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In this paper, we consider triangular nonconforming finite element approximations of an interface elliptic problem. We propose two extensions of the conforming Nitsche's extended finite element method to the nonconforming case.

The first one is obtained by adding stabilisation terms on the cut edges, and the second one by modifying the Crouzeix-Raviart basis functions on the cut cells. Both discrete problems are uniformly stable and yield optimal a priori error estimates, uniformly with respect to the diffusion parameters. Moreover, we show that they exhibit the same robustness with respect to the position of the interface as the classical conforming method. We then validate these results numerically. Finally, we propose a nonconforming approximation of the interface Stokes problem based on the modified Crouzeix-Raviart elements and we illustrate it numerically.

Introduction

Several finite element methods have been proposed in the last years in order to take into account discontinuities which are not necessarily aligned with the mesh. One of them is NXFEM (Nitsche's eXtended Finite Element Method), introduced by A. Hansbo and P. Hansbo in [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF] and based on the use of Nitsche's method to treat the transmission conditions on the interface. This method is also called "unfitted FEM" or "CutFEM". It uses standard finite element spaces, which are enriched on the cells cut by the interface, such that the degrees of freedom are doubled on these cells. Some recent developments of NXFEM concern its robustness with respect to both the geometry and the physical coefficients, see for instance [START_REF] Barrau | A robust variant of NXFEM for the interface problem[END_REF][START_REF] Annavarapu | A robust Nitsche's formulation for interface problems[END_REF], or its application to different model problems, such as fluid flow or fluid-structure interaction, cf. for instance [START_REF] Burman | An unfitted Nitsche method for incompressible fluid-structure interaction using overlapping meshes[END_REF][START_REF] Burman | Fictitious domain methods using cut elements: III. A stabilized Nitsche method for Stokes problem[END_REF][START_REF] Massing | A Nitsche-based cut finite 455 element method for a fluid -structure interaction problem[END_REF][START_REF] Massing | A stabilized Nitsche fictitious domain method for the Stokes problem[END_REF].

We mainly focus in this work on an elliptic equation with discontinuous coefficients across an interface. NXFEM has mostly been used so far with continuous finite elements; variants for discontinuous Galerkin approximations can be found in [START_REF] Bastian | An unfitted finite element method using discontinuous Galerkin[END_REF][START_REF] Massjung | An unfitted discontinuous Galerkin method applied to elliptic interface problems[END_REF]. The goal of the present paper is to extend it to the case of nonconforming elements on triangular meshes, without any loss of robustness.

These elements are widely used due to their small stencil and to the fact that they satisfy the inf-sup condition for Stokes equations.

For P 1 -continuous elements, the degrees of freedom are associated to the nodes, which belong to only one of the sub-domains delimited by the interface.

Meanwhile, the degrees of freedom of the Crouzeix-Raviart P 1 -nonconforming elements [START_REF] Crouzeix | Conforming and nonconforming finite element methods for solving the stationary Stokes equations[END_REF] are associated to the edges, so those associated to the cut edges belong to two sub-domains simultaneously. Due to this feature, a direct application of the NXFEM principle, which consists in doubling the degrees of freedom on the cut cells, does not allow to optimally bound the consistency error.

To overcome the previous difficulty, we propose two approaches. The first one consists in keeping the classical Crouzeix-Raviart space and in adding stabilisation on the cut edges, inspired by the discontinuous Galerkin method with interior penalty. The method thus becomes consistent on the cut cells. The second approach consists in modifying the nonconforming basis functions on the cut triangles, by associating their degrees of freedom no longer to the whole edges but to the segments of cut edges. The consistency error on the cut cells has now an optimal convergence order, and stabilisation is only employed on the interface, as in the conforming NXFEM.

Both methods yield uniformly stable discrete problems, with respect to the position of the interface and the diffusion coefficients simultaneously. The uniform coercivity and continuity of the bilinear forms further imply that the condition numbers are robust, too. Note that in the original conforming NXFEM [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF], only the robustness with respect to the position of the interface was considered; by introducing judicious weights, a uniformly stable variant with respect to both the geometry and the coefficients is proposed in [START_REF] Barrau | A robust variant of NXFEM for the interface problem[END_REF][START_REF] Annavarapu | A robust Nitsche's formulation for interface problems[END_REF].

In this paper, we are mostly interested in another important feature of NXFEM, the robustness of the error estimate with respect to the position of the interface and the diffusion coefficients. For this purpose, the standard approach is to study the interpolation error, and then use the Céa or the Strang lemmas.

As regards the conforming case, the H 1 -interpolation error is robust, see [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF] but, to the best of our knowledge, there is no theoretical proof for the robustness in energy norm. Indeed, the interface term can be uniformly bounded with respect to either the position of the interface or the diffusion coefficients (see Section 2), but not to both of them simultaneously.

Under a non-restrictive hypothesis on the interface, we prove that the two nonconforming methods have the same behaviour with respect to the position of the interface and the diffusion coefficients as the conforming one. We next focus on the modifications due to the use of nonconforming finite elements.

For the first nonconforming method, we apply Strang's lemma in order to establish the robustness. Since one can use a well-known interpolation operator (here, the Crouzeix-Raviart one), then one only has to bound the additional term (in comparison to the conforming case) which appears in the interpolation error. This term results from the stabilisation on the cut edges and the proof of its robustness is direct. It relies on a precise trace inequality, written on a triangular part of a cut cell instead of the whole cell.

As regards the second nonconforming method, we have managed to prove its robustness by considering, for a theoretical purpose only, a NXFEM formulation written on completely discontinuous spaces. The latter has exactly the same stabilisation terms on the cut edges as the first nonconforming formulation, and therefore the same robustness. By passing to the limit as the stabilisation parameters tend to infinity in this discontinuous Galerkin problem, we retrieve our nonconforming method with modified basis functions. Since the constant in the dG error estimate is independent of the stabilisation parameters, the passage to the limit yields the desired robustness for the nonconforming limit problem, too. This approach allowed us to avoid the study of the interpolation error for the modified elements on the cut cells, which rises a technical difficulty (see the Appendix).

We also propose without any proof an extension to Stokes equations, which uses the modified Crouzeix-Raviart elements for the velocity and piecewise constant elements for the pressure. Stabilisation is added only on the interface, contrarily to the other NXFEM methods for the interface Stokes problem in the literature, cf. for instance [START_REF] Becker | A Nitsche extended finite element method for incompressible elasticity with discontinuous modulus of elasticity[END_REF][START_REF] Burman | A unified stabilized method for Stokes' and Darcy's equations[END_REF][START_REF] Hansbo | A cut finite element method for a Stokes interface problem[END_REF]. The numerical tests are in agreement with the expected theoretical results of stability and convergence.

The outline of the paper is as follows. Section 2 contains the employed notation and the presentation of NXFEM with conforming finite elements. In Section 3, we introduce and study the nonconforming method with additional stabilisation. Section 4 is devoted to the analysis of the nonconforming method with modified Crouzeix-Raviart elements. Numerical tests for the elliptic problem are shown in Section 5, whereas in Section 6, we consider a nonconforming approximation of the Stokes equations and we validate it numerically. Section 7 contains some concluding remarks. Finally, in the Appendix we discuss the H 1 -interpolation error for the second nonconforming method.

