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Abstract

In this paper, we are interested in the simulation of polymer flows for high-Weissenberg numbers. The high-
Weissenberg number problem (HWNP) is one of the main difficulties encountered for the numerical simulation of
such flows. We develop a numerical approach for two non-linear models: the affine Phan-Thien and Tanner model
and the Giesekus model. We consider the 2D case and triangular and quadrilateral meshes. The velocity and the
pressure are approximated by non-conforming finite elements while the stress tensor is approximated by P0 totally
discontinuous finite elements. We have considered three popular test-cases: a simple channel, a 4:1 abrupt contraction
and a cylinder. Comparisons with analytical solutions and experiences are performed, illustrating the good behaviour
of our code. Moreover, for the Oldroyd-B model, we have performed comparisons of drag values with data given in
the literature. We have been able to obtain simulations for large values of Weissenberg number (Wi > 21 for the 4:1
contraction), our approach gives a realistic description of polymer flows.

Keywords: Phan-Thien and Tanner model, Giesekus model, Weissenberg number, nonconforming finite element
method

1. Introduction

Despite numerous efforts, computational non-
Newtonian fluid mechanics is still a very challenging
research area. The high-Weissenberg number problem
(HWNP) is one of the main difficulties encountered
for the numerical simulation of polymer flows. The
source of the problem is the breakdown in convergence
of the algorithms at critical values of the Weissenberg
number. The frustratingly low value of the Weissenberg
number limits the CFD use for the polymer processing
industry [19, 36].

Besides this major issue, there are two other aspects
that have to be carefully treated by the finite element
discretization: the choice of approximation spaces sat-
isfying the Babuška-Brezzi compatibility condition and
the treatment of the convective terms.

Several well-posed mixed finite element approxima-
tion have been developed during the last decades. Most
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approaches consist in adding ellipticity on the momen-
tum equation in order to stabilize the scheme. King
et al. [21] introduce the Elasticity Elliptic Momentum
Equation (EEME) method, which is a reformulation of
the momentum equation that makes the elliptic charac-
ter of this equation explicit. Another popular method is
the Elastic-Viscous Split Stress (EVSS) finite element
method introduced by Rajagopalan et al. [33], which
consists in splitting the stress tensor into a viscous part
and an elastic part and to perform a change of variables.
The Adaptative Viscous Split Stress (AVSS) method of
Sun, Phan-Thien and Tanner [35], introduced another
way to perform this change of variable. Nevertheless,
this change of variable is not possible with all the con-
stitutive equation. To overcome this problem, Guénette
and Fortin [16] introduced the Discrete Elastic-Viscous
Split Stress (DEVSS) finite element method, where the
same split is perfomed, but no change of variable is
needed.

Concerning the discretization of the convective term,
there exist two main approaches: one based on the
Streamline-Upwind method (SU or SUPG) and the
other on discontinuous Galerkin methods (dG) follow-
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ing the Lesaint-Raviart scheme. The first class of
methods consists in adding streamline upwind artifi-
cial diffusivity and was first applied to the computa-
tion of viscoelastic flows in 1987 by Marchal and Cro-
chet [26]. The dG method is based on the Lesaint-
Raviart method [24] and was first applied to a viscoelas-
tic liquid by Fortin and Fortin [13]. An advantage of this
method, is that the velocity-stress tensor spaces compat-
ibility condition required for the three field Stokes prob-
lem, can be easely satisfied. Morover, the dG methods
are known to be easy to implement.

For a complete review of these methods one can
refers to [1, 2, 28].

Recently, it has been shown that the breakdown in
convergence of the algorithms is related with the lack
of positivity of the so-called conformation tensor at the
discrete level [37, 23]. The conformation tensor can
be interpreted as a tensorial measure of the molecular
orientation and stretching of the chain. This tensor de-
notes the average of the dyadic product of the end-to-
end vector of a polymer chain. Grmela introduced a
class of rheological models based on the conformation
tensor [17]. In these models, the conformation tensor
is assumed to be symmetric and positive definite. In
the last few years, numerical schemes preserving the
positive definiteness of the discrete conformation tensor
have been proposed in the literature based on the ap-
proach of Fattal and Kupferman [12]. They consider a
log-conformation formulation of the constitutive equa-
tion written in terms of ψ = lnC and then put Ch = eψh .
This method has been widely used [18, 9, 22]. An alter-
nate log-conformation formulation has been introduced
by Coronado et al. [6]. Those methods lead to stongly
nonlinear reformulations of the considered problems
and therefore, their computation is very costly. Lee and
Xu employed the framework of Riccati equations to pre-
serve the discrete positivity [23].

Among the rheological models developed for de-
scribe the polymer liquid flows, the Giesekus model
is one of the most realistic [14, 15]. This model
presents two main advantages. First, it yields a real-
istic behaviour for all flows except for the biaxial exten-
sion1 [20]. Second, only two material parameters, the
relaxation time λ and the viscosity η, are needed to de-
scribe the model. These parameters can be easily deter-
mined using dynamic rheology experiments. However,
the Giesekus constitutive law is strongly nonlinear since
it involves a quadratic term in the stress tensor. Here,

1For this flow, the expected behaviour is possible but is not in good
agreement with the experimental data.

we also consider the simplified or affine Phan-Thien–
Tanner model [30, 31].

