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Abstract 10 

Reliability analysis of the support lining of a shallow circular tunnel excavated in 11 

spatially varying soils is presented in the paper. The soil-structure interaction is 12 

considered by using a numerical model named the hyperstatic reaction method 13 

(HRM). It can provide the internal forces of the tunnel lining in terms of bending 14 

moments (�), axial (�) and shear forces (�). The sparse polynomial chaos expansion 15 

(SPCE) in combination with the global sensitivity analysis (GSA) is employed to 16 

perform the reliability analysis. This method allows reducing the number of the 17 

involved input variables according to their sensitivity indices obtained by GSA, and 18 

constructing a rational meta-model with limited calls to the mechanical model. 19 

Multiple failure modes in the ultimate limit state (ULS) analysis are considered in this 20 

study. The individual and system failure probabilities are all provided. The obtained 21 

results show that the exceedance of the bending moment resistance is the most 22 

probable failure mode, and that the soil spatial variability has a significant influence 23 

on the tunnel lining reliability. In addition, the contribution of different soil properties 24 

to the variance of the lining forces and the influence of the autocorrelation length on 25 

the lining reliability are discussed.  26 
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1 Introduction 30 

It has been well recognized that considerable uncertainties in soil properties such as 31 

inherent spatial variability exist in the design or safety assessment of the tunnels 32 

excavated in soils. In light of this, various reliability-based analyses of tunnels were 33 

performed in recent years [1], [2], [11]–[14], [3]–[10]. Compared to the conventional 34 

deterministic methods, these analyses can provide more rational results in terms of the 35 

mean and variance of the system response or the failure probability, in which 36 

uncertainties are taken into account. 37 

 38 

The reliability analysis of tunnels mainly focuses on the excavation-induced 39 

instability of the advancing face, the ground movement, the wall convergence and the 40 

support structure collapse [8]. In the past decades, many researchers have made 41 

contributions to the tunnel reliability analysis covering one of the aforementioned 42 

problems by using the First-Order-Reliability-Method (FORM) [1]–[4], the 43 

metamodeling technique [5]–[7], [9], the importance sampling method [10] or the 44 

point estimate method [11]–[13]. However, these analyses did not consider the 45 

interaction between the soil and the tunnel lining. As a result, the tunnel lining 46 

reliability analysis remains an issue which deserves more attention but is not widely 47 

studied. In the literature, several related studies can be found. Lü et al. [14] proposed a 48 

reliability-based design optimization method for a rock tunnel support system. The 49 

shotcrete thickness and its installation position can be optimized by using this method 50 

according to the corresponding reliability index computed from the FORM combined 51 

with the response surface methodology (RSM). Hamrouni et al. [8] presented a 52 

probabilistic study of a circular tunnel excavated in a soil mass, in which the limit 53 

states concerning the surface settlement and the tunnel lining bending moment were 54 

considered. The reliability index of the tunnel was computed by the FORM with RSM. 55 

Kroetz et al. [15] investigated the tunnel lining reliability by using the HRM. The soil 56 
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was assumed to be homogeneous and simulated by means of random variables. Five 57 

individual failure modes, associated with the lining forces, were assessed in the 58 

reliability analysis by using the FORM, the crude Monte Carlo Simulation (MCS), the 59 

Subset Simulation (SS) and the Importance Sampling method (IS). All the previous 60 

works provided interesting insights into the tunnel lining reliability, and showed the 61 

necessity of probabilistic analysis. However, some limitations can be figured out from 62 

these studies. Firstly, the soil spatial variability was ignored in the three studies 63 

mentioned above. The authors used random variables (RVs) approach to describe the 64 

soil mass variability. However, this is not realistic since the soil properties vary 65 

spatially, even within one soil layer, due to the depositional and post-depositional 66 

processes [16]. Secondly, some important soil properties were treated as constants in 67 

the probabilistic analysis in [8], such as the earth lateral ground pressure coefficient. 68 

Consequently, the uncertainties in soil mass were not completely described. Thirdly, 69 

only one failure mode of the tunnel lining (bending moment criterion) was considered 70 

in [8]; only the system failure of the tunnel lining was investigated in [14]. Therefore, 71 

the contribution of each individual failure mode to the system failure remains 72 

unknown.  73 

 74 

This paper is dedicated to analysing the tunnel lining reliability by taking into account 75 

the soil spatial variability. It aims at investigating the influence of this soil inherent 76 

characteristic on the tunnel lining reliability in terms of individual and system failure 77 

modes. The tunnel lining and the limit state functions proposed in [15] are adopted in 78 

this study. The deterministic calculation is performed by using HRM as in [15]. The 79 

originality of this work is the fact that HRM is coupled with the random field theory 80 

to consider soil spatial variability. The propagation of the uncertainties in the soil 81 

properties is quantified by a metamodeling-based MCS. The meta-model used to 82 

perform the MCS is constructed by an approach named SPCE/GSA which combines 83 

the sparse PCE with a global sensitivity analysis. This technique is more efficient than 84 
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a direct MCS on the deterministic model and is able to provide more interesting 85 

results than other reliability methods such as the FORM, SS and IS which are targeted 86 

particularly to compute the failure probability. The results available in the SPCE/GSA 87 

include the failure probability, the distribution and statistical moments of the model 88 

response and the sensitivity index of each input random variable [9], [17]. 89 

 90 

The paper starts with a brief introduction to the mathematical and mechanical tools 91 

used for the reliability analyses including the deterministic model (i.e. the HRM), the 92 

Karhunen–Loève (K-L) expansions for the random field simulation and the 93 

metamodeling technique SPCE/GSA. It is followed by the problem statement in 94 

which the studied tunnel lining is described; the limit state functions are defined and 95 

the parameters for the soil properties are presented. A procedure of using the HRM, 96 

the K-L expansion and the SPCE/GSA for assessing the tunnel lining reliability is 97 

provided as well. Thereafter, a parametric study is performed. The aim is to 98 

investigate the impact of each soil property on the variation of the lining forces and to 99 

reduce eventually the number of the soil properties that will be simulated with random 100 

fields in the following analyses. Then, the tunnel lining reliability is studied by 101 

following the procedure mentioned before with the soil properties selected in the 102 

parametric study. The effects of the autocorrelation length and of the soil spatial 103 

variability are investigated. A section of discussions is presented before the 104 

conclusions and two issues are discussed: the computational efficiency of the method 105 

