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Computational psychrometric analysis as a
control problem: case of cooling and
dehumidification systems

Christian Ghiaus, Univ. Lyon, CNRS, INSA Lyon, Université Claude Bernard Lyonl, CETHIL UMR5008, F-
69621, Villeurbanne, France

Abstract

Psychrometric chart is a basic tool for analysis of processes in air-conditioning systems. While
psychrometric calculators and numerical psychrometric charts are widely available, there is a
lack of numerical algorithms for solving the sizing problem by using psychrometric analysis.
After introducing a classification of modelling problems in direct and inverse (based on the
relation between physical and computational causality), this paper defines the design problem
as a set of inverse problems of control and parameter optimization. A non-linear model is
obtained by assembling the models of the elementary processes. The paper proposes to solve
the direct and control problems by using a method similar to Newton-Raphson’s, and the
parameter optimization problem by using least-squares. Open-source implementation,
published on Zenodo repository, and interactive, reproducible environment, available on Binder
web service, accompany this paper (DOI: 10.5281/zen0d0.5236450).
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Nomenclature

Latin letters £ arbitrarily small number
A surface area, m? 0; temperature of the air in state i, °C
AHU  air handling unit ® relative humidity, %
C constant Y overall heat transfer coefficient of a
CAV  constant air volume thermal bridge, W/m K
K controller gain
H; enthalpy rate of the air in state i, W Bold letters
M molar mass, kg/kmol A matrix of coefficients
0 heat flow rate, W b vector of constant terms
R universal gas constant, /K kmol X vector of unknowns
SHR  sensible heat rate, -
T temperature, K Subscripts
U overall heat transfer coefficient, W/m? K BL building
VAV  variable air volume cc cooling coil
c specific heat capacity of the dry air, J/kg K HC heating coil
Cw specific heat capacity of the water vapour, TZ thermal zone
J/kg K da dry air
d derivative i air infiltration
f function representing the saturation curve 1..5 states in the psychrometric chart
h; specific enthalpy of dry air in state i, ] /kg ! latent
l specific latent heat for water ls least squares
vaporization, J/kg 0 outdoor
Ly length of thermal bridge k, m s sensible or saturation
m mass flow rate of dry air, kg/s sp set-point
n molar fraction t total
p pressure, Pa vs vapor at saturation
v unspecified variable w humidity ratio
w; humidity ratio of moist air in the state i, 0 temperature
Kgyapor/K8dry air 62 initial guess of the temperature

corresponding to the saturation point
Greek letters

A difference operator Superscripts _
a mixing ratio qez_r[vatlve of a function
B bypass factor 0 initial value

1 Introduction

Since 1911, when Carrier published his seminal paper Rational psychrometric formulae,
psychrometric chart has been used for calculations in air conditioning industry (Simha, 2012).
Psychometrics chart is used usually in two approaches:
- manual procedures of psychrometric analysis for sizing (Carrier, 1972; TRANE, 2011,
TRANE, 2002);
- computer calculations of psychrometric values for simulations (EQUA Simulation AB,
2013; TRNSYS 16, 2007; EnergyPlus, 2012; Satchell, 2016; Satchell, 2017).

There is a need for computational procedures for psychrometric analysis, similar to the manual
methods used for sizing. This paper proposes to define the sizing problem of the cooling and
dehumidification systems as a control problem and to use linear controllers and least-squares
optimization to solve the sizing problem. The paper is accompanied by a software
implementation for which the inputs can be changed in a large range. The code is published as
open source (Ghiaus, 2021) and it is sharable, interactive, and reproducible (Project Jupyter et
al., 2018).



2 Types of problems: direct and inverse

When a system is modelled in the view of deterministic classical physics, the causality principle
states that any modification of a physical variable is caused by other variable(s) (see Physical
causality in Figure 1). The dependent variables (or the effects) are the outputs and the
independent variables (or the causes) are the inputs of the physical system. Likewise, a
computational model has inputs (values provided to the computational algorithm) and outputs
(numerical results of the algorithm).

:I'ype of problem
Physical
causality Direct Inverse
Control Parameter identification or
optimisation
X ( '3 y X I y X y x y
- Sl el P o fCla) P> —a fCIa) 1>
other other ; : ; g
inputs outputs
y « f(xla) x < f(la)} a < {yf(x|-)}
f(-1+) Model structure known known known
a Parameters known known unknown
x Inputs known unknown known
y Outputs unknown known known

Figure 1 Direct and inverse problems (Ghiaus, 2014). For the type of problem, in green is what is known
and in red what is unknown.

The direct problem is when the set of inputs of the computational model is a subset of the inputs
of the physical model and the set of outputs of the computational model is a subset of the outputs
of the physical model (see Direct problem in Figure 1). For a direct problem, the model (i.e.,
its structure and parameters) and the inputs are known; the problem is to find the outputs of the
physical model. In the case of a direct problem, the flows of information (from inputs to outputs)
are the same for the physical system and for the computational model. Direct problems are
called analysis in the case of electrical, hydraulic, or thermal circuits. The term simulation is
also often used. The advantage of direct problems is that, in the context of deterministic
classical physics, they are well posed and have a unique solution.

The inverse problems are of two types: control and model identification (see Inverse problem
in Figure 1). The control problem consists in finding an input of the physical system that
produces a desired output when its model is known (see Control problem in Figure 1). For
simple cases, the problem can be solved by inversing the direct problem. Usually, and especially
for dynamic models, the inversion is not possible. Therefore, the problem is stated as a control
loop for which a set of direct problems is solved (Ghiaus, 2013).

In model identification, the problem is to find the model of the physical system when its inputs
and outputs are given. Usually, the problem is treated as parameter identification by imposing
the structure of the model and solving an optimisation problem in which the arguments are the
parameters and the cost function depends on the type of problem (see Parameter identification
or optimization problem in Figure 1).



3 Elementary psychrometric processes: steady-state models

In air conditioning, the psychrometric properties (dry-bulb temperature, 8, humidity ratio, w,
specific enthalpy, h, etc.) of a mass flow rate of dry air, 1, are controlled. Since the moist air
IS not oversaturated, the humidity ratio, w, is always smaller or equal to the humidity ratio at
saturation, w, = f(60).