NXFEM with conforming finite elements

Let Ω be a bounded domain of R 2 , with a polygonal boundary ∂Ω and an internal smooth boundary Γ dividing Ω into two open sets Ω in and Ω ex . We consider the model problem:

               -div (µ∇u) = f in Ω in ∪ Ω ex u = 0 on ∂Ω [u] = 0 on Γ [µ∇u • n] = g on Γ (1) 
where f ∈ L 2 (Ω), g ∈ L 2 (Γ) and n is the unit normal to the interface Γ oriented from Ω in towards Ω ex . For the sake of simplicity, we suppose that µ is piecewise constant, discontinuous across Γ and taking the values µ in and µ ex in the sub-domains Ω in and Ω ex . We consider here homogeneous Dirichlet boundary conditions; the treatment of more general ones does not rise any particular difficulty.

Let (T h ) h be a regular family of triangulations of Ω, each T h consisting of triangles. As usual, we denote by h T the diameter of the triangle T and we set

h = max T ∈T h h T . We denote by T Γ h = {T ∈ T h ; T ∩ Γ = ∅} the set of cut cells and we introduce T i h = T ∈ T h ; T ∩ Ω i = ∅ and Ω i h = ∪ T ∈T i h T , for i = in, ex.
E h denotes the set of edges of T h , E nc h the set of uncut edges of T h while E i, cut h denotes the set of cut segments contained in Ω i . For any T ∈ T Γ h , we set Γ T = T ∩ Γ and T i = T ∩ Ω i , for i = in, ex. For a given side e ∈ E h , we fix once for all a unit normal n e ; if e is situated on the boundary ∂Ω, then n e coincides with the outward normal n Ω .

For x ∈ Γ and v a piecewise smooth function, we set

v in (x) = lim ε-→0 v(x -εn), v ex (x) = lim ε-→0 v(x + εn)
and we define its jump across Γ as well as the following weighted means by:

[v] = v in -v ex , {v} = k ex v ex + k in v in , {v} * = k in v ex + k ex v in ,
where the weights satisfy k in + k ex = 1 and 0 < k in , k ex < 1.

We denote by the letter c any constant independent of the discretisation, the diffusion coefficients and the position of the interface; we shall also use the

notation A B whenever c 1 B ≤ A ≤ c 2 B.
We next recall the NXFEM formulation of (1), introduced in [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF] for a 110 piecewise linear, continuous finite element approximation on a mesh of Ω which is not aligned with the interface Γ. The idea is to use standard finite element spaces but to double the degrees of freedom on the cut cells, and to treat the transmission conditions on Γ weakly, by means of Nitsche's method [START_REF] Nitsche | Über ein variationsprinzip zur Lösung von Dirichlet-Problemen 460 bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind[END_REF].

Let the finite dimensional spaces:

W i h = {v ∈ H 1 (Ω i h ); v| T ∈ P 1 , ∀T ∈ T i h , v| ∂Ω = 0}, i = in, ex,
and let the product space W h = W in h × W ex h . Let us introduce:

a h (u h , v h ) = Ω in ∪Ω ex µ∇u h • ∇v h dx - Γ {µ∇u h • n}[v h ]ds - Γ {µ∇v h • n}[u h ]ds + λ T ∈T Γ h Γ T λ T [u h ][v h ]ds, l h (v h ) = Ω f v h dx + Γ g{v h } * ds,
where λ > 0 is a stabilisation parameter and where the coefficients k in , k ex , λ T are defined as follows:

k in = µ ex |T in | µ ex |T in | + µ in |T ex | , k ex = µ in |T ex | µ ex |T in | + µ in |T ex | , λ T = µ in µ ex |Γ T | µ in |T ex | + µ ex |T in | .
We use here above the expressions proposed in [START_REF] Barrau | A robust variant of NXFEM for the interface problem[END_REF][START_REF] Annavarapu | A robust Nitsche's formulation for interface problems[END_REF], inspired by the discontinuous Galerkin method with discontinuous coefficients [START_REF] Di Pietro | Discontinuous Galerkin methods for anisotropic semidefinite diffusion with advection[END_REF]; contrarily to the original weighting proposed in [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF], they also take into account the geometry of the cut cells and lead to a robust condition number. The discrete problem reads:

ūh ∈ W h , a h (ū h , v h ) = l h (v h ), ∀v h ∈ W h . (2) 
We consider the following norms on

H 1 0 (Ω) ∩ H 2 (Ω ex ∪ Ω in ): v 2 h = i=in,ex |µ 1/2 i v| 1,Ω i + T ∈T Γ h λ T [v] 2 0,Γ T , |||v||| 2 h = v 2 h + T ∈T Γ h |Γ T | λ T h T {µ ∂ n v} 2 0,Γ T . (3) 
It is important to note that the two norms are equivalent on finite dimensional spaces, uniformly with respect to both the mesh-interface geometry and to the diffusion parameters. Indeed, we have:

{µ∂ n v h } 0,Γ T ≤ i=in,ex k i µ i ∂ n v h 0,Γ T ≤ i=in,ex λ T |T i | |Γ T | µ 1/2 i ∂ n v h 0,Γ T , (4) 
thanks to 0 ≤ √ k i ≤ 1 and to k i µ i = λ T |T i |/|Γ T |.
The desired equivalence follows by using |T i | ≤ ch 2 T and the trace inequality [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF] on a cut cell

T ∈ T Γ h : 1 √ h T ϕ 0,Γ T ≤ c 1 h T ϕ 0,T + |ϕ| 1,T , ∀ϕ ∈ H 1 (T ), (5) 
with a constant c independent of h and Γ T .
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The (W h , • h )-stability for λ sufficiently large was established in [START_REF] Barrau | A robust variant of NXFEM for the interface problem[END_REF][START_REF] Annavarapu | A robust Nitsche's formulation for interface problems[END_REF],

uniformly with respect to both the mesh-interface geometry and to the diffusion parameters. Hence, the uniform stability with respect to ||| • ||| h also holds.

The consistency of (2) can be found in [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF], as well as the global interpolation

operator L h = L in h , L ex h : H 2 (Ω in ) × H 2 (Ω ex ) -→ W in h × W ex h defined by: v| Ω i -→ E i v| Ω -→ (L * h • E i )v| Ω -→ (L * h • E i )v| Ω i h =: L i h v, i = in, ex. (6) 
Here above, E i denotes a continuous extension operator from

H 2 (Ω i ) to H 2 (Ω)
and L * h is the Lagrange interpolation operator associated to the mesh T h of Ω. This yields a priori error estimates in the norm • h , which are optimal with respect to h and robust with respect to the diffusion coefficients. The H 1interpolation error is also robust with respect to the position of the interface. 120 However, to the best of our knowledge, there is no theoretical proof of a robust bound for the interface term λ

1/2 T [v -L h v] 0,Γ T .
One can for instance bound λ T as follows:

λ T = |Γ T | |T in | µin + |T ex | µex ≤ |Γ T |µ i |T i | , i = in, ex.
By using the trace inequality (5), one then ends up with

λ 1/2 T [v -L h v] 0,Γ T ≤ ch T i=in, ex |Γ T |h T |T i | |µ 1/2 i E i v i | 2,T , (7) 
which is robust with respect to the diffusion coefficients but not to the position of Γ. Indeed, the coefficient |Γ T |h T |T i | may blow up when Γ T is close to an edge or a node. However, if Γ T is close to a node and the triangular part of the cut cell T is not degenerate, the estimate ( 7) can be improved and rendered uniform with respect to Γ T , as it will be discussed in 5.2.