SPCE/GSA and the comparison with the previous work [15]. The paper ends with 106 

some concluding remarks drawn from the present study which may be useful for the 107 

tunnel lining design and analysis. 108 

2 Deterministic model and reliability analysis tools 109 

This section aims at presenting all the employed methods for the reliability analysis of 110 

the tunnel lining. They include the deterministic model HRM, the reliability method 111 
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SPCE/GSA and the random field generation method Karhunen–Loève (K-L) 112 

expansion. 113 

2.1 Presentation of the HRM 114 

The HRM is an efficient numerical method employed to estimate the soil-structure 115 

interactions in a deterministic framework. This method was proposed and improved 116 

by Duddeck and Erdmann [18], Takano [19], Oreste [20] and Do et al. [21]. The 117 

results of the lining internal forces can be quickly obtained by the HRM. Its accuracy 118 

has been validated by comparing with numerical simulations (e.g. finite difference 119 

method) for homogeneous soils with different types of section (e.g. circular [20], [21] 120 

and U-shape [22]) and for layered soils with circular sections [23], [24]. It should be 121 

noted that as one requirement of the HRM method, the active loads applied directly to 122 

the tunnel structures need to be defined. The following gives a brief description of the 123 

HRM. For more details about the HRM, readers can refer to [21].    124 

 125 

In the HRM, the tunnel lining is divided into a number of one-dimensional beam 126 

elements as shown in Figure 1. Those structural elements are connected to the 127 

surrounding soils by means of normal and shear springs of the nodes. Therefore, the 128 

interaction between soil and tunnel support is considered through the applied loads 129 

(Figure 2) and the springs. In fact, the number of elements has no significant effect on 130 

the internal forces when it reaches a certain value. For example, when the number of 131 

element is equal to 360, the estimated maximum bending moment is 0.1344 kN.m/m 132 

while it leads to a slightly smaller one of 0.1343 kN.m/m if the number of elements is 133 

set equal to 3600. The calculation accuracy is improved by 0.074%, but the 134 

calculation time increases from 2.5 seconds to over 270 seconds (on an Intel Xeon 135 

CPU E5-2609 v4 1.7GHz (2 processors) PC). Therefore, the number of element is 136 

adopted as 360 for the present study. 137 
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 138 

Figure 1. Details of the soil–support interaction through springs connected to the support nodes 139 

According to [20], the focus of the soil-lining interaction problems is to obtain the 140 

unknown displacements ��  of the discretised structure nodes. The vector of the 141 

displacement �� could be evaluated by: 142 

 143 

��� � � (1) 

where K is the global stiffness matrix, F is the force vector. The global stiffness 144 

matrix K could be assembled by the local stiffness matrices of each element on the 145 

basis of the criteria described in [25]. The internal forces and displacements of tunnel 146 

lining could be calculated once the displacements ��  are known. 147 
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 148 

Figure 2. Scheme of tunnel lining, with active vertical and horizontal loads 149 

Notes to Figure 2: 	
: vertical load; 	�: horizontal load; �
: normal stiffness of the 150 

interaction springs; ��: tangential stiffness of the interaction springs; �: tunnel radius; 151 

�� and ��: bending and normal stiffness of the lining [21].  152 

2.1.1 Soil-structure interaction 153 

As mentioned above, the soil-structure interaction is accomplished through the active 154 

loads directly applied on the tunnel structure by the surrounding soil and through the 155 

springs connected to the structure nodes. As the active loads are defined, one needs 156 

subsequently to determine the stiffness of springs. A non-linear function, which is 157 

used to describe the relationship between reaction pressure p and structure 158 

deformation δ, was introduced by [20]: 159 

 160 

� � ����(1 − �������� + ���) (2) 

where plim is the maximum reaction pressure offered by the soil, and η0 is the initial 161 

stiffness of the soil. The initial normal soil stiffness ηn,0 depends on the tunnel radius 162 
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R, the Poisson’s ratio vs and Young’s modulus Es of soil. It is estimated by �
,� � 2 ∙163 

#$(%&
$)∙' in the analysis. The shear springs of the nodes are considered as well in this 164 

study, like the model introduced by [21]. The stiffness of shear spring is approximated 165 

to be 1/3 of the normal stiffness [21], as the shear stiffness at the soil-structure 166 

interface is difficult to estimate. The values of both the maximum normal reaction 167 

pressure pn,lim and the maximum shear reaction pressure ps,lim could be estimated by 168 

the cohesion c and the friction angle ( of soil. According to [21], they are evaluated 169 

by �
,��� � )∙*∙*+�,
%-��
, + %&��
,

%-��
, ∙ ./&.0) ∙ 
$%-
$ and �
,��� � ./&.0) ∙ 1234, respectively.  170 

 171 

It is necessary to note that the normal springs would be effective only when the 172 

structure moves towards the soil, which means that only the compressive loads are 173 

allowed by the normal springs. In contrast, the shear springs could produce both 174 

positive and negative stresses along the shear direction. 175 

2.1.2 Active loads 176 

The active loads qv are estimated by Terzaghi’s formula [19] : 177 

 178 

	
 � 56ℎ (3) 

where 56  represents the soil unit weight and ℎ  is the overburden thickness of the 179 

tunnel.  If the value of ℎ is more than two times the external diameter 8� (Figure 3) of 180 

the lining, an effective overburden thickness ℎ� (ℎ� ≥ 28�) should be used [19]. In 181 

addition, the horizontal loads 	� applied to the tunnel lining in the HRM model are 182 

determined by the formula: 	� = :�. 	
 , where :�  is the lateral earth pressure 183 

coefficient.  184 

 185 

Based on the descriptions above, the HRM performance is considered to be 186 

independent to the soil heterogeneity since the divided beam elements (360 beams in 187 

this study) and the distributed springs along the lining allow taking into account 188 
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different values of a soil property at different locations of the interface. The 189 

characteristics of each beam and each spring are determined directly by the contacted 190 

soils and may be varied along the lining. This indicates that the soil heterogeneity 191 

effect can be well accounted for in the HRM. Therefore, it is effective to couple it 192 

with the random field theory which is used to represent the heterogeneity of soils. 193 

2.2 Simulation of random fields by the K-L expansion 194 

In this study, the random fields are generated by the K-L expansion method. Consider 195 

a stationary Gaussian random field <(=, >) indexed on a bounded domain ?. It can be 196 

expressed by the K-L expansion as [26]: 197 

 198 

<(=, >) �  A +  B C DE�F�(=)G�
H

�I%
 (4) 

where = represents the coordinates of an arbitrary point in ?, A and B are respectively 199 

mean value and standard deviation of the random field, > is a vector of standard 200 

uncorrelated random variables which indicates the random nature of the 201 

corresponding quantity, and E�  and F�  are respectively the eigenvalues and 202 

eigenfunctions of the autocovariance function of the random field. An autocovariance 203 

function is defined as the product of the variance and the autocorrelation function. 204 

There are several types of autocorrelation function such as linear, exponential, 205 

squared exponential and power autocorrelation functions. An autocorrelation function 206 

is able to give the correlation value between two arbitrary points (J, K) and (J ,, K ,) in 207 

?. In this study, an exponential autocorrelation function is used [27]: 208 

 209 

L(J, K) � exp (− |J − J ,|QR − |K − K ,|QS ) (5) 

where QR and QS are respectively the horizontal and vertical autocorrelation length.  210 

