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Abstract: We study a one-dimensional kinetic stochastic model driven by a Lévy process, with a non-
linear time-inhomogeneous drift. More precisely, the process (V, X) is considered, where X is the position
of the particle and its velocity V is the solution of a stochastic differential equation with a drift of the
form tiBF(v). The driving noise can be a stable Lévy process of index « or a general Lévy process
under appropriate assumptions. The function F' satisfies a homogeneity condition and 3 is non-negative.
The behavior in large time of the process (V, X) is proved and the precise rate of convergence is pointed
out by using stochastic analysis tools. To this end, we compute the moment estimates of the velocity
process.
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cess; explosion times; scaling transformations; asymptotic distributions; ergodicity; tightness.
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1 Introduction

In this paper, we consider a one-dimensional stochastic kinetic model driven by a Lévy process.
t

dV; =dL; — F(Vi))t Pdt  and X; = X, —|—/ Vs ds. (1)
0

The process (V;, X;)1>0 may be thought of as the velocity and position processes of a particle
evolving in a force field F((v)t~” and interacting with its environment.

The study of Stochastic Differential Equation (SDE) driven by a Lévy process is a new topic

of great interest (see [Bas03| for a survey). So far, most of the papers present results about
existence and uniqueness of solution, see for instance [ASQ9], [Donl8|, [Kur07], [Pil13], [CSZ18|
and [CZZ17|. Furthermore, the coefficients of the studied SDE are often supposed to be time-
homogeneous (see for instance [AS09| and [Donl§|). Accordingly, the case of time-dependent
coefficients is scarcely studied (see [CZZ17]|, [Kur07] and [Zhal3]). In this situation, the usual
tools associated with time-homogeneous equation may no longer be invoked.
Otherwise, few papers (see [AS09|, [PSXZ12] and [Rek20]) state results about the asymptotic
behavior of such SDEs. For instance, in [AS09] the authors give conditions for asymptotic
stability for a SDE driven by a Brownian motion and a compensated Poisson process, with
coefficients that are supposed to satisfy usual global Lipschitz and growth assumptions. In
[PSXZ12], the authors establish the exponential ergodicity of the solutions of a SDE driven by
an a-stable process, where the drift coefficient is supposed to be the sum of two components one
linear and the other bounded. In these papers, coefficients are time-homogeneous.



The purpose of the present paper is to study the long-time behavior of solutions of the
SDE (), driven by an a-stable (non-symmetric) Lévy process. More precisely, we look for the
convergence in distribution of the process (Vt/s, EXt/E)t>0, as ¢ — 0, with an appropriate rate.
Consequently, we extend the results obtained in [GL21], where the driving process is a Brownian
motion (a = 2).

It is a simple observation, when F' = 0, to see that the rescaled process (51/“Vt/5, €1+1/"Xt/€)t>o

converges in distribution towards the Kolmogorov process (S, f K Ss ds)iso, where S has the same
distribution as the driving process.

And more generally, in long-time regime, we observe two schemes, depending on the balance
between the space and time coefficients of the drift function with respect to a, the parameter
of stability of the driving noise. When the potential is sufficiently "small at infinity", the con-
vergence towards the Kolmogorov process (S, [ S) still holds. The other scheme, called critical,
is when the two terms in the stochastic equation of the velocity process offset. We still get a
kinetic process of the form (V, f V), as limiting process. Though the process V no longer has the
same distribution as the driving Lévy process.

Proofs are mainly based on moment estimates and on the self-similarity of the driving process.

By their scaling property, Lévy stable processes are natural extensions of the Brownian motion.
However, the jump component of the Lévy noise brings difficulties. Indeed, by contrast with a
Brownian motion, an a-stable Lévy process can only have moments of order k£ € [0, ). Thus,
moment estimation of the velocity process stands as a significant part of our study (see Section ).
Moment estimates of Lévy and Lévy-type processes were studied in [LP06], [Kiih17] and [DS15].
Nevertheless, the methods used can not be easily adapted to the solutions of a SDE.
In addition, an extension for the solution of SDE driven by a general Lévy process is stated in
Theorems [6.T] and To this end, we first study the asymptotic behavior of the rescaled Lévy
driving process (veL; /e)t>0, Where v, is some rate of convergence. Under appropriate assumptions
on its Lévy measure, it converges in distribution, as € goes to zero (see Proposition [6.3)).

The paper is organized as follows. In Section [2 we introduce some notations and state our
main results. Theorems and [2.4] correspond to the main results stated in [GL21] in case
of a Brownian driving noise. We study the existence of the solution up to explosion of () in
Section Bl In Section ] we give estimates of the moment, which also ensure the non-explosion of
the velocity process. The proofs of our main results are presented in Section[Bl Finally, Section
is devoted to the study of the convergence of a rescaled Lévy process and to the extension of our
main result.

2 Notations and main results

Let (Li)¢>0 be a Lévy process, S a non-negative real number and F a continuous function
satisfying

for some vy €R, Yo € R, A >0, F(\v) = \"F(v). (Hy)
We introduce another assumption on F', which will sometimes be imposed in the sequel.

When (i) a € (0,1) or (ii) a € (1,2) and v > 1, (Ho)
we suppose furthermore that for all v € R, vF'(v) > 0. sen
We take an interest into the following one-dimensional stochastic kinetic model defined, for
t >ty >0, by

AV, = dL; — t P F(V;) dt, with Vi, = v >0, and dX, = V;dt, with X,, =29 € R. (SKE)



Throughout the paper, we deal with L as an a-stable Lévy process with a € (0,2) \ {1}. We
call v its Lévy measure, given by v(dz) = |z|717°‘ [a4+1.50 4+ a—1,<0]dz with ay,a_ > 0. As a

Lévy measure, it satisfies [, (1 A 2%)v(dz) < +o00. By Lévy-Itd’s decomposition, there exists a

Poisson point process N and its compensated Poisson measure N such that, for all ¢ > 0,

¢ ¢
L, :/ / 2N (ds,dz) +/ / zN(ds, dz). (2)
0 J{o<|z|<1} 0 J{lz[>1}

In Section [G] the case of a generalized Lévy driving noise will be discussed.

In the following, sgn is the sign function with the convention that sgn(0) = 0. The abbreviation
a.s. stands for almost surely. We denote by C' some positive constants, which may change from
line to line. We indicate the dependencies in index. For instance Ci, ., denotes a constant
depending on the parameters ¢ty and «.

Remark 2.1. If a function © satisfies (H), then for all x € R, w(x) = n(sgn(x)) |x|”.

