Potential theory and Z%extensions
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Abstract

We study hitting probabilities for Z%extensions of Gibbs-Markov maps. The goal is to
estimate, given a finite ¥ C Z¢ and p, ¢ € 3, the probability P,, that the process starting from
p returns to X at site q.

Our study generalizes the methods available for random walks. We are able to give in many
settings (square integrable jumps, jumps in the basin of a Lévy or Cauchy random variable)
asymptotics for the transition matrix (Ppq)pqex When the elements of ¥ are far apart.

We use three main tools: a variant of the balayage identity using a transfer operator as a
Markov transition kernel, a study inspired from fast-slow systems and the hitting time of small
sets in hyperbolic systems to relate transfer operators and the transition matrices we seek to
compute, and finally Fourier transform and perturbations of transfer operators a la Nagaev-
Guivarc’h to effectively compute these transition matrices in an asymptotic regime.
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Introduction

Large classes of uniformly hyperbolic dynamical systems, when endowed with suitable probability
measures, behave similarly to Markov chains. Many theorems pertaining to sequences of i.i.d. random
variables have found generalizations for sequences of observables of such systems: the law of large
numbers (Birkhoff’s ergodic theorem), the central limit theorem [36, 47, 37, 22|, the local central limit
theorem and asymptotics of occupation times [11, 43, 1, 48, 16] and large deviation principles [38,
39, 53|, to cite only the most widely known.

This article is part of a project to understand how an important part of the general theory of
Markov processes, namely the probabilistic theory of potentials, can be adapted to dynamical sys-
tems. The specific problem we are interested in is inspired by the computation of hitting probabilities
for random walks. Given a recurrent random walk (S,,),>0 on Z% and a finite set ¥ C Z?, one can
compute the transition probabilities between points of ¥ — in other words, the probability, given any
p, ¢ € X, that a random walk starting from point p returns to X at point q.
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Figure 1: Three sites A, B, C in Z?, and a transition from A to C.

This problem has an interpretation in terms of resistances in electrical networks, and may be
solved using potential theory, more precisely the so-called balayage identity (see e.g. [45, Corol-



lary 1.11], or Theorem 1.1 below). With this method, for the simple random walk on Z? and the
subset ¥ = {A, B,C'} of Figure 1, one finds that the matrix of transition probabilities is
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A natural generalization of random walks is the class of Z%-extensions of dynamical systems.
Starting from a probability-preserving ergodic dynamical system (A, u,T) and a jump function F :

A — 74, its Z%-extensions is the system ([Z%], i1, T) defined by:
e State space: [Z29] := A x Z¢;
o Measure: fi:=pu® )  7a0p;
e Transformation: T(z,p) := (T(z), p+ F(z)) € [24] for all (z,p) € [Z9).

This class of systems include Z?-valued random walks, Z-extensions of Markov chains [31, 32, 33]
(sometimes used as toy models for more realistic processes), Zd-extensions of subshifts of finite
type [43] as well as the collision map for Lorentz gases [48, 49]. Using well-chosen sections, the
study of the Lorentz gas flow or of the geodesic flow on Abelian covers of negatively curved compact
manifolds may also be reduced to the study of such extensions [44, 16].

In the setting of Z9-extensions, the study of hitting probabilities can be transposed as follows.
Given a finite subset ¥ C Z% and p, ¢ € ¥, what is the probability (under u) that the trajectory
(T™(x,p))n>o returns to A x X at the site A x {¢}?

While an explicit computation of the matrix of transition probabilities, as in Equation (0.1), was
possible for the simple random walk, such an explicit formula seems to be out of reach for more
general dynamical systems. As for the central limit theorem, the local central limit theorem or the
principle of large deviations, elementary formulas are available in an asymptotic regime. For hitting
probabilities, we propose to study the asymptotics of the transition probabilities for families (3;);0
of subsets of Z¢ whose points get farther and farther apart when the parameter ¢ goes to infinity:

Figure 2: Some elements of a family of subset (A X ¥;);~¢ growing farther apart while keeping the
same shape.

One particularly interesting case, pictured in Figure 2, occurs when those points keep the same
shape, that is
Yy ={to(i)+o(t): i €I}



for some finite set I and some injective function o : I — R¢. This kind of limit theorems is in line
with a few former studies [32, 40].

In this setting, hitting probabilities could be obtained in [40] for families of subsets of size 2.
However, these results were byproducts of distributional limit theorems for additive functionals of
the process (1T"),>0. As a consequence, the methods involved were extremely heavy, limited in scope
as they could not produce the matrix of transition probabilities but only its symmetrization, and
obscured the underlying potential theory. A second article [41] laid down the foundation for the use
of probabilistic potential theory for hyperbolic dynamical systems; in particular, we need to use the

transfer operator as a Markov operator instead of the Koopman operator.

The current contribution has two main parts. First, parametrizing by ¢ = ¢t~! instead of ¢, we
define potential operators (Q.).~o acting on Lipschitz functions on A x .. We are able to relate
these potential operators to the matrices of transition probabilities when e vanishes:

Theorem 0.1. B

Let ([Z4, 11, T) be an ergodic and recurrent Markov Z*-extension of a Gibbs-Markov map. Let I
be finite. For e >0, let o, : [ < Z%. Let P. be the matrix of transition probabilities on ..

The following properties are equivalent:

e there exists an irreducible (in the sense of Definition 1.8) bi-L-matriz R such that P. = Id —e R+
o(e);

e there exists an irreducible (in the sense of Definition 1.13) matriz S such that Q. = 1S +
o(e™h).

If any of these properties holds, then, in addition, S = Ry".

One of the main features of this theorem is that its hypotheses are quite general: recurrence is
necessary for P. to be a stochastic matrix, while ergodicity ensures (among other things) that P. is
irreducible. No assumption is made on the shape of the subsets (X.).s¢ nor on the jumps F. Note
that, for random walks, we have Q. = (Id —P.)™!, so that the conclusion of Theorem 0.1 then holds
even in the non-asymptotic regime.

The proof of Theorem 0.1 relies on the theory of hitting time of small targets [42, 26, 9, 6]: when
¢ vanishes, the transitions between different sites of A x Y. become rare events', so the process
induced by (T™),>0 looks like a Markov process on Y. with transitions at times of order e~'. We
give a probabilistic proof of Theorem 0.1, inspired by previous works on fast-slow systems [9, 12| and
using a coupling argument to control these transitions. Note however, that a more analytic approach
could be possible, along the line adopted by G. Keller and C. Liverani [29], or by D. Dolgopyat and
P. Wright [17] (the later work being closer to our setting, as the operators involved have a degeneracy
of higher order than those studied in [29]).

The potential operators (Q:).~o can be estimated, in the asymptotic regime ¢ — 0, from the
perturbations of the main eigenvalue of the transfer operator associated with (A, u,T). When the
jump function F'is well-behaved, we get explicit expressions for the operator S in Theorem 0.1, and
from there, a first order expansion of the transition matrices (P.).~o. We investigate four cases, when
d =1 and F is in the basin of attraction of a Lévy stable distribution (distinguishing the IL?, general
Lévy and Cauchy cases), and when d = 2 and F is square integrable. For instance, in the later case,
we get

IThis point of view explains the use of the parameter e, which is the size of the targets, instead of ¢, for most of
this article.



Proposition 0.2.

Let ([Z?], 11, T) be an ergodic and recurrent Markov Z?-extension of a Gibbs-Markov map (A, u, T)
with jump function F @ A — Z*. Assume furthermore that ||F| € L?*(A,u). Let Cov > 0 be that
asymptotic covariance matriz of F defined by Equation (6.14).

Let I be non-empty and finite and o : I < R? be injective. Fort > 0, let oy : I < Z* be such
that (i) = to(i) +o(t) for alli € I. Let P; be the transition matriz of the Markov chain induced on

Y :=o0y(I). Then
1 =TV IUCY) B ().

Pt —t—+o0 ln(t)

where R is the irreducible, symmetric bi-L-matriz defined by Equation (6.12):

R, = —ﬁ whenever i # j € 1,
Rii = Il_l VZ < I

1]

This text also includes a few results which may be of independent interest, such as a structural
result on the periodic components of a Z-extension of a Gibbs-Markov map, which has the curious
particularity of being different for Z and Z2-extensions (see Proposition 3.3).

The structure of this article is as follows. Section 1 is an introduction. We present a gen-
eral method to compute transition matrices for random walks, ours setting (Z9-extensions, induced
systems, Gibbs-Markov maps and transfer operators), and give our strategy to get ours results. Sec-
tions 2, 3 and 4 give a proof of Theorem 0.1; this decomposition in three steps shall be explained
in Sub-subsection 1.5.3. Afterwards, we shall obtain Proposition 0.2 and similar propositions in
Sections 5 and 6; the former will give a general formula for the potential operator (). using Fourier
transform, while the later will apply this formula to various settings. Finally, an appendix compiles
some technical results on Gibbs-Markov maps.
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1 Setting and main results

1.1 Hitting probabilities for recurrent random walks
1.1.1 General theory

Consider a sequence of independent and identically distributed Z%-valued random variables (X,,),>0,
and set S, := Z;é X}.. The sequence of random variables (S,),>0 is a random walk in Z¢ starting
from 0. Let P be its transition kernel:

qu:]P)<X0:q_p)-

This transition kernel acts on functions by P(f)(p) = >_,cza Fpaf(q)-



In what follows, we shall assume that (S,,),>0 is recurrent and ergodic, which implies in particular
that d € {1,2}. Given ¥ C Z¢ and p € Z?\ X, we define the hitting time of ¥ as the random variable

Psu(p) i=inf{n>0: p+ S, € ¥},

and the hitting point as p + Sz, € 2. Then, by recurrence, the hitting point is a X-valued
random variable. Its distribution can be computed in the following way: given any bounded function
f:¥ = R, extend it to a bounded function ¢ : Z¢ — R such that

(r) =f(r) Vrekx,
{0 o 50 Wen (11)

Then, by a martingale argument,

9p) =E(f(p+ Seum));
specializing e.g. to f = 1, for ¢ € ¥ gives in principle the distribution of the hitting point, as long
as one is able to solve Equation (1.1).

In this article, we are interested in a slightly different problem: X is finite, and we want to
understand transition probabilities ; that is, the starting point p belongs to 3, and we consider the
hitting time

es(p):=inf{n>1: p+ S5, € X}
The problem of computing transition probabilities can be reframed in the following way. Taking a

trajectory (S,,)n>0 of the random walk and keeping only the times at which the random walk belongs
to X yields, by the strong Markov property, a -valued induced Markov chain.

Figure 3: A transition on {A, B, C} induced by a path in Z2.
This induced Markov chain has transition matrix

P pg = P(p + Ssoz:(p) =q),

and we want to compute the operator Ps,. This can be done thanks to a variation of Equation (1.1)
adapted to starting points belonging to X, the so-called balayage identity. The version we quote is
close to [45, Corollary 1.11], and can be found in [41]:

Theorem 1.1 (Balayage identity).
Let € be a Polish space, P a Markov kernel on 2, and . a measure which is stationary, recurrent
and ergodic for P.

Let ¥ C Q be measurable, with () > 0. Let g € L®(Q, ) and f € L°(Z, puys). Let fly : Z¢ —
C be the function which coincides with f on % and is null everywhere else.
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If
(Id—=P)g = f1s,

then:
(Id=Ps)gis = f.

Theorem 1.1 relates the solution of the Poisson equation for the kernel P on Z¢ to the solutions of
the Poisson equation for the kernel Py on . In the framework of electrodynamics, f is an intensity,
while ¢ is an associated potential.

A first remark is that (S,),>0, seen as a Markov chain on Z¢, preserves the counting measure,
is ergodic and recurrent. Moreover, for general recurrent Markov chains with stationary measure p,
the restricted measure px is stationary for the Markov chain induced on Y. Consequently, in the
context of random walks, Py, preserves the uniform measure pys, on X.

When acting on functions, Ps preserves constant functions. Since (S,),>o is ergodic, so is P,
so Ker(Id — Pg) = Vect(1) has dimension 1. Finally, since Ps preserves us, the eigenprojection onto
Vect(1) is given by f +— us(f)1, whence we have a Ps-invariant splitting C* = Vect(1) & CJ, with
C¥ := Ker(uyg). Hence, all we need is to understand the action of Py on CJ.

Now, take any f € CJ. Extend it to fly : Z? — C. Find a function g : Z? — C such that
(Id—P)g = f1y and s(g) = 0 ; such a function always exists under our hypotheses. Then g5, € C§
and (Id —Px)g;s = f by the balayage identity. Doing this operation for all f in a basis of Cy allows
us, in theory, to compute the operator (Id —Ps)~! on CJ. Then, invert (Id —Ps)~!, and from there
get the action of Ps on C}.

All is left is to effectively compute g given f. At this point the algebraic structure of the random
walk plays a role, as we can use the Fourier transform. The main idea is that the operator P, which
corresponds to the action of P in the frequency domain, is merely the multiplication operator by the
characteristic function W(€) := E(e"¢%)) of X. Up to an additive constant,

06 = 3 PO = X OO = o,
whence, writing T¢ = R‘/lzd,
_ 1 O ien
9(p) = Grya /W T ©p g, (1.2)

still up to an additive constant. If the kernel P is nice enough, as is the case for the simple random
walk on Z<, such integrals can even be explicitly computed.

To sum up, this strategy to compute the Markov kernel Ps; has three main ingredients:

e the balayage identity (Theorem 1.1) which relates the Markov kernels P and Py through the
solutions to their respective Poisson equations;

e the ability to solve the Poisson equation on Z¢, using for instance the Fourier transform:;
e the ability to invert (Id —Pg) ™.

In the case of random walks, C§ is finite dimensional, so the last step may seem comparatively
insignificant. However, in the remainder of this article, we shall work with operators acting on
infinite-dimensional Banach spaces, for which getting explicit information on their inverse is much
tougher.



1.1.2 An example with the simple random walk

Now, let us delve deeper into the method described in Sub-subsection 1.1.1 by applying it to the
example of Figure 1. We take for (S,,),>o the simple random walk on Z? and ¥ = {A, B,C} with
A=(0;0), B=(—-1;0) and C = (1;1).

The simple random walk has a transition kernel B, = 1 >~
q are neighbours. Its action on functions f : Z? — C is thus

P() = 3 3 7la).

q<p

qop Og» Where ¢ <> p if and only if p an

and the simple random walk is indeed ergodic, recurrent, and preserves the counting measure on Z2.

Let Ps, be the transition matrix for the Markov chain induced on ¥. Then Py, preserves the uniform
measure on ¥ denoted by psx. Thus we have a Pg-invariant splitting C* = Ker(us) & Vect(1).

Now, we need to understand the action of Ps on Ker(us) = C¥. It is enough to understand its
action on a basis, say, e¢; := 14— 1p and e3 := 14 — 1. Note however that Equation (1.2) only let us
compute (Id —Ps)"'e; up to an additive constant. To sidestep this issue, we compute the quantities

(s, Id =Ps) e == Y elp) - [(1d—Po)'e;] (p)

for i, j € {1,2}, which is enough to reconstruct the action of (Id —Ps)~' on CJ. Since all the ¢;
are in C}', the indetermination of (Id —Ps)™! up to constants does not matters. We illustrate this
computation with ¢ = j = 1. By Theorem 1.1,

(er, Id—Px)ter) sy = Z e1(p) - [(Id—Ps)eq] (p)

1 — o 1a—19)(©
= o L G I S Sy s

= _ o
= (271‘)2 /11‘2(1 (& ) 1 ei§1+67i£116i§2+67i§2 df
_ 1 1 — cos(&1)

T w2 Jpe 2 — cos(€,) — cos(&)
=2

The other three computations are similar. We recover from there the action of (Id —Ps)~! on C¥,
then the action on Py on CJ after inversion. Finally, adding the rank one map 1 ® uys yields the
matrix of Equation (0.1).

1.2 Dynamical systems: extension and induction
1.2.1 Z%extensions of dynamical systems

A common generalization of random walks on Z<, in the context of ergodic theory, is that of Z9-
extension. Let (A, u, T) be a probability-preserving dynamical system, and F' : A — Z¢ a measurable
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function (which we call the jump function). Let ([Z%],11,T) be the corresponding Z9-extension as
defined at the beginning of this text.

Let us write S, F(z) := S1—s F(T*(x)) the Birkhoff sums of F. Then

T"(2,p) = (T"(x),p + SnF(x)).

This setting includes random walks: take A = (Z)N, then T((2,)n>0) = (Tni1)ns0 and p = p§" a
product measure on A. Choose F((1,,)n>0) = ¥o; then, under u® v € P([Z%)), the second coordinate
is a random walk whose starting point has distribution » and whose jumps have distribution pg. If
one replaces the full shift by a subshift, or take a Markov measure instead of the product measure, we
get a random walk with internal states, which is a special case of hidden Markov models [31, 32, 33|.

If (A, 1, T) is the collision map of a Sinai billiard, then ([Z4], iz, T) is the collision map of a Lorentz
gas, a popular diffusion model.

1.2.2 Inductions of dynamical systems

Let (B, v,S) be a measure-preserving dynamical system. For any measurable C' C B with positive
measure, we define the first hitting time of C as:

oo(z) =inf{n>1:T(z) € C }.

The system (B, v, S) is said to be ergodic if it has no non-trivial strictly invariant subset, and recurrent
if pc(z) < +oo for almost every z € C, for any measurable C' C [Z9].

If (B,v,S) is recurrent and C' C B has positive measure, the induced map

T.. ¢ - C
Nz o Tee@(g)

is well-defined almost everywhere, recurrent, and preserves the restricted measure vo = v [41,
Corollary 1.1]. If in addition (B, r,S) is ergodic, then so is (C,ve, T¢). In what follows, we shall
often make this assumption:

Hypothesis 1.2 (Recurrence).

The Z%-extension ([Z%), i, T) is ergodic and recurrent.

Let ([Z%), 1, T) be a recurrent Z%-extension. For any ¥ C Z%, we shall write [X] := A x X C [Z9].
If ¥ = {0} is a singleton, we shall dispense with the brackets, and write [p] = A x {p}. In this article,
we will work with three types of systems:

e the initial probability-preserving dynamical system (A, u, T);

e a Z-extension ([Z%], 1, T) with jump function F;
e induced maps ([X], pusy, Tlyy) for & C Z4.

We try as much as possible to keep our notations coherent: objects with a tilde refer to the Z-
extension, and objects with a set as an index refer to induced maps.

In this context, we define transition probabilities as follows:



Definition 1.3 (Transition probabilities).

Let ([Z%), 11, T) be a recurrent Z%-extension of a dynamical system (A, u,T). Let ¥ C Z< be finite.
The matriz of transition probabilities Py, is defined by:

Pspg =1 (x € A:Tixy(x,p) € [q]) .

As long as the extension is recurrent, the matrix P is bi-stochastic: the sum of each of its rows
and of each of its columns is 1.

Lemma 1.4.
Let (|24, 11,T) be a recurrent Z%-extension of a probability preserving dynamical system. Let
¥ C Z% be non-empty. Then P, is bi-stochastic.

Proof. The fact that Py is stochastic is a translation of the fact that T is recurrent. For any p € X,

ZPEM = Zu (v € A: Tigy(z,p) € lg])

qeX qeY
=p(z € A:Tigy(z,p) € [X])

=7 ([p] N {ps) < +oo})
—1.

The bi-stochasticity of Ps comes from the fact that Tjs) preserves ps). For any ¢ € X,

> Poyy=> p(r€A:Tig(,p) € [q))

pEXL peEX

= s (T[E}l ([(ﬂ))

= sy ([a))
= 1. O

1.3 Gibbs-Markov maps

If no assumption is made on (A, u,T) nor on F, the behaviour of the trajectories of the system
(129,71, T) can be extremely diverse: for instance, the rate of diffusion in Ehrenfest’s wind-tree
model depends on the geometry of the scatterers [14, 19]. However, if (A, u,T) is in some sense
chaotic and F regular, the trajectories of the system ([Z4], i, Tv) will be very similar to random walks
on Z4.

In this article, we choose to work with Gibbs-Markov maps. This family of transformations is
Markovian, which brings the benefits of avatars of the strong Markov property, for instance Corol-
lary A.7. These transformations are still flexible enough to give rise to a wide variety of examples
and, using Young’s construction [54], they appear in many geometric examples such as the geodesic
flow on negatively curved manifolds, finite horizon Sinai billiards, and Collet-Eckmann unimodal
transformations.

The family of Z?-extensions we get is much more general than random walks and random walks
with internal states as in [32, 33|, while still more restrictive than Sinai billiards or unimodal maps,
since we do not work with Young towers.
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1.3.1 Definition
In what follows, we shall assume that (A, u, T') is a Gibbs-Markov map:

Definition 1.5 (Measure-preserving Gibbs-Markov maps).

Let (A,d') be a metric bounded Polish space, A its Borel o-algebra and p a probability measure
on (A, A). Let « be a partition of A in subsets of positive measure (up to a null set). LetT : A — A
be a p-preserving map, Markov with respect to the partition «, and such that o is generating. Such
a map s said to be Gibbs-Markov if it also satisfies:

e Big image property: inf,e, u(Ta) > 0;
o FExpansivity: there exists A > 1 such that d'(Tx,Ty) > Ad(z,y) for alla € a and (x,y) € axa;

e DBounded distortion: there exists C' > 0 such that, for all a € «, for almost every (x,y) € a X a:

dp

du (z) dp
dpoT

dpoT B dpoT

(y)| < Cd(Tz,Ty)

(). (1.3)

Given a Gibbs-Markov map (A, a,d’, u, T), a function F' : A — Z% is said to be Markov if it is
constant on elements of the partition . In this case, we also say that the corresponding Z%-extension
(2%, i1, T) is Markov.

By encoding, Gibbs-Markov maps can model sequences of independent and identically distributed
Z%valued random variables, as well as finite state Markov chains. As such, Markov extensions of
Gibbs-Markov maps include all random walks, with or without internal states, on Z¢. They are
however more general, including for instance the Gauss maps

0,1 = [0,1]
T'{ v o Uz—[1/z]

and appear in various encoding schemes used to study geodesic flows in negative sectional curvature
as well as Sinai billiards.

A comprehensive presentation of the properties of Gibbs-Markov maps we use in this article
can be found in Appendix A, in particular their properties related to the extension and induction
operations described in Subsection 1.2.