 211 
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In practice, the K-L expansion is truncated to a limited number of series terms. Eq. (4) 212 

is then approximated by: 213 

 214 

<(=, >) �  A +  B C DE�F�(=)G�
T

�I%
 (6) 

where U is the size of the series expansion for the truncated form. The value of U 215 

depends on the desired accuracy, the autocorrelation length (QR, QS) and dimension of 216 

the random field. It can be determined by evaluating the error estimation of the 217 

truncated series expansion. The error estimate based on the variance of the truncated 218 

error for a K-L expansion with U terms is given by [28]: 219 

 220 

V �  1Ω XY Z1 − C E�F�)(=)
T

�I%
[ \Ω (7) 

In order to obtain a sufficient accuracy in terms of the variance error for random 221 

fields, Li and Der Kiureghian [29] recommended that the stochastic grid size of a 222 

random field can be set as 0.2 times the autocorrelation length. 223 

 224 

In the case of log-normal random fields, the K-L expansion given in Eq. (6) becomes 225 

[30]: 226 

 227 

<(=, >) � ]J� ZA�
 +  B�
 C DE�F�(=)G�
T

�I%
[ (8) 

where A�
  and B�
  are respectively mean value and standard deviation of the log-228 

normal random field. 229 

2.3 The reliability method: SPCE/GSA 230 

This subsection describes briefly the reliability method employed in this study. It 231 

starts with a presentation of the PCE which is the basis of the SPCE. Then, the SPCE 232 
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and the GSA are introduced individually. In the end, the combination of the two 233 

methodologies is presented. 234 

2.3.1 Polynomial Chaos Expansions (PCE) 235 

The PCE methodology is a powerful tool for metamodeling. It approximates an 236 

original model ^ by expanding the model response on a suitable basis which is a 237 

series of multivariate polynomials [31]. The PCE can be expressed as follows: 238 

 239 

where _ is a vector of independent random variables _ �  `a%, a), … , acd  with � 240 

representing the number of input variables, ef(_) are multivariate polynomials, �f 241 

are unknown coefficients to be computed and f � `g%, … , gcd is a multidimensional 242 

index. The multivariate polynomial is the tensor product of univariate orthonormal 243 

polynomials. In this paper, standard normal random variables in conjunction with the 244 

Hermite polynomials are used.  245 

 246 

In practice, the representation of the random response in Eq. (9) needs to be truncated 247 

to a finite number of terms. In this study, the hyperbolic truncation scheme [32] is 248 

adopted to limit the number of involved multivariate polynomials. This truncation 249 

scheme defines a so-called q-quasi-norm and requires that the norm is smaller than a 250 

given �. Once the truncated basis is determined, the coefficients `�fdf∈ij,k,l can be 251 

computed using the least-square regression method [33]. The accuracy of the PCE can 252 

be estimated by the empirical mean-square residual error estimation �) and the leave-253 

one-out error estimation m). Concerning the details of the calculation of these two 254 

error estimates, readers are referred to [33]. 255 

2.3.2 Sparse Polynomial Chaos Expansions (SPCE) 256 

n � ^(_) ≅  C �fΨf(_)
f∈ℕj

 (9) 
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The SPCE was proposed by Blatman and Sudret [32]–[34] in order to limit the 257 

number of multivariate polynomials. It is inspired by the fact that the non-zero 258 

coefficients in the PCE form a sparse subset of the truncation set [35].  259 

 260 

The procedure for building an SPCE is based on an iterative procedure [33]. This 261 

procedure is described as follows: 262 

1. Generate randomly an initial experimental design r  and compute the 263 

corresponding model responses st by using the deterministic model 264 

2. Determine the user-defined parameters: the target accuracy mu6) , the maximal 265 

PCE degree ��vR and the cut-off values V%, V). 266 

3. For any PCE order � ∈  `1, … , ��vRd: 267 

- Forward step: compute the increase in the determination coefficient �) by 268 

adding each candidate multivariate polynomial from a PCE basis set 269 

(Αc,x,.). Retain eventually those candidate terms that lead to a significant 270 

increase in �), i.e. greater than V%. Let �x,& be the final truncation set at 271 

this stage. 272 

- Backward step: compute the decrease in �) by removing each candidate 273 

term in �x,& of then degree not greater than �. Discard eventually from 274 �x,& those terms that lead to an insignificant decrease in �), i.e. less than 275 V). Let �x be the final truncation set. 276 

- If mik) ≥ mu6) , stop 277 

In this paper, the following values are selected for the user-defined parameters in the 278 

SPCE according to the works in [9], [17]: mu6) � 0.99, ��vR � 5, V% � V) � 5 × 10-} 279 

and the q-quasi-norm q � 0.7. 280 

 281 

Using the sparse PCE can improve the efficiency and performance of the PCE since 282 

the number of terms (multivariate polynomials) can be significantly reduced in a 283 

rational way. It was shown that the sparse PCE can reduce the number of terms from 284 

2024 to 138 for the studied frame structure in [33]. The SPCE has been successfully 285 

applied for reliability analysis of benchmark academic examples [33] and various 286 

geotechnical engineering problems such as tunnel face stability [36], foundation 287 

bearing capacity [31] and earth dam stability [17]. 288 
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2.3.3 Global Sensitivity Analysis (GSA) 289 

The Global sensitivity analysis (GSA) allows quantifying the contribution of each 290 

input variable to the variance of the model response [37]. Sudret [37] introduced an 291 

analytical way for computing the Sobol index (a type of sensitivity index [38]) as a 292 

post-processing of the PCE coefficients. The first order Sobol index can be calculated 293 

as follows: 294 

 295 

U(a�) �  ∑ (��))��(Ψf))�f∈i��∑ (��))��(Ψf))�f∈i  (10) 

 296 

where �� are the PCE coefficients, � is the truncation set (Αc,x,.), ��� is a subset of � 297 

in which the multivariate polynomials e� are only functions of the random variable a� 298 

(i.e., they only contain the variable a�) and ��(Ψ�))� is the expectation of (Ψ�)). 299 

2.3.4 The combination of the SPCE and GSA 300 

Using SPCE, the computational time was found still important when dealing with 301 

problems concerning spatially varying soils, in which 50 ~ 500 random variables from 302 

random field discretisation should be considered. In order to address the problem, the 303 

