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Abstract 

We compare different methods for particle size determination in nanocrystalline anatase 
(TiO2) powders: transmission electron microscopy (TEM), nitrogen adsorption measurements, 
mercury porosimetry, and X-ray diffraction (XRD). The main source of errors in TEM is the 
sampling of the powder population, whereas in XRD the deconvolution of peak broadening 
due to instrument, microstrains, and crystalline domain size is delicate and can lead to 
unreliable results. Different approaches including Scherrer and Williamson-Hall equations are 
discussed. The presence of mesopores due to agglomerate formation is clearly revealed in 
adsorption measurements and porosimetry.  

 

1. Introduction 

One of the very basic insights of the physics and chemistry of solids is that most 
properties depend critically on the size of a solid in one, two, or three dimensions. Size effects 
appear when the characteristic size of the solid is reduced to a point where critical length 
scales of physical phenomena, such as a coherency length, a screening length, mean free paths 
for electrons or phonons, etc., become comparable. Typical examples of such relations are the 
domain size dependence for ferroelectric or ferromagnetic materials1 or the change of color of 
semiconductor nanoparticles if their size is reduced to a few nanometers.2  

The synthesis of materials with optimized properties by controlled manipulation of 
their microstructure on the atomic level is an emerging and rapidly growing interdisciplinary 
field.3 Apparently simple and yet by no means fully investigated examples of such 
"nanomaterials" are nanocrystalline powders, which can be defined as granular materials with 
a mean particle size below 100 nm and a size distribution around this value. The particle size 
distribution is of paramount importance for various properties of this type of sample including 
catalytic and photocatalytic effects, optical and electrical properties, and magnetism. A 
reliable and well-mastered particle size analysis is therefore necessary, but not trivial for 
particle sizes in the nanometer range and where broad size distributions exist.  

Several techniques are available to characterize nanocrystallite size and shape, 
including optical absorption spectroscopy, gas adsorption, X-ray diffraction (XRD), low-
frequency inelastic Raman scattering, small-angle X-ray scattering, dark-field electron 
microscopy, high-angle annular dark-field electron scattering, and high-resolution 



transmission electron microscopy (TEM).4-9 The particle size determination can be based on 
(i) direct observation of particles, in the nanometer range especially by TEM, (ii) 
measurements of the coherence length of the particles, e.g., by XRD, where the particle size is 
related to the diffraction peak broadening, or (iii) determination of thermodynamic properties 
directly related to the surface area of the particles; the most prominent examples are the 
surface area determination by gas adsorption and by liquid intrusion (mercury porosimetry).  

Each of these techniques has its advantages, but can also present artifacts, so that a 
comparison appears most suitable to determine the true particle size distribution of a powder 
population. An overview of recent literature shows few examples of such comparisons of 
different experimental techniques for particle size determination. One can cite, for example, 
correlations between high-resolution TEM, small-angle X-ray, and low-frequency inelastic 
Raman scattering.9 A sophisticated image analysis of high-resolution TEM micrographs was 
also developed.10 A discussion of the sources of error and the respective 
advantages/disadvantages of the techniques is often avoided. This situation was the starting 
point of our study: its objective is to compare the techniques mostly used for particle size 
determination, especially for the nontrivial case of nanocrystalline powders. In this study, 
TEM, XRD, gas adsorption, and mercury porosimetry techniques have been applied to 
characterize the particle size and particle agglomeration. The point of the present work is to 
benefit from the complementary nature of these four methods to study the particle size 
distribution.  

The investigation was performed on phase-pure nanocrystalline anatase (TiO2) as a 
model material. Anatase has many exciting applications in the field of energy and the 
environment, which are directly related to the particle and/or pore size: one can mention the 
photoelectrochemical properties used in dye-sensitized solar cells11 or the photocatalytic 
properties used for water decontamination and self-cleaning devices.12 Furthermore, the 
electrical properties of anatase are critically dependent on the particle size.13  

2. Experimental Section 

The anatase powders were prepared by the sulfate route.14 In this process, the mineral 
precursor was dissolved in sulfuric acid and the titanium sulfate solution was then hydrolyzed 
by heating to 95-110 C. The hydrolysis product was filtered and the filtrate was thoroughly 
washed until neutral pH was obtained. It was then calcined under air for 1 h at temperatures 
between 300 and 1100 C to obtain a well-defined particle size distribution. Samples 
calcined at 300, 600, 700, and 800 C will be particularly considered in the following, and 
are called samples A-D, respectively. The obtained powders were chemically analyzed by 
gravimetric techniques and ICP emission analysis. The concentrations of various impurities 
are given in Table 1 (total impurity content ~0.25 mol %).  