3.1 Decoupling the sensible and the latent heat
When a mass flow rate of moist air changes from state 1, characterized by the enthalpy rate

H, = mh, = m[cO; + (I + c,,0;)w,] (1)
where H, is the enthalpy rate of the air in state 1 [W];

m -mass flow rate of dry air [kg/s];

h, -specific enthalpy of dry air in state 1 [J/kgqal;

c -specific heat capacity of the dry air [J/kg K];

w; -humidity ratio of moist air in state 1 [kg/kgg4.];

l -specific latent heat for water vaporization [J/kg];

Cw -specific heat capacity of the water vapours [J/kg K];

0, -temperature of the air in state 1 [°C],

to state 2, having the enthalpy rate

H, = mh, = m[cqqb; + (L + ¢,,0,)w;] (2)
where H, is the enthalpy rate of the air in state 2 [W];

h, -specific enthalpy of the dry air in state 2 [J/kgqal;

w, -humidity ratio (or the moisture content) in state 2 [kg/kggal;

0, -temperature of the air in state 2 [°C],

the total variation of the enthalpy rate is

Hz - H1 =m(h, — hy) (3)
The total variation of enthalpy is the sum of sensible and latent changes:

HZ_Hl :AHS‘l'AHl (4)

The change of sensible heat in the process is

AHg = m Ahg = m[c(6; — 6;) + ¢, (W20, — w1 6,)] (5)

where mc(8, — 0,) is the sensible heat of the dry air and mc,, (w,0, — w,0,) is the sensible
heat of the water vapor. The change in latent heat during the process is

AH, = i Ak = ml(w, — wy) (6)

In air conditioning systems, the error introduced in the evaluation of the enthalpy variation by
neglecting the variation of sensible specific enthalpy of water vapor,



Cy (W0, —wy6,) K c(6; —6,) (7)

is less than 5 % in relative value or 2.5 kJ/kg in absolute value. Neglecting the sensible heat of
the moisture is a key assumption that allows us to decouple the sensible and the latent heat and
to obtain the model as a system of linear equations (Ghiaus, 2014).

Process Bloc diagram Representation Mathematical model
Zﬂ(l —a)m ey = amch; + (1 — a)mch,
1: Mixing with 1 3 mlw; = amlw; + (1 — a)miw,
& given ratio > MX > inputs: 84, 0,, wy, w;
= am m outputs: 3, w3
1S parameters: 11, a
(8]
‘= 2. Mixing with given . . . . o
3 mass flow rates 2jm—m, T.ncea B m?cel + (n.l n?o)cﬁz
© mlw; = amlw, + (m —m,)lw,
-<ct 1 MR 3 inputs: 0y, 65, wy, w,
m, m outputs: 93,W.3 .
parameters: 1, 11,
AL , ; .
3. Thermal zone 1 2 o mcl, = mch, + Qs
N ‘/® rhlwy = thiwy + @y
s A\ inputs: 8;, wy, Qs, 0,
TQS & - outputs: 85, w,
@ parameter: m
5 4. Va.pf).r ' 1 . VH 2 N 3) mcl, = mch, .
Hg, humidification m m T4 miw, = miw, + Qz.
© Q (1) inputs: 81, wy, Qs, Q;
b= l >~
- outputs: 6,, w,
3 parameter: m
< : .
2 Note: Q, = m,, |
+ 5. Heating or 1 HC 2 , {mc@z = mch; + Q,
5 dry cooling ; 1 _,:1]_} .'2_. "”.LIWZ = miw, o
5 4 e inputs: 61, wy, Qs, Q;
c s outputs: 6,, w,
K} parameter: m
2
e mcl + Qg = mch,
bt 1 s mlwg + Q; = mclw,
6. Cooling with —» CC — (. ws — f(8s) =0
dehumidification m —dm A — Qs +0Q, =0,
TQSTQZ inputs: 8;, wy, Q¢
outputs: 05,75, 5, 0;
TQ parameter: m
t Notes 1) condensed water: m,, = Q,/!
2) cooling coil total load: Qt
7. Adiabatic 1 s A cl +lws = c; + Iy
humidification or o - w; = f(6,) =0

outputs: 6, wg
Notes 1) QS = —Ql are outputs
2) Ql = 1yl
3) m,, = m(wy — ws)

AH
m m R .
dehumidification s N - inputs: 6, w;
s Ql ]
My

Figure 2 Elementary psychrometric processes. The arrows show the inputs and the outputs of the model
of the process.



The specific air enthalpy is then

hg = cO
{hl —lw (8)

where h, = c@ is the sensible specific enthalpy and h; = Iw is the latent specific enthalpy. With
this assumption, the transformation of the moist air can be decomposed in sensible, AH;, and
latent, AH,, exchange:
AHS == mCQZ - ThCQl (9)
AHl = mlWZ - mlWl

Therefore, the models that describe the elementary air-conditioning processes may be based on
decoupled sensible and latent heat balance. In the equations describing the elementary
processes, the dependent variables (or the outputs) are written on the left-hand side of the
equation and the independent variables (or the inputs) are on the right-hand side; in a block
diagram, the inputs and the outputs are indicated by arrows (Figure 2). The specific heat
capacity, ¢, and the specific latent heat, [, are considered constants. The mass flow of dry air,
m, is considered known. In these conditions, the elementary processes are represented on the
psychrometric chart by the input and the output points of the process. The elementary processes
are adiabatic mixing and processes with (sensible and/or latent) heat exchange (Figure 2).

3.2 Adiabatic mixing
The mixing of two airflows is without heat exchange with the environment. There are two cases
(Figure 2):
1) mixing with given ratio a: the two flows are am and (1 — a)m (Figure 2, process 1);
2) mixing with a given mass flow rate m,,: the two flows are m,, the given mass flow rate,
generally the outdoor air, and m — m,, generally the recycled or recirculated air (Figure
2, process 2).

