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Abstract 12 

 13 

This paper introduces a new approach to model cracking processes in large reinforced 14 

concrete structures, like dams or nuclear power plants. For these types of structures it is 15 

unreasonable, due to calculation time, to explicitly model rebars and steel-concrete bonds. To 16 

solve this problem, we developed, in the framework of the finite element method, a 17 

probabilistic macroscopic cracking model based on a ulti-scale simulation strategy: the 18 

Probabilistic Model for (finite) Elements of Reinforced Concrete (PMERC). 19 

The PMERC’s identification strategy is case-specific because it holds information about the 20 

local behaviour, obtained in advance via numerical experimentations.  21 

The Numerical experimentations are performed using a validated cracking model allowing a 22 

fine description of the cracking processes. 23 
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The method used in the inverse analysis is inspired from regression algorithms: data on the 24 

local scale would shape the macroscopic model. 25 

Although the identification phase can be relatively time-consuming, the structural simulation 26 

is as a result, very fast, leading to a sensitive reduction of the overall computational time. 27 

A validation of this multi-scale modelling strategy is proposed. This validation concerns the 28 

analysis of the propagation of a macrocrack in a very large Double Cantilever Beam 29 

specimen (DCB specimen usually used in the framework of Fracture Mechanics studies) 30 

containing rebars. Promising results in terms of global behaviour, macrocracking information 31 

and important reduction in simulation time are obtained.  32 

 33 

Keywords 34 

 35 

Reinforced concrete structures; Cracking process; Finite Elements; Multi-Scale Modelling 36 

Strategy; Probabilistic Approach. 37 

38 
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1. Introduction  39 

 40 

 41 

IFSTTAR, the French Institute of Science and Technology for Transports, Development and 42 

Networks, has been developing a probabilistic explicit cracking model since 1987 [1]. The 43 

numerical model, originally developed to analyze the cracking of concrete, was more recently 44 

enhanced to explicitly take into account the presence of rebars and the bond between rebars 45 

and concrete (to model real concrete structures) [2 – 4]. 46 

The use of this type of numerical models constitutes a local modelling strategy. They are 47 

interesting because they yield reliable and precise information about the cracking process. 48 

They can also be used in the framework of numerical experimentations in case there is a lack 49 

of experimental data. 50 

Nevertheless, the modelling level they consider becomes inefficient (due to the unreasonably 51 

high computational time) when the structures concerned are large or contain a high 52 

percentage of rebars, which is the case for almost all complex real-life structures such as 53 

dams or nuclear power plants. 54 

Nowadays, there exist other techniques to model cracking in large structures [5 - 8]. They are 55 

mainly based on homogenization approach of reinforced concrete. Although these techniques 56 

are interesting, they presents two main limitations: they do not give precise information about 57 

macrocracks opening and they remain relatively computational time consuming(when large 58 

reinforced structures are concerned).  59 

The objective of this work is to propose a more relevant solution which allows (for design 60 

offices) to obtain good information about the macrocracking (macrocracks spacing and 61 

opening) of a large reinforced concrete structure in a reasonable computational time. 62 
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This solution is the Probabilistic macroscopic Model for finite Elements of Reinforced 63 

Concrete (PMERC).  64 

The strategy of development of this 3D numerical model its theoretical formulation and its 65 

validation are presented, in detail, in this paper. 66 

 67 

 68 

2. Strategy for developing a PMERC 69 

 70 

 71 

The strategy has been broken down into distinct steps that map different scales of modelling. 72 

The model depends on the dimensions and the configuration of the macro element (total 73 

section and number of rebars taken into account in each macro element, for example) which 74 

depend on the boundary conditions of the structural problem. The PMERC is thought in terms 75 

of its two interconnected components: the macro element itself (the ERC part of the PMERC 76 

acronym) defined by its dimensions and configuration, and the probabilistic model (the PM 77 

part of the PMERC acronym) describing its behaviour. 78 

A strong assumption is therefore made, which states that the ERC behaves only in tension in 79 

the considered direction(s) of reinforcement(s). To be more precise, it is assumed that only 80 

one macrocrack appears in each macro element, this macrocrack being oriented 81 

perpendicularly to the rebar direction. 82 

The Multi-Scale Modelling Strategy can be summarized as follow: 83 

 84 

 85 

 86 
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First step: determination of the fineness of the finite element mesh and of the dimension 87 

of the ERC(s) 88 

An elastic simulation of the given structure is performed taking into account the boundary 89 

conditions of our problem. 2D or 3D (as required) volume elements are used without 90 

describing any reinforcements. This step is necessary to determine the coarsest finite element 91 

mesh that would still yield the correct kinematic field. This will set an upper limit on the size 92 

of the macro elements. Subsequently, the fineness of the mesh and the optimal ERC(s) 93 

(optimal in terms of geometry, size, and ubiquity) are chosen. 94 

 95 

Second step: determination of the different tie-beams geometry 96 

One or multiple ERC(s) are now defined – distinct either by their dimensions and/or their 97 

composition (position, number, and type of rebars). 98 

Different tie-beam numerical tests, for each ERC, in every direction of reinforcements 99 