1.3.2 Transfer operators

One of our main tools is the transfer operator L, defined as the dual of the composition (or Koopman)
operator IC: g — go T

/ﬁ(f)-gduzz/f-gonM, (1.4)
A A

for all p € [1,00], all f € LP(A, u;C) and all g € LI(A, u; C), with p~'+¢~! = 1. Since the Koopman
operator is an isometry on IL9, the transfer operator is a weak contraction on LLP.

As specified in Sub-subsection 1.2.2, the operator £ acts on LP(A, u;C), the operator L on
LP([Z%, ii; C) and the operator Lis; on LP([X], yusy; C).

One of the main feature of Gibbs-Markov maps is that the transfer operator acts quasi-compactly
on a Banach space of Lipschitz functions. We present here the most important properties of the
action; again, details and references can be found in Appendix A.
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Definition 1.6 (Lipschitz functions).
Let o* := \/{T(a) : a € a} be the image partition* of a by T. The Lipschitz seminorm of a
function f: A — C is
|f|B = sélolf |f|Lip(a,d’)7

where | f|Lip(a,a) 45 the Lipschitz constant of f on a. The Lipschitz norm is then given by

11l = I fllo + 1118,

and the space of Lipschitz functions B by {f : A — C, || f||z < +o0}.
Finally, we write By for the kernel of p in B.

A typical result (see [21, Proposition 1.1.17 and Corollary 1.1.21]) is then:

Theorem 1.7.
Let (A, o, d', i, T) be a Gibbs-Markov map with expansivity constant A > 1. The transfer operator
L acts on B, with essential spectral radius pess(L ~ B) < AL

If (A, i, T) is also mizing, then the spectral radius of L ~ By is strictly less than 1: there exist
constants C'> 0 and p € (0,1) such that ||L"|z _z, < Cp".

Another important feature of Gibbs-Markov maps is that they behave very well under induction.
Let ([Z%, i, T) be a recurrent and ergodic Markov Z?-extension of a Gibbs-Markov map, and ¥ C Z4
be finite. Following the strategy of e.g. [51, Lemma 1.6], one may endow the system ([X], ps), Tix))
with a Gibbs-Markov structure, with expansivity and distortion constants independent from . From
there one could get a family of Banach spaces depending on Y. However, we shall not use directly
this construction, but choose a closely related strategy: we make all the transfer operators L) act
on the same Banach space, with relevant bounds (such as the essential spectral radius) uniform in
Y. This let us compare more easily all the operators Lyx;.

We associate to ([X], yux), Tix)) a Banach space of Lipschitz functions
B[E] = {f : [2] - C, f(,Z) eBVYie E}, (15)

endowed with the norm Hf||8[2] = max;ey || f(+,4)|| 5. We denote by Bisyo the kernel of yisy.

Not that the spaces Bjs; depend only on X through its cardinality: if two subsets 3J;, X5 have the
same cardinality, then Byy,; and Byy,] are naturally isomorphic. By Proposition A.8, the operator Ly
acts quasi-compactly on By}, with essential spectral radius at most A~!. In particular, by ergodicity,
1 is a simple eigenvalue of Ly corresponding to constant functions, so that (Id —E[E]) ~ Bg)o is
invertible.

1.4 Shapes and matrices
1.4.1 Limit shapes

As we argued in the introduction, it seems extremely hard to state anything non-trivial about the
matrix of transition probabilities Py for any fixed X. Instead, we shall be interested in subsets
>} whose sites are very far apart. We formalize this by fixing a finite set I, considering a family

2In many applications, a* is trivial — consider for instance the Gauss map, where any interval ((n + 1)~ n~1] is
sent onto [0, 1).
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of injections o, : I < Z? whose values get apart when ¢ vanishes, and looking at the matrix of
transition probabilities of [3.] := [o.(])] .

A simple way of generating such functions o, is to fix some injection o : I < R?, and to define
o.(i) as one of the points of Z¢ closest to e 1o (i) — or, more generally, any point at distance o(s~!)
of e7'o(i). As ¢ vanishes, the subsets . = o0.(I) become growing realizations of a fixed shape (see
Figure 2).

For any € > 0, there is a canonical bijection o, : (z,i) — (z,0.(i)) between [I] := A x I and
[Xe] = A x X.. We use this bijection to transport objects from [¥.] to [I]:

o pp = |I713, ., p®6; is conjugated with iy ) and does not depend on ¢;
o T, :[I] = [I] is conjugated with Ty ;

o L.~ LP(|I], pr) is conjugated with Ly ~ LP(|X], pysy):

e B; is conjugated with Bjx.}, and by definition does not depend on &;

e P, is conjugated with Py, etc.

The general rule is that objects defined on [I] have I as a subscript if they do not depend on &, and
¢ as a subscript if they do. This point of view allows us to keep some objects fixed (the space, the
measure, the Banach space By, and later on functions) while ¢, and thus Y., changes.

1.4.2 Transfer operator and transition probabilities

The matrices (P:)eso can be recovered from the Koopman operators (K.).~o. Given ¢ > 0 and 7,
Jel,

P&,ij = ([Z] M Ta_l([]]))

= || ’ L - Ke(1gy) dpr (1.6)

Using transfer operators, this relationship can be rewritten

and made more systematic by introducing an averaging operator. Let:

LML) -
e { f= (fA f(x, i) d“(x))iel 7

which to a function f associate its averages over each [i], and define a right inverse II* of IL,:

H«{@-ﬁlﬂmm)
L f e D fily

The operators II, and IT* satisfy the relation IL,IT* = Id¢r, while IT*I1, is a rank |I| averaging operator
on LH([1], ur):

(ML) = [ F00) duty).
Equations (1.6) and (1.7) can then be recast as
P. = ILK.IT" and 'P. = ILL.IT". (1.8)
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1.4.3 Asymptotics of the transition matrices and irreductibility

By [40, Lemma 3.17|, if the minimal distance between distinct sites in Y. increases to +oco when
¢ vanishes, then the transitions from one site to another becomes increasingly unlikely, so that
lim. o P. = Id. In this article, we are interested in the next order asymptotics of the family (P.).~o
when ¢ vanishes. By Lemma 1.4, the matrices P. are bi-stochastic, so that the differences (Id —P.)
are what we shall call bi-L-matrices. In other words, up to a sign, bi-L-matrices make up the tangent
cone at Id to the space of bi-stochastic matrices.

Definition 1.8 (L-matrix).
A L-matrix is a square matriz such that®:

e R; >0 foralliel;
o Ri; <0 fori#jecl;
° ZjelRijzofor alli e .

We shall call a L-matriz a bi-L-matrix if, in addition, Y, ; Ri; =0 for all j € I.

A L-matriz is irreducible if, for all i, j € I, there exists a finite sequence i = ig, i1, ..., I, = ]
such that R <0 forall0 <k <n.

Tlk+1

Using Perron-Frobenius theory, eigenvalues of a L-matrix always have non-negative real part. For
irreducible L-matrices, we can be more accurate.

Lemma 1.9.
Let R be a n x n irreducible L-matriz. Then:

e 0 is a simple eigenvalue of R with eigenfunction 1.
e there exists a unique probability vector v such that vR = 0.
e the matriz R acts on Ker(v), and Sp(R ~ Ker(v)) C {z € C: R(z) > 0}.

Proof. Let R be an irreducible L-matrix. Set t := max; R;;. Then Id —t 'R is an irreducible non-
negative matrix. The lemma follows from Perron-Frobenius theory applied to Id —¢' R. [

Let us write Ry for the restriction of R to Ker(v). A L-matrix R is never invertible. However, if
R is also irreducible, then R, is invertible. Given an irreducible L-matrix R, we shall write

pr =min{R(A): A € Sp(R ~ Ker(v))} = min{R(\) : A € Sp(Ro)}.
We shall often assume that the family (P.).so admits a first order asymptotics at ¢ = 0.

Hypothesis 1.10 (Asymptotics of the transition matrices).
There exists an irreducible bi-L-matriz R such that

P. =1d —eR + o(¢).

3The usual definition of L-matrix does not require that the sum of each line be zero.
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1.4.4 Asymptotics of the potential and irreductibility

One issue with Hypothesis 1.10 is that we do not know a priori the matrices (P:).~o; indeed, our
goal is to compute them! As described in Subsection 1.1, what can be computed are potentials. We
shall now define matrices related to these potential, as well as a related irreducibility condition.

Let ([Z%, 1, T) be a Markov Z‘-extension satisfying Hypothesis 1.2. By the discussion at the very
end of Sub-subsection 1.3.2, for any function f € Bry and any € > 0, there exists a unique function
g € By, its associated potential, such that (Id—L.)g = f.

Let (-, )2y be the canonical scalar — and not Hermitian — product on C’. In order to get a finite-
dimensional version of (Id —£.)~!, we define an operator actingon C{ = {f: I = C, >, f; =0} =
Ker(uy) by:

(f,Q(9))e2ry == (IL(Id —L2) ' TI*(f), )21
where the inverse (Id —£.)~! is taken in Bry. This operator is well-defined since I1*(C{) C By .
The operator (). is characterized by the integrals:

(f, Qe(9)) ey = ] /m(ld —Le)" (IT(f)) - 11*(g) dper = [T[((Td =L) 7T (), 117 (9))rqirur)- - (1.9)

Remark 1.11.

Let us justify our choice of definition for Q.. We want to adapt the construction we have for
Markov maps to dynamical systems, using the Koopman operator IC. instead of the Markov operator.
Since the Koopman operator does mot acts well on function spaces, we introduce its dual, defined
by Equation (1.4). The operator 11, (Id —L£.)"'T* is thus a discretization of the potential operator
assoctated with the dual of KC.. We make it act of the left to cancel those dualities, so that the resulting
operator Q. acts as a discretization of the potential operator associated with K..

As we formulated asymptotics and irreducibility conditions for the family (P:).¢, let us do so
for the family (Q:):>o-

Hypothesis 1.12 (Asymptotics of the potential matrices).
There exists a matriz S acting on C§ such that

Q. =c 'S +oe™h).

Definition 1.13 (Irreducible potentials).
A matriz S acting on CL is said to be irreducible if, for all i # j € I,

(1, =15),5(Li = 1)) 21y > 0.

The notion of irreducibility of Definition 1.13 is very easy to check in the computations of Sec-
tion 6, and quite convenient in the proof of Theorem 0.1. In the later theorem, we shall conclude
that S = Ry' for an irreducible bi-L-matrix R; it is thus expected that this notion of irreducibility
is related to the notion of irreducibility of bi-L-matrices of Sub-subsection 1.4.3.

Lemma 1.14.
Let R be an irreducible bi-L-matriz in the sense of Definition 1.8. Then Ry is irreducible in the
sense of Definition 1.13.
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Proof. Our proof is probabilistic in nature, using potential theory for finite state Markov chains. Let
I be the index set of the matrix R. Fix ¢ > 0 such that P := Id —¢R is a stochastic matrix. Since
R is irreducible, so is P. Since R is a bi-L-matrix, P preserves the counting measure on I.

Let i # j € I. Let Py j; be the transition matrix for the induced Markov chain on {i, j}. Then,
by [41, Corollary 1.1], and using the fact that all solutions of the Poisson equation on {i, j} differ by
a constant since P (and thus P ;) is irreducible,

D (L= 1)(k) - (1d=P) (L= 1)(k) = D (L= 1;)(k) - (Id =Ppjy) (L = 1,) (k). (1.10)
ke{ig) kelig}

On the one hand, (Id —P)~! = e7'Ry". On the other hand, since Py; ;; is stochastic, irreducible and
preserves the counting measure, there exist ¢ > 0 such that

1—t ¢
PW}_( t 1—t>'

In particular, Py jy f = (1 —2t)f for all f € (Céi’j}. Equation (1.10) becomes:
_ _ 5
(1; = 1;), Ry " (1 — 1))y = e((L; — 1), (26) (1 — 1)) o) = - >0, O

1.5 Strategy and main results

Now that all the necessary objects have been introduced, let us present the strategy we follow and
the main results that come along. We recall that, as sketched at the end of Sub-subsection 1.1.1, the
strategy to compute the Markov kernel Py, on [X] from a Markov kernel P on [Z9] has three main
steps:

e the balayage identity, which relates (Id —P)™ and (Id —Ps)~!;
e the ability to solve the Poisson equation on [Z?], using the Fourier transform;

e the ability to invert (Id —Pg)~!, or at least extract some information from it.

1.5.1 Koopman operator and Poisson equation

First, one must choose the right Markov kernel. A first choice is to use

whose action on functions is the Koopman operator K.

However, we then want to apply Theorem 1.1, which requires us to find solutions g € L>°([Z%], 1)
to the equation

[l = (Id —P)(¢)=(0d-K)(g) =g—goT f — almost everywhere, (1.11)

where f1jy) is supported on [YX]. The existence of solutions to this equation means that fls is a

coboundary for T'. Let us assume for now that the system (A, u, T) is one of the simplest examples
of Gibbs-Markov map: a subshift of finite type endowed with a Gibbs measure. Then the regularity
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of g can be improved and the coboundary equation holds everywhere using a classical argument [21,
Chapter 1.2].

On the other hand, we want to take f € By, hence Lipschitz. By Theorem 1.1, we then have
psy-almost everywhere
f= 9151 = gimy © Tisy,
so that
Lisy(f) = (Lrg) — 1d)(gy5))-

Then, since (Id —Lx)) in invertible on By, the later equation admits a solution

go := —(Id =Lyz)) ™ L1z (f) € By).

As the kernel of the action of (Id —Lpy)) on L*([¥], pux)) is the space of constant functions by
ergodicity, gjx) — go is constant almost everywhere, so that gy admits a Lipschitz version.

The same reasoning goes through with any finite ¥ C X' and yields that g|»; admits a Lipschitz
version on [¥'], whence g admits a locally Lipschitz version on [Z?]. In particular, taking for ¢ this
continuous version, the equality

fyj=g9g—goT
holds everywhere, and not only fi-almost everywhere. As a consequence, for any point (x,p) € [Z9]
of period n > 1,

i(fl[m) o TF(x,p) = 0. (1.12)

This gives countably many obstructions to the existence of solutions to Equation (1.11). In
addition, if the sites of ¥ are far apart and p € X, then there exist periodic orbits which intersect [X]
only in [p]. Then, if f is constant on [p], the sum of Equation (1.12) is zero if and only if f(-,p) = 0.
As this holds for all p € X, we get f = 0: the only function f which is constant on all sites and
satisfy the coboundary equation is the null function.

A solution of this quandary is to use not the Koopman operator IE, but its dual L.

1.5.2 Transfer operator and Poisson equation

The transformation T is assumed to be ergodic and recurrent, which implies that the Markov kernel
KC is also ergodic and recurrent. The operator £ is dual to K with respect to j, and thus is also
ergodic and recurrent by [41]. The relevant version of the balayage identity is [41, Proposition 0.1]:

ProposiEion}.15 (Balayage identity for the transfer operator). N
Let (A, i, T) be measure-preserving, with [ a recurrent o-finite measure. Let B C A be such that
0 <(B) <4o00. Let f, g € L®(A, ) be such that f =0 on B° and:

(Id—L)(g) = /.

Then:
(Id —Ls)(95) = fip-
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Note that, in Section 5, we shall actually use the more general [41, Lemma 1.7], which applies

to equations such as (Id —zL)(g) = f with |z| < 1. This generalization is only used to deal with
convergence issues.

By the discussion at the end of Sub-subsection 1.3.2, for any f € By, one can find a locally

Lipschitz solution g to the equation (Id —L)(g) = f, which makes the balayage identity potentially
useful. We still have two hurdles to cross:

e If we can construct (approximations of) solutions to the equation (Id —Lx)(g) = fjix), how do
we use them to extract data on Ly, and in particular an approximation of the transition matrix
Ps?

e How do we construct (approximations of) solutions to the equation (Id —£)(glisyy) = f7?

Both of these problems will be addressed in an asymptotic regime, when the sites of ¥ are far away
one from the others. We delve deeper into these questions in the next two sub-subsections.

1.5.3 Towards the main theorem

Our solution to the first of these two problem is Theorem 0.1. Let us recall that it states that, for
an ergodic and recurrent Markov Z%-extension of a Gibbs-Markov map and a family o, : I — Z¢,
there is equivalence between:

e there exists an irreducible (in the sense of Definition 1.8) bi-L-matrix R such that P. = Id —eR+

o(e);

e there exists an irreducible (in the sense of Definition 1.13) matrix S such that Q. = ¢7'S +
o(e™h).

If in addition any of these properties holds, then S = Ry

Remark 1.16 (Theorem 0.1 and averaging operator).

Using the operators 11, and 11* as well as transfer operators, Theorem 0.1 states that, under an
irreducibility condition, the finite-dimensional operators (Id —IL L)™' and I1,(Id —L£.)~'IT* are
equivalent.

Remark 1.17 (Intrinsic version of Theorem 0.1).

The statement of Theorem 0.1 depends both on the parametrization of the subsets Y. and the
precise speed of convergence of P. to Id. While easy to state and convenient for computations, a
more intrisic version can be crafted. First, notice that the irreductibility conditions 1.10 and 1.12 are
satisfied on open cones in the relevant subspaces of M,(R), or in other words, on projectively open
sets. We can then restate Theorem 0.1 as follows.

Consider an ergodic and recurrent Markov Z%-extension of a Gibbs-Markov map and a family of
finite subsets (X.)e~o all of the same size and such that

e
I ety I dl = ree

Then there is equivalence between.:

o (Id —P.).~0 is projectively relatively compact for Hypothesis 1.10.
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o (Q:)e>0 1s projectively relatively compact for Hypothesis 1.12.
If either condition is satisfied, then (I — P8)|?c11 ~ey0 Q.
0

The matrix (). can be computed when one evaluates the quantities

(IL(Id —L2) 7' (f), 9 e 1),

for f, g € CL. Theorem 0.1 gives the desired asymptotics for R. The initial infinite-dimensional
problem of inverting (Id —£.)~! is reduced to the finite-dimensional problem of inverting Q..

The proof of Theorem 0.1 spans three sections. First, it will be very convenient to assume that
the induced system (A, 1, Tjg)) is mixing. This shall be denoted as a separate hypothesis:

Hypothesis 1.18 (Mixing).
The system (A, p1, Tig)) is mizing.

Section 2 is devoted to the proof of the direct implication in Theorem 0.1 under Hypothesis 1.18:

Lemma 1.19. _

Let ([Z%), 11, T) be an ergodic and recurrent Markov Z*-extension of a Gibbs-Markov map (Hy-
pothesis 1.2). Let I be finite and, and let o, : I — Z2 for all € > 0.

Assume furthermore that ([0], po), Tio)) s mizing (Hypothesis 1.18).

If there exists an irreducible bi-L-matriz R such that P. = 1d —eR + o(e) (Hypothesis 1.10), then
Q. = e 'Ryt + o(e™1). In addition, Ry is irreducible in the sense of Definition 1.13.

Lemma 1.19 is the heart of the proof of Theorem 0.1. Its proof is inspired by works on the hitting
time of small target for hyperbolic systems [42, 26| and invariant cones for fast-slow systems [12]; we
refer the reader to the introduction of Section 2 for more details.

Once this is done, in Section 3 we shall remove this mixing assumption. If ([0], ytjg, Tjo)) is not
mixing, then it has a decomposition into periodic components. This step requires us to understand
what effects the existence of such periodic components have on the whole extension ([Z4], 1, T);
to our knowledge, these structural results (in particular Propositions 3.2 and 3.3) are new and of

independent interest.

This analysis is independent from Section 2. That said, we think it is clearer to give the proof of
Lemma 1.19 with the additional mixing assumption, and then point out the differences non-mixing
implies, than to write directly the proof of Lemma 1.19 in a non-mixing context. At the end of
Section 3, we shall have proved:

Lemma 1.20. B

Let ([Z%), 11, T) be an ergodic and recurrent Markov Z%-extension of a Gibbs-Markov map (Hy-
pothesis 1.2). Let I be finite and, and choose a. : I — Z% for all € > 0.

If there exists an irreducible bi-L-matriz R such that P. =1d —eR + o(e) (Hypothesis 1.10), then
Q. = e 'Ryt + o(e1). In addition, Ry is irreducible in the sense of Definition 1.13.

The final step is to reverse the implication, so as to get Theorem 0.1. This is the goal of Section 4.
This uses the |I| = 2 case of the theorem (which is deduced directly from Lemma 1.20) and a
compactness argument.
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1.5.4 Applications

We are given an ergodic an recurrent Markov Z%-extension of a Gibbs-Markov map and a family
(0.)es0 of injection from I into Z?. All is left is, given f, g € C¥, to estimate the integrals

(f,Q:=(9) ey = TI{(1d = L) (f), I (9))L2(111,00)

when ¢ vanishes. Thanks to the balayage identity, this reduces formally to the computation of the
quantities (identifying I with 3.)

(IL(Id —£) " (IT"(f) 15, AT (9) s L2 (24, -

As with random walks, this can be done using the Fourier transform. The main difference is that
this operation make so-called twisted transfer operators appear.

Definition 1.21 (Twisted transfer operators).
For w € T? := R¢/2rZ%, define the twisted transfer operator:

L,(-) = L), (1.13)
which acts on LP(A, u) for all p € [1,00], as well as on B.

Our applications are done in two steps. In Section 5, we shall use these twisted transfer operators
to give a general expression for the quantities (f,Q-(9))e . Proposition 5.3 states that, in our
setting, for all € > 0,

1
lim

~ lim o [ FolDFnlo) ( Jaa=pen ) du) dw,

where F,_(g) is the Fourier transform of (g oo 1)1y..

(f, Q:(9))e2ry

In the same spirit as the Nagaev-Guivarc’h proof of the central limit theorem for dynamical
systems [36, 37, 22|, when the sites are far apart, the main contribution to these integrals will be
given by the main eigenvalue \,, of £, for w close to 0. We shall prove that, for any small enough
neighborhood U of 0,

1 . 1+ 0w
(f;Qe(9)eer) = plg{l_ (2 /Ufas(f)fas(g)ljm dw + Oy (1) || f] - llgll ,

with d,, a small error term.