3.3 Processes with heat exchange

The state of the moist air can be modified by sensible, Q,, and/or latent, Q,, heat exchange
(Figure 2). If both sensible and latent heat are exchanged, the temperature and the humidity
ratio of the air at the end of the process are modified (Figure 2, process 3). This is the case of a
thermal zone. The simplest psychrometric processes consist in changing the humidity ratio by
adding water vapor (Figure 2, process 4) or the temperature by heating or dry cooling (Figure
2, process 5). If the air is cooled at a temperature lower than its dew temperature, then the moist
condenses and the process evolves on the saturation curve (Figure 2, process 6) (Eppelheimer,
2002; Carrier, 1972). In adiabatic humidification or dehumidification (Figure 2, process 7), the
transformation is isenthalpic: the latent heat received by the air is equal to the sensible heat that
it lost by the air, Q; = —Q, = m,,l. The mass flow rate of evaporated water, i, = m(w; —
w,), is an output (i.e., a dependent variable) of the physical process.

3.4 Thermal loads of the building in steady-state models

Heating or cooling loads can be estimated by steady-state or dynamic calculations. Many
steady-state methods use U A A8 formulation (ASHRAE, 2017). The loads are decomposed in
sensible and latent heat (Wang, 2001; Kreider, et al., 2010; ASHRAE, 2017; ASHRAE, 2017,
Spitler, 2014). Generally, the total sensible load for a thermal zone TZ,



Qstz = Z UAy (B — 072) + Z Vil Oox — O12)

« (10)

k
+ Z M€ (Opx — Orz) + Z QsBL,k
. k k
is the sum of:

1) X UxAy (6,1 — 077) heat flow from outdoor to the thermal zone through wall k of
overall surface conductivity U, and surface area A, (opaque walls, glazing, roof, floor,
doors, etc.) [W];

2) Y Yl (8,1 — 072) heat flow from outdoor to the thermal zone through the thermal
bridge k of overall linear conductivity ¥, and length [, [W];

3) Xk myrc (6, — O77) advective heat transfer due to air infiltration of mass flow rate
i [WI;

4) Y. Qspi solar and all internal sensible heat gains of the building from occupants,
electrical devices, cooking, etc. [W];

where 6, is the temperature of the air outdoor of element k of the thermal zone [°C];
0, -temperature of the air in the thermal zone TZ [°C].

The total latent load of the thermal zone TZ,

Qurz = Z Myl Wox —wrz) + Z QlBL,k (11)
X X

is the sum of:
1) X Myl Wy, — wry) latent heat flow from outdoor to the thermal zone advected by
the mass flow rate m; , [W];
2) Yk QlBL‘k all internal latent heat gains of the building from: occupants, electrical
devices, cooking, baths, etc. [W],
where w,  is the humidity ratio of the air outdoor of element k [kg/kgqa];
wry - humidity ratio of the air in the thermal zone TZ [kg/kgga]-

The dynamic effects of the heat storage may be important for cooling, but, generally, they are
negligible for heating. Storage of latent heat is negligible for most cases (Kreider, et al., 2010;
TRANE, 2011). Cooling load temperature difference (CLTD), cooling load factor (CLF) or
radiant time-series (RTS) methods, which take into account the dynamic and solar effects, may
be put in the form of the system of equations (10). In the following, it is considered that the
thermal loads of the building are:

{QSTZ = (UA +m;c)(8, — Or7) + Qspe (12)
Qirz = ml(Wo —wrz) + Qs
where:
1) (UA +m;c)(6, — 615) is the sensible load through the envelope which takes into
account the heat transmission, the solar radiation and the time lag due to wall inertia
[W];
2) Qg represents the solar and all internal sensible gains of the building from: occupants,
electrical devices, cooking, etc. [W];
3) m;l(w, — wyy) is the latent load through air infiltration [W];



4) Q,, represents all internal latent gains of the building from: occupants, electrical
devices, cooking, etc. [W].

If the dynamic response of the building is considered, the term (UA + m;c) would become
variable in time; it could be expressed as a state-space model or as transfer functions (Ghiaus,
2013). Therefore, the first term of right-hand term of the 1% equation of systems (12) could not
be expressed in function of the difference of temperatures (6, — 6;;). The dynamic
formulation is out of scope of this paper.

4 Assembling the elementary processes to obtain a direct problem

A simulation model is obtained by assembling the elementary processes presented in Figure 2.
The resultis a system of linear and nonlinear equations that solves a direct problem. This system
may be solved iteratively by linearizing the saturation curve (Ghiaus, 2014; Ghiaus, 2016).

4.1 Linearisation of saturation curve

The humidity ratio (mixing ratio or moisture content) is defined as the ratio of the water vapor
mass, m,,, to the dry air mass, m:

my, Mw ny
w=—= _
m Mda Nga

(13)

M, = 18.015 286 kg/kmol and M = 28.966 kg/kmol are the molar masses of water
vapor and dry air, respectively,

n, =m, /M, and n = m/M are the molar fraction of water vapor and of dry air,
respectively.

In the moist air, the water vapor temperature is equal to that of the dry air. By using the ideal
gas law, it results that the humidity content on the saturation curve, wg, has a non-linear
dependence on temperature (Gatley & Perez-Ganlindo, 2009):

My, Dos Pos
w, = f(0) = ——"— =0.621 945 —=— 14
: Mdap_pvs P — Dus ( )
where
p is the barometric pressure [Pa];

pPvs - Saturation pressure of water vapor [Pa].

For the temperature range of —100 °C to 0 °C, the saturation pressure over ice is given by
(Gatley & Perez-Ganlindo, 2009):

Pos = exp(Cy /T + Cy 4 C3T 4+ C,T2 4+ CsT3 + C,T* + C,InT) (15)

where
C, = —5.6745359 - 103, C, = 6.392524 7, C; =—9.6778430-1073,
C, =6.2215701-1077, Cs=2.0747825-107% Cs = —9.484 024 0-10713,
C;, =4.16350109.



For temperature range of 0 °C to 200 °C, the saturation pressure over liquid water is given by
(Gatley & Perez-Ganlindo, 2009):

s = exp(Cg / T + Co + C1oT + C11T% + C1, T3 + Cy3InT) (16)

where
Cg = —5.8002206 - 103, Co =1.3914993 -10°, C;o = —4.8640239 - 1072,
Ci1=4.1764768 -107°,C;, = —1.4452093 - 1078, C;3 = 6.545 967 3 - 10°

In both equations (15) and (16), T [K] is the absolute temperature.