(numerical experimentation phase) are then defined. The length of these tie-beam specimens 100 

has to be sufficient to get a representative cracking pattern (it means a cracking pattern which 101 

results in a correct way the number of macrocracks per length of tie-beam). 102 

 103 

Third step: numerical simulations of the different tie-beams by using a local modelling 104 

approcah 105 

Numerical simulations on the tie-beams are run to get information about cracking and global 106 

responses. To that end, validated local models are used: a probabilistic explicit cracking 107 

model for concrete and an interface element model for steel-concrete bond (section 4). 108 

 109 

 110 

 111 
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Fourth step: determination of the macroscopic model parameters of the different ERCs   112 

Results from the tie-beam simulations (along with some working knowledge) help to deduce, 113 

by inverse analysis, the cracking behaviour of the different ERCs. The mechanical 114 

macroscopic model and the method used to determine the parameters of the constitutive law 115 

are detailed in section 3. 116 

 117 

Fifth step: numerical analysis of the reinforced structure with the macroscopic model   118 

Due to the fact that the macroscopic model used is a probabilistic one, it is important to 119 

perform several simulations (Monte-Carlo approach) to get information about the scattering 120 

related to the structural behaviour. By this way, it is then easy to perform safety analysis of 121 

this structure.   122 

 123 

The so-called FE2 methods were developed and used, in the past, by others researchers [9, 124 

10]. They are based on the hierarchical, bottom-up one-way coupled description of the 125 

material using the finite element methods in both scales and computational homogenization 126 

procedures at the low scale. The main differences between their work and this one can be 127 

summarized as follow: 128 

•   They treated only the problem of material behaviour and not that of reinforced 129 

concrete structures behaviour. 130 

• They did not develop probabilistic approaches. 131 

• They did not precisely treat the problem of cracks opening. 132 

 133 

 134 

 135 

 136 
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3. PMERC theory 137 

 138 

 139 

The model is required to have the following features: 140 

• The ability to get information on macro-cracks spacing and openings in a large reinforced 141 

concrete structure. 142 

• A probabilistic modelling to allow for a statistical analysis of the structural behaviour via 143 

a Monte Carlo approach (reliability analysis of the structure).   144 

 145 

3.1. Formulation of the model 146 

 147 

To achieve our objectives, and still save on calculation time, the model has to be simple. 148 

Therefore, some strong assumptions are made: 149 

• At the global structural scale, our scale of interest, the concrete part of the PMERC 150 

breaks in a brittle way. Therefore, the composite element is assumed to have an elastic 151 

brittle behaviour. Only failure criteria in tension and in shear are considered (the criterion 152 

for shear is only relevant when compressive stress fields are involved). These criteria are 153 

applied at the centre of gravity of the ERC. As for concrete alone, the values of the 154 

tensile and shear strengths of the ERC are considered as random values. At the difference 155 

of concrete alone, the distribution function chosen for the ERC is not a Weibull one but a 156 

lognormal one is (it is an arbitrary choice).  157 

• Once the matrix is broken, the stresses in the element plunge to zero – a reasonable 158 

approximation at the scale of structural elements. Then, immediately after, the rebars 159 

intervene mechanically. This requires a new evaluation of the coefficients of the stiffness 160 

matrix of the ERC – in the direction parallel to the rebars. The new values of these 161 
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coefficients are associated with the stiffness of the rebars and the phenomenon of tension 162 

stiffening. They are considered as random values. It is to take into account the 163 

mechanical scattering related to the tension stiffening phenomenon. A lognormal 164 

distribution function is chosen arbitrary for these random values. As a matter of fact, a 165 

Weibull distribution function is not physically relevant for the post-cracking behavior of 166 

the ERC.     167 

• The PMERC accounts for the plastic behaviour of the rebars in the studied direction: 168 

when the linear elastic strain limit of the steel is reached at the center of gravity of the 169 

ERC, its behaviour would be represented by an elasto-perfectly-plastic model. We chose, 170 

for simplicity, to simulate this behaviour with a damage model (permanent deformations 171 

due to the yield of the rebars are not considered). This simplification is only possible if 172 

monotonically increasing loadings are involved, which the case in this work. 173 

 174 

As explained before, the macro-element is reinforced in only one direction. It can therefore be 175 

considered as an orthotropic material. A fixed orthogonal reference frame is locally placed 176 

with its direction 1 as the one of the reinforcement. Next, in agreement with homogenization 177 

techniques, it is considered that the element consists of a smeared orthotropic material. Thus 178 

the elastic 3D constitutive law is: 179 

 180 

 � = �. � (1) 

 181 

 182 
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 183 

 184 

 � = �1�2�31 − �23. �32 − �31. �13 − �12. �21 − 2. �23. �31. �12 (3) 

 185 

Assumptions are made concerning the elastic coefficients of the orthotropic stiffness matrix 186 

�: 187 

•  !: Young modulus in the direction of the rebars; calculated as a result of the average 188 

Young modulus of both the concrete and the rebars according to the rule of mixtures 189 