In this paper, we consider a low order non-
conforming finite element method to approach the ve-
locity and the pressure and dG finite elements to ap-
proach the stress tensor. The presented methodology is
implemented in the academic C++ library Concha2. To
validate the code, convergence tests and comparisons
with analytical solutions are performed. We have also
computed the cylinder drag values for an Oldroyd-B
liquid in order to compare our numerical scheme with
other proposed in the literature. For the 4:1 abrupt con-
traction geometry, we present velocities and stress com-
parisons between experimental data [32] and our code.
Finally, this geometry allows to show simulations for
high Weissenberg numbers.

The paper is structured as follows: in section 2, we
present the rheological models used. The section 3 is
devoted to the description of the numerical schemes. In
the last section, we present the numerical results.

2. Governing equations

In the case of incompressible isothermal flows, the
motion of a liquid is described by:

• the mass conservation law,

∇ · u = 0, (1)

where u is the velocity of the liquid.

• the momentum conservation law,

ρ
(
∂

∂t
u + u · ∇u

)
− ∇ · τ + ∇p = 0, (2)

where τ, p and ρ are respectively the extra-stress
tensor, the pressure and the density of the fluid.

• and a constitutive equation.

The rheological behaviour of a polymer liquid can be
described by two types of differential constitutive equa-
tions:

• the quasi-linear differential models:

τ + λ
�
τa = 2η D (3)

with
�
τa the Gordon-Schowalter convected deriva-

tive of the extra-stress tensor.

2http://sites.google.com/site/conchapau/
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• the nonlinear differential models:

f (τ) + λ
O
τ = 2η D (4)

with f (τ) a nonlinear function of the extra-stress
tensor.

D is the Oldroyd strain-rate tensor given by:

D =
1
2

{
∇u + (∇u)t

}
. (5)

η and λ are respectively the zero-shear viscosity and
the relaxation time of the polymer liquid.

The Gordon-Schowalter convected derivative of the
tensor A is defined by the following relationship:

�
Aa =

∂

∂t
A + u · ∇A

+ A ·Ω −Ω · A − a {A · D + D · A} (6)

where a is a parameter ∈ [−1, 1]. Ω is the vorticiy tensor
defined by:

Ω =
1
2

{
(∇u)t − ∇u

}
(7)

According to the chosen values for a, we obtain:

the upper-convected derivative for a = 1:
O
τ = ∂

∂t τ + u · ∇τ −
{
τ · ∇u + (∇u)t · τ

}
the Jaumann or co-rotational derivative for a = 0:

◦
τ = ∂

∂t τ + u · ∇τ + τ ·Ω +Ω · τ

lower-convected derivative for a = −1:
M
τ = ∂

∂t τ + u · ∇τ + τ · (∇u)t + ∇u · τ
(8)

If we replace the time derivative by an objective time
derivative, a linear model such as the Maxwell model
could be transformed into a quasi-linear model. The
Oldroyd-B model can be regarded as an extension of
the Upper Convected Maxwell (UCM) model. The de-
viatoric term of the stress is split into a polymeric part
and a solvent or Netwonian part: τ = τp + τs. The con-
stitutive equation of this model is given by:

τs = 2ηs D

τp + λ
O
τp = 2ηp D

The viscosity of this liquid is defined by: η = ηs + ηp.
In this work, we consider two non-linear viscoelas-

tic liquids: the simplified version of the Phan-Thien–
Tanner model [30, 31] and the Giesekus model [14, 15].

According to the choice of the function f (τ) in (4),
we obtain:

• the simplified or affine Phan-Thien–Tanner model
(PTT):

f (τ) =

(
1 +

ελ

η
tr {τ}

)
τ

⇒ τ +
ελ

η
tr {τ} τ + λ

O
τ = 2η D (9)

where ε is a non-dimensional adjustable parameter
called the extensional parameter.

• the Giesekus model:

f (τ) = τ +
α

G
τ · τ

⇒ τ +
α

G
τ · τ + λ

O
τ = 2η D (10)

where α is a constant ∈ [0, 1] and G = η/λ is called
the elastic modulus.

For a steady shear flow, the simplified form of the
PTT model predicts a pseudoplastic behaviour, a first
normal-stress difference function of the shear-rate and
a zero second normal-stress difference. In the case of
an elongational flow, this model describes suitably the
polymer melt behaviour. The parameter ε imposes an
upper limit to the elongational viscosity which becomes
inversely proportional to this parameter.

The Giesekus constitutive equation describes accu-
rately a large panel of material functions. In the case
α = 0.5, this relatively simple constitutive equation pre-
dicts a pseudoplastic behaviour with the first and sec-
ond normal-stress differences function of the shear-rate.
This model predicts, in the case of an elongational flow,
a Troutonian behaviour and a strain hardening with a fi-
nite asymptotic value. Setting α = 0 reduces the model
to the Upper Convected Maxwell model.