As an example of a function satisfying (f1;) one can keep in mind F' : v — sgn(v) |v|” (see
also [GO13)]).
The space of continuous functions C((0, +00), R) is endowed with the uniform topology

+oo
1 .
dy : f,9 €C((0,400)) — Z on min (1, [slup] lf =gl )
n=1 noT

Set A := {\: Rt — R™, continuous and increasing function such that A(0) = 0, . hIJP At) = +oo}
—+00

and
1, if L <t<n,
kEn(t)=<n+1-t ifn<t<n+l,
0, ifn+1<t

The space of right-continuous with left limits (cadlag) functions D((0, +o0)) is endowed with the
Skorokhod topology ds defined for f,g € D((0,+00)) by

() — A(s)

I
8 t—s

2n s#t

n=1

+oo
1
Z — min (1,inf {a such that 3\ € A, sup < a, sup |k, (t) (f o A(t) —g(¥))]| < a}) .
>0

For simplicity, we shall write C and D for C((0, +0o0), R) and D((0, +0o0)), respectively.
Let us state our main results.

Theorem 2.2. Consider v € (1 — §,a). Define

I if y€10,1),
p(7) =47, ify =1,
I+2, ifye(la).

Assume that () and are satisfied, and 3 > 1+p(y)—L1. Let (Vi, X¢)i>¢, be the solution

to (SKE) and (St)t>o0 be an a-stable process.
Then, as € — 0, in the space D,

t
(€ Vijer T Xy )ivety, = («5},/55(15) :
0 t>0



Remark 2.3. Theorem [2.2 is also true when the following hypothesis holds instead of @

F is such that (SKE) has a unique solution up to explosion and

H.
|F| < G where G is a positive function satisfying (H). (Hs,)

For instance, the function F : v — s (see also [FT21)) satisfies (Hy.]) (with v=0).

Theorem 2.4. Consider v € (1 - §,a) and 8 =1+ 77_1 Assume that () and are
satisfied. Let (Vi, Xt)i>1, be the solution to (SKE).

Call H the ergodic process solving the following SDE driven by an a-stable process (Ri)i>0 and
starting at its invariant measure,

dH, = dR, — Eds —F(HS) ds.
«@

We denote Ay, ... 1+, the finite-dimensional distributions of H. We call (Vi)e>0 the process hav-
ing as finite-dimensional distributions the pushforward measure of Ap1og(t, /o), log(ta/to) bY the
linear map T(uy,--+ ,uq) := (ti/aul, e ,t;/aud).

Then, under (@, as € — 0, the following convergence of finite-dimensional distributions
(f.d.d.), in the space D, holds,

t
1 .d.d.
(E /a‘/t/sagl—i_l/aXt/E)tzEto f# (Vta/ Vs dS) .
0 t>0

There is convergence as a process, provided that v < 1.

Remark 2.5. As we will see in Section[3, the assumption v > 1 —§ is needed in order to obtain

the existence up to explosion of the solution under hypothesis (I,)).

Remark 2.6. Let us point out that, during the proof of Theorem [Z2 and Theorem we
employ some moment estimates for the solution V. We state the estimates below.

Assume that 1s satisfied. Define

for a € (0,1),
Pp— K'
Pa(7, k) = —
and for a € (1,2),
E when v € [0,1) and x € [0,1],
S when v € [0,1), k € (1,«) and vF(v) > 0,
Paly, k) == K, when v > 1 and k € [0,1],

5+ 2, wheny>1andrk € (1,a).
Then, for any o € (0,2)\ {1}, v € R, B € R and x € [0, ), there exists a constant C, x 5,4, sSuch
that,
W2 to, EVAl') < Oy ot

3 Existence up to explosion of a solution to (SKE)

In this section, we study the existence of the solution to (SKE]) up to explosion time.



Lemma 3.1. Assume that @ holds. Pick 8> 0. If 0 < v < 1, the function x +— F(x)t=" is
~v-Hélder and if v > 1, it is locally Lipschitz.

Proof. Suppose that 8 > 0. Since () holds, the function F is of the form given in Remark 2.1l
If ¥ > 1 then F is of class C! and hence is locally Lipschitz.

Suppose now that v < 1. It is enough to prove that F' is y-Holder, that is there exists a positive
constant C, such that

forall z,y € R, |F(z) — F(y)| < Clz—y|".

Let first sketch the proof when F(z) = psgn(z)|z|”, with p € R. Pick z,y € R. Assume that
sgn(z) = sgn(y) thereby, since x — |z|” is y-Hélder,

[sgn(x) |2" = sgn(y) [y|"| = ll=[" =yl < ll=[ = yll" < |z —y[".

Suppose now that z < 0 < y. Thus, [sgn(z)|z|” —sgn(y)|y|"| = |z|” + |y|’. Noting that
|z —y|” = (|| + |y|)?, the conclusion follows from the concavity of the function x +— |z|” for
0 <« < 1. This ends up the proof for F(x) = psgn(z)|z|”.

If Fis an arbitrary function satisfying () then, it is of the form given in Remark 2Tl As
previously, F' is y-Holder on (0, 4+00) and (—00,0). Let take x < 0 < y, we have

|F(x) = F(y)l = [F(=1) [2]" = F(1) [y["].
We split the end of the proof in three cases.
o If sgn(F (1)) = sgn(F(—1)), we use again the fact that z — |z|” is Holder on R.
[IPCOM " = I < o IPE0 M e = 1F@ Y[
= C||F(=1)["al + O lyl|
<C(lal+1y))" = Clz =yl
o If sgn(F (1)) = —sgn(F(—1)), we use the fact that x +— |z|” is concave on [0, +00).
[IEEOM ]+ [IEM || < € IO 2+ )M |
< Cllel +lyll" = Cle —y[".
o If 0 € {F(1), F(—1)}, say for instance F'(1) = 0 then, we get
[F(=1) 2" < C'la|” < C(l2] + [y)” = Clz —y|”.

O

Proposition 3.2. Assume that @ is satisfied. There exists a pathwise unique strong solution
o (SKE), defined up to the explosion time, provided that

(i) 1-§ <y <1andB >0 when a € (0,2).

(ii) v> 1 when a > 1.



Proof. If 0 < v < 1, the drift coefficient is ~v-Holder (see Lemma 1) and locally bounded,
thereby the conclusion of the first point follows from Remark 1.3 in [CZZ17].

Assume now that a > 1 and v > 1. The drift coefficient is locally Lipschitz (see Lemma[3.)) and
locally bounded, so we can apply Lemma 115 p. 78 in [Sit05] to get the pathwise uniqueness.
Thanks to Theorem 137 p. 104 in [Sit05], it suffices to prove that there exists a weak solution.
The drift coefficient is continuous with respect to its two variables, hence it is a locally bounded
and measurable function. By a standard localization argument, using Theorem 9.1 p. 231 in
[TW8]1], since the drift coefficient is locally Lipschitz, there is a unique solution defined up to
explosion. ([l

4 Moment estimates and non-explosion of the velocity pro-
cess

In this section, we present estimates on moments of the velocity process V solution to (SKE).
This will be useful to conclude of the non-explosion of solution to (SKE) with Lemma [£.] and
to control some terms appearing along the proofs of Theorem and [2.4] in Section
Let V be the unique solution up to explosion time to (SKE). For all r > 0, define the stopping
time

Tr = inf{t > to, |Vi| > 7r}. (3)

Set Too := lim, 400 7 the explosion time of V. Note that the "pre-stopped" process, defined
below, is bounded by 7:

Vi, if t <7,

Virnr. — = . .
EATr V, = 11F1 V, _s, otherwise.
sl0

We give first a sufficient condition for the non-explosion of a general process.