(Voigt model). 190 

•  " =  #: Young modulus of the concrete (an approximation). 191 

• $!" = $!# =  $"# =  $#" : Poisson’s ratio of the concrete. 192 

• 
$"! " = $!" !  ;  $#! # = $!# !  (to ensure that � is symmetric). 193 

• ��
: Shear modulus of plain concrete (an approximation) 194 

• ��� = ��
: Shear modulus that takes into consideration the presence of the rebars in 195 

the volume of the element with respect to the rule of mixtures (Voigt model). 196 

 197 

When failure criteria are applied in tension (Rankine) or in shear (Tresca) the failure limit is 198 

reached and the stresses are then immediately picked up by a reduced elastic matrix 199 

representing the remaining contribution of the steel bars with some residual action from the 200 
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surrounding concrete (in the form of friction). Some terms of the initial elastic constitutive 201 

relation (1 and 2) are then affected by a reduction coefficient, &: 202 

 203 
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 204 

& could also be viewed as an anisotropic damage variable. Actually, the whole process 205 

envolving the drop in stresses, and the contribution of steel until yielding, can be numerically 206 

represented by a damage formulation: 207 

 
( is the constraint value in direction 1 (that of the reinforcement) right after the drop 208 

resulting from the failure criterion being reached. ��′  is the residual stiffness in direction 1. 
( 209 

and ��′ , along with 
)*(+ (the tensile strength of the unckracked element) are the unknown 210 

model parameters. 211 

The drop from 
)*(+ to 
( can be the result of an initial anisotropic damage constant ,+-+* , 212 

where: 213 

 ,+-+* = 1 −  
(�./ . �� (6) 

�.� here is the state of strain in direction 1 after the brittle failure of the element. So we 214 

assume that the cracking of the element has damaged it and we now have established a 215 

damage variable ,* with a lower bound ,+-+* . 216 
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The stresses are then picked up by the reduced elastic matrix represented by ��′ = &�� =217 

�1 − ,*��� (physically the steel bars with some residual friction from the surrounding 218 

concrete). 219 

,* is considered a state variable, thus its evolution has to verify the following conditions: 220 

 0 ,1 * ≥ 0,* = max 6,.*, ,*8 (7) 

 221 

Where ,. is the initial damage state, and , is the actual damage state. The initial damage 222 

threshold (,+-+ in this case) is established when the failure criterion is reached in the direction 223 

of the reinforcement. One the element is declared as cracked (failure criteria reached) the 224 

damage evolution is then given by the following relations: 225 

 

9 ,*��̃� = ,+-+*    ;   �̃ ≤ �./
,*��̃� = 1 − 
( + ��'=�̃ − �./>���̃ ;   �./ < �̃ ≤ 
@ − 
(��' + �./

 

,ABC*  = constant value if �̃ ≥ DEFDGH/I + �./  

 

(8) 

Where �̃ = 〈��〉L (〈∙〉L is the positive part of �∙�). This behavior is held until the 226 

(predetermined) yield limit of the steel is reached.  227 

To represent the plastic behavior of the reinforcements all it is needed to do is to update the 228 

damage model. Note that it is not saying that plasticity is the same as damage, it is just used 229 

the convenience of the damage formulation to represent the plastic behavior of the macro-230 

element. Once the stresses in the element reach the yield limit of the steel, the behavior of the 231 

element will be represented as follows: 232 

 233 
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 � = �1 − ,@��'. � (9) 

 ,1 @ ≥ 0  

 234 

And the damage evolution is now given by: 235 

 ,@��̃� = 1 − 
@ − 
( + ��'�./��'�̃ ;   �̃ > 
@ − 
(��' + �./  
(10) 

 236 

At this stage, the model still carries two unknown parameters: the tensile strength of the 237 

uncracked element
)*(+, and the residual stiffness in direction 1, ��' = &�� (stiffness of the 238 

elastic steel bars in this direction, plus friction with the cracked concrete matrix). Lognormal 239 

distribution functions are assigned to both 
)*(+ and��' . 240 

It can be noted that the mean shear strength is assumed to be equal to the half of the 241 

compressive strength, and its standard deviation is equal to that of the tensile strength.  242 

If the fourth step of the numerical strategy (see section 2) is considered, the resulting force-243 

displacement curve from the global approach has to be fitted to that of the local approach 244 

(numerical experimentations) on the tie-beam tests. The best fit will determine the different 245 

parameters for both distribution functions. Consequently, this classifies the methodology as 246 

an optimization problem. The optimization tool most suited for the problem is the Response 247 

Surface Method (RSM) [11]. RSM is a way to explore the effect of operating conditions (the 248 

factors/parameters) on the response variable, y. In the present case, y is the surface area of the 249 

complex polygon outlined by the real force/displacement curve and the fitted curve. To 250 

calculate the surface area of this highly irregular and self-intersecting polygon the Bentley–251 