In Section 6, we apply the later equation to different classes of jump function F' when o,(i) =
to(i) +o(1) for all i € I. For d = 2 and || F|| € L*(A, ), this yields Proposition 0.2. For d = 1 and
F in the basin of attraction of a Cauchy random variable?, we get a similar asymptotics, stated in
Proposition 6.8. We are also able to give asymptotics for P. when d = 1 and F' is square-integrable,
in Proposition 6.1. Finally, we give some partial results when d = 1 and F' is in the basin of attraction
of a Lévy random variable (i.e. when F' has regularly varying tails of index in (0,1)). We are able
to give an explicit expression for S, stated in Proposition 6.4, but we could not find an explicit
expression for its inverse. We are still able to compute the asymptotics for a fixed extension and
fixed (04)s~0, as done in Examples 6.5 and 6.6.

4In addition to some technical constraints

20



2 From transition probabilities to potential

The goal of this section is to prove Lemma 1.19: if ([0], ppo, Tjg)) is mixing and P. = Id —eR + o(¢)
for some irreducible bi-L-matrix R, then Q. = e 'Ry + o(e71).

The transition matrix P. can be computed from the transfer operator L. using the relation
'P. = ILLIT* (Equation (1.8)). From another point of view, IT*' P.II, = (II*IL,)£. could be seen
as a finite-rank approximation of £.. Such an approximation is reminiscent of works on metastable
states by Keller and Liverani [29] (for two communicating systems), as well as by Dolgopyat and
Wright [17] (for interval maps).

At first sight, this approximation is not very good: in general, ||(Id —II*II,)L.| 5 is of order 1,
because of the non-trivial behaviour of £. on each site [i]. A solution would be to focus on functions
which are constant on each site; however, this subspace is not stable under L..

On each site, the effect of L. is roughly that of Ly, which mixes exponentially quickly. The
transitions between sites introduce an error of order €. The interaction of these two dynamical
effects imply the existence of cones of functions Ck(g) (functions which are e-close to being constant
on each site) which are invariant under £.. By restricting ourselves to such cones, we shall be able
improve the bounds on (Id —II*IL,)L.. The goal of Subsection 2.1 is thus to prove that such cones
are stable under the action of L., and moreover to prove a cone contraction property which shall be
instrumental in the next steps.

Remark 2.1 (Fast-slow systems).

Such families of cones of functions have some precedent in ergodic theory. One feature of the
sequence of operators L. is that the evolution of (L.),>o has two characteristic time scales. At a
time scale of ©(1), the mizing property of ([0], ), Tio)) homogeneizes each site [i], but there is little
communication between distinct sites. The transitions between sites occur at a time scale of ©(e™1).
When € vanishes, these two time scales become decoupled, so that the transitions become independent.

The existence of two distinct time scales is also a feature of fast-slow systems. For instance,
consider a family of maps F. acting on 2 X Sy such that

F.(z,0) = (f(x,0),0 + eg(x,0))

and x — f.(x,0) is a family of uniformly hyperbolic transformations on Q. Then the first variable,
z, evolves on a time scale of ©(1), and the second variable, 0, on a time scale of ©(s7'). When
€ vanishes, these two time scales become decoupled, so that the evolution of 6 is averaged over the
values of x.

In the context of fast-slow systems, such parametric families of cones — or, similarly, standard
families — have been introduced. We refer the interested reader to [12] for an exposition of these
techniques, and [15, 9, 13] for applications to partially hyperbolic systems and Sinai billiard maps.
In particular, we stress the similarity between [12, Proposition 3.1] and Corollary 2.6.

Once we have proved the stability of these cones, the error term between £, and (IT*IL.) L. will
be improved. In Subsection 2.2, together with a version of the Baker-Campbell-Hausdorff formula,
this shall let us control the error between their products on a time scale of ©(¢7!). In particular, if
f is constant on each site, then, for all positive ¢, the operator EsLailtJ (f) converges to T*e ! RIL, f.
This exponential decay is typical of previous work on the hitting time of small targets [42, 26]. Let
us also point out [30, 6] for settings where rare events correspond to strong changes in the system,
and where the behaviour of the system after those changes has to be controlled.
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Finally, in Subsection 2.3, the exponential contraction at time scale ©(1) together with a coupling
argument gets us exponential bounds on the decay of correlations which are uniform in 7't. Note
that this coupling argument is classical for Markov chains [35, Chapter 5| and has a long tradition in
ergodic theory (present for instance in most applications of standard pairs; see e.g. [10] for applications
to Sinai billiards maps). Once this is done, we are able to relate (Id —£.)~! with the inverse of R~
through a Laplace transform, finishing the proof of Lemma 1.19.

2.1 Cone contraction at time scale O(1)

Let ([Z%, 1, T) be an ergodic and recurrent Markov Z?-extension of a Gibbs-Markov map (Hypoth-
esis 1.2). Let I be finite and, and choose o, : I < Z% for all € > 0.

As announced earlier, we introduce cones of functions which are e-close to being constant on each
site, and prove that they are stable under some iterate of L., as well as a cone contraction property.

Definition 2.2 (Cones of functions).
For all K >0 and € > 0, let:

Cre(e)i={f+ N =R 20 and [(d—TITL) flly, < Ke |lflluigr b
These subsets of B; are indeed convex cones, as we can quickly check:

Lemma 2.3.
For all K, € > 0, the set Ck(e) is a convez cone.

Proof. Let K, e > 0. Given f € Ck(e) and A > 0,
[(Id —IFTL)(Af) |5, = A =ITTL) fllg, < AKe [ fllorqn = K€ M L) »
so that Af € B;. In addition, for all f, g € Ck(e) and t € [0, 1]:
[(1d =IFTL) (1 = £) f + tg)ll5, < (1 — 1) [(Id =ITIL) f 5, + ¢ [|(Id =IT"IL)g |,

< Ke (1= ) 1 o + H190sr0m))
= Ke|[(L =) f +tallpn ) »

where we used the fact that |||, ,,) is linear on nonnegative functions. Hence (1 —¢)f + g also
belongs to Ck (e). O

Another fundamental property of these cones is that, since any function in Ck(¢) is close for the
B; norm to the finite dimensional space of functions constant on each [i], many norms are equivalent
on Ck(e). In particular, we can control the B; norm (the strongest norm we shall use) with the
LY([I], 1) norm (the weakest norm we shall use).

Lemma 2.4.
Let K, e > 0. For all f € Ck(e),

1 lls, < (HT+ K)o - (2.1)
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Proof. Let K, e > 0. For all f € Ck(e),

[flls, < 1(Id =IT"IL) fll 5, + [[ITVIL £l 5,
< Ke ||l + HHTT L w0
= (] + Ke) [[f ) -

where we used the fact that [|-[|5, = [[[|, < [ [[llL1((s,.,) on functions which are constant on each
[4]. O

Given these preliminary results, we shall now prove that, under the assumptions of Lemma 1.19,
the cones Ck(¢) are contracted under some iterate of L. whenever K is large enough. Taking o = 1
in the following proposition also yield their stability.

Proposition 2.5.
Assume Hypotheses 1.2, 1.18 and 1.10.

For all o > 0, there exist K,, n, > 0 such that, for all K > K, for all ¢ > 0 and n > n,,
L2(Cx()) € Corc(e).
Proof. Let K > 0 and €, n be positive. Define:
B, :={(z,i) € [I]: TF(x,i) € [i]VO<k<n}=| | )T,
i€l k=0

the set of points which stay in the same site until time n. By Hypothesis 1.10, there exists a constant
C such that, for all i € I and all £ > 0,

ple € A: Tu(x,d) ¢ [i]) =D (0ij—eRij+o(e) = —£ Y Rij+o(e) < Ce.
Ji J#i

Hence,

Summing over i € [ yields p;(BS) < Cne.

Let i € I and f € Ck(e). As the transfer operator preserves nonnegative functions, £(f) > 0.
Let us focus on the regularity of £2(f).

First, by definition of B,, given any point (x,1) € B,, the trajectories of the points (x,0.(7)),
Tis.(z,0:(4)), ..., Tis, (x,0-(1)) under T all return to [o.(¢)] before hitting any [o.(j)] with j # i.

[Ze
Hence, by recursion, for all 0 < k <n and all z € B,,

T (. 02(0)) = (T (x). 0:()),
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so that:
L2(f1p,)( 1) = Lig((f1p,) (1)) (2.2)

From Equation (2.2) we get:

/;?(f)(,l) :'Cn(len)(' ) +£g(le%)("i)
= Lo ((f1p,)( 1)) + LZ(f1pe)(-, )
= Lo (f(-,1)) = Liyy ((fLpe) (7)) + LE(f1ge)(-, ).

We shall now use Corollaries A.7 and A.9 to control each term. Stopping times are defined in terms
of the canonical filtration on (A, 4, T), while Ly and L. are defined via the extension ([Z%], 1, T).
We thus need to express some characteristics of the trajectories (177'(z,7)),>0 in terms of cylinders

for (A, u,T), as is done in the proof of Proposition A.8.

Let ¢g(x) := inf{n > 1 : "o SkF(z) = 0}. Then @jo) is a stopping time in the sense of
Definition A.2. Since ([Z4], 11, T) is measure-preserving and recurrent, the map Tj,, = T preserves
p and is ergodic. Finally, by Hypothesis 1.18, the map Tjq is also mixing for . Hence we can apply
Corollary A.9, which asserts that there exist constants C' > 0 and p € (0,1) such that, for all i € I,

’ oy /f ) dp /f ) du

Let i € I. The set BS N [I] is measurable with respect to the o-algebra a(y
identification [i] ~ A,

<C’p

< Cp" |[(d=ITTL) fllg, - (23)
B

(n)

0] ), since, using the

B[] = | Tk ({30 < £ < o), 3j € T\ i}, SeF(e) = o)) — 0:(0)})

As 90%) is a stopping time by Lemma A.3, we can apply Corollary A.7 to get, for some constant C'
and all 72 € I,

123 (L) ) < OB AT 15C, )l (2.4)

In the same way, fix i, j € I and let goj,ngs( ):=inf{¢ >1: Card{SF(z)e{j —j: j €I} =n}.
The set B¢ N [j] is measurable with respect to the o-algebra a(p;,.). By Corollary A.7, for some
constant C,

2 L) D)l = [ o FLiriingssy i)

< Cu(BL O [ I ) s
— Ot (B A L) 1) s

Summing over j € [ finally yields
L2 (fL:)( 1) 5 < CHIpr(By) || flls, - (2.5)

Equations (2.1), (2.3), (2.4) and (2.5) together yield, for some positive constant C' and all n > 1:

o) / £(1) dp

< Cp" |(Ad —IT°IL) £l g, + Crur(BE) 1 f N1,
B

< CEp" +n)e |l fllu ) - (2.6)

24



As T; preserves y; and [ is nonnegative, ||LZ (/)15 = 1 llLin,.,)- By Equation (2.6),
LL(Ck(€)) C Corprin(©)- (2.7)

Now, we finish the proof of Proposition 2.5. Let ¢ > 0. Without loss of generality, we assume
that ¢ < 1. Let n, > 1 be such that Cp™ < ¢/2. Let K, := 4Co 'n,. Then, for all K > K, and
e > 0, for all n, <n < 2n,, by Equation (2.7),

K
O+ ) < C(Kp™ +2m,) < T

so that L2(Ck(e)) C Cyok(e).

By recursion, let us prove that £ (Ck(¢)) C Ck(e) for all m > 0. This is true for m = 0, and
if it holds for some m > 0, then

LemHI (Ce(e)) = L27L277 (Cie(e)) € L£27(Cre(€)) € Coc(e) € Cie(e),

which finishes this recursion.

Finally, for all n > n,, since n, <n —n,|n/n,| +n, < 2n,,
L2 (Cx(e)) = Lpmelr/naltne grolln/nal=0(Cye(e)) Lo l/mel e (Cke(e)) C Coxe(e). O

As a consequence, if K is large enough and up to the loss of a constant factor, Cx(¢) is stable
under L7 for all n > 0. This corollary shall give us a good control on [|L? f|| 5 provided we know

that f € Ck(e).

Corollary 2.6.
Assume Hypotheses 1.2, 1.18 and 1.10.

There exists K1 and Ay > 1 such that, for all K > Ky, for alln >0 and € > 0,
LI(Ck(e)) C Crik(e).

Proof. Let ny, Ky be given by Proposition 2.5. By Proposition 2.5, for all K > Kj, for all n > n,
and all € > 0,
L?(CK(g)) - CK(&‘).

In addition, by Equation (2.7), for all n < mn; and € > 0,
E?(CK(g)) - CC(K+n1)<€>‘

We choose A\ := C(1 4+ ny/K7). O

2.2 Product of matrices

Given f € Ck(e), Corollary 2.6 asserts that LI'f is close to being constant on each site for all
n > 0; the operator £. is then well approximated by the finite rank operator IT** P.II,. However,
to understand what happens at time scale ¢!, we need to control a composition of a large number
(of order e71) of such operators. To keep reasonably sharp error bounds, we use a version of the
Baker-Campbell-Hausdorff formula.
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Lemma 2.7.
Let N > 1. There exists a neighbourhood U of 0 in Myx(C) and a constant C' > 0 such that, for
all matrices A and B in U,
||1n(eAeB) —A-— BH < C||[A, B]|l - (2.8)

The ability to bound In(e“e®) — A — B using only commutators is natural if one thinks about
the Baker-Campbell-Hausdorff formula:

eAeB — pATB+5[ABl+15[AA B+ 5(B,[B Al +..

We prove it using an integral version of this formula.

Proof. Whenever A and B are small enough, In(e?e”) can be written with an integral Baker-

Campbell-Hausdorff formula [23, Theorem 3.3]:
1
ln(eAeB) :A+/ ( ady tadB) dt (B)
0

where u(z) = Zin Set:

_zln(z) —z+1  u(z) -1 et
v(z) = (z—1)2  z—-1" ' z

The functions v and w are analytic on a neighbourhood of the identity, and for all small enough A
and B:

1
In(e?e?)—A—-B :/ (e*1e'*d5) dt (B) — B
0

= /Ol(u —1) (e*2e'215) dt (B)
= /01 v (e*e?B) (erdaetads — 1) (B) dt
_ / L (gt (s 1) (B) dt
0
= /Olv (eadAetadB) dt w(ada) ([4, B]).
Since both v (e*d4¢!#2) and w(ad4) are uniformly bounded for A and B on a neighbourhood of the

identity, we get the claim. O]

Using Lemma 2.7 recursively, we can control the product of a large number (of order ©(e™1)) of
matrices which are o(e)-close from a reference matrix R.

Lemma 2.8.
Let N > 1 and R € My(C). Let w be a nonnegative function such that w(e) =.0 o(e). Let
(Ren)eson>0 be a family of matrices in My (C) such that

sup [ Ronl] < w(e).
n>0
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Foralle >0 and t > 0, let:
le~1t]—-1

M.(t):= [] (d—eR+R.,),
n=0
where the matrices are multiplied in any order. Then the family of matriz-valued functions (M.)e=o
converges to t — e ' when e vanishes, uniformly on all compacts of R, and for fized w uniformly
in (Ra,n)a>07n20'

Proof. Let R and (R ,)e>0n>0 be as in the hypotheses of the lemma. Define:
R, :=In(Id—eR+ R.,) +cR.

Note that w'(€) := sup,> || RL,.|| = O(w(e)).
Let U be a neighbourhood of 0 in My(C) and C' > 0 as given by Lemma 2.7. We put K :=
2C max{||R|| ,1}. Let ty be small enough that U contains {—tR: 0 <t < ty}.
We claim that, for all small enough ¢, for all n < [e~ '], the matrix [[}—}(Id —eR+ R. ) belongs
to U, and:
(14+2Ke)"—1

< (14 Kne)'(e) 5
£

(2.9)

n—1
In (H(Id —eR+ Rg,k)> +neR

k=0

The claim is true for n = 0, as the left-hand side vanishes. Assume that the claim holds for some
n < |e7 o] — 1, and put:

n—1
Seni=1In (H(Id —eR + Rs,k)> + neR.

k=0

Define in the same way S;,+1. We assume without loss of generality that ¢ is small enough that
W'(e) < e. By Lemma 2.7,

HSs,nJrlH =

ln<fﬂmffR+JQw>+wn+1kR

k=0

= Hln <6_6R+Rév"e_"5R+Ss’”> + (n+ 1)5RH

<|[-eR+R., —neR+ S.n+ (n+ 1)eR|| + C||[-eR+ R.,,, —neR + S...] ||
< |[BL I+ 18l +2C (< NRIISenll + ([ Bl 1Senll +ne || B 121

< W'(&) + |Senll + Ke ||Senl] + Knew'(e) + Kw'(€) [|Se |

< (14 2Ke) [|Senll + (1 + Kne)w'(e).

Using the recursion hypothesis, we get:

1+2Ke)" —1
1Seminll < (14 2K2)(1 + Kne)/(e) 5 Kg)

(1+2Ke)™! —1
2Ke )

+ (14 Kne)w'(¢)

<(1+K(n+1e)w(e)
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Hence, we get the bound we want on S. ;1. In addition, n + 1 < |7 ], so that:

/
San < (1 Kt 2Kt0w<8>
[Semiall < (1 Krg)e 022,

which converges to 0 uniformly for 1 < n+1 < [e7'ty]. In particular, if € is small enough (depending
on to but not on n), S:,+1 belongs to U. This finishes the proof of our intermediate claim.

As a consequence, for all small enough ¢ and all ¢ € [0, %], the matrix M.(¢) belongs to U and
satisfies the inequality:

| M.(t) — e || < (1+ Kt )eQKtO& + ||e7|| max ||e* —1d
: - ° 2Ke selo.e)

E

where the right-hand side converges to 0 when e vanishes. The family of functions (F.).~o thus
converges to t — e '® uniformly on [0,%]. In addition, since the error term only depends on
(Ren)e>0n>0 through w, so the convergence is uniform in (R ,,)e>0,>0 at fixed w.

Finally, let 7" > 0. Divide the interval [0, 7] into a finite number of subintervals of length less
that tg, taking an increasing sequence 0 = sg < s1 < ... < s, =T with s;,1 — s; < tg. On each such
subinterval, the intermediate claim yields:

lim  sup [ M.(s)M.(s;) ™" — e 7| =0,

e—0 ElS [Si ,SZ‘Jrﬂ

The concatenation of these bounds for 0 < ¢ < ¢ yields the uniform convergence of M. on [0, 7], and
ends the proof of Lemma 2.8. O]

Remark 2.9.
If the family (Ren)eson>0 does not depend on n, which in our future application is the case for
random walks, then the conclusion of Lemma 2.8 follows directly from the identity

Ma(t) _ eLa_ltj In(Id —eR+R. o)

Y

and the fact that In (Id —eR + R.p) = Id —eR + o(¢).

2.3 Cone contraction at time scale O(c™!)

In this subsection we prove Lemma 1.19. Let us recall briefly the strategy: thanks to the stability
estimates of Subsection 2.1, in particular Corollary 2.6, and to Lemma 2.8, we shall prove that, for

all piecewise constant f,
lim £l = e (B .

e—0

Then, a coupling argument referenced at the start of the section (for similar arguments, see e.g. [35,
Chapter 5| in the context of Markov chains, and [10] in the context of hyperbolic dynamics and
standard pairs) yields tension: for some constants C, ¢ > 0, if in addition f[I] f dur =0, then

lesos| < ceisi.

Integrating over ¢ > 0 then relates (Id —£.)~!, and thus Q., with R;".
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Remark 2.10 (Perturbative argument and the spectrum of L.).

As already mentioned, another direction of attack for this problem is to try and adapt the pertur-
bative methods of G. Keller and C. Liverani [29], in particular in the form used by D. Dolgopyat and
P. Wright [17]. In this setting, one views L. as a perturbation of

oIl . B — B
Fo { (FCD))ier = (Lo(fC0))ier

whose spectrum Sp(ﬁ%” ~ By) is a |I|-fold copy of Sp(L) ~ B).
This approach is likely to give a more accurate description of L., although with no incidence on
Theorem 0.1. For instance, under Hypothesis 1.18, we can hope to get an eigendecomposition

£6:M5 +~/\/&‘7

with | M2z, < Ce" for some C, ¢ > 0 and all ¢ > 0, and N_ of finite rank, and almost conjugated
with (Id —e'R). In particular, the spectrum of N. should be o(c)-close to that of (Id —e'R), with
eigenfunctions close to those of II*'RIL,. If this holds, the bound of Equation 2.14 below may be
mmproved to

12200 sy, < Ce ™ 1 s,
with p < pr and C' depends only on p.

Sp(R ~ CT) PR

Figure 4: Conjectural picture for the relationship between the spectra of Ly, R and £, with |I| = 5.
The spectrum of L. is a perturbation of magnitude O(e) of a five-fold copy of Sp(Ljo) ~ B), and the
spectrum of R can be recovered by zooming in a window of size ¢ around 1 € Sp(L. ~ By), then
applying a central symmetry.
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Let us finally mention the recent work of H. Tanaka [50], who recently investigated such mul-
tidimensional spectral degenerescences in the context of equilibrium measures of subshifts of finite

type.

Our first step is to show that we can indeed apply Lemma 2.8 in our context.

Proposition 2.11.
Assume Hypotheses 1.2, 1.18 and 1.10.

For all K > 0, there exists a nonnegative function w such that w(e) =.0 o(¢), and with the
following property.

Let (f-)eso be a family of functions from [I| to Ry such that f. € Ck(e) for all small enough e.
Then there exists a sequence of square matrices (Rep)e>0n>0 Such that

sup [ Ren| < wle)
n>0

and, for alln >0,
H*EQHfS = (Id —5(tR) + R.,,)(ILL. f.).

