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Abstract

Reliability analysis of the support lining of a shallow circular tunnel excavated in
spatially varying soils is presented in the paper. The soil-structure interaction is
considered by using a numerical model named the hyperstatic reaction method
(HRM). It can provide the internal forces of the tunnel lining in terms of bending
moments (M), axial (N) and shear forces (V). The sparse polynomial chaos expansion
(SPCE) in combination with the global sensitivity analysis (GSA) is employed to
perform the reliability analysis. This method allows reducing the number of the
involved input variables according to their sensitivity indices obtained by GSA, and
constructing a rational meta-model with limited calls to the mechanical model.
Multiple failure modes in the ultimate limit state (ULS) analysis are considered in this
study. The individual and system failure probabilities are all provided. The obtained
results show that the exceedance of the bending moment resistance is the most
probable failure mode, and that the soil spatial variability has a significant influence
on the tunnel lining reliability. In addition, the contribution of different soil properties
to the variance of the lining forces and the influence of the autocorrelation length on
the lining reliability are discussed.

Keywords: reliability analysis; tunnel lining; hyperstatic reaction method; sparse

polynomial chaos expansion; global sensitivity analysis; soil spatial variability
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1 Introduction

It has been well recognized that considerable uncertainties in soil properties such as
inherent spatial variability exist in the design or safety assessment of the tunnels
excavated in soils. In light of this, various reliability-based analyses of tunnels were
performed in recent years [1], [2], [11]-[14], [3]-[10]. Compared to the conventional
deterministic methods, these analyses can provide more rational results in terms of the
mean and variance of the system response or the failure probability, in which

uncertainties are taken into account.

The reliability analysis of tunnels mainly focuses on the excavation-induced
instability of the advancing face, the ground movement, the wall convergence and the
support structure collapse [8]. In the past decades, many researchers have made
contributions to the tunnel reliability analysis covering one of the aforementioned
problems by using the First-Order-Reliability-Method (FORM) [1]-[4], the
metamodeling technique [5]-[7], [9], the importance sampling method [10] or the
point estimate method [11]-[13]. However, these analyses did not consider the
interaction between the soil and the tunnel lining. As a result, the tunnel lining
reliability analysis remains an issue which deserves more attention but is not widely
studied. In the literature, several related studies can be found. Lii et al. [14] proposed a
reliability-based design optimization method for a rock tunnel support system. The
shotcrete thickness and its installation position can be optimized by using this method
according to the corresponding reliability index computed from the FORM combined
with the response surface methodology (RSM). Hamrouni et al. [8] presented a
probabilistic study of a circular tunnel excavated in a soil mass, in which the limit
states concerning the surface settlement and the tunnel lining bending moment were
considered. The reliability index of the tunnel was computed by the FORM with RSM.

Kroetz et al. [15] investigated the tunnel lining reliability by using the HRM. The soil
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was assumed to be homogeneous and simulated by means of random variables. Five
individual failure modes, associated with the lining forces, were assessed in the
reliability analysis by using the FORM, the crude Monte Carlo Simulation (MCS), the
Subset Simulation (SS) and the Importance Sampling method (IS). All the previous
works provided interesting insights into the tunnel lining reliability, and showed the
necessity of probabilistic analysis. However, some limitations can be figured out from
these studies. Firstly, the soil spatial variability was ignored in the three studies
mentioned above. The authors used random variables (RVs) approach to describe the
soil mass variability. However, this is not realistic since the soil properties vary
spatially, even within one soil layer, due to the depositional and post-depositional
processes [16]. Secondly, some important soil properties were treated as constants in
the probabilistic analysis in [8], such as the earth lateral ground pressure coefficient.
Consequently, the uncertainties in soil mass were not completely described. Thirdly,
only one failure mode of the tunnel lining (bending moment criterion) was considered
in [8]; only the system failure of the tunnel lining was investigated in [14]. Therefore,
the contribution of each individual failure mode to the system failure remains

unknown.

This paper is dedicated to analysing the tunnel lining reliability by taking into account
the soil spatial variability. It aims at investigating the influence of this soil inherent
characteristic on the tunnel lining reliability in terms of individual and system failure
modes. The tunnel lining and the limit state functions proposed in [15] are adopted in
this study. The deterministic calculation is performed by using HRM as in [15]. The
originality of this work is the fact that HRM is coupled with the random field theory
to consider soil spatial variability. The propagation of the uncertainties in the soil
properties is quantified by a metamodeling-based MCS. The meta-model used to
perform the MCS is constructed by an approach named SPCE/GSA which combines

the sparse PCE with a global sensitivity analysis. This technique is more efficient than
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a direct MCS on the deterministic model and is able to provide more interesting
results than other reliability methods such as the FORM, SS and IS which are targeted
particularly to compute the failure probability. The results available in the SPCE/GSA
include the failure probability, the distribution and statistical moments of the model

response and the sensitivity index of each input random variable [9], [17].

The paper starts with a brief introduction to the mathematical and mechanical tools
used for the reliability analyses including the deterministic model (i.e. the HRM), the
Karhunen-Loeve (K-L) expansions for the random field simulation and the
metamodeling technique SPCE/GSA. It is followed by the problem statement in
which the studied tunnel lining is described; the limit state functions are defined and
the parameters for the soil properties are presented. A procedure of using the HRM,
the K-L expansion and the SPCE/GSA for assessing the tunnel lining reliability is
provided as well. Thereafter, a parametric study is performed. The aim is to
investigate the impact of each soil property on the variation of the lining forces and to
reduce eventually the number of the soil properties that will be simulated with random
fields in the following analyses. Then, the tunnel lining reliability is studied by
following the procedure mentioned before with the soil properties selected in the
parametric study. The effects of the autocorrelation length and of the soil spatial
variability are investigated. A section of discussions is presented before the
conclusions and two issues are discussed: the computational efficiency of the method
SPCE/GSA and the comparison with the previous work [15]. The paper ends with
some concluding remarks drawn from the present study which may be useful for the

tunnel lining design and analysis.