Alternatively, a simpler expression gives relatively accurate results within normal ranges of
temperature (Tetens, 1930; Monteith & Unsworth, 2008; Murray, 1967; Murray, 1967; Singh,
etal., 2002):

17.2694 9) (17)

Dys = 610.78 exp (m

where 6 [°C] is the air temperature.

Equation (14), expressing the humidity content on the saturation curve, can be linearized for
variations around 62:

Wy :WSO-I'fQISO(Hs_HSO) (18)

where fég = f'(82) is the value of the derivative of the function given by equations expressing

the humidity content on the saturation curve. If equation (17) is used, then equation (18)
becomes (Ghiaus, 2014):

o= df (6) i(MW Pus )
69~ de 6=62 de Mdap_pvs
17.269469
M, ) 2.502994 - 106 ¢ 65+2373 (19)
2

17.269462
(62 + 237.3)2 (p —610.78 ¢ e§’+237.3)

The use of approximate formula (17) for the computation of the derivative does not change the
value of the humidity ratio for which the more precise equation (16) is used.

4.2 Assembling the elementary processes in a direct model

A direct (or simulation) model may be obtained by assembling the elementary processes given
in Figure 2. The procedure has been already exemplified for a system with heating, adiabatic
humidification and heat recovery processes (Ghiaus, 2014; Ghiaus, 2016).

Let’s consider the widely used cooling and dehumidification system for a single zone (Stanke,
2000; Murphy, 2002; Murphy, 2004; Murphy, 2010). The cooling coil has an intrinsic bypass
factor, depending on its geometrical characteristics, with typical values given in Table 1, or can
be bypassed by a mixture of outdoor and return air, with typical values given in Table 2.



Table 1 Typical values of the bypass factor for finned coils (adapted from Carrier (1972), Table 61).

Depth of coils Without sprays With sprays
(rows) 3 fins/cm 5 fins/cm 3 fins/cm 5 fins/cm
Velocity (m/s)
15-35 15-35 15-3.0 1.5-3.0
2 0.42-0.55 0.22-0.38
3 0.27-0.40 0.10-0.23
4 0.15-0.28 0.05-0.14 0.12-0.22 0.04-0.10
5 0.10-0.22 0.03-0.14 0.08-0.16 0.02-0.06
6 0.06 -0.15 0.01-0.05 0.05-0.11 0.01-0.03
8 0.02-0.08 0.00-0.02 0.02-0.06 0.00-0.02

Table 2 Typical bypass factors for various applications (adapted from Carrier (1972), Table 62).

Bypass Type of application Example
0.30-0.50  Small total load or load with a low sensible heat factor. Residence
0.20-0.30  Typical comfort application with small total load or low Residence

sensible heat factor Small retail shop
Factory
0.10-0.20 Typical comfort application Dept. store
Bank
Factory
0.05-0.10 High internal sensible loads or large amount of outdoor Dept. store
air Restaurant
0-0.10 All outdoor air systems Hospital

The model of the system, obtained by using the elementary processes from Figure 2, is
represented in Figure 4. The system is composed of:

- A mixing box in which a mass flow rate of outdoor air, m,, controlled by the number
of occupants or by the minimum ventilation rate (and in-field applications by CO,
concentration), is mixed with recirculated indoor air. It is modelled by the elementary
process 2: Mixing with a given mass flow rate, MR.

- A cooling coil which has a bypass factor, 8, controlled by a damper D. They are
modelled by the elementary processes 6: cooling with dehumidification, CC, and 2:
Mixing with given ratio, MX.

- Arreheating coil, modelled by the elementary process 5: Heating or dry cooling, HC.

- Afan, F, which imposes the mass flow rate of the supply air, m.

- Asingle thermal zone. The transformation of the air in the thermal zone, TZ, is modelled
by the elementary process 3: Thermal zone. The thermal loads of the zone are given by
the block, BL, in function of the characteristics of the building, according to the system
of equations (12) which has

inputs:
UA  global conductance of the building [J/K];
m;  air infiltration mass flow rate [kg/s];
Q.. solar and auxiliary sensible gains of the building;
0,5, auxiliary latent gains of the building;
outputs:
Qsr, sensible load of the thermal zone;
Q,rz latent load of the thermal zone.

10



The inputs of the simulation model (indicated by inward arrows in Figure 4) are:

- temperature, 6,, and humidity ratio, w,, of the outside air (symbolized by the letter o
above the double line),

- total load of the cooling coil, Q... (Symbolized by the red arrow Q, related to the block
CO),

- sensible load of the heating coil, Q .. (symbolized by the red arrow Q; related to the
block HC),

- characteristics of the building: sensible, Qz;, and latent, Q,5, (symbolized by the red
arrow Q and Q, related to the block BL), infiltration air mass flow rate, m;, and overall
conductance, UA (symbolized by the blue arrows m; and UA related to the block BL).

The mass flow rates of supply air, m, and of outdoor air, m,, and the by-pass factor, £, are
parameters of the model. They are indicated below the double lines in Figures 4, 5, 7, 9, 11, 13
and 15.

In Figures 4, 5, 7, 9, 11, 13 and 15, the numbers above the double lines represent the
temperatures, 8,,k = 1...5, and the humidity ratios, wy,k = 1...5, of the state of the air
marked by the points 1 ... 5 in the psychrometric chart. These points (i.e., temperatures and
humidity ratios), along with the heat flow rates:
Qscc — sensible heat transferred by the cooling coil to the air flow [J];
Q,cc — latent heat transferred by the cooling coil to the air flow [J];
Qsr7 — sensible load of the thermal zone [J];
Q,r, — latent load of the thermal zone [J];
form the set of unknowns of the model. Note that:
- Point 0 (i.e., outdoor temperature, 6,, and humidity, w,) on the psychrometric diagram
is known (the outdoor temperature and humidity are independent variables).
- Sensible and latent loads of the thermal zone, Q4, and Q,r,, are unknowns (or outputs
or dependent variables): they depend on the indoor conditions (65, ws), which are
unknowns.

In psychrometric analysis done by hand, the sensible and latent loads of the thermal zone, Q
and Q,r,, are considered known. They allow us to calculate the sensible heat ratio

SHR = — %12 (20)
QSTZ + QZTZ

that is used in graphical calculations (TRANE, 2011). However, according to equations (12),
the loads depend on the indoor and outdoor conditions. Therefore, they will be considered
unknowns.