Proof. Let K > 0 and (f:).~0 be as in the hypotheses of Proposition 2.11. Without loss of generality,
we assume that K > K, where K is given by Corollary 2.6. By Corollary 2.6, there exists A\; > 1
such that LI f. € Ck(g) for all small enough e. Since L7 f. € Cy k() and [[LL fellLi(,.,) =

el *
114 ~TFTL) L2y < MEKE [ f s g - (2.10)

Set g.,, := (Id —II*IL,) L2 f.. By construction, Il,g., = 0. For all 7, j € I,

/["] Gemn * 1[j] oT, d,u‘ < ngm”oo N(m €A: T€($’i) € [J]) = HQE,nHooPE,ij'
j
Since L. preserves py, for all ¢ € I,

i Es(gem) dp = |I| /[] 1[i]£€(96,n) dps
[ I

= ‘[|/ Gen - 1[@] o TE d,ul
1]

ZZ/ gevn-lmoTadn—Z/ga,n-l[j]ngdu
(4] jer Vi

jel

:/ Gen dM‘f‘Z </ Gen * 1[i] ol dﬂ_/ Gen - 1[j] oT. d,U/> )
[d] i [ (4]

so that, by Equation (2.10),

/H Ee(Qa,n) d,u - /[] gg,n dﬂ‘ S Hgam”oo Z (Pa,ij =+ Pg’ji)
i i J#i

< MKe ||LL fellpa g ) Of€)-

ST

Since I1,g.,, = 0, this later inequality can be read as ||[IL.L.g. | = KO(¢?) L2 fellLr -
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Recall that ' P. = I, LIT*. We apply IL.L. to g. ,:
LI . = "PALLY fo 4+ T Loge = (Id —e(*R) + 0())ILLL fo + KO(E) [|1L2 foll i (1) -

As f. is nonnegative, ||LZ fellpi g ) = TLLE fell gy, so that

1]7/1/[
ILLM f = (Id —("R) + o(e) + KO(*)ILLI £,
and the error term o(e) + KO(g?) only depends on K. O

Our proximate goal is to understand the sequence (L f.),>0 when f. has average 0. In order to
apply Proposition 2.11, we shall write a function with average 0 as the difference of two functions in
Ck(g). This can be efficiently formalized by introducing an auxiliary family of norms on B;.

Let K, ¢ > 0. Given a real function f € B;, we define its (K, €)-norm as

e =, g maxl Ll 1=l

=f+—f-

For complex-valued f € By, we put ||f|| . := max{[|Rf| s, [|Sfl .} For instance, if f € By, is
constant on each [i], then || f{| ;. = max{[|Rf |y ., ISF g }/2-

Lemma 2.12.
For any K, € > 0, the (K, )-norm is equivalent to the Bj-norm.

Proof. Let K, e > 0.

Let f € By with || f|[5. < +oo. Assume that f is real-valued. Let 6 > 0, and write f = f — f_
with [[follps [/l < Ifllke + 0, and fy, f- € Ck(e). Then [[(Id —IT"IL) f1 ||, < Ke || f1 ]I, so
that, by Lemma 2.4,

1 lls, < (21 + K) I ellur gy < T+ EKe) (1 f [l e +9)

and similarly for f_. Hence, ||f|lz, < 2(|1| + Ke)(||f]|x. +0). Since this is true for all 6 > 0, we get
1fll5, < 2(| + Ke) [[fll .- If fis complex-valued, by taking real and imaginary parts, we get

1flls, < 41+ Ke) [ fll k. (2.11)

Let f € By be real. Let C := 1+ 2/(Ke). We choose fi = f+ C||fllz, and f- = C||f||3,-
Then f_ € Cy(e) and

2(1+ K2) |,

21 flls,
— < <
Ke <fs Ke

We deduce from the lower bound on f.:

I(d =ITTL) fo [l g, = |(0d =TTTL) fllg, < 201 lls, < Ke lf e lle gy -

Hence f; € Ck(e). Using the upper bound on f,,

2(1 + Ke)
1+l ) < 2 1 s,

Doing the same with the imaginary part of f finally yields:

2(1+ Ke)

<
HfHK,E — Ke
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Thanks to Lemma 2.8, we now apply Proposition 2.11.

Corollary 2.13.
Assume Hypotheses 1.2, 1.18 and 1.10.

Let K, C, T > 0.
Let (fe)eso be a family of functions in By. Assume that sup..q || fellx. < C. Then

lim sup HH Ete Ip — e_t(tR)H*fE

e=04¢(0,77]

I (2.12)

where the convergence is uniform for fived K and C'.

Proof. Let K, C, T' > 0. Let (f.)e>0 be a family of functions in B; such that sup.. [|fz]|;. < C.

Let () be a positive sequence converging to 0. For all k, there exist fr i, fe—, frit, frio In
Ck(e) such that f., = fe+ — fo— + ifriv — i frie ) < 20, and likewise for f _,
Jrits Jri—-

Note that

sup |[IL£l " s — e ORI
t€[0,T]

e (I)
le1t]—1

< sup H (Id _gk(tR) + REk;:”) - eit(tR) HH*fk,+”zl(]) )
te[0,T7] =0
(1) —01(T)
where (Rc, )kn>0 is a sequence of matrices obtained by Proposition 2.11. The quantity [[TL fi+ || 1
is equal to [I] - || fi+ |l 1.,y @nd thus is bounded by 2C[I]. By Lemma 2.8,

lim sup HH L’Lg’“ g fr+ t(tR)H*fk7+

k——+o0 tc 0 T]

— 0’
o

where the convergence is uniform in C'. The same holds for f; —, fiit, fi,i—. Summing all four limits
yields

lim sup HH Ets" fer — _t(tR)H*fak =0.
k=400 el0,17] (1)
Since the subsequence (ey) is arbitrary, this finishes the proof. ]

Corollary 2.13 gives us convergence of ﬁL’I” f. to e '"PIL, f., in a relatively weak sense, but
uniformly on all compacts in . As announced, we now implement a coupling argument to show that

(5\8_571” fe)t>0.>0 is exponentially tight.

Proposition 2.14.
Assume Hypotheses 1.2, 1.18 and 1.10.

For any p € (0,pr) and K > 0, there exist constants C, g9 > 0 such that, for all ¢ < gy and
n > 0, the operator norm of LT acting on (B, ||| .) is no larger than Ce™?".
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Proof. Let p' € (p,pr). Since R is an irreducible bi-L-matrix, so is ‘R. By Lemma 1.9, there exists
a constant C' such that, for all ¢ > 0,

< Ce’p/t,

o=
A(1)—01(T)

where m(F) = |I|7' (32, F) 1 is the eigenprojection associated with the eigenvalue 0 of *R.

Let 0 € (0,1), to be fixed at the end of this proof. Let K, and n, be given by Lemma 2.5. Let
T > 0 be such that C|Ile=*T < ¢ /3. We assume without loss of generality that K > K,.

A renormalization map

Given fi € Ck(e), we define :

R G (R [ ).
I
Our intermediate goal is to prove that ®,. maps Ck(e) into itself if ¢ is small enough.
Let C" > 0. Let (ex)x>0 be a sequence of positive numbers converging to 0, and (fi +)r>0 € Ck (k)

with || fr 4l 1 .,y < €7 By Corollary 2.13,

lim sup Hﬂ*ﬁgi’“ t fro+ — e U R)H*fk,+
k—+o0 tG[O,T]

=0,
eI

uniformly for fixed K and C’. By our choice of T,

_7(t _ g
e T fi o > w(I frg) = Ce” T [ fiill gy 2 (1 — g) [ ]fk,+ dpr.
I

Hence, if k is large enough, then

20

e T
MLy iy > (1 - §> fis dur.
(1]

—1
If k is large enough, then g,;lT > N, 5o that EgLi’“ T fr+ € Cok(er). This has two consequences.
The first is that, if k is large enough,

e T e tT
‘Cl-:kk Jfk,+ > H*L‘aka Jfk,+ —oKey fk,+ dpr
(1]

>(1=0) | fr+dur
[1]

In particular, ®, ., (fx.+) > 0. The second consequence is that, if & is large enough, then

(14 T TL) @, (Fi) g, = 0"

—1
(4IPS 7 f |

vl

1

<o loKey Hﬁﬁi

f"”*‘ LY ([1], 1)
— ng Hq)g-’ek (fk,‘i’)”]]_‘l([l]yﬂl) )
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Hence, ®,., (fr+) € Ck(er). Since @,., is linear, ¢, ., (Ck(er)) C Ck(ex) for all large enough k.
Finally, since (eg)x>0 is arbitrary, ®,.(Ck(e)) C Ck(e) for all small enough e.
Bound on the operator norm

Let € be small enough that ®,. preserves Ck(e). Let f € Bjg, which we assume without
loss of generality to be real. Let f,, f- € Ck(e) be such that f = f. — f_ and ||f+||L1([I]M),

1= mn < 211/l Then

-1 -1 -1
clem iy =gl iy — gl

_ le™1T]| . — . le™1T]| . — T
(e - -0) [ 5 dur) = (£~ (- 0) [ )
= 0 (@oelfe) — Bualf)).

By recursion, we get, for all m > 0:
Lol = o™ (QFL(f1) — @5L(f-)) -

The functions ®7_(f;) and ®7'_(f-) belong to Cx(¢) and have the same integral as f.

Let £ > 0. By Corollary 2.6, without loss of generality, there exists a constant A; > 1 such that,
and all € > 0, k > 0, the functions £LF®™ (f,) and LF®™ (f_) belong to Cy,x(¢). Hence, setting

e *o,e € *oe

fr=(—1) Hf+||L1([I],M) + Elgq)%(ﬁr)

and likewise for f_,

Lok = o (f — ).

By construction,

Ja-rmy,

5, = H(Id —H*H*)»C];(pzs(f—k)”&

< MKel|Liop (e

e Yo,e

= MEe || fllur
= Ke Hﬁr

LY([)r)

Since the same estimate holds for f_, the functions f+, f— belong to Ck(¢) and their L'-norm is
bounded by A || /4[|,y < 2M | f| .- Hence,

Let n > 0. Take m := [¢T"'n] and k := n — m|e~'T|. Equation (2.13) implies :

ot g <20 (2.13)

n —In
L2 fllgee < 22000 [ fll ..

Finally, recall that the only constraint on 7' is that C|I|e™”" < /3. Hence, we can take T :=
Y n(a/(3C|I]))|, so that:

n —|In(o)||p'e|In(c -1n
||‘Csf||K,a < 2\ e I m@)ILp'eln(a/BCH) ™ n] ||f||Ka

-1 P ey e
< Dol w1
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Choose ¢ small enough that
/ hl(O') < .
P (o) —m@Ec)) =F

then
IL2fll ke <2207 e || fll ke - 0

Remark 2.15 (Bound in operator norm).

The bound on the operator norm of LT in Proposition 2.14 is given for the norm ||-||; . For the
original Lipschitz norm [|-||z , which does not depend on €, for any p < pg, the bounds in the proof
of Lemma 2.12 yield a constant C' such that:

1£2

HB[ 0—Bro —

C
< —e (2.14)
€

While not necessary for the remainder of this article, notice that Lemma 2.12 and Proposition 2.14
give an explicit lower bound on the spectral gap of £.. By ergodicity of ([I], pr,T.), the operator L.
has 1 as a simple eigenvalue, corresponding to constant eigenfunctions. Define the spectral gap of L.
acting on B; as, equivalently, one minus the spectral radius of £, acting on By, that is

min{l — |A|: A € Sp(L. ~ By), A # 1}.

Corollary 2.16.
Assume Hypotheses 1.2, 1.18 and 1.10.

When € goes to 0, the spectral gap of L. acting on By is at least pre(1 — o(1)).
Integrating over t > 0, we can now relate S with R,

Corollary 2.17.
Assume Hypotheses 1.2, 1.18 and 1.10.

Let K > 0. Let (f.)e0 be a family of functions in Brg. Assume that sup.sq || fell . < +00.
Then, in By,

Zznfg = —H* RyDILf. + o(e™Y). (2.15)

1

Proof. Changing the time scale by a factor of e, we get:

<% 1 [T
doorf=- / £ty de
n=0 € 0

By Corollary 2.13, on all compact subsets of R,

=0.

lim sup HH EL‘E B - e_t(tR)l_ka8
0

=0 4c0,77

< Clfllg. We write

L7 = fy = £owith fo £ € Cx() and [ Follsguy s -ty < 20l Up to taking a
larger value of K, the function cl f+ belongs to Cy, k() for all ¢ by Corollary 2.6. Hence,

By Proposition 2.14, there exists a constant C such that Hﬁfiw f-
K

H(Id CIPIL) Ll

<A KeHELE g, ]

<2\ Ke .
oy S 2REE Sl
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The function f_ satisfies a similar estimate. It follows that

H(Id CIPIL) Ll

<AMKe || flk. -
Br ’

Hence,

lim sup HE‘?_IH fo e UOILE|  =o0. (2.16)
Br

£=0¢ejo,71]

In addition, by Proposition 2.14 again, there exist constants C, p > 0 such that the operator norm
of L acting on (B, ||| x.) is no larger than Ce™”<". Using Equation (2.11),

|

This gives the tightness needed for the convergence of integrals:

<4(1+ Ke) ‘
By

TR, < a0+ KO ]

—+00
=0.
By

lim
e—0

+oc0
cEdr - / e tCAIL, £, dt
0

0

Finally, denoting by Ry the action of ‘R on C}, to which IL, f. belongs,

+o0 Fo0
/ e DL £, dt = TT* ( / et Fo) dt> IL, fo = II*("Ry 1L, f-.
0 0

We get the claim by multiplying both side by e~

1 [t 1
g/ clEte dar — EH*(thl)H*fe = o(e7h). O
0

Br
We now finish the proof of Lemma 1.19.

Proof of Lemma 1.19. Given f € C}, the quantity ITI* f|| . is bounded jointly in K and e, and

Corollary 2.17 applies. By Lemma 1.14, 'Ry 1is irreducible in the sense of Definition 1.13. This
yields, for all f, g € CL,

“HES@)ea +o(e™h) = (f,Q:(9)ew
=< LA =L)TT(f), 9)eery

“HILIT (" Ry DILIT(f), )y + o(e ™)
= (f, Ry (9) ey + o(e7),

whence S = Ry [

3 The ergodic case

All the work in Section 2 was done under Hypothesis 1.18, that is, that the first return map (A, p, Tig))
is mixing. This hypothesis is inconvenient, as we would like to work only with conditions involving
the initial data: the system (A, u,T') and the function F.

If ([24], 1, T) is recurrent and ergodic, then (A, p, Ti)) is well-defined and ergodic. Hence, ergod-
icity comes freely, and we would like to use this property instead of the stronger mixing hypothesis.
This is the goal of this section.
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3.1 Structure of extensions with non-mixing first return maps

Let ([Z9), 1, T) be a Markov Z%extension of a Gibbs-Markov map (A, a, d, p, T') with jump function
F'. Assume that ([Z7), 1, T) is ergodic and recurrent. As the induced map (A, y, Tj)) is well-defined
and ergodic, by Corollary A.10, there exists an integer M > 1 and a partition A = |_|€€Z/ Ay such

that each A, is a*-measurable, T (As) C Agqq for all £, and Ty : Ay — A, is mixing for all /.

At first, we show the constraints that the existence of a non- tr1v1a1 period for (A, p, Tio)) impose
on the whole extension ([Z9], i, T'). We introduce a colouration of [Z4)].

Definition 3.1 (Color of a site).
Let ([Z%), 11, T) be a Markov Z-extension of a Gibbs-Markov map (A, a,d,u,T). Assume that
([Z%), i1, T) is ergodic and recurrent. Let A = UéeZ/Mz Ay be the decomposition of (A, i, Tig)) associated

with its period M. For fi-almost every (z,p) € [Z9], let

Qo (@,p) ==inf{n >1: T"(x,p) € [0]}. (3.1)

The colour of (x,p) is defined as the element ¢ € Z g such that T?01@) (. p) € Ay. We shall denote
it by C(z,p).

Interestingly, the structural constraints we get are different depending on whether d = 1 or d = 2,
the later case being simpler. As the following proposition states, in the d = 2 case, all sites have
the same colour, up to a neighbourhood of [0]. In the d = 1 case, we may need two colours. This
difference comes from the fact that the plane minus a point is connected, while the line minus a point
has two connected components.

Proposition 3.2.
Let (24, 1,T) be a Markov Z2-extension of a Gibbs-Markov map (A, o, d, p, T') with jump function
F. Assume that (|29, 1, T) is ergodic and recurrent.

Ifd =2, ord=1and |[Flljx,, = +o0o, then there exists R > 0 and { € Zyz such that
C(z,p) = ¢ whenever ||p|]| > R.

Ifd =1 and ||[Flpec(a,) < +00, then there exists R > 0 and {_, {; € Zyz (not necessarily
distinct) such that C(z,p) = {_ whenever p < —R and C(x,p) = { whenever p > R.

Proof. We work under the hypotheses of Proposition 3.2. First, let us note that C' of(x, p) = C(x,p)
for all (x,p) € [Z9] \ [0].

By ergodicity and recurrence, [Z%] is swept by the forward images of [0], that is,

o)(z)—1

U |_| T"(z,0).

TEA k=0

Let ¢ € Z/nz. The property that Tjg(A,—1) = A, implies that, forallz € A, and all 0 < k < (),
TP w0) o Th(z,0) = T#0~, o T (z,0) = T (z) € Ay,

so that C(T#(x,0)) = €. Doing this for all £ yields {C = ¢} = U, . LI7%" ™" T#(x,0): modulo a
negligible subset, the points of colour ¢ are exactly the forward images of A,_; up to time ¢ — 1.

37



Let / € Z 7. We can also write the later fact as

“+oo

{C=0=JT"Ari n{pp > k}).

k=0

Since ¢ is a stopping time, {¢) > k} is o(a®)-measurable. The set A, is also o(a*)-measurable
by Corollary A.10, and thus also o(a®)-measurable. The function SiF is constant on each cylinder
of length k, so that we can write it as a function of the cylinder. Hence, setting B(p,{) := {zx € A :

C(z,p) = £}, we have
U | | T*(a). (3.2)

acal®)
aCAl 1N {0 >k}

Sk (G)ZP

By the big image property of Gibbs-Markov maps, for all ¥ > 0 and nonempty a € a®, we have
w(T*(a)) > & = infueq u(T(a)) > 0. Each subset T%(a) in Equation (3.2) has measure at least dy.
Hence, for any p € Z¢ and / € Z /mz, We have a dichotomy:

e cither u(B(p,()) = 0;
e or u(B(p,l)) > by > 0.

In other words, on each site, either a colour is absent, or it is present in a quantity of at least dy.

Let p € Z4\ {0} and ¢ such that p(B(p,£)) > 0. From the expression in Equation (3.2), the set
B(p,{) is o(a*)-measurable, so that ||1B(p7g)HB = 1. Since Tjy is ergodic, by Corollary A.10, there
exists M > 1, C' > 0 and p € (0,1), independent from p and ¢, such that

1 M-1

M > L (Apge) — w(B(p,0)

k=0

< Cp" [15p0 5 = Cp"

oo

Hence, there exists ny > 0 such that > ;0 1L:f“o](l B(p,y)) = 00/2 > 0 almost everywhere for all
. no—1 .
p € Z*\ {0} and ¢ such that u(B(p,¢)) > 0. But the support of the function > ;% Ef“o](lB(M)) is
ot T[O](B (p,£)), so that, almost everywhere,

no—1

U T (B, 0) = A.

Let us define pp0(z) := inf{n > 1 : T}, oy (z,p) € [0]}. Since the probability of hitting [0]
before going back to [p] converges to 0 as p goes to infinity by [40, Lemma 4.17|, the random variable
Plp]—[o] converges in distribution to +oo when p goes to infinity. In particular, there exists ro > 0
such that z1(@p—0 < no) < do/no whenever ||p|| > ro.

Assume that ||p|| > ro. Then

no—1
( U T (B, ) 0 {epop 2 no})) > 1 — nop(Pp—o) < mo) > 1 — .
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In addition, for z € B(p,£) N {0 = no} and 0 < &k < ng, we have C(T[{f{o,p}} (x,p)) =C(x,p) =1¢,
and thus p(B(p,¢)) > 1 — d. By the dichotomy on u(B(p,{)), we thus have u(B(p,¢')) = 0 for
0" # {, so that u(B(p,f)) = 1. In other words, if ||p|| > 7o, then [p] is monochromatic.

Let <+ be the nearest neighbor relation in Z?. For all ¢ «+ 0, the random variable Plpl—[p+q does
not depend on p, while ¢y, converges in distribution to +o0c as p goes to infinity. In particular,
there exists 71 such that p(@p—prq < @pl—jo) > 0 for all ||p|| > r; and ¢ <+ 0.

Let p € Z¢ with ||p|| > R := max{ry + 1,7 }. Then [p] is monochromatic; let ¢ be its colour. For
each p' < p, we have pu(@p-p < @pl—p) > 0, so that [p'] also contains the colour £. But ||p'|| > 7o,
so [p] is also monochromatic, and thus is the same colour as [p].

At this point, our conclusion depends on the dimension.
e For the case d = 2: the graph Z?\ B(0, R) is connected, so that [Z*\ B(0, R)] is monochromatic.

e For the case d = 1: the graph Z \ B(0, R) has two connected components, so that the sets
[(—o00, —R) NZ] and [(R, +00) N Z] are both monochromatic.

In the later case, assume furthermore that || f{|j« 4, = +00; without loss of generality, assume that
the essential supremum of F' is +o0o. Then there exists p € (—oo,—R)NZ and ¢ € (R,+0o0) NZ
such that u([p) N T~ ([¢])) > 0. In particular, [p] and [¢] have the same colour, so [Z \ B(0, R)] is
monochromatic. O

Proposition 3.2 gives very strong constraints on the structure of a Markov Z?-extension whose
induced map in [0] is not mixing. We now prove that, under these constraints, the induced map Tiy;
itself has a decomposition in periodic components, as long as the elements of ¥ are far enough apart.

Proposition 3.3.

Let ([Z4), 1, T) be a Markov Z-extension of a Gibbs-Markov map (A, a, d, p, T) with jump function
F. Assume that ([Z%,5i,T) is ergodic and recurrent. Let M > 1 be the period of ([0], p, Tip) -
Then there exists R > 0 with the following property. Let ¥ C Z% be non-empty and such that
mingees [[p — qf| = R.

If [Z%\ B(0,7)] is monochromatic for large enough r (and in particular if d = 2, or d = 1 and
1F o4,y = +00), then Tisyj(Ar x £) C A X X for all k € Zyyz. In addition, there exists
0 € Zyz such that, almost surely, transitions between sites occur only from A,y x X to Ay X X.

If [Z\ B(0,r)] is bichromatic for large enough r, sort X in increasing order, for instance:
Y= {...,0'71,0'070'1,...} = {O'n ne [}

Then Tisy sends | |,c; Argnees—ey X {0on} to |, cr Akrny—e_)+1 X {on} for all k € Z;yz. In addition,
transitions occur only from Ay, 1 x {0} to Ag_ X {ony1} or from Ay 1 x {o,} to Ap, x {on_1}.