Lemma 4.1. Let (Y;)i>y, be a process and Too its explosion time. Assume that there exist two
measurable functions ¢ and b such that

(i) ¢(+00) = +o0,
(ii) b is finite-valued,

(#ii) and for all t > to,
E[o(|Yirr )] < b(2). (4)

Then Too = +00 a.s.

Proof. Assume by contradiction that P(7o, < +00) > 0. Thus, there exists T > to such that
P(7ooc <T) > 0. From (@), we get

E [¢(IVru DL <ry] < B(T). (5)
Since ¢(|Vr.|) = ¢(4+00) = +00, on a set of positive measure, the left-hand side of (@) should
be infinite. This is a contradiction with (7). O

We will show that there exists a constant C,, . g, such that
Vt > to, £ HV;flﬁ] < C’Y,mﬂ,totpa(%ﬁ)’ (6)

where p, (7, k) has to be detailed.



Proposition 4.2. Pick o € (0,1). Assume that holds. Recall that (V;)i>1, is the solution
of (SKE). For any ~, 8, the explosion time To is a.s. infinite and for all k € [0, ), there exists
a constant Cy, ¢, such that, we have

Wt > to, E[Vi]"] < Crtt™, or equivalently pa(, k) = —
(6%

(7)

Proof. Fix t > ty. Since a < 1, the stable process can be written as

t
Lt:// zN(ds,dz):ZALs.
0 *

s<t

Fix s € [0, ). Pick the sequence of C2-functions f, : # + /22 + %, which converges uniformly

to  — |z| on R. Then, for all n > 1, we apply Itd’s formula (see Theorem 32 p. 78 in [Pro05])
to get

Fa(Vinr) = fulvo) — /t V) F(Ve)s P ds + /t ~ / (Ve +2) = falVa)) N(ds, d)

Sfl7z(v0)7L Z (fn(vsfﬁLALs)ifn(vsf))

The term ftoAT“ fL(V,)F(V,)s™# ds is non-negative, since holds.
Hence, the previous equation can be written as

FaVirr) < Falwo) + > (fa(Va) = (Vi)

s<tAToo

Since || ! |loo < 1, we deduce that (fn,(Vs) — fn(Vs—)) < |AV;| = |ALg|, hence,

Vinrel < fn(Vinr) < fu(vo) + Y |AL|.

S<tAToo

Furthermore, since k < a < 1, we have

|‘/t/\7—oc|'€ < fn(UO)K + Z |AL5|

s<tAToo
Taking the expectation, we get
K K

E[[Virr "] S E[fawo) ]+ E || Y 1AL | | SE[falwo)"]+E || D IAL

S<tAToo s<t

Notice that the process Ly := 3" _,|AL| is an a-stable process. Then, since k < a, letting
n — +o00, we obtain a
K
E (Vinr "] < fool® +E [|LF]"] < ot/

Thanks to Lemma E1] we can conclude that the explosion time of V is a.s. infinite and we get

@. O



Proposition 4.3. Pick a € (1,2). Recall that (Vi)i>1, is the solution of (SKE). For any
v €10,1) and any B € R such that 3;—1 +1 < B, the explosion time T 1s a.s. infinite and for all
k € [0,1], there exists Cy 5,1, Such that we have

Vt > to, E[|Vi_|"] < C.megytotg, or equivalently p, (v, k) = E. (8)
o
Remark 4.4. If =1 +1 > 3, then the moment estimate (8) becomes

Wt > to, E[[Vil] < Coypnt T

Proof of Proposition [[.3 Assume that v € [0,1) and fix k € [0,1]. Then Jensen’s inequality
yields, for all t > to, E[|V;|"] < E[|V4|]", hence it suffices to verify (8) only for x = 1.

Recall that under (H]), there exists a positive constant K, such that for all v € R, |F (v)| <
K |v]". Hence, we can write, for any ¢ > to and r > 0,

tAT,
Vines—| < [v0 = Ley| + [Ltnm,_| + / 58 | (Varr, )| ds

to

tAT,
< oo — Lig| + |Lonro— | + K / 5 Vapr, " ds.
to

Since L is an a-stable process, it has a finite first moment, which can be computed. Taking the
expectation in the above inequality, we get, by choosing C, big enough,

t

E[[Vinr,—[] < Ellvo = Lig || + E[|Linr,—[] + K | 57 E[|Vipr,—|"] ds
to

t
<Cutt + K/ s BE [[Vipr, [ ds.
to

Recalling that 7, is given by @), the function g, : t — E[|Viar.—|] is bounded by r. Applying a
Gronwall-type lemma (see Lemma [AT]) and Fatou’s lemma, we end up, for 8 # 1, with

Wt > to, E[[Virr.|] < liminf E [[Viar, -] < Cy

1 1—o 1-8 1-8 =
: L e _
Crt® + (1 —5 K 140

1
< C’Yﬁﬂfota )

since % +1— 8 < 0. The case 8 = 1 can be treated similarly. Thanks to Lemma [T}, we
conclude that the explosion time of V' is a.s. infinite, and we have (8. |

Proposition 4.5. Pick a € (1,2). Assume here that for all v € R, vF(v) > 0. Recall that
(Vi)t>t, is the solution of (SKE). For any v € R and any 8 € R, the explosion time To is a.s.
infinite and there exists Cy 1, such that

for k € [0,1], Vt > to, E[|Vi]"] < Cy1ot", or equivalently p, (v, k) = K; (9)
3
ork € (1,a), if vy €0,1), Vt > to, ] < Cr 122, or equivalently pa (7, 5 :—K;
f 1 fvel0,1),V E[|V; Cl 1135/ lentl 5
«
(10)
for k€ (1,), Yt > to, E[|Vi|"] < Crsot™ /2, or equivalently po (7, k) = £y g (11)
«



Proof. STEP 1. We first apply [t6’s formula and estimate the expectation of each term for x < 1,
in order to get ([@).

Fix 7 > 0 and define the C?-function f : v ~— ( + v?)*/2. For all t > to, by Itd’s formula, we
have

tAT,—
fVinr,—) = f(Vo) = / F'(V)F(Va)s™" ds + Minr,— + Rupro— + Sipr—y (12)
where .
M, = / / (f (Ve + 2) — F(Vao))N(ds, d2); (13)
to J0<]|z|<1

Ro= [f G042 - SV )N d2): (11)

S i / / (F(Vi +2) = F(Va) = 2f (Vo) (d2) ds. (15)
to JO<|z|<1

Here v is the Lévy measure of the driving process. Recall that it satisfies
/ (1A 2*)v(dz) < +oo. (16)

The second term of (I2)) is non-negative, since for all v € R, vF'(v) > 0. We estimate expectations
of M, R and S.
To that end, we first show that the local martingale (Miar,.—)i>1, is @ martingale.

