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Introduction

The topic of coordination in supply chains has received wide attention in past years. Coordination refers to the implementation of a mechanism (e.g., a contract) that allows all …rms within a chain to be economically better o¤ (Cachon, 2003). Then, coordination seeks to push …rms to maximize the overall supply chain pro…ts rather than focusing on single outcomes (Desai et al., 2001). Ingene et al. (2014) de…ne coordination as the policy through which a decentralized chain can mimic the vertical integrated solution. The literature that investigates the mechanisms needed to successfully achieve coordination divides them into two groups: non-price-based and price-based mechanisms. Non-price-based coordination mechanisms refer to the establishment of contracts based on operational issues such as inventory (e.g., Achabal et al., 2000;De Giovanni et al., 2019), operating costs (e.g., [START_REF] Cho | Supply chain coordination with downstream operating costs: Coordination and investment to improve downstream operating e¢ ciency[END_REF], advertising (e.g., [START_REF] Jørgensen | A survey of game-theoretic models of cooperative advertising[END_REF]; Karray et al., 2017), returns (e.g., De Giovanni, 2015), and promotions (e.g., [START_REF] Karray | Could co-op advertising be a manufacturer's counterstrategy to store brands[END_REF]. For example, Achabal et al. (2000) demonstrate the suitability of a Vendor Management Inventory contract for coordinating a chain since it allows retailers to better manage their inventory and to better adjust their production decisions. [START_REF] Desai | Aggregate Versus Product Speci…c Pricing: Implications for Franchise and Traditional Channels[END_REF] use a quantity discount and a slotting allowance mechanism to coordinate a channel in which franchise fees and royalties are aggregated. [START_REF] Buratto | Coordination of advertising strategies in a fashion licensing contract[END_REF], Buratto (2012[START_REF] Buratto | Advertising and price to sustain the brand value in a licensing contract[END_REF], and Buratto et al. (2015) consider di¤erent coordination strategies for a licensing contract with possible participation of the licensor in the licensee's advertising expenditures. Tsay and Lovejoy (1999) study quantity- ‡exibility contracts in a multiperiod setting with demand forecast updates. [START_REF] Jørgensen | Dynamic cooperative advertising in a marketing channel[END_REF] show that an inter-temporal support program allows a manufacturer to direct the retailer's advertising e¤orts in certain ways. De Giovanni (2016b) conducts a qualitative analysis by exploring 23 manufacturing companies and shows that the contracts most frequently used for coordinating a supply chain are quantity discount and quantity ‡exibility. Also, Prekker and De Giovanni (2019) carry out a comparative case study analysis on …ve companies belonging to the same supply chain, discovering that the mechanisms most frequently used for coordination are the Intelletual Property-based contracts.

A second stream of research focuses on pricing-based contracts in which coordination is sought by involving both the pricing strategies and the sharing mechanisms. The pricing-based literature has been largely developed through the analysis of the wholesale price contract (WPC) and its comparison with the revenue-sharing contract (RSC). Under a WPC, the supply chain seldom achieves coordination because several uncontrollable factors, such as the retailer's size, cost, and degree of competition, diminish its e¤ectiveness (Ingene and Parry, 2000). The literature mainly compares the WPC to the RSC since the latter can mitigate the double marginalization. The seminal works by Cachon (2003) and [START_REF] Cachon | Supply chain coordination with revenue-sharing contracts: Strengths and limitations[END_REF] o¤er clear positioning regarding the bene…ts that an RSC provides compared to a WPC. Although these price-based mechanisms (WPC and RSC) have been extensively investigated and compared, both focus on the case in which the retailer is the only player setting the …nal market price. Although this setting applies in several instances (see De Giovanni (2016b) for a comprehensive analysis of the sectors using such contracts), …rms move to a di¤erent type of business model, according to which the manufacturer de…nes the selling prices while the retailer just sticks with those prices. For example, Apple's and Samsung's devices are sold at the same prices all over the world regardless of the retailer selling the products to the market. Dealers in the automotive sectors sell cars at the same starting price while leaving small margins to play with. In the food industry, Parmalat prints the price of fresh milk on the bottle labels; thus, retailers have no chance to sell it at a lower price. In the fashion industry, producers like Armani, Versace, Boss, and Marella …x the prices at which retailers must sell the products, even independent of the country in which the retailer is located. The literature on supply chain and distribution channel has mainly focused on settings in which the downstream …rm (most likely the retailer) decides the price. This links to the earlier mentioned price-based coordination literature, which mainly compares the wholesale price contract to the revenue-sharing contract to solve the double marginalization issue and achieve coordination. In contrast, our model applies to a supply chain (SC) setting in which the upstream …rm decides the price, along with the quality e¤orts. Speci…cally, we seek to contribute to the domain of price-based coordination mechanisms in which manufacturers set the selling price. In these circumstances, neither a WPC nor an RSC applies if aiming at coordination. Rather, we investigate the supply chain relationships by using a consignment contract with sharing agreements.

A consignment contract consists of a set of agreements according to which the manufacturer supplies the products to be sold to the retailer's store, the retailer sells these products, and the two …rms share the pro…ts according to a sharing rule negotiated ex-ante and embedded in the consignment contract (De Giovanni, 2016a). In doing so, all possible issues linked to double marginalization disappear. Consignment contracts are currently used in various contexts, especially in online marketplaces such as Amazon.com [START_REF] Li | A note on channel performance under consignment contract with revenue-sharing[END_REF]. In most cases, the consignment arrangement allows the …rms to negotiate the revenue-sharing percentage before entering into any type of relationship and then the strategies can be set accordingly [START_REF] Wang | Channel performance under consignment contract with revenue-sharing[END_REF][START_REF] Li | A note on channel performance under consignment contract with revenue-sharing[END_REF][START_REF] Li | Supply chain coordination and decision making under consignment contract with revenue-sharing[END_REF]. [START_REF] Li | A note on channel performance under consignment contract with revenue-sharing[END_REF] model several types of demand functions to show the e¤ectiveness of a consignment contract with revenue-sharing. They demonstrate the robustness of this mechanism in coordinating the supply chain. In the same vein, [START_REF] Wang | Channel performance under consignment contract with revenue-sharing[END_REF] investigate the suitability of a consignment contract with sharing agreements and …nd that the share levels and demand price elasticity determine the convenience of using such a coordination mechanism. [START_REF] Adida | Consignment contracts with retail competition[END_REF] investigate two variants of consignment contracts, one with a revenue-sharing rule and one without. They show that …rms within a supply chain can have divergent preferences: An upstream …rm targets a consignment with sharing agreements only when the down stream …rm provides a su¢ ciently large level of di¤erentiation; in contrast, the downstream …rm will always prefer a consignment without a sharing agreements. [START_REF] Battini | Consignment stock inventory policy: Methodological framework and model[END_REF] demonstrate the power of a consignment contract in coordinating a chain even in the presence of adverse situations, such as space constraints, obsolescence risks, demand variability, and shortage risks. [START_REF] Li | Supply chain coordination and decision making under consignment contract with revenue-sharing[END_REF] analyze the consignment contract under a speci…c demand structure and show that the mechanism leads to coordination only when it also embeds constraints linked to the demand function. Avinadav et al. (2015aAvinadav et al. ( , 2015b[START_REF] Avinadav | Mergers and acquisitions between risk-averse parties[END_REF]) use a consignment contract to investigate coordination in a supply chain composed of app developers in the chain upstream and app sellers in the chain downstream. They show the conditions under which a consignment contract can coordinate the chain. Other papers, such as [START_REF] Dong | A supply chain model of vendor managed inventory[END_REF], Choi et al.(2004), De Giovanni and Roselli (2012), and [START_REF] Cachon | The allocation of inventory risk in a supply chain: Push, pull, and advance-purchase discount contracts[END_REF], show that the consignment contract cannot perfectly coordinate the decentralized supply chain, thus leaving an open question regarding its real suitability. We insert our contribution in this research frame to investigate the supply chain members'performance under a consignment contract and search for additional coordination mechanisms to increase its suitability.