Proof. Let ([Z4], 1, T) be such an extension, and choose R as in Proposition 3.2. Let ¥ C Z satisfying
the conditions of Proposition 3.3.
First case: monochromatic extensions

We start with the first case. Since the extension is monochromatic away from [0], let ¢ € Z /2
be its colour. Let p € ¥ and (z,p) € [p].

If Tisy(x,p) € [pl, then Tisy(z,p) = (Tig)(x),p). Given k such that x € Ay, we get Tjg(x) € Apy1,
and thus Tiyy(x,p) € Apy1 x X
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Otherwise, let ¢ € ¥ be such that Tixj(z,p) € [¢]. Then Tix_g(x,p — ¢) is the first return to [0]
of the orbit of (z,p — ¢) under T, and (z,p — q) € [Z4\ B(0, R)]. Since the colour of the later is ¢,
this means that Tix_g (2, p — q) € A¢ x {0}, and thus Tiyj(x,p) € A; x {¢}. In addition, using again
the monochromaticity of [Z? \ B(0, R)], the first return of Tjs(x, p) to [p] belongs to A, x {p}. But,
since this first return is (Tj)(),p), this implies that = € A,_;.

Second case: bichromatic extensions

We now tackle the second case. By Proposition 3.2, the extension is a Z-extension. It has colour
¢_ on the large enough negatives and ¢, # ¢_ on the large enough positives numbers. Let p € ¥ and
(z,p) € [p].

If there exists non-adjacent sites p < ¢ < r in ¥ such that u([p] N T[g]l([r])) > 0, then p — ¢ and
r — ¢ have the same colour, so ¢, = ¢_; the same holds if u([r] N T[g]l([q])) > (. This contradicts the
bichromaticity of the extension. Hence the only allowed transitions are between adjacent sites in 2.

Again, if Tiyy(x,p) € [p], then Tig(x,p) = (Tjg(x),p). Given k such that x € A;, we get
Tio) () € Apqr, and thus Tis)(z,p) € Appr X 2.

Otherwise, let ¢ € ¥ be such that Tix)(z,p) € [q]. Assume without loss of generality that ¢ > p.
Then the same arguments as in the first case yield Ty (z,p) € Ar. x {q} and (x,p) € As, 1 X [p].

Let us sort the elements of ¥ in increasing order, indexing them either by I = {0,...,|X| — 1},
I = N or [ = Z; this let us write, for instance, ¥ = {...,0_1,00,01,...}. A transition from o, to
Op41 starts from Ay, 4 x {0,} and ends in Ay x {041}, while a transition from o, to o,_1 starts
from A, _y x {0,} and ends in Ay, x {0,—1}. In particular, Tiy) sends | |,o; Akin(e,—e) X {on} to
I—lnEI Ak+n(£+—£,)+1 X {O‘n} for all k € Z/MZ- ]

Remark 3.4 (Examples of monochromatic and bichromatic extensions).
Constructing a monochromatic Z%-extension is easy. Choose a Gibbs-Markov map (A, o, d, i, T)
with a non-trivial peritod, and jump only at a given instant in the period. For instance, take

o A=T X Zsz,

e 1 is proportional to the Lebesgue measure on A,

o T'(x,k)=(3z,k+1),

o F(2,0)=—11ifx€l0,1/3), then F(2,0) =+1 if x € [2/3,1) and F(z,k) =0 otherwise.
Then Ay, =T x {k} and ¢ = 1.

Figure 5: On the left: the allowed transitions for the transformation 7" and the five elements of
the partition in periodic components {Ag, Ay, ..., As} of Tjg;. On the right: the Z-extension of T
and its allowed transitions. The five shades of blue correspond to the five elements of the partition
{Ag X Z, Ay X Z,..., Ay x Z} of [Z]. All allowed transitions lead to a subset one shade darker, or
from the darkest shade to the lightest.
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The analyses in the proofs of Propositions 3.2 and 3.3 give a guide to construct a bichromatic
extension. We tweak the Gibbs-Markov map defined above. We still take A = T x Z;sz and p
proportional to the Lebesque measure, but:

(2x,3) if x€[0,1/2) and k=0
T(x, k) =< (22,1) if re€l0,1/2) and k=2 .
(2x,k+1) otherwise

We choose for F':

+1 if z€[0,1/2) and k=0
F(z,k)=¢ —1 if r€[0,1/2) and k=2 .
0 otherwise

Then Ay =T x {k}, 4 =1 and {_ = 3.

AR AR AR AN

Figure 6: On the left: the allowed transitions for the transformation 7" and the five elements of
the partition in periodic components {Ag, A1,..., A4} of Tigj. On the right: the Z-extension of T
and its allowed transitions. The five shades of blue correspond to the five elements of the partition
{,ez Ak—2n x {n} : k € Zsz} of [Z]. All allowed transitions lead to a subset one shade darker, or
from the darkest shade to the lightest.

Remark 3.5 (Structure of bichromatic extensions).

As per Proposition 3.2, a bichromatic extension can occur only if d =1 and HFHLOO(A’M) < +00.
A reasonable conjecture is that such extensions can only occur if d = 1 and there exists a bounded
coboundary wo T — u such that F 4+ wo T — u takes its values in {—1,0,1}.

Remark 3.6 (Non Gibbs-Markov maps).

The structure of Z%-extensions when the induced map (A, p, Tio)) has some periodicity may be
different for maps which are not Gibbs-Markov. An interesting example is that of piecewise expanding
maps of the interval with a compatible jump function. Then (A, p, Tio)) is still a piecewise expanding
map of the interval (with infinitely many pieces).

Up to additional conditions to check [34, 46/, we may expect its transfer operator to act quasi-
compactly on the space of functions with bounded variation, from which we can develop a similar
description of its spectrum. In particular, if (A, pu, Tg) is not mizing, then it has a decomposition
in periodic components, from which we can construct a colouring of [Z%). However, our argument in
this article relies heavily on the big image property of Gibbs-Markov maps, which is not satisfied for
general piecewise expanding maps of the interval. In this case, how are Propositions 3.2 and 3.3 to
be adapted? Are [Z%)-extensions of piecewise expanding maps either monochromatic or bichromatic?

3.2 End of the proof of Lemma 1.20

We now finish the proof of Lemma 1.20. We explain the main adaptations to make to the proof
of Lemma 1.19, first in the case of monochromatic extensions, and then in the case of bichromatic
extensions.
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Proof of Lemma 1.20. Assume Hypotheses 1.2 and 1.10. Let M > 1 be the period of ([0}, i1, Tjg)) and
(Ak)rez,)sy, & decomposition of A in periodic components for Tjg).

First case: monochromatic extensions

By Hypothesis 1.10, the probability of transition between different sites in [¥.] converges to 0.
By recurrence and ergodicity, lim._,o min, e, ||[p — ¢|| = +00. We can thus apply Proposition 3.3:
there exists £ € Z 7 such that, for all small enough ¢ > 0, the map 7. sends each A x I into Ay x1,
and all transitions between distinct sites occur from Ay, 1 x I to Ay x I. Hence, TM (A x I) = Ap x I
for all k.

Let us fix some k € Z/yz, and work with the measure-preserving dynamical system (A x
I, Mypigja, <1, TM). A suitable Banach space is given by the space By of functions in B; supported
on A x I (recall that Ay is o(a*)-measurable, so multiplication by 14, «; is continuous on By). We
define operators Il . : B, — C! and I - Cl - Br . in the same way as we defined II, and IT*, that
is respectively by averaging in each Ay x {i} and by finding the preimage that is constant on each
Ay x {i}. From there a definition of cones Cy i (¢) is straightforward.

The operator Lo acts quasi-compactly on B, and thus so does Lﬁ . It follows that the action of
Lf‘é on the space By, of functions in B supported on Ay is also quasi-compact. Since (Ag, My a,, T[](‘)f )
is mixing, the action Lf‘(ﬁ ~ By, has a spectral gap.

Let i # j € I. Let £ be to smallest integer larger than £ and congruent to £ modulo M. A point
(z,i) € Ax x {i} belongs to T-M (A x {j}) if and only if T[ZO] *L(z,4) belongs to T *([j]), so that

Mpa, (v (24) € T (A x (1) = My (T ({a s (@,9) € T (D))

= Mp([i NI ([5])})
=eMR;; + o(e).

In addition, if (z,4) € Ax x {i} and TM (x,4) € Ay x {i}, then T"(z,i) € Ap x {i} forall 0 < n < M,
so that T (z, i) = Ty (2, 9).

From there, the proof of Proposition 2.5 follows mostly unchanged, replacing £. by £M and Ck(¢)
by Ci.k(g). More explicitly, for all o > 0, there exist K,, n, > 0 such that, for all K > K, for all

e>0and n > n,,
Eéw"(Ck,K(a)) C Ok,gK(é).

Corollary 2.6 follows directly. Subsection 2.2 is unchanged as it makes no reference to the dynamics.
Corollary 2.13 follows with only the obvious adaptations, and so does Proposition 2.14. We get a
variant of Equation (2.12):

lim sup Hﬂk LML Mg et CR, . f-
=0 4cj0,7] ¢

" =0 v(fs)a>0 € OlaK(E)'

, since we are only
B]*)B]
restricting Eﬁ)] to functions supported on A;. We can also apply Proposition 2.11 to get that

Hk’-{—n,*ﬁgfa = (]- + 0(5))Hk,*f£7
where n = |e7't] — M |e~'M~'t] and the O(e) term depends only on the choice of K. This yields

=0 v(fs)5>0 € Ck,K<5>-

The map Eﬁ)] : Bi,r — Bjn,r is continuous with a norm of at most Hﬁﬁ)]‘

tim sup [Ty oo £ — e Oy gy |,

£20¢ej0,7]

(1)
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Proposition 2.14 also carries over:

Hﬁé%n S Ceprsn

H(Bk,I,Ovn'Hk,K,g)‘)(Bk,I,OvH'“k,K,E)
for some constants C', p > 0 (which can be taken arbitrarily close to pg), all n > 0 and all small
enough € > 0. Again, using the boundedness of L7 : By ; — Bjn.1, up to increasing the constants C'
and K, we get

n —pPEN
< pen.
HEE ”(Bk,I,O:”'Hk,K,s)*)(BkJrn,I,Ovn'Hk-i,-n,K,g) < Ce

The statement of Corollary 2.17 can be adapted by replacing By by By ro. However, we want
in the end a statement for functions constant on each [i] € [I], so this is not satisfactory. Some
caution is needed at this point; what we get is that, given K > 0 and a family on functions (f.).~o €

®k€Z/J\/IZ By 10 such that sup,. SUDkez, HfEHk,K’S,

Zﬁnfg— L (RIS + o),

where the equality holds in Bro. The space @kez/ By.10 is of codimension M — 1 in Bjg: if we

want the series Z+°O L? f. to actually be summable, we need f. to have zero average on each Ay x I,
and not just on the whole of [I]. Under this slight modification, the proof of Corollary 2.17 can be
adapted up to straightforward modifications, starting from

00 +o00
DLifo= > aa £2(flaxn),
n=0

k€Z/prz n=0

and working with each k separately. Finally, given f € C{, the function ITI* f do belong to the space
GakeZ/MZ By.1,0, which finishes the proof of Lemma 1.20 in the case of monochromatic extensions.

Second case: bichromatic extensions

As with monochromatic extensions, under Hypothesis 1.10, the minimal distance between sites
in Y. converges to +00, so that we can apply Proposition 3.3.

Let us index the sites in X, in increasing order by I := {0, ..., |X.|—1}. This reindexing conjugate
both the matrices P. and (). by the same permutation matrix, which depends on € > 0. Since there
are only finitely many permutation matrices, it is enough to prove the theorem on the subsequences
of € > 0 corresponding to any fixed permutation. Hence, up to restriction to suitable subsequences,
we assume simultaneously that Hypothesis 1.10 holds and that the indexing of 3. is increasing.

By Proposition 3.3, there exist {_ # (. € Zjyz such that all transitions for 7, occur from
Ap,—1x{n} to Ay_x{n+1} or from A, _1 x{n} to Ay, x{n—1}. We set Ay = e Arsniep—eyx{n}
so that TM preserves all the subsets Ay, for all small enough e.

The adaptation is then mostly the same as in the monochromatic case, replacing Ay x I by Ay
There are two significant differences. The first is that jumps upwards and jumps downwards happen
at different times, so the argument which in the monochromatic case yielded

Mpa (2 (x,1) € T-Y(Ay x {j})) = eMRy; + o(e)

does not work immediately. Here is how this argument can be fixed. First, note that, from times
k= 0to k= M, a trajectory cannot get up then down, or down then up. Indeed, a trajectory of the
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first kind would have to go through A, _; x {n}, then A, x {n + 1}, then A, _; x {n + 1}, then
Ag, x {n}, which requires at least M + 1 steps. The same reasoning applies to trajectories of the
second kind.

Let k € Zjyz. Let - (respectively £/, ) be the least integer strictly larger than k and congruent
to £_ (respectively £, ) modulo M. Assume without loss of generality that ¢ < ¢'_. Then

M, (z: (x,n) € T-M({0,...,n—1}])) = Mu(z : (z,n) € T, ([n —1]))
= 8‘]\4Rn,n—1 +0(€),

with the same argument as in the monochromatic case. In addition,

Mpja, (z: (z,n) e T-M({n+1,...,|I}]))
= Mpa, (z: (z,n) € T-"({n+1,...,[I]}]) and (z,n) ¢ T-"([{0,...,n —1}]))

L

_ —0
=M Lo @mers (nr1p) o) (1 - 1{x:<w,n>eT;1<[n—u>}> dp

_ Mﬂ(g} : (z,n) € TN ([0 — 1))

L

Lt
- M Lo omyers (nr L (1{w:<m,n)eT;1<[n—u>}> dys.

Agy 1

By Corollary A.7,

by —0_ _
|26 (Lmergom) HB < Cp(e:(@n) e TN (n—1))) = Of),
so that

Mpupa(x = (w,n) € T2 ([{n+ 1, [I}]) = ML+ O(@))p (x: (z,n) € T ([n +1]))
= €MRn7n+1 + 0(8).

Finally, the same reasoning let us show that the measure of points which undergo at least two jumps
before time M is in O(g?), so that

Mpya,(z: (z,n) € T—M([n—1])) = Mpya,(x: (x,n) € T=M([{0,...,n —1}])) + O(£?)
=eMR, 1+ 0(e),

and the same for My, (x : (z,n) € T-M([n + 1])).

The second difference is that, when adapting Proposition 2.5, we work with the action of E% on
Biin(e,—e_), which depends on the site n. In the end, this does not matter: as & takes only finitely
many values, there are finitely many such actions, so that all relevant controls are uniform in n. [J

4 From potential to transition probabilities

We now finish the proof of Theorem 0.1.

In Sections 2 (under the mixing Hypothesis 1.18) and 3, knowing an asymptotic development
P. = Id—eR + o(e), we were able to deduce an asymptotic development Q). = 5’1R0_1 + o(e™1).
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However, in practice, we can compute (). and want to estimate P.. Since the direct direction comes
from Lemma 1.20, we shall work under Hypothesis 1.12:

Q. =¢'S+o(ceh),

where S is irreducible in the sense of Definition 1.13.

In order to deduce the asymptotics of P. from those of ()., we shall consider an adherence point
R of e71(Id —P.). Then, an application of Lemma 1.19 yields that Ry = S~!, and thus Theorem 0.1.
The two main obstructions are:

e the existence of an adherence point of e7'(Id —P.). We shall prove that ¢'(Id —P.) stays
bounded when e vanishes. This is the object of Subsection 4.1.

e in order to apply Lemma 1.19, the matrix R needs to be irreducible. This is the object of
Subsection 4.2.

Our main tool is that Lemma 1.19 implies Theorem 0.1 whenever we induce on two sites, i.e. whenever
|I| = 2. This let us transfer precious information from Q. to P..

4.1 Bootstrapping

We start our analysis with the case |I| = 2, which can be deduced directly from Section 2. The
general case will follow.

If |[I| = 2, then C{ is 1-dimensional, so Q. is a scalar, which we shall denote by ¢.. The matrix
P. is bi-stochastic, and thus can be written as

_ 1_pa Pe o - 1 -1 . -
PE_( N 1_p€>_1d p5<_1 | )_.Id R (4.1)

for some constant p. > 0.

Lemma 4.1.
Assume Hypotheses 1.2, 1.18 and 1.12. Assume furthermore that the matriz S from Hypothe-
sis 1.12 is irreducible in the sense of Definition 1.13. Assume finally that |I| = 2, so that S = s is a

scalar. Then .

Pe ~e—0 2_8
Proof. In the |I| = 2 case, Hypothesis 1.12 reads g. ~._,o ¢ 's. The irreducibility of S in the sense
of Definition 1.13 is equivalent to the property that s > 0.

As a consequence, lim,._,gg. = 4+00. This is only possible if the distance between the two sites
of ¥. grows to +oo when ¢ vanishes. By [40, Lemma 4.17|, we have lim._,op. = 0: indeed, if the
two sites are very far away one from the other, then the probability of transitioning from one to the
other gets very small.

The matrix R in equation (4.1) is irreducible. Hence, by Lemma 1.19,

1
Gs ~e—0 _Ro 1‘
De

But R(f) =2f for all f € C{, or in other words Ry = 21d, so
1 1

Qe ~Ye—0 5 Ye—0 TS,
€

2p.

from which the claim follows. O]
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Remark 4.2.

The |I| = 2 case was one of the main results of [40], where it was proved using an argument on
the distributional asymptotics of the Birkhoff sums for T of Lig.(i)) — Lioo(jy)- Lemma 4.1 is already a
more general variant of [40, Corollary 2.9].

In addition, much of the proof of Lemma 1.19 can be simplified in the case |I| = 2, since we can
replace matrices by scalars, giving a more streamlined proof of Lemma 4.1. More generic tools, for
instance from [29], may be applicable.

The boundedness of the family e~!(Id —P.) in the general case readily follows.

Lemma 4.3.
Assume Hypotheses 1.2, 1.18 and 1.12. Assume furthermore that the matriz S from Hypothe-
sis 1.12 1s irreducible in the sense of Definition 1.15.

Then Id —P. = O(g).

Proof. Let i # j € I. Let S, = {o.(i),0-(j)} C X.. The potential operator @5 associated with the
induced map on X, can be recovered from (). in the following way:

e Take a function f € Céi’j}. Extend f to a function f1y; ; € C{ by setting f1y (k) := 0 for

k¢ {i,j}
e Apply Q. to f1y; j to get a function g € C{.
e Restrict g to {i,}, to get a function g ;3 € C),
e Add a constant to gj; ;3 to get the function @Ef € C({)i’j}.
The family (@€)€>0 thus has the asymptotics
Q. =c 'S+o(c"),

where S is the restriction of S to (Céi’j } composed with the projection onto C[{)i’j ; parallel to constants.
Since (1; — 1;) is supported on {i, j} and has zero sum,

-~

(L = 15), 51 = 1)) eery = ((Li — 1), S(Li = 1)) 2y > 0,

so that S is also irreducible in the sense of Definition 1.13. By Lemma 4.1,

~ €
1 ((Tn($705(i)))n21 reaches [0.(j)] before going back to [oe(i)]) ~els0 — :
(1i=1;),51 = 15)eq
(4.2)
But the left hand-side is larger than or equal to (F:);;, so that all the off-diagonal terms of P. are in
O(e). O

4.2 Irreducibility of the bi-L-matrix

We now end the proof of Theorem 0.1 when there are more than two sites. Up to extraction of a
subsequence, we may assume that Id —P. = eR + o(¢). The matrix R is a bi-L-matrix. We want to
show that R;' = S. This is a consequence of Lemma 1.19 if R is irreducible. Our next focus is to
prove that R is indeed irreducible.
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Lemma 4.4.
Assume Hypotheses 1.2, 1.18 and 1.12. Assume furthermore that the matriz S from Hypothe-
sis 1.12 1is irreducible in the sense of Definition 1.13.

Let R be an adherence point of (e71(Id —P.))e=0. Then R is an irreducible bi-L-matriz.

Proof. Let R be such an adherence point. Since P. is bi-stochastic by Lemma 1.4 and the space of
bi-L-matrices is closed, R is a bi-L-matrix.

By Equation (4.2), under these hypotheses, for any two distinct i, j € I,
1 ((T”(:L’, 0:(1)))n>1 reaches [o.(j)] before going back to [ag(i)]> = 0O(e).
Inducing on [X.] yields
(T2 (x,1))n>1 reaches [j] before going back to [i]) = O(¢).

We proceed by contradiction: if R is reducible, we prove that there exist ¢ and j such that the
above probability is an o(¢).

Let ~g be the relation on I generated by 7 ~g j if R;; < 0 and ¢ ~g 4. The relation ~p is
reflexive and transitive. Since the counting measure is in the kernel of R, there are no absorbing
subsets of I, so the relation ~p is also symmetric.

Assume that R is not irreducible. Let I be an equivalence class for ~g. Let i € [; and j € I\ I;.
By definition of ~p, we have P. ;= o(¢) for all k € I; and £ € I \ I;. Setting

Bey = {(z,k) € [h] : To(z, k) € [I\ L]},

the set of points in [[;] which exit [I;] under T}, we get pur, (B:1) = o(e).
We want to estimate the probability, starting from [i], to hit [j] before going back to [i]. Let
T.1 : [[1] — [[1] be the map obtained by inducing 7; on [[;]. Let

go[%’l(:v) =inf{n >1: T (z,q) € [I]}.
Note that
{ (T?(z,1))n>1 reaches [j] before going back to [i]} C { 0<n< gp[TZ’]“(x) D T (1) € Be,l},
whence, using Kac’s formula,

p( (T2 (x,7))n>1 reaches [j] before going back to [i]) < p ( <n< gpﬁl(:ﬁ) DT (w,0) € B&l)

= / max  1p., o T (z,i) du(x)
A

0§n<<,o[Ti]E’1 (z)

< / S 1, o T(x, i) dula)
A

0§n<<p[Ti]€’l (z)

= |Ii|pr, (Be1)
= o(e).

This gives the contradiction we want. Hence, our additional assumption is false: R is indeed irre-
ducible. O]
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Let us wrap up to proof of Theorem 0.1.

Proof of Theorem 0.1. The direct implication is the content of Lemma 1.19; we prove the converse
direction. Assume Hypotheses 1.2 and 1.12. Assume furthermore that the matrix S from Hypothe-
sis 1.12 is irreducible in the sense of Definition 1.13.

