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Abstract 

The Norgett-Robinson-Torrens displacements per atom function is commonly used to estimate the amount of atomic 

displacement produced by incident energetic particles. At low incident energy, this function is defined as a step function 

presenting a single threshold displacement damage energy. But materials have different threshold as a function of the 

crystallographic orientation. Molecular dynamic simulations show that a continuously varying damage energy probability is best 

suited to represent the threshold damage region. This work proposes a method to introduce in the NRT damage function a 

continuous damage energy distribution. The impact of a change on the damage function in the threshold region is evaluated on 

the incident electrons' Non Ionizing energy Loss. 
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1. Introduction 
 

Materials subject to radiations can undergo significant degradations related to atomic displacements [1-3]. The radiation belts 

where most of space vehicles revolve or the constraining environment induced in nuclear power plants [4] are a concern. Atomic 

displacements which is the point here, can result from the slowing down induced by the matter of the charged particles such as 

protons or electrons present in the space environment [3]. Analogously, fission neutrons, are also an important source of damage 

for materials located at the core of nuclear fission reactors [4].In space the reliability of onboard electronics subject to radiations 

is a real issue. The electronic properties of semiconductor materials are particularly sensitive to the defects production rate, 

consequence of displacement damage cascade initiated by knock on atoms [1-4]. Hence, the functioning characteristics of 

electronic components boarded on satellites can significantly drift along the time. These devices can reach their operating limit, 

which is a real concern for space projects. In nuclear fission reactors the particularly harsh environment raises the question of the 

mechanical resistance of materials. The estimation of the lifetime of a nuclear reactor pressure vessel subject to very high 

thermal flux is a particular concern [4]. 

A process of great importance in the study of radiation damage is the understanding of displacement cascades. When an atom of 

the material is put into motion and extracted from its lattice site by an incident particle, it will move through the material and 

create a number of other atomic displacements. These atomic displacements degrade the structure of the irradiated materials and 

consequently their performances. It is therefore crucial to evaluate the radiative constraint in many applications, and the resulting 

number of produced atomic displacements that can be a source of degradation. This estimation requires to discriminate along the 

path of the moving particle, the part of its energy that goes into atomic displacement from the part that induces ionization of the 

medium. The well-known Lindhard energy partition function Nd(E
d
) provides this physical quantity [5-8]. It is established in the 

framework of the Binary Collision Approximation (BCA) [1, 2, 4-10]. Most of time it is given for monoatomic materials. 

Kinchin & Pease [5], and Robinson and Torrens [6, 7] are the most widely used formulations (NRT : Norget, Robinson & 

Torrens), that makes possible to know the number of atomic displacements for a given Primary Knock on Atom (PKA) of a 

given energy E, assuming a threshold displacement damage energy (E
d
). For polyatomic materials, Parkin & Coulter [11] 

established an integro-differential equation governing this number of displacements. This approach takes into account the 

possibility for atoms of a given specie to dislodge atoms of other species present in the compound [11-14]. These cross termes, 

that are neglected otherwise, are in that case considered. The number of displacements produced in an irradiated material is 

incidentaly deduced from this partition function by combining it with the nuclear interaction cross sections (coulombian, nuclear 

elastic and inelastic) [10, 16-21]. It results in a physical quantity known as the displacement cross sections or the Non Ionizing 

Energy Loss (NIEL) [4, 10, 15-21].  

These calculations are based upon the main concept of the threshold displacement damage energy E
d
. The NIEL calculation of a 

given element often assumes a unique value of E
d
. Polyatomic materials present different threshold displacement damage 

energies relative to each of their constituting elements [11-14]. This classical approach, despite its simplicity has proven its 

reliability [3, 4]. But, more recently both Molecular Dynamics (MD) simulations and first principle calculations have been used 

to study the damaging process more accurately [21-34]. The usage of MD simulations is limited by its complexity. And 

consequently, such kind of simulations have been fully performed for a quite limited number of materials, still offering to the 

NRT approach fine days ahead. However, the accuracy of the binary cascade approximation is discussed [4]. A new 

displacement production estimator (athermal recombination corrected dpa, arc-dpa) extending the NRT approach has been 