We use a dynamic approach to mimic the supply chain model in the aforementioned sectors. In these cases, the manufacturer is so powerful (brand's owner) that either the retailer accepts selling the products at the price the manufacturer …xes or the manufacturer searches for other retailers. The manufacturer's brand is so popular that it is in the retailer's best interest to work with the brands because consumers are attracted by the presence of these brands in stores. For example, Mediastore in Italy and Darty in France are retailers of electronics products. They sell Apple products at the same price, which is exclusively decided by Apple and leads to a higher number of visits due to the presence of Apple products.

In these instances, manufacturers build up their brands over time by means of several types of strategies. [START_REF] Nerlove | Optimal advertising policy under dynamic conditions[END_REF] introduce the variable "goodwill" to describe the e¤ects of advertising on sales. Most of the dynamic games papers use the dynamic equations proposed by Nerlove and Arrow to explore the implications of advertising [START_REF] Jørgensen | A survey of game-theoretic models of cooperative advertising[END_REF] or conformance quality (De Giovanni, 2019) on brand value. Di¤erently, we characterize a goodwill stock that evolves according to both quality improvements and pricing. Quality improvements are considered technological upgrades and innovative solutions that …rms propose in the market (e.g., i-Phone 6 vs i-Phone 7) and they clearly play an important role in building up the stock of goodwill. De Giovanni (2011) models a dynamic game in which quality improvements increase the goodwill stock while the manufacturer manages the trade-o¤ between investing in quality and supporting the retailer's advertising e¤orts to achieve satisfactory levels of goodwill. We adopt a similar approach, where the manufacturer's quality improvement investments play an important role in the brand value. This is quite convincing when thinking about the aforementioned …rms (e.g., Apple, Armani, Samsung) as consumers somehow expect these …rms to make high-quality (e.g., high-tech) products. In addition, the price plays a very important role in signaling the quality embedded in the products. Martin-Herran et al. (2014) show that higher prices are not detrimental to …rms' pro…ts if those prices are a signal of quality. This concept especially applies in the supply chain framework that we seek to model. For example, in 2016, Apple launched an i-Phone 7 with a release price of 699$ in UK. Consumers were well aware of this launch; thus, if the selling price displayed for an i-Phone 7 was $299, consumers would clearly feel that the product was a fake. Therefore, for sectors like electronics, fashion and automotive consumers expect products to have a certain (high) price, such that they comfortably trust the brand and the goods to which they are exposed. Therefore, we model a goodwill that depends on both quality improvements and pricing strategies. In our model, the retailer decides on her store advertising investments to increase sales. Again, we have in mind the supply chain model of Mediatore and Darty, in which the retailers advertise to attract more consumers (e.g., advertising that brands are available in the store) but these e¤orts do not in ‡uence the manufacturer's brand value. For example, if Mediastore and Darty do not advertise at all, consumers are still very much aware of Apple's brand value and its quality (technological) progress. Moreover, even if these retailers invest heavily in advertising, consumers do not change the value they assign to the Apple brand. Thus, the retailers' store advertising does not in ‡uence the manufacturer's brand. Overall, compared to the aforementioned literature, our model contributes in three ways:

1. We characterize a consignment contract with a sharing agreement in a dynamic supply chain, while the extant research mainly deals with static supply chain models with consignment agreements.

2. This is the …rst paper to model the goodwill stock as depending on both the pricing and the quality; the literature has mainly focused on advertising and promotion strategies in ‡uencing goodwill while the sole contribution by Martin-Herran et al. (2014) uses pricing and quality as tools to enhance consumers'perceived quality.

3. We model the manufacturer's stock of goodwill as independent of the retailer's store advertising e¤orts, while the dynamic games literature focuses on models in which retailers can in ‡uence the manufacturer's brands by advertising and/or promotion investments.

Since we use the de…nition of SC coordination given by Cachon (2003), we search for an instrument that can both complement the consignment contract earlier proposed and be pro…t-Pareto-improving. Manufacturers can complement a consignment contract with a cooperative advertising program by paying a fraction of the retailer's advertising expenses (Kali, 1998). Israeli et al. (2016) list a variety of sectors in which cooperative programs are used successfully, including electronics (e.g., Sony, Bose, Samsung), cameras (e.g., Olympus), video games (e.g., Nintendo), housewares (e.g., Viking, Sub-Zero), sporting goods (e.g., Callaway, TaylorMade), computers (e.g., Hewlett-Packard (HP)), toys (e.g., Activision Blizzard, LeapFrog), marine equipment (e.g., JL Marine), motor sports (e.g., GPR Stabilizer), and plumbing (e.g., Brasstech). Most of the papers about cooperative advertising have explored the implications of using such programs in supply chains and distribution channels to solve marketing problems [START_REF] Jørgensen | Dynamic cooperative advertising in a marketing channel[END_REF][START_REF] Jørgensen | Retail promotions with negative brand image e¤ects: Is cooperation possible[END_REF][START_REF] Karray | A di¤erential game of advertising for national and store brands[END_REF][START_REF] He | Cooperative advertising and pricing in a dynamic stochastic supply chain: Feedback Stackelberg strategies[END_REF]Karray et al., 2017b). These models assume that strategies subject to cooperative advertising programs a¤ect the product's brand image (goodwill), which exerts a positive in ‡uence on sales and then pro…ts. Cooperative advertising programs have largely been investigated in the literature of distribution channels and supply chain management. In general, when cooperative advertising programs are applied to simple chains, the retailer's advertising e¤orts tend to be higher such that consumers become less sensitive to price increase. A cooperative advertising program can be an e¤ective coordination mechanism for bilateral monopolistic channels (e.g., Jørgensen et 1. We investigate the e¤ectiveness of a cooperative program when the price is set by the manufacturer; the extant research has mainly focused on frameworks in which the cooperative program is implemented when the retailer …xes the price.

2. The cooperative advertising program does not in ‡uence the state, as store advertising e¤orts do not in ‡uence the goodwill stock, which instead depends on the quality and the pricing strategy; the dynamic games literature has focused on cases when a support program is applied to a control that in ‡uences the state.

3. In this paper, …rms can complement a consignment contract with a cooperative program; however, most of the extant research has focused on cooperative advertising programs in which the supply chain uses either a wholesale price contract (e.g., Chernonog and Avinadav 2017) or a revenue-sharing contract (e.g., [START_REF] Jørgensen | Optimal production, purchasing and pricing: A di¤erential game approach[END_REF]Zaccour, 2004, 2014).