By Lemma 4.3, the family (¢! (Id —P.)).>¢ is bounded. Let R be one if its adherence points. By
Lemma 4.4, R is an irreducible bi-L-matrix.

Let (ex)k>0 be converging to 0 such that P., = Id —exR + o(ex). Since R is a bi-L-matrix, it is
null on constant functions and preserves C. By Lemma 1.19, we have S = RO , whence Ry = S~ L.
This characterizes the action of R on CJ. Hence the matrix R is entirely characterized by S, and
thus the adherence point of (¢7*(Id —Pg))5>0 is unique. This proves that P. = Id —eR + o(¢), and
finishes the proof of Theorem 0.1. O]

5 Fourier transform and perturbations of the transfer operator

Let (A, i, T) be an ergodic Gibbs-Markov map with transfer operator £ acting on B. Let F': A — Z2
be Markov, and assume that the Z%-extension ([Z%], i1, T) is ergodic. Let (2.).>0 be a family of subsets
of Z%. Theorem 0.1 relates the transition matrices (P.).-o to the potential operators (Q.).o.

Our goal is to compute, in a few cases, the asymptotics of the operators (Q.).o, and in particular
the operator S appearing in Hypothesis 1.12; from there we shall deduce, at least in some cases,
the asymptotics of the transition matrices (P:).~o. First, we shall develop general tools involving
perturbations of transfer operators.

In order to circumvent some summability issues which may arise in the computation of

(d-£)7'=> L",

n>0

we shall approximate this operator by

(Id—pL)™' =Y pnL"

n>0

with |p| < 1, and then take the limit as p — 1. However, the requires working with a twisted Poisson
equation and complicates significantly the relationship between £ and L£.. This will be the object of
Subsection 5.1, where we shall prove the following;:

Proposition 5.1.
Let (24,11, T) be an ergodic and recurrent Markov Z*-extension of a Gibbs-Markov map. Let I
be non-empty and finite and o : I — Z¢ with image X.

Let Q, : CL — Cl be defined, as in Equation (1.9), by :

(f,Qo(9)) 2y = || [Zd](ld —Lpzy) ™ (Z fil[ou)]) ' (Z gjl[au)}) dpsy.

icl jeI
Then:

(f,Qs(9))e2a —hmZ " figin (S F = o(j) — a(i)).

n>0 i,j€l
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For random walks, the computation of (). = @Q,. involves taking the Fourier transform of the
distribution of F'; or in other words, uses the characteristic function of F'. As mentioned in Sub-
subsection 1.5.4, in a dynamical context, the role of this characteristic function is taken by the main
eigenvalue of twisted transfer operators. We recall that these operators are defined, for w € T? :=
R¢ by

2mZ4 )

Ly(-) = L)), (5.1)
which acts on LP(A, p) for all p € [1, o0], as well as on B.

In addition, we also define a Fourier transform for functions defined on I, transporting them first
to 2 before taking their Fourier transform on Z%:

Definition 5.2 (Fourier transform operator).
Let d > 1, I be finite and o : I — Z¢ an injective map. We define for all f € C!:

) — Z fj€7i<w70(j)> vw c Td (52)
jer
the Fourier transform of the function taking value f; on o(j) and 0 everywhere else. We also set
Fo()(w) := Fo(f)(—w).
Given a family o. : I — 72 of injective maps, we denote by F. = F,_ the corresponding Fourier
transform operators.

We want to understand the behaviour of ) ., L™ using Fourier transform, which implies under-
standing the behaviour of £, for all w € T?¢. This will be done in two steps. In Subsection 5.2,
we explore the eigenvalues of modulus 1 of £, in order to ensure that (Id —L,,)! is well-defined.
Then, in Subsection 5.3, we apply this study together with Proposition 5.1 to get the proposition
mentioned in Sub-subsection 1.5.4:

Proposition 5.3.
Let (|24, 11, T) be an ergodic and recurrent Markov Z%-extension of a Gibbs-Markov map. Let I
be non-empty and finite and o : I — Z% with image . Then, for all f, g € Ck:

(f, Qa(9)>£2(1) = pligli (2m)d

[ Enz ([m-pt) W) a6y

In particular, let U be a small enough neighbourhood of 0 € T?. Let \,, be the main eigenvalue of
L., such that \g = 1, which is well-defined and continuous on U. Then:

1 Ow
FQolen = i oo [ FADFA) =5 dw+ 00 IF- ol 6

where w > 8y, is continuous on a neighbourhood of 0 € T¢ with 6y = 0, and the error term Oy (1) is
uniform in p and o but depends on U.

Conjecture 5.4.
If 1 = X\y| > cllw||® for some ¢ > 0, or even |1 — A\y| > c|lw|*™" for some ¢, v > 0, then
Equation (5.4) can be simpliﬁed using the fact that F, (f) and F,(f) are both O(||wl|) near 0:

: 1+5pw 1+§
p—1- (2m)d /}— 1—p)\ dw = (2m)d /]: — A dw.

lim

The condition |1 — \,| > c||w||” is true for ergodic random walks, and all examples in Section 6. A
general argument still eludes the author.
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Equation (5.4) is exactly what we need to compute the asymptotics of (Q.).~o from the asymp-
totics of the main eigenvalue of the twisted transfer operators L£,. Applications will be given in
Section 6, where we shall explore a few examples with more constraints on the family (3.).~o and
the jump function F': extensions with square-integrable jumps in dimensions 1 and 2, as well as
extensions with jumps in the basin of attraction of a Lévy stable distribution in dimension d = 1.

5.1 Twisted Poisson equations

Our first goal is to prove Proposition 5.1. Let ([Z9], 1, T) be an ergodic and recurrent Markov Z%-

extension of a Gibbs-Markov map. Let I be non-empty and finite and ¢ : I — Z¢ with image
3.

Definition 5.5.
For all p € B(0,1), let Q,, : C} — C¥ be the operator such that, for all f, g € Cl,

+oo
(£, Qop(9)e2ry := / > L (Z fil[om}) ' <Z gjl[cr(j)]) d.
2] =0 i€l jeI

Note that the sum is well-defined since pL is a strict contraction on LY([Z9),11). We define Qu1 as
in Equation (1.9), replacing ¥, by X.

Note that, for all n > 0,

/[Zd} L (Z fil[om]) ' (Z gjl[ou)}) dii = /[Zd] (Z fil[o@)}) ' (Z gjl[om]) oT™ du
1€l

jel i€l jel
=) figj/ L0 T dps
ijel [o(2)]
=Y figin (SuF = 0(j) — o(i),
i,j5€1

so we need to prove that lim, ,; Q,, = Qs1.

Note that [I] is endowed with a partition ax generated by ¢py). More precisely, elements of ax,
in [i] C [I] are elements of the partition «;y generated by the stopping time

gis =1inf{n >1: o(i) + S, F € ¥}.
That said, we will need the following

Lemma 5.6. N

Let ([Z4, 11, T) be an ergodic and recurrent Markov Z%-extension of a Gibbs-Markov map. Let I
be non-empty and finite and o : I — Z¢ with image X.

Let ¢ : [I] — Ry a nonnegative function constant on the elements of the partition ax of [I].
Then:

e the family of operators (Ly)k>o acting on By and defined by Lix(f) := Lisy(e™*° f) is continuous
in the operator topology.
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o for k small enough, there exists a continuous family of eigenvalues A\ of Ly such that \g = 1.
o setting H(k f[] (1 —e ") duy, we have (1 — \) ~p_o H(k).
o [|I£—=Lellg, 5, = OH(K)).

Proof. We start by proving a strengthened version of the last point. We introduce the auxiliary

semi-norm:
| flLipt ) = Z Z P)|Lip(a)
PEY a€ay, v
and the auxiliary norm || f{|y;,0 iy = 1 f e e + 1 lLipr -

Let k, ¥ > 0 and f € B;. Then

Heflwf e Heg oo (1)

< Hei min{k,k'}p

’1 _ =Kl

L([I],mr) Leo([1],e1)

< H(|k — K1) ||f||Loo([1],m) :

L[, r)

In addition, seeing ¢ as a function from ay to R,

— =K
- = ula ’ e ") f

acayx

—ZMI

acay

< (Z pi(a) ‘1 _ o lk=Fle(a)

acay

‘e‘k“"f — e_kl‘pf

Lip!( Lip(a)

kgo(a . —k’

|f|L1p(a

) sup | f|Lip(a)
acay
< H(|k = K[) max sup | f(-, 9) Lip(a),

aca*

where we used in the last step that o* is coarser than «; » for all i € I. Writing (e7*#-) the operator
of multiplication by e™*¥, these two computations together yield

(™) = (72| < H{(|k— k).

Br—Lip! ([1])

By Proposition A.11, the operator Ly, : Lip'([1]) — B; is bounded. Composition of the multiplica-
tion operators and Ly gives

|Lr — Ek’HBI—nsI = O(H(|k - k‘/|)),

finishing the proof of the fourth point.
By the dominated convergence theorem, limg+ H = 0, finishing the proof of the first point.

Since ([Z%,71,T) is ergodic, so is ([I], jur,Tx), so 1 is an isolated eigenvalue of multiplicity 1 of
Lisy. The second point follows from [28, Part IV.3.5].

All is left to prove is the third point. Let (hy)r>o be the family of eigenfunctions of (Lx)r>0
corresponding the the eigenvalue A, and such that p;(hy) = 1, for all small enough k. Then (hy)k>0
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is continuous and hg = 1. Furthermore,

1-— >\k == / (/:,[2] — Ek)hk d,UJ
7]

:/[]](1—€k(’0)hk du;
= H(k 1—e ™) (h — 1) dpy.
<>+/¥ (e — 1) dp

Again using [28, Part IV.3.5], [|1 — hyl|z, = O (HE[Z] - EkHBI_)BI) = O(H(k)), so that

—k —k
%}1—e<ﬂwk—1wm1sn1—e s 1L = Al
< H() |1 -l
— O(H(K)),
whence (1 — A\g) ~k_o H(k). O

We now proceed to the proof of Proposition 5.1.

Proof of Proposition 5.1. By |41, Lemma 1.7], for all p € (0,1) and f, g € C{,

|I|/ (Id—pL)~ (Zle[m> <29;1[om> di = /(Id —L(™PE)) I (f) - T (g) dpsy

iel J€l

where the operator (Id —pL)~" is defined on L*°([Z9], i) and the operator (Id —L;(e™®)#=1.))~1 on
Le=([]; )

We set k := —In(p) > 0. Let £y := L;(e ™). By Lemma 5.6, there exists an eigendecomposi-
tion of L, continuous in k, such that

Ly = Mhiy @ pr g + Zy,

with oy (hi) = pr(hg) = 1 for all k and Zj, the restriction of £y to Ker(uy) C Br. Note that Zj
converges to the restriction of £; to By, and hy to 1 as well as 7 to pr.

We then get for f, g € Cé;

lim (f, Qop(9))e2qry = lim |I] [ (Id—Ly) T (f) - TT*(g) dps

p—1— k—0t 1]
— lim <|I|/ (Id —Z3,) M (AT (f) — prp(IT(F))ge) - T*(g) dpus
(1]

1T (g) hiepur (1T (f)) d/u) _

+]
[I] 1 - )\k
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On the one hand, since II*(f) € By,

lim |7 [ (1d = Zg) "M (f) = pur (T (f)) ar) - T (g) dper

k—0+ I]

= lim [I] [ (Id=2Z,)" (I1°(f)) - IT"(g) du

k—0+t 1
1] [ (L) () T () iy
m
= (f,Qs(9))e2(1)-

On the other hand, [|1 — hyllz, = O(H(k)), as well as u;(I1*(g)) = O(H(k)) and (1 — A\) ~goo+

H(k), where H(k) = [,(1 - e k1) dyy. Hence

7 H*(Q)hlkﬂl,l;\(n*(f)) dyiy :/ TT* (g)hy dper - O(1)
(1] — Ak 1]
_ ( /H () d+ O(H(k») o(1)
= O(H (k)).
The claim follows from the fact that limg+ H = 0. -

5.2 Transfer operators and periodicities

After taking a Fourier transform, we will have to work with the inverse of twisted transfer operators
(Id—L£,)~". We need to find the values of w such that 1 € Sp(£,, ~ B) in order to control these
inverse operators. This leads us to a refinement of the spectral analysis done in [40], in particular [40,
Proposition 3.2|, so that we can remove the assumption of aperiodicity present in that article.

The action of £ on B is quasi-compact: it admits 1 as a simple eigenvalue, has spectral radius
1 and essential spectral radius A=' < 1, where A is the expansivity constant of the Gibbs-Markov
map. The essential spectral radius of the operators £, is also bounded by A~!, as they satisfy a
Lasota-Yorke inequality with the same constants.

Lemma 5.7.

Let ([Z4), 1, T) be a Markov Z4-extension of a Gibbs-Markov map (A, o, d, p, T) with jump function
F. Assume that (|29, 1, T) is ergodic.

Let M = |[{\ € Sp(L ~ B) : |\ = 1}|. Then there exist an integer n > 1 and an element
wo € T? of primitive order n such that

Ho={(w,\) €T¢xS': \e&Sp(Le B)} = {(k;wo,e?ﬂﬁ) ke Z/an} .

In addition, each of these eigenvalues is simple.

Proof. The argument of [52, Lemma 3.1| can be adapted to prove that H is a subgroup of T¢ x S*.
The map T is not invertible. However, if A is a non-zero function such that £, (h) = Ah for some
(w,\) € H, then, by the equality case of the triangular inequality, h is constant on almost every
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subset T7!(z) for z € A, so that the computations in the proof of [52, Lemma 3.1] stay valid. In
addition, each of these eigenvalues is simple.

Let w € T? be such that 1 € Sp(L,, ~ B). Let hy, 1 be an eigenfunction for this eigenvalue. Then
L(eX b, 1) = hyy. Define f(z,p) := e %P h, () on [Z%. As we check, f is invariant under the
transfer operator L:

g ac
(W)€~ ({(z.p)}) [ Jac(T)(y)

[hHen= Y /1y )q)
F
E: fly,p— F(y))

A D))
— 67i<w,p) Z €i<w’F>(y)hw,1(y>
T
A T )

= e_i<w’p>£w(hw71)(x)
— o~ Hwp) hw,l(m)
= f(z,p).

Since ([Z9], 1, f) is ergodic, f is constant, and in particular the map p — e “®?) is constant. Hence
w = 0 in T¢. In other words, the canonical projection H — S! is injective. Hence H is isomorphic
to a subgroup of S;, and thus cyclic.

Let Uy, be the group of peripheral eigenvalues of £. Then {0} x Uy, is a subgroup of H, so M
divides |H|. Setting n := |H|/M, there exists wy € T¢ such that

H = {(k"LUo,G%Tiﬁ) ke Z/an} .

Taking k = n, we get that <nw0, 62’”%> € H. But its image under the second projection is e2miAr ¢

Sp(L ~ B), so by injectivity of the second projection, nwy = 0. In addition, kwy # 0 for 0 < k < n;
otherwise, we would get an eigenvalue of £ not in Uy,. O]

Lemma 5.7 let us control the operators (Id —L£,,)~*

Corollary 5.8.
Let ([Z9), 1, T) be a Markov Z4-extension of a Gibbs-Markov map (A, o, d, p, T) with jump function

F. Assume that ([Z%,[1,T) is ergodic.
Then, for any neighbourhood U of 0 € T¢,

sup ||(Id —L,)~
weTIN\U

Yoo p < o0 (5.5)

Proof. For w # 0, the spectrum of £, does not contain 1 by Lemma 5.7, so that (Id—L,) is
invertible. By the discussion following the proof of [21, Corollary 4.1.3], the family of operators
(Ly)were is continuous, so the family of operators ((Id _Ew)il)weﬁrd\{o} is also continuous. The

result follows by relative compactness of T4\ U in T?\ {0}. O
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5.3 Fourier transform and twisted transfer operators
As announced, we now prove Proposition 5.3.

Proof of Proposition 5.3. Let (|29, 7, T) be an ergodic and recurrent Markov Z%-extension of a
Gibbs-Markov map. Let I be non-empty and finite and o : I < Z? with image X.

Let f, g € CL. By Proposition 5.1,

(f,Qs(9)) 2t —hmz ") figin (SuF = 0(j) = o(i)) .

n>0 i,j€l

Let n > 0 and 4, j € I. Using the Fourier transform,

w(SnF =o(j) —oli)) =

Summing over ¢, j € I yields

> figin (SuF = o(j) — o(i))

o L (S ) (S0 ) (fzon an)

jel

- ﬁ [ 0o ( [ exyan) aw,

whence, weighting by p" and summing over n,

(f,Qs(9))e2(ry = lim Z

Fol ) Falg) (/Aﬁl‘u(l) du) dw,

~ im (2%) / d fg(f)fa(g) ([ aa-pea ) an) aw.

This proves Equation (5.3).

Since w +— L,, is continuous and 1 is an isolated eigenvalue of £, for any small enough neighbour-
hood U of 0 € T, there exists a continuous eigendecomposition:

'Cw - /\whw X Hw + Zun

with pu,(hy) = p(hy) = 1 for all w € —U, as well as \y = 1. In addition, up to taking a smaller

neighbourhood U, the operators ((Id —pZ,)™!) p>0wey are uniformly bounded by continuity. Then,

Jaa-pea @y an= [ A g [ 1a-pz,)7 (1 - 1)) dn

f (1)
=1 o).
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In addition, the family of operators ((Id —Ew)_l)wer\U is bounded by Corollary 5.8. By conti-
nuity, the family of operators ((Id —pL,,)™") p>0werd\y 1S also bounded, and

sup
p>0,weTN\U

/(Id —pLy,) (1) dp| < 4o00.
A

Putting everything together, we get

. 1 7 Nw(l)
o = lim —— | F,(f)F,(9)———d Oy (1 : .
(. Qo9 = lim ) o (f)Fol9)1— o v o) LFI- Nl
Setting &, := py,(1) — 1, which converges to 0 when w vanishes, yields Proposition 5.3. O]

6 Computation of the potential operators

With the groundwork done in Section 5, we are ready to compute the asymptotics of the transition
matrices in a few important cases. We shall consider sets (3 ).~¢ with a limiting shape as introduced
in Subsection 1.4.1. We shall also add classical assumptions on the tails of the distribution the jump
F, for instance square-integrability or being in the basin of attraction of a Lévy stable distribution.

In this section, we assume that ([Z%], 1, T) is an ergodic and recurrent Markov Z?-extension of a
Gibbs-Markov map (A, g, T) with jump function F : A — Z<.

Let I be non-empty and finite and o : I < R? We choose (o)~ : I < Z% such that, for all
1€ 1,
o(i) = to(i) + o(t),
as in Figure 2. This point of view, where ¢t is of the same order as the distance between sites of >,
seems more intuitive, and shall be used to write the propositions. Letting ¢ := ¢~!, the asymptotics
t — +oo correspond to asymptotic € — 0 as in the previous parts of this work, and the variable
shall be used in lieu of ¢ in the demonstrations.

Once this setting is fixed, most computations rely on the same strategies as [40, Subsection 3.5].
An important difference is that we compute a matrix S such that Q. ~ a(e)S for some function a(e),
and then invert S, while [40] only involved the computation of scalars. This adds a layer of linear
algebra, which we solve in a few cases, but not in full generality. As a consequence, we split this
section in four cases:

e square-integrable jump functions in dimension 1 (Subsection 6.1);

e jump functions in the basin of attraction of a Lévy stable distribution with parameter in (1, 2)
in dimension 1 (Subsection 6.2), for which the author was not able to invert S in full generality;

e some jump functions in the basin of attraction of a Cauchy distribution (Subsection 6.3);

e square-integrable jump functions in dimension 2 (Subsection 6.4), with a behaviour in fine
similar to the Cauchy case but quite different computations.

There are a few specialized cases which we do not write down, although they may be of some practical
interest. In particular, we leave to the interested reader the situation where F' has tails with regular
variation of index 2, and thus lies in the basin in attraction of a Gaussian, while not being square-
integrable. This specific situation can occur as a toy model for Lorentz gases in infinite horizon, for
which the diffusion channels give rise to supercritical diffusion [8, 49].
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6.1 Computation of the potential: d = 1, square integrable jumps

In addition to the general setting of Section 6, we assume in this Subsection that F' is square-
integrable and centered, the later condition being already implied by the first condition and the
ergodicity of the extension.

Let Var be the asymptotic variance F"

Var::/FQd;H—QZ/FoT”-FdIu, (6.1)
A A

n>1
where the infinite series is taken in the sense of Cesaro. Since ([Z],7z,T) is ergodic, F' is not a
coboundary and thus Var is positive |21, Théoréme 4.1.4].

We shall now get our first application of Theorem 0.1:

Proposition 6.1.

Let ([Z], 11, T) be an ergodic and recurrent Markov Z-extension of a Gibbs-Markov map (A, p, T)
with jump function F : A — Z. Assume furthermore that F € 1L2(A,pn). Let Var > 0 be that
asymptotic variance of F' defined by Equation (6.1).

Let I ={1,...,|I} and o : I — R be injective and increasing. Fort > 0, let oy : [ < Z be such

that o4(i) = to(i) +o(t) for alli € I. Let P, be the transition matriz of the Markov chain induced on
Et = Ut(I) Then

v
Py =trioo T =—=R + o(t™),
where R is the irreducible, tridiagonal, symmetric bi-L-matrixz defined by
Riiv1 = —m V1<i<|I,
Rij1 = _m V1<i<|I, 69
R - 0 whenever |i — j| > 2, (6.2)
VED

Under the hypotheses of Proposition 6.1, and setting A? := |o(5) — o(i)|, the transition matrices
(P;)¢~0 have the following graphical representation:

1 — 2 Var 2 Var 0 o 0 0
tA2 tA2
2 Var __2Var __ 2Var 2 Var 0 0
tA2 tA? tA3 tA3 T
0 2 Var 1 — 2Var _ 2Var 0 0
tA3 tA3 tAY L
b= +o(t™)
0 0 0 _ 2Var _ _2Var 2 Var
T [Z]—1 1] 1]
tAII\2—\2/ tA|I|—1 tA|I2|_Vl
ar ar
0 0 0 S 2 1-2Y
|I]—1 |I]—1

Proof. We assume the setting of Proposition 6.1. By [21, Théoréme 4.1.4], the main eigenvalue of
L., admits the expansion

Var w?