 

proposed [4, 8]. It provides a more physically realistic descriptions of primary defect creation in materials. But the threshold 

displacement energy region remains complex to model and a large uncertainty exist in the choice of the E
d
 value. It is widely 

reported in the literature [4, 21-36] and references in there, that the NRT approach presents different shortcomings and 

specifically near the threshold region for low PKA energies. MD simulations clearly demonstrate that the probability to displace 

an atom increases gradually rather than having an abrupt threshold [4]. A damage function transitioning directly from zero to one 

at a given E
d
 is not relevant to describe the damaging mechanism in the threshold region [4]. The definition of E

d 
within the 

framework of the NRT approach is thus crucial. Often an average value is chosen. E
d
 can be averaged over all the 

crystallographic directions. However, the use of a single threshold displacement energy to describe the damaging cascade 

process is admitted to be a rough approximation [4, 21-36]. Some recent MD papers have proven the existence of a continuous 

distribution of E
d
 values, even in monoatomic materials [4, 36-39]. Indeed, the threshold displacement energy depends on the 

direction of the moving PKA in the medium. To remain in the scope of the BCA, average or “effective” threshold displacement 

energies have been evaluated and used for many materials [36]. Correction factors have been proposed to improve the reliability 

of the energy partition function [4, 8, 36]. Some other attempts to estimate this function using MD simulations have also been 

proposed [40, 41]. Ref. [41] proposes to introduce in the arc-dpa model, a minimum displacement damage energy E
d

min to change 

the classical step function at E
d
, to a smooth increasing function between E

d
 and E

d
min. But the impact of a distribution of E

d
 

values rather than a single one has not been studied in detail. The work presented here proposes, remaining in the NRT approach, 

to introduce a continuous probability of damage energy. It aims at better describe the threshold displacement region of the NRT 

damage function. This method allows to include in the NIEL calculation the dependence of the threshold displacement energy 

with the crystallographic directions.The impact of a full displacement damage energy distribution, going from a minimum up to a 

maximum E
d
 values on both the NIEL and the damage function is analysed. A focus will be made on the electron NIELs which 

is demonstrated to be quite sensitive to the threshold region [19]. Calculations will be performed on carbon and copper materials 

for which the damage function is known close to the threshold. It has been estimated with MD simulations for carbon [37] and 

measured experimentally for copper [4]. The analysis is also performed for silicon material for which experimental damage 

factor can be compared to the calculated NIEL [42]. First, we will introduce the method employed to take into account a 

distribution of E
d
 in both the damage function and the NIEL calculation. Second, the results will be discussed in the cases of 

carbon, copper and silicon target materials. 

 

2. Classical displacement damage cascade modelling 
 

When an energetic particle such as an electron, a proton an heavy ion or a neutron enters a solid, it transfers a part of its energy 

to the nuclei of the atoms of the solid. The rest of its energy is given to the electrons of the medium during ionizing processes. At 

high energy (MeV), electronic losses dominate while at lower energy (~ keV) this is elastic nuclear losses. An elastic collision 

can put into motion an atom of the solid, which in turn can displace neighboring atoms, thus creating a cascade of displacements. 

Since not all displaced atoms can return to their original site, or to an equivalent site, this cascade results in the creation of 

vacancies and interstitials: also called Frenkel pairs. The accumulation of these defects can eventually lead to a change in the 

properties of the material. To describe this cascade, one must study the behavior of the first impacted atom (PKA). This PKA 

will in turn displace other atoms of the target if its kinetic energy is sufficient (greater than 2
.
E

d
). The quantification of the 

number of displacements can thus be restricted to the study of the cascades initiated by the PKA (NRT function). The NRT 

function is classically given by : 
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Where EDamage is provided  by Robinson's expression [6, 7]. This approach assumes a single threshold displacement damage 

energy while it is known that the displacement damage energy threshold varies along the crystallographic directions, resulting in 

a distribution of damage energy for a material [37-39]. The NRT function is the solution of an integro-differential equation [11] 

laying on the assumption that along the cascade of shocks, recoil nuclei will encounter atoms of identical nature having a single 

damage energy E
d
. But it is possible to solve this integro-differential equation assuming different Ed values. This problem has 

already been solved by Parkin & Coulter [11] for compound target material. Those authors solve the damage cascade equation by 

taking into account atoms of different nature having different threshold displacement damage energy. A slightly simpler 

analogous approach can be followed, just assuming atoms of identical nature but having different damage energies. It is assumed 

that the collisions that have taken place along a given crystallographic direction are equivalent to a collision with an atom having 

a certain damage energy. It requires to get the dependence law between the threshold displacement energy and the 

crystallographic direction, or to make some assumptions if this information is not available for the studied material. This way, 

and according to some hypothesis on the damage energy distribution, the NRT partition function can be estimated including 

various threshold displacement damage energies. The integro-differential equation of Parkin & Coulter underlying this method is 

described in the following section. 



