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RIGOROUS TIME BOUND FOR FACTORING WITH ELLIPTIC CURVES

RAZVAN BARBULESCU

ABSTRACT. The complexity of the elliptic curve method of factorization (ECM) is proven
under the celebrated conjecture of existence of smooth numbers in short intervals. In this work
we tackle a different version of ECM which is actually much more studied and implemented,
especially because it allows us to use ECM-friendly curves. In the case of curves with complex
multiplication (CM) we replace the heuristics by rigorous results conditional to the Elliott-
Halberstam (EH) conjecture. The proven results mirror recent theorems concerning the number
of primes p such thar p — 1 is smooth. To each CM elliptic curve we associate a value which
measures how ECM-friendly it is. In the general case we explore consequences of a statement
which translated EH in the case of elliptic curves.

1. INTRODUCTION

Many heuristics in cryptography assert that the proportion of primes (respectively smooth
numbers) in an interval is unchanged when we restrict to a particular set of integers which is
of interest. To be more precise, let II(x) be the set of primes less than z and, for a parameter
y, let ¥(z,y) be the set of integers in [1,z] which are y-smooth (or friable), i.e. such that
all the prime factors are less than y. Then one studies if, for a set A C N, the proportions
[ANII(x)|/|[AN[L, z]| (resp. [AN ¥ (z,y)|/|AN[1,]]) is equivalent to the proportion [II(z)|/z
(resp. |¥(z,y)|/z uniformly on y). The most celebrated example is the precise version of the
twin primes conjecture due to Hardy and Littlewood. Two other problems concern

P1: the smoothness of A, = {p+a : p prime}, for a constant a; see [Wanl8] and [LWX20] for

the newest results, both of them are conditional on the Elliott-Halberstam conjecture;

P2: the primality of Ap = {|E(F,)| : p prime ,p t A(E)} where E is an elliptic curve with

rational coefficients and E(F)) is the reduction of £ modulo p; see [Zyw11] for a review
of the literature.
In this work we address a series of questions related to
P3: the smoothness of the set Ag above.

We call
(1) (e, y) = |{p prime : | E(F,)| is y-smooth}|.

The main result of this work, Theorem [2] is a generalization of a theorem of Wu, Liu and
Xi [LWX20], who studied problem P1, and it is conditional under the celebrated conjecture of
Elliott and Halberstam (EH).

Conjecture 1 (parametric EH, [LWXQO],[POHG]E[). Let §(x) be a decreasing function such that
(logo )/ (2logz) < d(z) <1/2 (x> z0).
Let K be either Q or an imaginary quadratic field of class number one and set
g (z;¢,a) = {p € Ok, prime, | p| <z,p=a (modc)},
where || - || is the algebraic norm. Then for any fized a € Z and A > 0 we have

Z m(x)

i (2;q,a) — <4 ,
—~ ¢(q) (log z)4

q<w
(g,a) =1

Ipollack stated the conjecture only in the case of constant ¢
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uniformly for x > x.

The technical conditions on § have an interesting story : Halberstam formulated the con-
jecture for constant 6, H. L. Montgomery suggested that one could take d(x) — 0 and finally
Friedlander and Granville [FG92] showed that the conjecture fails if ¢ is less than a certain
function of z. Our arguments show that the version of the conjecture with constant § implies
results with constant (logz)/(logy). However for the cryptographic motivation explained in
Section [2] we are interested in uniform results in = and y which allow to conduct numerical
experiments and vary the two parameters independently.

Theorem 2. Assume the parametric EH conjecture for a function §(x). Let E be a elliptic
curve with complex multiplication (CM) defined over Q. Set

logs x
H= {(x,y) €R? :glew <y §$}~

For any y € [1, 2] we set u = igéz

have the asymptotic development
Ye(r,y) P(zeE) y) L+0 log(u + 1)?
VE(z,00)  (zerP), 00) (logy)? ’
uniformly for (z,y) € H, where a(E) is a constant.

Then there exists a constant a(E) such that, as x — 0o, we

This is a rigorous basis for a notion which is used in cryptography. Indeed, when changing
the value of a(F) one obtains an error term which is larger than O((log(u + 1))?/(logy)?).