For the direct problem shown in Figure 4, there are 14 unknowns (Table 3) and 14 equations
obtained by assembling the elementary processes (Table 4). Equation (4) in Table 4 is the
linearized form of equation (14) around the point (82 = 62, w? = w?) obtained by using
equations (17) - (19).

A direct model is useful for verifying a solution; however, the sizing of a system is an inverse
problem. In sizing, some inputs or parameters of the physical system become outputs of the
computational algorithm, transforming the direct problem into an inverse one: control or
parameter optimization, depending on the type of the requested values.

11



Legend

Blocs Variables
- Elementary processes - Unknowns
MR mixing fix-rate in mixing box (2 eqgs.) 1,..,5 air states (8, Wi)lk=1.5
cC perfect cooling coil (4 egs.) ch total heat of cooling coil
MX mixing process in cooling coil (2 egs.) Oscc sensible heat of cooling coil
HC heating coil (2 egs.) ch latent heat of cooling coil
1z thermal zone (2 egs.) Qstic sensible heat of heating coil
BL building (2 eqs.) Qurz sensible heat of thermal zone
Oz latent heat of thermal
- Proportional controllers
Ky indoor air humidity ratio (1 eq.) - Inputs
Kq indoor air temperature (1 eq.) R outdoor air conditions
Os5p) Pssp indoor air conditions set-points
- Other blocs My mass flow rate of infiltration air
D by-pass damper UA overall conductance of building
F fan . . Qsp1 auxiliary sensible heat of building
¥ psychrometric function w = ¥(g) QisL auxiliary latent heat of building
Is least-squares controller
- Parameters
Flows i mass flow rate of supply air
—_— mass flow rate, temperature and moist ratio i, mass flow rate of outdoor air
— heat flow rate B by-pass factor of the cooling coil
— mass ﬂo‘f" rata Ko, Ky proportional controller gains for
N information flow

temperature and humidity

Figure 3 Legend for Figures 4 - 10.

F
i o e e ] B
m m 3 :
N AN A\ | |
s bl i :
m;
BL|uva |
A ' TQSTQE j i
Qs m w5 165
VooV

Figure 4 Cooling and dehumidification: direct (or simulation) problem obtained by assembling elementary
psychrometric processes (from Figure 2) and by using the building thermal loads in steady state (§3.4).
Legend in Figure 3.
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Table 3 List of unknowns for the direct model of cooling and dehumidification shown in Figure 4.
0o 1 2 3 4 5 6 7 8 9 10 11 12 13

01 wy 6, wy 03 wz 0, wy 05 ws OQscc Qicc Ustz Qirz

Table 4 System of equations for the direct model of cooling and dehumidification shown in Figure 4.

N°  Equation Symbol  Process
0. mcO; — (m—m,)chs =mch, MR Mixing with
1. mlw; — (m —m,)lws = mcw, given flow rate
(1 —P)ymch; — (1 — B)rmch, + Qscc = 0 cC Cooling with

2 ) g with
3. (1—B)mlw, — (1 — B)mlw, + Qicc = 0 dehumidification
‘51- fég 0, —w, =fg’g 63 — w3

Qscc + Qucec = Qeec

6. PBmco; + (1 —pB)mch, —mcH; =0 MX Mixing with

7.  Bmlw; + (1 - B)miw, —miw; =0 given ratio

8. 1hch; —mchy = —Qgpc HC Heating

9. mlw;—mlw, =0

10. mcl, — mchs + Qsrz = 0 TZ Thermal zone
11. mlW4_ - mlWS + QlTZ =0

12. (UA+m;c)0s + Qsrz = (UA+m;c)0, + Qg5  BL Building loads

13, riylws + Qurz = ylw, + Qs

5 Linear control problem: constant air volume (CAV) systems

A constant air volume (CAV) mixed-air system supplies a fixed mass flow rate of air, m,
usually to a single space or thermal zone (Stanke, 2000; TRANE, 2002). The aim of sizing is
to find the thermal load of the cooling coil and its Apparatus Dew-Point ADP (Eppelheimer,
2002), and the thermal load of the reheating coil (if supply air tempering is used).

5.1 Control of indoor air temperature & humidity in CAV systems with reheating
Temperature and humidity can be controlled in the thermal zone by using a cooling coil in
series with a heating coil (Stanke, 2000; TRANE, 2002). The aim of sizing is to find the total
load of the cooling coil, Q,cc, and the sensible load of the reheating coil, Q. This is a control
problem (Figure 1) since the loads, which are inputs of the physical system, become unknowns
and the temperature, €<, and the humidity, ws, of the thermal zone, which are outputs of the
physical system, are known (Figure 4). The proposed solution is to solve the control problem
by introducing two control loops: one for temperature (controller K, in Figure 5) and one for
humidity (controller K,, in Figure 5). In this approach, the temperature, 8<, and the humidity,
wg, are still outputs of the system (i.e., unknowns) but their values will be very near to their
set-points, 05 5, and ws ,. The errors between the values and their setpoints tend to zero as the
gains of the controllers, Ky and K, tend to infinity. Since usually the relative indoor humidity,
@s sp, IS indicated, a function, ¥, is used to transform it in humidity ratio, ws ,, (Figure 5).

By assembling the elementary processes (Figure 2), the model of the system, having the
unknowns given in Table 5, is obtained as a system of linear equations, given in Table 6.
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Figure 5 CAV system controlling the indoor temperature, 85, and humidity, ¢s, by acting on the cooling
coil [CC], Q;cc, and the heating coil [HC], Qsyc, respectively. The mass flow rate of supply air, m, is given
and constant (CAV system). The supply air temperature, 8,, is not controlled. See CAV_wd and §5.1 in
Ghiaus (2021). Legend in Figure 3.
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Figure 6 Psychrometric diagram for cooling and dehumidification of a single zone modelled by the block
diagram given in Figure 5. Implementation in §5.1 in Ghiaus (2021).