The polymer flow is characterized by the Weis-
senberg numberWi defined as follows:

Wi = λγ̇ (11)

where γ̇ is the shear strain. In our case, it is defined for
a Newtonian fluid.

3. Numerical method

Let us first introduce some useful notations. We con-
sider an open bounded domain Ω of R2 and a regular
family of triangulation (Th)h>0 consisting of triangles or
quandrangles. We agree to denote by εint

h the set of in-
ternal edges of Th, by ε∂h the set of edges situated on the
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boundary ∂Ω and we put εh = εint
h ∪ ε

∂
h. As usually, let

hT be the diameter of the triangle T and let h = max
T ∈Th

hT .

On every edge e belonging to εint
h , such that {e} =

∂T i ∩ ∂T j, we define once and for all the unit normal
n. For a given function ϕ with ϕ|Ti ∈ C(Ti) (1 ≤ i ≤ 2),
we define on e : ϕext(x) = limε→0ϕ(x − εn), ϕin(x) =

limε→0ϕ(x + εn) as well as the jump
[
ϕ
]

= ϕext − ϕin.
If e ∈ ε∂h, n is the outward unit normal and [ϕ] is
the trace of ϕ on e. We agree to denote the L2(e)-
orthogonal projection of a given function ϕ ∈ L2(e)
on Pk (k ∈ N) by πkϕ where Pk is the polynomial
space of maximum degree k. As usually, we denote
by ϕ− = min{0, ϕ} the negative part of ϕ and we set
ϕ+ = ϕ − ϕ−. We denote by c any constant independent
of h, η and the stabilization parameters. We shall use
the notation τ : θ =

∑2
i, j=1 τi jθi j.

We consider a velocity-pressure-stress tensor formu-
lation of the previous models. Our choice of the discrete
spaces is based on a previous analysis on Newtonian
flows [3]. Indeed, we have studied a dG approxima-
tion of the underlying three-fields Stokes problem re-
lated with a non-conforming method. We have obtained
theoretical and numerical results proving the stability of
this method. However, the computation is very costly
and therefore, the method is not well-adapted for three-
fields formulations. Based on to the optimal theoretical
and numerical results obtained, we have chosen to use
here a combination of these two finite element methods.

We only detail the numerical schemes for the
Giesekus model with α = 0.5 composed by the equa-
tions (1), (2) and (10). Similar formulations can be ob-
tained for the other considered models. We complete
the model by adding boundary conditions: u = g on ∂Ω

and τ = τD on the inflow boundary ∂Ω−{x ∈ ∂Ω; u(x) ·
n(x) < 0}. We take f ∈ (L2(Ω))2, g ∈ (H1/2(∂Ω))2 and
τD ∈ L2

sym(∂Ω−), with:

L2
sym(ω) =

{
τ = (τi j)1≤i, j≤2; τ = τi j = τ ji, τi j ∈ L2(ω)

}
.

We consider here the steady case and we present the
corresponding discretization for the triangular case first,
then for the quadrilateral case.

3.1. Triangular case

We first consider triangular elements. Let us now
describe the approximation of each of the variable.
The velocity and the pressure are approximated by
non-conforming finite elements of Crouzeix-Raviart [7]

while the stress tensor is approximated by P0 discon-
tinuous finite elements (Fig. 1). Thus, we introduce the
corresponding discrete spaces:

Vh =
{
v ∈ L2(Ω) ; (v)/T ∈ P1,

∀T ∈ Th and [π0v]/e = 0,∀e ∈ εh

}
,

V g
h = {vh ∈ Vh;

∫
e

vhds =

∫
e

gds ∀e ∈ ε∂h}

Qh =
{
q ∈ L2

0(Ω); (q)/T ∈ P0, ∀T ∈ Th

}
,

Xh =
{
σ ∈ L2

sym(Ω); (σ)/T ∈ P0, ∀T ∈ Th

}
,

with

L2
0(Ω) =

{
q ∈ L2(Ω) :

∫
Ω

qdx = 0
}
.

nodes

dof for u

!dof for p and

Figure 1: Degrees of freedom for triangular case.

The finite element method requires a weak formula-
tion of the system of PDE’s to be solved. The discrete
formulation can be written as follows:

(uh, ph, τh) ∈ V g
h × Qh × Xh

a(uh,uh; vh) + b(ph, vh)
+ c0(vh, τh) = f (vh) ∀vh ∈ V0

h
b(qh,uh) = 0 ∀qh ∈ Qh

c(uh, τh;σh) + d(τh, τh;σh) = l(σh) ∀σh ∈ Xh
(12)

The form a(·, ·; ·) can be decomposed into two parts:

a(uh,uh; vh) = a0(uh,uh; vh) + γ a1(uh, vh) .

