε p(ξξξl, t), ζ(ξξξl, t)) j(ξξξl)

−wlNe
a(ξξξl) · b(ξξξl, t) j(ξξξl) −

nin∑
l=1

wlNe
a(ξξξl) · t(ξξξl, t) } = 0

(69)

The numerical integration introduces a crucial sim-
plification concerning the internal state variable compu-
tation, in that their values need to be obtained only at
the integration points. The computed values of inter-
nal variables, obtained for a particular value of pseudo-
time, are then stored at each integration point for subse-
quent use. The corresponding values of the total strains
at a numerical integration point ξξξl can be simply recov-
ered from the chosen displacement approximation as

εεε(ξξξl, t) = Be
a(ξξξl)ue(t) (70)

3.2. Integration of internal state variables for plasticity

As the result of using the semi-discretization proce-
dure, the evolution equations (18) become the ordinary
differential equations in time. Integrating those equa-
tions in the time interval of interest, [0; T], we can trace
the evolution of the internal state variables. This inte-
gration is carried out numerically by using the uncondi-
tionally stable backward Euler time integration scheme.
The solution is thus obtained for the chosen values of
pseudo-time in the incremental sequence: 0 < t1 < t2 <
... < tn < tn + 1 < ... < T. Considering that the back-
ward Euler is one-step integration scheme, it only re-
mains to elaborate upon the solution procedure over a
typical time increment. To that end, let

εεεn = εεε(tn); εεε
p
n = εεε p(tn); ζn = ζ(tn); (71)

be given data at time tn, and ∆t = tn+1− tn the given time
increment. The problem is to obtain the corresponding
values of the state variables at time tn+1,

εεεn+1; εεε
p
n+1; ζn+1; (72)

which are admissible in the sense that the yield criterion
is satisfied.

Tackling this problem in the spirit of the operator split
method, we assume to be given the total strain incre-
ment ∆εεε(k)

n+1 which corresponds to the best iterative guess
of the displacement value u(k), with k being the iteration
counter. The first part of the computation reduces to a
simple additive update of the total deformation field

εεε(k)
n+1 = εεεn + ∆εεε(k)

n+1 (73)

The computation of the remaining state variables is
carried out by applying the backward Euler method to
the evolution equations (24) leading to following sys-
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Gc

Gt

Gf

tr e 

Figure 5: (a) Failure modes in both compression and tension (b) Influence of strain state on fracture energy

tem:

εεε
p
n+1 = εεε

p
n + γn+1(νννn+1 + α21)

ζn+1 = ζn + γn+1

√
2
3

σσσn+1 = C
(
εεεn+1 − εεε

p
n+1

)
qn+1 = −Kζn+1

(74)

In addition, the discrete counterpart of Kuhn-Tucker
conditions becomes:

φy
(
σσσn+1, qn+1

)
≤ 0

γi,n+1 ≥ 0
γn+1φy

(
σσσn+1, qn+1

)
= 0

(75)

However, since the correct value of plastic multiplier
γ̇n+1 ≥ 0 is not known a priori, we proceed with the elas-
tic trial test. Namely, we start by assuming that the step
remains elastic and setting γ̇trial

n+1 = 0, which results with
the corresponding trial values of the internal variables

εεε
p,trial
n+1 = εεε

p
n ; ζ trial

n+1 = ζn; (76)

We can thus readily compute the trial values of stress

σσσtrial
n+1 = C(εεεn+1 − εεε

p
n );

q̄trial
n+1 = q̄n = −Kζn;

φtrial
y,n+1 = φy

(
σσσtrial

n+1 , q
trial
n+1

) (77)

If the trial value of yield functions is indeed not pos-
itive, the trial state is accepted for final, and the internal
variables will not change their values with respect to the
previous step.