Ap =1— + o(w?). (6.3)
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We set € := t~!. By Proposition 5.3, for any small enough neighbourhood U of 0 € T, for all
e >0, forall f, ge Ci,

(f,Qe(g )>ezz>—hm—/F /(Id —pLy) H(1) dp dw

1+5w
:—i/F - dw+ Ou (D) 1£1] gl

Note that F.(f)(w) and F.(g)(w) are both in O(|w|) while the denominator is in ©(w?) by Equa-
tion (6.3), so the integrand is bounded for each ¢ > 0. This justifies that we took the limit in
Equation (5.4).
Let us set

Var w?
2(1—Ay)’
so that ¢/, is also a continuous function of w with lim,,_,¢ ¢/, = 0. In addition, we choose U = (—n,n)
for small enough n > 0. Then:

1+6, = (1+dy)

(f,Q(9)) 2y =

/" ()2 dw + 0,1) 11 ] (6.4)

7 Var
We split this integral in three parts:

e the integral involving the error term ¢/, on a small neighbourhood (—¢,¢) of 0, which shall be

negligible because both 9§, and the term (fg( f )-7:5(9)> (w) are small near 0.

e the integral involving the error term 9§/, on (—n,7n) \ (—¢, ), which shall be negligible because
6!, is small and w? is large.

e the integral without the error term §;,, which is the main contribution to (f, Q-(9))e )
Control of ¢/, on the neighbourhood (—¢,¢).

To control the part of the integral (6.4) involving §/, on (—¢,¢), remark that, since both f and g
have zero sum, F.(f) and F.(g) are in O(w) for all € > 0. More precisely,

_ Z fieiwgg(i)

—E:ﬂ( *»_g
O wl IL£1D), (6.5)

and likewise for F.(g). Hence

w 2 manE } ’6’:1)|
[ F0F@gan= [ o inal) Mt
=0 (= ol e 18,1).
we([—n,n]
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Control of the error term ¢/, on (—n,7n) \ (—¢,¢).
On (=n,m) \ (=€), we get

. &,
‘/ f&ﬂf4®—§m4
(—nm\(—&.e) w
maXy,e[—n,n |5:u|
<C 5 dw - || f| 9]l
(—nm\(=&.) w
B 1
< Ce™! max |0, — dw - || f]| [|g]l
we([—n,m] R\(-1,1) W

=0 IfIl gl max 4,]).
we[_nan]

Main contribution to the integral (6.4).

Now let us focus on the remaining term. Let us split ]t"g( f)F:(g) along its frequencies:

(ﬁ(f)ﬂ(g)) (w) = (Z fieiwde(i)> (Z gje—iwag(j)>

iel jeI
= ¥ figyenire=o-l)
i,j€l
= Y figy (emtestii=o) _ 1)
i,j€l

Injecting this expression into the main part of Equation (6.4) yields

1 /’7 F()F-(9)

d
7 Var J_, w? N
9 n cos (w(ag(i) — UE(J))) —1
- wVar/g Z fig; w? w
ijel
9 " cos (e w(a (i) — a(j) +o(1))) — 1
" 7 Var Z Jigi / w? "
ijel 0
, | | = o()=oG)+on cog(w) — 1
~ en Var Z fig; (o(i) — o(5) + 0(1))/0 BEEE "
ijel

oo~y 3 fa o) — oG] o),

i,J€1

were the last line comes from the well-known integral [18, Chap. XVII.4, 4.11]

+o0 _
/ cos(w) — 1 dwe T
0 2

w?

Asymptotics of the potential ()..

99



Adding the terms involving 4!, to the main contribution yields

limsup |e(f, Q:(g)) Zfzgj lo(i) —o(j)]

e—0 z]GI

= lim sup (507,(1) + O( max !5w|)) [hainirdl
we[fnv"ﬂ

e—0

= O( max |0,]) | f] lg]l ;
wE[—n,n]

since the above holds for all small enough n > 0 and lim,,_,¢ d,, = 0, we get finally that

<fa Qs(g)>€2( ~e—0 _€V T Z flg] |0 - U( )|

i,7€1

Let S : C{ — C’ be the operator defined by

(£,S@)em == figilo(i) = o).

i,J€l

Then S is symmetric and irreducible in the sense of Definition 1.13. Indeed, for all ¢ # j € I,
(1, = 1;,S(1; = 1)))eery = 2|0 (i) — o (5) > 0.
Let R’ be the unique irreducible bi-L-matrix such that Ry = S~'. By Theorem 0.1,
P. =1d —e Var R' + o(¢);

setting ¢t = 71, all is left is to check that R’ = R, or in other words, that Ry = S~

Asymptotics of the transition matrix F..

We now use the assumption that I = {1,...,|I|} and that o is increasing, which always holds
up to permutation of /. We shall work with a convenient basis for CL. Set elt! := 1,4, — 1; for
1 <i<|I|. Set also A! := |o(i) — o(j)].

Let S : C! — C! such that §ij — —AJ, so that S is the composition of §|<c{) : C) — C! with the
projection parallel to constants from C! to CJ. Then, for 1 <i < |I| and j € I,

(Seith); = AJ — A

AT <,
7 i+1 —

AT >4,
For j < i, the non-zero coefficients of the jth line of R are all in the range {1,...,4}, so that
(RSei™); = —AMY(R1); = 0.

Likewise, (RSeZH) = 0 for j > i+2. The last two cases j = i and j = i+1 finally yield RSe!™" = ¢t
for all i. As R preserves Cl, its restriction Ry to C{ is the inverse of S. O]

Remark 6.2 (Construction of R).
One can also use a probabilistic argument which illuminates the choice of the matrix R. As the
asymptotics is, up to the variance, the same for all processes with L% increments, it is enough to

compute R in a specific example. For the simple random walk, in particular, R can be computed
explicitly by a martingale argument.
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6.2 Computation of the potential: d =1, Lévy jumps

We are now interested in processes in the basin of attraction of a Lévy stable distribution. We recall
the definition of regular variation:

Definition 6.3 (Regular and slow variation).

For any real o, a real-valued, measurable, positive function L defined on an interval [xq, +00) is
said to have regular variation of index « at infinity if, for all x > 0,
Lzy)

lim = .

Yy—r—+00 L(y)

A function L defined on an interval (0,z¢] is said to have regular variation of index « at 0 if
x +— L(1/x) has regular variation of index —« at infinity.

A function with regular variation of index 0 is also said to have slow variation.

In addition to the general setting of Section 6, we assume that there exist o € (1,2), ¢_, ¢, >0
not both zero and L with regular variation of index « at infinity such that
C+
F> ~Nr—+oo T N0

C_
F <) mpsog ——

In this setting, we are able to give explicit asymptotics for the potential matrices, but not to invert
them in general. We aim to prove:
Proposition 6.4.

Let ([Z], 1, T) be an ergodic and recurrent Markov Z-extension of a Gibbs-Markov map (A, p,T)
with jump function F : A — 7. Assume furthermore that there exists o € (1,2), c_, ¢y > 0 not both
zero and L with reqular variation of index o at infinity such that

C+
F>z ~e 00 T/ N\
:u( = ) —+ L(J?)

Cc_
F<—x)~ — .

Let I be non-empty and finite and o : I — R be injective. Fort > 0, let oy : I — 7Z be such that
oi(i) = to(i) + o(t) for alli € I. Let P, be the transition matriz of the Markov chain induced on
Y = 04(I) and Q; : CL — Cl the associated family of potential matrices. Then, for all f, g € CE,

sin(ar) L(t)
A+ 2 +2cic_cos(am)] t

_ L
> figilo(i) = () (crlogysot) + c~logi<om) + 0 (%) . (6.6)

1,5€l

<f7 Qt(g>>62(1) —t—+o0 T [

As a consequence, there exists an irreducible bi-L-matriz R such that

t t
D=t o Id—mR—l—o (W) (6.7)
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Note that, as soon as ¢y # c_ (i.e. F'is in the basin of attraction of an asymmetric Lévy
distribution), the operator S is not symmetric, and thus R is not symmetric either.

Proof. The structure of this demonstration follows that of the proof of Proposition 6.1.

We assume the setting of Proposition 6.1. By [4, Theorem 5.1]°, there exist ¥ > 0, ¢ € [-1,1]
and a neighbourhood U of 0 € T! such that, for all w € U,

Ny = e~ V1-iCtan(ra/2) sen()L(wl 1 o7 (||,

Without loss of generality, L is assumed to be continuous. The sign function sgn in the above
equation takes value 1 on R’} and —1 on R*. The constants ¢ and ¢ can in addition be expressed as
functions of the initial data on F':

Y= (c_+c )T (1 — «)cos (?) ,
Cy —C_
cy+ +cC_ .

(=

In particular, the parameter ¥ quantifies the dispersion of F', while ( quantifies its asymmetry. To
make computations slightly lighter, we put ¢’ := { tan(ra/2).

We set € := t~1. By Proposition 5.3, for any small enough neighbourhood U of 0 € T, for all
>0, forall f, geCl,

0w
Qo) = 5= [ FANFola) =5 dw+0u(1) 111 Ll

Note that Z.(f)(w) and F.(g)(w) are both in O(|w|) while the denominator is bounded from below
by ¢|w|* for some ¢ > 0 by Equation (6.3) and Potter’s bound [7, Theorem 1.5.6].This justifies that
we took the limit in Equation (5.4).

Let us set
O(1 — ¢’ sgn(w)) L(|w|~)~!
1— Ay '
so that ¢/, is also a continuous function of w with lim,,_,¢d/, = 0. In addition, we choose U = (—n,n)
for small enough n > 0. Then:

i san() (1 46,)
0 =3 |, T

146, = (1+6y)

(f, Qely = Y dw+Oy(1) £l llgll - (6.8)

As in the proof of Proposition 6.1, we split this integral in three parts, which can be dealt with
roughly in the same way, with a few adaptations.

Control of ¢/, on the neighbourhood (—¢,¢).

As in the proof of Proposition 6.1, for some constant C' > 0,

[ FOF@ ) du| <Ol ol 187 [ et do.
—e we[—mn, 0

°In that theorem, (A, u,T) is assumed to be mixing; however, ergodicity is enough, as can be seen e.g. by working
with (A, p, TM) for M > 1 the period of T. In addition, we correct here a typographic mistake in the expression of
Rin Ay
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But the function w — w?L(w™') has regular variation of index 2 — & > 0 near 0, so by Karamata’s
theorem [27| (alternatively, |7, Proposition 1.5.8]),

[ FOELel) du| < O ol o Blen(e)

Control of the error term ¢/, on (—n,7n) \ (—¢,¢).
For all « € (0, — 1),

‘ / Fo(H)F(g)d, L(jw] ™) dw
(777»7])\(7575)

n
< CNAI gl max I%l/ L(|w] ™) dw
we[*nﬁl} £

—+o00
<Clfll gl max |8, / L(ewY) dw
we[fnr"ﬂ 1

+o0 L(a_l)

wa—b

<71 ol max 15,)= | du
we[_riﬂﬂ 1

=0(Hf|! gl max |5;U|5L<e—1>),
we[*nﬂﬂ

where we used Potter’s bound |7, Theorem 1.5.6] to obtain the penultimate line, and the fact that
a — 1> 1 to get the last line.

Main contribution to the integral (6.8).

Now let us focus on the remaining term. Again we split ]—v"g( f)F-(g) along its frequencies. For all
i, €1I:

n
/ (eiaflw(a(i)—a(j)—&-o(l)) . 1) (1 + ZC sgn(w))L(|w|_1) dw
-n

-1

== [ () 1) (1 i sgn(w)) L ul ) du

—e—1y

_ 5L(51)/ (e"(e®=el) — 1) (1 4 i¢’ sgn(w))
R

jw]*

dw + o(eL(s™1)),

where we used on the last line the fact that L(s™w|™!) ~.0 L(e7H|w|™® to ensure pointwise
convergence, and Potter’s bounds and the dominated convergence theorem to ensure the convergence
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of the integrals. From there we get

/ <eze w(o(i)—a(j)+o(1)) _ 1) (1 + i¢" sgn(w)) L(|jw|™Y) dw

-
+oo | (gtwlo()=o() — 1Y) (1 4+ i¢’ e~ w(o(D=o(7) —_ 1) (1 — i’
EL(E_l)/ [( ) (1+i¢) | ) (1-id)

0

dw + o(eL(s ™))

w we

= 2eL(e)|o(i) = o ()T = )R (1 +iC)e

=2:L(e)|o(i) — o(j)|*'T(1 - a) [COS <(O‘ _21>7T) +("sgn(o(i) — o(j)) sin <<O‘ _21>7T)}
+o(eL(e™)).
=2eL(e H|o(i) — o (4)]* T (1 — ) sin (%) [1+ Csgn(o(f) — o(i))] + o(cL(e™)).

sgn(g(i)_au))} +o(eL(e™Y))

where the integrals are evaluated using [18, Chap. XVII.4, 4.11|. Reintroducing the constant factors
of Equation (6.8) and replacing ¢ and ¢ by their values then yield:

1" 1+ ¢ sgn(w) _
e tw(o(i)—o(j)+o(1)) _ 1) - > > /] ! d
2w (e I(1+¢?) (el dv

20(1 — a)sin (%) [ 1+ 255 san(o(j) — o(0)]

2ates + e (1 = ayeos () (1+ (252) (7))

=eL(e)o(i) —a(j)|*

+o(eL(e™h))
=eL(e)|o(i) —a(5)*
+o(eL(™"))
sin(am) |o (i) — (j)|06_1 (c4lo(ysot) + = 1o()<o))

- 7 (X + 2 + 2c_cy cos(am)) eL(e7) +olelle™)).

sin (57) cos () [ (cx + o) + (e — o )sgn( (j) — o(i))]
7 ((cq 4 c2)?cos? (%) + (cq — c-)?sin® (%))

Let us set

. S@D)em =Y g, Snlam) jo () — DI (e41ooo) + ¢ Logot)

byt 7 (2 + L + 2c_cy cos(ar))

After summing over ¢, j € I, we obtain

1+@<”sgn( ) 1 B 1 .
g || FDF el = L S + ol

Then, as in the proof of Proposition 6.1, we can control the error terms involving d/, to get

(f. Q=(9))ex(ry = eL(e™)(f, S(9))er) + o(eL(e ™)),

which, after replacing € by ¢+, finishes the proof of the first part of Proposition 6.4.
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In addition, for all 1 # j € I,

o te)sinan) o
1. — 1 S(1: — 1) oy — _
(L i S(L e 7 [c2 + ¢ + 2¢ic_ cos(ar)) (D) = o () >0,

so that S is irreducible in the sense of Definition 1.13. By Theorem 0.1, there exists an irreducible

bi-L-matrix R such that ) )
P.=_old——R —
RS 7 D R (5L<5—1>)

replacing € by ¢! finishes the proof. O

Example 6.5 (Asymmetric Lévy distributions).

While we have no general explicit expression for R, it can be computed on given examples. Let
us consider for instance the case where c— = 0 and, without loss of generality, ¢, = 1. This
corresponds to a Lévy distribution which is maximally asymmetric, supported of R,. Take, for
instance, I = {A, B,C} with (6(A),o(B),c(C)) = (—1,0,1).

Sete; :=1¢c — 1g and e; := 15 — 1 4. One computes

(e1,S(ex)) ey = =il (e1, S(ea))e2n) :?;-( )

(ea, S(e1)) ey = —(2— 20~ H)EOml (o) S (eo)) 2y <

™

n

Since (€i,ej)ery = 2 if i = j and —1 otherwise, we can write S in the basis (e1,e2):

g |sin(am)| [ 27t 1
N 3 2—3 2 )7

whence

-1 _ - T 2 —1
5 = e ( 320 g0 ) |

We can then recover, in the basis (14,1p,1¢),

1 —2vt-1) —(2—-21
T O
| sin(am)| 0 4 1

™

R , (6.9)

and Py =41 Id —ﬁR + o(tL(t™1)) by Proposition 6.4. The first term of the last line is 0, which

means that transitions from o,(C) ~ t to o,(A) ~ —t avoiding 0 have low probability (in o(tL(t™1))).
Transitions from o,(A) ~ —t to o,(C) ~ t avoiding 0 have a much higher probability.

This is expected: one can find random walks under these constraints whose jumps are supported
on [—1,+00), in which case transitions from o,(C) to 0,(A) avoiding 0 are forbidden.

The matriz R of Equation (6.9) has other interesting features. If « is close to 2, as expected,
the matriz R is close to the one of the IL? case, written in Proposition 6.1. Transitions occur mostly
between neighbours, that is, between o(A) and oi(B) or between o4(B) and o,(C). If a is close to

1, on the other hand, the transitions occur mostly in a circular way: from oi(A) to o,(C), or from
0:(C) to o¢(B), or from ou(B) to oi(A).
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Example 6.6 (Symmetric Lévy distributions).
Let us present briefly the symmetric case. Without loss of generality, we assume that c_ =
cp = 1. We take I = {A,B,C} with (0(A),0(B),0(C)) = (—1,0,1), as in Example 6.5. Similar

computations yield

o 2 _2a—1 _(2 _ 2a—1)
R=_—— - _ —g0-1 20 —0-1 , (6.10)
A (4 — 2« )l tan (7) | _(2 _ 204—1) _2a—1 2

and P, =1 1d —ﬁR + o(tL(t™Y)) by Proposition 6.4.

If v is close to 2, as expected, the matriz R is close to the one of the .2 case, written in Propo-
sition 6.1. If o is close to 1, on the other hand, the transitions are close to the symmetric Cauchy
case, written in Proposition 6.8.

6.3 Computation of the potential: d =1, Cauchy jumps

We include some distributions for the jumps in the basin of attraction of a 1-stable law. These are
of particular interest for at least two reasons. First, they occur in geometric settings, such at the
geodesic flow on C\Z with a translation-invariant hyperbolic metric |2, 3]. In addition, in the context
of the current work, we can compute explicitly the asymptotics of their transition matrices (P,)io
and not just the asymptotic potential operator S.

Getting exhaustive conditions ensuring that a given distribution is in the basin of attraction of
a l-stable law is a notoriously difficult problem. As in [40, Corollary 2.9|, we choose to make a
spectral assumption which, while very restrictive®, includes symmetric distributions. The work of
J. Aaronson and M. Denker offers some explicit conditions on the tails of F which guarantee that
Hypothesis 6.7 is satisfied [2].

Hypothesis 6.7 (Basin of attraction of 1-stable distributions).
There exist ¥ > 0, ( € R and L with reqular variation of index 1 at infinity such that

[T g g DI (1 ] 1)), (6.11)
Furthermore, we then set
t
L
J(t) ::/ (;) ds,
c S
which is well-defined for all large enough C and all t > C'.

We then get:

Proposition 6.8.
Let ([Z], i, T) be an ergodic and recurrent Markov Z-extension of a Gibbs-Markov map (A, p, T)
with jump function F : A — Z. Assume furthermore that F' satisfies Hypothesis 6.7.

Let I be non-empty and finite and o : [ — R be injective. Fort > 0, let o, : I — 7Z be such that
0:(1) = to(i) + o(t) for all i € I. Let P, be the transition matriz of the Markov chain induced on
Y :=o(I). Then
mi(1 + ¢%)

Py —t—+o0 Id — J(t)

R+o(J(t)7),

SIn particular, the H; and H, terms appearing in |2, Theorem 2| must cancel up to an error in o(L(|Jw|~1)71).
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where R is the irreducible, symmetric bi-L-matrixz defined by

Ry = —& whenever i # j € I
1, | ‘ Y
Under the hypotheses of Proposition 6.8, and setting
(1 + (?)
a(t) := ———=,
1] (%)
the transition matrices (P,);~o have the following graphical representation:
— (1] = Da(t) a(t) . a(t) a(t)
a(t) 1—(I|—=1a(t) ... a(t) a(t)
P, = : : : : +o(J(t)).
a(t) a(t) oo 1= (|I] = Da(t) a(t)
a(t) a(t) . a(t) 1—(|I] = Da(t)

It is possible to get less trivial limit matrices if one looks at shapes whose points lie at different spatial
scales. One may consider, for instance, L(t) ~ Ct, so that J(t) ~ Clu(t), and ||o:(i) — o¢(7)] ~
tmax{r@:r ()} for some function 7 : I — (0, 4-00).

Before proving Proposition 6.8, we introduce a technical lemma:

Lemma 6.9.
Let ([Z], 11, T) be an ergodic and recurrent Markov Z-extension of a Gibbs-Markov map (A, p,T)
with jump function F: A — Z. Assume furthermore that F satisfies Hypothesis 6.7. Then, for all

large enough C',
+o00 L(t
c 2

Proof. By Halmos’ recurrence theorem [24], if ([Z], 7z, T) is recurrent, then

+oo
Zﬁ((m,p)e[ and T"(z,p) € ZMSF—O

As in the proof of Proposition 5.3, we can express this sum using the Fourier transform and twisted
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transfer operators. For all small enough 7 > 0, such that in particular |, (1)| < 27 on (—n,n):

“+o0o +oo
S,FF=0)= lim (S, F =
;M( ) [Hl_;%p i )
o0 1
-1 n - waan d
Jn 3o [ g [ e du
+oo
=—1 " "(1
e 30t [ a0 e
1
= — lim / / (Id —pLy) " (1) dp dw
2 p—1 T JA
1 T (1)
S—hmsup/ —————dw+0O(1
2m p—1— n |1 _p>‘w| ( )

! 1 d @)
< - 1).
—/nu—m w+0(1)

By [3, Theorem 2|, under Condition (6.11) and with the same constants,
Aw = 6*19(171'@‘Sgn(w))L(|w|_1)_1 + O(L(|w|*1>*1>‘

Taking real parts and possibly a lower value of 7, the function |1 — \,| has a lower bound in
IL(Jw|™1)71 /2, and in addition

K 2 4 [+ L(w)
—— dw = —/ dw,
/n IL(Jw|=1)~t VS w?

which must diverge. O]

We can now proceed to the proof of Proposition 6.8.

Proof of Proposition 6.8. The structure of this demonstration follows that of the proofs of Proposi-
tions 6.1 and 6.4.

We assume the setting of Proposition 6.8. In particular, using Hypothesis 6.7, let ¥ > 0, ( € R
and L with regular variation of index 1 at infinity such that

/ein dﬂ =s0 6—19(1—i(sgn(w))L(\w\’1)’1 +0(L(\w|_1)_1).
A

We set ¢ := t~!. With exact the same reasoning as in the beginning of the proof of Proposition 6.4,
we get for all f, g € Cl:

L / F(f)Fo(g) B sen @D E00) po o1y 40, 4) 11 gl (6.13)

(-l e

where lim,, 09, = 0.