The term a0(·, ·; ·) represents the approximation of the
following convective term:

a0 (uh,uh; vh) =
∑

T ∈Th

∫
T
ρuh∇uh · vh dx,

plus, eventually an upwinding stabilization whereas the
linear form a1(·, ·) is defined by:

a1(uh, vh) = η
∑

e ∈ εint
h

1
|e|

∫
e

[(uh · n)] [(vh · n)] ds

4



and γ is a stabilization parameter. This term stabilizes
the formulation thanks to a discrete Korn type inequality
for discontinuous spaces [3].

The form b(·, ·) is the classical one involving the di-
vergence of the velocity:

b(qh, vh) = −
∑

T ∈Th

∫
T

qh∇ · vh dx

The nonlinear forms c(·, ·; ·) and d(·, ·; ·) are defined
by:

c(·, ·; ·) = −2η c0(·, ·) + c1(·, ·; ·) + c2(·, ·; ·) ,

d(·, ·; ·) = d0(·, ·) + α d1(·, ·; ·) .

Here above, c0(·, ·) is the linear form:

c0(τh, vh) =
∑

T ∈Th

∫
T
τh : D(vh) dx,

c2(·, ·; ·) represents the objective derivative:

c2(uh, τh;σh) = − λ
∑

T ∈Th

∫
T
τh∇uh : σh dx

− λ
∑

T ∈Th

∫
T

(∇uh)t τh : σh dx,

and c1(·, ·; ·) is the approximation of the convective term
u · ∇τ. We follow the approach of Lesaint-Raviart and
we adapt it for a nonconforming velocity field. We ap-

proach
∫

Ω

u · ∇τ : σdx by:

c1(uh, τh;σh) =
∑
e ∈ εh

∫
e

F(τh,uh, n) [σh] ds, (13)

where F(τh, n) = (π0vh · n)+ τin
h + (π0vh · n)− τext

h

This can also be written, denoting by ∂T− =

{e ⊂ ∂T ; π0 (uh · n) < 0 on e} the set of inflow bound-
aries: ∑

T ∈Th

∫
∂T−

uh · nτext
h :

(
σint

h − σ
ext
h

)
ds.

This term requires inflow boundary conditions on the
stress tensor.

The form d0(·, ·) is defined as:

d0(σh, τh) =
∑

T ∈Th

∫
T
σh : τh dx

and d1(·, ·; ·) takes into account the quadratic term:

d1(τh, τh;σh) =
1

2G

∑
T ∈Th

∫
T
τh · τh : σh dx.

Finally, the right hand-side terms are defined as:

f (vh) =
∑

T ∈Th

∫
T

f · vh dx

where f ∈ L2 (Ω) is a data of the problem, and:

l(σh) = −
∑

e∈ε∂h∩∂Ω−

∫
e
(uh · n)−τD : σh ds,

with τD the boundary condition.

3.2. Quadrilateral case
We now consider quadrilaterals meshes. To approxi-

mate the velocity and the pressure, we use Rannacher-
Turek finite elements [34]. The degrees of freedom for
the velocity are the mean values across the edges. For
the pressure and the stress tensor the degrees of free-
dom are the same as in the triangular case (Fig. 2).
This numerical scheme has also been studied in [5].
Let’s recall the definition of the Rannacher-Tureck ap-
proximation space. Let K̂ = [−1, 1] × [−1, 1], ΨK :
K̂ → K the bilinear one-to-one transformation and
Q̂rot

1 = span{1, x̂, ŷ, x̂2 − ŷ2}. Then we define the space
QK = {v; v ◦ ΨK ∈ Q̂rot

1 } and we introduce the discrete
spaces:

Wh = {vh ∈ (L2(Ω))2; vh |K ∈ (QK)2 ∀K ∈ Kh,

1
|e|

∫
e
[vh]ds = 0 ∀e ∈ εint

h },

W g
h = {vh ∈Wh;

∫
e

vhds =

∫
e

gds ∀e ∈ ε∂h},

nodes

dof for u

dof for p and

Figure 2: Degrees of freedom for quadrilateral case.

The discrete formulation reads as follows:

(uh, ph, τh) ∈W g
h × Qh × Xh

a(uh,uh; vh) + b(ph, vh)
+ c0(vh, τh) = f (vh) ∀vh ∈W0

h
b(qh,uh) = 0 ∀qh ∈ Qh

c(uh, τh;σh) + d(τh, τh;σh) = l(σh) ∀σh ∈ Xh
(14)

The main difference with the triangular case is the
addition of a regularization term. The form a(., .; .) is
now decomposed into three parts:

a(uh,uh; vh) = a0(uh,uh; vh) + γ a1(uh, vh) + 2 R(uh, vh) .
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The R(., .) term is added to ensure the discrete coer-
civity and is given by :

R(uh, vh) = η
∑

K∈Kh

∫
K

(D(uh) − πK
0 D(uh)) : D(vh) dx.

Remark 1. The analysis of both triangular and quad-
rangular cases have been performed for the underlying
Stokes problem. We showed the well-posedness of the
stabilized formulations and we have obtained optimal a
priori error estimates. For more details, one may refers
to [5].