0 ≥ φtrial
y,n+1(σσσtrial

n+1 , q
trial
n+1 ) :=‖ dev[σσσtrial

n+1 ] ‖

+
1
3

tan(α)tr[σσσtrial
n+1 ] −

√
2
3

(σy − qtrial
n+1 )

εεε
p
n+1 = εεε

p
n ; ζn+1 = ζn

(78)

In the opposite case producing a positive trial value of
yield function φtrial

n+1 > 0, we know that the step is plastic

in fact. Thus we have to find the true (positive) value
of plastic multiplier γn+1 > 0, which will reestablish
the plastic admissibility of stress with φn+1 = 0. The
corresponding value of the plastic multiplier is obtained
from the consistency condition taking into account non-
associative flow rule to obtain:

γn+1 =
φtrial

y,n+1

2G + 9Kα1α2 + 2
3 Kh,lin

(79)

This value of plastic multiplier will also provide the cor-
responding new values of plastic deformation, harden-
ing variable and the corresponding stress:

σσσn+1 = σσσtrial
n+1 − γn+1C(νννn+1 + α21) (80)

After the convergence of this computation, we also
have to obtain the consistent elastoplastic tangent mod-
ulus, which can be written:

Cep = C −
(2Gνννn+1 + 3Kα11) ⊗ (2Gνννn+1 + 3Kα21)

2G + 9Kα1α2 + 2
3 Kh,iso

−
4G2

‖ dev[σσσtrial
n+1 ] ‖

[
I − νννn+1 ⊗ νννn+1 −

1
3

I ⊗ I
]

(81)

We note in passing that the consistent elastoplastic
tangent modulus given above is different from the corre-
sponding one valid for the continuum problem in (34).
The difference between the consistent and continuum
tangent moduli concerns the third term in (81) above,
which is due to the change of normal to the yield sur-
face over a time step. Equivalent computations are car-
ried out in strain softening phase, which is started once
the localization condition in (54) happens to be verified
for one of the quadrature points. One can thus obtain
that:

¯̄Φ( ¯̄γn+1) = 0; tm,n+1 = ty − ¯̄q( ¯̄ζn+1)

¯̄K = −
d ¯̄q

d ¯̄ζn+1

(82)
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The finite element interpolation is chosen to take into
account a displacement discontinuity, by considering
the incompatible mode methods. More precisely, we
choose the finite element interpolation according to:

uh(x, t) = N(x)ua +ααα(t)M(x) (83)

where N(x) is the classical shape function associated
to the considered brick element, ua denotes the nodal
displacement and M(x) is a discontinuous interpolation
function. The discontinuity can be introduced by split-
ting the 8-node brick in such a way that a pair of nodes
is placed at each side of the discontinuity. If Ω+ denotes
the part of the element on one side of the opening sur-
face, we can thus write:

M(x) = HΓs (x) −
∑
b∈Ω+

Nb(x) (84)

With such an approximation, the finite element inter-
polation of the strain field can be written as:

εεεh(x, t) = B(x)ua +ααα(t)Gr(x) (85)

where Gr(x) = LM(x) with L the matrix associated
to the operator ∇s. The finite element interpolation of
the virtual strain field can be constructed with the same
scheme as

δεεεh(x, t) = B(x)δua + δααα(t)Gv(x) (86)

where δua and δααα(t) denote, respectively, the virtual
displacement field and virtual displacement jump field.
Gv(x) is a modified incompatible mode function con-
structed from the function Gr(x) so as to guarantee the
satisfaction of the patch-test. We note that in general
Gv(x) is different from the function Gr(x). It has to
be noted that, as M(x) is a discontinuous function, the
functions Gr(x) and Gv(x) can be decomposed into a
regular and a singular part as

Gr(x) = Ḡr(x) + ¯̄Gr(x)δΓs

Gv(x) = Ḡv(x) + ¯̄Gv(x)δΓs

(87)

With those interpolations for real and virtual strain
fields using the incompatible mode, the discretized
problem can be written as

Anel
e=1

(
fint,(e) − fext

)
= 0; fint,(e) =

∫
Ωe

BT ·σσσn+1dV

h(e)
n+1 =

∫
Ωe

ḠT
v (x) ·σσσn+1dV +

∫
Γs

tm,n+1dA; ∀e ∈ [1, nel]