 

3. Parkin & Coulter integro differential equation 

 

Fig. 1. Schematic of the interaction of a PKA with a SKA 

In this section we are going to remind the principle of the Parkin and Coulter approach to calculate the energy partition function 

of a compound target material. Its adaptation to the case where a distribution of E
d
 values is employed is described in a second 

time. Let be a material composed of atoms of type i and type j. One can introduce [11] two functions called total displacement 

function and net displacement function, denoted respectively nij and gij. These two functions characterize the number of 

displacements produced in a cascade. The quantity nij(E) is defined as the average number of type j atoms which are at any time 

displaced from their site in a displacement cascade initiated by a type i PKA of energy E. The function has a minimum value of 1 

because the initial PKA is counted by default. The quantity gij(E) is defined as the average number of type j atoms which are at 

any time displaced and not recaptured by replacement collisions, in a cascade of displacements initiated by a type i PKA. 

Similarly to nij(E), gij(E) counts the PKA. 

Let us consider a PKA of the type i initially dislodged from its site by an incident particle (Fig. 1). Along its path dx, this PKA 

will eventually create nii displacements of atoms of type i, and nij displacements of atoms of type j. Likewise, a j type PKA will 

produce njj and and nji atomic displacements. The conservation of the number of atoms within the material implies that each of 

these numbers of displacements is conserved. In other words, nij is conserved before and after the interaction. 

ijijij EnEn )(=)( , which is the function corresponding to nij, but which excludes the PKA from the counting is written by 

Parkin and Coulter [11] as follow : 
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The sum over k relate to the different types of atom composing the target material. 
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 , with Ai,k which are the atomic 

mass of the colliding nuclei. )(Tk is the probability to dislodge an atom of the type k from its lattice site when the energy 

transfer during the collision is equal to T. )( TEik   is the probability that a type i atom of energy E, having a residual energy E-

T after knocking and displacing a k type atom to being trapped at the lattice site of k atom. 
kj  is the Kronecker function. b

kE  is 

the binding energy lost during the displacement of a k type atom (Fig. 1). 
emT  is the kinetic energy transferred to the electrons of 

the medium. 
eT  is the ionizing energy, 

kN  the atomic density for k type atoms and 
eN  the electronic density of the medium. 

dT

TEd ik ),(  is the differential interaction cross section for an i type atom of energy E to transfer the energy T to a recoil nuclei of 

type k, and 
dT

TEd ie ),(  is the differential interaction cross section for an i type atom of energy E to transfer the energy T to an 

electron of the medium. )(Eik :is the type i + type k nuclear interaction cross section and )(Eie  is the total electronic interaction 

cross section. 

The first integral in equation 2 represents over the distance dx, the number 
ijn  of j type atoms displaced by an i type PKA, taking 

into account all SKAs (Secondary Knocked on Atom) of k type. 
kj  gives the contribution for a k type atom displaced by a j type 

atom. It is considered that the displaced atom k having energy b

kET   produces displacements of the type j: )( b

kkj ETn  . )( TEnij   



 

is the contribution of the type i nucleus having a recoil energy TE  , provided that this one is not captured (probability 

 )()(1 TTE kik   ). 

The second integral represents the case for which the PKA interacts along its path with the electrons of the medium. That means 

that the energy of the PKA is changed along the path dx and it has to be taken into account in the evaluation of the number of j 

type displaced atoms which is given for a PKA of a given energy. The last term represents the cases for which no interaction has 

occurred along the path. It represents the conservation of nij weighted to the probability that no interaction occurs along the path 

dx. 

In order to simplify this equation, the second term will be rewritten introducing the stopping power of the PKA. If we assume 

that along the path dx the energy transferred to the electrons in the medium is low compared to the energy E of the PKA, 

)( eij TEn   can be rewritten as follow: 
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By introducing the electronic stopping power of atomic specie i of the target material Sie, as well as the atomic fraction  of the 

species k: 
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with 
N

N
f k

k =  and N being the atomic density of the k atoms, we get for equation (2) after rearranging the different terms: 
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The same principles apply for the net displacement function, which then results in the following integro-differential equation: 
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The difference between equation (6) governing ijg  and equation (5) governing 
ijn  comes from the kroneker function 

kj  

presents in equation (5) and not in (6). ijn  counts all atoms of type j that are displaced, including also those that are instantly 

trapped in a replacement process. The function  will be less representative of the final degradation. This is why we will focus on 

the later function ijg in the rest of the paper. 