Fix ¢ > 2 and » > 0. Set

L(g) == / " / L MV 9 = o) s

Notice that, since for all [v] <7 and [2| <1, [f(v+ 2) = f(v)] < [|f'Lj—r—1,r41)ll00 |2], SO We have

tAT,
1(0) < 1 oany sl / / @) as
0 4

Hence, it is a finite quantity, since ¢ > 2 and v is a Lévy measure i.e. (I6) holds. Therefore, for
g > 2, by Kunita’s inequality (see Theorem 4.4.23 p. 265 in [App09]), there exists D, such that

E [ sup |Ms|q] <D, ([E [Jt(2)q/2} + [E[It(q)]) < +o00.

togsgt

Hence, by Theorem 51 p. 38 in [Pro05], M is a martingale.
We estimate now the finite variation part S defined in (I&). We use a similar idea as in the proof
of Theorem 3.1 p. 3863 in [DS15]. Assume that |z] < 1 and note that for all v € R,

£ ()] = 52 = m)0? (0% + )27 4 (0?4 )27
= K2 = K)o (0" + )@ )P (0% 4 )
< R(3 = R)(v7 )2
< k(3 — k)n™?71, since 7 —1<0.



Using Taylor’s formula, there exists a random number Oy, ,, with values in [—1,1], depending
on V; and z, such that a.s.

1
(Ve 4 Oy, .2)| 22 < = k(3 — &) /37122

Vet 2) = F(Ve) = 20 (V)] =

N | —

Hence, we get the almost sure following bound

N | —

/0< UVt a) = (V) = 2f (Vo) v(dz) ds| < = |k(3 — k)| /271 / 2u(dz). (17)

0<|z|<1

It remains to study the Poisson integral R defined in ([4]). Pick x < 1, by classical Holder
inequalities, we can write,

flwo+2)—fl)=(n+ @+ ,2)2)'("/2 —((v+ 21)2)'{/2 +@W+2)" —v"+ (1)2)'{/2 —(n+ U2)H/2
< % 4 2"
We deduce that
/ F(Vs+2)— f(Vs)r(dz)ds < 77“/21/(|z| >1) +/ |2|" v(dz). (18)
2121 2121

Note that [ 5, |2|" v(dz) < 400, since (I6) holds and « < 1.
Gathering (I8) and (7)), we get

E([Virr, "] < E[f (Viar,-)] S E[f(Vi)] + E[t A 7] x

1
n20()2] > 1) +/ 2 v(ds) + Sr(3 - H)nﬁ/Q—l/ 20(d2) | < Cont. (19)
|z|>1 2 <|z|<1

0

Thanks to Lemma [£T] and letting r — 400, we can conclude that the explosion time of V is a.s.
infinite and thus, for all x € [0, 1],
E[V3]"] < Cr ot

By Jensen’s inequality, we can deduce (@).
STEP 2. Pick k € [0, ). We estimate R in another way.
By Holder’s inequality, we get

122V, + 22| u(dz) gc<1+|vs|*”~/2)/ 121" v(d2).

|z|>1

Vs+2)— f(Vy)|v(dz)ds <
[ 02 = vy ds <

|z|>1

The last integral is finite since o > k.
Gathering (), 20) and then using () and (@), we have

t
E([Vinr,—["] < E[f(Vinr, )] < Gt + € [ (L+EV[%)ds < OE1tn/2, - (a1)
to

Taking r — +00, we can conclude that the explosion time is infinite and that the exponent p,,
satisfies the recurrence relation p, (v, k) = 1 + pa (7, £/2).

STEP 3. We refine the estimates obtained in the previous steps.

Fix k € [0, «). There exists 1 such that for all e < &1, k < o —¢ and o — ¢ > 1. Applying 21
with o — €, we can write

[ |:|‘/t|a7€i| < Cn,t0t1+pa(’y’(a_6)/2)'

10



Using Jensen’s inequality, we get
E [|Vt|'€] <O, totﬁ(l-i-pa(%(a—&)/?))’
and it suffices to let € — 0 to conclude. O

Remark 4.6. To study the asymptotic behavior, we will only need py(vy,7y) with v € [0, ).
Hence, estimates for E[|V|"] are sharp except for (a,v) € (1,2) X [1, ).

Example 4.1. Remark that the velocity process V' is more explicit in the linear case (y = 1).
Choose F(1) = p > 0, F(—1) = —p. Pick § # 1, then

v tl_B t Sl—ﬂ dL
= vy + exp (—p )/ exp (p ) s
' 1-8) )i 1-3

is solution of (SKEI).

-1
Hence, by an integration by parts, for § > 1 + - 1,
«

t
1-8_,1-8 t1—=8 s1—=8
~t —pih —BeP=h
0 )Lto—i—e -7 / S BePT 5 Lgds.
to

Vi =wo+ Ly — e?T5

Thus,
E[[Vi[] < Cy (tl/a n tl’ﬁ“/“) < Oyt

The case 8 = 1 can be treated similarly. So, we conclude that p, (1) = 1 when F(v) = pv. We
remark that the exponent is sharper than in Proposition [4.51

5 Proof of the asymptotic behavior of the solution

This section is devoted to the proofs of our main results, Theorems and [Z4]

Notice that it suffices to prove the convergence of the rescaled velocity process (61/ “Vije)t>et, in
the space D endowed with the Skorokhod topology. Assume for a moment that this convergence
is proved.

For ¢ € (0,1] and t > ety we can write

t
El-i-l/aXt/E _ E1-|-1/az0 +/ Vs(a) ds.

Et()

Let us introduce the mapping g- : V — (Vt, fatto Vs ds) defined and valued on D. Clearly,
t>0

the theorem will be proved once we show that g.( .(8)) converges weakly in D endowed by

the Skorokhod topology. This mapping is converging, as ¢ — 0, to the continuous mapping
Vs (v, Lyv,d ) .

g oo *) >0

In order to see V(&) as a process of D(]0, 4+00)), let us state for all s € [0, eto], v =y =

eto
e"/*vy. Call P., P the distribution of V() S, respectively. Invoking the Portmanteau theorem
(see Theorem 2.1 p. 16 in [Bil99]), it suffices to prove that for all bounded and uniformly

continuous function h : D([0, +00)) x D([0, +0)) — R,

[ hew)are) — hlg(w)) dP(d).
D([0,+00))? =20 (0400

11



Pick such a function h. By assumption, the convergence P. = P holds, hence, using Lemma[A 4]
it suffices to prove that the uniformly bounded sequence (h o g.) of continuous functions on
D(]0,4+00)) converges to the continuous function hog uniformly on compact subsets of D([0, +00)).
Let K be a compact set of D([0, +00)). Then, for all w € K, maxjy .4, |w| is uniformly bounded
by a constant, say M. Fix n > 0. By the uniform continuity of h, there exists § > 0 such that
forallw e K,

du(ge (W), 9(w)) <0 = [hog.(w) —hog(w)| <.