Corollary 3. If Ey and Es are two elliptic curves with a(E1) < a(Es) then, for large enough
x and y, uniformly for (x,y) € H, we have

¢E1 (xvy) > ¢E2(Iay)7
In this case we say that Eq is more ECM-friendly than Es.
The second main question of this article concerns the proportion of smooth integers which
contain at least one prime in a set whose density is known. In this work, the set of primes is one

of the sets in problems P1 and P3. For a set of primes @) and respectively v > 0 a parameter
we set.

@) Vo(z,y) = {necy(z,y):Vp[n,peQj
Uy(z,y) = Yolz,y) for @ ={pprime : P~(p—1) <y'/*}.
Here and in the sequel P~(n) and P (n) are the smallest and largest prime factors of n.

_ logzx
— logy

Theorem 4. Let K be a number field. Let (x,y, z) be three positive integers such that u :

and v = °8Y

= Togz 7€ S iN the domain

A: u< logj

and v < .
log, x logs x

Then we have
Yoz, y)/z = p(v)p(u)(l+o(1)),

uniformly on A.

The second part of the article is heuristic. In one direction, we prove that if one extends
Theorem [4 to a wider domain then one can eliminate the heuristics in an algorithms which uses
ECM as a building block. In a second direction, we prove that a heuristic assumption due to
Pollack [Pol16] implies a statement similar to Theorem [2| for all elliptic curves.

The article is organized as follows. In Section [2] we give the cryptographic motivation and
prove a complexity result under the assumption of a stronger version of Theorem [d ~After
the background in Section [3| we prove the main theorem in Section [4 In Section [f] we prove
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Theorem {4} In these two sections the results are conditional under the EH conjecture. We then
continue with heuristic results in Section [6] which treats the case of non-CM elliptic curves. In
Section m we recognize a(FE) as a quantity which is already known in cryptography.

2. CRYPTOGRAPHIC MOTIVATION

The set Ag plays a key role in the elliptic curve method (ECM) of factorization [Len87]. Let
E be an elliptic curve defined over Q and P a point P = (zp : yp : zp) € E(Q). For an integer
N we set B(N) = |Ln(1/2,1/v/2)], where

(3) Ly (e, c¢) = exp (c(log N)*(loglog N)l_o‘) .

Next we set M(N) = (B!)'°82 ", Note that for any integer N such that ged(zp,yp,zp, N) =1
and ged(N,A(E)) = 1, E has good reduction modulo any unknown prime factor p of N and
P := (zp:yp: zp) mod p belongs to F(F,). Running ECM for E and N consists in computing
Q = (29, yQ,2q) = [M]P mod N, i.e. one uses the cord-and-tangent formulae and reduces the
coordinates modulo N, if two points are different modulo N one uses the formula for adding two
distinct points. We claim that, if the order |E(IF,)| is B-smooth for an unknown prime factor p,
then ged(zg, V) is a multiple of p. Indeed, if the points involved in the double-and-add method
were all distinct not only modulo IV but also modulo p, then @ is the neutral element, so zg = 0
(mod p). If one used a wrong formula because two points were distinct modulo N but equal
modulo p, then zg = yg = 29 = 0 (mod p). In both cases ECM finds a multiple of p and a
carefull analysis shows that the probability that the result is exactly p is 1 —o(1) (see [Len87]).
In case of failure one starts over with another curve.

Heuristically, running randomly chosen elliptic curves corresponds to doing independent trials
and hence the expected number of trials is the inverse of the proportion studied in this work
(see problem P3). The version of ECM presented above is a heuristic version of ECM, due to
P. Montgomery, that is intensively studied since 1985 and made possible record computations
and improvements [Mon87]. Two years after having presented the sketch of his algorithm,
Lenstra [Len87] published the full proof in which he eliminated all the heuristics except for the
one concerning the density of smooth numbers in short intervals (see [Gra08§]), and this is the
version which serves as a rigorous analysis of the algorithm. Lenstra’s version differs from ours
because it uses elliptic curves which are defined IF,, but cannot be lifted over Q. In this work
we study rigorously P. Montgomery’s version : F is defined over Q and is used to factor many
integerﬂ so that problem P3 is relevant.