4. Numerical resolution 
 

To solve the equation (5) and (6) presented in the previous section, the Runge-Kutta (RK4) method has been used. The ion/ion 

interaction cross sections are the one of ZBL [43]. The used electronic energy loss are those of SRIM [43, 44]. The displacement 

damage probability )(Tk  and the probability of capture )( TEik   are defined as follow: 
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In these formulas d

kE  , the threshold displacement damage energy, is the average kinetic energy that a k type atom must receive 

to be removed from its site. cap

ikE  is the capture energy. This is the average residual energy, below which a type i atom which has 

just interacted with a k type atom, becomes trapped at the vacant site left by the k recoil nuclei in the lattice. In our simulations 
cap

ikE have been taken equal to d

kE . Usually, in the NRT approach, a single value of d

kE  is chosen for each k type atom of the 

compound material. For a monoatomic material a single value is chosen (21 eV for silicon for instance). Our goal here is to 

introduce for monoatomic materials different values for d

kE  to analyse the impact of this parameter first on the damage function 

and second on the NIEL. Both discrete values and a continuous distribution will be analysed.  

Some boundary limits are required to solve the integro-differential equations. They have been chosen as follow. These conditions 

are quite simple given the definitions taken for )(Enij
 and )(Egij

 . Both )(Enij
 and )(Egij

 are equal to 
ij  if the energy E of the 

PKA is lower than the displacement threshold (9). The threshold displacement damage energy being different for each j type 

recoil, the following formulation has been chosen: 
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The calculation has been validated by comparison with the simulation performed for SiC material in ref. [14]. 

  

  
Fig. 2. Net number of displacement gij calculated for SiC couples following equation (6). Comparison with calculation of [14]. The threshold displacement 

damage energies are for each couple 41 eV (C/Si), 35 eV (Si/Si), 24 eV (Si/C) and 20 eV (C/C). 

The number of displacements found by this method is in agreement with molecular dynamic simulations performed on SiC [45]. 

One can identify two different behaviors in Fig. 2. Some functions tend gradually to zero while some others present a minimum 

value of 1. The number of atomic displacements is forced to 1 by the boundary condition at the beginning of the simulation, 



 

when identical types of atoms are considered. Indeed, the PKA is counted as the first displacement. Reversely the number of 

displaced atoms tends to zero when the displaced atoms are of a « different » nature from the PKA. In that case the PKA must 

not be counted among the other displaced atoms as it is from a different nature. This number of displaced atoms increases 

gradually with the energy of the PKA, while The number of displaced atoms remains close to one when recoil atoms of the same 

nature of the PKA are considered. This number, as can be seen on the Fig.2 (Si-Si case) not remains exactly equal to 1. It 

decreases slightly when the i type PKA start to displace j type atoms (Fig. 2, Si-C case). The i type PKA loses a significant part 

of its energy and is re-trapped making the number of i type atoms slightly decrease. 

 

5. Average net displacement damage function for a monoatomic target material: cases of carbon and copper 
 

The approach shown previously have been applied to monoatomic materials just assuming different threshold displacement 

damage energies. It is as if there is different population of atoms having different binding energies. The calculation requires the 

knowledge of the damage energy distribution dP/dE
d
. The energy required to dislodge an atom from its lattice site depends on the 

direction of the collision and thus on the variation of the displacement energy as a function of the angle : dEd/d. The damage 

energy distribution probability is thus given by dP/dE
d
 = (dP/d/(dEd/d. After several collisions, the momenta of the recoil 

atoms become randomized, we will assume in a first approximation that all recoil nuclei are ejected isotopically 

(dP/d=constant). The calculation is thus as if each SKA is put into motion in a different crystallographic direction.  

Let us consider the case of a volume of a given monoatomic material (carbon for instance). Similarly to a compound material 

let’s assume that there is three different type of carbon atoms (C1, C2, C3), having respectively three different damage energies 

(E
d

1, E
d

2, E
d
3). The algorithm shown previously provide the number ni,j of j type atoms displaced by i type PKA. This PKA, will 

produce ni atomic displacements whatever the nature and binding energy of the SKAs : 
 

𝑛𝑖 = ∑ 𝑛𝑖,𝑗
3
𝑗=1              (10) 

 

Where j varies from 1 to 3 if we consider 3 different carbon atoms having three different damage energies. The average number 

of atomic displacements produced by a PKA, whatever its type and its damage energy is thus simply given by : 
 

𝑛 = ∑ 𝑑𝑃𝑖 ∙ 𝑛𝑖
3
𝑖=1              (11) 