2 Deterministic model and reliability analysis tools

This section aims at presenting all the employed methods for the reliability analysis of

the tunnel lining. They include the deterministic model HRM, the reliability method

4
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SPCE/GSA and the random field generation method Karhunen—Loeve (K-L)

expansion.

2.1 Presentation of the HRM

The HRM is an efficient numerical method employed to estimate the soil-structure
interactions in a deterministic framework. This method was proposed and improved
by Duddeck and Erdmann [18], Takano [19], Oreste [20] and Do et al. [21]. The
results of the lining internal forces can be quickly obtained by the HRM. Its accuracy
has been validated by comparing with numerical simulations (e.g. finite difference
method) for homogeneous soils with different types of section (e.g. circular [20], [21]
and U-shape [22]) and for layered soils with circular sections [23], [24]. It should be
noted that as one requirement of the HRM method, the active loads applied directly to
the tunnel structures need to be defined. The following gives a brief description of the

HRM. For more details about the HRM, readers can refer to [21].

In the HRM, the tunnel lining is divided into a number of one-dimensional beam
elements as shown in Figure 1. Those structural elements are connected to the
surrounding soils by means of normal and shear springs of the nodes. Therefore, the
interaction between soil and tunnel support is considered through the applied loads
(Figure 2) and the springs. In fact, the number of elements has no significant effect on
the internal forces when it reaches a certain value. For example, when the number of
element is equal to 360, the estimated maximum bending moment is 0.1344 kN.m/m
while it leads to a slightly smaller one of 0.1343 kIN.m/m if the number of elements is
set equal to 3600. The calculation accuracy is improved by 0.074%, but the
calculation time increases from 2.5 seconds to over 270 seconds (on an Intel Xeon
CPU E5-2609 v4 1.7GHz (2 processors) PC). Therefore, the number of element is

adopted as 360 for the present study.
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Figure 1. Details of the soil-support interaction through springs connected to the support nodes

According to [20], the focus of the soil-lining interaction problems is to obtain the
unknown displacements u,; of the discretised structure nodes. The vector of the

displacement u,4 could be evaluated by:

Ku; =F (1)
where K is the global stiffness matrix, F is the force vector. The global stiffness
matrix K could be assembled by the local stiffness matrices of each element on the
basis of the criteria described in [25]. The internal forces and displacements of tunnel

lining could be calculated once the displacements u,4 are known.
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Figure 2. Scheme of tunnel lining, with active vertical and horizontal loads

q, Qv Vertical loads
q.
dn
q.

Notes to Figure 2: q,,: vertical load; g,: horizontal load; k,,: normal stiffness of the
interaction springs; k: tangential stiffness of the interaction springs; R: tunnel radius;

EJ] and EA: bending and normal stiffness of the lining [21].

2.1.1 Soil-structure interaction

As mentioned above, the soil-structure interaction is accomplished through the active
loads directly applied on the tunnel structure by the surrounding soil and through the
springs connected to the structure nodes. As the active loads are defined, one needs
subsequently to determine the stiffness of springs. A non-linear function, which is
used to describe the relationship between reaction pressure p and structure

deformation o, was introduced by [20]:

Plim

I u— (2)
Plim + 7705)

p = pum(1

where piim 1s the maximum reaction pressure offered by the soil, and #o is the initial

stiffness of the soil. The initial normal soil stiffness 7,0 depends on the tunnel radius
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R, the Poisson’s ratio vs; and Young’s modulus E; of soil. It is estimated by 1, o = 2 -

Es
(1+vg)'R

in the analysis. The shear springs of the nodes are considered as well in this

study, like the model introduced by [21]. The stiffness of shear spring is approximated
to be 1/3 of the normal stiffness [21], as the shear stiffness at the soil-structure
interface is difficult to estimate. The values of both the maximum normal reaction
pressure pnin and the maximum shear reaction pressure pyin could be estimated by

the cohesion ¢ and the friction angle ¢ of soil. According to [21], they are evaluated

__2:ccos@ 1+sing qup+qn Vs

__ qutqp
by pn,lim -

< and pv,lim -

- tang, respectively.
1-sing  1-sing 2 1-v ¢, 1C8p y

It is necessary to note that the normal springs would be effective only when the
structure moves towards the soil, which means that only the compressive loads are
allowed by the normal springs. In contrast, the shear springs could produce both

positive and negative stresses along the shear direction.

2.1.2 Active loads

The active loads g, are estimated by Terzaghi’s formula [19] :

qv = Vgh 3)
where y, represents the soil unit weight and h is the overburden thickness of the
tunnel. If the value of h is more than two times the external diameter D, (Figure 3) of
the lining, an effective overburden thickness hy (hg = 2D;) should be used [19]. In
addition, the horizontal loads q; applied to the tunnel lining in the HRM model are
determined by the formula: q; - Ky.q,, where K, is the lateral earth pressure

coefficient.

Based on the descriptions above, the HRM performance is considered to be
independent to the soil heterogeneity since the divided beam elements (360 beams in

this study) and the distributed springs along the lining allow taking into account
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different values of a soil property at different locations of the interface. The
characteristics of each beam and each spring are determined directly by the contacted
soils and may be varied along the lining. This indicates that the soil heterogeneity
effect can be well accounted for in the HRM. Therefore, it is effective to couple it

with the random field theory which is used to represent the heterogeneity of soils.