Along with a cooperative advertising program, a supply chain can complement a consignment contract with a price discount program. The latter aims at giving some freedom to retailers, who can still a¤ect the retail price by applying discounts (Calvani and Berg, 1984). Although the manufacturers set the price, the retailer can still control it through the discount. The price discount program can be highly successful for increasing sales (Mathewson and Winter, 1998). 2015) demonstrate that a price discount program does not coordinate a supply chain, unless a two-part tari¤ along with contractual bargaining complement the contract. [START_REF] Yue | Coordination of cooperative advertising in a two-level supply chain when manufacturer o¤ers discount[END_REF] show that a price discount is bene…cial when the manufacturer practices the price discount while contractual bargaining and collaborative advertising programs exist at both the national and local levels. Yue et al. (2013) extend their previous work to the case in which both a manufacturer and a retailer can apply price discounts, showing that a price discount does not coordinate a supply chain even in the presence of a local advertising support program. Puppe and Rosenkranz (2001) emphasize that the price discount mechanism should be used parsimoniously because there is a "reference price" e¤ect as consumers form a mental evaluation of the price consumers want to pay for a given product. Buehler and Gärtner (2013) justify the use of a price discount by arguing that manufacturers have a better understanding of the production cost, so they have more information on how to set the optimal price. Hence, they show that this mechanism can be bene…cial in a dynamic (repetitive) context because retailers learn more about the manufacturers' operational performance. Della Bitta et al. (1981) demonstrate that the price discount can have a very tricky e¤ect: If the discount is too low, consumers can perceive it to be insu¢ cient to justify a purchase; in contrast, if it is too high, consumers can perceive a lack of trust. The latter is especially true when the price is a signal of product quality (Della Bitta et al., 1981). Also in this case, we characterize a price discount model that di¤ers from those in the literature in three ways:
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1. We model price discount in a dynamic games framework in which the discount deteriorates the manufacturer's goodwill. This is the only case in which the retailer in ‡uences the manufacturer's goodwill.

2. Our model considers the e¤ects of a price discount mechanism within a consignment contract, while previous research has characterized theoretical models based on other types of contracts (e.g., wholesale price contracts).

3. The retailer is fully responsible for the decisions surrounding the price discount mechanism, while the manufacturer's margins are not in ‡uenced.

We start from the analysis of a benchmark scenario, namely, the consignment contract with a sharing agreement, in which the manufacturer decides the quality improvement investments along with the …nal product price while the retailer sets the store advertising e¤orts. Retailers are extremely proud and interested in selling high-quality products as the presence of certain brands in their store attracts more consumers and increases consumers'visits. Thus, the retailer sets the advertising e¤orts to increase the consumers attracted to their store but without in ‡uencing the goodwill. We evaluate whether a consignment contract with a sharing agreement can be complemented by a cooperative advertising program or a price discount contract to make all …rms within the supply chain economically better o¤.

The paper is organized as follows. Section 2 introduces the models and all related assumptions and Section 3 displays the related equilibria. Section 4 compares the solution of the games while Section 5 concludes.

The models

We consider a supply chain composed of one manufacturer, denoted by M; and one retailer, denoted by R. We assume that M has in…nite production capacity and that R does not sell any other competing products to the market. M is the chain leader and decides the selling price, p(t) 0; along with the quality improvement (e.g., product innovation and technology development) e¤orts Q (t) 0: M 's strategies contribute to the product's stock of goodwill, G (t) ; which can be interpreted as the consumers'awareness of M 's brand as well as the value that consumers associate with it. We model a particular type of supply chain in which M is recognized as a leader in the market and has a high brand value.

We formalize the problem in terms of a Stackelberg di¤erential game, where M acts as leader and R as follower. The state equation that explains the accumulation of goodwill over time takes the following form:

_ G(t) = aQ (t) + bp (t) G (t) : (1) 
The interpretation of equation ( 1) is as follows: M invests in quality improvements at a rate Q(t), which re ‡ects the quality improvements'contribution to the accumulation of brand value that consumers associate with M 's business. The term a (> 0) is M 's quality e¢ ciency and represents the increase in the stock G(t) any time M invests in quality. Furthermore, the selling price p(t) is a signal of product quality that also contributes to the accumulation of G(t) via the parameter b (> 0). The decay term G (t) characterizes the natural decrease of goodwill stock (Jorgensen, 2012; [START_REF] Dockner | Di¤erential games in economics and management science[END_REF].

The form of (1) guarantees positive goodwill at any given moment in time.

M 's products are sold by R, who has (at least in principle) no right to sell them at a price di¤erent from the one set by M . Thus, she decides to make store advertising e¤orts, A(t), to attract more consumers to her store and hence to increase demand. In particular, the demand function will take the following form:

S (p (t) ; A (t) ; G (t)) = p (t) + G (t) + A (t) ; (2) 
where (> 0) is the market potential, (> 0) is consumers' sensitivity to price, (> 0) is the amount of consumers attracted to the store who purchase goods because M 's products are on display, and (> 0) is consumers'sensitivity to R's store advertising e¤orts. The idea behind Eq. ( 2) is that some consumers visit R because she sells products of M 's brand. This ‡ow of consumers is captured through : At the same time, other consumers visit R's store and purchase M 's products thanks to R's adverting e¤orts. This is also consistent with Apple's supply channel behavior. Apple sells through retailers such as Mediastore and Darty; consumers visit these stores either because the stores sell Apple products (e.g., consumers visit a store because they want to purchase Apple's products and know that Mediastore and Darty display Apple products on their shelves) or because they are attracted by R's store advertising: Nevertheless, Mediastore and Darty are independent retailers and do not contribute to Apple's brand value: Apple constructs its reputation independent of R's store advertising e¤orts: Consequently, A does not appear in (1).

To replicate the Apple and Mediastore distribution channels and supply chains, we model the selling price as within M 's control, for which R has no in ‡uence in principle. This is de facto what happens for Apple's products; the selling price is the same in all independent retailers that a consumer visits. Thus, R just sells M 's products at the price set by M: The …rms use a consignment contract to manage the …nancial ‡ows, according to which R retains a certain fraction, 2 (0; 1) ; of the selling price, such that her marginal pro…ts are given by R = p(t) . The other part is retained by M , whose marginal pro…ts take the form M = p(t)( 1) c M where c M (> 0) is the marginal production cost. Consequently, M …xes the price by ensuring that p (t) (1 ) > c M : M 's quality e¤orts and R's store advertising e¤orts take a quadratic and convex form, speci…cally

C Q = M [Q (t)] 2 =2 and C A R = R [A (t)] 2 =2
; respectively, where M and R are positive constants.

We start our analysis from the benchmark scenario in which M sets the retail price, p (t), and the quality e¤orts, Q (t), whereas R …xes the store advertising e¤orts. We denote the benchmark scenario by "B" and the demand function S B takes the form of (2). The consignment scenario considers the following players'payo¤s:

max p B (t);Q B (t) 0 J B M = +1 Z 0 e rt S B p B (t) (1 ) c M M Q B (t) 2 2 dt (3) max A B (t) 0 J B R = +1 Z 0 e rt S B p B (t) R A B (t) 2 2 dt (4) 
subject to (1), assuming that the initial goodwill level is G(0) = G 0 : Both …rms show pro…t-maximization behavior and play a dynamic game under an in…nite time horizon in which r is the common discount factor.