 

Where dPi is simply the probability to encounter an atom of type i (with damage energy E
d
i). This probability is linked with the 

probability to eject a PKA in a way that its binding energy is E
d
i. In this example we consider only three different damage 

energy, but, the recoil nuclei are ejected along a continuous angular distribution representative of the coulombian interaction. By 

going through the continuous limit, assuming a distribution of displacement energy dP/dE
d
 going from E

d
min to E

d
max. The net 

displacement damage function can be rewritten : 

𝑛(𝐸) = ∫
𝑑𝑃

𝑑𝐸𝑑
∙ 𝑛𝐸𝑑(𝐸) ∙ 𝑑

𝐸𝑚𝑎𝑥
𝑑

𝐸𝑚𝑖𝑛
𝑑 𝐸𝑑            (12) 

In that case SKAs are assumed to be ejected isotopically. This hypothesis is supported by the fact that, in such kind of random 

process, the angular directions of moving particles randomize and distribute from generation to generation more and more 

homogeneously among all the directions. It tends toward an isotropic distribution. This approximation is particularly relevant for 

polycrystalline materials where there is no preferential crystallographic orientation. This is also the underlying assumption of the 

NRT damage function where all crystal orientations are taken into account thanks to the use of a mean unique damage energy. 

A calculation has been performed in the case of graphite. First, only three types of carbon atoms having three different 

displacement energies (25 eV, 37.5 eV and 50 eV) have been chosen for the calculation. That leads to 9 couples of interactions 

(Fig. 3). In this case, only carbon PKAs are considered. Even if the energies needed to displace them were different because they 

have been ejected along different directions they are perfectly equivalent. The capability of these PKAs  to displace atoms is 

obviously independent of the energy required to displace them. They thus displace the same amount of carbon atoms of a given 

threshold displacement energy. As a consequence, C50-C37.5, C25-C37.5 curves of Fig. 3 are superimposed. Similarly C50-C25 

and C37.5-C25 as well as C25-C50 and C37.5-C50 curves overlap. The total number of displacements is simply the sum of the 

net displacement functions of each recoil atom types (equation 10). This three functions are represented in the right panel of the 

Fig. 3 by the net displacement function with their respective steps at 25 eV, 37.5 eV and 50 eV. The full net displacement 

function that includes all the atoms of different types (equation 11) is also represented. A constant dP/dE
d
 distribution in the 

range [25 eV, 50 eV] [37] has been chosen for the calculation. Most of E
d
 values reported in the literature for carbon material are 

in this energy domain [37, 46]. In that case, and according to our hypothesis, the probabilities to strike a carbon atom of each 

different types (different damage energy) are equal. That leads to a net displacement function presenting three increasing steps at 

25 eV, 37.5 eV and 50 eV. The NRT single step function is replaced near the threshold by a three steps function. Going through 

the continuous limit leads to smooth the damage function near the threshold (dotted line in right panel of Figure 3). In that 

calculation, the continuous distribution of probability dP/dE
d
 has been chosen constant in the range [25 eV, 50 eV] 



 

 
Fig. 3. Net displacement functions gij for Carbon material with three types 

of atoms having three different displacement energies (25 eV, 37.5 eV, and 

50 eV). Interactions with recoils having different damage energies are 
shown. 

 
Fig. 4. NRT damage function (gij)for carbon atoms having three different damage 

energies (25 eV, 37.5 eV, and 50 eV). Comparison is made with the damage 

function deduced from the integro-differential equation involving a uniform Ed 
distribution ranging from 25 eV up to 50 eV. MD data from McKenna [37] is 

also provided. 

 
Fig. 5. NRT damage function (gij) for copper atoms having three different 
damage energies (16 eV, 33 eV, and 50 eV). Comparison is made with the 

damage function deduced from the integro-differential equation involving 

a uniform Ed distribution ranging from 16 eV up to 50 eV. Comparison is 
made with the experimental data of ref. [4] and the modified arc-dpa 

expression from [41]. The case of a distribution having only three damaga 

energies is also shown (three step function). 

 
Fig. 6. NIEL of electrons in carbon material. Three cases are compared one 

calculation is based on NRT damage function using Ed = 25 eV. A second 

analogous calculation uses Ed = 37.5 eV. The red curve present the NIEL 

calculated using a damage function including an uniform damage energy 
distribution between 25 eV and 50 eV. 