4. Results and discussion

In this section, we present numerical simulations ob-
tained with triangular meshes (channel and 4:1 abrupt
contraction) and quadrilateral meshes (cylinder). We
use structured meshes.

4.1. Solvers

The non linear problems are solved by means of New-
ton’s method. At each Newton’s iteration, a linear prob-
lem has to be solved. Depending on the geometry and
on the mesh type (triangular or quadrilateral), two lin-
ear solvers have been used: a direct solver and a multi-
grid approach. Indeed, the quadrilateral case is more
costly. In this case, the use of a multigrid method based
on Vanka’s smoother allows us to deal with fine meshes.

Remark 2. The Newton’s method necessitates the com-
putation of the following Jacobian matrix:

A0,u + γA1 + 2R B C0

Bt 0 0
−2ηCt

0 + C1,u + C2,u 0 D0 + C1,τ + C2,τ + αD1,τ

 .
Let ui and τi be the solution computed at the previous

Newton iterate, the corresponding forms are defined as
follows:

a0,u(uh, vh) =
∑

T ∈Th

∫
T

(
(ui · ∇)uhvh + (uh · ∇)uivh

)
dx,

c1,u(uh,σh) =
∑

T ∈Th

∫
∂T−

uh · nτext :
(
σint

h − σ
ext
h

)
ds,

c1,τ(τh,σh) =
∑

T ∈Th

∫
∂T−

ui · nτext
h :

(
σint

h − σ
ext
h

)
ds,

c2,u(uh,σh) = − λ
∑

T ∈Th

∫
T
τi
∇uh : σh dx

− λ
∑

T ∈Th

∫
T

(∇uh)t τi : σh dx,

c2,τ(τh,σh) = − λ
∑

T ∈Th

∫
T
τh∇ui : σh dx

− λ
∑

T ∈Th

∫
T

(
∇ui

)t
τh : σh dx,

d1,τ(τh,σh) =
∑

T ∈Th

1
2G

∫
T

(
τh τ

i + τi τh

)
: σh dx.

4.2. Implementation of the model

Let’s recall that our main goal is to obtain realis-
tic results for high Weissenberg numbers. The New-
ton method does not converge if we consider directly a
large Weissenberg number. To avoid this problem, we
consider an evolution method. The code starts the cal-
culation using an existing results file computed with a
smaller value of λ as an initial solution. At each step,
the λ gap is fitted to obtain the convergence of the New-
ton method.

4.3. Mesh convergence
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lo
g(

Er
ro

rs
) 

log(N)

Errors with respect to mesh refinment (triangles)

H1 error on the velocity
L2 error on the pressure

L2 error on the stress tensor

Figure 3: Mesh convergence, triangular case.

No exact solution exists for the Giesekus model. To
check the convergence of our method with respect to
mesh refinement, we consider the Giesekus model with
right-hand side such that the solution on Ω = [−1, 1] ×
[−1, 1] with Dirichlet boundary condition is equal to:

u =

(
1 + x + 2x2 + 2y2 + xy

1 − y + 2x2 − 1
2 y2 − 4xy

)
, p = x − y, τ constant.
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Results are presented in Fig. 3 for the triangular case
and in Fig. 4 for the quadrilateral case. As expected we
obtain the optimal convergence rate: O(N−1/2), with N
the number of elements. Note that similar results can be
found in [5] for a linear solution for τ.

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

 0

 0.5

 4  4.5  5  5.5  6  6.5  7  7.5  8  8.5

lo
g(

Er
ro

rs
) 

log(N)

Errors with respect to mesh refinement

H1 error on the velocity
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Figure 4: Mesh convergence, quadrilateral case.

4.4. Simulation vs. analytical solutions
We consider the flow of an affine Phan-Thien and

Tanner liquid with ε = 0.05 and a Giesekus liquid with
α = 0.5 along a channel. To validate our approach, we
compare the computed velocity profile and the analyti-
cal solutions for the fully developed channel flow. For
reasons of symmetry, only the lower part of the geom-
etry is taken as a flow domain. The dimensional char-
acteristics and the definition of boundaries of these ge-
ometries are given in Fig. 5 and we take a = 1 mm.

The boundary conditions are defined as follows:

• Inflow on Γ1, flat velocity profile typically 0.1 m/s.

• Homogeneous Dirichlet boundary conditions on
Γ2.

• Outflow, Neumann boundary condition on Γ3.

• Symmetry plane on Γ4.

symmetry plane

a

20a

4

2

1 3

Figure 5: Channel geometry.

Several definitions of the Weissenberg number have
been proposed [25, 38]. In this work, we adopt the fol-
lowing definition:

Wi = λγ̇ = λ
3ū
a

where ū is the inflow velocity or the average velocity on
the channel. The shear rate is calculated on the wall for
the equivalent Newtonian liquid.