(88)

The weak form of equilibrium is written as a system of
two equations. The first one is the set of global equilib-
rium equations, which is classically written in the finite
element method. The second one is a local equilibrium
equation written in each localized element. Indepen-
dently this equation can be interpreted as the weak form
of the traction continuity condition along the surface
of discontinuity. The consistent linearization of system
(89) leads to the set of equilibrium equations, which can
be written for time step n + 1 and iteration (i):

Anel
e=1

[
Ke,(i)

n+1∆u(i)
n+1 + Fe,(i)

n+1∆ααα(i)
n+1

]
= Anel

e=1

[
fext,e
n+1 − fint,e,(i)

n+1

]
he,(i)

n+1 +
(
Fe,(i)

v,n+1 + K(i)
d,n+1

)
∆u(i)

n+1+(
He,(i)

n+1 + K(i)
α,n+1

)
∆ααα(i)

n+1 = 0
(89)

where:

Ke,(i)
n+1 =

∫
Ωe BT Cep,(i)

n+1 BdV, Fe,(i)
n+1 =

∫
Ωe BT Cep,(i)

n+1 ḠmdV
Fe,(i)

v,n+1 =
∫

Ωe mT ḠT Cep,(i)
n+1 BdV,

He,(i)
n+1 =

∫
Ωe mT ḠT Cep,(i)

n+1 ḠmT dV
Ke,(i)

d,n+1 = AΓe
s
∂tm
∂u |

(i)
n+1, Ke,(i)

α,n+1 = AΓe
s
∂tm
∂α
|
(i)
n+1

(90)
At that stage there are a couple of possibilities to solve
the above set of equilibrium equations. The first possi-
bility consists in solving simultaneously at global level
the two equations. The second possibility, which is cho-
sen herein, consists in taking advantage of the fact that
the second equation is written locally in each localized
element. Then, this second equation is solved at the el-
ement level for a given value of the displacement field
increment ∆u(i)

n+1. This allows determining the value of
the displacement jump increment ∆ααα(i)

n+1. Then by static
condensation at the element level, the system of equa-
tions in (90) is reduced to a single equation which takes
the classical form in the finite element method as:

Anel
e=1K̂

e
n+1∆u(i)

n+1 = Anel
e=1

[
fext,e
n+1 − fint,e,(i)

n+1

]
with

K̂
e,(i)
n+1 = Ke,(i)

n+1 − Fe,(i),T
n+1 (He,(i)

n+1 + K(i)
α,n+1)−1(Fe,(i)

v,n+1 + K(i)
d,n+1)
(91)

4. Numerical examples

In this section we present the numerical simulations
and computed macroscopic responses for a number of
different concrete specimens and various loading condi-
tions illustrating the ability of the proposed procedure to
describe the behavior till complete failure. The compu-
tations are performed by a research version of computer
program FEAP, developed by R.L. Taylor at UC Berke-
ley [30]
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4.1. Uniaxial tension test

We consider here the specimen given as a cube with
15 cm side length. The material parameters adopted are
shown in Table 1. These computations (and subsequent
ones) are made under the displacement control with un-
restrained lateral displacements for tension test.
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Figure 6: Macroscopic response for uniaxial tension test

In order to avoid the ambiguity of the failure pattern
under homogeneous stress field in the solid elements,
the slight imperfection is introduced into only one el-
ement. This allows to avoid the academic case when
the uniform load is applied to a series of homogeneous
solid elements resulting in localized failure in different

K 15 GPa
G 15 GPa
σu 6.5 MPa
G f ,t 0.5 N/mm

Table 1: Material parameters

elements at the same time, or only decided by numerical
round-off errors.