Mc Kenna [37] has calculated the net displacement damage function for graphite thanks to MD simulations. These authors 

proposed in the threshold region a net displacement function that depends on the square root of the PKA energy. This function is 

compared to our calculation in Fig. 4. The agreement with our calculation is quite good according to the rough assumptions made 

in our approach. It is interesting to note that the lack of step function in the threshold region can be well represented by a 

distribution probability of threshold displacement energy that ranges from 25 eV up to 50 eV the most currently admitted 

threshold displacement energy for carbon material. Similar calculations have been performed for coper target material (Fig. 5). 

The damage function of copper is compared on Fig. 5 with both experimental data provided in ref. [4] and the modified arc-dpa 

function proposed in ref. [41]. Here again the agreement between our approach and literature data is quite good. 

In a second time the impact of the smooth increasing damage function  on the NIEL of incident electrons has been analysed. The 

cases of heavier particles such as protons or heavy ions have been discarded because it is demonstrated that the threshold part of 

the displacement function does not impact significantly the NIEL on most of the energy range (> ~100 eV) [40]. On a contrary 

the NIEL of electrons depends on the shape of the displacement damage function [40]. Indeed, The shape of the NIEL vs. Energy 



 

curve of electrons is mainly driven by the recoil energy that can be transferred to PKAs and thus it is strongly dependent on the 

chosen threshold displacement damage energy. The impact of the displacement function of the NIEL of electrons in carbon 

material is shown in Fig. 4. The shape of the NIEL(E) curve is clearly affected by a change in the displacement function. The 

curve increases much more smoothly (Fig. 6). 

 

 

 

6. Silicon target : Finding the most proper threshold energy distribution by comparison with experimental NIEL  
 

 

6.1. Different damage distributions for correlation of the calculated NIEL with experimental damage factors. 

 

The study has been extended to the case of silicon material for which experimental damage factors are available [42]. The 

calculated NIEL can be compared to these experimental data. This way, the best threshold energy distribution capable to 

reproduce the experimental damage factors measured on silicon devices can be identified. The resulting damage function will be 

discussed in a second time. 

The NIEL is classicaly given by the following integral: 

𝑁𝐼𝐸𝐿(𝐸) = 𝜂
2𝐸𝑚𝑖𝑛

𝑑

0.8
∫

𝑑𝜎

𝑑𝑄
∙ 𝑛(𝑄) ∙ 𝑑

𝑄𝑚𝑎𝑥

𝐸𝑚𝑖𝑛
𝑑 𝑄          (13) 

Where d/dQ is the differential interaction cross section. The McKinley & Fesbash correction of the Coulombian expression has 

been used for incident electrons [19].  is the atomic density of the irradiated material. This is a function of the net displacement 

damage function n(Q) introduced in previous sections.  

Different basic damage distributions have been used for the NIEL calculation. Uniform, Normal, LogNormal and Weibull 

distributions with various set of parameters have been tested. First the case of different uniform probability distributions is 

shown Fig. 7 and Fig. 8. The damage energies spread respectively from 13 eV up to 74 eV, from 21 eV up to 99 eV and from 35 

eV up to 120 eV. The impact of the distribution of displacement energy on the electron NIEL is shown in Fig. 8. We can observe 

on Fig. 8 the offset of the NIEL curves with the change in the damage energy distribution. The agreement with experimental 

damage factors is best when the threshold displacement energies are spread from 35 eV up to 120 eV, with an average damage 

energy of 77.5 eV. The experimental data presented in Fig. 8 are extracted from ref. [42]. Both dark current increase and short 

circuit current damage factors are presented. They have been measured on different silicon detectors with electrons in the energy 

range [500keV, 20 MeV]. Results obtained on two photodiodes and two image sensors are reported. The first diode is a P+N 

CANBERRA FD50-14-300RM Passivated Implanted Planar Silicon (PIPS) detector. The second photodiode is the Hamamatsu 

S1337-33BQ, Results obtained on two imagers are also shown. The first imager is a CMOS Image Sensor (CIS) Teledyne E2V 

EV76C560 Sapphire with 1.3 Mpixels (1024 × 1280). The second imager is the charge coupled device Teledyne E2V CCD47-

20, an advanced inverted mode 1024 × 1024 pixel full-frame. Both dark current and short circuit current measurements of all 

devices was performed at approximately room temperature. 

 
Fig. 7. Uniform threshold displacement damage energy tested for electron 

NIEL calculation in silicon. 

 
Fig. 8. NIEL of electrons in silicon for various uniform distributions. 