SPCE/GSA procedure was proposed in [31], [37]. The main idea is to firstly select the 304 

significant input variables by using GSA based on a small order SPCE and then to 305 

approximate the system response using a higher order SPCE that only makes use of 306 

the selected variables. The input variables with a great value of Sobol index are 307 

regarded as significant variables, which forms an effective variables dimension. This 308 

dimension is smaller than the initial dimension where the total number of random 309 

variables is considered. It should be noted that the PCE order has almost no influence 310 

on the Sobol indices, so a PCE with order 2 can accurately provide the contribution of 311 

each input variable to the system response variability [31], [37].  312 

 313 
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As a conclusion, the SPCE/GSA procedure leads to a reduction in the number of the 314 

input variables and consequently a limited number of deterministic model calls. The 315 

general description of the SPCE/GSA procedure is given as follows: 316 

1. Select the significant input variables by performing a GSA based on a 2nd-order 317 

SPCE, 318 

2. Construct a meta-model using a high-order SPCE with the selected variables 319 

(effective dimension), 320 

3. Perform a Monte-Carlo simulation using the obtained meta-model to compute 321 

PDFs of the system response and failure probabilities. 322 

 323 

It should be noted that a threshold of 0.98 is adopted to choose the effective variables 324 

when performing a GSA with a 2nd-order SPCE in step 1. This means that the sum of 325 

the selected variables Sobol indices should be bigger than 0.98. Thus, at least 98% of 326 

the total variance of the system response can be covered. 327 

 328 

The last step of the SPCE/GSA is to perform an MCS w.r.t. the high-order SPCE 329 

meta-model. For an MCS with �c�T model evaluations, the failure probability �� can 330 

be expressed as follows: 331 

 332 

�� �  1�c�T  ∗ C �c�T
�j��

�I%
  (11) 

where �c�T  is a failure indicator; �c�T  is set to 1 if the system fails and �c�T � 0 333 

otherwise. The number of �c�T should be large enough in order to obtain an accurate 334 

estimate. The coefficient of variation of �� for an MCS can be calculated by [28]: 335 

  336 

����� �  D(1 − ��)/(�c�T ∗ ��) ∗  100% (12) 

2.4 Summary of the employed research methods 337 

The previous sections present all the research methods employed in this paper for the 338 

purpose of studying the tunnel lining reliability by considering soil spatial 339 

variabilities. A numerical approach named HRM is adopted as the deterministic 340 
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model to estimate the response of the tunnel support structure. The soil-lining 341 

interaction is simulated by various normal and shear springs in the HRM. The 342 

uncertainties of soil properties are represented by random fields generated with the K-343 

L expansions in which an autocorrelation function needs to be defined. Then, the 344 

propagation of the uncertainties is quantified by a MCS w.r.t. the SPCE meta-model 345 

which is an approximation of the HRM response. The MCS allows estimating the 346 

failure probability and providing the distribution of the model response. Particularly, a 347 

dimension reduction technique (GSA in this paper) is used prior to the construction of 348 

a high order SPCE model since a large number of variables should be considered due 349 

to the discretization of random fields. This technique is very useful to improve the 350 

efficiency of the SPCE for high dimensional stochastic problems. In addition, the 351 

combination of the GSA and SPCE can provide an accurate estimate of the failure 352 

probability according to a comparative study [39] conducted on an earth dam 353 

problem. 354 

3 Problem statement 355 

This section aims at presenting the studied tunnel lining and the uncertainties of the 356 

soil parameters considered in this study. The limit state functions and the procedure of 357 

using the SPCE/GSA in combination with the K-L expansion and the HRM are 358 

provided as well. 359 

3.1 Presentation of the tunnel lining 360 

The tunnel lining studied in this paper was firstly proposed in [15] and is shown in 361 

Figure 3. It is a circular tunnel with a diameter 8� � 10�, an overburden thickness 362 

ℎ � 20� , and a lining thickness \�  of 0.4m. Following [40], such lining can 363 

withstand bending moments of 0.5 MN.m, axial forces of 8.2 MN and shear stresses 364 

of 0.75 MN. These values are adopted in the paper to describe the tunnel lining 365 

strength. As the present study focuses on the effect of the soil spatial variability, the 366 
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tunnel lining is assumed to be deterministic. This is based on the fact that the support 367 

lining is usually made by precast materials which have a low variability in terms of 368 

mechanical properties when compared to soils which are natural materials and are 369 

related to a lot of uncertainties [41], [42]. 370 

 371 

Figure 3. The studied tunnel lining 372 

3.2 Definition of the limit state functions 373 

The strength values mentioned above are used for defining the limit state functions in 374 

the reliability analyses. In this study, all the possible failure modes of the tunnel lining 375 

in the ultimate limit state (ULS) are taken into account. With this consideration, five 376 

limit state functions proposed by [15] are adopted to characterize the tunnel lining 377 

failure (Eqs.(13) to (17)) , in terms of bending moment (�), normal force (�) and 378 

shear force (�). The tunnel lining will fail if any of the three internal actions exceeds 379 

its corresponding capacity (i.e. any limit state function is less than 0). 380 

 381 

�% � 0.5 − max(�) (13) 

�) � 0.5 + min(�) (14) 

�� � 8.2 − max(�) (15) 

�� � 0.75 − max( ) (16) 

�} � 0.75 + min( ) (17) 
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It is noted that the normal force � is always positive; hence just a single limit state is 382 

proposed for � . Since bending moments �  and shear forces �  can both be either 383 

positive or negative, two limit state functions are considered for each internal action. 384 

 385 

The effects of the three load types (�, � and �) of the tunnel lining response are 386 

considered separately with five performance functions. In some cases, their impacts 387 

are applied jointly on the support structure. Using individual performance functions 388 

may overestimate or underestimate the capacity of the tunnel lining. For example, 389 

when considering jointly the � and � to determine the tension stress of the lining, the 390 

estimated value will be lower than the one obtained with considering only � since � 391 

always provides compression stresses. In this case, considering individually � and � 392 

leads to more conservative estimates. In practice, if an interaction equation which 393 

jointly accounts for the �, � and �  could be determined, one can then follow the 394 

procedure shown in the paper to study the tunnel lining reliability by replacing the 395 

five performance functions with only one. 396 

3.3 Description of the soil variability 397 

Only the uncertainties of soil properties are accounted for in the proposed reliability 398 

analysis. The geometry and resistance of the tunnel lining are considered as 399 

deterministic. The most relevant soil properties in tunnel lining design using the HRM 400 

are the lateral ground pressure coefficient (:�), the soil cohesion (¡), the internal 401 

friction angle ((), the Young’s modulus (�), the Poisson’s ratio (¢) and the soil unit 402 

weight (56). The probabilistic statistics and distribution of these soil properties used in 403 