Figure 6.a shows macroscopic stress (sum of all reac-
tions in vertical direction divided by cross-section area
of the concrete cube) with respect to strain. Limit stress
which triggers the global softening obtained with pro-
posed model is lower then the limit stress obtained with
Rankine criterion with the same parameters. Namely,
the limit stress for proposed model is chosen to cor-
respond to elasticity limit in hydrostatic tension test.
Thus, for uniaxial and biaxial loading we can note from
(50) that this limit is lower compared to the limit stress
obtained with Rankine type of failure (Figure 2). We
can note from Figure 6.b that the model gives the mesh
independent results when the imperfection is added to
one of the solid finite elements and the exponential soft-
ening drives the solid to complete failure.

Moreover, we can see from Figure 7 that all displace-
ments plotted at the end of computation are localized in
zone where we placed element with slight imperfection
and where final failure surface is formed.

4.2. Notched bar in tension
In this example we construct specimen with a notch

as presented in Figure 8. The specimen dimensions are
given in millimeters. The proposed values of material
properties are: K=17.0 GPa, G=15.0 GPa, σu=6.5 MPa
and G f ,t=0.14 N/mm.

A double-notched specimen is constructed by placing
notch on two side of specimen, at the one-third and at
two-thirds of the specimen length.

Figure 9 shows localization of displacement in load-
ing direction. It can be noted that for single notched
specimen all displacement at the end of computation
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Figure 7: Vertical displacement at the end of uniaxial tension test for three different mesh versions: (a) 2 elements; (b) 3 elements; (c) 63 elements
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Figure 8: Notched specimen: geometry, boundary conditions and
loading
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Figure 11: Macroscopic response for notched specimen in tension
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Figure 12: Macroscopic response for double-notched specimen in ten-
sion

are localized where we placed notch, while for double-
notched specimen this zone connect two notches.

Figure 10 reveals that at the and of computation sin-
gle notch specimen is split in two parts with flat failure

surface while for double-notched specimen failure sur-
faces split specimen in two L-shaped parts.

Macroscopic response (stress vs. imposed displace-
ment) is presented in Figure 11 and 12 for both speci-
men and compared to response obtained with Rankine
type of failure. Again, due to definition of elasticity
limit stress in proposed model we can observe different
limit stress for these two kinds of computed response.

4.3. Three point notched beam

We consider a simply supported concrete beam (Fig-
ure 13) of length l = 2000 mm, height h = 200 mm and
thickness t = 50 mm. At its half-length it has a notch of
dimensions a = 10 mm and b = 100 1m. The beam is
loaded at the middle of the span, on the upper edge, with
imposed vertical displacement. The material properties
are chosen as in [31]: elastic modulus E = 30 GPa, Pois-
son ratio ν = 0.2, ultimate strength σu = 4.5 MPa and
fracture energy G f ,t=0.120 N/mm. Figure 13 shows the
used finite element mesh with geometry, boundary con-
ditions and loading. Computation is performed under
displacement control.

In Figure 14 is presented dependence of the reaction
force on the imposed displacement for coarse and fine
mesh, with 20 (mesh 1) and 40 (mesh 2) finite element
along the height of the beam. We can note that for
small number of element in the region where the crack
is expected to occur and propagate force-displacement
curves exhibit jumps. At jump, the crack propagated
through the element much faster for coarse mesh than
to the response with refined mesh. Moreover, we can
note nice matching of the computed results with the
range of experimental data presented in [32]. Upper and
lower curve from experiment corresponds to G f ,t=0.137
N/mm and G f ,t=0.115 N/mm , respectively. The crack
propagates along the mesh only in mode I (crack open-
ing mode). This is also evident from Figure 15 where
final deformed configuration of the mesh is presented.