2.2 Simulation of random fields by the K-L expansion
In this study, the random fields are generated by the K-L expansion method. Consider
a stationary Gaussian random field H (x, §) indexed on a bounded domain 2. It can be

expressed by the K-L expansion as [26]:

HEO = u+ 0 ) A6, (0% @
i=1

where x represents the coordinates of an arbitrary point in {2, u and o are respectively
mean value and standard deviation of the random field, & is a vector of standard
uncorrelated random variables which indicates the random nature of the
corresponding quantity, and A; and 6; are respectively the eigenvalues and
eigenfunctions of the autocovariance function of the random field. An autocovariance
function is defined as the product of the variance and the autocorrelation function.
There are several types of autocorrelation function such as linear, exponential,
squared exponential and power autocorrelation functions. An autocorrelation function
is able to give the correlation value between two arbitrary points (x,y) and (x’,y’) in

0. In this study, an exponential autocorrelation function is used [27]:

lx—x| ly=yl
Ly L,

p(x,y) = exp(— ) (%)

where L, and L,, are respectively the horizontal and vertical autocorrelation length.
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In practice, the K-L expansion is truncated to a limited number of series terms. Eq. (4)

is then approximated by:

S
HE) = 1+ 0 ) A (©6)
i=1

where S is the size of the series expansion for the truncated form. The value of S
depends on the desired accuracy, the autocorrelation length (L,, L, ) and dimension of
the random field. It can be determined by evaluating the error estimation of the
truncated series expansion. The error estimate based on the variance of the truncated

error for a K-L expansion with S terms is given by [28]:

1
Szﬁfﬂ dQ (7)

S
1- > 167(%)
i=1

In order to obtain a sufficient accuracy in terms of the variance error for random

fields, Li and Der Kiureghian [29] recommended that the stochastic grid size of a

random field can be set as 0.2 times the autocorrelation length.

In the case of log-normal random fields, the K-L expansion given in Eq. (6) becomes

[30]:

H(x,§) = exp

S
Hin + O ) ﬁiei(x)a-] ®)
i=1

where y;, and oy, are respectively mean value and standard deviation of the log-

normal random field.

2.3 The reliability method: SPCE/GSA
This subsection describes briefly the reliability method employed in this study. It

starts with a presentation of the PCE which is the basis of the SPCE. Then, the SPCE

10
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and the GSA are introduced individually. In the end, the combination of the two

methodologies is presented.

2.3.1 Polynomial Chaos Expansions (PCE)

The PCE methodology is a powerful tool for metamodeling. It approximates an
original model D by expanding the model response on a suitable basis which is a

series of multivariate polynomials [31]. The PCE can be expressed as follows:

Y =D({) = Z kaWa () 9)
aeNM
where { is a vector of independent random variables { = {{y, {5, ..., {y} with M

representing the number of input variables, ¥, ({) are multivariate polynomials, k,,
are unknown coefficients to be computed and a = {ay, ..., @)} is a multidimensional
index. The multivariate polynomial is the tensor product of univariate orthonormal
polynomials. In this paper, standard normal random variables in conjunction with the

Hermite polynomials are used.

In practice, the representation of the random response in Eq. (9) needs to be truncated
to a finite number of terms. In this study, the hyperbolic truncation scheme [32] is
adopted to limit the number of involved multivariate polynomials. This truncation
scheme defines a so-called g-quasi-norm and requires that the norm is smaller than a
given p. Once the truncated basis is determined, the coefficients {kq},ec4Mp.q can be
computed using the least-square regression method [33]. The accuracy of the PCE can
be estimated by the empirical mean-square residual error estimation R? and the leave-
one-out error estimation Q2. Concerning the details of the calculation of these two

error estimates, readers are referred to [33].

2.3.2 Sparse Polynomial Chaos Expansions (SPCE)

11
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The SPCE was proposed by Blatman and Sudret [32]-[34] in order to limit the
number of multivariate polynomials. It is inspired by the fact that the non-zero

coefficients in the PCE form a sparse subset of the truncation set [35].

The procedure for building an SPCE is based on an iterative procedure [33]. This

procedure is described as follows:

1. Generate randomly an initial experimental design y and compute the
corresponding model responses ¥ by using the deterministic model

2. Determine the user-defined parameters: the target accuracy Qtzg, the maximal

PCE degree P,,,, and the cut-off values &4, &;.

3. Forany PCE orderp € {1, ..., Prax}:

- Forward step: compute the increase in the determination coefficient R? by
adding each candidate multivariate polynomial from a PCE basis set
(AMP4) Retain eventually those candidate terms that lead to a significant
increase in R?, i.e. greater than &;. Let AP"* be the final truncation set at
this stage.

- Backward step: compute the decrease in R? by removing each candidate
term in AP of then degree not greater than p. Discard eventually from
AP"* those terms that lead to an insignificant decrease in R?, i.e. less than
&,. Let AP be the final truncation set.

- If Q% = Q. stop
In this paper, the following values are selected for the user-defined parameters in the
SPCE according to the works in [9], [17]: Q75 = 0.99, Ppax = 5,6 = & =5X 107>

and the g-quasi-norm q = 0.7.

Using the sparse PCE can improve the efficiency and performance of the PCE since
the number of terms (multivariate polynomials) can be significantly reduced in a
rational way. It was shown that the sparse PCE can reduce the number of terms from
2024 to 138 for the studied frame structure in [33]. The SPCE has been successfully
applied for reliability analysis of benchmark academic examples [33] and various
geotechnical engineering problems such as tunnel face stability [36], foundation

bearing capacity [31] and earth dam stability [17].
12
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2.3.3 Global Sensitivity Analysis (GSA)

The Global sensitivity analysis (GSA) allows quantifying the contribution of each
input variable to the variance of the model response [37]. Sudret [37] introduced an
analytical way for computing the Sobol index (a type of sensitivity index [38]) as a
post-processing of the PCE coefficients. The first order Sobol index can be calculated

as follows:

Sacag, ()2 EL(¥a)?]
Taca () EL(Pa)?]

5(¢) = (10)

where k; are the PCE coefficients, A is the truncation set (AMP9), AZz is a subset of 4
in which the multivariate polynomials ¥, are only functions of the random variable {;

(i.e., they only contain the variable {;) and E[(¥,)?] is the expectation of (¥,)?.

2.3.4 The combination of the SPCE and GSA

Using SPCE, the computational time was found still important when dealing with
problems concerning spatially varying soils, in which 50 ~ 500 random variables from
random field discretisation should be considered. In order to address the problem, the
SPCE/GSA procedure was proposed in [31], [37]. The main idea is to firstly select the
significant input variables by using GSA based on a small order SPCE and then to
approximate the system response using a higher order SPCE that only makes use of
the selected variables. The input variables with a great value of Sobol index are
regarded as significant variables, which forms an effective variables dimension. This
dimension is smaller than the initial dimension where the total number of random
variables is considered. It should be noted that the PCE order has almost no influence
on the Sobol indices, so a PCE with order 2 can accurately provide the contribution of

each input variable to the system response variability [31], [37].