[15] are adopted in this study. These values are based on assumptions and published 404 

data in the literature [40]–[42].  In addition, the six soil properties are assumed to be 405 

uncorrelated as the works in [15]. It is noted that the shape parameters of the Beta 406 

distribution for ( can be derived from the four parameters given in and below Table 1. 407 
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Presenting statistical moments instead of shape parameters for the Beta distribution is 408 

more straightforward to have an idea of the value and the variation of (. 409 

 410 

In the random field theory, the most important factor is the autocorrelation length. It 411 

defines, together with an autocorrelation function, the autocorrelation structure of a 412 

random field. According to a literature review given by El-Ramly et al.[43], the 413 

autocorrelation length for soils is usually within a range of 10 to 40m in the horizontal 414 

direction, while it ranges between 1 and 3m in the vertical direction. In this paper, the 415 

autocorrelation is set to 40m and 3m respectively for the horizontal and vertical 416 

direction. This choice can lead to a larger failure probability hence a conservative 417 

design according to the conclusions in [9], [31], [44]. The influence of using different 418 

values of the autocorrelation length on the tunnel lining reliability will be discussed in 419 

the section Numerical simulations and results. 420 

 421 

Table 1 Probabilistic statistics and distribution of the soil properties 422 

Variable Unit Distribution type Mean CoV(2) (%) :� - Lognormal 0.9 15 ¡ KPa Lognormal 4.5 20 ( Rad Beta(1) 0.35 20 � MPa Lognormal 60 15 ¢ - Lognormal 0.3 5 56 MN/m3 Lognormal 0.0195 20 

Notes: (1) the Beta distribution is bounded within a range of [0, 0.78538]; (2) CoV: 423 

coefficient of variation 424 

3.4 Reliability analysis procedure used in the paper 425 

The procedure of the reliability analysis using the SPCE/GSA with the HRM 426 

considering the spatial variability of one soil parameter £ necessitates the following 427 

steps: 428 

A. Generation of random fields 429 
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• Prescribe the autocorrelation length and the dimension of the random 430 

field. 431 

• Determine the series term U  of the K-L expansion for a desired 432 

accuracy by evaluating the error estimate given by Eq. (7). 433 

• Generate �#¤  standard normal vectors ¥_(%), _()), … , _(�¦§)¨ using the 434 

Latin hypercube sampling method. Each vector has a dimension of U.  435 

• Generate a realisation of random fields for each vector _(�) . It is 436 

obtained, as a consequence, �#¤ random fields. 437 

B. Evaluation of the internal actions of the tunnel lining 438 

• Determine the value of the soil parameter £ for each beam element in 439 

the HRM according to the first random field �©% generated previously. 440 

• Perform the HRM to obtain the internal actions of the tunnel lining 441 

associated with the �©% . The results are written in a vector 442 `max(�) , min(�) , �2J(�), max( ) , min( )d. 443 

• Repeat the two previous steps for other generated random fields (�©) 444 

to �©�¦§ ). At the end of this step, �#¤  vectors of the results are 445 

obtained.  446 

• Reassemble the �#¤  vectors of the results to a matrix of �#¤ × 5 , 447 

donated as ℛ. 448 

C. Construction of the five meta-models 449 

• Construct a 2nd-order SPCE meta-model for the values of max(�) 450 

following the section 2.3. The �#¤  vectors of _(�)  are input random 451 

variables and the first column of the matrix ℛ is regarded as the model 452 

response. 453 

• Compute the Sobol index of each input variable according to the 454 

coefficients of the constructed 2nd-order SPCE meta-model. Select 455 

significant variables based on their Sobol index to form an effective 456 

dimension of the input variables.  457 

• Construct a higher-order SPCE meta-model for the values of max(�) 458 

w.r.t. the selected variables. The dimension of the selected variables is 459 

less than the number of initial variables and corresponds to the 460 

dimension reduction technique in the SPCE/GSA. 461 

• Repeat the previous three steps to construct other higher-order meta-462 

models respectively for the values of min(�), �2J(�), max( ) and 463 min( ). 464 

D. Monte Carlo Simulations  465 

• Perform an MCS for each constructed higher-order SPCE meta-model. 466 

• Post-processing on the MCS results to obtain the mean and variance of 467 

the five internal actions, individual failure probabilities (Eq. (11)) and 468 

the system failure probability. 469 
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 470 

If the regression problem cannot be resolved in stage C when constructing a meta-471 

model, a complementary set of input variables (∆�#¤ vectors of _(�))  should be added 472 

to the initial experimental design and then follow the next steps in the procedure. This 473 

work should be repeated until the regression problem is well-posed.  474 

4 Parametric analysis 475 

Prior to the reliability analysis of the tunnel lining with random fields, a parametric 476 

analysis is conducted. The objective is to investigate the importance of each soil 477 

property in the reliability analysis. Kroetz et al. [15] has shown that the effects of the 478 

soil properties (c, φ, E, and ν) are very limited and can be treated as deterministic 479 

under the assumed probabilistic model (Table 1). However, the work in [15] was 480 

established with means of random variables. When dealing with spatially varying 481 

soils, some parameters along the continuum may impose additional demands to the 482 

lining by itself. The sensitivity indices estimated with the assumption of homogenous 483 

sites for the 6 soil properties may be modified. Therefore, this section aims at 484 

providing insights into the effects of the 6 soil parameters in the framework of random 485 

fields. Firstly, the necessary parameters for the random fields of the 6 soil properties 486 

are determined. Then, a parametric analysis is performed in which the contribution of 487 

each soil property to the variability of the HRM results is presented.    488 

4.1 Parameters selection 489 

Figure 4 presents the dimension of the six involved random fields. As presented in 490 

section 2, the interaction between the tunnel lining and the surrounding soil is 491 

simulated by means of normal and shear springs in the HRM. The parameters of the 492 

springs are determined by using only the soil at the soil/lining interface. Therefore, it 493 

is sufficient to use a domain of 10×10m which covers exactly the tunnel to represent 494 

the random fields in HRM calculations. For the 56 , the random field should be 495 
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extended to the ground surface in order to take into account the 56 values at the top of 496 

the tunnel. The required dimension for �©¬­  is thus 10×20m. Specifically, a ∆d of 1m 497 

is added for each side of the random fields in this paper. Li and Kiureghian [29] has 498 

shown that the errors of the series expansions methods (e.g. K-L) are large at the 499 

boundaries of the random fields. Adding a ∆d to each side guarantees that the 500 

simulated values at the soil/lining interface are accurate enough. This technique was 501 

adopted also in [45] to avoid large errors at the boundaries of the physical random-502 

fields domain. In conclusion, the domain of the random field for 56 is represented by 503 

the rectangle ABEF (Figure 4) of 12×27m, while the random fields for the other five 504 

soil properties are 12×12m limited by the CDEF rectangle (noted as �©+u�®¯). 505 

 506 

Concerning the autocorrelation length, the QR  and QS  are firstly respectively set to 507 

40m and 3m as mentioned before. The sensitivity of the QR and QS to the reliability 508 

results, is discussed later. As the random field dimension and the autocorrelation 509 

length are determined, the series term U of the truncated K-L expansion should be 510 

evaluated following Eq. (7). For a target error estimate between 10% and 9%, the 511 

value of U is estimated to 37 and 17 for respectively �©¬­  and �©+u�®¯. The grid size 512 

of the random fields is set to 0.5m for both the two directions in this paper which can 513 

guarantee a good accuracy of the generated random fields according to [29]. 514 
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 515 