4.4. Shear test

The shear-box test is widely used test to determine
the shear strength of soils, rock and similar materials.
This test has fallen from favor as an instrument of fun-
damental research because it tends to give non-uniform
stresses in the rupture zone [33]. In order to obtain uni-
form stresses, a so-called simple-shear apparatus was
developed [34] in such way (Figure 16.b) that all normal
strains can be kept equal to zero, so that we have a so-
called isochoric test (with no volume changes). These
tests are used for soils and also in some previous re-
search projects for concrete [33]. Thus, we consider
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Figure 9: Displacement in loading direction at the end of numerical simulation:(a) Notched specimen ; (b) Double-notched specimen
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Figure 10: Mesh without fractured elements with discontinuity surface Γs; (a) Notched specimen ; (b) Double-notched specimen

such test for sand in order to verify proposed model,
but it can be also used for concrete-like materials. The
material properties are: E= 45 MPa, ν=0.2, Φ=43o and
σy=Kh,lin=β=0, . For the initial stress state in the spec-
imen, we assume σyy = - 100 kPa, σxx= σzz = - 25 kPa
and σxy = 0. During the test all strain rates vanish, with
the exception of the shear-strain rate γ̇xy. Test is per-
formed on cube specimen with 15 cm side length under
displacement control.

In Figure 16.a is presented dependency of shear stress
on shear strain which fits well with results given in [35].
The upper curve is obtained for a dilatancy angle of 15o.
Despite the use of a non-hardening model, this curve
shows hardening. Indeed, the slope of the curve grad-
ually decreases to reach a constant, but positive value.
So elastic-perfectly plastic models do not necessarily
involve limit loads. When using a negative dilatancy
angle, we find the lower curve presented in Figure 16.a.
This stress-strain curve gradually approaches a line with
a negative slope. In other words, hardening is followed
by softening and during this unstable behavior the shear
resistance vanishes completely. Thus, even if the model

is based on perfect plasticity we find softening behavior
which is due to non-associated plasticity.

In order to arrive at a better understanding of this phe-
nomenon, it is helpful to consider the stress path for the
isochoric shear test in principal stress space. The stress
path begins at the point A with coordinates Aσ1 = - 100
kPa and Aσ2= Aσ3 = - 25 kPa. Then the stresses are
more or less controlled by the elastic volume change.
In the beginning of the test the strains are entirely elas-
tic, so that the condition of zero volume strain implies
that sum of stress rate is also equal to zero. This give a
elastic path until we reach the yield surface. From this
point on plastic strains develop, including plastic vol-
ume change when Ψ is non-zero. Then an elastic vol-
ume change is needed to compensate for the plastic vol-
ume change. For a negative dilatancy angle, plastic con-
traction must be balanced by elastic expansion, or ε̇e

v=-
ε̇

p
v . The elastic expansion gives rise to tensile stress in-

crements, so that the existing compressive stresses will
vanish. Then we can note that the plastic strain-rate vec-
tor forms an obtuse angle with the stress rate vector. As
a consequence the inner product is negative (σ̇σσT ε̇εε p < 0),
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K 15 GPa
G 15 GPa
σy 10.0 MPa
β 7500.0
σ∞ 36.7 MPa
Kh,lin 10.0 MPa
σu 6.5 MPa
G f ,c 20.0 N/mm
tan(Φ) 0.3
tan(Ψ) 0.3

Table 2: Material parameters for uniaxial compression test

which is the Drucker definition of unstable material be-
havior. The negativeness of the above inner product is
a necessary but not a sufficient condition for softening
behavior. For softening we need to consider the inner
product of the stress rate and the total strain rate rather
than the plastic strain rate. The total strain rate is always
parallel to the line of elastic path, making an obtuse an-
gle to the stress-rate vector. Finally it is noted that soft-
ening is not only possible for Ψ < 0 but more generally
for Ψ < Φ.