13
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As a conclusion, the SPCE/GSA procedure leads to a reduction in the number of the
input variables and consequently a limited number of deterministic model calls. The

general description of the SPCE/GSA procedure is given as follows:

1. Select the significant input variables by performing a GSA based on a 2"-order
SPCE,

2. Construct a meta-model using a high-order SPCE with the selected variables
(effective dimension),

3. Perform a Monte-Carlo simulation using the obtained meta-model to compute
PDFs of the system response and failure probabilities.

It should be noted that a threshold of 0.98 is adopted to choose the effective variables
when performing a GSA with a 2"-order SPCE in step 1. This means that the sum of
the selected variables Sobol indices should be bigger than 0.98. Thus, at least 98% of

the total variance of the system response can be covered.

The last step of the SPCE/GSA is to perform an MCS w.r.t. the high-order SPCE
meta-model. For an MCS with Ny, model evaluations, the failure probability Pf can

be expressed as follows:

Nmcs

1
pf = ] Z Ics (1)
¢S =

Ny

where I,-s is a failure indicator; Iy;cs is set to 1 if the system fails and I;cs = 0
otherwise. The number of Ny s should be large enough in order to obtain an accurate

estimate. The coefficient of variation of Pf for an MCS can be calculated by [28]:

CoVps = /(1 = Pf)/(Nycs * Pf) * 100% (12)

2.4 Summary of the employed research methods
The previous sections present all the research methods employed in this paper for the
purpose of studying the tunnel lining reliability by considering soil spatial

variabilities. A numerical approach named HRM is adopted as the deterministic
14
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model to estimate the response of the tunnel support structure. The soil-lining
interaction is simulated by various normal and shear springs in the HRM. The
uncertainties of soil properties are represented by random fields generated with the K-
L expansions in which an autocorrelation function needs to be defined. Then, the
propagation of the uncertainties is quantified by a MCS w.r.t. the SPCE meta-model
which is an approximation of the HRM response. The MCS allows estimating the
failure probability and providing the distribution of the model response. Particularly, a
dimension reduction technique (GSA in this paper) is used prior to the construction of
a high order SPCE model since a large number of variables should be considered due
to the discretization of random fields. This technique is very useful to improve the
efficiency of the SPCE for high dimensional stochastic problems. In addition, the
combination of the GSA and SPCE can provide an accurate estimate of the failure
probability according to a comparative study [39] conducted on an earth dam

problem.

3 Problem statement

This section aims at presenting the studied tunnel lining and the uncertainties of the
soil parameters considered in this study. The limit state functions and the procedure of
using the SPCE/GSA in combination with the K-L expansion and the HRM are

provided as well.

3.1 Presentation of the tunnel lining

The tunnel lining studied in this paper was firstly proposed in [15] and is shown in
Figure 3. It is a circular tunnel with a diameter D, = 10m, an overburden thickness
h =20m, and a lining thickness d, of 0.4m. Following [40], such lining can
withstand bending moments of 0.5 MN.m, axial forces of 8.2 MN and shear stresses
of 0.75 MN. These values are adopted in the paper to describe the tunnel lining

strength. As the present study focuses on the effect of the soil spatial variability, the

15
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tunnel lining is assumed to be deterministic. This is based on the fact that the support
lining is usually made by precast materials which have a low variability in terms of
mechanical properties when compared to soils which are natural materials and are

related to a lot of uncertainties [41], [42].

Ground surface

do

Figure 3. The studied tunnel lining

3.2 Definition of the limit state functions

The strength values mentioned above are used for defining the limit state functions in
the reliability analyses. In this study, all the possible failure modes of the tunnel lining
in the ultimate limit state (ULS) are taken into account. With this consideration, five
limit state functions proposed by [15] are adopted to characterize the tunnel lining
failure (Egs.(13) to (17)) , in terms of bending moment (M), normal force (N) and
shear force (V). The tunnel lining will fail if any of the three internal actions exceeds

its corresponding capacity (i.e. any limit state function is less than 0).

G, = 0.5 — max(M) (13)
G, = 0.5 + min(M) (14)
G5 = 8.2 — max(N) (15)
G, = 0.75 — max(V) (16)
Gs = 0.75 + min(V) (17)

16
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It is noted that the normal force N is always positive; hence just a single limit state is
proposed for N. Since bending moments M and shear forces V can both be either

positive or negative, two limit state functions are considered for each internal action.

The effects of the three load types (M, N and V') of the tunnel lining response are
considered separately with five performance functions. In some cases, their impacts
are applied jointly on the support structure. Using individual performance functions
may overestimate or underestimate the capacity of the tunnel lining. For example,
when considering jointly the M and N to determine the tension stress of the lining, the
estimated value will be lower than the one obtained with considering only M since N
always provides compression stresses. In this case, considering individually M and N
leads to more conservative estimates. In practice, if an interaction equation which
jointly accounts for the M, N and V could be determined, one can then follow the
procedure shown in the paper to study the tunnel lining reliability by replacing the

five performance functions with only one.

3.3 Description of the soil variability

Only the uncertainties of soil properties are accounted for in the proposed reliability
analysis. The geometry and resistance of the tunnel lining are considered as
deterministic. The most relevant soil properties in tunnel lining design using the HRM
are the lateral ground pressure coefficient (K;), the soil cohesion (c), the internal
friction angle (¢), the Young’s modulus (E), the Poisson’s ratio (v) and the soil unit
weight (y,). The probabilistic statistics and distribution of these soil properties used in
[15] are adopted in this study. These values are based on assumptions and published
data in the literature [40]-[42]. In addition, the six soil properties are assumed to be
uncorrelated as the works in [15]. It is noted that the shape parameters of the Beta

distribution for ¢ can be derived from the four parameters given in and below Table 1.
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Presenting statistical moments instead of shape parameters for the Beta distribution is

more straightforward to have an idea of the value and the variation of ¢.