This benchmark game corresponds to a traditional consignment contract with a sharing agreement, where the two …rms share the revenues according to a sharing rule, : The consignment contract we describe is completely di¤erent with respect to the dynamic game literature on distribution channels that historically has analyzed a traditional wholesale price setting (e.g., De Giovanni, 2017). The main motivation for doing so is that no up-front motivation explains why retailers should accept contracts (e.g., a consignment contract) if they basically lose power over the channel. In fact, R has one less variable to determine (e.g., price), thus losing decisional power.

Why should R then accept this contract? The literature provides two operational reasons: First, she exploits the value of M 's brand by boosting demand even without participating in it; second, she does not need to think about the price competition any more, but, rather, she needs to negotiate a su¢ ciently large : From a strategic point of view, the literature has proposed several mechanisms to facilitate …rms' coordination and make a consignment contract less painful for retailers. The …rst option is given by the chance that M can provide support for R's advertising e¤orts to make the consignment contract more attractive: R accommodates the contract that M proposes and, although she loses some decisional power over the chain, she gets direct economic bene…ts as M pays for a fraction of the store advertising e¤orts. We name this scenario the Cooperative Advertising Scenario (we denote it by the superscript C) and indicate the manufacturer's participation rate P (t) 2 (0; 1): As a chain leader, M decides a further control P (t) after knowing R's advertising investments: The demand function S C takes the form of (2). Accordingly, the players'payo¤s are modi…ed as follows:

max p C (t);Q C (t) 0; J C M 0<P C (t)<1 = +1 Z 0 e rt S C p C (t) (1 ) c M M Q C (t) 2 2 R A C (t) 2 P C (t) 2 dt (5) max A C (t) 0 J C R = +1 Z 0 e rt ( S C p C (t) R A C (t) 2 1 P C (t) 2 ) dt (6) 
subject to (1) and to the initial condition G(0) = G 0 : Compared to the benchmark scenario, R will set her strategies by knowing that M will decide P C (t) optimally; thus, P C (t) > 0: Therefore, R makes M responsible for increasing the demand through the support program, although it does not directly a¤ect its goodwill.

The second option available for supply chains is represented by granting R the possibility of setting a discount, (t).

This practice is frequently used in the distribution channel when a retailer accepts that the manufacturer (brand's owner) sets the selling price while a discount applies to the fraction of revenues due to the retailer. In some instances, this practice allows retailers to protect their business against anticompetitive behaviors that manufacturers can undertake [START_REF] Sacco | Channel coordination with a manufacturer controlling the price and the e¤ect of competition[END_REF]. In such a situation, M still …xes the selling price, but R can use a discount, which is her control variable. This type of mechanism allows M to fully appropriate the marginal revenues, while R can practice a discount relative to her own margins (we will denote this scenario by using the superscript D). Consequently, (t) < p (t) ; and R = p (t) (t) : This framework has an impact on both the demand function [START_REF] Aust | Cooperative advertising models in supply chain management: A review[END_REF], which becomes

S D p D (t) ; A D (t) ; G D (t) ; (t) = p D (t) (t) + G D (t) + A D (t) ; (7) 
and the state equation ( 1) which becomes

_ G(t) = aQ D (t) + b(p D (t) (t)) G D (t) : (8) 
Observe that the positiveness of the state trajectories is guaranteed if (t) p D (t). The discount (t) has a dual e¤ect: It increases sales and, at the same time, decreases R's marginal revenue. When taking this new strategy into consideration, the players'payo¤s become:

max p D (t);Q D (t) 0 J D M = +1 Z 0 e rt S D p D (t) (1 ) c M M Q D (t) 2 2 dt (9) max D (t);A D (t) 0 J D R = +1 Z 0 e rt S D p D (t) (t) R A D (t) 2 2 dt ( 10 
)
subject to [START_REF] Bernstein | Coordinating supply chains with simple pricing schemes: The role of vendor-managed inventories[END_REF] and to the initial condition G(0) = G 0 :

Unlike the other two scenarios, the discount allows R to directly in ‡uence the goodwill stock. Because M builds its goodwill also according to the price, the presence of a discount directly deteriorates that goodwill, although it leads to higher sales. Thus, this instrument can make M 's proposal suitable because R can control both the sales and the goodwill stock. Furthermore, it equilibrates the decisional power over the channel as both players have two strategies available for optimizing their pro…ts. Although this mechanism is really appealing in principle, it basically destroys M 's goodwill and enlarges the sales simultaneously; therefore, it contributes to …rms' pro…ts by increasing demand rather than goodwill accumulation.

We characterize a Stackelberg game where M acts as leader and R as follower. In sum, we consider three di¤erent scenarios. In the …rst scenario (benchmark, scenario B), M sets the price, p (t), and the quality strategies, Q (t), while R decides the store advertising e¤orts, A (t). In the second scenario (cooperative advertising, scenario C), M has a further control available that is represented by the participation rate, P (t). Finally, in the third scenario (price discount, scenario D), R applies a discount, (t), to the retail price, while M is not involved in the advertising e¤orts. As in Cachon and Lariviere (2005) and many other papers dealing with supply chain coordination, we assume that moving from one contract con…guration to another and consequently updating the pricing strategies does not imply additional costs for …rms or for consumers.

Feedback Stackelberg equilibria and steady states

We seek to derive and compare …rms'strategies under the three scenarios earlier proposed. In this section, we present the analytical results and a characterization of the feedback Stackelberg equilibria and the steady states. In characterizing the feedback Stackelberg equilibria, we implicitly assume that …rms employ stationary strategies where neither the strategies nor the value functions explicitly depend on time. Thus, for each scenario, we compute the optimal strategies, dropping the time argument from now on, when no ambiguity can arise. The Hamilton-Jacobi-Bellman (HJB) equations of all three scenarios turn out to be quadratic in G: Furthermore, the optimal trajectories will be either increasing and concave or decreasing and convex and they will approach the stable positive steady state, if it exists. In other words

G (t) 2 (G 0 ; G SS ) if G 0 < G SS and G (t) 2 (G SS ; G 0 ) if G 0 > G SS :
As the signs of the coe¢ cient of strategies and value functions cannot always be determined analytically, we will fully address the main insights from our models in the computation analysis section while developing a qualitative analysis.

Consider the following condition, which permits checking the second-order optimality conditions and the positivity of the equilibrium strategies in all three scenarios.

Condition 1 Let R 2 > 0:
This condition can be rewritten as

> 2 R
:

The ratio represents the advertising e¤ectiveness as it explains the comparison between the marginal bene…ts that the channel gets in terms of sales and the negative e¤ect that any marginal investment in advertising exerts on R's pro…ts. Condition 1 explains that the importance of price is always larger than the importance of advertising, according to the idea that consumers always drive their decisions more according to price than according to advertising. This condition leads to a feasible solution as pricing and advertising strategies are positive only when this condition holds. Therefore, M can use a consignment contract in his SC only when condition 1 is veri…ed.