Since Theorem [2] eliminates the heuristics about Vg (z,y), it allows us to eliminate heuristics
in the algorithms where ECM is used. A step of the number field sieve (NFS), called splitting,
considers a prime ¢, a generator g of (Z/qZ)* and a second element h € (Z/qZ)*. One factors
with ECM the integers g°h mod ¢ for values of e € [1,¢—1] which are uniformly randomly chosen
until one of them is y-smooth for y = L,(%,¢) for an absolute constant ¢ (see Algorithm .
Here we used the notation of Equation (3)). The statement of the main theorem, if it remains
true when the domain A is extended, eliminates the heuristics in the splitting step.

Theorem 5. Assume that Theorem |2 can be extended to the domain (z,y = g/ 2 = yl/”)
below :
(loga)'/?
)
B u(logz )l/3

(log z)1/3

A VT T
(logy l‘)l/?’

and v <c¢

for two constants cy, ¢, > 3Y/3. Then, with a constant probability, Algom'thm on input £ ends
in a time Ly(1/3,31/3)1+e(1)

2The record factorizations of RSA moduli done with CADO-NFS use ECM as a building block. For example,
the default parameters use a dozen elliptic curves to factor billions of integers
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Algorithm 1: Splitting step in discrete logarithm NFS: main part

Input: a prime ¢ and two integers g, h € [1,q — 1] such that g is a generator
Output: an integer e such that P~ (¢°h mod ¢) < y with y = Lq(%, i)
Byt =a+ 22 -3r+1,P=(-1:2:1)€FE
: B+ Ly(3, 7=-); m « B!
repeat
e < random integer in [1,q — 1]
N < ¢g°h mod ¢
Q(zq : yq : 2q) < [m]P (mod N)
until g := ged(zg, N) # 1

I A S oA e

Proof. We set the value of the constants : ¢, = ¢, = 3%/3. The cost of line 6 is O(logy m) by
double-and-add exponentiation. This is

time(line 6) = O(logm) = O(Blog B) = B = L,(1/3,1/(cucy)).

Since e is randomly chosen with uniform probability, the number of executions of loop in
lines 3-7 is with a constant probability less than a constant times the inverse of the success
probability. We saw in this section that the condition in line 7 is satisfied if, for all prime

factors p of N, the order |E(F,)| is B-smooth. We set u = ¢, %85 lTand v =c, llsgg% and conclude

that the number of executions of the loop is q/¥,(q,y).
Since u and v are in A’, the assumption states that we have q/v,(q,y) > (p(v)p(u))(1+0(1)).
We inject the values of v and wu:
log(p(v)p(u)) = (-1+o0(1)) -(ulogu+vlogv)
= (~1+o0(1)) -(f(logq)"/*(logyq)*/?).
Hence the loop is executed at most Lg(1/3, %)Ho(l) times. When we multiply this by the
cost B = 1,(1/3, L )1*+°() we find

CuCo
time(Algorithm 1)) = L,(1/3, ¢),

_ 1 CyutCy __ 1/3
where ¢ = > + g = 342,

O

Remark 6. (i) Since Algom'thm uses a single curve E, with an explicitly given rational point
P, we avoid heuristics about the rank of elliptic curves.

(ii) At a heuristic level, the complezity remains the same if one searches for y-smooth in-
tegers. In that case, after line 7, one factors N/g with ECM and then goes back to line 3.
Under the heuristic assumption that different elliptic curves are independent, the probability
that P~ (N/g) < y is negligible with respect to the probability that P~(N) < y. Hence the full
algorithm has a complexity equal to that of Algorithm (1| raised to the power 1+ o(1).

3. BACKGROUND

In the case of an elliptic curve with CM, problem P3 is a simple generalization of problem P1
from Q to an imaginary quadratic field of class number one, as established by the following result.
We use the notation || - || for the number field norm. We also set

(4) Vi (z,y;¢,0) = {7 € Tk (z5c,0), PT(| m = 1) <y}l.

Lemma 7 (CM theory, see [RS09] Th 1.1). For any elliptic curve E with CM by an order of
K, there exists a,c € Ok such that, for any prime £ split in K, |[E(Fy)| = || 7 —1 ||, where 7 is
unique such that || 7 || = ¢ and 7 = a (mod c).