In the random field theory, the most important factor is the autocorrelation length. It
defines, together with an autocorrelation function, the autocorrelation structure of a
random field. According to a literature review given by El-Ramly et al.[43], the
autocorrelation length for soils is usually within a range of 10 to 40m in the horizontal
direction, while it ranges between 1 and 3m in the vertical direction. In this paper, the
autocorrelation is set to 40m and 3m respectively for the horizontal and vertical
direction. This choice can lead to a larger failure probability hence a conservative
design according to the conclusions in [9], [31], [44]. The influence of using different
values of the autocorrelation length on the tunnel lining reliability will be discussed in

the section Numerical simulations and results.

Table 1 Probabilistic statistics and distribution of the soil properties

Variable Unit Distribution type Mean CoV®@ (%)
Ky - Lognormal 0.9 15
c KPa Lognormal 4.5 20
¢ Rad Beta 0.35 20
E MPa Lognormal 60 15
v - Lognormal 0.3 5
Yg MN/m?3 Lognhormal 0.0195 20

Notes: (! the Beta distribution is bounded within a range of [0, 0.78538]; @ CoV:

coefficient of variation

3.4 Reliability analysis procedure used in the paper

The procedure of the reliability analysis using the SPCE/GSA with the HRM
considering the spatial variability of one soil parameter T necessitates the following
steps:

A. Generation of random fields
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Prescribe the autocorrelation length and the dimension of the random
field.

Determine the series term S of the K-L expansion for a desired
accuracy by evaluating the error estimate given by Eq. (7).

Generate N, standard normal vectors {{1),¢@), ..., ¢(VeD)} using the
Latin hypercube sampling method. Each vector has a dimension of S.
Generate a realisation of random fields for each vector {(¥). It is
obtained, as a consequence, Ngp random fields.

B. Evaluation of the internal actions of the tunnel lining

Determine the value of the soil parameter T for each beam element in
the HRM according to the first random field RF; generated previously.
Perform the HRM to obtain the internal actions of the tunnel lining
associated with the RF; . The results are written in a vector
{max(M), min(M), max(N), max(V), min(V)}.

Repeat the two previous steps for other generated random fields (RF,
to RFy,, ). At the end of this step, Ngp vectors of the results are
obtained.

Reassemble the Ngp vectors of the results to a matrix of Ngp X 5,
donated as R.

C. Construction of the five meta-models

Construct a 2™-order SPCE meta-model for the values of max(M)
following the section 2.3. The Ng, vectors of {() are input random
variables and the first column of the matrix R is regarded as the model
response.

Compute the Sobol index of each input variable according to the
coefficients of the constructed 2"%-order SPCE meta-model. Select
significant variables based on their Sobol index to form an effective
dimension of the input variables.

Construct a higher-order SPCE meta-model for the values of max(M)
w.r.t. the selected variables. The dimension of the selected variables is
less than the number of initial variables and corresponds to the
dimension reduction technique in the SPCE/GSA.

Repeat the previous three steps to construct other higher-order meta-
models respectively for the values of min(M), max(N), max(V) and
min(V).

D. Monte Carlo Simulations

Perform an MCS for each constructed higher-order SPCE meta-model.
Post-processing on the MCS results to obtain the mean and variance of
the five internal actions, individual failure probabilities (Eq. (11)) and
the system failure probability.
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If the regression problem cannot be resolved in stage C when constructing a meta-
model, a complementary set of input variables (ANg, vectors of {(¥) should be added
to the initial experimental design and then follow the next steps in the procedure. This

work should be repeated until the regression problem is well-posed.

4 Parametric analysis

Prior to the reliability analysis of the tunnel lining with random fields, a parametric
analysis is conducted. The objective is to investigate the importance of each soil
property in the reliability analysis. Kroetz et al. [15] has shown that the effects of the
soil properties (c, ¢, E, and v) are very limited and can be treated as deterministic
under the assumed probabilistic model (Table 1). However, the work in [15] was
established with means of random variables. When dealing with spatially varying
soils, some parameters along the continuum may impose additional demands to the
lining by itself. The sensitivity indices estimated with the assumption of homogenous
sites for the 6 soil properties may be modified. Therefore, this section aims at
providing insights into the effects of the 6 soil parameters in the framework of random
fields. Firstly, the necessary parameters for the random fields of the 6 soil properties
are determined. Then, a parametric analysis is performed in which the contribution of

each soil property to the variability of the HRM results is presented.

4.1 Parameters selection

Figure 4 presents the dimension of the six involved random fields. As presented in
section 2, the interaction between the tunnel lining and the surrounding soil is
simulated by means of normal and shear springs in the HRM. The parameters of the
springs are determined by using only the soil at the soil/lining interface. Therefore, it
is sufficient to use a domain of 10x10m which covers exactly the tunnel to represent

the random fields in HRM calculations. For the y,, the random field should be
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extended to the ground surface in order to take into account the y, values at the top of

the tunnel. The required dimension for RFyg is thus 10x20m. Specifically, a Ad of 1m

is added for each side of the random fields in this paper. Li and Kiureghian [29] has
shown that the errors of the series expansions methods (e.g. K-L) are large at the
boundaries of the random fields. Adding a Ad to each side guarantees that the
simulated values at the soil/lining interface are accurate enough. This technique was
adopted also in [45] to avoid large errors at the boundaries of the physical random-
fields domain. In conclusion, the domain of the random field for y, is represented by
the rectangle ABEF (Figure 4) of 12x27m, while the random fields for the other five

soil properties are 12X 12m limited by the CDEF rectangle (noted as RF,¢per)-

Concerning the autocorrelation length, the L, and L, are firstly respectively set to
40m and 3m as mentioned before. The sensitivity of the L, and L,, to the reliability
results, is discussed later. As the random field dimension and the autocorrelation
length are determined, the series term S of the truncated K-L expansion should be

evaluated following Eq. (7). For a target error estimate between 10% and 9%, the

value of S is estimated to 37 and 17 for respectively RFyg and RF,¢per- The grid size

of the random fields is set to 0.5m for both the two directions in this paper which can

guarantee a good accuracy of the generated random fields according to [29].
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Figure 4. The stochastic domain of the two random fields

4.2 Effects of each soil property for the tunnel lining
The study is realized by performing the HRM calculations with 50 random fields of

one soil property and assuming constant values for the other five. For example, 50

random realizations of RE,, are generated by the K-L expansions with the parameters

determined above (Table 1 and section 4.1). Then, each RFyg is coupled with the

HRM to determine the tunnel lining responses; the other five soil properties are

assumed to be constant (mean values given in Table 1). The obtained variation in the

tunnel lining responses are thus totally induced by the different realizations of RE, .