There exists €; > 0 small enough, such that for all ¢ < e, for all w € K,

[t

Therefore, we proved that it suffices to prove the convergence of the rescaled velocity process
(e"*V;/e)i>et, in order to prove Theorems 2.2 and 241
In Sections 5.1l and £.2] the aim is to prove the convergence of the velocity process.

du(ge(w),g(w)) < C < CetoM < 6.

5.1 Asymptotic behavior above the critical line

In the remainder of this section, we assume that v >0 and 8 > 14 p(y) — 1.

Proof of Theorem [2.3. Thanks to a change of variables, we have, for all € € (0,1] and t > &to,

t/e
Vi e =€/ (vo — Lty) + €/ Lyje — ' / F(V,)s P ds
to
¢

=e"/*(vg — Lyy) + €/°Ly). — P71 / F(Vye)u™” du.

Eto

By self-similarity, L) := (51/ *Ly/e)e>0 has the same distribution as an a-stable process. As a
consequence, thanks to Theorem 3.1, p. 27, in |Bil99] and Lemma [A3] it suffices to prove

VT >ty sup ’V}E) IO B0, ase o (22)

eto<t<T

Recall that under (1)), there exists a positive constant K, such that

(¢) ~
e/~ |F <V;/ ) < K|V (23)
E [e3
Modifying the factor in front of the integral, we get
1 1 t Vi
V& = ¥ (vg — Lyy) + L) — P71 *”/a/ F | S | du (24)
Et()

Gathering (24) and 23)), for all T' > et(, we have,

<e'*(vy = Ley) + P sup
cto<t<T

sup ‘Vt(a) — LEE)
eto<t<T

t (e)
/ gl 1: u P du
eto € /a

T
<e(vg — Ly,) + P71 / K ‘Vu(e)
to

.
uw P du.

12



Taking the expectation and using the moment estimates on V (ssee Remark [Z]), we obtain,
when 3 # pa(v,7) + 1,

T
g1/ / K|V
eto

Y (1 ) T Y
uP du| = P *”/Q/ KE |V ] u? du
eto

T
B / KE [|[Vo|"] u™ du
Et()
T
< gh-1=paly: M)+ o KCop toupa(%v)—ﬂ du
” B,
- C (EB—l—pa(v77)+1/ana(%v)—ﬂ+1 _ tga(%’r)*ﬁJrlEl/a) )
Hence, setting ¢ := min(8 — 1 + é = Pa(7,7); é) which is positive, since 8 > 1+ pa(v,7) — é,
we get
E [ sup ‘V;(E) — LEE)

cto<t<T

| - 06

—0

The case 8 =1+ pa(7,7) can be treated similarly to get

[E[ sup ‘Vt(aLLP

eto<t<T

] =, O(/*1n(e)).

This concludes the proof, setting p(7y) := pa(7,7)- O

Remark 5.1. Observe that we did not use the condition "y < 1 or for allv € R, vF(v) > 0" in
this proof, except to get moment estimates.

5.2 Asymptotic behavior on the critical line

We adapt the Proposition 2.1, p. 187 of [GO13] to the a-stable Lévy case.
Pick a C2-diffeomorphism ¢ : [0,#1) — [to, +o0). Let V be the solution to the equation (SKEI).
Thanks to Proposition 3.4.1 p. 124 in [ST94], the following process is also an a-stable process

B ([ 557), .0 e

Then, by the change of variables t = ¢(s), we get

! P E(Vip(s)
le(t) *ch(o) :/0 QDI(S)I/Q dRS */0 ﬁ(pl(s) dS.

Thanks to an integration by parts, we get

Vi (s (s)L e ©"(5) V(s
A —2&) ) —qr, -2 py ) )ds — £8)_ g
(@’(8)1/“> ©(s)P Vo) ds ! (s) @' ()"

Set Q = D([tg,00)) the set of cadlag functions, that equal co after their (possibly infinite)
explosion time. Introduce the scaling transformation ®, defined, for w € €, by

w(e(s))
¢ (s)

As a consequence, we obtain the following result.

Dy (w)(s) =

, with s € [0,%1).

13



Proposition 5.2. If V is a solution to the equation (SKE), then V(#) := &,(V) is a solution

to
/ 1-1/a ”(S) V(SD) Vv 0
V) = ar, — £ ey @y as - SOV g v 2 Ve g6
p(s)p PP TV ds = o o= oy 29

where R is given by (25).
Conversely, if V¥) is a solution to 20), then @;1(V(‘P)) is a solution to the equation (SKE),
where .
Li- Ly = [ (¢ 00™)(s) dRprsg,
to

Furthermore, uniqueness in law, pathwise uniqueness, strong existence hold for the equation

(SKE) if and only if they hold for the equation (26)).

In the following, we will focus on an exponential change of time ¢, : 0 < t > tge!. This
scaling is convenient since it allows to produce a time-homogeneous term in (26). Thanks to
Proposition 5.2, the process V(¢ := ®.(V) satisfies the SDE driven by an a-stable process
(Rt)t>0,

‘/s(e)

d‘/s(e) — dRS o ds — té_l/“_ﬁe(l_l/a_ﬂ)sF(té/aes/“‘/s(e)) ds. (27)

Proof of Theorem[2.7} Assume in the sequel that 8 =1+ 77_1
STEP 1. Firstly we prove the finite-dimensional convergence.

Since () holds, [27) becomes

(e)
dv,® = dRr, — Valgs F(V{9)ds. (28)

(0%

Using the bijection ®,. induced by the exponential change of time (see Proposition [5.2]), and the
unique strong existence of the velocity process V (see Proposition and Remark [Z6]), there
exists a pathwise unique strong solution H to the time-homogeneous equation (28). Hence, we
have the equality

‘/toet )
— = (Ht)t>o,
((toet)l/“ t>0 (Heez
as two solutions of the same SDE, starting from the same point. We can write the above equality
as
Vi
<t—/) = (Hiog(t/to) ezto-
t>t
So, we have, for all e > 0, d € N*, and (t1,--- ,tq) € [to, +00)%,
V —1¢ V —1¢
((agltl)ll/a o (ssltd)dl/a) = (Hiog(ts/t0)tlog(e=1)> " s Hiog(ta /t0) +1og(c 1)) - (29)

Since limsup|, -4 M < 0, it follows from Proposition 0.1 in [Kul09] that the pro-

cess (Hy)i>o is exponentially ergodic. We denote its invariant measure by Ap. Call H the
solution of the time homogeneous equation (28) starting from Ap. For ty,---,tq € R?, let
Apiy oty == L(Hy, -+, Hy,) be the distribution of (Hy,,---,Hy,). Then, for all s > 0,

)

Apty...ty = AFt,+s,.. t,+s- Indeed, thanks to the invariance property of Ap, (I;T.) and (Hets)
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satisfy the same SDE, starting from the same point. As a consequence, we get the stationary
limit

Ly £ (Hlog(tl/to)ﬂog(s*l)’ S ,Hlogad/tomog(s*)) = Arog(t: /o). Jog(ta/to)-
Moreover, by exponential ergodicity, setting || - |7y for the total variation norm, we deduce
H‘C (Hlog(tl/tgs)a T aHlog(td/tgs)) - L (Hlog(tl/tos)a T aHlog(td/tos)) HTV ‘3 0.
Hence, by 29), we get
Ve Ve-1y
<(5—€1t1)11/a’.” ’ (5—1td)dl/a =0 AR tog(ts /t0), -+ Jog(tato)-

This can also be written as
(El/a‘/tl/g’.. . ,gl/av;d/e) j) T*AF,log(tl/to),---,log(td/to)’

where T % Ap1og(t1 /), log(ta/to) 15 the pushforward of the measure Ap og(1, /t0),-.- log(ta/to) PY

the linear map T'(uq, -+ ,uq) := (ti/“ul, e ,t;/“ud).