For the affine Phan-Thien and Tanner model, the ve-
locity profile is given by the following relationship [27]:

ux(y) = −
a2

2η

(
1 −

y2

a2

)
1 +

ελ2

η2 a2
(
1 +

y2

a2

) (
∂p
∂x

)2 ∂p
∂x

(15)

and the average velocity by:

ū = −
a2

3η

1 +
6
5
ελ2

η2 a2
(
∂p
∂x

)2 ∂p
∂x

(16)

The Weissenberg number is given by:

Wi = −
λa
η

1 +
6
5
ελ2

η2 a2
(
∂p
∂x

)2 ∂p
∂x

(17)

The pressure gradient is the real solution of the cubic
equations (16) or (17).

In the case of the Giesekus liquid, an analytical solu-
tion is given in [25]:

ux(y) =
1

2βλ
ln

1 − a2β2

1 − y2β2 , β =
λ

η

∂p
∂x

(18)

and the average velocity by:

ū =
1
βλ

(
1 −

atanh (aβ)
aβ

)
(19)

β is related to the Weissenberg number by:

Wi =
3

2aβ

(
1 −

atanh (aβ)
aβ

)
(20)

The characteristics of the liquid chosen for all the
simulations are 103 Pa.s for the viscosity and 103 kg/m3

for the density. The inlet flow is equal to 0.1 m/s. These
conditions give 10−4 as Reynolds number and 300λ as
Weissenberg number. With this geometry, we employ a
mesh consisting of 40 960 elements.
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Figure 6: Profiles of the dimensionless velocity ux/uN vs. y/a with uN
the Newtonian velocity. 2D planar flow in a channel for a Phan-Thien–
Tanner liquid, ε = 0.05. Comparison between numerical (symbol) and
analytical (line) solutions.
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Figure 7: Profiles of the dimensionless velocity ux/uN vs. y/a with uN
the Newtonian velocity. 2D planar flow in a channel for a Giesekus
liquid, α = 0.5. Comparison between numerical (symbol) and analyt-
ical (line) solutions.

The comparison between numerical and analytical
profiles is given in Figures 6 and 7. The velocity profiles
obtained are in good accordance.

In the case of the Phan-Thien–Tanner liquid, the ve-
locity profiles are directly calculated from the equations
(15) and (17). For the Giesekus liquid, the parameter β
is determined from the Weissenberg number (20). With
this value and the velocity equation (18), we calculate
the velocity profile.

4.5. Drag comparison

a

15 a 15 a

2 
a

2

2

2

31

Figure 8: Geometry for a flow past a cylinder.

Now, we consider the flow past a cylinder benchmark
used in [10, 29, 18, 11, 8]. The geometry is given in Fig-
ure 8. We impose the same inflow conditions as in [8], a
parabolic velocity profile with ū = 1m/s. On the out-
flow we impose a homogeneous Neumann condition,
and on the other boundaries, including the cylinder, no-
slip conditions.

On this benchmark, most of the drag results are
presented for the Oldroyd-B model. To compare our
schemes with other numerical approaches, we have con-
sidered this rheological model.

As in the cited papers, we take η = ηn + ηp = 1,
ηp = 0.41 and the Weissenberg number defined byWi =
λū/a, with ū the inflow mean velocity.

The drag along the cylinder Γc is given by the rela-
tionship:

D =

∫
Γc

(1, 0)T ·Π nds

with Π = τp − pI + 2ηn D the total stress tensor.

We have implemented the same numerical scheme as
for the Giesekus model. In order to obtain accurate drag
values, the meshes are more refined around the cylinder,
as presented in Fig. 9.

Figure 9: Mesh shape for the drag calculation.

In this case the multigrid method allows us to use
meshes composed by up to 1 048 576 elements. We
have then computed in Tab.1 the drag values in term of
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the number of elements N for λ = 0.6. The linear con-
vergence obtained leads to more accurate extrapolated
values D∗. nN denotes the number of Newton iterates
whereas nM is the sum of the multigrid iterates.

N nN nM D ∆D D∗

1024 7 19 118.081 - -
4096 6 12 118.421 0.340 -

16384 6 18 118.349 0.072 -
65536 6 24 118.085 0.264 117.821

262144 5 20 117.936 0.149 117.787
1048576 5 31 117.858 0.078 117.780

Table 1: Drag values for λ = 0.6.

One may see in Tab. 2 that the drag values D ob-
tained with Concha on a mesh consisting of 1 048 576
elements for different λ are quite close to those of the
literature, in particular with [8] and [18].

λ 0.0 0.3 0.6 0.7
Concha 132.357 123.190 117.780 117.321

Ref. [10] 131.809 123.514 120.485 -
Ref. [29] 132.357 - 117.775 -
Ref. [18] 132.358 123.193 117.792 117.290
Ref. [11] 132.330 123.410 - -
Ref. [8] - 123.194 117.779 117.321

Table 2: Comparison of drag values with the literature.

4.6. Simulation vs. experimental data
In 1994, Quinzani et al. [32] measured the detailed

flow fields of a well characterised polymer solution
flowing in a planar abrupt contraction by using Laser-
Doppler velocimetry (LDV) and flow-induced birefrin-
gence (FIB). We used these experimental results to vali-
date our code. A mesh of 32 768 elements was used for
these simulations.