Otherwise, he should do nothing, change the contract, or quit the SC.

Benchmark (B) Scenario

Here we characterize the equilibria for the benchmark game, which consists of a consignment contract with a sharing agreement. In this game, M announces that he will play the game by optimally choosing the price p B and the quality investments, Q B ; R, who is the follower, reads this announcement and optimally determines the advertising e¤orts, A B .

Then, M considers R's strategy and optimally sets his price and quality strategies. The next theorem characterizes the strategies and the value functions for this game.

Theorem 1 The …rms' strategies that constitute the Stackelberg equilibrium in the benchmark scenario are

A B (G B ) = p B (G B ) R = b R (V B M ) 0 + ( + G B ) R (1 ) + c M ( R 2 ) 2(1 ) R 2 R ; (11) p B (G B ) = b R (V B M ) 0 + ( + G B ) R (1 ) + c M ( R 2 ) 2(1 ) R 2 ; (12) 
Q B (G B ) = a(V B M ) 0 M : (13) 
The …rms' value functions are given by:

V B M (G B ) = M B 1 (G B ) 2 + M B 2 G B + M B 3 ; (14) 
V B R (G B ) = R B 1 (G B ) 2 + R B 2 G B + R B 3 ; (15) 
M B i and R B i ; i = 1::3; are constant parameters, (V B M ) 0 is the derivative of V B M w.r.t. G B and the goodwill at the stable steady state is

G B SS = W 1 (1 ) R c M W 2 R 2 b 2 c M M R (1 ) 2 M ( + r) R 2 (W 1 + b M ) R ; (16) 
with

W 1 = b M (r + ) + a 2 (1 ) and W 2 = b M (r + ) + a 2 (1 ) : 
Proof. See the online Appendix A.

Interestingly, one can see that all controls depend on M 's value function but not also on R's value function. Thus, the larger M 's economic convenience in increasing goodwill, the larger the controls. Regarding the demand function, we can see that a trade-o¤ exists between pricing and advertising. In particular, the negative e¤ect generated by pricing is fully compensated by the advertising e¤orts.

The analysis of both strategies and value functions depends on the signs of the coe¢ cients M B i ; R B i : When solving the Riccati system of equations, all coe¢ cients are positive (see the computational analysis in the online Appendix A) so that the optimal manufacturer's quality investments Q B are positive and both the advertising e¤orts, A B , and pricing, p B , strategies are positive as well, thanks to Condition 1.

The goodwill stock allows both …rms to increase their pro…ts at the steady state. Therefore, both …rms have an economic incentive to increase goodwill at the steady state as much as possible. R achieves these results by advertising more to increase sales. This is a very interesting result with respect to the literature (e.g., Jørgensen and Zaccour, 2004).

In fact, R spends more in advertising even if her e¤orts do not in ‡uence the state. Furthermore, when goodwill at the steady state reaches a high value, the demand is positive independent of the advertising e¤orts. According to Jørgensen and Zaccour (2004), one would expect to have decreasing investments in advertising because of the relevant contribution of goodwill. Nevertheless, we obtain the opposite result. This happens because R seeks to preserve her business independent of M 's strategies. R is in a weak position as the follower; thus, she sets the advertising strategies to achieve a certain level of sales regardless of M 's moves. On the other hand, M charges higher prices for two main reasons: First, the price is a signal of product quality and has a considerable in ‡uence in the goodwill stock; second, M …xes a higher price without losing sales because he invests more in quality e¤orts to achieve higher values of goodwill. The latter decision is most likely linked to the trade-o¤ entailed in the demand function between pricing and goodwill. Thus, increasing prices according to goodwill does not deteriorate sales.

Cooperative advertising (C) scenario

In this section, we model a cooperative advertising game in which M announces that he will pay a fraction of R's national advertising expenses. The cooperative program complements the consignment contract with the intent to coordinate the chain by making both …rms economically better o¤ compared to not having the program. This fraction, denoted by P; stays for the participation rate and is under M 's control. Therefore, M announces that he will play the game by optimally choosing the price, p C ; the quality investments, Q C ; and the participation rate, P . Then, R acknowledges this announcement and optimally determines the advertising e¤orts, A C . Finally, M takes into consideration R's strategy and optimally sets his strategies. The next theorem characterizes the strategies and the value functions for this game.

Theorem 2

The …rms' strategies that constitute the Stackelberg equilibrium in the cooperative advertising scenario are:

A C (G C ) = 2 (2 ) (1 )( + G C ) + b(V C M ) 0 + c M (3 2) 8 R (1 ) 2 (2 ) 2 ; ( 17 
)
p C (G C ) = 2 2 R (1 )( + G C ) + b(V C M ) 0 + c M 2 R 2 (2 ) 8 R (1 ) 2 (2 ) 2 ; ( 18 
)
Q C (G C ) = a(V C M ) 0 M ; (19) 
P (G C ) = R (2 3 ) (1 )( + G C ) + b(V C M ) 0 c M (2 ) R 2 R (2 ) (1 )( + G C ) + b(V C M ) 0 + c M R (3 2) ( 20 
)
and the …rms' value functions are given by:

V C M (G C ) = M C 1 (G C ) 2 + M C 2 G C + M C 3 ; (21) 
V C R (G C ) = R C 1 (G C ) 2 + R C 2 G C + R C 3 ; (22) 
where M C i and R C i ; i = 1::3; are constant parameters and

(V C M ) 0 is the derivative of V C M w.r.t. G C :
The goodwill at the stable steady state is

G C SS = a 2 W 3 + 4b 2 c M M R 2b M ( + r) 2 R (1 ) + c M 2 R 2 (2 ) 4a 2 2 R (1 ) 2 + 4b M R (1 )(2 + r) M ( + r) 8 R (1 ) 2 (2 ) 2 ;
where

W 3 = c M 4 R (1 ) 2 (2 ) 4 R (1 ) 2 :
Proof. See the online Appendix A.

The analysis of both strategies and value functions depends on the signs of the coe¢ cients M C i ; R C i whose associated

Riccati system of equations is given in the online Appendix A together with the associated positive coe¢ cients. Therefore, the derivatives (V D M ) 0 and (V D R ) 0 of the value functions are also positive. This implies that the manufacturer's quality e¤ort Q C and the numerator of ( 18) are positive. To guarantee a positive pricing strategy p C , we must ensure that the denominator is also positive. Thus, we need to establish the following condition:

Condition 2 Let 8 R (1 ) 2 (2 ) 2 > 0.
Condition 2 is more restrictive than Condition 1 as it also considers the sharing parameter . The two conditions are driven by the same economic motivations and together ensure optimality of the second-order conditions and the positivity of the strategies. One can see that P < 1 and that all strategies increase in G: Condition 2 leads to a positive denominator for p C and A C and also makes positive the numerator of p C : One can verify that if the numerator of A C is positive, then P is also positive. When Condition 2 does not hold, the solution is not feasible as pricing and advertising strategies are negative. Consequently, M never complements a consignment contract with a cooperative program.