Ottmann algorithm [12] is used. As the unknown response surface of y is mapped out, the 252 

process continues as close as possible towards an optimum (i.e. the minimum value of the 253 

considered area), taking into account any constraints. 254 
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At the end of this step, the parameters that minimize y are the ones which are input into the 255 

model for the final calculations. 256 

To summarize, the parameters involved in the process of creating the complete mechanical 257 

model for a given ERC (given concrete and reinforcements) are: 258 

• The parameters of the probabilistic explicit or semi-explicit cracking model of the 259 

concrete. 260 

• The values of O and P)*(+for the interface elements (steel-concrete bond model) which 261 

allows us to perform the correct numerical simulations of the tie-beam test(s). The 262 

results from these numerical simulations constitute the starting point for fitting the 263 

values of the parameters of the ERC. 264 

• The elastic orthotropic stiffness matrix of the ERC, assembled with the help of some 265 

intuitive hypotheses and the rule of mixtures. 266 

• The parameters of the lognormal distribution function for the tensile strength of the 267 

chosen ERC (in the direction of rebars). 268 

 The average value of the tensile strength of a given ERC is necessarily smaller than 269 

 the one for the same volume of plain concrete; the presence of rebars introduces  an 270 

 extra level of heterogeneity (concentration of stresses around the rebars) that promotes 271 

 fracture initiation. 272 

• The parameters of the lognormal distribution function for the shear strength of the 273 

ERC. The mean value is equal to half the average compressive strength of the 274 

considered concrete. Its deviation is considered identical to that of the ERC’s tensile 275 

strength. 276 

• The parameters of the lognormal distribution function of the residual stiffness of the 277 

ERC after cracking.  278 
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Figure 4 summarizes the model’s pre and post cracking behaviour in the direction of the 279 

rebars. 280 

 281 

3.2. Probabilistic cracking models 282 

 283 

The probabilistic model was first developed at IFSTTAR (formerly LCPC) by Rossi [1, 13] 284 

and more recently improved by Tailhan et al. [14]. It describes the behaviour of concrete via 285 

its two major characteristics: heterogeneity, and sensitivity to scale effects [15]. The physical 286 

basis of the model (presented in detail in [1, 13]) can be summarized as follow: 287 

1) The heterogeneity of concrete is due to its composition. The local mechanical 288 

characteristics (tensile strength ft, shear strength τc) are randomly distributed.  289 

2) The scale effects are a consequence of the heterogeneity of the material. The mechanical 290 

response directly depends on the volume of material that is stressed. 291 

3) The cracking process is controlled by defects in the cement paste, by the heterogeneity of 292 

the material, and by the development of tensile stress gradients. 293 

4) The following points specify how the numerical model accounts for these physical 294 

evidences: 295 

5) The model is developed in the framework of the finite element method, each element 296 

representing a given volume of (heterogeneous) material. 297 

6) The tensile strength is distributed randomly on all elements of the mesh using a Weibull 298 

distribution function whose characteristics depend on the ratio: volume of the finite 299 

element/volume of the largest aggregate, and the compressive strength (as a good 300 

indicator of the quality of the cement paste). The volume of the finite element depends on 301 

the mesh, while the volume of the largest aggregate is a property of the concrete [1, 13, 302 

14]. 303 
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 The Weibull distribution function is the best to take into account the rupture in tension of 304 

 a brittle and heterogeneous material as concrete.  305 

7) The shear strength is also distributed randomly on all elements using a distribution 306 

function: (1) its mean value is independent of the mesh size and is assumed equal to the 307 

half of the average compressive strength of the concrete and (2) its deviation depends on 308 

the element’s size, and is the same (for elements of same size) as that of the tensile 309 

strength. 310 

8) Concerning the cracks representation, two approaches are proposed: 311 

a) First approach: explicit cracking 312 

The cracks are explicitly represented by non-linear interface elements of zero thickness. 313 

These elements connect volume elements representing un-cracked plain concrete. Failure 314 

criteria of Rankin in tension and Tresca in shear (to take into account cracks generated by 315 

compressive stresses [16]) are used. As far as tensile or shear stresses remain lower than their 316 

critical values, the interface element ensures the continuity of displacements between the 317 

nodes of the two neighboring volume elements. The material cell gathering these two volume 318 

elements and the interface element remains therefore elastic. Once one of the preceding 319 

failure criteria is reached, the interface element opens and an elementary crack is created. The 320 

tensile and shear strengths as well as the normal and tangential stiffness values, related to this 321 

interface element, become equal to zero [1, 13, 14]. In case of crack re-closure, the interface 322 

element recovers its normal stiffness and follows a classical Coulomb’s law [16].  323 

Note that in this modelling approach, the creation and the propagation of a crack is the result 324 

of the creation of elementary failure planes that randomly appear and can coalesce to form the 325 

macroscopic cracks (Figure 1). 326 

 327 

 328 
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b) Second approach: semi-explicit cracking 329 

The cracks are modeled using linear volume elements. At the finite element scale, the 330 

energetic effect associated to the elementary cracking process is represented through a simple 331 

isotropic damage law with a single scalar parameter [17] (the model is presented in details in 332 

[18]). A probabilistic energetic regularization is also retained.  333 

Without going into details of numerical implementation of the model, its main features can be 334 

summarized as follows: 335 

• A bilinear stress–strain relationship is used to represent elementary cracking (Figure 336 

2). The elementary dissipative process (i.e. crack propagation inside the FE itself) 337 

starts when the major principal stress at a given Gauss point equals the material tensile 338 

strength. Dissipation is then driven by the positive part of the projection of the strain 339 

along the normal direction of the major principal stress. When the total energy 340 

available for the FE is dissipated, it is declared cracked and its elementary stiffness 341 

matrix is set to zero [18]. This allows avoiding stress-locking phenomena. 342 

• The model is numerically implemented using a rotating crack approach [20, 21]. 343 