12
.7

40 160

symmetry plane

4

2
1

3.2

3

Figure 10: 4:1 abrupt contraction geometry from [32] (mm).

Their fluid test is a solution of a high molecule
weight polyisobutylene (PIB) dissolved in tetradecane
(C14H30). The material parameters of the solution are:
η0 = 1.24 Pa.s and λ = 0.06 s at 25◦C. The density of
this fluid is 800 kg/m3. The test section consists of two
removable inserts fitted into an outer shell with 5.1 cm
height, 25.4 cm width, and 51 cm length. The inserts
form a planar contraction of upstream thickness 2.54 cm
and downstream thickness 0.64 cm to give a contraction
ratio of 3.97:1 (Fig. 10). The aspect ratio of the flow cell
is smallest upstream of the contraction plane, where it
is 10:1. According to Xue [38], the 2D flow simulation
is only a good approximation to the fully 3D flow if the
upstream aspect ratio in the experiment is at least 10.
The average velocity in the small channel is 2.14 cm/s
corresponding to 0.539 cm/s for the inflow velocity. All
experimental data have been scanned from the paper of
Quinzani et al. [32].

Quinzani et al. define the Weissenberg number by the
following relationship:

Wi = λ(γ̇) γ̇ = λ(γ̇)
ū
h

where ū is the average velocity in the small channel and
h its half height. They obtainWi = 0.25.

-1.0 -0.5 0.0 0.5 1.0

y/a
0.0

0.4

0.8

1.2

1.6
ux / 

_
 u

Quinzani (1994)
Giesekus (  = 0.5)
PTT (  = 0.05)
PTT (  = 0.25)

Figure 11: Profiles of the dimensionless velocity ux/ū vs. y/a. 2D
planar flow in a 3.97:1 contraction for a Phan-Thien–Tanner liquid,
ε = 0.05, 0.25 and a Giesekus liquid, α = 0.5. Comparison between
numerical solutions and experimental data (data scanned from Quin-
zani [32]).

In Figure 11, we compare the dimensionless veloc-
ity profile for Phan-Thien–Tanner and Giesekus liquids
with the experimental data. The numerical results for
the Giesekus liquid are in very good agreement with
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experimental observation. For the Phan-Thien–Tanner
model, the maximum velocities are overestimated.

The velocity component ux in the downstream and
the upstream channels is given in the Figure 12 for the
results of simulation with the Giesekus liquid and the
experimental data. The dimensionless cordinate ξ is de-
fined as (x − x0) /h where x0 is the x-coordinate of the
contraction (x0 = 40 mm) and h is the half-width of the
small channel (h = 3.2 mm). The agreement is globally
good.
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Figure 12: Profiles of velocity ux vs. y/a. 2D planar flow in a 3.97:1
contraction for a Giesekus liquid, α = 0.5. Comparison between nu-
merical solutions and experimental data in the downstream and the
upstream channels (data scanned from Quinzani [32]).

For the upstream channel, we observe a gap between
the numerical results and the experimental data near the
central part of the flow. The deviations may be attributed
to the experimental errors. Nevertheless the numerical
results are in good agreement with experiment.

For the downstream channel, we observe clearly a
difference between numerical results and experimental
data on the abrupt contraction plane (ξ = 0). Again,
we suggest that this difference is due to experimen-
tal errors. Near the contraction, the velocity profile
is particularly sensitive to the x position. The differ-
ence between the maximum velocities for ξ = 0 and
ξ = −0.15, i.e. 0.5 mm, is approximately 4 %. The
measuring volumes formed from the beams of laser
(LDV) are ellipsoids with dimensions of approximately
50 µm × 50 µm × 250 µm.
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Figure 13: Profiles of shear stress τxy vs. y/a. 2D planar flow in a
3.97:1 contraction for a Giesekus liquid, α = 0.5. Comparison be-
tween numerical solutions and experimental data in the downstream
and the upstream channels (data scanned from Quinzani [32]).

The shear stress τxy and normal stress difference(
τxx − τyy

)
in the downstream and the upstream chan-

nels are given in the Figures 13 and 14. Our simulations
are in qualitative agreement with the experiments.
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In the upstream channel, our simulations give a suit-
able description of the flow for 0 < y/a < 0.5 for the
shear and the normal stresses. In the recirculation zone,
we observe a disagreement between the computed re-
sults and the experimental data. The Figures 15 shows
the position of dimensionless coordinate ξ compared
with the corner vortex size of our simulation. The dis-
agreement is significant in the vortex. As τxy ∝ γ̇, the
velocity profiles (Fig. 12) give informations about the
level of the shear in the vortex. We note that the experi-
mental shear stresses appear to be overestimated.

In the case of the downstream channel, the behaviour
of the shear and normal stresses is correctly predicted by
our computations. The meshes used in this simulation
are too coarse to resolve the shear stress near the wall.
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Figure 14: Profiles of normal stress τxx − τyy vs. y/a. 2D planar flow
in a 3.97:1 contraction for a Giesekus liquid, α = 0.5. Comparison
between numerical solutions and experimental data in the downstream
and the upstream channels (data scanned from Quinzani [32]).