The …ndings in the cooperative scenario basically follow those in the benchmark scenario; that is, both …rms are highly interested in higher stocks of goodwill as their pro…ts always increase accordingly. In addition, the participation rate increases in the goodwill stock. A high value for the goodwill re ‡ects an e¤ective policy and the importance of the overall business. To protect the related economic value, M can also support a fraction of R's advertising e¤orts, thus having some control in R's strategy and, consequently, more power over the channel. Intuitively, when consumers are marginally sensitive to goodwill (low ), M would pay a fraction of R's advertising e¤orts; in such a case, struggling to increase the stock of goodwill does not pay o¤.

Because strategies, states, and pro…t functions depend heavily on all the model's parameters, a deep comparison with the benchmark scenario is possible only numerically. We develop a full computational analysis in Section 4 and in the online Appendix B.

Price discount (D) scenario

In this section, we model a price discount scenario, in which M announces that he will allow R to discount the retail price. The discount is denoted by and consists of the lower amount of money that consumers pay when purchasing the product. The discount is set by R, who now has two controls available, price discount, , and advertising e¤orts, A D .

In the D-scenario, M announces that he will play the game by optimally choosing the price p D ; along with the quality investments, Q D ; while accommodating a price discount; R acknowledges this announcement and optimally determines the advertising e¤orts, A D ; and the price discount . Then, M considers R's strategies and optimally sets the price and the quality e¤orts. The next theorem characterizes the strategies and the value functions for this game.

Benchmark When selecting the baseline parameter values, we aim at starting from the situation in which M is indi¤erent between the implementation of cooperative advertising and a price discount program, e.g., V C M ' V D M . Then, in the online Appendix B, we develop a simulation analysis on all parameters to see how the leader's preferences change accordingly. Note that the baseline parameter values is not a unique set of parameters for having V C M ' V D M . In fact, several sets still allow the …ndings of this paper to hold. Independent of the set of parameters that leads to a feasible solution, a clear result emerges: M prefers the implementation of a coordination mechanism, as V B M < V C M = V D M : Thus, we start our analysis from R's preferences, strategies, and states when M is indi¤erent between coordination mechanisms (Section 4.1). Then, we analyze whether M 's preferences change when some of the model's parameters vary, thus

V C M 6 = V D M (Section 4.2);
…nally, we identify the conditions according to which SC members can reach a pro…t-Pareto-improving situation through coordination (Section 4.3).

Games comparison when the leader is indi¤erent between coordination mechanisms

The sensitivity analysis displayed in the online Appendix B reveals the conditions under which R's preferences concerning the implementation of a coordination mechanism change while M is indi¤erent between a cooperative advertising program and a price discount mechanism. All …ndings are displayed in the following claim.

Claim 1 When M is indi¤ erent between a cooperative advertising and a price discount programs, R is better o¤ through the implementation of cooperative advertising (e.g.,

V C R > V D R ).
This …nding links to several motivations. First, with a price discount mechanism, R is responsible for coordination of the supply chain. When = 0; the …rms'strategies and pro…ts along with the state yield back the benchmark solution. The discount has a direct deteriorating e¤ect on R's margins, which implies a considerable decrease in her revenues. In contrast, a price discount program guarantees a certain level of pro…ts to M because his margins (i.e., p (1 )) are not in ‡uenced by the discount. Rather, he will bene…t from larger sales. Although R bene…ts from an additional control to optimize her objective function, her margins reduce drastically. Second, because R receives lower pro…ts, she has less willingness to invest in advertising. Thus, the entire supply chain su¤ers from these circumstances. In contrast, a cooperative advertising program allows R to preserve her margins and be better o¤ even if M controls the price. The presence of a cooperative program substantially reduces her advertising expenses. Overall, anytime M gives R the possibility to discount, she will dislike coordination and prefer a consignment contract as in Scenario B. Note that the …nding displayed in Claim 1 holds every time V C M = V D M : More in general, given a set of possible combinations of parameter values ; there exists a set

N , which is composed of n elements, such that V C M = V D M and V C R > V D R ; 8n 2 N :
Claim 2 When M is indi¤ erent between cooperative advertising and price discount program, the following results hold:

1. M sets higher prices under a price discount program (i.e., p D > p C ).

2. R makes larger advertising e¤ orts with cooperative advertising (i.e., A C > A D ).

3. M makes greater quality improvement e¤ orts with cooperative advertising (i.e., Q C > Q D ).

4. The implementation of a cooperative program always maximizes the social welfare (i.e., S C > S D ).

5. The SC extracts more economic value from the market with cooperative advertising (i.e., V C SC > V D SC ).

Under a price discount program, R can substantially damage M 's brand value (goodwill) when discounting aggressively. To protect his brand, M …xes a higher price and avoids losing the price contribution in the accumulation of goodwill.

Interestingly, the price under a cooperative program p C and the discounted price p D are very much comparable. Even so, consumers will purchase more under a cooperative advertising program (Point 4), which is more e¤ective to increase the social welfare. The latter consists of the number of people who purchase the good to satisfy their needs; therefore, higher sales re ‡ect higher social outcomes (De Giovanni, 2018). This is due not only to the lower price under cooperative advertising programs that stimulates demand, but also to the larger advertising and quality e¤orts that …rms invest (Points 2 and 3). This result is aligned with the literature on cooperative advertising, which highlights that the presence of a support program pushes up the advertising investments of the entire supply chain (e.g., Jørgensen and Zaccour, 2004). This is also expected in other contexts such as quality management (De Giovanni, 2011), innovation (Geyer, 2015), and promotion (Karray, 2016). More generally, cooperative programs such as those implemented in the C scenario incentivize all …rms to make a stronger commitment. As a consequence, the demand increases directly through the larger R's advertising e¤orts as well as indirectly through the larger goodwill stocks generated by the greater M 's quality e¤orts.

With our models, we have checked that this positive willingness induced by a coordination mechanism exists not only in traditional settings in which retailers set the price (e.g., wholesale price and revenue-sharing contracts) but also in contexts where manufacturers decide the retail price (e.g., consignment contracts). Because a cooperative program stimulates the demand more than the other contracts, it allows …rms to also maximize their social performance, as exempli…ed by a e¢ cient (low R ). Intuitively, a greater implies a larger amount of revenues granted to R and, consequently, a larger chance to o¤er an important consumer deal through the price discount. Thus, the leader will announce the adoption of a cooperative program only when he retains the largest part of the revenues. O¤ering a support program to R is a successful lever to collaborate and over-perform from an economic perspective. When M 's control of his goodwill is largely e¤ective, he will prefer a cooperative advertising coordination mechanism. This situation can be explained by large a and b values.

So, the entire supply chain enjoys the bene…ts generated by the goodwill stock. At the same time, M will most likely avoid a price discount mechanism because the goodwill can be seriously damaged by R's discount policy. This …nding shows the importance of the dynamic components. When the dynamic components are highly relevant for M 's pro…ts, he prefers a cooperative program. The latter allows M to better control R's advertising and its e¤ect on demand. In contrast, a price discount mechanism gives more control over the goodwill to R; which is an unfortunate situation that M would surely avoid. Finally, a low marginal production cost, c M , is an ideal case for M to propose a cooperative advertising program.

In fact, M needs a minimal fraction of marginal revenues p (1 ) to fully recover his production cost.