Remark 1. Another possibility is to use that |T in | + |T ex | = |T | in order to bound λ T differently: λ T = |Γ T | |T in | µin + |T ex | µex ≤ |Γ T | |T | max{µ in , µ ex }.
This leads to an interpolation error with a constant independent of the position of Γ, but depending now on the ratio between the diffusion coefficients.

Remark 2. Nevertheless, according to the numerical experiments reported in the literature, the previous NXFEM method seems to be quite robust with respect to both the position of the interface and the diffusion coefficients. This behaviour is confirmed by the numerical tests of subsection 5.2.

Remark 3. For the sake of simplicity, we assume in what follows that Γ T is a segment on each cut cell T . This hypothesis is only used in the proofs of Theorem 1 and Proposition 1, where we need to express the measures of the cut parts T in and T ex of T . If Γ T is curved, all the results still hold true if

|T i | |T i h |, where
T in h , T ex h are obtained by cutting T with the line Γ T,h , which has the same ends as Γ T .

Nonconforming NXFEM with additional stabilisation

In what follows, we are interested in the discretization of (1) by Crouzeix-Raviart nonconforming elements [START_REF] Crouzeix | Conforming and nonconforming finite element methods for solving the stationary Stokes equations[END_REF]. The finite element space associated to the triangulation

T i h (of sides E i h ) is now V i h = ϕ ∈ L 2 (Ω i h ); ϕ| T ∈ P 1 , ∀T ∈ T i h , e [ϕ] ds = 0, ∀e ∈ E i h ,
where [•] denotes here the jump across e; on a boundary side, the jump is equal to the trace. We introduce the product space V h = V in h × V ex h and we define a global interpolation operator I h = (I in h , I ex h ) following the approach (6) of the conforming case. This ensures e (I i h vv)ds = 0 on any edge e ∈ E i h , but this property does not hold on the segments of cut edges e ∈ E i,cut h . In order to balance the consistency error on the cut edges, we propose to add some stabilisation terms in the weak formulation. They are inspired by the discontinuous Galerkin method with symmetric interior penalty (see for instance [START_REF] Di Pietro | Mathematical Aspects of Discontinuous Galerkin Methods[END_REF]) but they have specific weights, which take into account the geometry of the cut cells. 

I h = (I in h , I ex h ) since the property e (I i h v -v)ds = 0 on e ∈ E i,cut h is no longer necessary.
We introduce the following stabilisation forms on

V i h × V i h , for i = in, ex: A i (u h , v h ) = - e∈E i,cut h e ({µ∂ n u h } e [v h ] + {µ∂ n v h } e [u h ]) ds, J i (u h , v h ) = e∈E i,cut h µ i γ i e e [π 0 e u h ][π 0 e v h ] ds, γ i e = |e| |T l,i | + |T r,i |
where π 0 e is the L 2 (e)-orthogonal projection on P 0 (e). The new bilinear form of the problem is defined on V h × V h by:

A h (u h , v h ) = a h (u h , v h ) + i=in, ex A i (u h , v h ) + γ i J i (u h , v h ) , (8) 
where γ i > 0 are stabilisation parameters independent of h. The notation {•} e stands for the following weighted mean on the segments of cut edges e ∈ E i,cut h

:

{φ} e = κ l φ l + κ r φ r , κ l = |T l,i | |T l,i | + |T r,i | , κ r = |T r,i | |T l,i | + |T r,i | .
Here above, T r and T l denote the two cut triangles whose common boundary contains e. If e is situated on ∂Ω, then {•} e is equal to the trace.

For e ∈ E i,cut h a segment of a whole edge E ∈ E h , we introduce the ratio

α e = |e| |E| .
It is useful to introduce the similar ratios α l e and α r e for the other cut segments of T l,i and T r,i respectively, see Figure 1 (b).

In this section, we assume, whenever both T l,i and T r,i are triangles, that

α e α l e + α r e ≤ c, ∀e ∈ E i,cut h , i = in, ex. (9) 
Remark 5. Condition ( 9) is satisfied, for instance, if α e α l e or α e α r e , whether these values tend towards 0 or not. The critical case when αe α l e +α r e -→ ∞ and both T l,i , T r,i are triangles looks like a rather pathological one,and it occurs 160 when Γ T l and Γ T r nearly coincide with the common edge of the triangles T l and T r . A forbidden situation where both the triangles T l,i , T r,i degenerate is shown in Figure 1 (b).

Remark 6. We have chosen to use a minimal stabilisation on the cut edges for this nonconforming approximation, which involves the jump of the piecewise

165 constant projection [π 0 e (•)
]. We refer to [START_REF] Becker | Connections between discontinuous Galerkin and nonconforming finite element methods for the Stokes equations[END_REF] for a complete analysis. Of course, one can also employ the whole jump [•] in the bilinear form J i (•, •).

The approximation space V h is endowed with the following norm:

[[v h ]] 2 = |||v h ||| 2 h + i=in,ex J i (v h , v h ).
The discrete variational formulation of (1) is given by:

U h ∈ V h , A h (U h , v h ) = l h (v h ) , ∀v h ∈ V h . ( 10 
)
The choice of κ l , κ r and γ i e allows to establish the following bound.

Lemma 1. Let e ∈ E i,cut h contained in the common boundary of two adjacent cut triangles T l , T r . Then one has, with µ = µ i :

{µ∂ n v h } 2 0,e ≤ µγ i e |µ 1/2 v h | 2 1,T l,i + |µ 1/2 v h | 2 1,T r,i , ∀v h ∈ V i h .
Proof. Since µ∇v h is piecewise constant, 0 ≤ κ j ≤ 1 for j = l, r and κ l +κ r = 1, we get by means of the Cauchy-Schwarz inequality that:

e {µ∂ n v h } 2 ds ≤ j=l,r µκ j e µ|∇v h | 2 T j ds = j=l,r µκ j |e| |T j,i | T j,i µ|∇v h | 2 ds = µ|e| |T l,i | + |T r,i | j=l,r T j,i µ|∇v h | 2 ds,
which is exactly the stated result.