STEP 2. Let us prove now the tightness of the family of distributions of cadlag process (V(E)) -
(EI/QW/E)t>EtO on every compact interval [m, M], 0 < m < M, provided that p,(y) < 2.

We check the Aldous’s tightness criterion stated at (16.23) p. 176 in [Bil99]. Let a, 1, T be
positive reals. Let 7 be a discrete stopping time with finite range 7, bounded by T'. Choose
0 > 0 and € > 0 small enough.

We have, by Jensen’s inequality, for » = min(1, o),

6
F [ / K ‘Vu@)

Since L(®) is an a-stable process, by the strong Markov property,

e[

The stopping time has a finite range 7. Hence, we can write

T+ y i T+ ~
[E/ K‘Vu(s) wPdu| =E [E/ K‘Vu(g) u*ﬁdu‘T

[ 1 Ti+0 ()7 p
=E|Y ———E |1, K‘VE “Bau|1,—,
[P(Tfﬂ'> {r= 1}/ u u u { it

i

! T e
<[ __ 1 F K}Va
<0\ et |, K

LT €T

VO, - v

T} <t HLSEJ)J - LY

}-l—[E

~
uP du} .

L) — L9 | =E[EL, [ILs — Lol")) < €37

ikl
’U,_B d’u,‘| ]1{72,,.1.}

For each 7; € T, using the relation 5 = 1 + (7;1) and the moment estimates on V' (see Re-
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mark 2.0]), we obtain

Ti+6
E / K ’Vu(‘f)

i

~ Ti+6
u=? du :/ KE HVU(E)

Y Ti+6
< Kgg—pa(%v)/ wPe (=8 qu

Ti

’Y} w P du

= Kea—Pa(y) |:(Tz +5)pa(7,v)+1% _ Tm(va%}

< Kes—pa(r) §lpa (v +157
The term 51,1)@(’777)_’_1—% ha,S to be read as 5 or 5?&(71'7)4‘17% depending on the fact that RN
2PN+ ig a Lipschitz continuous function on [0,7 4 6], if « < 1, or a (Pa(v) n 1—;’1)—H61der

function, if o > 1.
By Markov’s inequality, for ¢ small enough and provided that = — p,(v,7) > 0, we have

P (
This concludes the proof of the tightness of the velocity process and therefore the proof of
Theorem 2.4 O

KeZ—pa(ry) glipaly )+

T

za)g <.

a

6 Extended results in the Lévy case

In this section, the driving noise of ([SKEJ) is supposed to be a general Lévy process L. We denote
by (A,v,b) its generating triplet, with respect to the truncation function h : z — —1V (z A 1).
Here v is the Lévy measure, A > 0 and b € R. This means that, in virtue of the Lévy-Khintchine
formula (see Theorem 8.1 p. 37 in [Sat99]), the characteristic function of L; is given by

2
E [emLf] = e where i(u) == fATu + ibu + /(emx —1—uh(z))r(de).
R

Pick a € (0,2) \ {1}. The Lévy measure v of the driving noise is supposed to satisfy either

9(2)

vz) =
( ) |Z|1+a5

where g is a measurable function admitting the following positive limits at +oo:

to_ -
¢i= lim g(z), ¢ = lim g(z),
(H{™)
or
for some o > 1, / |2|* v(dz) < +oo0. (Hy ™)
|z[>1

Remark that if v satisfies (H; ")) with a > 1, then it satisfies (H, *°)). Note that any truncated
A}

a-stable process and any tempered stable process satisfy (
For clarity, we recall the stochastic kinetic model: for ¢ > ¢y > 0,

AV, = dLy — t PF(V;) dt, with Vi, =vo >0, and dX; = V;dt, with X;, =20 € R. (SKE)

We work under the assumption that there exists a unique solution to (SKE). We will show
that Theorem can be extended with this general Lévy driving noise. We suppose first the
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Lévy process to be without a Brownian component. This case will be discussed, in Section
We obtain the two following theorems, depending on which hypothesis is satisfied by the Lévy
measure V.

Theorem 6.1. Consider v > 0 and § > 0. Assume that (H, ) and Hsgn) are satisfied and
define

I if a € (0,1);

I if v € (1,2), y€10,1) and b= 0;
Pa() =< 7, if a € (1,2), v €1[0,1) and b # 0;

ol ifae(1,2), y=1;

I+3, faec(l,2), ve(l,a)

Let (Vi, Xt)t>t, be the solution to (SKEI).
Then there exist a rate of convergence € and a Lévy process L, given in Proposition 63 (iii)-(v),
such that, as e = 0, if § > 1+ pa(y) — 0, in the space D,

t
(EBVt/saEHGXt/s)tzeto - (Et,/ Esds) .
0 t>0

Theorem 6.2. Consider v > 0 and 8 > 0. Assume that (Hs “°|) is satisfied and define

Y, Zf’y € [Oa 1)7
peul3) 1= { min(r, 2 + ). i1 € 0,1) and vF(w) > 0
o%"'%’ if v € [1, ) and vF(v) > 0.

Suppose that > 1+ pa,(y) — 1. Let (Vi, Xt)i>1, be the solution to (SKEI).
Then there exists a Lévy process L, given in Proposition [6.3 (iii), such that, as € — 0, in the
space D,

t
(EVt/sa€2Xt/s)tzato - (ﬁt,/ Esds) .
0 t>0

6.1 Large time behavior of the Lévy driving noise

Since the Lévy noise is no longer self-similar, we need to study its large time behavior. We
dedicate this subsection to the study of the convergence in distribution of the rescaled noise
(LEE))QO := (veLy/e)t>0, for a suitable rate v., tending to 0.

We introduce another assumption on v, which will sometimes be imposed in the sequel:

o0 o
9(2) dz, where g is a measurable function with / w

— dzr < 400.
s 1 =2

(Hy)

v(dz)

Inspired from [RT11], we get the following result.

Proposition 6.3. Let (L;)i>0 be a Lévy process having generating triplet (A, v,b), with respect
to the truncation function h:zw— —1V (z A 1).