Table 5 List of unknowns for the model of cooling shown in Figure 5
0o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

01 wy 6, wy 03 wz 80, wy 05 ws Quc Oscc Qicc Usuc stz Qirz

14


https://mybinder.org/v2/zenodo/10.5281/zenodo.5579167?urlpath=lab%2Ftree%2Fcool_fig_06.ipynb

Table 6 System of equations for the model of cooling and dehumidification with reheating and linear control
of temperature and humidity ratio of the thermal zone (Figure 5).

N°  Equation Symbol  Process
0. mcl; — (m—my)cls = mch, MR Mixing with
1. mlw, — (m —m,)lws = mcw, given flow rate
5 (1=p)mico; — (1= B)rmch, + QSCC =0 ccC E%olin% with
3. (1= PByrilwy = (1= Byrilws + Qe = 0 ehumidification
4. foo 02— Wy = foo 63 —wj
—Qicc + Qscc + Quec =0
6. Pmch; + (1 — B)mchH, — mchs = 0 MX Mixing with
7. Bmiw; + (1 — B)ymlw, — mlw; =0 given ratio
8. mch; —mch,+ Qe =0 HC Heating
9. mlwz —mlw, =0
10. mmcO, — mcbs + Qgrz = 0 TZ Thermal zone
11 mlW4 - mlWS + QITZ = 0
12. (UA+mc)fs + Qsrz = (UA+m;c)0, + Qgp,  BL Building loads
13, 1iylws + Qurz = mylw, + Qupy,
s Kg Temperature
14. KoOs + Qrcc = Kossp controller
s K, Humidity
15, Kyws + Qsne = KuWssp controller

The system of equations from Table 6 is linear; it can be written as
Ax=Db (21)

where x is the vector of unknowns (Table 5), A is the matrix of coefficients, and b is the right-
hand term obtained from the inputs of the system and physical constants (Figure 5). The system
of equations (21) is solved by using np.1inalg.solve (Harris, et al., 2020)

Algorithm 1 Solve the nonlinear system of equations modelling the problem.
solve 1in (63)
repeat
solve AXx=Db for x

Aw, = w3 — wy|

09 =0,

until Aw, <e¢
return X

The non-linear model (21) is solved by finding iteratively the solution of the system of
equations from Table 6 by guessing the initial value of the Apparatus Dew Point, 89, which is
on the saturation curve, w) = f(82). Then, the value of 69 is updated to x, = 6,. The
procedure is repeated until the humidity ratio x; = w, is on the saturation curve with an
acceptable error Aw, = |w? — w,| < &. The procedure, equivalent to Newton-Raphson method
for solving non-linear equations, is given by Algorithm 1 (see cAv_wd in Ghiaus (2021) for
Python implementation). Figure 6 gives the results on the psychrometric chart. The indoor
conditions are 65 = 24 °C, ws = 9.30 g/kg, ¢s = 50 %. All the values of the problem are
given in the computational implementation (Ghiaus, 2021)
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5.2 Control of indoor air temperature in CAV systems without reheating
Typically, a constant air volume (CAV) system with mixed recirculated and outdoor air uses a
single cooling coil with modulated capacity in order to control the indoor temperature in the
thermal zone (Stanke, 2000). The model, obtained by assembling the blocks from Figure 2, is

shown in Figure 7.

.
prin & |
x| é 4m o 1z fn -
cc -2 oo,
1 - By i, -
Tocfe BL | ua f
r Tofo,
0, m |6

Figure 7 CAV system controlling the indoor temperature, 5, by acting on the cooling coil [CC], Q;cc. The
heating coil is not operating, Q ;. = 0. Indoor humidity, ws, is not controlled. The mass flow rate of supply
air, m, is given and constant (CAV system). The supply air temperature, 8, = 63, is not controlled. See
CAV_wd and §4.2 in Ghiaus (2021). Legend in Figure 3.
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Figure 8 Psychrometric diagram with typical processes for cooling and dehumidification of a single zone
modelled by the block diagram given in Figure 7. Implementation in §5.2 in Ghiaus (2021).

16


https://mybinder.org/v2/zenodo/10.5281/zenodo.5579167?urlpath=lab%2Ftree%2Fcool_fig_08.ipynb

The system of equations and the solving algorithm are the same as for cooling and reheating
discussed in 8 5.1 (Table 6 and Algorithm 1). The difference is in setting the gain of the
humidity controller to zero, K,, = 0 (Figure 7). Since the load of the heating coil is zero, Qg =
0, points 3 and 4 are superposed on the psychrometric diagram (Figure 8). The temperature of
the thermal zone, 65, is controlled, but the humidity ratio, ws, varies freely. For the example
given, the relative humidity changed from @5 = 50.0 %, when it was controlled, to ¢5 =
66.8 % (Figure 8). All the values of the problem are given in the computational implementation
(Ghiaus, 2021).

6 Non-linear parameter optimization problem

The cooling and dehumidification system shown in Figure 4 may be controlled by changing the
mix-air bypass, B, or by modulating the mass flow rate of the supply air, m (in which case it
becomes a variable air volume, VAV, system). Since the bypass factor, 8, and the supply air
mass flow rate, m, are parameters in the model described by the set of equations given in Table
4, the inverse problem is a parameter optimization problem (Figure 1). It is treated by
considering it a non-linear control problem solved by using an optimization algorithm.

6.1 Mix-air bypass control in constant air volume (CAV) systems without reheating

A simple and unexpensive solution to control the temperature and the humidity in the thermal
zone is to use a bypass damper to extend the dehumidification range of a constant air volume,
CAYV, air handling unit, AHU (Murphy, 2002; TRANE, 2002). The bypass factor, £, can be
found by solving the optimization problem:

find B so that e(B) = |vs, — v| < €aam (22)

where &4, is the admissible error between the variable v and its set-point vg,. The
optimization can be achieved by least-squares (Virtanen, et al., 2020).

6.1.1 Mix-air bypass control of indoor air temperature & humidity in CAV systems

The block diagram of a constant air volume (CAV) system with mix-air bypass control of
temperature and humidity is given in Figure 9. A non-linear controller Is changes the bypass
factor, 3, by acting on the damper D.

Let’s consider that the value that we want to control is the indoor air humidity, we. By defining
the error function as

ep) = |W5'sp_ W5| (23)
the problem is then to find the optimal value

Emin = mﬁin(e) subjectto 0 < g <1 (24)

by using least squares optimization (Virtanen, et al., 2020).