As in the proof of Proposition 6.4, we split this integral in three parts; however these parts are
different:
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e the whole integral on a small neighbourhood (—¢,¢) of 0, which shall be negligible because
<JE€( f )]-"a(g)> (w) is small near 0, with a small additional gain thanks to [7, Proposition 1.5.9b].

e the integral involving the error term 9§/, on (—n,7n) \ (—¢, &), which shall be negligible because
d! is small and L(Jw|™?!) is large.

e the integral on (—n,n) \ (—¢,¢) without the error term ¢/, which is the main contribution to

(f, Qe(9))e2(ny

Another meaningful difference will reside in the computation of the asymptotics of the main
part: the non-zero frequencies of F.(f)F.(g) will yield a negligible contribution by an argument a la
Riemann-Lebesgue.

Control of the integral on the neighbourhood (—¢,¢).

The exact same computation as in the proof of Proposition 6.4 yields
/ Fo(NF=(g) 1+ 8,)L(w] ™) dw = [|f] ]| O (eL(™)) -

In addition, since t~2L(t) is not integrable by Lemma 6.9, we can apply [7, Proposition 1.5.9b] to
get that t71L(t) = o(J(t)), or by a change of variable

/ FANF)L+ )Ll ™) dw =[] gl o (JE™) -

Control of the error term ¢/, on (—n,7n) \ (—¢,¢).
On (—=n,m) \ (=€), we get

' L Bl ) do

n
<ClIf| gl max |8, / Liw 1) duw
we[_nvn] £

, = L(w
= O/l gl max || / dw
we[=n,m] n1
= Cfl gl max 18] [JE) — I )]

we[—n,n]

<ClfIHgll max |d,]J(e™).
we[_nvn]

Main contribution to the integral (6.13).

Now let us focus on the remaining term. Again we split ]é( f)F-(g) along its frequencies. Without
loss of generality, L can be chosen increasing. The function w — L(w™!) is then decreasing on (g, 7).
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By the Riemann-Stieltjes version of the integration by parts [5, Theorem 7.6, whenever i # j € I,

/neislw(a(i)0(j)+o(1))L(w1) dw
g
_ € [ ie~Yw(o(i)—a(j)+o(1)) —1 ]
= — , e L(w™)
o(i) = o(j) +o(1)

€ L ) ) ,

ie" w(o(i)—o(j)+o(1)) -1

- — - e L(w dw
o(i) — o (j) +o<1>/g (2™

=0 (sL(e™"))
=o(J(e),

where we again applied Lemma 6.9 and [7, Proposition 1.5.9b|]. The integral over (—n, —¢) can be
dealt with in the same way. If ¢ = j, then

n

£

n

/ eiaflw(a(j)fa(i)Jro(l))(l +iC Sgﬂ(lﬂ))[;(’w’il) dw = 2/ L(wil) dw
(_7]177)\(_676)

€

=2[J(e ) = Jn)]
~elo 2J(e7H).

Finally, summing up everything,

(1. Qula)) ey = 51 (b + 11l o (™) + 171 gl s 1,10

By the same argument as in the proof of Proposition 6.1, making 1 smaller as € vanishes, we get

(1@l = =Lt + A1 gl o)

or, in other words,
Qe ~e0 m

Asymptotics of the transition matrix P..

The identity is irreducible in the sense of Definition 1.13. Hence we can apply Theorem 0.1 with
S - Id(cl:

0 I(1+¢%)
7r
(Id =Pe)erser ~emo I Ider .

The last step is to get the asymptotics for P. on C!. Writing w; the projection parallel to

constants onto C{,

P.=1®p;+ (P5>C6H(Céwvl

=1®pur+ (1 — %) wr+o(Je ™)

([, mi(l +¢?) (1 + ¢?) o (J(e=1)-1
_<1 1) )Id+ 7 1@ur+o(JEeh)™).
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In other words, the diagonal terms of P. are all

1m0+ )

I e

+o(J(eH)™),

while the off-diagonal terms are all

) § 1\—1

replacing ¢ by ¢~! finishes the proof. O

6.4 Computation of the potential: d = 2, square integrable jumps

Finally, we tackle Z2-extensions with square-integrable jumps. In addition to the general setting of
Section 6, we assume in this Subsection that F' is square-integrable and centered, the later condition
being already implied by the first condition and the ergodicity of the extension.

Let Cov be the asymptotic covariance matrix of F, defined for all u € R? by:

(u, Cov(u))ge = / (Fou)de du+2) / (F,u)ge o T" - (F,u)re dy, (6.14)
A /A
where the infinite series is taken in the sense of Cesaro. Since ([Z%], 1, T) is ergodic, (F,u)g2 is not a
coboundary whenever u # 0 (otherwise the sums S, (F, u)g2 would be almost surely bounded), and
thus Cov is positive definite [21, Théoréme 4.1.4].

The behaviour of the transition matrices is then similar to the Cauchy case (Proposition 6.8),
with a statement given in the introduction (Proposition 0.2) and which we shall now prove.

Proof of Proposition 0.2. The structure of this demonstration is very close to that of Proposition 6.8.
We assume the setting of Proposition 0.2 and set € := ¢~!. The main eigenvalue of £, then admits
the expansion [21, Théoréme 4.1.4]

+o([[w]*). (6.15)

With the exact same reasoning as in the beginning of the proof of Proposition 6.1, but with a
two-dimensional Fourier transform, we get for all f, g € C! and all small enough neighborhood U of

0:
1

2
27 U

1446,

<f7 Qs(g)>€2(f) = m

(F(HF9) (w) dw+O0u() |If| lgll,  (6.16)

where lim,,_,0 9, = 0.
We choose U = v/CovB(0,7n) for small enough n > 0. Then, after a change of variables:

= ! F - 0 e,
Qe = 5T / o (FADT9)) (VO )i du -+ 0,1 1

As in the proof of Proposition 6.8, we split this integral in three parts:
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e in dimension 2, since both f and g have zero sum, the contribution of a small ball B(0,¢) is in

0(1).

e the integral involving the error term 9§, on B(0,n) \ B(0,¢), which shall be negligible because
&' is small and |Jw|” is large.

e for the remainder, we split ]é( f)F:(g) along its different frequencies. Again, the frequency 0
has to be considered separately, and will give the main contribution to (f, Q-g)e (). The other
frequencies will have a lower contribution thanks to cancellations ¢ la Riemman-Lebesgue.
Computations will be handled in polar coordinates, thanks to our choice of neighbourhood U.

For the third part and non-zero frequencies, we will subdivise the region B(0,7)\ B(0, ) in two parts:
one close to the line orthogonal to the frequency vector, which shall be small, and the remaining part
of the annulus, on which the Riemann-Lebesgue argument works out.

VCov  (a(q) — o(p))

Figure 7: Regions of integration for non-zero frequencies. Light blue (A): negligible by a Riemann-

Lebesgue argument. Middle blue (B): near the perpendicular to v/ Cov_l(a(q) — o(p)); negligible
because the area is arbitrarily small. Dark blue (C'): a disc of radius ¢; negligible because the area
is small and the function F.(f)F.(g) cancels the denominator.

Control of the integral on the neighbourhood B(0,¢).

Our usual computations, as in the proof of Proposition 6.1, give:

‘1+5

I —1 Cov 'w B
[ [RpEe| o S < el [ va
B(0.c) [Jw]] B(0c)

<CIfl gl -

Control of the error term ¢;, on B(0,7n) \ B(0,¢).
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On B(0,7n) \ B(0,¢), we get

—1

‘ / (F(HFA9)) (Vo) g
B(0,n)\B(0,e

[l

1
<CIfIlgl max |5, / 1w
B(0,n) B(0,7)\B(0,¢)

Cov- | wl?

Mo
=Clfloll | max 15 / T

weVCov-B
<2rxC||fl[llgll  max I5’ |- [In(e)] .

wev/Cov-B(0,n

Main contribution to the integral (6.16).

Now let us focus on the remaining term. Again we split (.é(f)FAg)) (v Covilw) along its
frequencies. Fix some small x > 0. For i 7é jel,

ei(\/Covilw,e_l(o(i) o(j))+o(e Lr{(cos( sm(@)),mil(U(j)fcr(i))+o(1))
/ 5 dw = / / dr do.
0n\B(0e) ] 81 Je r

For fixed 6 € S1, the inner integral can be bounded in two ways. First, we have the crude but general:

dr

/n pie™ 7 {(cos(0).sin(0)) v/Tov " (o(j) o (D)) +o(1))
€ T

< /77 % dr =1In(n) — In(e) < | In(e)].

A second way uses an integration by parts:

‘ /n i 1 r{(cos(8) sin(0)),V/Cov ' (a(4)—o (i) +o(1)) .
r

r

_ n
ei571r<(cos(9),sin(9)) ;v Cov ! (o(§)—0o(i))+o(1))

(i {(cos(8), sin(9)), VCov " (a(j) = (i) + o(1) )

€

dr

" pie ™ {(cos(0) 5in(0)).VCov ' (0(4) (i) +0(1))
+ / -
= (i {(cos(0), sin(8)), VCov ' (7(j) — (i) + o(1) ) 72
< = (1 + 1) . (6.17)
| ((cos(6),sin(0)), VCov (o) = (i) +o(1))| \& 7

Let K, .;; be the set of values of # such that the right hand-side of Equation (6.17) is smaller or
equal to y/|In(e)|. Then lim,_, ;. Leb(K, ;) = 27, whence

iV Cov ™ w,e (0 (i) o (j))+o(e 1))
’ / dw
0.m)\B(0e) |

2
jw]]

g/ de/ In(2)] 6

Kneij Si1\K 7,€,1,]

<27T\/|1Il +Leb Sl\ naz])|1n(5)|
= o(|In(e)]).
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The zero frequency term is comparatively easier to compute:

1 "1
/ — dw = 27r/ —dr =27 (In(n) — In(e)) ~co 27| In(e)].
BO\B(.e) [[w]] e T

Finally, summing up everything,

(F,Q(9)ery = %

By the same argument as in the proof of Proposition 6.1, making n smaller as € vanishes, we get

U, Qu(9)) i) = %u, 9y + 171 gl ol (&),

LG B
7 1y/det(Cov) “o

The computation of the asymptotics of P. from those of (). are then the same as in the end of the
proof of Proposition 6.8. O]

Frgrem 11l max n)|5;|0(|1n(€>|)+ LIl ol n(e)])-

ov-B(0,

or, in other words,

QaN

A Gibbs-Markov maps

In this appendix, we compile definitions and technical resutls relative to Gibbs-Markov maps. In
what follows, (A, «, d, pu, T) is a Gibbs-Markov map (see Definition 1.5).

A.1 Markov partitions and stopping times

We aim to define various partitions and filtrations related to Gibbs-Markov maps, so as to introduce
stopping times. The central definition is that of a cylinder.

Definition A.1 (Cylinder).

For n > 0, a cylinder of length n is a non-trivial element of o, = Z;é T~ *a. It is given by
a unique finite sequence (ax)o<k<n of elements of o such that T'(ax) N agy1 is non-negligible for all
0 <k<n-—1. Such a cylinder shall be denoted by [ag, ..., an_1].

We denote by a* the image partition, generated by {T'(a) : a € a}. Since T is Markov, a* is
coarser than a.

With any Markov map comes a natural filtration given by F, := o(a,) for all n > 0. The o-
algebra Jy is trivial, while A = F, 1=V, 5, Fy is the Borel o-algebra of (A, d). From this filtration
we define stopping times.

Definition A.2 (Stopping time). Let (A, a, d, u, T') be a Gibbs-Markov map. Let p : A — NU{+o0}
be measurable. We say that ¢ is a stopping time if {¢p < n} € F, for alln >0, and 1 < ¢ < +00
almost surely.

To any stopping time @ we associate a countable partition of A given by:

Q= U{EEQn: p(@) >0 anda C {¢ =n}},

n>1
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and a transformation defined by:

which is well-defined almost everywhere.

In this article, and in opposition to other ressources, we shall always require stopping times to be
positive and finite, for the following reasons. If we did not require stopping times to be positive, then
¢ = 0 would be a stopping time (and the only stopping time such that p(¢ = 0) > 0), for which the
partition the partition «,, would be trivial. If we did not require stopping times to be finite, then T,
may not be well-defined.

The iterates of T}, can be directly related to stopping times. For any n > 1, we define:

n—1

™ = §Te .= ng o Ts?‘ (A.1)

k=0

Then T} = T,m). As the following lemma asserts, ©™ is again a stopping time.

Lemma A.3.
Let (A, o, d, 1, T) be a Gibbs-Markov map. Let © be a stopping time and n > 1. Then o™ is a
stopping time.

Proof. We proceed by induction on n. For n = 1, the function (") = ¢ is a stopping time. Let n > 1
and assume that ™ is a stopping time. We have

P =3 " poTh =+ ¢™oT,,
k=0

so that, for all k£ > 0:

k
{o <k} =J{p<iynT7 {e" <k-j}.

=0

Let 0 < j < k. Both ¢ and ™ are stopping times, so {p < j} € F; and {go(”) <k-— j} € Fr—j. It
follows that '
{p<iinT7{p"™ <k—j} e FjvFCF,

and thus {go(”+1) < k} is Fr-measurable. O

The Markov partitions a and a, can be refined by considering iterates of the transformation. For
any stopping time ¢ and any n > 1, we define:

n—1
n) .__ —k
afp) = \/ Tso Q.
k=0

(n)

50") = aym. We also denote by a™ = " the partition generated by

With these notations, «
cylinders of length n.
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A.2 Stopping times and regularizing effect of £,

To each stopping time ¢ is associated a transformation 7}, and thus a transfer operator £, defined
by

/ﬁgo(f)-gd/uL:/f'gngodu V feL'(A ), ¥ geL>(Anp).
A A

The transformation T}, in general does not preserve pu, thus in general £,(1) # 1. The operator L,
still acts quasi-compactly on the Banach space B introduced in Definition 1.6. To make the statement
more flexible, we introduce local Lipschitz seminorms:

Definition A.4 (Local Lipschitz seminorms). Let (A, «,d, u,T) be a Gibbs-Markov map and f :
A — C. The function Dof : A — Ry U{+oo} is defined by

D.f(x) = supM Vaea, Vea.

y,z€a d(y7 Z)

y#z
For instance, |f[s = || Do+ |y (4, and Dasf > Dqf since a” is coarser than a.

Proposition A.5.
Let (A, a,d, 1, T) be a Gibbs-Markov map. There ezists a constant C' such that, for any stopping

time @ and any n > 1, for any a € J(afpn)), forany f: A— C,

H'Cg(flg>HB S C |:Ainfa<,0(n) /Dafpn)f d,u—i—/|f| d,U/:| (AZ)

Proof. Let us assume that a = [ag, ...,a,_1] is a cylinder of length k& = ¢©™(a). Then L2(f1a) =
LF(f1,). In addition, A=% < A=f2#™ With these observations in mind, the claim is given by [21,
Lemme 1.1.13|, with the refinement that the local Lipschitz seminorm can be taken on a instead of
ag.

In general, a is a countable union of such cylinders, and the claim follows by countable additivity
of p. m

Proposition A.5 yields a uniform Lasota-Yorke inequality for £, for all stopping times ¢:

Corollary A.6.
Let (A, a,d, i, T) be a Gibbs-Markov map. There ezists a constant C' such that, for any stopping
time ¢ and any n > 1, for any f € B,

122N < € A 1 s+ 1 s |-

)

Proof. We apply Proposition A.5 with a = A. The partition afan is finer than «, which is itself finer

than o, whence D () f < D+ f and
©

/A Do f di < / D f At < D fllgay = 18 < £

Finally, inf4 o > 1 so inf 4 (p(”) > n. O
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In particular, pess(L, ™~ B) < A™', and the usual arguments imply the existence of finitely many
absolutely continuous invariant probability measures for 7,. Another application of Proposition A.5
yields

Corollary A.7.
Let (A, a,d, 1, T) be a Gibbs-Markov map. There exists a constant C' such that, for any stopping

time @ and any n > 1, for any a € ac(p") and f € B,

1£5(f1a) |5 < Cr(a) |1 f115- (A.3)

Proof. We apply Proposition A.5. The same argument as in the proof of Corollary A.6 yields

[£5(fla)] ;< C {A”/Da@f dp+ / /] du]

<€ (A7) 1De e g+ 20) 1 e
< Cula) 1 flls

with the same constant C. O

A.3 Induced Gibbs-Markov maps

Let (A, a,d, u, T) be a Gibbs-Markov map, and F' : A — Z? be constant on the elements of a. Let
(129, i, T) be the associated Z%-extension, which we assume is recurrent. Let ¥ C Z¢ be non-empty
and finite. We want to find a good Banach space on which the transfer operator associated with the
induced system ([}, juis, Ty) acts. A natural candidate is the space By defined by Equation (1.5).

By adapting [40, Subsection 4.2.1], it is also possible to endow ([¥], yix, Tix)) with a Gibbs-Markov
structure, which would then yield their own spaces of Lipschitz functions. However, these spaces are
much too large, and their Lipschitz norm would depend on [X]. To keep some of our estimates
uniform, we do not follow this line. Instead, we adapt the previous results on Gibbs-Markov maps to

the specific case where the stopping time ¢ comes from an induction process applied to ([Z%], i, T).

Since ([Z%], i, T) is recurrent and measure-preserving, the system ([X], yusy, Tly) is well-defined
and measure-preserving.
Proposition A.8.

Let ([Z%, 1, T) be a recurrent Markov Z4-extension of a Gibbs-Markov map (A, a,d, u, T). Let
¥ C Z% be non-empty and finite. Then:

p(L ~ Brsy) =1,
pess('c[E] ~ B[E}) < A_17

where A > 1 is any expansion constant for (A, a,d, u,T).

Proof. The extension ([Z4],1,T) is Markov, so by definition the jump function F is constant on
elements of the partition a. Hence, for all p € ¥ and n > 1, we have an almost surely finite stopping
time

Opun(r) =inf{k>1:Card{0 < (< k:SF(z)e{q—p: qeX}} =n}.
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This stopping time is designed so that, for all x € A,
T[TE-L)] (x7p) = (Tﬂop,z,n ('x)7p + S@p,z,n(m)F(x>>'
For all p, g € ¥ and n > 1, let
Apgn ={z€A: (z,p) € T[Z] (la)},
which is o(ay, .., )-measurable. Then, for all p € ¥ and n > 1, for all f € By,
[Z] Z ‘ESOq b} n ) q 1Aq,p,n)‘
qeY

By Proposition A.5, there exists a constant C' depending only on the initial Gibbs-Markov map such
that

HE[Z] < Z HEG"qEn 7q 1Aq,p,n)||8

qeEX

<> cC Amqu»p,an/ Do f(+,q) du+/ 1 f1(5 ) du]
qEE L Aq,p,n Avaﬂn

<O A Agpn) 115, + / £1¢>q) du]
qEE B Aq,p,n

= C | A f g +§;/ e ]

qeEY

Taking the supremum over p € ¥ yields

£ (f <C

Al +Z/ e ]

p,gEX

<C |3 Wl +121 [ 11 dmz]

Mg,

The bound on the essential spectral radius pess(Lpsy) ™ Byyy) comes from Hennion’s theorem [25].
The spectral radius is at least 1 since Lix)(1) = 1, and at most 1 because of the Lasota-Yorke
inequality and the fact that the spectrum of Lix) oustide B(0, A™!) is made of eigenvalues of Ljy). [

If in addition ([X], psy, Tix;) is mixing, then the operator Lz ~ By o decays at exponential speed;
otherwise, the induced system ([X], is, Tix)) has a period, which we need to take into account. The
proofs of the following theorems are classical, albeit lengthy; we refer the reader, for instance, to [21,
Corollaire 1.1.18] and [21, Corollaire 1.1.19].

Corollary A.9.
Let ([Z4, 11, T) be an ergodic and recurrent Markov Z4-extension of a Gibbs-Markov map with
data (A, a,d, 1, T). Assume furthermore that ([0], 1, Tig) is mizing.

Then there ezist constants C' > 0 and p € (0,1) such that, for all f € By and n > 0,
£l 5 < Co™ 1 flls- (A4)
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Corollary A.10.
Let ([Z%,1i,T) be an ergodic and recurrent Markov Z%-extension of a Gibbs-Markov map with
data (A, a,d, i, T). Let M > 1 be such that Sp(Ljg) ~ B) NSy is the group of Mth roots of the unit.

Then there exists a partition A = UZEZ/MZ Ay such that each Ay is o(o*)-measurable and Ti)(As) C
Agyq for all €. Setting By := {f € B: Supp(f) C A},

6{9 Eﬂa

ZEZ/MZ

and each restriction Ly : By — Byy1 is continuous. In addition, T . Ay — Ay is mizing for all €.
Finally, there exist constants C > 0 and p € (0,1) such that, for all f € B andn > 0,

Z ' = [ 1 an

We may also adapt Proposition A.5 to get that L) maps a much larger Banach space into By
As in Section 5, let a,, 5, be the partition associated with the stopping time

opx(z) =inf{n>1: S, F(z)e{q—p: g€ X}}.

Set ajy) == {a x {p} : a € apx, p € £}. We define a seminorm

|f|Lip1([E]) = Z H(a)|f('ap)|Lip(a)’

ax {p}ea[z]

< Cp" s - (A.5)
B

and a norm || f|l;;1 sy = 1 luipr ey + 1/ iy ) Then we get:

Proposition A.11.
Let ([Z%, 1, T) be a recurrent Markov Z4-extension of a Gibbs-Markov map (A, a,d, u, T). Let
¥ C Z4 be non-empty and finite. Then L) : Lip'([X]) = Byyy is continuous.

Proof. We use the same notation as in the proof of Proposition A.8 with n = 1. For all p, ¢ € ¥, for
all a x {p} € ajz), for all f € Lip'([X]), by Proposition A.5,

1£oi(NEP <Y D [Lesa (G @105

qeX ax{q}ea[z]
aCAgp1

<Y X A e + [ 17160

9€X ax{ql€ayy
aCAg,p,1

= CA_1|f|Lip1([E]) +C5| HfH]Ll([E]vM[zJ)
< CI2 s - -
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