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The use of heuristical estimate in number theory

Introduction

The use of heuristical estimates in mathematics is not new. One of the most known examples is estimate of the density of primes. Long before the Prime Number Theorem was proven, Dirichlet concluded that the density of primes was " 1 ln n . This gives the estimate of prime-counting function

πpxq " ż x 2 dt ln t " Lipxq
which is a better estimate than given by the Prime Number Theorem πpxq " x ln x Caldwell [START_REF] Caldwell | An amazing prime heuristic[END_REF] studies in detail the use of heuristics in various problems related to the prime numbers.

We do not go into such detail with relation to the primes. Instead, we consider the use of heuristics not only in the problems related to the prime numbers, but also to other problems in number theory.

The purpose of this paper is not to develop new techniques of using heuristics, but rather overview its known uses, and the place of heuristic estimates in mathematics. In the examples used, we don't try to obtain new more precise estimates; but rather make the examples as simple as possible, for better illustration.

In the following sections, we will give examples of applications of heuristic method for some known results, and for some still unknown.

In conclusion, we argue that heuristic estimates, and conjectures based on them are legitimate tools of mathematics, giving many useful results.

Use of heuristic estimate for some known statistics

In this paper, we use the following two heuristic estimates:

1. The probability that an arbitrary positive integer n is a prime number is " 1 ln n 2. The probability that an arbitrary positive integer n is a perfect power of m is

" 1 mn m´1 m
In this section, we consider some known results, and compare them to heuristic estimates. It is a "postdiction", useful, even necessary to estimate how good is a used technique, before trying to apply it for new uses. Like in physics, where a new theory first must satisfy the old results, before predicting new results.

2.1. The number of Pythagorean triangles of hypotenuse less than a given magnitude. The problem of Pythagorean triangles is completely solved by Euclid. We know a generating formula for the sides of all Pythagorean triangles, and that there is an infinite number of such triangles.

Suppose we don't know the general formula for the sides of Pythagorean triangles, and instead we will count them heuristically. Let a, b be positive integers such that a 2 `b2 ă R 2 . Suppose a 2 `b2 " c 2 for some integer c. An integer n is a perfect square with probability " 

πR 8 So # triples R " π 8 
Now let us recall the formula for Pythagorean triples pa, b, cq " kpm 2 ´n2 , 2mn, m 2 `n2 q, m ą n, gcdpm, nq " 1, and not both m, n odd. We will count them using formula from Mathworld [START_REF] Weisstein | Pythagorean Triple[END_REF] for the number of possible primitive or nonprimitive right triangles having s as a hypotenuse:

Hpsq " 1 8 rr 2 ps 2 q ´4s

(The number of Pythagorean triples with c ă R) / R: R (number of triples)/R 10 2 0.52 10 3 0.881 10 4

1.2471 10 5

1.61436 10 6

1.98064

The actual (number of triples)/R does not match our heuristic estimate π 8 ; seems it goes to infinity with n.

Our mistake was that we didn't take into account that if pa, b, cq is a Pythagorean triple, then so is pka, kb, kcq, where k is a positive integer. Taking it into account, we come with a formula (omitting derivation)

p# triplesq " CpR ln R ´Rq
We then have the following estimate for C: R pR ln R ´Rq/(actual # triples) 10 2 6.93302 10 3 6.70574 10 4

6.58355 10 5

6.51213 10 6

6.47038

The ratio seems to be converging to a constant. We then have a formula p# triplesq " CpR ln R ´Rq where we will leave the constant C without derivation. So we found a heuristical formula, which gives a good approximation for the number of Pythagorean triples with c ă R. Also from this formula follows a conjecture that the number of Pythagorean triples is infinite.

Fermat's Last

Theorem. There are no positive integers a, b, c, and integers n ą" 3, such that a n `bn " c n .