4.5. Compression test

The results of numerical simulations and correspond-
ing macroscopic response for specimen under uniaxial
(unconfined) compression loading program are given
here. Simulations in compression test are conducted
with displacement control, while lateral displacements
are unrestrained which corresponds to the case with
no friction between the load platen and the specimen.
Geometry of specimen is the same as for specimen
used for uniaxial tension test. Table 2 summarizes the
chosen mechanical properties of specimen where σy is
yield stress defined for a simple tension test, β is the
hardening parameter that governs the rate with which
the saturation is achieved, σ∞ is limit stress until the
stress increase,Kh,lin is hardening modulus, σu is ulti-
mate stress which triggers the softening, G f ,c is frac-
ture energy in compression, while tan(Φ) and tan(Ψ)
are internal friction angle and dilatancy angle defined in
meridian plane.
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Figure 19: Bending test cross-section

Figure 17.a shows macroscopic stress (sum of all
reactions in vertical direction divided by cross-section
area of concrete cube) versus strain curves for saturation
type of hardening (black line) and linear isotropic hard-
ening (red line). The macroscopic limit stress which
triggers the softening changes due to the type of hard-
ening while limit strains remains the same. This is in
accordance with the concrete material model, which is
defined in terms of limit strains. Also, we can find that
for non-associative hardening limit stress is not changed
but only the total dissipation energy in small amount.

The difference with respect to uniaxial tension test
mechanism concerns the ductile phase of the response
during creation of the fracture process zone, which is
more pronounced in compression test than in tension
test. Thus, not only the ductile part with fracture pro-
cess zone is larger, but also its contribution to the total
dissipation in compression failure.

In order to compare the macroscopic responses cor-
responding to uniaxial tension and compression, Fig-
ure 17.b presents macroscopic curves and reveals that
the overall compression-tension ratio is equal to 8.5
which fits well to typical observation made for a con-
crete [36, 37].

4.6. Bending test on a reinforced concrete beam

We consider here a beam of length L = 8.89 m, with
a rectangular cross-section: width 60 cm and height 20
cm. Six reinforcement longitudinal bars of diameter 26
mm are placed at the top side, and six with the same
diameter at the bottom side of the cross-section (see
Figures 18 and 19 for details on the geometry). This
test was proposed as a benchmark for different failure
modes of reinforced concrete by ETH Institute for Con-
crete Structures [38], who also provided a detailed de-
scription of the chosen test specimens.

Three loading condition are considered. In each case,
the beam is subjected to three loads Q applied vertically
in the span between the two supports and a load P ap-
plied at the free end. The first test, marked as T0, is
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K 15.482 GPa
G 12.998 GPa
σy 10.0 MPa
β 7000.0
σ∞ 36.7 MPa
σu 6.1 MPa
G f ,c 21.5 N/mm
G f ,t 0.5 N/mm
tan(Φ) 0.32
tan(Ψ) 0.21

Table 3: Material parameters for bending test

performed without axial load T , while in test T1 and T2
axial load T is limited to 1911 kN and 956 kN, respec-
tively. All tests follow the same procedure: First, the
axial load T is increased linearly up to the chosen value
and held constant. Second, the transverse loads Q and
P are increased linearly with P = 8.58 kN +1.44Q for
test T0, P = 15.84 kN +1.90Q for test T1, P = 12.21 kN
+1.68Q for test T2.
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Figure 22: Comparison of results: macroscopic stress-strain response

The material properties of concrete, as summarized in
Table 3,, are determined by inverse procedure in order
to obtain matching of stress-strain diagram for compres-
sion test (Figure 20) with average experimental results
performed on a cube and cylinder specimen [38]. For
the steel bar we use truss element with Von Mises plas-
ticity model.

Material properties for bars are: Young’s modulus of
elasticity, Es= 215 GPa, Yield strength, fsy= 498 MPa,
Hardening modulus Ksh = 20 GPa. Interface between
concrete and steel is represented with perfect bond pro-
viding that the dilatations in adjacent steel and concrete
remain the same in each step of computation. The com-
putation is carried out using the arc-length method (e.g.
[10]). The mesh grading in the horizontal direction is
chosen to comply with solid/truss elements of length
0.2 m. In the vertical direction, the finite element mesh
along cross-section is built up in order to ensure position
of longitudinal steel bars. This results with the mesh
with 112 and 224 FE along cross-section (Figure 22).