(i) Assume that the Lévy measure satisfies the condition (H; ™)) with o = 1 and (Hg). Then the

process (ELt/E)t>O converges in distribution to the strictly 1-stable Lévy process L generated

by (0,v*,b*), where b* := b+ f;roo % (z—h(z))dz and

ctl.s0+ ¢ 1o

v*(dz) := 5 dz.

E
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(i) Suppose that the Lévy measure satisfies the condition (H; ") with 1 < a <2 and (H). If

b ;b+/+w%(zh<z»dz¢o,

then the process (ELt/E)t>O converges in distribution to the deterministic Lévy process L
generated by (0,0,b%).

(i1i) If the Lévy measure satisfies (H, °°) and b* := b+ fIZ\21 (z — h(2))v(dz) # 0, then the
process (ELt/E) converges in distribution to the deterministic Lévy process L* generated

by (0,0,0%).

t>0

(iv) Assuming that 0 < a < 1, if the Lévy measure satisfies the condition (H; “|), then the
process (sl/aLt/E)DO converges in distribution to the a-stable Lévy process L with
ctlso+c 100

v*(dz) := |Z|1+a dz.

(v) Assuming that 1 < a < 2 and b = 0, if the Lévy measure satisfies the condition (H;"),
then the process (El/aLt/E) converges in distribution to the Lévy process L with measure

and center

>0

1, -1,
v*(dz) = < >|Z|J1r+ca L4z, b ::/ zv*(dz).

Proof. From the Lévy-Khintchine’s formula, the generating triplet of (L(%));>¢ := (veLy/e)i>o0 is
given by

A® = %A; (30)
for all B € B(R), v*(B) = ¢ 'v({z, 2v. € B}); (31)
b* = 1;—6 [b + /* (v " h(vez) — h(2)) V(dz)] . (32)

Call (A*,v*,b*) the generating triplet of the limiting process £. By Corollary 3.6 p. 415 in
[IS03] and Theorem 14.7 p. 81 in [Sat99|, we have to check that, as ¢ — 0,

oo b (33)

AEJr/*hQ(z)l/E(dz) — A*Jr/ R (2)v*(dz), (34)

5

and that for any continuous and bounded function f which is zero in a neighborhood of zero,

. f()f(dz) — . f(z)r*(dz). (35)

(i) Recall that @ = 1 and assume that the Lévy measure v satisfies the conditions (H; ")) and

To prove [B3), we write b° as

b*=b+ /+OO %;qa(—z) (e7'h(ez) — h(z)) de.
0 z
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The dominated convergence theorem can be applied, and we show that it converges to
+o0 o
o [T
1 X

Observe that the condition (H,)) was only required for this step.
Afterwards, note that, using a change of variables,

/* R2(2)° (dz) = v2e™! / hQ(z)gé%j:) dz,

and thus, we can apply the dominated convergence theorem to prove that the last integral
converges to

/ () (d2).

Let f be a continuous and bounded function which is zero in a neighborhood of zero, then,
using again a change of variables and applying the dominated convergence theorem,

. ff(dz) — fz)v*(dz).

e—0 R*

(ii) The proof is similar to the previous one and thus is left to the reader.

(iii) In this point, we assume that (H, “°|) holds.
The convergence (B3)) follows from the dominated convergence theorem.
Using the explicit form of the truncation function, we get, for v, < 1,

/* R%(2)vf(dz) = / e h% (voz)v(dz)

= 5/ 2?v(dz) —|—/ e2%v(dz) —|—/ e ty(dz).
0<lzl<1 1<s|<e o] >e—1

Using the property of a Lévy measure, the first term in ([B6]) converges to zero, as ¢ — 0,
by assumption. Then, the last two terms in (B6]) are lower than

ot [ T vide) 4=t [ )
<|z|<e™ z|>e™

which converges to zero, when € goes to zero, since ag > 1.
Let f be a continuous and bounded function and assume that there exists § > 0 such that
f(z) =0 for all |z| <4, thus,

N f(z)ve(dz) = / - e f(vez)v(dz) < Cao‘o_l/ |2]* v(dz).

|z1>2

(36)

This vanishes, as ¢ — 0.

(iv) Take 0 < ar < 1.
Using the explicit form of h, giving in Proposition [6.3] we have,

_87
b* = Ei_lb—i—/ [ea~ — e Y w(dz) —|—/

€

o

+o0 .
7! —eau(dz)

_1
a

1
o

el /1 (z+ Dv(dz) +ea" /16 (z — 1)v(dz).

1
—e &
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Since ¢ has finite limits at infinity, for any § > 0, we can choose > 1 big enough so that
lg(z) —cT| < é for 2 > n, and [g(z) — 7| < § for z < —n.
Hence,

13 g
1imsup5§_1/ (z—1Nw(dz) = 1imsup5i_1/ (z = 1v(dz)
1 n

e—0 e—0

‘ -1 T +o
Slimsupséfl(ch—i—é)/ < de = < o
x
U

e—0

Similarly,

g 13
liminfen ! / (z—1v(dz) = liminf e ! / (z — 1)r(dz)
1 7

e—0 e—0
1
e o +
. 1_ z—1 ct—6
> liminfea (¢t —6) dz =
e—0 . Zlte 11—«

The choice of § being arbitrary, we get

lim 5571/ (z—1)v(dz) = c
1

e—0 1—a

If £ is small enough, then we can upper bound

+oo
limsup/ [e' — e u(dz) < limsup(e ™' — ex N (¢t + 8)v([e™ =, +00))

1
e—0 T e—=0

= limsup(1 — Ei) = .
e—0 « «

Moreover,

—+o0
hminf/ [e™' — e Yu(dz) > liminf(e ™! — e ) (¢t — S ([~ =, +00))
e=0  J-% e—0
Lt =6t =6
= liminf(1 — e% )< ——
e—0 [0 «

Similarly, this leads to

e—0 e 11—«
and,
_1
. T 1 1 c
lim o™ —e y(dz) = ——
e—0 00 «
Hence, we obtain
+ _ p—
lim b* = ——°_
€0 a(l —a)
Since, f[R* h(z)v*(dz) = %, the drift coefficient of the limiting process equals zero.

The proof of ([B4) and ([B5) are identical to the one done in (7).
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(v) Take 1 < a < 2 and assume that b = 0.
After a change of variables, we can apply the dominated convergence theorem to

1o
£ /o —1/a g yE
b :/*(h(y)—s/h(ya /))Wdy.

The proof of ([B4) and ([B5) are identical to the one done in (7).

6.2 Proofs of Theorems and

In this section, we suppose that S > 1+ po(y) — 0, where 0 is the exponent of the rate of
convergence given in Proposition and p,(7y) is given in the statement of Theorems and
Recall that (V;)¢>¢, is a solution of (SKEI).