Let us give a heuristic estimate of the number of quadruplets pa, b, c, nq such that a n `bn " c n . The probability that k is a perfect nth power is "

1 nk n´1 n
. Then the number of triples pa, b, nq such that a n `bn is a perfect nth power, is

#pa, b, nq " ÿ aě2,bě2,ně4 1 npa n `bn q n´1 n " ¡ aě2,bě2,ně4
da db dn npa n `bn q n´1 n " 0.05022

We used a, b ě 2, instead of a, b ě 1, because by Catalan's conjecture / Mihailescu theorem, it cannot be that a n `1 " c n (or it can be shown by elementary means). We used n ě 4, because for n " 3, the theorem was proven by Euler. We obtained that the expected number of such triples is " 0.05, which is consistent with the fact that there are none.

Use of heuristic estimate for some unknown statistics

In this section, we consider some open problems, and application of heuristic estimate to them.

3.1. Primality of polynomials. The most famous example is a 2 `1. It is still unknown if it is prime at infinite number of a's. Hardy and Littlewood state so in their Conjecture E [START_REF] Hardy | Some problems of 'partitio numerorum' : III: On the expression of a number as a sum of primes[END_REF].

If the probability that a 2 `1 is a prime is "

1 lnpa 2 `1q , then the number of a ď x such that a 2 `1 is a prime, is " ż x 1 da lnpa 2 `1q
Comparison of used heuristics with actual numbers:

x number of primes a This is a reasonably good estimate. Not as good as Hardy and Littlewood estimate; but even our rough estimate gives a good qualitative agreement. The conjecture is that there is an infinite number of primes a 2 `1, but it is so far not proven.

Similarly we study a polynomial a 3 `2. Our heuristic estimate is that the number of primes a 3 `2, a ď x is "

ş x 1 da lnpa 3 `2q .
x number of primes a It might be reasonable to conjecture, that any non-reducible polynomial with integer coefficients ppaq has probability of its value being a prime number " 1 ln ppaq .

Mersenne primes.

A Mersenne number is 2 p ´1, where p is a prime. The probability that a number 2 k ´1 is a prime is "

1 lnp2 k ´1q « 1 k ln 2 . The number of Mersenne primes ď n is " ÿ 2 k ´1ďn 1 lnp2 k ´1q « log 2 n ÿ k"1 1 k ln 2 « ln ln n ln 2
For n " 1 000 000, there are 33 Mersenne primes, while the sum is 19.10. We can call it a reasonably good estimate. The sum is infinite, so the conjecture is that there are an infinite number of Mersenne primes.

Fermat primes. A Fermat number is

F k " 2 2 k `1.
The probability that a number F k is a prime is "

1 lnp2 2 k `1q « 1 2 k ln 2 . The number of Fermat primes ď n is " ÿ 2 2 k `1ďn 1 lnp2 2 k `1q « n ÿ k"1 1 2 k ln 2
In difference to Mersenne primes, the sum is finite; therefore the conjecture is that there are only a finite number of Fermat primes. F 0 , ..., F 4 are prime; it is now known that F k are composite for 5 ď k ď 32. The expected number of Fermat primes after F 32 is

" 8 ÿ k"33 1 2 k ln 2 " 1 2 32 ln 2 ,
a very small number. The conjecture is therefore that there are no more Fermat primes.

3.4. Twin primes. It is still unknown if there are an infinite number of twin primes. Yitang Zhang [START_REF] Zhang | Bounded gaps between primes[END_REF] came close to it, proving that exists some N less than 70 million, such that there are infinitely many pairs of primes that differ by N . Let us estimate heuristically the number of twin primes less than a given magniude. The probability that k is a prime is " 1 ln k , and the probability that k `2 is a prime is " 1 lnpk`2q . Then the probability that both k and k `2 are primes is

" 1 ln k 1 lnpk`2q « 1 ln 2 k .
(we are being very rough here; if k is a prime, than the probability that k `2 is a prime is ą" 1 lnpk`2q ). Then the expected number of primes less than n is

" n ÿ k"2 1 ln 2 k " ż n 2 dk ln 2 k " " Lipkq ´k ln k  n k"2
« Lipnq ´n ln n

The Hardy-Littlewood estimate for the number of twin primes The Hardy-Littlewood estimate is asymptotically very good. Our simple formula is not anywhere as good, but a relative error under 0.25 is good for a qualitative estimate.