If £,,in < &, then, the optimal solution

17



B = argﬁmin(s) subjectto0 < <1 (25)

is the value of the bypass factor. If the minimum value of the error is not practically zero, i.e.,
Emin = €, then there is no solution to the parameter optimization problem, i.e., the humidity of
the thermal zone cannot be controlled by using a mix-air damper. Algorithm 2 synthesis the
procedure (see vBP wd (Ghiaus, 2021) for Python implementation).
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Figure 9 CAV with mix-air bypass controlling the indoor temperature, 85, by acting on the cooling coil [CC],
Qtcc, and the indoor humidity, ¢s, by acting on the by-pass damper D, . The heating coil is not operating,
Qsuc = 0. The mass flow rate of the supply air, m, is given and constant (CAV system). The supply air
temperature, 8, = 63, is not controlled. See VBP_wd and §6.1.1 in Ghiaus (2021). Legend in Figure 3.
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Figure 10 Psychrometric diagram for cooling and dehumidification by a CAV system with mix-air bypass
modelled by the block diagram given in Figure 9. Implementation in §6.1.1 in Ghiaus (2021).
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Algorithm 2 Find the bypass factor, 3, by least squares optimization.
function fis (v, Vgp):
function g(f):
solve 1in(82) (see
Algorithm 17
return &(B) = |vs, — |

find epp = mﬁin(e) subject to 0 <1

if Emin < Eadm *
return B = argmin(e) subject to 0SB <1
B

else print an error message

Figure 10 shows the results. As in Figure 8, the points 3 and 4 are superposed since the heating
coil HC is not operating. Both temperature and humidity of the indoor air are controlled: 65 =
24 °C, wg = 9.29 g/kg, ¢s = 50 %. They have practically the same values as in § 5.1. The
difference is that the bypass factor is § = 0.16 in 8 5.1 and £ = 0.0072 in § 6.1.1. All values
of the problem are given in the computational implementation (Ghiaus, 2021).

6.1.2 Control of indoor and supply air temperatures in CAV systems

Thermal comfort may be affected by the supply air temperature. Therefore, it would be
interesting to control the supply air temperature by acting on the bypass factor. However, the
problem has no solution. The sensible heat balance of the thermal zone, equation 10 from Table
4 or Table 6,

mc(8y — 6s) + Qsrz = 0 (26)
has no solution when all the variables are imposed:
m - the mass flow rate imposed because the system is with constant air volume (CAV);
0, - the supply air temperature;
O - the indoor air temperature;

Qsrz - the sensible load of the thermal zone.

The value of &,,;,, from relation (22) will not be almost zero (save special cases). Therefore, the
temperatures of the supply air and of the thermal zone cannot be controlled by the cooling coil,
Q.cc, and the bypass factor, .

6.2 Mass-flow control in variable air volume (VAV) systems

In variable air volume (VAV) systems, the mass flow rate of supply air, m, is modulated
(TRANE, 2002; Murphy, 2010). Since the mass flow rate, m, is a parameter of the model
(Figure 4, Table 4), modulating it is a parameter optimization problem (Figure 1) that can be
solved by least squares (Algorithm 3).

Algorithm 3 is similar to Algorithm 2: a value, v, and its set-point, vy, are specified. A least

squares optimization problem is solved (Virtanen, et al., 2020). If the minimum of the error

function is almost zero, m_in|vsp — v| < &£,4m, then there is a solution, i.e., a supply air mass
m
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flow rate m which can control the variable v. The controlled variable can be the indoor air
humidity of the supply air temperature.

Algorithm 3 Find the mass flow rate of the supply air, m, by least squares optimization.
function My (v, vgp):
function e(m):
solve 1in(69) (see
Algorithm 1)
return &(m) = |vs, — v
find &ni, = mﬁiln(e) subject to 0=<m < My,
1t Emin < &aam:

return m = argmin(e) subject to 0 < 1M < Mg,
m
else print an error message

6.2.1 Control of indoor air temperature and humidity in VAV systems without reheating

If the humidity ratio of the thermal zone is controlled, the variable v in the Algorithm 3 is the
relative humidity of the indoor air, v = @s. Figure 11 shows the block diagram of the model
obtained with elements from Figure 2. The non-linear least-squares controller Is acts on the
mass flow rate of supply air, m, in order to control the humidity of the indoor air, 8. The
processes are presented on the psychrometric chart on Figure 12. Since the heating coil HC is
not operating, points 3 and 4 are superposed. The system cannot control the indoor humidity at
50 %; the optimization gives 05 = 24 °C, ws = 11.83 g/kg (i.e., ¢s = 63.4 %). The humidity
in the thermal zone may be maintained at 50 % if the outdoor humidity is lower (e.g., ¢, =
50 %). All values of the problem are given in the computational implementation (Ghiaus,
2021).
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Figure 11 VAV system controlling the indoor temperature, 85, by acting on the cooling coil [CC], Q;cc, and
the indoor air humidity, ¢s, by acting on the supply air mass flow rate, m. The heating coil is not operating,
Qsuc = 0. See VAV_wd and §6.2.1 in Ghiaus (2021). Legend in Figure 3.
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Figure 12 Psychrometric diagram for cooling and dehumidification by a VAV system controlling the thermal
zone temperature and humidity modelled by the block diagram given in Figure 11. Implementation in §6.2.1

in Ghiaus (2021).