The particle and pore size determination was based on four complementary 
techniques. First, the particle size distribution was determined by TEM observations. The 
transmission electron microscope (JEOL 2010 F) was equipped with a field emission gun and 
was operated at 200 kV (point resolution 0.18 nm). Electron diffraction (ED) patterns were 
recorded to confirm the phase-purity of the samples and the absence of rutile phase. TEM 
samples were prepared as follows: the anatase powder was ultrasonically dispersed for 3 h in 
absolute ethanol and afterward deposited on a carbonated copper grid. Quantitative 
measurements of size distribution were carried out by image analysis with a two-step 
procedure.15 (i) Due to low contrast variations within TEM images, tested commercial 



software was unable to find a large number of particles. In this context, particles were 
manually selected. (ii ) The free software "Image Tool" was then used to perform image 
analysis. The distribution was investigated on the major axis length. To get statistically 
significant results, analysis was performed on more than 100 particles.  

Second, adsorption measurements were performed at -196 C using nitrogen as test 
gas in a commercial apparatus (ASAP 2010 Micromeritics). The sample was initially 
outgassed under a pressure of 10-2 Pa at a temperature of 140 C for 1 h. Furthermore, 
mercury porosimetry experiments were performed using an Autopore II 9220 Micromeritics 
apparatus.  

Third, X-ray powder diffraction (XRD) was performed in the classical Bragg-Brentano 
-2  geometry (Siemens D5000 diffractometer) using Cu K1 radiation (  = 0.15406 nm), a 

LiF crystal monochromator, and Soller slits. The experimental conditions of acquisition were 
fixed as 0.02  by step and 5-s accumulation time in the 2 range 20-103. To assess the 
instrumental line broadening, the XRD pattern of a standard microcrystalline rutile powder 
was recorded. The "Powder Cell" freeware v. 2.4 (Kraus, W. and Nolze, G., FIMRT, Berlin) 
was used to fit the data (Rietveld procedures) and to correct the residual Cu K2 radiation. 
Peak profiles were assumed as pseudo-Voigt.  

3. Results 

Determination of Particle Size Distribution by Transmission Electron Microscopy. 
Figure 1Ai-Di (i = 1, 2, 3) show typical TEM images and corresponding ED patterns of TiO2 
powder samples as a function of calcination temperatures (300, 600, 700, and 800 C). 
Particle size distributions are presented in Figure 2A-D.  

 

Figure 1 Transmission electron micrograph and corresponding electron diffraction patterns for 
powder samples A-D calcined at 300, 600, 700, and 800 C.  

 



Figure 2 Particle size distributions for powder samples A-D.  

In the case of the sample calcined at 300 C (sample A), a narrow distribution is 
deduced: the particle size domain ranges from 5 to 20 nm with an average value of 12 nm 
(Figure 2A). It is worth mentioning that particles are embedded in agglomerates with a broad 
distribution (Figure 1A2) from 30 to 200 nm. ED patterns of agglomerates are characteristic 
of pure anatase phase (Figure 1A3).  

As expected, Figures 1B1, C1, and D1 show clearly an increase of the average particle 
size with calcination temperature. Size distributions (Figure 2B-D) shift to larger average 
values (Table 2) and broaden monotonically and asymmetrically for samples calcined from 
600 to 800 C (TEM size histograms 2C and D are well approximated by log-normal 
distributions). For samples heated at 600 C, domain size ranges, on one hand, from 10 to 50 
nm, which contains the major part of the agglomerated particle population. On the other hand, 
a few isolated particles have sizes around 100 nm (Figure 1B2), which can be due to a 
coalescence of primary particles in agglomerates. Grain boundary formation between particles 
embedded in agglomerates is clearly observed (Figure 1B1). At 700 C, the particle size 
domain ranges from 20 to 80 nm with an average of 35 nm (Figure 2C). It is important to 
notice that the 100-nm particles population is confirmed (Figure 1C2).  