In particular

1/1E'(l',y) = wK(xvy;cv a’)
4



for two constants a and ¢ depending on E.

We follow the strategy of Wang [Wanl§|, so we assume Conjecture Since classical EH
conjecture is a strengthening of the statement of the Vinogradov-Bombieri (BV) theorem, the
number field version of EH is the same strengthening of the number field BV, which due to Hux-
ley. In the case of imaginary quadratic fields of class number one, the statement of Conjecture
can be found in [Pol16], but we allow ¢ to be non-constant.

An important ingredient of Wang’s proof is the linear sieve. Let A C Ok be a finite set,
P C Ok a set of primes, z > 2 a real and d € Ok a square-free integer whose prime factors
belong to P. Call Ay = A(dOk and Pp(z) = []|j<.pep 7 Let X be an approximation of
|A| and w a multiplicative function such that 0 < w(p) < || p || and, for any d | Pp(z),

w(d
Ad = {0+ o)
We set r(A, d) = |Aq4| — %X. We make some more notations.

(5) S(A;P,Z):’{CLEAI(CL,PP(Z)):l}’,
V(2) = e (1 — T4

Lemma 8 (Rosser-Iwaniec [Iwa80]). Assume that there exists K > 2 such that

-1
H (1_w(p)> < logv (1+ K >
P log u log u

u<||pll<v

forallv>wu>2. For any D > z > 2 one has
SAP2) < XV(2)+ > |r(Ad)].
ldll<D,d|P(z)

We finish the section with a trilogy of results about asymptotic developments of the number
of smooth elements in various sets of integers. The equivalent of 1k (x,y) is known since
Hildebrand’s work but the error term was made explicit by Scourfield.

Theorem 9 ([Sco04]). Let K be an imaginary quadratic field. Then, uniformly on H, one has

i) = e (pla + 2 ax +of1)) )

where A is the residue of (i and ax = L'(1,x)/L(1,x) for x the non-trivial character of K.

The result was generalized so that (i was replaced by a large class of Dedekind series of the
form Z(s)G(s) where Z is a product of zeta functions with positive exponents and G a well
behaved function (including holomorphic functions). The following particular case is sufficient
for our applications.

Theorem 10 (Theorem 1.1 in [HTWOS8|, case Z = ¢, G holomorphic). Let h be an arithmetic

function whose Dedekind series H(z) =), hfg) is meromorphic with a simple pole at 1. Let

ap and ay be such that the Laurent expansion of H at 1 is H(s) = ap/(s — 1) + a1 + O(s — 1).

Then
—oota) (ot a log(u + 1) (log(u + 1))?
2 hm) = ol )< T ogy +O< (log y)? >>

n<ax
P=(n)>y

uniformly on (logx)'*t¢ <y < x for any fived € > 0.

Finally, one proved a similar result for Z = (!, the Dedekind series of s.
5



Lemma 11 ([LT15)]). Let u be the Mébius function and let P~(n) denote the least prime factor
of n with the convention P~ (1) = co. For any € > 0, we have

5 ugo) _ {1 Lo <1g<“+1>> } plu) + Oc(exp(~(log y) 3 ™))

logy

n<x
P=(n)>y

uniformly in x > 2 and exp{(log x)%+€} <y <z, where u = (logz)/logy.

log(u+1) )

See [dIBF20] for a results which eliminates the error term O, ( oz y

4. MAIN THEOREM

Proof of Theorem[J. By Lemma [7] we have

Ve(r,y) = |{psplit, PT(|E(Fp)]) < y)} + [{p inert, P¥(|E(F,)|) < y)} +O(1)
= Yr(z,y;c,a) + [{pinert : PT(p+1) <y} + O(1),

for two constants a,c € O (see the notation (4))).
The second term of the right member is treated by Wang [Wan1§|. His proof applies directly
in the case of cyclotomic fields K and can be adapted in the other cases:
m(x)