During the dissipative phase, the stress is allowed to evolve according to any changes 344 

in the stress state in the material. 345 

• Differently from smeared-cracking approaches [21-23], no additive decomposition is 346 

introduced in the constitutive law to distinguish between elastic deformation and crack 347 

contributions. An elementary crack is supposed to exist only after the condition the 348 

damage parameter equal 1 is achieved [18]. The elementary crack opening is then 349 

computed from the projection of the elementary displacements along the normal 350 

direction of the major principal stress. 351 

• For sake of simplicity, crack re-closure is not explicitly treated. The model assumes 352 

that the dissipative process does not influence the elementary stiffness in compression. 353 



 

 

17 

So, for reclosed cracks, the elementary stiffness matrix in compression is completely 354 

recovered while the elementary tensile strength is set to zero. 355 

 356 

The constitutive law of the model is completely defined by two parameters: the tensile 357 

strength and the volumetric density of dissipated energy. An energetic regularization 358 

technique allows computing the volumetric density of dissipated energy from the surface 359 

cracking energy by dividing this last energy by an elementary characteristic length [24]. This 360 

elementary characteristic length, le, is here computed from elementary volume, Ve, as le = 361 

Ve
1/3. More complex definitions are possible, depending on the FE shape and the order of 362 

interpolation of the displacement field. This choice can influence the predicted crack paths, 363 

however due to the probabilistic aspects of the model this effect is strongly reduced. The 364 

volumetric density of dissipated energy is defined element-by element according to spatially 365 

uncorrelated lognormal statistical law [25]. This choice of a lognormal statistical law is an 366 

arbitrary one (the use of a Weibull law is not relevant anymore as for the tensile strength 367 

distribution due to the fact that, in this approach, the rupture is no more considered as 368 

perfectly brittle). As for the tensile strength parameters, the standard deviation related to the 369 

volumetric density of dissipated energy depend on the elementary volume. In contrary, the 370 

mean value of the energy distribution is assumed independent of elementary volume. Its value 371 

is estimated as 2ǳ where ǳ is the specific fracture energy per unit area (which is an intrinsic 372 

material parameter) according Griffith’s theory [26].  373 

Note that in this modelling approach, the creation and the propagation of a crack is the result 374 

of the creation of elementary holes that randomly appear and can coalesce to form the 375 

macroscopic cracks. 376 

It is important to underline that: 377 
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• The first approach gives a more precise and relevant information about the cracking 378 

description and the cracking process but is a lot of more simulation time consuming 379 

than the second approach. 380 

• Due to this problem of simulation time consuming, the second approach is 381 

recommended to perform 3D simulations. 382 

 383 

3.3. Concrete/steel bond model 384 

 385 

Two modelling approaches were introduced to model the concrete-rebar bond [2, 3, and 4]: 386 

• The concrete-rebar bond is represented by interface elements. Their behaviour is 387 

described with a simple deterministic damage model with only two parameters, 388 

cohesion and slip (i.e. relative tangential displacement between steel and concrete).   389 

• The notches/indentations are explicitly modeled along the whole length of the rebar 390 

with a perfect bond between concrete and rebar. 391 

 392 

The first approach needs to have experimental information about this steel-concrete bond in 393 

order to perform inverse analysis for determining the values of the interface model 394 

parameters. 395 

The second approach is used only when you have not any experimental information about this 396 

steel-concrete bond. It is more local than the first one but also more time consuming.   397 

 398 

The interface element for modeling the steel-concrete bond 399 

Its role is to: 400 
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• Ensure the displacement continuity between the concrete and the steel before the slip 401 

of the interface and before the cracking of the concrete, thus ensuring the transfer of 402 

stresses between steel and concrete. 403 

• Represent the macroscopic mechanical effect of the rebar at the ribs – which is not 404 

explicitly represented in the mesh. 405 

• Simulate a local failure between steel and concrete along the rebar resulting from a 406 

loss of the local adhesion due to shear cracking. 407 

• Simulate the local friction between the concrete and the steel after the interface 408 

failure. 409 

 410 

The model is implemented in 2D and 3D [2, 3]. It considers the concrete-rebar bond as a 411 

material zone that progressively degrades in shear (the tensile failure is neglected). Prior to 412 

total failure, stresses are continuously transmitted through the interface. 413 

The interface model is based on a damage model that maintains a constant level of stress 414 

when the critical shear has been reached (Figure 3). When the relative tangential 415 

displacement between the concrete and the rebar exceeds a critical value, the interface 416 

element is declared broken [27]. After failure, a Mohr-Coulomb type of friction behaviour is 417 

maintained. 418 

The interface model is deterministic. This is a valid approximation because the cracking 419 

process around the rebar is governed by the presence of the ribs (rather than the heterogeneity 420 

of concrete) [28]. 421 

Only the values of the maximum shear stress, and of the tangential critical relative 422 

displacement, have to be determined. It is realized by performing a numerical inverse 423 

analysis, it means by fitting tie-beam test results obtained with the rebar and the concrete 424 