From Lemma 1 it follows that

A h (•, •) is [[•]
]-continuous and, for λ, γ in and γ ex sufficiently large, it is uniformly coercive on V h × V h . Therefore, the discrete problem ( 10) is well-posed and Strang's lemma yields the error estimate:

[[u -U h ]] ≤ c inf v h ∈V h [[u -v h ]] + sup v h ∈V h |A h (u -U h , v h )| [[v h ]] , (11) 
with a constant c independent of h, µ and Γ.

We show next that the proposed nonconforming method exhibits the same global robustness as the conforming one.

As regards the consistency error, we have:

A h (u -U h , v h ) = e∈E nc h e µ∂ n u[v h ] ds, v h ∈ V h .
Its estimate is completely standard, since it involves only non-cut edges. By means of the Cauchy-Schwarz and the trace inequalities, together with Crouzeix-

Raviart interpolation results, one classically gets that:

|A h (u -U h , v h )| ≤ c h |µ 1/2 u| 2,Ω in ∪Ω ex [[v h ]].
It remains to bound the interpolation error in [START_REF] Di Pietro | Discontinuous Galerkin methods for anisotropic semidefinite diffusion with advection[END_REF], by means of the operator

I h = (I in h , I ex h
). We next discuss the robustness for each term of the norm [[•]]. The H 1 -error is robust because it can be bounded exactly as in the conforming case. The interpolation error of the normal derivative term on Γ is also robust; this follows by applying first (4) to u -I h u and then [START_REF] Becker | Connections between discontinuous Galerkin and nonconforming finite element methods for the Stokes equations[END_REF] to ∇(u -I h u). The jump term on the interface is bounded as in the conforming case, see Section 2. In what follows, we focus on the additional term in the norm [[•]], due to the stabilisation on the cut edges. We show that it is robust under a non-restrictive assumption (9) on the interface Γ.

Theorem 1. Let any v ∈ H 1 0 (Ω) ∩ H 2 (Ω in ) × H 2 (Ω ex ).
Under the assumption (9), there exists a constant c > 0 independent of h, µ and Γ such that:

i=in,ex J i (v -I i h v, v -I i h v) 1/2 ≤ ch i=in,ex |µ 1/2 v| 2,Ω i .
Proof. We recall that, for i = in, ex,

J i (v -I i h v, v -I i h v) = e∈E i,cut h µ i γ e i [π 0 e (v -I i h v)] 2 0,e .
Let e ∈ E i,cut h a segment of a whole edge E ∈ E h with |e| = α e |E|. Assume 185 that E belongs to the adjacent cut triangles T r and T l ; the proof is completely similar if E is a boundary edge.

We begin by writing that:

µ i γ e i [π 0 e (v -I i h v)] 0,e ≤ µ i |e| |T l,i | + |T r,i | j=l,r (v -I i h v) |T j 0,e
and by applying next the trace inequality on the whole edge E. We thus obtain:

µ i γ e i [π 0 e (v -I i h v)] 0,e ≤ µ i |e||E| |T l,i | + |T r,i | j=l,r 1 |E| (v -I i h v) |T j 0,E ≤ c µ i |e||E| |T l,i | + |T r,i | j=l,r 1 h T j E i v -I i h v 0,T j + |E i v -I i h v| 1,T j ≤ ch α e |E| 2 |T l,i | + |T r,i | |µ 1/2 i E i v| 2,T l ∪T r . (12) 
In order to discuss the robustness of the previous estimate with respect to the position of Γ, we distinguish between two cases.

If at least one of T l,i , T r,i is a quadrilateral, let's say T l,i , then we have:

190 |T l,i | = |T l | 1 -(1 -α e )(1 -α l e ) ≥ |T l | α e + α l e 2
and the previous bound is robust since:

α e |E| 2 |T l,i | + |T r,i | ≤ α e |E| 2 |T l,i | ≤ 2α e h 2 |T l |(α e + α l e ) ≤ 2|E| 2 |T l | ≤ c.
If both T l,i and T r,i are triangles then |T j,i | α e α j e h 2 for j = l, r, such that

α e |E| 2 |T l,i | + |T r,i | ≤ c α l e + α r e .
In view of ( 12), this bound is not sufficiently robust since it may blow up when both α l e and α r e tend to 0, independently of α e . In what follows, we improve the robustness by means of a more precise trace inequality, on the cut segment e instead of the whole edge E.

For this purpose, let us consider the isosceles triangles T r,i ⊂ T r and T l,i ⊂ T l of edge e as in Figure 1 (a). For each j = l, r, we first pass from T j to the reference element T by means of an affine transformation F -1 T and then we consider the mapping

F α = 1 αe F -1
T . Thus, one has that F α ( T j,i ) = T and, with x = F α x and φ(x) = φ(x), that:

|v| 1, T |v| 1, T j,i , v 0, T 1 α e h T v 0, T j,i , ∀v ∈ H 1 ( T j,i ).
Then the trace theorem on T yields, with a constant independent of α e :

1 |e| v 0,e = 1 |ê| v 0,ê ≤ c v 0, T + |v| 1, T ≤ c 1 α e h T v 0, T j,i + |v| 1, T j,i .
We next write that:

[π 0 e (v -I i h v)] 0,e ≤ j=l,r π 0 T j (E i v -I i h v) 0,e ,
thanks to the properties of the projection operator π 0 e and to the fact that E i v = v on e. By applying now the previous trace inequality to π 0 T j (E i v -I i h v) on each T j,i and by using the properties of π 0 T j , we get:

µ i γ e i [π 0 e (v -I i h v)] 0,e ≤ µ i α 2 e |E| 2 |T l,i | + |T r,i | j=l,r 1 |e| π 0 T j (E i v -I i h v) 0,e ≤ c µ i α e α l e + α r e j=l,r 1 α e h T j π 0 T j (E i v -I i h v) 0, T j,i ≤ c µ i α e α l e + α r e j=l,r 1 h T j π 0 T j (E i v -I i h v) 0,T j ≤ ch α e α l e + α r e |µ 1/2 i E i v| 2,T l ∪T r .
Therefore, the estimate is robust under the assumption [START_REF] Crouzeix | Conforming and nonconforming finite element methods for solving the stationary Stokes equations[END_REF]. Finally, we de-
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duce the announced estimate thanks to the continuity of the extension operators In conclusion, by putting together the previous results, we obtain from [START_REF] Di Pietro | Discontinuous Galerkin methods for anisotropic semidefinite diffusion with advection[END_REF] an error estimate for [[u -U h ]] exactly as in the conforming method. 

E i : H 2 (Ω i ) -→ H 2 (Ω).

Nonconforming NXFEM with modified basis functions

In the following, we propose another nonconforming method, which does not need any further stabilisation in comparison to the conforming case.

Modified basis functions on the cut cells

To do so, we modify the Crouzeix-Raviart basis functions on the cut triangles 205 by associating their degrees of freedom no longer to the whole edges, but to the segments of cut edges.