This technique is effective for the present study since the input variables are assumed
to be independent as said in section 3.3 and in [15]. Figures 5 and 6 present the
variation of the five responses (max(M), min(M),max(N), max(V), min(V)) w.r.t.
the 50 random fields of each soil property. It is observed that the two most important
properties are K, and y, since significant variabilities of the five responses are
induced. On the contrary, the responses given by the 50 random fields of the other
four properties (c, ¢, E, and v) are almost unchanged, indicating that these soil
parameters have very limited effects on the variability of the tunnel lining responses.
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These findings are consistent with the study of [15] in which the importance factors
(IF) of each soil property provided by FORM are available. The IF of y, varies
between 0.39 and 0.63 in [15] for different failure modes and the IF of K, is within a
range of [-0.35, -0.6]. On the contrary, the IFs of the four soil properties (c, ¢, E, and
v) are very close to O for any failure mode. It is noted that the IFs given in FORM
represent the contribution of the soil property to the failure probability. This is quite
different to the study in this section and the Sobol-based sensitivity analyses (section
2.3.3) which focus on the contribution of each input variable w.r.t. the total variability

of the model response.

Based on the observations and discussions above, it is reasonable to consider only the
variability of K, and y,, and to regard the other soil properties (¢, ¢, E, and v) as
deterministic in the reliability analysis for the study case. The decrease of the number
of soils properties to be simulated with random fields can reduce the dimension of the
input space and thus significantly reduce the computational time of a meta-modelling
based reliability analysis. The dimension is decreased from 122 which correspond to 6
random fields (122=17x5+37x1) to 54. It is noted that the adopted assumption which
considers the parameters ¢, ¢, E, and v as deterministic is based on the present
probabilistic soil models (Table 1) and on the parametric study results (Figures 5 and
6). In practice, the statistics of the soil properties can be different to the ones
considered in Table 1. The corresponding contributions to the model response will

then vary.
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Figure 5 Variation of the max(M) and min(M) w.r.t. the 50 random fields of each soil property

3 T T T T T
<
1 25 B .
z
(>é 2 [ O o O -
=
15 1 | 1 |
03 T T T T T T
zZ
2. 02 i
>
& 01 r 7
= o ° o s
0 Il | Il |
0 T T T T
= O o} o g
= 01t -
>
c 02 T
=
_03 1 Il | Il | Il
KO c 1) E \% g
Soil property

Figure 6 Variation of the max(N), max(V) and min(V) w.r.t. the 50 random fields of each soil property

24



561

562
563
564
565
566
567
568
569
570
571

572

573
574
575
576
577
578
579
580
581
582
583
584
585
586
587

5 Numerical simulations and results

This section aims at presenting the reliability analysis of the studied tunnel lining
considering soil spatial variability. Following the conclusion of the previous section,
only the K and y, are modelled by means of random fields and the other four soil
properties are set to a deterministic value (mean value presented in Table 1). The
results for a reference case obtained by the method SPCE/GSA are presented and
interpreted at first. The reference case refers to the case where autocorrelation lengths
are respectively specified to be 40m and 3m for the horizontal and vertical directions,
and the two soil properties (K, and y,) are simulated by means of random fields
following Table 1. Then, the effects of the autocorrelation length are discussed by
testing different values for L, and L, . The effect of considering the soil spatial

variability is investigated in the end of the section.

5.1 Results of the reference case

The results of the reference case obtained by the SPCE/GSA method are presented in
this section. The associated parameters are given previously. Following the procedure
presented in the section Reliability analysis procedure used in the paper, five 5%-
order meta-models are constructed for the five failure modes and the reliability results
are obtained by performing an MCS with each meta-model. For the performed MCSs,
the Ny s is set to 1x107. Such a large MCS running number can ensure that the CoV
of the obtained system failure probability is smaller than 5%. Figure 7 shows the
probability density function (PDF) of the five limit state functions. Table 2 presents
numerically the reliability results in terms of the individual failure probability, system
failure probability and the mean and standard deviation of the five extreme internal

actions of the tunnel lining.

A quick review of Figure 7 reveals that the G5 values are very far away from the

failure domain (G; < 0) compared to other limit state functions. This indicates that the
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normal force failure mode is the least likely case among the five individual failure
modes. On the contrast, the values of G; and G, are close to the failure domain and
their PDF curves show a greater dispersion than those of G, and Gs. This indicates
that the bending moment resistance is probably the most likely failure mode and the
system failure is controlled by the extreme bending moment values. On the basis of
these observations and Figure 7, the failure probabilities associated with the shear
force (G4 and G5) fall in between those of the bending moment and the normal force.
Furthermore, it is observed that the five PDF curves are not symmetric. They are all
negatively skewed with a relatively large tail in the left. This is because the input

variables are not symmetric and they follow a lognormal distribution.
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Figure 7. PDF of the five limit state function values for the reference case

The system failure probability is estimated to 7.3x10™* as presented in Table 2. The
failure probabilities related to G; and G, are respectively 7.1x10* and 2.3x10. They

are all bigger than the failure probabilities of other failure modes. This confirms the
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conclusions made above and exhibits again that the bending failure mode is the most
probable case. Particularly, the maximum value of M is more critical than the
minimum one as revealed by their failure probability. As for the other three failure
modes, the relating failure probabilities are all extremely small. Even with a MCS of
Nycs=1x108, none of the values of G, G, or Gs are found to be less than 0. As a
consequence, the failure probabilities of these three failure modes are all considered to
be probably smaller than 1x10°, even maybe smaller than 1x1078. It is not worth
determining precisely such small failure probability, given that the calculation time of
a MCS for the failure probability smaller than 1x10° is unaffordable even with the
constructed meta-model. In addition, these three failure modes are expected to have

almost no effect on the system failure probability.