[{p inert : P*(p+1) <y} = (14 o(1))p(u) ——

Hence, it remains to prove an equivalent for ¢ (x; ¢, a).
We let 6(x) be as in Conjecture |1 and let y be such that u = O(logﬂ). This is such that

logs x
Li(x)
6 —_— = x, u) - o(e(x,y)).
(6) Tog )12 Ve, y)p(u) - o(e(z,y))
Hence, in the following the terms O(W) are negligible.
We use an inclusion-exclusion principle to write
(7) Yr(zyica) = Y plg)mk(rige,a) = Si+ S,
q €Ok
P=(lglh >y
where
N T
Pial) >y
Sy = > R w(q)mi (x; qc, a).
Pl >y

We write S} = S} + S7 with

/ _  Li(z) #(q)
Sl o <P(C) Z Hqﬁifﬁm) @(Q)7
p(lal)>y Li
S{ = X o, pla)r(ege)  where r(z,q0) = (mic(ziqe,a) = ).
rilal) >y

Li(x x,
In step 1/ we show that S} = w((c))%(l +0(1/u)). In step 1” we show that S} = O(@),

which will be proven to be hidden in the o(e(z,y)).
In the case of Sy the main ingredient is the linear sieve, which was introduced in Section

We take A = A(me,a) :={w € A:w=a (mod em)} and note that we have

1 Li(z) ( Li(z) )
8 Ag(me,a) = — - + | 7 (z;dme, a) — .
) AN = 5@ plemy T TR g
We apply Lemma |8 to A = A(mc,a) with X = ;2% and

0, p | ame

w(p) = { L otherwise.
lIpll-1
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The inequality required to apply the lemma is verified because Mertens formula guarantees the
case w(p) = 1 and we have the sandwich inequalities for all primes p € O with || p || > 2

(o) = (=) = () O o)

We conclude that So = S} + S where
_ 1
Sé - Z m<r m) H p<z < ||p||—1)

(m, a)

Sg = Z m<ad Z d<D \T(A(mc,a),d)\.

(m,a) =1 d | Pam(2)

In steps 2" and 2" we prove that S} = O(ud) and respectively S5 = O( both of which

logx)
will be proven to be hidden in the term o(e(z,y)).
Step 1’. By Lemma [11{ we have

T o 1 (5(1) o (u 3_,
sy = =5 <1glogy (1+O0(*BYE)) + O(—(logy)s )
7 (x) log(z!—9()) log log(u+1)
(9) o ‘»;((C) ( logy (1 logy ))

— ool ><1+o<“>>+o<%z§z>>

= 7wr(z)p(u)(1l+o(e(z,y))).

Step 1”. In the case of S7 we use the trivial inequality u(q) <1 and use Conjecture (1| with

0 < 6(x) < 8(z) so that cq < z'~% whenever || ¢ || < z'~°.
Li(z
(10) S| S Tymyens [r(eime,d) - 55

< Li(z)/ log(z)40

where Ay > 0 is an absolute constant. Here a’ is such that ¢’ = a (mod ¢) and o/ =1 (mod m).

Step 2. The terms of S}, are all positive, so we get an upper bound if we delete the condition
(a,m) = 1 under the o sign. The parameters z and D are set as follows z = D = =2, Then
we have

: 1 (m)
(11) Sy < Li(@) [Tjp)<- (1_W> D om<at Tl

where f is the multiplicative function such that, for all p € Ok, f(p

(ﬁ) We replace

the sum z IImH by a partial Euler product and obtain
-1
/ 1 1
(12) Sy < 7@ Mipes (1= 1) it (1= 1)
< Li(x)d(z)s(x)u.

Step 2”. To handle S} note that if | m || < 2° and || d || < D = y' 20 < 272 then q := md
is such that || ¢ || < z'~°. Hence

Sz S Dllgl<ar—s 2ag Ir(Aid; a))
(13) < Z”quxl—é 7(q)|7x (x5 ¢, a) — W;((E;;)‘
< (85.550)%,
where
26 = Dfgll<at— ITE (T3¢, 0) — %ﬁgh
S5 = Xjgl<ar-s T(Q)?|Tr (219, 0) — %5),,

We recognize the expression of the EH conjecture, so

(14) S+ < z/(logz)™.
7



We upper bound Sy, using the crude inequality

o) TE@)
"k (@3 4,a) ¢(q)

<7k (zr;q,a)+

(15) Sy < (z/(logz)?)2 ( T gl <o~ M )i
< wx(x)/(logx)A2,

Completion of the proof of an asymptotic development. When combining Equa-

tions [9] and [15] we obtain

(16)

Uk(eyiae) = B8 (plu) + 08 + §22) + O(rbym) + alB)(@)s(@)u + O o) )
= L) (1 () 1+ O(p)

C

Sy

Since W — 0 we have completed the proof.