Let the triangle T = (ABC) ∈ T Γ h , cut by Γ at the points M ∈ (AC) and N ∈ (BC). We set:

|AM | |AC| = α, |BN | |BC| = β, 0 < α, β < 1. ( 13 
)
We denote by T the quadrilateral part of T and by T the triangular one, see Figure 2. We first look for the new basis functions (ϕ i ) 1≤i≤3 associated to the segments e 1 = AM , e 2 = BN and e 3 = AB of T . We impose: where δ ij is the Kronecker symbol.

e j ϕ i ds = e j δ ij , ∀ 1 ≤ i, j ≤ 3 ( 14 
)
We decompose each ϕ i ∈ P 1 (T ) in the standard Crouzeix-Raviart basis {ϕ j } 1≤j≤3 as follows:

ϕ i = 3 
j=1 a ij ϕ j and we next determine a ij . For the computation of the integrals in ( 14), we use the values of ϕ j at the midpoints M , N of e 1 = AM and e 2 = BN respectively. Since their coordinates are

x M = α 2 x C + 1 - α 2 x A , x N = β 2 x C + 1 - β 2 x B ,
we immediately get:

ϕ 1 M = 1, ϕ 2 M = α -1, ϕ 3 M = 1 -α, ϕ 1 N = β -1, ϕ 2 N = 1, ϕ 3 N = 1 -β.
After some simple computations, we finally obtain:

ϕ 1 = 1 1 -(1 -α)(1 -β) ϕ 1 + 1 -β 1 -(1 -α)(1 -β) ϕ 2 , ϕ 2 = 1 -α 1 -(1 -α)(1 -β) ϕ 1 + 1 1 -(1 -α)(1 -β) ϕ 2 , ϕ 3 = -(1 -α)(2 -β) 1 -(1 -α)(1 -β) ϕ 1 - (2 -α)(1 -β) 1 -(1 -α)(1 -β) ϕ 2 + ϕ 3 . (15) 
In order to determine the basis functions (ϕ i ) 1≤i≤3 ) associated to the segments e 1 = CM , e 2 = CN and e 3 = AB of T , it is now sufficient to replace in (15) α -1 and β -1 by α and β respectively, which yields:

ϕ 1 = 1 1 -αβ ϕ 1 - β 1 -αβ ϕ 2 , ϕ 2 = - α 1 -αβ ϕ 1 + 1 1 -αβ ϕ 2 , ϕ 3 = α(1 -β) 1 -αβ ϕ 1 + β(1 -α) 1 -αβ ϕ 2 + ϕ 3 . (16) 
Remark 7. Note that the previous basis functions depend only on the position of the intersection points of T with Γ, and not of the curvature of the interface.

Moreover, one has that

ϕ 1 + ϕ 2 + ϕ 3 = ϕ 1 + ϕ 2 + ϕ 3 = ϕ 1 + ϕ 2 + ϕ 3 = 1.
It is easy to check that ϕ 1 , ϕ 2 , ϕ 3 is a basis of P 1 (T ) and therefore (T, P 1 , Σ ) is a finite element, where Σ denotes the set of degrees of freedom defined in [START_REF] Hansbo | A cut finite element method for a Stokes interface problem[END_REF]. It goes the same way for (T, P 1 , Σ ).

We can now introduce the new approximation space Ṽh = Ṽ in h × Ṽ ex h , where the basis functions of Ṽ i h are the classical Crouzeix-Raviart functions on the non-cut cells and the previously defined functions on the cut cells.

The discrete problem reads:

u h ∈ Ṽh , a h (u h , v h ) = l h (v h ), ∀v h ∈ Ṽh . ( 17 
)
The proof of the uniform ( Ṽh , ||| • ||| h )-stability of a h (•, •) is completely similar to the conforming case. The stability yields the well-posedness of ( 17), the robustness of the condition number as well as standard a priori error estimate in the norm ||| • ||| h , similar to (11).

Robustness with respect to the position of the interface

In the following, we prove that the error |||uu h ||| h exhibits the same robustness with respect to the position of Γ as the conforming method.

For this purpose, we first introduce a formulation similar to (10) but written on completely discontinuous spaces, and then we pass to the limit on the stabilisation parameters and obtain the formulation [START_REF] Massjung | An unfitted discontinuous Galerkin method applied to elliptic interface problems[END_REF]. Its robustness follows from the robustness results of Section 3 extended to the DG fomulation. Let

D i h = v h ∈ L 2 (Ω i h ) : v h | T ∈ P 1 (T ), ∀T ∈ T i h , i = in, ex,
and let the following stabilisation terms on the non-cut edges (the same as in the symmetric discontinuous Galerkin method) interior penalty:

A DG (u h , v h ) = - e∈E nc h e ({µ∇ n u h }[v h ] + {µ∇ n v h }[u h ]) ds, J DG (u h , v h ) = e∈E nc h 1 |e| e µ[π 0 e u h ][π 0 e v h ] ds.
Then we define on D h = D in h × D ex h the bilinear form

A DG h (•, •) = A h (•, •) + A DG (•, •) + γ DG J DG (•, •),
with γ DG > 0 a stabilisation parameter, and we consider the following DG approximation of (1):

u γ h ∈ D h , A DG h (u γ h , v h ) = l h (v h ), ∀v h ∈ D h . (18) 
The index γ = (γ in , γ ex , γ DG ) shows the dependence of the solution on the parameters. It is standard to show that ( 18) is well-posed for γ sufficiently large, with respect to the norm ([

[•]] 2 + J DG (•, •)) 1/2 . A similar discontinuous
Galerkin method for interface problems was analysed in [START_REF] Massjung | An unfitted discontinuous Galerkin method applied to elliptic interface problems[END_REF]. Note that:

KerJ i = v h ∈ D i h ; e [v h ]ds = 0, ∀e ∈ E i,cut h , i = in, ex, KerJ DG = v h ∈ D h ; e [v h ]ds = 0, ∀e ∈ E nc h
and therefore, one has:

KerJ in × KerJ ex ∩ KerJ DG = Ṽ in h × Ṽ ex h = Ṽh . ( 19 
)
Theorem 2. Let u γ h and u h the unique solutions of ( 18) and ( 17). Then

lim γ-→∞ [[u γ h -u h ]] 2 + J DG (u γ h -u h , u γ h -u h ) = 0.
Proof. By taking the test-function v h = u γ h in [START_REF] Nitsche | Über ein variationsprinzip zur Lösung von Dirichlet-Problemen 460 bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind[END_REF], we get thanks to the continuity of l h (•) and the coercivity of

A DG h (•, •) that: [[u γ h ]] 2 + J DG (u γ h , u γ h ) ≤ c.
So (u γ h ) γ is bounded in D h , independently of γ. Consequently, there exists a subsequence, still denoted by (u γ h ) γ which converges (weakly, and therefore strongly in D h ) towards u ∞ h as γ -→ ∞. According to (19), the limit u ∞ h belongs to the modified nonconforming space Ṽh .
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A passage to the limit in [START_REF] Nitsche | Über ein variationsprinzip zur Lösung von Dirichlet-Problemen 460 bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind[END_REF] yields that u ∞ h satisfies the equation:

A DG h (u ∞ h , v h ) = l h (v h ), ∀v h ∈ Ṽh .
According to the definition of Ṽh , one has that:

J in (u ∞ h , v h ) = J ex (u ∞ h , v h ) = J DG (u ∞ h , v h ) = 0, ∀v h ∈ Ṽh . Since ∂ n u ∞ h and ∂ n v h are constant on any edge e ∈ E in,cut h ∪ E ex,cut h ∪ E nc h
, one also has that: [START_REF] Massjung | An unfitted discontinuous Galerkin method applied to elliptic interface problems[END_REF]. The latter being well-posed, we deduce that u ∞ h = u h and that all the sequence (u γ h ) γ converges.