Pro…t-Pareto-improving conditions and coordination

We seek now to identify the conditions under which coordination can be reached, which means identifying a pro…t-Paretoimproving region. It will then be su¢ cient to use the results displayed in the previous claims.

Claim 4 A pro…t-Pareto-improving region exists when SCs adopt a cooperative program inside the space :

According to the computation analysis reported in the online Appendix B and the earlier mentioned claims, R will always be better o¤ with the implementation of a cooperative program. Furthermore, from Claim 3, M will always be better o¤ with the adoption of a cooperative program conditioned to living in space : Therefore, any time the SC lives in an environment in which the nature can be exempli…ed by the space region ; M announces the implementation of a cooperative advertising program and R appreciates this announcement. Both …rms achieve larger pro…ts when adopting a cooperative program in , thus resulting in a pro…t-Pareto-improving situation.

F igure 1. M 's and R's pro…ts with the marginal production cost, c M :

The analysis of the marginal production cost deserves special attention. As we have mentioned, high marginal production costs lead M to prefer a price discount mechanism, essentially because high prices can prevent consumers from purchasing a good. In fact, price is still one of the most important variables driving consumer decisions. Therefore, the positive impact that the price has on the goodwill stock is not corroborated by higher pro…ts due to an important sales decrease. In such situations, a price discount mechanism can be of great help. The discount applies to the price directly, thereby alleviating the consumers'pain during the purchasing phase. Contrary to all other parameters, we note that very high marginal production costs, c M , lead …rms to change their preferences. In particular, M prefers a price discount for c M >c M while R is willing to implement a price-discount mechanism when c M > c M . This result highlights an interesting intuition: When …rms work in SCs with a cost-intense production process, the adoption of a price discount mechanism is the most preferred option (e.g., automotive sector); when …rms work in low cost-intense SCs (e.g., electronics and fashion sectors), a cooperative advertising program remains the best option. Finally, in accordance with Figure 1, we can identify three levels of c M to set the …rms'preferences:

1. c M c M : Both …rms prefer a cooperative advertising program, which leads to a pro…t-Pareto-improving situation.

2. c M < c M < c M : Firms have divergent preferences so a pro…t-Pareto-improving situation is never reached. M opts for a price discount program, which will lead to more advertising and sales; in contrast, R prefers a classical consignment contract because the high selling price makes the entire business less interesting for her.

3. c M c M : Both …rms support the adoption of a price discount program, which turns out to be pro…t-Paretoimproving.

Conclusions

In this paper, we investigate whether a supply chain that uses a consignment contract with a revenue-sharing rule leads to an increase in pro…ts through the implementation of either a cooperative advertising program or a price discount mechanism. When this happens, the SC better mimics the vertical integration solution and achieves coordination. In our model, the pricing strategy plays a key role along with quality improvements in contributing to the manufacturer's goodwill. The latter is built up over time according to the pricing and quality improvement strategies. We then use a consignment contract with a revenue-sharing agreement, which represents the basic case in which the manufacturer sets the retail price, products are sold by retailers who have no say on the price and …rms split the overall revenues. Retailers invest in advertising to attract more consumers and increase sales by letting consumers know about the presence of certain products in their stores. Thus, we evaluate the suitability of complementing a consignment contract with a cooperative advertising program or a price discount mechanism to improve the …rms'pro…ts. In a cooperative advertising program, the manufacturer supports a part of the retailer's store advertising e¤orts while the retailer can practice some price reduction under a price discount mechanism.

Our …ndings suggest that retailers, being in the weaker position, carry out an intense negotiation process before entering into any type of business with manufacturers in an attempt to improve the results obtained through a consignment contract. In fact, the proper negotiation of the sharing parameter allows retailers to gain as much as the manufacturers independent of the setting. From our model, we learn that …rms' pro…ts are somehow comparable; thus, retailers can e¤ectively negotiate on some contract terms (e.g., the sharing rule) to be economically satis…ed. Our results suggest that the manufacturer is the …rm most interested in moving away from a simple consignment contract. The adoption of cooperative advertising programs as well as price discount mechanisms is always largely pro…table for manufacturers:

Since they are leaders, retailers should expect that one of these two mechanisms will be pushed out.

Moving from a consignment contract to a consignment contract with a cooperative advertising program is always economically worthwhile for a manufacturer. This is an interesting result in the evaluation of cooperative advertising programs. Most of the literature on supply chains and distribution channels reveals that the …rm that o¤ers such types of collaborative programs needs to check the conditions under which pro…ts are improved (e.g., De Giovanni (2001), [START_REF] Karray | Could co-op advertising be a manufacturer's counterstrategy to store brands[END_REF], Martin-Herran and Sigue (2016), Jørgensen and Zaccour (2014)). In fact, this contract is always economically worthwhile for the receiver while being sometimes detrimental for the donor's pro…ts, for example, when the participation rate is too high. Instead, our results suggest that this mechanism coordinates the supply chain; for example, both …rms are economically better o¤ (pro…t-Pareto-improving). Indeed, this result applies when the manufacturer constructs its goodwill according to quality improvement e¤orts and a proper pricing strategy, while retailers only think about their advertising e¤orts to enhance business, without any interference on either the pricing strategy or the accumulation of goodwill.

When the retailer applies a discount, it hurts the manufacturer's goodwill and, above all, directly damages its own pro…t margins. Consequently, the shift from a consignment contract to a consignment contract with a price discount makes retailers economically worse o¤. Thus, if …rms agree to adopt a price discount mechanism during the negotiation process, retailers will most likely sign the contract and then set a null discount, thus ending up with a traditional consignment contract. This can be dangerous for manufacturers because complementing a consignment contract with a price discount mechanism is always economically convenient for them but convincing retailers to set a positive discount is highly challenging. We suggest that manufacturers check the impact of the marginal production cost on the entire business because this is the only feature that allows retailers to also be better o¤ by using a price discount mechanism:

When the production cost is very high, a discount can be bene…cial for the entire supply chain (pro…t-Pareto-improving) while cooperative advertising turns out not to apply.

To sum up, if manufacturers seek to improve their pro…ts under a simple consignment contract, a cooperative advertising program should be o¤ered to retailers, who will always be willing to accept. Indeed, manufacturers should o¤er a cooperative advertising program when it is convenient compared to other options. When the price discount appeals to manufacturers more than a cooperative program, their decision will be made according to the marginal production cost:

When it is high, manufacturers should propose a price discount program; when it is low, they should propose a cooperative advertising program because the retailers will most likely avoid price discounts.

This research has some limitations, which are highlighted here to inspire further research in this domain. One can easily extend the model proposed in this research to the case of multiple, competitive retailers. Also, we assume that the retailer's share is exogenous, while it can be endogenized according to its commitments (e.g., advertising e¤orts). Other strategies can also be accommodated in this model, including innovation, post-sale service, and logistics. Other conventional mechanisms can complement these contracts, such as a quantity discount, sales rebate, and vendor-management inventory. These types of contracts should be compared to conventional contracts in which the retailer decides the price to better understand who should decide the price within supply chains to bene…t all supply chain members. This is an ongoing research direction that the authors have undertaken.