Table 2 also provides the mean and standard deviation of the five internal actions as
well as their capacity. For the bending moment, it can be observed that the absolute
value of the mean and standard deviation of the
max(M) are all slightly greater than those of the min(M). This corresponds to the
little bigger tail in the left of the G; PDF curve compared to the one of G, as presented
in Figure 7, given that the standard deviation can reflect to some degree the scatter of
the data. In contrast to the bending moment, the shear force presents a good
agreement in both the mean value (absolute) and standard deviation between max(V)
and min(V). This corresponds to the almost superposed two PDF curves of G, and G5
in Figure 7. As for the normal force, its standard deviation and the difference between

its mean value and its capacity are all the biggest among the five cases.

Table 2. Reliability results of the studied tunnel lining

max(M) min(M) max(N) max(V) min(V)

MN.m  MN.m  MN MN MmN ystem

Failure probability 7.1x10% 2.3x10° <1x10® <1x10® <1x10® 7.3x10*
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Mean 0.126 -0.108 1.992 0.071 -0.072 /

Standard deviation  0.069 0.050 0.239 0.033 0.033 /

Capacity 0.5 -0.5 8.2 0.75 -0.75 /

5.2 Influence of the autocorrelation lengths

For a reliability analysis with the random-fields approach, the values of
autocorrelation length should be selected carefully since they define the
autocorrelation structure of random fields [9], [46]. The autocorrelation lengths are set
respectively to 40m and 3m in the previous reliability analysis for a conservative
design. This section aims at studying the influence of this factor on tunnel lining
reliability by testing several values of the autocorrelation length. It should be noted
that the series term S of K-L expansion needs to be re-evaluated for different

autocorrelation length values w.r.t. the Eq. (7).

Figure 8 plots the system failure probability (Pfs,s) of the tunnel lining versus
different values of the autocorrelation length. The horizontal autocorrelation length
(Ly) varies between 10 and 40m with the vertical autocorrelation length (L,) being
fixed to 3m. More results are obtained by varying L, between 1.5 and 3m with L,

being 40m.

From Figure 8, it is found that the Pf,; decreases with the autocorrelation length
decreases. For example, the Pf;,,¢ declines from 7.29x10™ to 5.77x10° when the L,
changes from 3m to 1.5m. A smaller autocorrelation length means that the soil is
severely non-homogeneous. This implies that the more soil is non-homogeneous, the
safer tunnel lining is from the reliability analysis point of view. A possible
explanation is as follows. A higher autocorrelation length indicates that the discretised

points of the random field are more strongly correlated even separated by a large
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distance. It therefore results in relatively slow variation in the simulated values of soil
properties and presents a greater chance to form relatively uniform zones during one
random field generation. The representative values of such uniform zones are
stochastic under the prescribed distribution (given in Table 1). As a result, the average
values (the mean of the simulated values for all the stochastic grids of one random
field) among different realizations are not constant but vary more significantly in the
cases of high autocorrelation lengths. For the cases of low autocorrelation lengths, the
average values have a low probability of being very big or very small due to the
presence of heterogeneous areas with dispersed values. In other word, the average
value of the samples generated in the random fields with small autocorrelation length
corresponds to a narrow range of variation. Therefore, lower autocorrelation length
leads to a smaller variability of the system response, and thus a smaller probability of
passing a specified threshold and vice versa. Another remark from Figure 8 is that the
decrease of Pfs,s is more significant when reducing L,, than L,. This indicates that the
vertical autocorrelation length L,, has a greater impact on the tunnel lining reliability

than the horizontal one.
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Figure 8. Effect of the autocorrelation length on the system failure probability of the tunnel lining

5.3 Effect of taking into account the soil spatial variability

The soil spatial variability is simulated by the random field theory and is taken into
account for the reliability analyses in this paper. Different values of one soil
parameter are generated and assigned to different points of the random field for one
deterministic calculation instead of the assumption of homogeneous soils adopted in
[15]. The purpose of this section is to discuss the effect of considering the soil spatial
variability on the tunnel lining reliability. Complementary reliability analysis is thus
performed in this section in which the two soil properties (K, and y,) are modeled by
means of random variables with the distribution parameters given in Table 1. The

obtained results are compared with the cases of random fields.

Figure 9 presents the system failure probabilities with different values of
autocorrelation lengths together with the case of random variables. It is observed that
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the failure probability obtained in the case of random variables is higher than the one
of any random-fields case. The value is increased from 7.29x10™* in the reference case
to 2.66x107 in the case of random variables. Therefore, ignoring the soil spatial
variability may induce a higher failure probability and thus a conservative design. In
fact, using random variables to simulate the soil variability is based on the assumption
that two arbitrary points of the field are perfectly correlated i.e. the soil is
homogeneous. It corresponds to an extreme case in which the horizontal and vertical
autocorrelation lengths are both equal to infinite. This characteristic eliminates the
variability within one calculation but increases the uncertainty in the global average
value from one calculation to another. The variance of the model response is thus

increased.

As a conclusion of the comparison study shown in Figure 9, the random-variables
approach which neglects totally the soil spatial variability can be performed at a first
stage to provide an upper bound for failure probability. On the other hand, it exists
also a second way to take into account the effect of the soil spatial variability in
reliability analysis. It assumes the soil to be homogeneous but with a reduced variance
compared to the original distribution parameter. Such a simplified approach can
replace the random-fields approach to predict the variation of the system response and
failure probability. It has been widely applied in the field of slope stability as
suggested by [47], [48]. The reduction factor can be determined with a typical failure
length and autocorrelation distance. However, it should be noted that the results
provided by this simplified approach could be questionable with highly variant soil

properties or small autocorrelation distances.
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Figure 9. Effect of considering the soil spatial variability on the system failure probability

6 Discussions

Two points about the present study are discussed in this section. The first one focuses
on the computational efficiency of the method SPCE/GSA which is highlighted by
comparing with using a direct Monte Carlo Simulation (MCS) for the present
problem. The second one aims at comparing the results obtained by the SPCE with the
previous work of [15] in terms of failure probability and the sensitivity index of each

soil property.