A in (u ∞ h , v h ) = A ex (u ∞ h , v h ) = A DG (u ∞ h , v h ) = 0. Thus, A DG h (u ∞ h , v h ) = a h (u ∞ h , v h ) for any v h ∈ Ṽh and therefore, u ∞ h is solution to
Remark 8. If we pass to the limit as (γ in , γ ex ) tend to infinity in the nonconforming formulation (10) instead of the discontinuous Galerkin one (18), then the limit u ∞ h does not satisfy problem [START_REF] Massjung | An unfitted discontinuous Galerkin method applied to elliptic interface problems[END_REF]. This is due to the fact that:

KerJ i = v h ∈ V i h ; e [v h ]ds = 0, ∀e ∈ E i,cut h ⊂ Ṽ i h , i = in, ex.
The above inclusion is strict because a function of KerJ i is continuous across any cut edge, whereas an element of Ṽ i h is only weakly continuous.
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The discontinuous Galerkin formulation [START_REF] Nitsche | Über ein variationsprinzip zur Lösung von Dirichlet-Problemen 460 bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind[END_REF] has the same robustness as the stabilised nonconforming formulation [START_REF] Di Pietro | Mathematical Aspects of Discontinuous Galerkin Methods[END_REF]. Indeed, they differ through the terms A DG (•, •) and J DG (•, •), which are written on the non-cut edges and which do not interfere with the position of the interface. Similarly to Section 3, we obtain under the non-restrictive assumption (9) the next error estimate for [START_REF] Nitsche | Über ein variationsprinzip zur Lösung von Dirichlet-Problemen 460 bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind[END_REF]:

[[u γ h -u]] + J DG (u γ h -u, u γ h -u) 1/2 ≤ Ch|u| 2,Ω in ∪Ω ex ,
where the dependence of C on the interface is the same as for the conforming method.

The constant C does not depend on the stabilisation parameters γ, as in any DG method. Therefore, we can pass to the limit as γ tends to infinity and deduce, thanks to Theorem 2, the error estimate for [START_REF] Di Pietro | Mathematical Aspects of Discontinuous Galerkin Methods[END_REF]:

[[u h -u]] ≤ Ch|u| 2,Ω in ∪Ω ex .

Numerical tests

Convergence with respect to mesh refinement

We have implemented both nonconforming methods, with additional stabilisation and with modified basis functions. We show the convergence history for the following test-case, which was also considered in [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF][START_REF] Barrau | A robust variant of NXFEM for the interface problem[END_REF]. Let Ω = (-1, 1) × (-1, 1) and let Γ the circle of radius r 0 = 3/4 and of centre the origin, see Figure 3. The data are chosen such that 

µ ex Ω Ω in Ω ex Γ ∂Ω µ in
(x, y) =        r 2 µ in if r ≤ r 0 , r 2 -r 2 0 µ ex + r 2 0 µ in if r > r 0 , r = x 2 + y 2 ,
is an exact solution of (1) with Dirichlet conditions and with homogeneous 240 transmission conditions. The diffusion coefficients are µ in = 1 and µ ex = 10 3 .

The solution on a mesh with N = 65 536 elements is shown in Figure 3.

We show in Tables 1 and2 the computed errors for the two methods [START_REF] Di Pietro | Mathematical Aspects of Discontinuous Galerkin Methods[END_REF] and ( 17) respectively. We show the errors in energy and L 2 norms on a sequence of uniformly refined meshes, as well as the convergence order computed from 245 the errors on two successively refined meshes (with N and 4N elements). This example has also been treated in [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF] and [START_REF] Barrau | A robust variant of NXFEM for the interface problem[END_REF] by means of conforming finite elements. One can see in Table 3, the convergence rates for the conforming method of [START_REF] Barrau | A robust variant of NXFEM for the interface problem[END_REF], with the same coefficients k in , k ex and λ T as in the present paper. For the three considered methods, we numerically retrieve the optimal convergence orders O(N -1/2 ) = O(h) in the different energy norms, respectively In the following, we focus only on the nonconforming method with modified basis functions, which does not need additional stabilisation on the cut edges.

N [[u -U h ]] h order u -U h 0,
O(N -1 ) = O(h 2 ) in the L 2 -norm.

Numerical robustness

The aim of this subsection is to illustrate the robustness of ( 17) with respect to the position of the interface, on a fixed mesh. In what follows, we have chosen to test a particular configuration where the interface is a straight line, and is close to a node or an edge on all the cut cells.

Let the domain Ω = (0, 1) × (0, 1) and the interface Γ ε := x ε × [0, 1] depending on a parameter ε > 0. We consider a fixed triangulation, obtained by meshing Ω into 16 × 16 squares and by cutting next each square along a diagonal. We translate the interface by letting ε vary, such that the ratios α T , β T associated to any cut triangle T either decrease towards 0 or increase towards 1 simultaneously, see Figure 4. In this configuration, one has α T = β T so the triangular part T is not degenerate and implicitly, assumption ( 9) is satisfied.

According to the theoretical results, the critical term is the interpolation error related to the jump across Γ, see [START_REF] Burman | A unified stabilized method for Stokes' and Darcy's equations[END_REF]. This term appears in all NXFEM methods, independently of the chosen finite elements. On the triangular (non- We consider a test-case similar to one of [START_REF] Hansbo | An unfitted finite element method based on Nitsche's method for elliptic interface problems[END_REF]; the data are such that We first take µ in = 1, µ ex = 10 and let ε vary, such that α ε = 16ε varies from 0.5, which corresponds to the ideal situation, to 10 -5 . We compute several errors, both local (on the cut cells only) and global (on the whole domain), in order to check the sensitivity of the method with respect to the position of the interface. We denote:

u(x, y) =        x 2 µ in if x ≤ x ε , x 2 -x 2 ε µ ex + x 2 ε µ in if x > x ε ,
|u -u h | 2 * = T ∈T Γ h µ 1/2 ∇(u -u h ) 2 0,T , u -u h 2 * = T ∈T Γ h u -u h 2 0,T , u -u h 2 Γ = T ∈T Γ h λ T [u -u h ] 2 0,T .
Note that the solution itself depends on ε and hence, it varies when Γ ε moves.