concerned [2, 4].  425 
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In the framework of the proposed numerical modelling strategy, only 2D interface elements 426 

are used. As a matter of fact, it should be unrealistic, due to computational time 427 

considerations, to perform 3D numerical analysis of tie-beam tests. This assumption that a 2D 428 

numerical analysis (plane stresses conditions) of a 3D tie-beam test is acceptable has been 429 

clearly justified and validated in previous works [2, 4]  430 

 431 

 432 

4. Example of application of the Multi-Scale Modelling Strategy 433 

 434 

 435 

As validation example, a structural problem that has been previously studied by the authors 436 

has been chosen [29-31]. This structural problem concerns the analysis of the macrocrack 437 

propagation in a Double Cantilever Beam (DCB) concrete specimen. This type of specimen 438 

and study are very common in the framework of Linear Fracture Mechanics theory. The 439 

specificity of the specimen concerned by this paper is related to two points: the first one 440 

concerns the fact that the dimensions of the specimen are very (unusually) important (3.5 441 

meters length and 1.1 meters width) and the second concerns the fact that the specimen 442 

contains rebars along of the potential propagation of the macrocrack [29].  443 

So, this structural problem is clearly related to the propagation of a macrocrack over a long 444 

distance and crossing rebars. It is an interesting case in relation with the spirit of the 445 

modelling strategy approach presented in this paper. 446 

To make a comparison between the local approach performances with the macroscopic 447 

approach performances, it has also been decided to model the DCB specimen behaviour in the 448 

framework of the local approach. As, it is not reasonable (due to simulation time 449 
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considerations), to use a 3D approach to achieve this local modelling, a 2D approach is 450 

performed. 451 

 452 

4.1. Some details about the validation test 453 

 454 

The dimensions of the specimen and the loading conditions related to the test are presented in 455 

Figure 5. The steel bars used were ribbed ones with 6 mm diameter. The distance between the 456 

rebars was 10 cm and the first rebar was located at 30 cm from the front tip of the notch 457 

(Figure 6).  458 

Note that the specimen contained a narrowed section in its center part to force the propagation 459 

of the macrocrack along this reduced section (Figure 5). For the same reason and objective, 460 

prestressing cables were used and placed along the flanges of the specimen (Figure 5). 461 

 462 

4.2. Numerical simulations 463 

 464 

4.2.1. 3D macroscopic approach 465 

The first step of the modelling strategy (section 2) is to choose the dimensions of the ERC 466 

(dimensions of the “macro-element”). These dimensions have to be relevant in respect to the 467 

achievement of a correct kinematic field. 468 

In the case of the DCB specimen concerned by this study (figure 5), two points have to be 469 

noted: 470 

• The first one is that the mesh has to be very fine at the front tip of the notch where only 471 

concrete is present (high stresses concentration). 472 
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• The second one concerns the part of the specimen where rebars are present. In this 473 

part, there are not stresses concentration due to the mechanical acting of the rebars. So, 474 

the finite elements can be much larger.  475 

• To evaluate the influence of the dimension of the ERC chosen both on the relevancy of 476 

the numerical results (by comparison with the experimental result) and the 477 

computational time, it has been decided to consider 3 types of ERC dimensions:  478 

  -  ERC1: Length (L): 10 cm, High (H): 10 cm, Thickness (T): 10 cm. 479 

  -  ERC2: L: 10 cm, H: 5 cm, T: 10 cm.  480 

  -  ERC3: L: 10 cm, H: 20 cm, T: 10 cm.  481 

 482 

It can be noted that: 483 

- ERC1 and ERC2 contain one rebar. 484 

- ERC3 contains two rebars. 485 

- The thickness of the 3 ERC is the same and equal to 10 cm, because it is assumed 486 

that the macrocrack will pass along the narrowed section of the DCB specimen. It 487 

means that, in this zone, only one ERC is present in the thickness of the DCB 488 

specimen 489 

 490 

In Figure 7 is presented (as example) the 3D finite elements meshes containing, ERC1. In 491 

Figure 8 is presented 2D cuts of the three different 3D finite elements meshes (with ERC1, 492 

ERC2 and ERC3). It can be noted that for the finite element mesh related to the use of ERC2, 493 

it is necessary to introduce also finite elements representing only concrete.  494 

 495 

The second step of the modelling strategy is related to the choice of the tie beam 496 

configurations (3 configurations, one by ERC), on which the inverse approach permitting to 497 
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determine the parameters of the macroscopic mechanical model associated to each ERC has 498 

to be performed. Considering Figure 7, the 3 tie-beams chosen for performing 2D (plane 499 

stresses conditions) simulations with the local approach have the following dimensions: 500 