Putting the asymptotic development in the form of the statement. Based on

Theorem [9) one can reproduce mutatis mutandis the arguments in the proof of Theorem 1.1
in [BL17] and obtain

o(E) 2
(17) Vi (r.y) _ w@e™y) () o (loalut DTVY
¢K(3§', OO) ¢($€a(E), OO) (IOg y)2
where «(E) = L'(1, x)/L(1, x) where y is the non-trivial character of K. O

5. THE SET ¥,(z,y)

This section is devoted to proving the following result, which implies Theorem [] in the
introduction.

We prepare the proof with a lemma, which is a variation of the fact that a set of primes
which has a natural density also has an analytic density (see for example Th II1.1.3 in [Tenl5]).

—A(z)| = (W) Az) is a positive
decreasing function, A > 0 a constant and wg(x) is the cardinality of Q([1,x]. Then we have

1 1 1 1
25/ 2 2@ <1 " logrlogy v +O((10gw)"‘)> '

p<z p<z

PeQ

Proof. With these notations we have

e ) —mo(n—1
Z Z Q(n Q )

p<zx
pPeQ

By an Abel summation we have
=]

S mQ(n) —mo(n —1) _ mo(z) 3 mQ(n)

— n |x] “—n(n+ 1)

We use A(n) > A(z) for all n < n and have

ZLIJ mQ(n)
n=1 n( n+1

anx /\( )nlogn + O(Zn<$ n(log%n)“wl)
> AMz) Zn<a: nlogn + O(ZTL<$ n(loglL)A'H)
> M)b@%m+0m%@)

Finally, the term mg(z)/|2| has a contribution log + O(
8

(log x)A )



Proof of Theorem [{].

el = (S e valpn) ) (S, $Gafnvn)

yr<p<y

= (oo a1 @)/ (Syprecymy olpoe)1 + c(on))).

Yy <p<y

where e(z,y,p) = (Y(x/p,y,p) —2/pp(u))/p(u). Since e(z,y,p) = O(1/u) and using Lemma[12]
we further have

bule) = V00 (S peo 1/0)/(Sprecye, 1)

Y <p<y

zp(u)p(v) - (1 +o(1)+ O(% + logy%ogzr T loglggl)))
zp(u)p(v)(1+ o(1)).

(18)

ARV

6. THE CASE OF NON-CM ELLIPTIC CURVES

In the cryptographic applications one can test if a presumed formula for «(E) matches the
numerical experiments. This section, based on a working hypothesis, is not a proof but an
attempt to find a formula for a(FE) in the case of curves without CM, and it continues in
Section

A key fact in the CM case was the asymptotc equivalent of 7 (x;d, a) given in equation .
The role of mx(z;d,a) in the CM case is played here by

(19) me(z;d) = {p € I(z) : d | E(Fp)}.
David and Wu [DW12b] give an asymptotic equivalent under GRH:

(20) mp(eid) = | ] ( ¢ -2 Li(z) + O(d®z'/?log(d - Ngz)).

pr q—1)(¢*—-1)

The error term is O, (d>logd), which is much smaller than given by the effective Chebotarev
theorem in the case of a generic number field of degree d. One can sum the error terms up to
d < x/*/(log z)? and obtain a Bombieri-Vinogradov statement for elliptic curves.

Theorem 13 (under GRH, Prop 5.3 in [KOWO5J). For X = x1/5,
w(q) Li(x

Te(r;q) — ———| <B4
4<X d

(log )3’
where 0 < wg(q) < q is a multiplicative function depending on E.

We follow Pollack [Poll6] and “pretend that this approximation is valid for d up to size ~ z,
at least on average”. For the moment, the following statement is only a hypothesis which is
interesting to investigate and which allows us to derive the value of o(F).