We show in Table 4 the computed errors for different values of ε. One can note a slight increase of the error as ε decreases, but the method seems quite robust for small values of ε. Furthermore, to test the robustness with respect to the diffusion coefficients,

16ε |u -u h | * u -u h * u -u h Γ ||u -u h || h u -u h 0,Ω 0 
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we now consider the case of highly discontinuous coefficients, µ in = 0.1 and µ ex = 10 5 . Again, we move the interface by starting at α ε = 0.5 and by letting ε tend towards 0. The computed errors are given in Table 5.

We conclude that the method is numerically robust with respect to the position of Γ, independently of the ratio between the diffusion parameters.

16ε 

|u -u h | * u -u h * u -u h Γ ||u -u h || h u -u h 0,Ω 0 

Application to Stokes equations

The goal of this section is to solve numerically the Stokes equations with an interface, by using the previous nonconforming spaces with modified basis functions on the cut cells. We do not discuss here the mathematical analysis of the proposed formulation, which can be found in [START_REF] El-Otmany | Approximation par la méthode NXFEM des problèmes d'interface et d'interphase en mécanique des fluides[END_REF]; in the absence of any 295 interface, it is well-known that the discrete problem is well-posed.

To our knowledge, only conforming finite elements have been employed so far for the Stokes interface problem in the context of NXFEM. Contrarily to the present formulation, all existing schemes need additional terms to ensure stability of the discrete mixed problem. We refer to [START_REF] Becker | A Nitsche extended finite element method for incompressible elasticity with discontinuous modulus of elasticity[END_REF], [START_REF] Burman | A unified stabilized method for Stokes' and Darcy's equations[END_REF], [START_REF] Hansbo | A cut finite element method for a Stokes interface problem[END_REF] for such ap-300 proximations, with different pairs of spaces for the velocity and the pressure.

We consider the incompressible flow of two immiscible Newtonian fluids with different viscosities, governed by the following Stokes equations:

                     -div(µ∇u) + ∇p = f in Ω in ∪ Ω ex , divu = 0 in Ω in ∪ Ω ex , u = 0 on ∂Ω, [u] = 0 on Γ, [µ∂ n u -pn] = g on Γ, (20) 
where the viscosity is a positive constant in each sub-domain, µ |Ω i = µ i for i = in, ex, and where the data satisfy f ∈ L 2 (Ω) 2 , g ∈ L 2 (Γ) 2 . For the sake of simplicity, we consider here homogeneous Dirichlet boundary conditions.

We introduce the spaces:

V = H 1 0 (Ω) 2 , Q = {p ∈ L 2 (Ω); Ω µ -1 p dx = 0},
and the following velocity-pressure formulation of (20

): find (u, p) ∈ V × Q,    a(u, v) + b(p, v) = l(v), ∀v ∈ V, b(q, u) = 0, ∀q ∈ Q (21) 
where:

a(u, v) = i=in,ex Ω i µ∇u : ∇v dx, b(p, v) = i=in,ex Ω i pdivv dx, l(v) = Ω f • v dx + Γ g • v ds.
We propose to approximate the velocity by the (P 1 ) 2 -nonconforming elements modified on the cut cells, and the pressure by P 0 elements. Let Ṽh = Ṽh × Ṽh and

Q h = Q in h × Q ex h , where 
Q i h = {q ∈ L 2 0 (Ω i ); q| T ∈ P 0 (T ), ∀T ∈ T i h }, i = in, ex.
We introduce the following discrete variational formulation of (20), with no additional stabilization except the terms on Γ resulting from Nitsche's method for the interface conditions: find

(u h , p h ) ∈ Ṽh × Q h such that    a h (u h , v h ) + b h (p h , v h ) = l h (v h ), ∀v h ∈ Ṽh , b h (q h , u h ) = 0, ∀q h ∈ Q h (22) 
where: satisfied and g = 0 on the interface Γ. From a physical point of view, this flow is similar to a rectangular Poiseuille flow. Ideally, a flat inflow profile should be imposed; however, in order to avoid discontinuity of the velocity at the corners, we have chosen a quasi-flat profile, see also Figure 6 (a).

a h (u h , v h ) = i=in,ex Ω i µ∇u h : ∇v h dx - Γ {µ∂ n u h } • [v h ] ds - Γ {µ∂ n v h } • [u h ] ds + λ T ∈T Γ h λ T Γ T [u h ] • [v h ] ds, b h (p h , v h ) = - i=in,ex Ω i p h divv h dx + Γ {p h } [v h • n] ds, l h (v h ) = Ω f • v h dx + Γ g • {v h } * ds. N p -p h 0,
It is then easy to obtain the analytical solution when the flow is developed, that is when u 1 = u 1 (y) and u 2 = 0, by imposing a gradient of pressure a = ∂p ∂x . Thanks to the transmission conditions, we obtain the analytical solution:

u in 1 (y) = a 2µ in (t -y) ((k -1) t -y) , u ex 1 (y) = a 2µ ex (t + y) (y -(k + 1) t)
where

k = (µ ex -µ in ) 1 -ζ 2 µ in (1 + ζ) + µ ex (1 -ζ) .
In Figure 5 (b), one can see a comparison between the analytical and numerical results at x = 0.05m, where the flow is totally developed. Note that the two profiles of velocity are in very good agreement.

We show in Figure 7 the computed pressure. As expected, in the region where the flow is totally developed the pressure is linear with respect to x and independent of y. We observe a peak at the entrant upper corner, which is due to the high values of the viscosity µ in and of the shear rate ∂u in 1 ∂y near this corner; together they imply a high value of the shear stress. As one can observe in Figure 6 (b), a larger pressure is needed in order to move the more viscous fluid of Ω in ; we see again that the two pressures become linear and equal to each other, starting at x = 0.02m. We focus on the H 1 -interpolation error on the cut cells, which is the main issue. In view of applying the Bramble-Hilbert lemma, we first need to estimate the norms of the modified basis functions on the cut cells. This can be done in an optimal way with respect to the position of the interface. By using the definition of the basis functions, the passage to the reference element and the relations:

|T | |T | = (1 -α)(1 -β), |T | |T | = 1 -(1 -α)(1 -β) α + β,
we have proved the next result.

Proposition 1. Let any T ∈ T Γ h . Then

3 k=1 |ϕ k | 1,T 1 √ α + β , 3 k=1 |ϕ k | 1,T (1 -α)(1 -β) 1 -αβ , 3 k=1 ϕ k 0,T α + β h T , 3 k=1 ϕ k 0,T (1 -α)(1 -β) h T .
Clearly, the L 2 -bounds are robust; assuming that the triangular part T is not degenerate, that is it satisfies 1-α 1-β c, we also get that By applying next the Bramble-Hilbert lemma on T and T and by using Proposition 1, we have proved:

Proposition 2. Let T ∈ T Γ h be cut in T in ⊂ Ω in and T ex ⊂ Ω ex , such that the triangular part T is not degenerate. Then there exist constants c 1 > 0 and c 2 > 0 independent of T and Γ T such that, for any v ∈ H 2 (T i ), i = in, ex:

|v -Ĩi T v| 1,T i ≤ c 1 h T 3 k=1 |ϕ j k | 1,T i |E i v| 2,T , v -Ĩi T v 0,T i ≤ c 2 h 2 T |E i v| 2,T
where j = if T i = T and j = if T i = T .