Electron diffraction patterns of 200-nm particles after calcination at 800 C, present typical 
(101), (103), and (004) reflections of the anatase phase (Figure 1D3). No rutile phase is 
detected up to 800 C. This result is in good agreement with the XRD analysis developed in 
the third part. The particle size distribution (Figure 2D) is characterized by a large domain 
from 30 to 200 nm (Figure 1D2), which corresponds to agglomerate sizes previously observed 



at 300 C. One can notice that the coalescence of small primary particles in agglomerates 
leads to extinction of the particle population below 20 nm.  

The large broadening is related to the particle growth and sintering processes in order 
to minimize the excess interfacial free energy, which is proportional to 2/R for spherical 
particles of radius R. is the specific interfacial free energy, equal to the surface energy of the 
solid in equilibrium with the surrounding gas atmosphere in case of particle growth. In case of 
grain boundary formation, is the boundary energy of the solid in equilibrium with a solid of 
same composition and structure. Particle sintering and growth depend on the number of 
neighbor particles in contact (i.e., the particle coordination number cn), which can coalesce to 
form, in fine, a unique big particle. A dispersion of cn and of agglomerate size in the 
precursor powder lead to a progressive distribution of particle size as the calcination 
temperature increases, i.e., at 600, 700, and 800 C.  

As a first conclusion of the TEM image analysis, in case of largely distributed particle size 
batches (20-200 nm), i.e., powders calcined at 600, 700, and 800 C, imaging at different 
scales is needed to estimate correctly the proportion of small particles (10-60 nm in diameter) 
embedded in agglomerates (30-200 nm in diameter) and the proportion of large particles (120-
200 nm in diameter). Furthermore, the particle overlapping in agglomerates leads to quite 
noisy images making the determination of proportion and size of the smallest particle 
population a very difficult task.  

Adsorption Measurements under Nitrogen and Mercury Porosimetry. Figure 3 
shows the adsorption isotherms obtained for powder samples A, B, and D (P  = 1.013 bar). 
Applying the BET (Brunauer, Emmett, and Teller) model, the specific surface area of a solid 
sample in contact with the gas phase can be calculated using linear regression in the low-
pressure range16 (unit m2/g). The BET surface area SBET can be written as the total surface 
area of the powder population divided by the powder mass (eq 1).17 The factor 6 applies for 
spherical as well as for cubic particles. The surface and the mass of each individual particle 
are related to its size Di, as shown in eq 1. is the experimental density of the solid. 
Classically, the BET surface area is also related to the average particle size DBET, as follows: 
 

 
 
The specific surface area for the different powder samples can be calculated using eq 1 
and the discrete particle size distributions obtained from TEM images (Figure 2A-D). 
Table 2 compares the calculated specific surface area with the area obtained 
experimentally by adsorption measurements using nitrogen gas. The specific surface 
areas obtained from TEM size distribution and the BET experiments are in good 
agreement except for B and C batches, if we take into account in the calculation the 
few observed particles above 110 nm. The weighting of surfaces by the total particle 
mass in the BET calculation overemphasizes big particles that present a small specific 
surface area but contain a lot of matter. On the other hand, it confirms the 
underestimation of the small particle population by TEM analysis.  

 
 



 
Figure 3 Nitrogen adsorption isotherms for powder samples A, B, and D. 

One notices at higher relative pressure (above P/P  = 0.6) in the adsorption isotherms a 
sudden increase of adsorbed nitrogen quantity followed by a "plateau". The observed 
hysteresis, especially for samples A and B, is characteristic of a mesoporosity16

 (pore diameter 
in the range 2-50 nm). We can apply the BJH (Barrett, Joyner, and Halenda) model18 based on 
capillary condensation in mesopores described by the Kelvin eq 2 

 
 
In this equation, is the surface energy of the liquid at the adsorption temperature T, r is the 
curvature radius of the liquid meniscus (which is related to the pore size), and V is the molar 
volume of the liquid. For nitrogen adsorption at 77 K, one obtains an empirical equation16 

 
 
We can estimate the mesopore size distribution using the plot given in Figure 4. Here, the 
derivative of the cumulative volume Vc by the pore size Dp is plotted versus Dp. For sample A, 
a mean pore size of (6 ± 2) nm is obtained. The hysteresis in Figure 3 is shifted to higher 
pressures for sample B, corresponding to a larger mean pore size of (9 ± 4) nm. In case of 
sample D, no mesoporosity remains. Furthermore, the total mesopore area and the specific 
surface area SBET are almost equal for samples A and B. This implies that the particles do not 
contain any microporosity.  
 