Figure 4. The stochastic domain of the two random fields 516 

4.2 Effects of each soil property for the tunnel lining 517 

The study is realized by performing the HRM calculations with 50 random fields of 518 

one soil property and assuming constant values for the other five. For example, 50 519 

random realizations of �©¬­  are generated by the K-L expansions with the parameters 520 

determined above (Table 1 and section 4.1). Then, each �©¬­  is coupled with the 521 

HRM to determine the tunnel lining responses; the other five soil properties are 522 

assumed to be constant (mean values given in Table 1). The obtained variation in the 523 

tunnel lining responses are thus totally induced by the different realizations of �©¬­ . 524 

This technique is effective for the present study since the input variables are assumed 525 

to be independent as said in section 3.3 and in [15]. Figures 5 and 6 present the 526 

variation of the five responses (max(�) , min(�) , �2J(�), max( ) , min( )) w.r.t. 527 

the 50 random fields of each soil property. It is observed that the two most important 528 

properties are :�  and 56  since significant variabilities of the five responses are 529 

induced. On the contrary, the responses given by the 50 random fields of the other 530 

four properties (c, φ, E, and ν) are almost unchanged, indicating that these soil 531 

parameters have very limited effects on the variability of the tunnel lining responses.  532 
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 533 

These findings are consistent with the study of [15] in which the importance factors 534 

(IF) of each soil property provided by FORM are available. The IF of 56  varies 535 

between 0.39 and 0.63 in [15] for different failure modes and the IF of :� is within a 536 

range of [-0.35, -0.6]. On the contrary, the IFs of the four soil properties (c, φ, E, and 537 

ν) are very close to 0 for any failure mode. It is noted that the IFs given in FORM 538 

represent the contribution of the soil property to the failure probability. This is quite 539 

different to the study in this section and the Sobol-based sensitivity analyses (section 540 

2.3.3) which focus on the contribution of each input variable w.r.t. the total variability 541 

of the model response. 542 

 543 

Based on the observations and discussions above, it is reasonable to consider only the 544 

variability of  :� and 56, and to regard the other soil properties (c, φ, E, and ν) as 545 

deterministic in the reliability analysis for the study case. The decrease of the number 546 

of soils properties to be simulated with random fields can reduce the dimension of the 547 

input space and thus significantly reduce the computational time of a meta-modelling 548 

based reliability analysis. The dimension is decreased from 122 which correspond to 6 549 

random fields (122=17×5+37×1) to 54. It is noted that the adopted assumption which 550 

considers the parameters c, φ, E, and ν as deterministic is based on the present 551 

probabilistic soil models (Table 1) and on the parametric study results (Figures 5 and 552 

6). In practice, the statistics of the soil properties can be different to the ones 553 

considered in Table 1. The corresponding contributions to the model response will 554 

then vary. 555 

 556 
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 557 

Figure 5 Variation of the max(M) and min(M) w.r.t. the 50 random fields of each soil property 558 

 559 

Figure 6 Variation of the max(N), max(V) and min(V) w.r.t. the 50 random fields of each soil property 560 
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5 Numerical simulations and results 561 

This section aims at presenting the reliability analysis of the studied tunnel lining 562 

considering soil spatial variability. Following the conclusion of the previous section, 563 

only the :� and 56 are modelled by means of random fields and the other four soil 564 

properties are set to a deterministic value (mean value presented in Table 1). The 565 

results for a reference case obtained by the method SPCE/GSA are presented and 566 

interpreted at first. The reference case refers to the case where autocorrelation lengths 567 

are respectively specified to be 40m and 3m for the horizontal and vertical directions, 568 

and the two soil properties (:�  and 56 ) are simulated by means of random fields 569 

following Table 1. Then, the effects of the autocorrelation length are discussed by 570 

testing different values for QR  and QS . The effect of considering the soil spatial 571 

variability is investigated in the end of the section. 572 

5.1 Results of the reference case 573 

The results of the reference case obtained by the SPCE/GSA method are presented in 574 

this section. The associated parameters are given previously. Following the procedure 575 

presented in the section Reliability analysis procedure used in the paper, five 5th-576 

order meta-models are constructed for the five failure modes and the reliability results 577 

are obtained by performing an MCS with each meta-model. For the performed MCSs, 578 

the �c�T is set to 1×107. Such a large MCS running number can ensure that the CoV 579 

of the obtained system failure probability is smaller than 5%. Figure 7 shows the 580 

probability density function (PDF) of the five limit state functions. Table 2 presents 581 

numerically the reliability results in terms of the individual failure probability, system 582 

failure probability and the mean and standard deviation of the five extreme internal 583 

actions of the tunnel lining.  584 

 585 

A quick review of Figure 7 reveals that the �� values are very far away from the 586 

failure domain (�� < 0) compared to other limit state functions. This indicates that the 587 
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normal force failure mode is the least likely case among the five individual failure 588 

modes. On the contrast, the values of �% and �) are close to the failure domain and 589 

their PDF curves show a greater dispersion than those of �� and �}. This indicates 590 

that the bending moment resistance is probably the most likely failure mode and the 591 

system failure is controlled by the extreme bending moment values. On the basis of 592 

these observations and Figure 7, the failure probabilities associated with the shear 593 

force (�� and �}) fall in between those of the bending moment and the normal force. 594 

Furthermore, it is observed that the five PDF curves are not symmetric. They are all 595 

negatively skewed with a relatively large tail in the left. This is because the input 596 

variables are not symmetric and they follow a lognormal distribution. 597 

 598 

Figure 7. PDF of the five limit state function values for the reference case 599 

The system failure probability is estimated to 7.3×10-4 as presented in Table 2. The 600 

failure probabilities related to �% and �) are respectively 7.1×10-4 and 2.3×10-5. They 601 

are all bigger than the failure probabilities of other failure modes. This confirms the 602 
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conclusions made above and exhibits again that the bending failure mode is the most 603 

probable case. Particularly, the maximum value of �  is more critical than the 604 

minimum one as revealed by their failure probability. As for the other three failure 605 

modes, the relating failure probabilities are all extremely small. Even with a MCS of 606 