Thus, the L 2 -estimates as well as the H 1 -estimate on the triangular part are robust. In order to get a robust H 1 -estimate on the quadrilateral part too, the constant c 1 should compensate the singular behaviour of the basis functions (which cannot be improved). To obtain a constant c 1 independent of the position of the interface, we have applied the Sobolev embedding theorem on the quadrilateral part of a cut cell: we have bounded the C 0 -norm on T by the C 0 -norm (and hence, the H 2 -one) on the whole reference triangle T .

This approach is certainly non-optimal and should be improved in order to get c 1 √ α + β, leading to a robust H 1 -estimate and finally, to the uniform robustness of the method.

Remark 4 .

 4 Thanks to the consistency on the cut edges, one can still use the interpolation operator

Figure 1 :

 1 Figure 1: Two adjacent elements sharing an interior cut edge

  200

Figure 2 :

 2 Figure 2: Triangle (ABC) cut by Γ

Figure 3 :

 3 Figure 3: Geometry of the model problem and computed solution

1 √ 1 √

 11 degenerate) part T of a cut triangle T , one can use a trace theorem on T for |Γ T | u -Ĩi T u 0,Γ T instead of the trace inequality (5) on T , similarly to the proof of Theorem 1. This technique allows to bound the previous error uniformly with respect to Γ T . However, on the quadrilateral part T , the constant C(Γ) = |Γ T |h T |T | involved in (7) behaves as 1 √ α T +β T α T , so it may blow up as α T tends to 0.

is an exact solution of ( 1 )Figure 4 :

 14 Figure 4: Variation of the position of the interface: zoom on a cut cell
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 85 Figure 8, showing the two components of the velocity, confirms that the flow is developed quite quickly. As expected, the highest values of the velocity are

However, the upper bound of 3 k=1

 3 |ϕ k | 1,T blows up as (α + β) → 0.
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 1 Convergence of the nonconforming approximation[START_REF] Di Pietro | Mathematical Aspects of Discontinuous Galerkin Methods[END_REF] 
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 2 Convergence of the nonconforming approximation[START_REF] Massjung | An unfitted discontinuous Galerkin method applied to elliptic interface problems[END_REF] 
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 5 Errors versus position of the interface for µ in = 0.1, µex = 10 5

Table 6 :

 6 Ω order |||uu h ||| h order ||uu h || 0,Ω order Errors and convergence rates for Stokes flow with exact solution

	64	0.900	-	5.270	-	3.11×10 -1	-
	256	0.440	1.028	3.090	0.773	1.05×10 -1	1.565
	1 024	0.830	1.298	1.490	1.049	2.50×10 -2	2.070
	4 096	0.373	1.150	0.735	1.021	5.97×10 -3	2.063
	16 384	0.177	1.077	0.364	1.014	1.45×10 -3	2.046

attained in the less viscous fluid. Figure6(a) shows the velocity profiles at different values of x in the transition zone; one can see again the acceleration of the less viscous fluid and the deceleration of the more viscous one.Although the employed mesh is not aligned with the interface, these tests show that we obtain the expected physical behaviour, without any numerical oscillations at the interface.Γ D Ω in Ω ex

The forms a h (•, •) and l h (•) are the extensions to vector functions of those corresponding to the Darcy equations. The main difference with the Darcy discrete problem lies in the inf-sup condition for b h (•, •).

In what follows, we present some numerical tests in order to validate the formulation (22) from a numerical point of view. We consider two test-cases.

The first one is the same as in [START_REF] Becker | A Nitsche extended finite element method for incompressible elasticity with discontinuous modulus of elasticity[END_REF], where the authors solve a linear elasticity problem by means of a Stokes system. Let Ω = (0, 1) × (0, 1) and Γ the circle of centre (0.5, 0.5) and radius 0.25. The data are taken such that the exact solution in polar coordinates (r, θ) is

where the constants c i depend on the Lamé coefficients λ i , µ i . The latter are computed from the Poisson coefficients ν in = 0.49, ν ex = 0.25 and from the

Young modulus E in = E ex = 1. A Dirichlet boundary condition is imposed on ∂Ω and treated weakly in the formulation, by means of Nitsche's method. We take the stabilisation parameter on the interface λ = 100.

We show in Table 6 the errors computed on a sequence of uniformly refined meshes, as well as the convergence rates computed from the successive errors.

We numerically obtain optimal orders, that is O(h) for the L 2 -norm of the pressure and for the energy norm of the velocity, and O(h 2 ) for the L 2 -norm of the velocity.

The second test-case deals with a two-phase flow in a rectangular geometry.

Let Ω = (0, 0.1) × (-t, t) separated in an upper and a lower domain Ω in and Ω ex by a linear interface Γ of equation y = ζt, see Figure 5 We recall (see Remark 1) that if the ratio µ in /µ ex is uniformly bounded from 355 below and from above, then the previous interpolation error becomes robust with respect to the position of the interface, for all the methods discussed here.

We have implemented both variants with nonconforming elements [START_REF] Di Pietro | Mathematical Aspects of Discontinuous Galerkin Methods[END_REF] and [START_REF] Massjung | An unfitted discontinuous Galerkin method applied to elliptic interface problems[END_REF]. From a numerical point of view, the obtained results are very similar; they From an implementation point of view, the nonconforming method with modified basis functions [START_REF] Massjung | An unfitted discontinuous Galerkin method applied to elliptic interface problems[END_REF] needs the integration of exactly the same terms as the conforming NXFEM method. So, once the new basis functions on the cut cells are implemented, one could re-use the software developed for the conforming approximation. In our opinion, this is an important advantage of this formulation. Note that for the nonconforming formulation [START_REF] Di Pietro | Mathematical Aspects of Discontinuous Galerkin Methods[END_REF] one has to integrate additional terms on the cut edges, which need additional geometrical information.

From a theoretical point of view, the advantage of [START_REF] Di Pietro | Mathematical Aspects of Discontinuous Galerkin Methods[END_REF], and implicitly of its dG variant [START_REF] Nitsche | Über ein variationsprinzip zur Lösung von Dirichlet-Problemen 460 bei Verwendung von Teilräumen, die keinen Randbedingungen unterworfen sind[END_REF], consists in the standard proof of their robustness. Indeed, this can be obtained by means of Strang's lemma. Note that the analysis of the consistency error is completely classical, since it involves only whole edges, whereas for the interpolation error, we can use the Crouzeix-Raviart operator.

Thus, we only have to analyse the interpolation error in the additional term in the norm, which is due to the stabilisation. We have been able to establish a robust estimate by using a precise trace inequality on a cut segment. We have then deduced the robustness of the second method (17) by passing to the limit in the dG method. However, we couldn't manage to prove the uniform robustness of (17) by following the standard approach based on Strang's lemma, as for the first formulation [START_REF] Di Pietro | Mathematical Aspects of Discontinuous Galerkin Methods[END_REF]. More precisely, the constant of the interpolation error in the