Hypothesis 14. Let 6(x) be a decreasing function such that
(logyz)/(2logz) < é(x) <1 (x> o).

Then, for any fized elliptic curve E defined over Q and any A > 0, Equation holds for
X = 219 where wg(q) is the multiplicative function of Theorem .

Theorem 15. Assume Hypothesisfor an elliptic curve E and a function §(x). Set

logs x
H = {(aj,y) €R? :glew <y gx}.

3See also Equation (4.7) in [DW12a).



1
For any y € [1,z] we set u = 227

have the asymptotic development

ve(r,y) e y) (1 ey <log(U+1)>>
YE(r,00)  P(zve®(E),0) log y ’
uniformly for (x,y) € H.

. Then there exists a constant o(FE) such that, as x — oo, we

Proof. The argument is a verbatim translation of the proof of Theorem The inclusion-
exclusion principle yields

(22) Vp(r,y) =51+ 52,
where
S = Zq<afl’5(’) M(Q)WE(‘I;QC)
P (g) >y
‘92 = Zq>r”’> M(q) ( )
P(@) >y
We write S = S} + 57 4+ ST with
Si = ( ) Z q > z!0@ %
P (q) >y ( )
57 = Li@ >zw) o 1) (G — =5
(@) >y
S = s plorl@a)  where r(aiq) = mu(iq) - Lifa) 5L,
P (q) >y

From Equation we have ﬁ —we(@) - O(q%) and then
Si/Li(z) < X,
< Thpsy(1— )1 = 0(D).

The sum 5] is identical to Theorem [2/so we can use Equation @D As in step 1”7, we show that
S is also hldden in the o(e(z,y)) while replacing Conjecture |1| with Hypothesis .

For S we apply Lemma |8 with D = y'~% and z = D. Then we can write So = Sh+ S5,
where

Sé < <Zm<z (:((:7, Hp<z ( _wEZ;(p»))
Sé, < ngmo’z d<D |TE(md)|’

d| Pn(z)
Again, Step 2” can be copied mutatis mutandis to prove that S = o(e(z,y)). Finally,
Equation implies that (1 — wET(m)/(l - %) =1+ O(}%), so, up to a multiplicative constant,

S% has the same value as in Equation (12)), so S5 = o(e(z, y)).
(]

7. A FORMULA FOR a(FE)
7.1. Recognizing «(F) in the CM case.

Proposition 16. Let E be an elliptic curve with CM and let a(E) be the constant in Thearem@.
For all rational primes £ we set

alE) =togt (1 ~ Bl (EE)))).

where E,, denotes the average value in the sense of Chebotarev density over random primes p.

Then we have
E)=> aE

10



Proof. The proof of Theorem [2| implies that a(E) = L'(1,x)/L(1,x). Due to the uniforme
convergence of the Euler product which divides L(s, x), we can derivate term by term:

a(B) = — X, §log(1 — HHO)]
= o)
£)+1
By Dirichlet’s theorem, inside the set of primes 7 such that 7 = a (mod ¢), the subset of

these 7 such that || 7 — 1| = 0 (mod ¢)* is the density of random elements of K not divisible

by inert primes whose norm is divisible by ¢*. This last density is 2/¢* if £ is split and 0 if £ is
) is 7)((;_)-11-1.

s=1

inert. We conclude that the average valuation in ¢ of #FE(IF,
O

Remark 17. In the study of smoothness of binary forms, Murphy [Mur98| associated a function
to irreducible polynomials f € Z[x| as follows

for a prime € ay(f) = (logl)- (En(valyn) — E, ) (val b8 f(a/b))),
alf) = Ze prime a(f),

where B, 1)1 is the average (in the sense of Chebotarev density) for randomly chosen pairs of
integers (a,b) which are relatively prime. Hence o(E) has a very similar expression to a(K),
the difference being made by the condition (a,b) = 1.

7.2. Heuristics for non-CM elliptic curves. From [DW12b], the function wg is computed
from Galois representations associated to E. Serre’s open image theorem implies that for all
but finitely many primes, which depend on E, a(F) is equal to the value in Theorem A
recent result [BS21] makes the list of all the infinite families of elliptic curves whose a(FE) is
different from the generic value, under Serre’s uniformity conjecture.