 



 
Figure 4 Pore size distribution for samples A and B, obtained using the BJH model. 

The mercury porosimetry results for powder specimens A and D are shown in Figure 5. In 
very good agreement with the nitrogen absorption measurement, an average pore size around 
7 nm is observed in sample A. In the perspective of TEM observations (see Figure 1A2, B2), 
the mesoporosity in sample A and B can be attributed to interparticle porosity in agglomerates 
(i.e., intra-agglomerate porosity). Following this, the shoulder at higher pore radius for sample 
A in Figure 5 must be due to the inter-agglomerate porosity, which appears distributed 
between 10 and 100 nm. A schematic representation is given in Figure 6. This means and 
confirms the preliminary TEM observations in sample A, that the particle agglomerates are 
very distributed in size from 30 to 200 nm. When the temperature of calcination increases, 
particle growth and particle boundary formation are activated, leading to a progressive 
coalescence of primary particles inside agglomerates, consistent with sintering theory.19 At 
800 C (sample D), most agglomerates have coalesced giving a broad particle size 
dispersion, which reflects the primitive agglomerate size distribution.  



 
 
Figure 5 Mercury porosimetry for powder samples A and D. Note that there is almost 1 order 
of magnitude between the two ordinates.  
 

 
 

Figure 6 Schematic model showing intra- and inter-agglomerate porosity in sample A. 



Determination of Particle Size and Microstrain by XRD. Figure 7 shows the refinement of 
peaks when the calcination temperature increases. These XRD patterns confirm, in agreement 

with TEM, that up to 800 C calcination temperature, anatase remains phase-pure without 
any indication of rutile phase. 

 

 

Figure 7 X-ray diffraction patterns of TiO2 powders calcined at 300-1100 C.  
 
 
 

In the diffraction pattern, peak broadening is due to four factors: microstrains 
(deformations of the lattice), faulting (extended defects), crystalline domain size, and domain 
size distribution. If we assume that analyzed TiO2 crystals are free of strains and faulting, 
peak broadening is only due to crystalline domain size D, which can then be calculated by the 
Scherrer formula:2021 
 

 
 
K is a constant which depends on the particle morphology and varies from 0.89 to 1.39 rad. In 
the following, we use consistently K = 1, which corresponds to an average volume of the 
apparent size D independently of a peculiar morphology.22 is the Cu K radiation (in nm), W 
is the full width at half-maximum (fwhm in radian), and is the diffraction angle (deg).  



An additional instrumental broadening, arising from slit width, penetration in sample, 
imperfect monochromaticity, and imperfect focusing is generally observed. For a detailed 
analysis and comparison of peak broadening and data processing, see the review by Balzar.23 
To deconvolute size and instrumental effects, two simplified methods are generally applied, 
Cauchy (eq 5) or Gauss approximation (eq 6), depending on the assumed mathematical 
profiles describing the two effects i.e., Lorentzian or Gaussian, respectively. 

 
 

 
 
To correct the instrumental broadening, we used two approaches. (1) The classical approach, 
in which the instrumental broadening is given by the X-ray diffraction pattern of a standard 
microcrystalline rutile sample (Figure 7, 1100 C batch), in which the particle size (2 m) is 
large enough to eliminate particle-size and microstrain broadening. The fwhm of rutile peaks 
as a function of 2 is very well described by Cagliotti's law.24 (2) A linear regression of 
experimental fwhm for the (101) reflection of anatase has been plotted as function of the 
inverse BET value 1/DBET (Figure 8a). Value of experimental fwhm is deduced, for 
microcrystalline sample, from the intercept. Afterward, Gauss and Cauchy approximations are 
calculated in Figure 8b. In our case, an excellent correlation is obtained with the Cauchy 
approximation. This effect can be explained by the crystallite size distribution in our 
batches.25 On the other hand, the Gaussian profile is in good agreement with the experimental 
profile obtained with our standard rutile sample and in the literature the mostly used 
assumption is Gauss.22  
 
 



 
Figure 8 (a) Correlation of fwhm with the inverse particle size, obtained by BET experiments. 
(b) Gauss (open dots) and Cauchy (black marks) approximations.  
 

 

Finally, we present the results obtained with the Gauss approximation using Cagliotti's 
equation. The results obtained with Scherrer's formula on (101) and (200) peaks are 
summarized in Table 3.  