 

 



 

Due to the mass difference between a recoil atom (~2000) and an incident electron, this latter needs an important energy to be 

able to displace this atom. In a silicon target, electrons need at least ~300 keV to displace a silicon recoil, if a threshold 

displacement energy of 21 eV is considered. Above some hundreds of keV and up to some MeV, it will be hard for electrons to 

displace atoms, and the capability for an incident electron to produce atomic displacements strongly depends on the threshold 

displacement energy. This makes the NIEL of electrons a relevant quantity to evaluate the threshold damage energy with a 

reasonable accuracy. Yet, the displacement threshold is known to depend on the crystallographic orientation. The variation from 

a direction to another can be quite large [36]. Including a distribution of displacement damage energy change significantly the 

displacement damage function near the threshold and consequently the NIEL of electrons in the range [~100 keV, ~MeV] (Fig. 

8). By analogy, a change in the NIEL of heavier particle, such as protons, is expected to be seen only around some hundreds of 

eV (the minimum level of energy required to produce atomic displacements). For instance, in the space domain, where 

degradations are dominated by high energy protons having energies of several tens of MeV, this correction is negligible. This is 

not the case for electrons which are in the radiation belts in the energy range [keV, 10 MeV]. 

This analysis have been pushed further, by using Normal, LogNormal and Weibull distributions with different set of parameters 

(Fig. 9 & Fig.10). The Weibull distribution is defined as follow : 

𝑃(𝐸𝑑) =
𝑠

𝑤
(
𝐸𝑑−𝑡ℎ

𝑤
)
𝑠−1

𝑒
−(

𝐸𝑑−𝑡ℎ

𝑤
)

𝑠

           (14) 

s is the shape parameter, w the scale parameter and th a threshold that define the energy domain of application of the probability 

distribution (>th).  

 
Fig. 9. Comparison of uniform and normal (mean = 75 eV, Std. Dev. = 15 eV) 

threshold displacement damage energy tested for electron NIEL calculation in 
silicon. 

 
Fig. 10. Comparison of different damage energy distribution probability 

normal (mean = 75 eV, Std. Dev. = 15 eV), LogNormal (mean = 74 eV, 44.8 

eV, 34 eV, Std. Dev. = 100 eV, 30 eV, 15 eV), Weibull distribution (th=13 
eV, 21 eV, w = 30 eV, 50 eV and s = 2.5). 

The impact of each of these distributions on the electron NIEL in silicon is shown in Figure 11 and Figure 12. The conclusion is 

similar to one given when considering the uniform distributions. The agreement with the experimental damage factor is better 

when the mean of the distribution is closer to 75 eV (Fig. 11 and Fig. 12). In a way it reaches the same conclusion as what is 

reported in [40] where an “effective” NIEL was estimated on the basis of MD simulation results. The calculated NIEL has been 

found to be closest to experimental damage factors for a Normal distribution having an average damage energy of 75 eV and a 

standard deviation of 15 eV. Comparisons with classical calculations performed with the NRT function presenting a single 

threshold damage energy of 21 eV and 75 eV are also presented in Fig.11. One can see that an average displacement damage 

energy larger than the commonly used value of 21 eV is best suited for the silicon NIEL calculation. [47] reports that the range 

found in both experimental and model-based studies for the threshold damage energy is between 10 eV and 30 eV, while [36] 

reports a minimum value of 13eV±3eV, an average value of 37±7eV and an “effective” displacement energy of 74 eV±15eV. 

This latter value seems to be best appropriate, to reproduce the experimental damage factors reported in [42] (Fig. 11, Fig. 12). 



 

 
Fig. 11. NIEL of electrons in silicon for various damage energy distributions. 

Comparion is made between cases using some damage probability distribution 

(normal and uniform) and claissical NRT approach based on 21 eV and 75 eV 
damage energy. 
 

 

 
Fig. 12. Comparison of different damage energy distribution probability 

normal (mean = 75 eV, Std. Dev. = 15 eV), LogNormal (mean = 74 eV, 44.8 
eV, 34 eV, Std. Dev. = 100 eV, 30 eV, 15 eV), Weibull distribution (th=13 

eV, 21 eV, w = 30 eV, 50 eV and s = 2.5). 
 

 

6.2. Damage functions calculated with the different threshold energy distributions 

 

 

 
Fig. 13. Net displacement damage function (gij) of silicon for a normal damage 

energy distribution (mean = 75 eV, Std. Dev. = 15 eV). Comparison is made 

with classical NRT damage function and a function based on the use of an 
uniform distribution in the range [35 eV, 120 eV]. 