�c�T=1×108, none of the values of ��, �� or �} are found to be less than 0. As a 607 

consequence, the failure probabilities of these three failure modes are all considered to 608 

be probably smaller than 1×10-6, even maybe smaller than 1×10-8. It is not worth 609 

determining precisely such small failure probability, given that the calculation time of 610 

a MCS for the failure probability smaller than 1×10-6 is unaffordable even with the 611 

constructed meta-model. In addition, these three failure modes are expected to have 612 

almost no effect on the system failure probability. 613 

 614 

Table 2 also provides the mean and standard deviation of the five internal actions as 615 

well as their capacity. For the bending moment, it can be observed that the absolute 616 

value of the mean and standard deviation of the  617 

max(�) are all slightly greater than those of the min(�). This corresponds to the 618 

little bigger tail in the left of the �% PDF curve compared to the one of �) as presented 619 

in Figure 7, given that the standard deviation can reflect to some degree the scatter of 620 

the data.  In contrast to the bending moment, the shear force presents a good 621 

agreement in both the mean value (absolute) and standard deviation between max( ) 622 

and min( ). This corresponds to the almost superposed two PDF curves of �� and �} 623 

in Figure 7. As for the normal force, its standard deviation and the difference between 624 

its mean value and its capacity are all the biggest among the five cases.  625 

 626 

Table 2. Reliability results of the studied tunnel lining 627 

 
max(�) 

MN.m 

min(�) 

MN.m 

�2J(�) 

MN 

max( ) 

MN 

min( ) 

MN 
System 

Failure probability 7.1×10-4 2.3×10-5 < 1×10-6 < 1×10-6 < 1×10-6 7.3×10-4 
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Mean 0.126 -0.108 1.992 0.071 -0.072 / 

Standard deviation 0.069 0.050 0.239 0.033 0.033 / 

Capacity 0.5 -0.5 8.2 0.75 -0.75 / 

5.2 Influence of the autocorrelation lengths 628 

For a reliability analysis with the random-fields approach, the values of 629 

autocorrelation length should be selected carefully since they define the 630 

autocorrelation structure of random fields [9], [46]. The autocorrelation lengths are set 631 

respectively to 40m and 3m in the previous reliability analysis for a conservative 632 

design. This section aims at studying the influence of this factor on tunnel lining 633 

reliability by testing several values of the autocorrelation length. It should be noted 634 

that the series term U  of K-L expansion needs to be re-evaluated for different 635 

autocorrelation length values w.r.t. the Eq. (7). 636 

 637 

Figure 8 plots the system failure probability (���S� ) of the tunnel lining versus 638 

different values of the autocorrelation length. The horizontal autocorrelation length 639 

(QR) varies between 10 and 40m with the vertical autocorrelation length (QS) being 640 

fixed to 3m. More results are obtained by varying QS between 1.5 and 3m with QR 641 

being 40m.  642 

 643 

From Figure 8, it is found that the ���S�  decreases with the autocorrelation length 644 

decreases. For example, the ���S� declines from 7.29×10-4 to 5.77×10-5 when the QS 645 

changes from 3m to 1.5m. A smaller autocorrelation length means that the soil is 646 

severely non-homogeneous. This implies that the more soil is non-homogeneous, the 647 

safer tunnel lining is from the reliability analysis point of view. A possible 648 

explanation is as follows. A higher autocorrelation length indicates that the discretised 649 

points of the random field are more strongly correlated even separated by a large 650 



29 

 

distance. It therefore results in relatively slow variation in the simulated values of soil 651 

properties and presents a greater chance to form relatively uniform zones during one 652 

random field generation. The representative values of such uniform zones are 653 

stochastic under the prescribed distribution (given in Table 1). As a result, the average 654 

values (the mean of the simulated values for all the stochastic grids of one random 655 

field) among different realizations are not constant but vary more significantly in the 656 

cases of high autocorrelation lengths. For the cases of low autocorrelation lengths, the 657 

average values have a low probability of being very big or very small due to the 658 

presence of heterogeneous areas with dispersed values. In other word, the average 659 

value of the samples generated in the random fields with small autocorrelation length 660 

corresponds to a narrow range of variation. Therefore, lower autocorrelation length 661 

leads to a smaller variability of the system response, and thus a smaller probability of 662 

passing a specified threshold and vice versa. Another remark from Figure 8 is that the 663 

decrease of ���S� is more significant when reducing QS than QR. This indicates that the 664 

vertical autocorrelation length QS has a greater impact on the tunnel lining reliability 665 

than the horizontal one. 666 
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 667 

Figure 8. Effect of the autocorrelation length on the system failure probability of the tunnel lining 668 

5.3 Effect of taking into account the soil spatial variability 669 

The soil spatial variability is simulated by the random field theory and is taken into 670 

account for the reliability analyses in this paper. Different values of one soil 671 

parameter are generated and assigned to different points of the random field for one 672 

deterministic calculation instead of the assumption of homogeneous soils adopted in 673 

[15]. The purpose of this section is to discuss the effect of considering the soil spatial 674 

variability on the tunnel lining reliability. Complementary reliability analysis is thus 675 

performed in this section in which the two soil properties (:� and 56)  are modeled by 676 

means of random variables with the distribution parameters given in Table 1. The 677 

obtained results are compared with the cases of random fields. 678 

 679 

Figure 9 presents the system failure probabilities with different values of 680 

autocorrelation lengths together with the case of random variables. It is observed that 681 
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the failure probability obtained in the case of random variables is higher than the one 682 

of any random-fields case. The value is increased from 7.29×10-4 in the reference case 683 

to 2.66×10-3 in the case of random variables. Therefore, ignoring the soil spatial 684 

variability may induce a higher failure probability and thus a conservative design. In 685 

fact, using random variables to simulate the soil variability is based on the assumption 686 

that two arbitrary points of the field are perfectly correlated i.e. the soil is 687 

homogeneous. It corresponds to an extreme case in which the horizontal and vertical 688 

autocorrelation lengths are both equal to infinite. This characteristic eliminates the 689 

variability within one calculation but increases the uncertainty in the global average 690 

value from one calculation to another. The variance of the model response is thus 691 

increased. 692 

 693 

As a conclusion of the comparison study shown in Figure 9, the random-variables 694 

approach which neglects totally the soil spatial variability can be performed at a first 695 

stage to provide an upper bound for failure probability. On the other hand, it exists 696 

also a second way to take into account the effect of the soil spatial variability in 697 

reliability analysis. It assumes the soil to be homogeneous but with a reduced variance 698 

compared to the original distribution parameter. Such a simplified approach can 699 

replace the random-fields approach to predict the variation of the system response and 700 

failure probability. It has been widely applied in the field of slope stability as 701 

suggested by [47], [48]. The reduction factor can be determined with a typical failure 702 

length and autocorrelation distance. However, it should be noted that the results 703 

provided by this simplified approach could be questionable with highly variant soil 704 

properties or small autocorrelation distances. 705 
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 706 

Figure 9. Effect of considering the soil spatial variability on the system failure probability 707 