 

Figure 9 Deconvolution of strain and size effects using 4 different approximations, from top 
left to bottom right: (a) Cauchy-Cauchy, (b) Gauss-Gauss, (c) Cauchy-Gauss, and (d) Gauss-
Cauchy (cf. Table 4).  
 
The additional line broadening due to microstrain S can be expressed according to Stokes and 
Wilson23 

 
 
Combining eqs 4 and 7, a separation of the two broadening effects is possible by the so-called 
Williamson-Hall plot of Wcos vs sin: 26 

 
 
In this representation, W is assumed to be the addition of the line broadening due to 
microstrains and due to particle size. Therefore, if we plot W cos versus sin , microstrain is 
calculated from the slope and the particle size is obtained from the intercept. The linear 
additivity implies a Lorentzian shape for both broadening effects (Cauchy approximation). 
One can also consider three other cases, i.e., Gauss-Gauss, Gauss-Cauchy, or Cauchy-Gauss 
deconvolution for the two effects (the equations are summarized in Table 4). An example of 
"Williamson-Hall" plot for the smallest particles (sample A) using the four different 
deconvolutions is shown in Figure 9. One can notice a very good linear dependence of the 
experimental points, especially with the Gauss-Gauss approximation. The results for different 
powder batches using Gauss-Gauss approximation are compiled in Table 3.  



One can conclude that consistent results are obtained using the Scherrer equation, corrected 
by BET data, and the Williamson-Hall (W-H) equation, except for the 800 C sample D 
where the experimental uncertainty is much larger. It is worth knowing that the Scherrer 
formula is valid as long as the particle size is smaller than 100 nm. The Williamson-Hall 
determination for sample D is very well correlated with the average TEM values (cf. Table 2). 
From the Williamson-Hall equation, we can also determine the average microstrain 
distribution s. The order of magnitude of s is in agreement with the values determined by 
Bregani et al.27 We observe that s decreases with increasing particle size above 600 C. An 
isotropic strain only shifts the peak position (correlated to the homogeneous cell parameter 
evolution as a function of stress). Therefore, this size dependence of s could be related to a 
"skin" effect due to a stoichiometry evolution from the surface to the bulk of TiO2-x well-
known for oxide materials.28 The thickness of the "skin" (space charge region), , where the 
cell parameter is variable due to microstrain distribution, may be crystallite size independent, 
proportional to /D. The linear variation of s as function of the inverse average particle 
diameter shown in Figure 10 is in agreement with this kind of explanation.  

 

 

Figure 10 Microstrain calculated using Williamson-Hall equation as function of the inverse 
particle size.  
 

4. Discussion 

One notices globally a satisfactory agreement among the average particle size values from 
TEM, BET, and XRD. However, let us discuss the respective advantages and disadvantages 



of the three techniques. TEM analysis provides direct information without hypothesis on 
crystalline domain shape. The advantage of TEM is clearly the visualization of objects and 
structures, here anatase single crystals, allowing counting of discrete objects and direct 
deduction of a statistical particle size distribution. However, possible artifacts are related to 
the sampling of the powder population including the choice of the investigated objects. 
Furthermore, the size distribution obtained from TEM can be unreliable due to the difficulty 
in counting small particles (contrast problems, large particles will be counted more easily) and 
also where the separation between crystallites is unclear, e.g., in case of agglomerated 
particles, containing in reality several smaller particles (e.g., Figure 1A). The gas adsorption 
technique is very sensitive to small particles (large surface!) and to inter- and intra-granular 
porosity. This can induce a large error for powder populations with a large size distribution 
and important agglomeration. One remarks discrepancies between BET calculation and TEM 
observation for the most distributed samples C and D (Table 2). Moreover, standard 
measurements using nitrogen gas induce a supplementary uncertainty related to the 
nonspherical nitrogen molecule that is polarizable on charged surfaces (induced dipole 
interaction), which can generally be expected for an ionic solid, such as titanium dioxide. The 
surface occupied by a nitrogen molecule can vary substantially, depending on its orientation 
(vertical or horizontal). It can therefore be more favorable in certain cases to use a spherical 
atom, such as argon, to do adsorption measurements. The XRD technique requires several 
corrections and deconvolutions to reach reliable particle size values: the presence of K2 
radiation and instrumental line broadening have to be taken into account. Ionic systems 
commonly exhibit no stacking faults and a small amount of strain. The Williamson-Hall 
approach taking the strain effects explicitly into account works better for the largest sample D. 
To separate strain and size broadening effects, a Gaussian deconvolution gives the best 
results. Generally, only a complex mathematical modeling of the experimental data, 
introducing explicit profiles of particles size distribution can allow extraction of statistical 
parameters from averaged information about a particle population.  