- ERC1: tie-beam 1 (TB1) with a high of 10 cm and a length of 140 cm.  501 

- ERC2: TB2 with a high of 5 cm and a length of 140 cm. 502 

- ERC3: TB3 with a high of 20 cm and a length of 140 cm. 503 

 504 

The third step of the modeling strategy is, now, to perform the numerical simulations of the 505 

different tie-beams. Normally, to perform the numerical simulation in the framework of the 506 

local approach, the best way (related to computational time considerations, see section 4) to 507 

model the concrete/steel bond is to use interface elements. 508 

The problem is that no tie-beam tests were performed in parallel to DCB test. So, it is not 509 

possible to determine the parameters of the interface element behaviour law. 510 

The solution is to use the second way to model this steel-concrete bond (see section 4.2), it 511 

means to explicitly model all the notches/indentations of the rebars. Of course, this solution is 512 

computational time consuming, but it consists to replace experimental tests, which are also 513 

time consuming, by numerical tests.  514 

The three 2D finite elements meshes related to the 3 numerical tie-beams (local approach and 515 

2D stresses plane conditions) are presented in Figure 9. 516 

Concerning the probabilistic model used for the concrete, the semi-explicit approach is 517 

chosen (section 4.1). 518 

Concerning the modeling of the rebars behaviour, a classical Von Mises law (perfect 519 

plasticity) is chosen. 520 

The parameters values related to the concrete and the steel models are given in Table 1. 521 
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Figures 10, 11 and 12 present examples of cracking process obtained with the three numerical 522 

tie-beam tests.  523 

 524 

The fourth step consists, now, to determine, by inverse approach, the parameters values 525 

related to the macroscopic model. 526 

Figure 13 presents the three 3D finite elements meshes chosen to model the three tie-beams in 527 

the framework of the macroscopic approach. 528 

Figures 14, 15 and 16 present the force-displacement curves obtained with the local and the 529 

macroscopic approaches respectively for the three tie-beams. 530 

Table 2 gives the values of the material parameters used in the framework of the macroscopic 531 

model to get the results summarized by the Figures 14 to 16.  532 

 533 

The fifth step of the modelling strategy consists, finally, to model the cracking behaviour and 534 

the global behaviour of the DCB specimen using the results obtained with the modelling of 535 

the three tie-beams. 536 

The crack mouth opening displacement (CMOD) versus loading curves related to the three 537 

3D meshes are presented in Figures 17 to 19. 538 

It can be noted that:  539 

• As the macroscopic model is a probabilistic one, several numerical simulations are 540 

performed in relation with each 3D mesh. 541 

• In each figure is reported the experimental curve (one test was performed [27])  542 

 543 

An example of crack propagation using the macroscopic approach is presented in Figure 20.  544 

To make a comparison between the local approach performances with the macroscopic 545 

approach performances, it has been decided to model the DCB specimen behaviour in the 546 
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framework of the local approach. As, it is not reasonable (due to simulation time 547 

considerations), to use a 3D approach to achieve this local modelling, a 2D approach is 548 

performed. 549 

 550 

4.2.2. 2D local approach 551 

The first step of the 2D local approach is to determine the values of the parameters related to 552 

the concrete/steel bond model using interface elements (section 3.2). As a matter of fact, it is 553 

not still reasonable to perform the 2D modelling of the DCB specimen by representing the 554 

ribs of the rebars (as for the tie-beam). 555 

To get these values, the way chosen is to perform an inverse approach (fitting approach) as 556 

proposed, realized and validated in [2-4]. To achieve this inverse approach, the 2D numerical 557 

simulations performed with the TB1 are considered as the reference results (Figures 7 and 558 

14).  559 

The values of the parameters related to the concrete/steel bond model using interface 560 

elements are given in Table 3 (obtained from the inverse approach). 561 

Figure 21 presents the 2D (plain stresses conditions) finite element mesh used to model the 562 

DCB specimen with the local approach. 563 

Concrete is modeled by using the semi-explicit approach (see section 3.1). 564 

The values of all the parameters involved in the numerical simulations (several numerical 565 

simulations are performed, the modelling of the concrete cracking being probabilistic) are 566 

those given in Tables 1 and 3. 567 

Figure 22 presents the CMOD versus loading curves related to the numerical simulations. The 568 

experimental curve is also reported in the figure. 569 

Figure 23 presents an example of cracking process obtained with the 2D local modelling. 570 
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It is now possible to analyze all the results obtained with all (2D and 3D) numerical 571 

simulations and to compare them.  572 

 573 

4.3. Analysis of the results and discussion 574 

 575 

This analysis and discussion is based on Figures 17 to 20 and 22 to 23. 576 

A look of these figures leads to the following comments: 577 

• The macroscopic approach (with the three different macro-elements) gives good 578 

enough results in terms of global behaviour of the DCB specimen (in comparison with 579 

the experimental result). It can be noted, however, that larger are the macro-elements, 580 

larger is the difference between the experimental result and the numerical simulations 581 

ones. It is an expected result. As a matter of fact, the numerical homogenization, 582 

linked to the numerical strategy of modelling proposed in this work, has to lead to a 583 

lost of precision of the information obtained (it is the price to pay). 584 

• The local approach leads to a more scattered global behaviour of the DCB specimen 585 

than the macroscopic approach.. It is still a normal and expected result. As a matter of 586 

fact, the numerical homogenization linked to the building of a macro-element leads, 587 

obviously, to a kind of smoothing of the mechanical heterogeneities related to the 588 

cracking process of a reinforced concrete. 589 

• The local approach is capable to give detailed information about the cracking process, 590 

it means, microcracks creation accompanying the tortuous propagation of the 591 

macrocrack. It is always an expected result. 592 

 593 

So, now, it is capital to make the comparison related to the computational time linked to the 594 

use of each approach. To do that, it has been chosen to consider only the computational time 595 