π 2 pxq " 2C 2 ż x 2 dt ln 2 t where C 2 " ź pě3 " 1 ´1 pp ´1q 2  « 0.
3.5. Andrica's conjecture. [START_REF] Andrica | Note on a Conjecture in Prime Number Theory[END_REF] It says about the gaps between primes: ? p n`1 ´?p n ă 1 for all n

For the inequality not to hold, the gap between p n and p n`1 must be ∆ " p n`1 ´pn ě ? p n`1 `?p n so that ∆ consecutive numbers are not prime; the probability of this is

" ˆ1 ´1 ln p n

˙∆

The probability that the inequality holds is

" 1 ´ˆ1 ´1 ln p n

˙∆

The probability that the conjecture holds is

" 8 ź n"1 « 1 ´ˆ1 ´1 ln p n ˙t? pn`?pn`1u ff « 0.57969
Considering that the conjecture was verified for n up to 1.3 ¨10 16 , we need to calculate the product starting with this large n, which gives the value very close to 1. So by heuristic estimate, Andrica's conjecture with high probability must be true.

3.6. Euler's perfect cuboid. [START_REF] Weisstein | Euler Brick[END_REF] It is a cuboid with integer sides, and integer all three face diagonals, and space diagonal. If the sides are a, b, c, then a 2 `b2 , a 2 `c2 , b 2 `c2 , and a 2 `b2 `c2 are perfect squares. So far, there are no known perfect cuboids, and it is not proven that they do not exist. Let us give heuristic estimate of the total number of perfect cuboids. The probabilities that a 2 `b2 , a 2 `c2 , b 2 `c2 , a 2 `b2 `c2 are perfect squares, are respectively

" 1 2 ? a 2 `b2 , 1 2 ? a 2 `c2 , 1 2 ? b 2 `c2 , 1 2 ?
a 2 `b2 `c2 The total number of perfect cuboids The expected number of perfect cuboids is quite small. So our conjecture is that there are no perfect cuboids.

#pperfect cuboidsq " 8 ÿ a,b,c"1 1 2 ? a 2 `b2 1 2 ? a 2 `c2 1 
2 ? b 2 `c2 1 
2 ? a 2 `b2 `c2 " ¡ a,b,cě1 1 
2 ? a 2 `b2 1 
2 ? a 2 `c2 1 
2 ? b 2 `c2 1 

Conclusion

In 1900 Hilbert posed a set of problems, among them being tenth problem: Find a general algorithm which, for any given Diophantine equation, can decide whether the equation has a solution with all unknowns taking integer values.

The Hilbert's tenth problem is now solved, negatively: there is no such common algorithm.

Many open problems in mathematics deal with what are Diophantine sets. The set of Mersenne primes, and the set of Fermat primes are Diophantine sets. So far it is unknowh if these sets are finite, or infinite. It is conceivable, that there is no way to prove them to be finite, or infinite. All we may ever have are conjectures: that the set of Mersenne primes is infinite, and the set of Fermat primes is finite.

Or consider ζpnq for n odd, n ě 3. Apéry proved that ζp3q is irrational [START_REF] Apéry | Irrationalité de ζ2 et ζ3[END_REF]. Do we expect that for every n " 5, 7, 9, ... there will be discovered some ingenious proof of irrationality of ζpnq? Maybe for some n such proofs don't exist, or will never be discovered. Then we will have to be satisfied with conjecture: ζpnq is irrational for n odd. And similar question is about transcendentality. We don't even know if ζp3q is transcendental, let alone all the rest of ζpnq for n odd, n ě 3.

Out of infinite number of current, and future problems in mathematics, some may prove to be unsolvable; certainly some will remain unsolved for a long time. But they still may have workable conjectures, based on heuristics.

In conclusion, heuristics is, not just a temporary hack, used until the proof is found. Heuristics is a legal and important tool in mathematics.

2 ? a 2

 22 `b2 `c2 da db dc " 0.139923 If we exclude duplicates, obtained by interchanging a, b, c, we must divide this number by 6 #pperfect cuboidsq " 0.0233205 Presumably, the problem was tested for small a, b, c, let us say for a, b, c ď 100. Then if we count for a ą 100, b, c ě 1, then #pperfect cuboidsq " 0.00195175
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