 

5. Conclusion 

We have investigated various particle size determination methods (TEM, BET, and XRD) for 
the specific case of nanocrystalline powders, here single-phase anatase with mean particle size 
between 12 and 120 nm. We have shown that all techniques have their respective advantages, 
but can also produce specific artifacts. It is also important to keep in mind that each specific 
technique requires discussion of sampling and statistics.  

The advantage of TEM is the direct observation. However, small particles may be overlooked 
or can be difficult to distinguish in agglomerates. The advantage of BET is to give a global 
surface area value, from which an average particle size can be calculated assuming regular 
(cubic or spherical) and monodisperse particles. Scherrer's equation applied to fwhms of XRD 
peaks gives a crystallite size in relatively good agreement with TEM and BET. The coupling 
of the gas adsorption technique and the direct observation by TEM offers the advantage of a 
certain simplicity and a good correlation/complementarity of the information (specific area, 
mesoporosity, and microporosity on one side, and size, size distribution and agglomeration on 
the other one).  

To limit the broadening of the particle size distribution with temperature, the precursor must 
be treated before calcination (by mechanical and/or chemical means) to reduce the 



agglomerate size distribution. It is worthy to note that microcrystalline anatase particles are 
obtained under the thermal conditions of powder treatment presented in this work.  
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Table 1. Gravimetric and ICP Analysis of Impurities in Anatase (TiO2) Samplesa 

  concentration/ppm 

element ICP gravimetry  

Na  930  1200-1300  

Si  200  385  

S  410  270  

      

a Other: P, 270; Zr, 175; Nb, 68; Mg, 21; Al, 13; V, 9; Fe, 8; Pb, 5; Ba, 4; Cr, 3; Zn, 3; Cu, 2; 
Ni, Co, Mn < 1 

 
 

Table 2. Experimental and Calculated (Eq 1) BET Surface Areas; Average Particle Sizes 
Calculated from BET Data (Eq 1) and Observed by TEM 

temp C SBET, exp m2/g SBET, calc m2/g DBET nm DTEM nm  

300  115  114  13 ± 1  12 ± 3  



600  71  50a  22 ± 2  24 ± 10  

700  35  30a  45 ± 4  35 ± 15  

800  13  14  120 ± 10  70 ± 35 

a The given value was obtained without taking into account the small particle population over 
110 nm. 

 
 

Table 3. Comparison of XRD Results Using Gauss Correction for Instrumental Broadeninga 

  Reference: microcrystalline rutile Reference: BET data 

  Williamson-Hall Scherrer Scherrer 

temp/ C D/nm S D(101)/nm D(200)/nm D(101)/nm D(200)/nm  

300  26 ± 5  0.0014  24 ± 5  20 ± 5  25 ± 8  22 ± 8  

400  26 ± 5  0.0014  24 ± 5  20 ± 5  25 ± 8  22 ± 8  

500  28 ± 5  0.0010  27 ± 5  23 ± 5  29 ± 8  25 ± 8  

600  30 ± 5  0.0012  29 ± 7  24 ± 6  32 ± 9  26 ± 9  

700  41 ± 8  0.00071  37 ± 9  33 ± 8  44 ± 12  40 ± 12  

800  71 ± 15  0.00035  58 ± 15  53 ± 12  121 ± 40  103 ± 40 

aThe uncertainty takes into account the background and the K 2 corrections (errors between 
15 and 20%) and the data fitting by pseudo-Voigt functions (between 3 and 10%). 

 
 

Table 4. Equations Used for Deconvolution of Size and Strain Effects 

convolution hypothesis of size and strain effects equation  

Cauchy-Cauchy  W*= 1/D + S 2d*  

Cauchy-Gauss  W*= 1/D + 4 S
2
 d* 2/W* 

Gauss-Gauss  W* 2 = 1/D2 + 4 S
2
 d*2  

Gauss-Cauchy  W* 2 = 1/D2 + S 2d* W*  

  