6.1 Computational efficiency

In the event that a direct MCS is employed to perform the reliability analysis for the
case of random fields (Pf = 7.3 X 107%), at least 547 546 model evaluations are
needed for a target error CoVpr = 5% according to Eq. (12). On the contrary, the
SPCE/GSA method needs only 2000 calls to the deterministic model for constructing
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the meta-models. This could lead to a significant decrease of the computational time
of the reliability analysis, saying from 15 days to 2 hours given than running one
deterministic calculation and generating one realisation of the two random fields use
around 2.5 seconds in an Intel Xeon CPU E5-2609 v4 1.7GHz (2 processors) PC. It
indicates that using a direct MCS to analyse the stochastic problems with a low Pf is
very time-consuming even with a simplified deterministic model such as the HRM.
Applying an alternative method to reduce the computational burden for such problems
is thus useful. The SPCE/GSA, introduced in this paper, could be a good choice since

it is efficient and can provide a variety of interesting results.

6.2 Comparison with the previous work
The purpose of this section is to compare the obtained reliability results (e.g. failure
probability and sensitivity index) with the ones published in [15] which studied also

the tunnel lining but with means of random variables.

In this section, the six soil properties are modelled by means of independent random
variables as the works in [15]. Ngp standard normal vectors with the dimension of 6
are generated at first. Then, they are transformed to specific random variables
(physical values of the six soil properties) following the probabilistic distribution and
statistics given in Table 1. The associated tunnel lining internal actions are evaluated
using the HRM for each set of the six soil properties. Based on the model evaluations
and the Ngp standard normal vectors, five 5™-order SPCE meta-models are
constructed respectively for the five failure modes. The system failure probability can
be estimated by performing five MCSs w.r.t. the meta-models. Table 3 presents the
obtained result and compares it with the one published in [15] which was estimated by
a direct MCS. It is observed that the system failure probability obtained by the SPCE
is 2.82X 107, This value represents a good agreement with the result of [15] which

can be regarded as a standard reference since the direct MCS was employed. Note that
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around 200 calls to the deterministic model are required for this analysis using the
SPCE while it is at least necessary 5000 model evaluations to reach a converged MCS
result as mentioned in [15]. In conclusion, the method SPCE is efficient and is able to

provide an accurate estimate of the failure probability of the tunnel lining.

Table 3. Comparison of the system failure probability obtained in this paper with the one in [15]

This paper Kroetz et al. [15]
Method SPCE Direct MCS
Failure probability 2.82X107 3.01X107

In addition, the SPCE method has the capacity to provide the Sobol index of each
input random variable by simply post-processing the SPCE coefficients as mentioned
in section 2.3.3. It allows knowing the contribution of each soil property to the
variability of the lining forces. Figure 10 presents the obtained Sobol indices for the
five failure modes. It clearly shows that the two most important parameters are always
K, and y, for all the individual failure modes. The sum of the Sobol index of these
two variables is close to 1, which means that the response variability is almost
induced completely by these two soil properties. As for the other soil properties, they
are considered to have non-significant influences on the variability of the results,
since the corresponding Sobol indices are all smaller than 0.02. In [15], the
importance factors (IF) of each soil property provided by FORM are available as
mentioned before. The IF of y, is varied between 0.39 and 0.63 in [15] for different
failure modes and the IF of K, varies within a range of [-0.35, -0.6]. These values are
different from the ones shown in Figure 10. This observation is not surprising since
the sensitivity index of Figure 10 represents the contribution of each soil property to
the response variability, while the IF computed by FORM measures the contribution
to the failure probability. On the contrary, the IFs of the four other soil properties (c, ¢,

E, and v) are very close to O for any failure mode. This finding is consistent with the
34



772  present study. Therefore, for the response variability or the failure probability, the
773  impact of the four parameters (c, ¢, E, and v) is negligible. They can thus be treated as

774  deterministic in reliability analyses at least in the context of random variables.
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776 Figure 10. Sobol index of each soil property for the five failure modes

777 7 Conclusion

778  In this paper, reliability analysis of a circular tunnel lining is presented. The soil
779  spatial variability is considered in the study and is simulated by the random field
780  theory. The individual and system failure probabilities of the studied tunnel lining are
781  provided by using a metamodeling technique SPCE/GSA combined with the HRM.

782  The main conclusions can be listed as follows.

783

784 1. The K, and y, are the two most important soil properties for the tunnel lining
785 reliability under the condition of the assumed soil probabilistic model. This
786 finding is thereafter used to reduce the number of input variables when dealing
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with spatially varying soils. In practice, one can identify the significant soil
properties for the encountered specific soil conditions by performing a

parametric study as shown in section 4.

. The system failure of the tunnel lining is mainly controlled by the bending

failure mode. Particularly, the maximum value of the bending moment in the
tunnel lining is the most critical internal action. On the contrary, the largest

safety margin is found for the normal load limit state.

. The soil spatial variability has an important effect on the tunnel lining

reliability. Using the random-variables approach, in which the soil spatial
variability is ignored, can lead to much greater failure probability compared to
the random-fields approach. This indicates the importance of accounting for

the soil spatial variability in reliability analysis of a tunnel lining.

. The autocorrelation length, which defines the covariance between two

arbitrary points in a random filed, has also a significant influence on the tunnel
lining reliability. The higher autocorrelation length is, the greater failure
probability becomes. In particular, the reliability results are more sensitive to
the vertical autocorrelation length than the horizontal one. These observations
indicate the importance of determining the autocorrelation length values.
However, there is usually no enough measurement data in practice which
allows obtaining meaningful statistical estimates. The solution is then to
determine these values by measurements of the site in the vicinity or from the
literature. For such case, a large value for the autocorrelation length is
recommended since it leads to conservative designs, as demonstrated in this

paper and reported in [9], [46], [49].

These conclusions demonstrate that the present technique is able to provide efficient

solutions for determining the failure probability of a tunnel lining and performing
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parametric studies. Hence, it can be used for the reliability-based design of the tunnel

lining in a preliminary stage.
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