Proposition 18. Let E be an elliptic curve without CM. Let P, be the multiplicative function
such that P, = Prob(n | #E(F,)) when n is a prime power. Let h(n) = pu(n)P,.
Then there exists a constant ¢(E) such that
1 1
> ) = r(Bap) (140 (EELY)).
logy

n<x
P=(n)>y

As a consequence, if one assumes Hypothesis[1J), then

vi(z,y)/e = T(E)p(u) <1 o (W» '

Proof. Let us show that Theorem applies to H(s) =), % and let us compute the constants
ap and a; in the statement of that theorem. By Equation (2.3) of [DW12b|, Serre’s open image
theorem implies that there exists an integer S(F) such that, for any two integers m and n such
that (mn,Sg) = 1, we have P,,,, = P, P,,. By Lemma 2.3 of [DW12b] there exists a constant
M(E) such that, uniformly on ¢ and k, we have

1 M(E
Let us set
Z Pty [ =)

n|S 0|S(E)

Then H(s) — 7(E)((s) is holomorphic in a neighbourhood of 1 and Theorem (10| applies. We
have directly that ord(H); = 1 and

ag =res; H = 7(E)res) ( = 7(E).
11



Hence Theorem applies and we have the asymptotic formula for > h(n). Hypothesis
allows to replace Y h(n) by ¥g(z,y) and obtain

(23) viteafo =Bt (1+0 (AT,

O

The value of 7(E) can be made explicit for every family of elliptic curves. Recall that a Serre
curve is an elliptic curve such that, for all primes ¢, p, is surjective and [GL2(Z) : Im(pg)] = 2.

Corollary 19. If E is a Serre then T(E)/HE\S(E)(l —1/0)=>" iimn P2im’2jnm, where
m|n|d®
Pyiyy, 05y, 18 given by Equations , and .

Proof. For any integers a,b > 1 such that a | b we call P, the probability that Z/aZ x Z/bZ C
E(F,) when p is a random prime.

By Theorem 2.19 in [BBB™13|, applied to a prime level £, not necessarily odd, in the case
Im(pg ) = GLo(Z/VZ) we have

(24) - { anaX(j_i_170)C;gn(j_i)Pg7£ when i > 1
0L =

cgnax(j_i_l’o)PLg when i =0 < 7,
where Cc1 = 1/547 Cy = (6 - 1)(64‘ 1)2/64, C3 = 1/6, Pg,g = 1/(@(6 - 1)2(54- 1)) and PLg =
(3 —20—-1)/(L(L+1)(£ —1)?).

Let d := Disc(E). Since [GL2(Z) : Im(pg)] = [GL2(Z/2dZ) : Im(pg 24)], for all odd integers
m and n one has

(25> Pm,n = H ngall(m)’gvall(n).
£)d0#£2

For any integers 4, j > 0 and odd integers n, m we have

[ 2Py giPpy ifd|2mandi>1
(26) Poim2im = { Pyi 9i P otherwise

Indeed, if d t 2'm then the injection Im(pg 9i,) — GL2(Z/2/nZ) ~ GLy(Z/2Z) x GLo(Z/nZ)
is surjective. Then one has directly Pyiy, 25, = Pai 2 P

Write d = 290mq and assume that mg | m and ig < i or equivalently d | 2“m. Let H be the
unique subgroup of index 2 in GLy(Z/2Z) ~ S3. Then the proportion of matrices having 1 as
an eigenvalue is the same in H as in GLy(Z/2Z) ~ S3. This extends to the unique subgroup of
index 2 of GLQ(Z/QBZ). Hence one has PZim’an = P1’2j7in/um/m07m/m0P2imo’2im0.

Finally, we have Pyiyy 2irmg = Pmg,me if ¢ = 0. If i > 1 we have a different equation

Poirng 2ime = 1/1Impg g, | = 2/([Tmpg oi| - Tmpg mg|) = 2Pai 9i Pmg,mo»
which implies Equation . U

Remark 20. ECM-friendly curves without CM have T7(E) # 1 in general. Hence they keep
their advantage asymptotically compared to random integers of the same bit size.
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