  

  al., 2000; Yue et al., 2006; Karray and Zaccour, 2006; Yang et al., 2013; He et al., 2009; Karray, 2013; Martín-Herrán and Sigué, 2016). Therefore, we investigate the e¤ectiveness of a cooperative program with our supply chain. Our research di¤ers from the aforementioned literature in three ways:

Table 1 .

 1 Cooperative advertising Price discount Initial comparison among scenarios

	V R	7.190	7.652	4.739
	V M	8.857	9.448	9.443
	G	14.294	14.859	14.912
	A	1.253	1.997	1.048
	p	11.191	11.618	12.608
	Q	0.245	0.269	0.231
	P	-	0.348	-
		-	-	0.909
	V SC 16.048	17.100	14.182
	S	2.922	3.350	2.332
	M 1	0.010378	0.01182	0.008312
	M 2	0.926235	0.99465	0.905995
	M 3	73.2105	77.0893	79.0688
	R 1	0.003752	0.00438	0.004161
	R 2	0.686105	0.73924	0.454069
	R 3	61.3306	64.5652	39.6916

Theorem 3 The …rms' strategies that constitute the Stackelberg equilibrium in the cooperative advertising scenario are:

(23)

and the …rms' value functions are given by:

where

respectively, w.r.t. G D : The goodwill at the stable steady state is

:

Proof. See the Appendix.

As for the other scenarios, the analysis of both strategies and value functions depends on the signs of the coe¢ cients

Solving the Riccati system of equations, one can verify that all coe¢ cients are positive (see the computational analysis in the online Appendix B). Thus, as in the B-scenario, condition 1 is su¢ cient to guarantee positive necessary conditions.

In addition to the insights from the other two scenarios, we can prove that the optimal discount is smaller than the price p D ( < p D ) and this ensures positive state trajectories (see the online Appendix A). Also, the discount depends on the stock of goodwill: One can numerically check that when goodwill takes high values, the channel exploits the positive e¤ects on sales and pro…ts; thus, R sets lower to avoid diminishing the stock of goodwill. The optimal price p D in Eq. [START_REF] De Giovanni | Closed-loop supply chain coordination through incentives with asymmetric information[END_REF] increases in G D and so does the manufacturer's optimal quality e¤ort Q D : Therefore, M protects his brand value by increasing the selling price when R can practice a discount. The presence of a discount does not hurt M 's pro…ts, as he adjusts his strategies accordingly. We evaluate the overall convenience of adopting a price discount mechanism numerically in Section 4 and in the online Appendix B.

Computational analysis

The Riccati system of equations linked to each of the proposed scenarios shows recursive relationships between the pair of quadratic coe¢ cients M j 1 ,R j 1 ; with j = B; C; D (see the online Appendix B). Therefore, we must perform a computational analysis to compare the solutions. In fact, all strategies, states, sales, and pro…t functions consist of heavy network relationships among all the model's parameters that prevent an analytical analysis. We con…ne our investigation to the long-term behavior, hence focusing on the steady state analysis. In fact, we seek to identify the conditions under which supply chain members are economically better o¤ through coordination via either a cooperative program or a discount policy. Nevertheless, we display a full dynamic analysis in the online Appendix C for readers who are interested in the evolution of strategies, states, sales, and pro…ts. Note that the …ndings at the steady state hold for any t. Interestingly, the …rms'decisions and the outcomes are largely in ‡uenced by the amplitude of all parameter values. We display a full computational analysis in the online Appendix B by setting the following parameters as baseline values:

Demand parameters: = 10, = 1, = 0:2, = 1:

Goodwill parameters: a = b = 0:5; = 0:4:

Discount parameters: r = 0:1.

Contract parameters: = 0:28:

These parameters, which we select based on previous studies in marketing and operations management in feedback form (e.g., De Giovanni, 2016a, b), allow for a comprehensive comparison of the games. Note that the solutions obtained when solving the Riccati systems are not unique. In fact, two of the polynomial equations within each scenario are quadratic.

In scenarios B and C; the Riccati system has two solutions, and in scenario D; it has four. We then select the optimal solution according to which strategies, goodwill, and pro…ts are always positive, P 2 (0; 1) ; the second-order conditions are always satis…ed, and the steady states are stable. To provide a robust and comprehensive investigation of our …ndings, we conduct a parametric sensitivity analysis, as reported in the online Appendix B. This analysis allows us to compare the strategies and the payo¤s and to show their variations at the steady state when a certain parameter varies. By using the earlier …xed parameter values, we obtain an initial solution that is displayed in Table 1.

larger amount of consumers who can a¤ord the good and be satis…ed. Overall, the adoption of a cooperative program entails a supply chain extracting more economic value from the market (Point 5). This result derives from the e¤ect that pricing, quality, and advertising strategies have on the demand as well as on the goodwill. R's pro…t is the key element for analyzing the value creation within this supply chain. Under a price discount program, R o¤ers a discount that directly and solely a¤ects her pro…t margins while preserving M 's marginal revenues. Thus, a price discount mechanism destroys some economic value since R substantially cuts the store advertising expenses (in Table 1, she cuts the advertising e¤orts by 90% compared to the cooperative program) while M charges higher prices to favor the price discount (in Table 1, p D is 7% greater than p C ). Overall, less advertising and a higher price substantially a¤ect the economic value creation.

Leader' s choices and preferences

The online Appendix B displays the sensitivity analysis of all parameter values. Starting from the aforementioned benchmarks, we take low and high values for each parameter by considering 20% variations (e.g., = 10 with a low value of 8 and high value of 12). Accordingly, we can identify how a single parameter variation in ‡uences M 's coordination preferences. Recall that the benchmark parameter values result in V C M ' V D M ; thus, any marginal variation in a parameter modi…es this relationship. In particular, M will always prefer the implementation of a cooperative advertising program inside the space of parameter values ; as detailed in the following claim. When the market expands (high ); M knows that R advertises more. Thus, M announces the adoption of a cooperative program to increase sales even more through enhanced advertising and support. Conversely, M prefers a price discount program with scarce market opportunities (low ); thus preferring a more aggressive price discount strategy. M is always economically better o¤ through a cooperative advertising program with low consumer sensitivity to price (low ). A contract scheme that works on the price discount is ine¤ective when consumers are marginally a¤ected by a price change.

In contrast, high consumer sensitivity to M 's goodwill and R's advertising (high and ; respectively) make a cooperative program always preferable. In fact, M knows that advertising and quality strategies are important for consumers and, consequently, both expenses increase substantially. Also, R advertises even more than under a price discount mechanism since the support program is in place. Firms avoid the implementation of cooperative advertising under a quick goodwill decay rate. The supply chain then concentrates on sales, while the goodwill simply becomes less important. Thus, the chain leader adopts a price discount because it can positively a¤ect sales through a lower price without compromising directly his marginal pro…ts. This situation also occurs for high advertising e¢ ciency (low R ) and quality e¢ ciency (low M ): In these cases, in fact, supporting R's advertising expenses can be costly due to the evident negative impact on M 's pro…ts. The leader announces the adoption of a cooperative program only when advertising is both e¤ective (high ) and 1 The mark identi…es a threshold value for a given parameter. For example, the proposition holds for 8 > e ; where e is a threshold for parameter :