 

 
Fig. 14 Net displacement damage function (gij) for the various damage 
energy distributions. The damage function providing the best agreement 

between NIEL and experimental damage factors is provided by the Normal 

distribution having a mean of 75 eV and a standard deviation of 15 eV.  

The damage functions deduced from the energy threshold distributions are reported in Fig. 13 and Fig. 14. The damage function 

best suited to reproduce the experimental damage factors is shown in thick red line on both figures. It corresponds to the 

modified NRT damage function calculated with a Normal distribution of mean 75 eV and standard deviation of 15 eV. The 

difference with the NRT function using a single E
d
 value of 21 eV is significant (Fig. 13). The average threshold energy of the 

distribution is the most impacting parameter. Both Uniform and Normal distributions leads to nearly the same damage function 



 

when their average are comparable (Fig.13). Some more detailed comparisons are presented Comparisons in Fig. 14 for Normal, 

LogNormal and Weibull distributions. The Damage function becomes in the region of the threshold a smooth increasing function 

that can be represented by a power law. It is not so different from the results proposed in [41]. 

 

The method presented here, proposes to include in the classical NRT partitioning formalism, a distribution of threshold 

displacement energy to take into account the natural anisotropy existing in any crystallographic structure. Various threshold 

displacement energies are introduced to mimic the variation observed on this quantity as a function of the crystallographic 

orientation. It allows interpreting experimental damage factors of incident electrons that often deviate from the NIEL calculated 

classically with only a single displacement damage energy [40, 42]. But, this adjustment of the NRT formalism relays on some 

important assumptions. According to NRT, the damaging process is interpreted as a cascade of independent binary collision 

between PKAs and SKAs. The displacement is possible only if a given threshold energy is overpassed during the collision. The 

angular dependence of E
d
 is still relatively unexplored. An example is provided in ref. [39] for iron. An assumption on E

d
 angular 

dependence is thus needed. Different threshold damage energy distributions (uniform, normal, lognormal, Weibull) have been 

tested. The range of variation of E
d
 reported in ref. [36] for many materials, has been used to scale those distributions. But 

rigorously, extensive molecular dynamic simulations are required to define accurately the dependence of E
d
 on the 

crystallographic orientation. It can also be mentioned that the electronic energy loss is considered only to evaluate the fraction of 

the energy which is not imparted to atoms during the damage cascade. But it is known that this energy contributes to reduce the 

capability of a PKA to displace atoms thanks to heating processes [48-54]. This is especially important given the recent 

improvements within the stopping theory based on the use of first principle calculations [53, 54]. It would be interesting to 

include the impact of the ionization on the damage function. Furthermore, the NRT based approaches are only focused on the 

collisional phase of the displacement cascade and neglect some effects that arise during the thermalization phase [8]. At high 

knock-on atom energy, Frenkel pairs are produced closer to each other’s, enhancing some recombination effects [8]. The arc-dpa 

model proposes a solution to include this effect within the NRT approach [8]. It would be interesting to combine the arc-dpa 

approach and the work presented here, to get a more accurate description of the NRT function on the whole energy range of 

PKAs.  

 

 

7. Conclusion 

The threshold damage energy is known to depend on the crystalline orientation. A single threshold damage energy is classically 

used in the NRT damage function. This energy can be chosen equal to the mean damage energy, averaged over all crystalline 

orientations. But, under this assumption, the NRT damage function is still a step function in the threshold region, while some 

MD simulations clearly show that the damage function increases smoothly in this region. This work proposes a method to 

introduce a distribution of damage energy in the calculation of both the damage function and the NIEL. It is a simple way to 

include the dependence of the threshold damage energy to the crystalline orientation. The calculation is based on the description 

of the damage cascade proposed by Parkin & Coulter [11]. Different damage energies are introduced in the integro-differential 

equation to account for the spread of these damage energies. Calculations have been performed for three different materials: 

carbon, copper and silicon. The calculated damage functions are found to be in satisfactory agreement with measured data for 

copper and molecular dynamic simulations for carbon. In both cases calculations made the assumption of uniformly distributed 

E
d
 values, in a range extending from a minimum and maximum values taken from compiled data of ref. [36]. For silicon the 

NIEL has been calculated assuming different density probability functions. Experimental damage factors measured on silicon 

devices are well reproduced assuming a normal distribution of mean 75 eV and a standard deviation of 15 eV. This approach 

could be upgraded by including in the formalism both the arc-dpa NRT function and the enhancement effect induced by the 

ionizing dose on the damage production process. 
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