6.2.2 Control of supply and indoor air temperatures in VAV systems without reheating
If the humidity ratio of the thermal zone is controlled, the variable in the Algorithm 3 is the
supply air temperature, v = 6,. Figure 13 shows the model in which the non-linear least

squares controller Is acts on the mass flow rate of supply air, m, in order to control the supply

air temperature 6,. Figure 14 shows the processes on the psychrometric diagram on which
points 3 and 4 are identical because the heating coil is not operating. All values of the
problem are given in the computational implementation (Ghiaus, 2021).
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Figure 13 VAV system controlling the indoor temperature, 85, by acting on the cooling coil [CC], Q;¢¢, and
supply air temperature, 8,, by acting on the supply air mass flow rate, m. The heating coil is not operating,
Qsuc = 0. See VAV_wd and §6.2.2 in Ghiaus (2021). Legend in Figure 3.
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Figure 14 Psychrometric diagram for cooling and dehumidification by a VAV controlling the temperatures
of the supply air and the thermal zone modelled by the block diagram given in Figure 13. Implementation
in §6.2.2 in Ghiaus (2021).

r0.00

6.2.3 Control of indoor air temperature and humidity and of supply air temperature in VAV

systems with reheating
Typically, a variable air volume (VAV) system has a central air handling unit (AHU) that
supplies air to several zones, each served by a VAV terminal unit. While a constant air volume
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(CAV) supplies a fixed mass flow rate of air at variable temperature, the VAV terminals
modulate the air mass flow rate which has a constant temperature between 7 °C and 13 °C
(Murphy, 2010). Supply temperature and indoor temperature and humidity can be controlled
by “tempering” (i.e., reheating) the supply air at the VAV terminal (TRANE, 2002).
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Figure 15 VAV system controlling the indoor temperature, 85, by acting on the cooling coil [CC], Q;¢c, indoor
humidity, @5, by acting on the heating coil [HC], Qsy¢, and supply air temperature, 8,, by acting on the supply

air mass flow rate, m. See VAV_wd and §6.2.3 in Ghiaus (2021). Legend in Figure 3.
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Figure 16 Psychrometric diagram for VAV controlling the supply air temperature and the temperature and
humidity in the thermal zone modelled by the block diagram given in Figure 15. Implementation in §6.2.3

in Ghiaus (2021).
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Figure 15 shows the model. There are three control loops acting on cooling coil, Q,., heating
coil, Qs;c, and fan, m, in order to control the indoor temperature, 85, indoor humidity, ws or
@s, and supply air temperature, 6,. Figure 16 shows the results on a psychrometric chart. Both
temperature and humidity are controlled: 85 = 24 °C, ws = 9.29 g/kg, ¢ = 50 %. All values
of the problem are given in the computational implementation (Ghiaus, 2021).

7 Conclusions

This paper proposes a classification of the modelling problems into direct and inverse by using
the information flow in the physical processes and the computational algorithms. Direct
problems are when the physical and computational causality are the same; they are used to
verify the solutions. Inverse problems are when the physical and the computational causality
are different. In his paper, they are used for system sizing. The inverse problems are classified
in control and parameter optimization. This paper proposes to solve the control problem by
linear control (with practically infinite gain) and the parameter optimization problem by
formulating it as a least squares control problem.

The classification is then used to solve the problem of sizing the cooling and dehumidification
systems. It is proposed that a set of elementary psychrometric processes to be used to model
the physical elements of the air handling units and terminals. By assembling the elementary
blocks, the models of the air handling unit (in this case cooling coil, heating coil, mixing box)
and of the thermal zone can be obtained. Most of the equations describing the processes (i.e.,
the direct model) are linear. After linearizing the equation of the saturation curve, the system
of equations is solved iteratively; this is equivalent to using Newton-Raphson method.

The linear control problem is exemplified for a constant air volume (CAV) system with or
without reheating coil. The control system has as setpoints the temperature and the humidity of
the thermal zone and acts on the cooling and the heating coils. Since the outputs of the control
system are inputs of the physical system, it is a linear control problem. The model consists of a
system of equations which is nonlinear due to the vapor saturation curve. It is solved iteratively
as a linear model of the direct problem.

The nonlinear control problem consists in changing the bypass factor of the cooling coil or the
mass flow rate of the supply air. In the framework proposed in this paper, this is a parameter
optimization problem, i.e., find a parameter (the bypass factor or the mass flow rate of supply
air) that minimizes the error between the controlled variable (indoor air temperature and
humidity, and supply air temperature) and its setpoint. The optimization algorithm used was
least squares.

The advantage of the proposed modelling method is that it can be algorithmized. The solutions
to a set of variable conditions can be easily obtained in the design phase. The limitation of the
method is the use of steady-state models. This problem may be alleviated by corrections made
to the steady-state models.
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Annex: Psychrometric relations

The relations used in the psychrometric calculations (module psychro.py (Ghiaus, 2021)) are
given below.

Molar mass of dry air (Gatley & Perez-Ganlindo, 2009):

M4, = 28.966 kg/kmol (27)
Molar mass of water vapor (Gatley & Perez-Ganlindo, 2009):

M, = 18.015 286 kg/kmol (28)
Universal gas constant:

R = N,k = 8 314.462 618 153 24 ] /(K kmol) (29)

where N, = 6 022.140 76 - 10723 kmol ™%, Avogadro constant, and k = 1.380 649 - 10723 ]/
K, Boltzmann constant, have values defined in SI (BIPM, 2019).

Atmospheric pressure as a function of altitude —500 ... 10 000 m (Gatley & Perez-Ganlindo,
2009):

p =101.325 (1 —2.22577-107°2)52559 pa (30)

Saturation vapor pressure as a function of temperature: see equation (16) (Gatley & Perez-
Ganlindo, 2009):

p‘l)S - eXp(Cg / T + Cg + ClOT + Clsz + C12T3 + 613 ln T) (31)

Humidity ratio as a function of temperature and relative humidity:

_ My, ¢
Mda P — @ Pys

kg/kgda (32)

Derivative of the humidity ratio (32) at saturation for a given temperature uses the convenient
form of saturation vapor pressure over water:

_ af
Pvs = Cexp (9 n b> (33)
where a = 17.2693882, b = 273.16 — 35.86 = 237.3,and C = 610.78 (Murray, 1967). By

substituting (33) in (32), the derivative of humidity ratio, wy, at saturation, i.e., ¢ = 1 in (32),
as a function of temperature, 9, is:

25



ab
dw, dwydp,s M, p abCew (573

do — dpys df  Mgq (p—pys)? (6 +D)? (34)
M, ab P Pus

B Mda (9 + b)Z (p - pvs)z

Specific volume as a function of temperature and humidity ratio for a given altitude (default
0 m) (Gatley & Perez-Ganlindo, 2009)is:

R (M” + )(9+273 15) (35)
V=—— w .
Mv Mda

Relative humidity as a function of temperature and humidity ratio for a given altitude (default
0m)is:

p w
Y M,

(36)
+
Mda w
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