Figure 13: Three point notched beam: geometry, boundary conditions and loading
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Figure 15: Three point notched beam: deformed mesh

Figure 22: Bending test cross-section finite element mesh (red circles
represent position of truss element)

Figure 21 (upper part) shows the state of specimen
at the end of computation, where white color represents
elements that remain in elastic phase, green color repre-
sents hardening in compression and red color represents
element in softening phase. A major part of the con-
crete cross-section starts softening in tension (the bot-
tom part between the supports and the top part above the
right support). Concrete gets into the hardening phase
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Figure 23: Load Q in terms of the deflection at the mid-point of the
inner span
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Figure 16: Isochoric shear test: (a) Computed responses (solid line) and results taken from [35] (dash line); (b) boundary conditions and loading
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Figure 24: Load T in terms of the resulting displacement for test T2

of compression in the top layers at the middle of the
span and the bottom ones above the right support. A
few steps before the end of the analysis, the compressed
layers of concrete above the right support also start soft-

ening. Also, the top reinforcement layer above right
support starts to yield just before the end of analysis.

Figure 21 (middle) shows that crack propagates
mostly due to tension stress, while crack above right
support propagates due to compression stress.

The results for test T0, for two adopted FE mesh, in
terms of load/deflection are given in Fig. 23 (Q in terms
of deflection at the mid-point of the inner span). We
can note that after major part of beam starts softening
global resistance decrease. This computation is limited
to predefined load because further load increase can not
drive the beam to total failure due to elastoplastic model
of steel bar.

For test marked as T1 and T2 at the end of first
phase, when beam is subjected to axial load, all element
reaches elastic limit stress point in tension, thus form-
ing cracks along the beam which are perpendicular to
the subjected load (Figure 21- lower). Figure 24 reveals
that during first phase, the global stiffness of the beam is
decreased and latter transverse loads is transferred only
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Figure 17: Macroscopic response: (a) uniaxial compression test; (b) complete response
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Figure 21: Bending test: state of specimen and crack propagation

through the steel bars until they starts yielding.
To validate the prediction of our model, we compared

the obtained results with the stress-resultant reinforced-
concrete model for Timoshenko beam that can capture
the localized failure in shear, see [39]. We have also
compared our results against the experimental results
(Figure 25). The prediction result we obtain in terms
of crack pattern for concrete fits well with these experi-
mental results.

5. Conclusions

In this work we proposed multisurface plasticity
model for concrete that takes into account both the con-
tribution of a strain hardening with non-associative flow
rule as well as a strain softening model components for
full set of different 3D failure modes. The proposed
model is capable of representing the localized failure
of massive structures, where final failure mechanism is
preceded by significant development of plastic defor-
mations in so-called fracture process zone, which pro-
vides an important contribution to total plastic dissipa-
tion as the final failure mechanism. The plasticity model
is represented with Drucker-Prager yield criterion, with
similar plastic potential function governing hardening

behavior while strain softening behavior is represented
with St. Venant criterion.

We illustrated here that the model of this kind ensures
complete mesh independency of the discrete approxi-
mation constructed by the finite element methods. In
particular, for representing the failure, a displacement
jump is embedded in the element to describe the post-
peak behavior. Another feature of the model is ability
to represent nonlinear volume change during hardening,
which is obtained by using plastic potential function
defining the plastic flow rule, which is similar to (but
not the same as) the yield function.

The model is validated by presenting several numer-
ical examples where we confirm that the resistance of
concrete to tension is much lower than the one in com-
pression. The computed results fits quite well with the
corresponding experimental results, pertinent not only
to global but also to local results, such as the resulting
crack pattern for the bending test on a reinforced con-
crete beam.

Although the chosen model problem considers plas-
ticity model, the proposed concept of combining the in-
elastic hardening and inelastic softening to fully explain
the failure of a massive structure can easily be adapted
to other models of inelastic response, such as damage or
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(a)

(b)

Figure 25: Crack propagation: (a) experimental results for test T0-lower beam,T2-midlle beam, T1-upper beam; (b) results taken from [39]

combined damage plasticity.
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