 

 

27 

(average values related to the several simulations performed) related to the crack propagation 596 

in the zone where the rebars are present. 597 

This comparison is summarized in Table 4. 598 

A look of this Table 4 leads to the following comments: 599 

• To model the same crack propagation length, the local approach spends ten times 600 

more computational time than the global one. 601 

• The fact to consider a macro-element with one or two rebars does not lead to a 602 

significant difference concerning the computational time. 603 

• The fact to model the concrete cracking alone between the cracking of the macro-604 

elements leads to multiply by two the computational time. 605 

 606 

In fact, to be fully precise, it is important to take into account the simulation time linked to 607 

the numerical tests on tie-beams. If it is done, the total simulation time to perform the 3D 608 

analysis of the DCB specimen is around 26 hours. It could be considered as too important in 609 

view of the initial objective of this work, it means to propose an approach compatible with 610 

design offices work. But, it should not be forgotten that this simulation time devoted to the 611 

numerical tests replaces real experimental tests which should take more time to be performed. 612 

 613 

 614 

5. Conclusions and perspectives 615 

 616 

 617 

A multi-scale strategy to develop a Probabilistic Model for Elements of Reinforced Concrete 618 

(PMERC) is introduced in this paper. This multi-scale strategy consists in building a macro 619 

model from numerical experimentations using validated local ones: the probabilistic explicit 620 
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or semi-explicit cracking model for concrete and the interface element model with a Mohr-621 

Coulomb law for steel/concrete bond. 622 

As a validation of this Multi-Scale Modelling Strategy, a previous experimental study related 623 

to the crack propagation in a very large DCB specimen is proposed. The 3D numerical 624 

simulations show that the scientific approach proposed is promising: the global behaviour of 625 

the structure is correctly predicted and the macro-cracking pattern is consistent with results 626 

given by the local approach (only precise information about the tortuosity of the macrocrack 627 

propagation and the microcracks appearance is lost with the macroscopic approach).  628 

The main objective of the PMERC is to reduce the massive computational time required to 629 

get information about the cracking process in large structures. It can be considered that this 630 

objective is reached in the considered example. These results could still be improved and the 631 

gain in computational time would be even more acute for larger structures  632 

As perspectives go, it is now important to validate the proposed strategy on larger and real-633 

life structures. It is also necessary to consider the situation where the rebars are positioned in 634 

two or more directions. It is also important to emphasize that the strategy proposed in this 635 

paper, which consists in changing scale of analysis by changing the numerical modelling 636 

scale, can be used in the framework of more sophisticated mechanical models than those 637 

implemented in the present work. For that, it is essential for the local scale models chosen to 638 

have a strong physical relevance and to be fully validated. 639 

 640 

 641 

 642 

 643 

 644 
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Table 1 741 

Material Parameter Value Unit 

 

 

 

Concrete 

Tensile strength (Weibull distribution) 

Scale parameter 

Shape parameter 

 

8.0 

1.0 

MPa 

 

dissipated energy Gc (lognormal distribution) 

Mean value 

Deviation 

 

1.3 

8.4 

 

10-4MN mm-2 

10-4MN mm-2 

Compressive strength 55 MPa 

Young modulus 35000 MPa 

Steel Young modulus 191000 MPa 

Elastic limit 400 MPa 

 742 

  743 
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Table 2 744 

 745 

ERC Type Parameter Symbol Value (MPA) 

ERC5 Tensile strength 
)*(+  

 Mean QDRSGT  3.2 

 Deviaion 
DRSGT  0.4 

 Tensile recovery 
( 1.3 

 Residual stiffness ��'   

 Mean QH/I  1000. 

 Deviation 
H/I  50. 

ERC10 Tensile strength 
)*(+  

 Mean QDRSGT  3.05 

 Deviaion 
DRSGT  0.4 

 Tensile recovery 
( 0.75 

 Residual stiffness ��'   

 Mean QH/I  390. 

 Deviation 
H/I  50. 

ERC20 Tensile strength 
)*(+  

 Mean QDRSGT  3.4 

 Deviaion 
DRSGT  0.6 

 Tensile recovery 
( 0.75 

 Residual stiffness ��'   

 Mean QH/I  550. 

 Deviation 
H/I  100. 

 746 

QDRSGT ,
DRSGT , are the parameters of the lognormal distribution function of the tensile strength, 747 

and QU/I , 
U/I , are the parameters of the lognormal distribution function of the residual 748 

stiffness after cracking. 749 

 750 

 751 

 752 

 753 

 754 



 

 

36 

 755 

Table 3 756 

Cohesion V 10 WXY 

Critical tangent displacement P)*(+ 4 10FZ[ 

 757 

 758 

Table 4 759 

Model used Calculation time (sec) 
Number of elements 

in the reinforced zone 

Number of nodes in 

the reinforced zone 

Local 4750 2318 1398 

Macro-ERC1  527 1125 1480 

Macro-ERC2  1220 2057 2592 

Macro-ERC3  520 625 888 

760 
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