6 Discussions 708 

Two points about the present study are discussed in this section. The first one focuses 709 

on the computational efficiency of the method SPCE/GSA which is highlighted by 710 

comparing with using a direct Monte Carlo Simulation (MCS) for the present 711 

problem. The second one aims at comparing the results obtained by the SPCE with the 712 

previous work of [15] in terms of failure probability and the sensitivity index of each 713 

soil property. 714 

6.1 Computational efficiency 715 

In the event that a direct MCS is employed to perform the reliability analysis for the 716 

case of random fields (�� � 7.3 × 10-�), at least 547 546 model evaluations are 717 

needed for a target error ����� � 5% according to Eq. (12). On the contrary, the 718 

SPCE/GSA method needs only 2000 calls to the deterministic model for constructing 719 
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the meta-models. This could lead to a significant decrease of the computational time 720 

of the reliability analysis, saying from 15 days to 2 hours given than running one 721 

deterministic calculation and generating one realisation of the two random fields use 722 

around 2.5 seconds in an Intel Xeon CPU E5-2609 v4 1.7GHz (2 processors) PC. It 723 

indicates that using a direct MCS to analyse the stochastic problems with a low �� is 724 

very time-consuming even with a simplified deterministic model such as the HRM. 725 

Applying an alternative method to reduce the computational burden for such problems 726 

is thus useful. The SPCE/GSA, introduced in this paper, could be a good choice since 727 

it is efficient and can provide a variety of interesting results. 728 

6.2 Comparison with the previous work 729 

The purpose of this section is to compare the obtained reliability results (e.g. failure 730 

probability and sensitivity index) with the ones published in [15] which studied also 731 

the tunnel lining but with means of random variables. 732 

 733 

In this section, the six soil properties are modelled by means of independent random 734 

variables as the works in [15]. �#¤ standard normal vectors with the dimension of 6 735 

are generated at first. Then, they are transformed to specific random variables 736 

(physical values of the six soil properties) following the probabilistic distribution and 737 

statistics given in Table 1. The associated tunnel lining internal actions are evaluated 738 

using the HRM for each set of the six soil properties. Based on the model evaluations 739 

and the �#¤  standard normal vectors, five 5th-order SPCE meta-models are 740 

constructed respectively for the five failure modes. The system failure probability can 741 

be estimated by performing five MCSs w.r.t. the meta-models. Table 3 presents the 742 

obtained result and compares it with the one published in [15] which was estimated by 743 

a direct MCS. It is observed that the system failure probability obtained by the SPCE 744 

is 2.82×10-3. This value represents a good agreement with the result of [15] which 745 

can be regarded as a standard reference since the direct MCS was employed. Note that 746 
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around 200 calls to the deterministic model are required for this analysis using the 747 

SPCE while it is at least necessary 5000 model evaluations to reach a converged MCS 748 

result as mentioned in [15]. In conclusion, the method SPCE is efficient and is able to 749 

provide an accurate estimate of the failure probability of the tunnel lining. 750 

 751 

Table 3. Comparison of the system failure probability obtained in this paper with the one in [15] 752 

 This paper Kroetz et al. [15] 

Method SPCE Direct MCS 

Failure probability 2.82×10-3 3.01×10-3 

 753 

In addition, the SPCE method has the capacity to provide the Sobol index of each 754 

input random variable by simply post-processing the SPCE coefficients as mentioned 755 

in section 2.3.3. It allows knowing the contribution of each soil property to the 756 

variability of the lining forces. Figure 10 presents the obtained Sobol indices for the 757 

five failure modes. It clearly shows that the two most important parameters are always 758 

:� and 56 for all the individual failure modes. The sum of the Sobol index of these 759 

two variables is close to 1, which means that the response variability is almost 760 

induced completely by these two soil properties. As for the other soil properties, they 761 

are considered to have non-significant influences on the variability of the results, 762 

since the corresponding Sobol indices are all smaller than 0.02. In [15], the 763 

importance factors (IF) of each soil property provided by FORM are available as 764 

mentioned before. The IF of 56 is varied between 0.39 and 0.63 in [15] for different 765 

failure modes and the IF of :� varies within a range of [-0.35, -0.6]. These values are 766 

different from the ones shown in Figure 10. This observation is not surprising since 767 

the sensitivity index of Figure 10 represents the contribution of each soil property to 768 

the response variability, while the IF computed by FORM measures the contribution 769 

to the failure probability. On the contrary, the IFs of the four other soil properties (c, φ, 770 

E, and ν) are very close to 0 for any failure mode. This finding is consistent with the 771 
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present study. Therefore, for the response variability or the failure probability, the 772 

impact of the four parameters (c, φ, E, and ν) is negligible. They can thus be treated as 773 

deterministic in reliability analyses at least in the context of random variables. 774 

 775 

Figure 10. Sobol index of each soil property for the five failure modes 776 

7 Conclusion 777 

In this paper, reliability analysis of a circular tunnel lining is presented. The soil 778 

spatial variability is considered in the study and is simulated by the random field 779 

theory. The individual and system failure probabilities of the studied tunnel lining are 780 

provided by using a metamodeling technique SPCE/GSA combined with the HRM.  781 

The main conclusions can be listed as follows. 782 

 783 

1. The :� and 56 are the two most important soil properties for the tunnel lining 784 

reliability under the condition of the assumed soil probabilistic model. This 785 

finding is thereafter used to reduce the number of input variables when dealing 786 
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with spatially varying soils. In practice, one can identify the significant soil 787 

properties for the encountered specific soil conditions by performing a 788 

parametric study as shown in section 4. 789 

2. The system failure of the tunnel lining is mainly controlled by the bending 790 

failure mode. Particularly, the maximum value of the bending moment in the 791 

tunnel lining is the most critical internal action. On the contrary, the largest 792 

safety margin is found for the normal load limit state. 793 

3. The soil spatial variability has an important effect on the tunnel lining 794 

reliability. Using the random-variables approach, in which the soil spatial 795 

variability is ignored, can lead to much greater failure probability compared to 796 

the random-fields approach. This indicates the importance of accounting for 797 

the soil spatial variability in reliability analysis of a tunnel lining. 798 

4. The autocorrelation length, which defines the covariance between two 799 

arbitrary points in a random filed, has also a significant influence on the tunnel 800 

lining reliability. The higher autocorrelation length is, the greater failure 801 

probability becomes. In particular, the reliability results are more sensitive to 802 

the vertical autocorrelation length than the horizontal one. These observations 803 

indicate the importance of determining the autocorrelation length values. 804 

However, there is usually no enough measurement data in practice which 805 

allows obtaining meaningful statistical estimates. The solution is then to 806 

determine these values by measurements of the site in the vicinity or from the 807 

literature. For such case, a large value for the autocorrelation length is 808 

recommended since it leads to conservative designs, as demonstrated in this 809 

paper and reported in [9], [46], [49]. 810 

 811 

These conclusions demonstrate that the present technique is able to provide efficient 812 

solutions for determining the failure probability of a tunnel lining and performing 813 
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parametric studies. Hence, it can be used for the reliability-based design of the tunnel 814 

lining in a preliminary stage.  815 
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