Figure 15: Streamlines in 2D planar flow in a 3.97:1 contraction for
Giesekus liquid, α = 0.5.

4.7. 4:1 simulations

The 4:1 abrupt contraction geometry is a classic
benchmark flow problem used in computational fluid
mechanics. The dimensional characteristics and the
definition of boundaries of this geometry are given in
Fig. 16 and we take a = 1 mm.
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symmetry plane
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3

Figure 16: 4:1 abrupt contraction geometry.

Many polymeric liquids exhibit large recirculating
vortices upstream of the entry on an abrupt contraction.
Our numerical simulations predict this phenomenon.
For the 4:1 geometry, the streamlines for each Weis-
senberg numbers and for affine Phan-Thien–Tanner and
Giesekus (α = 0.5) liquids are presented in Figure 17
and 18. We observed a growth of vortices with increas-
ing Weissenberg numbers. Lip vortices were observed
only in the case of Giesekus liquid with α = 0 and for
Weissenberg number values near 4.5. For this value of
α, the upper-convected Maxwell (UCM) model is re-
covered.

In the Figures 19, we show the numerical results
of velocities along the plane of symmetry for differ-
ent Weissenberg numbers. The solutions of the flow
develop numerical instabilities in the form of oscilla-
tions with increasing Weissenberg number. The up-
per limit value of Weissenberg number is controlled by
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these oscillations. We obtain approximately 22 as crit-
ical Weissenberg number for the affine PTT liquid and
the Giesekus liquid with α = 0. No oscillation was ob-
served for the Giesekus liquid and the value of 30 for
the Weissenberg number was reached.

We have obtained simulations for high Weissenberg
numbers for the Giesekus model (Wi > 21). Two ap-
proaches might explain the quality of those results.

The first explanation is inherent to physical character-
istics of rheological models. Indeed, the Weissenberg
number is a measure of the elastic properties of the
polymer liquid, the elasticity is also represented by the
first normal-stress difference N1. In the high shear-rate
range, the variation of this material function is:

• Phan-Thien–Tanner: N1(γ̇) ∝ γ̇2/3

• Giesekus (α = 0) or UCM: N1(γ̇) ∝ γ̇2

• Giesekus (α = 0.5): N1(γ̇) ∝ γ̇1/2

The increase of the normal stress is smaller for the
Giesekus liquid than for the affine Phan-Thien–Tanner
liquid or the upper-convected Maxwell model. The
likely effect of normal stress on simulation is the loss
of convergence.

The normal stress N1 along the centerline is given in
Figure 20. The maximum of the normal stress is ob-
tained after the abrupt contraction for the Phan-Thien–
Tanner liquid or the upper-convected Maxwell model
and before the abrupt contraction for the Newtonian
fluid and the Giesekus liquid. The maximum values of
the normal stress decreases with the Weissenberg num-
ber for the Phan-Thien–Tanner and Giesekus liquids and
increases for the UCM, i.e. Giesekus with α = 0. In the
last case, we show some oscillations forWi = 21.

Secondly, the loss of convergence of the algorithms
for high Weissenberg numbers is a major issue in com-
putational rheology and is associated with the loss of
the positivity of the so-called conformation tensor at the
discrete level. Numerical schemes preserving this prop-
erty yield energy estimates and are more stable. In [4],
the authors showed that our discretization associated
with the Giesekus model yields the positivity of the dis-
crete conformation tensor. The key point for this result
is the use of a DG0 approximation for the stress tensor.
Indeed, the discretization of the convective term on the
stress tensor (13) is crucial to ensure the positivity of the
discrete stress tensor for the Giesekus equation.

5. Conclusion

In this work, we present numerical results obtained
with a finite element approximation of the Giesekus
and the PTT models. The velocity and the pres-
sure are approximated by non-conforming finite ele-
ments of Crouzeix-Raviart in the triangular case and
of Rannacher-Tureck in the quadrilateral case while the
stress tensor is approximated by P0 totally discontinu-
ous finite elements.

We have presented comparisons with analytical solu-
tions, with experiments and also with the literature il-
lustrating the good behaviour of our numerical scheme.
Moreover, we show the superiority of the Giesekus
model, which seems to be the more appropriate to ob-
tain realistic simulation. The nonconforming finite el-
ement method applied to this model seems to be stable
for the triangular and quadrilateral cases. We have ob-
tained realistic simulations for high Weissenberg num-
bers superior to 21 on the popular test-case of an abrupt
4:1 contraction.
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Figure 17: 4:1 contraction. Streamlines for Phan-Thien–Tanner liquid, ε = 0.05.

Figure 18: 4:1 contraction. Streamlines for Giesekus liquid, α = 0.5.
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Figure 19: 4:1 contraction. ux/u vs. x/a along the axis of symmetry.
Phan-Thien–Tanner, ε = 0.05 and Giesekus, α = 0, 0.5 liquids.
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