6.2.1 Moment estimates of the velocity process

As in Section [} we will show that there exists a constant C, , g+, such that
Wt > to, E[Vi["] < Cmpito pt™ "), (37)

where p, (7, k) has to be detailed.
Proposition 6.4. Pick o € (0,1). Assume (H") and (Hsgn). For any v, B, the explosion

time Too s a.s. infinite and for all k € [0, ), there exists Cy 4, p such that, we have
" K

Vt > to, E[|Vi]"] < Chutopt™, or equivalently pa (v, k) = —

@

Proof. The proof is analogous to the proof of Proposition[4.2l The term ftto bf! (Vs)ds is bounded

by |b|t since ||f)|lcoc < 1. Moreover, since v satisfies with a < 1, the process L] :=
> <<t |AL| satisfies the conditions of Theorem 3.1 ¢) in [DS15]. Thus, for all £ € [0, «), for all
t> th

E[|Lf]"] < Cro ot

The estimates for V follows. O

Proposition 6.5. Assume either (Hy ") or (H}") with o € (1,2). For any ~y € [0,1) and any
B € R the explosion time T is a.s. infinite and for all k € [0,1], there exists Cy 1 5.4, and Cy 1,

such that under (H{"|), we have

Vi > to, E[Vil] < Cyompiot® + O D] 2. (38)

Or equivalently po (v, k) = £ if b =0, and pa (v, k) = K, else.
And under , there exists Cy . 8,106 Such that we have

Vt > to, E[[Vi]"] < C, k.p,t0,68"

Proof. We explain the differences with respect to the proof of Proposition Under each
hypothesis on the Lévy measure v, the Lévy process has a first finite moment. We write L; as
the sum bt + L;, where L is the Lévy process without the drift part.

We get,
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t
EVinr,[] < Cug [0t +E [[Zins, || + K [ s PE[Vinr, -] ds.

to

The proof of Theorem 3.1 (a) p. 3861 in [DS15] can be adapted to estimate the moment of the
Lévy process stopped at the stopping time 7,., given by (@).

(i) If the Lévy measure v satisfies (H; ")) with 1 < o < 2, then it satisfies the conditions of
Theorem 3.1 (a) and (c) in [DS15]. Thus, for all x € [0, 1], there exists C}, ., such that, for
all t > to,

E HEWT*

K
:| S Ct(),lit7

and,
[

K K
} < Oy it

(i) If the Lévy measure v satisfies (H, °°), then it satisfies the conditions of Theorem 3.1 (a)
in [DS15]. Thus, for all x € [0, 1], there exists Cy, . such that, for all ¢ > ¢,

[Himn_

K
:| S Cto,nt-

Applying again the Gronwall-type lemma (see Lemma [A]) and Fatou’s lemma, for 3 # 1, we
end up with

1

1-— PR
Crot + (1—7K(t1—ﬂ —tg 5))

vt > to, E[|Vinr || < liminf E[|Vir, -[] < C, < +00.

The case =1 can be done in a similar manner.
We conclude that the explosion time of V' is a.s. infinite. To refine the estimates under the
hypothesis (H; ")), we apply again the Gronwall-type lemma to

t
ENVill < Coo lt +E[|Ze|] + K [ s PEQVAI ds.
to
This proves (38)) since 'val +1-8<0. O

Proposition 6.6. Assume that for all v € R, vF(v) > 0. Pick v € R and 8 € R. For each of
the following cases, the explosion time T s a.s. infinite.

(i) Assume (H{") and a € (1,2). Then,

for k € ]0,1], there exists Cy. 4, such that
Vt > to, E[|Vi]"] < Cuptot”, or equivalently po (7, k) = K;

for k € (1,a), v €[0,1) and b =0, there exists Cy 4, such that

. 3
vt > to, E[[Vil"] < Gyt ¥, or equivalently pa (v, %) = 5=
a
for k € (1, ), there exists Cy y, such that
K £y s . R K
Vit > to, E[|VA]"] < Crot>T2, or equivalently po (v, k) = — + 3
a

22



(i1) Assume (H, “°)). Then,

for k € 10,1], there exists Cy ¢, such that,
Vt > to, E[|Vi]"] < Chupot”, or equivalently p(v, k) = k;

for k € [0, ), there exists Cl, 1, such that

vt > to, EVil"] < Cuuat %, or equivalently p(y, k) = = + 5.
(&7)]

Proof. We highlight only the differences with respect to the proof of Proposition When
working under , we will pick k < ag during the proof.

STEP 1. We adapt the estimates of the Itd’s formula’s terms.

There is an additional term in ([I2)), given, for ¢ > ¢g, by

/ T pwabas,

to

The other terms of (I2]) can be estimated in the same way. This leads to the same bound as in

@):

E([Virr, "] S E[f (Vear, )] SE[f Vi)l + [ IE[S (Vaar,—)[]ds + E[t A 7] x

to

1
77”/21/(|z| >1) +/ |2|" v(dz) + =k(3 — K)UR/Q_l/ 2’21/((12) < Cp ot
221 2 <lzl<1

0

Hence, this step can be concluded identically as in the proof of Proposition
STEP 2. We estimate R, given by (I4]) in another way.
The inequality (2I]) becomes

t t
E([Vinr,—["] < E[f(Vinn,)) < Gt +.€ [ E[VI7]dst [ BE[Vi]as,
to

to

Hence, since k — 1 < 4, using the Step 1, we conclude. The last step is identical under (H; %)
and can be done with «p instead of @ — e, under (H, °°). O

6.2.2 Proofs of Theorems and
We are now in position to give the proofs of Theorems [6.1] and Assume that either (H;™")

or is satisfied.

As in the a-stable case (see Section ), it suffices to prove the convergence of the rescaled velocity
process (V,'9)sso = (veVise)t>o0-

Thanks to Proposition 6.3, there exists 0 € {1,2} such that L) := (¢?L,/.);>0 converges in
distribution.

For sake of simplicity, we omit the dependencies of p with respect to o and «g. Assume that
v>0and 8>1+p(y)—6.

We can write, for T' > ety,

ol
sup ‘Vt(e) — Lﬁf) u P du.

T
<we(vg— Ly, ) + 02775571 / K ‘Vu(g)
eto<t<T eto
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Using the moment estimates on V' (see Section [.21]), this leads, with 8 # p(v) + 1, to

T
VI eP1E / K ‘Vu@
Et()

Hence, setting ¢ := min(8 — 14 0 — p(7), #), which is a positive number since 5 > 1+ p(vy) — 0,
we obtain

¥
uw P du

<C (vssﬁ—l—p(v)Tp(v)—BH _ t’g“)*"“vg) .

E [ sup V& — {9
cto<t<T

] =, O

The case 8 =1+ p(7) can be treated similarly. This concludes both of the proofs.

6.3 Lévy driving noise with a Brownian component

We extend the results given in Theorems [6.1] and to a driving noise having a Brownian
component. To this end, we decompose the Lévy noise as the sum of a Brownian part (B;)i>o0
and a Lévy part without a Brownian component (L;);>o.

Remark 6.7. The reasoning is the same with a Lévy process L instead of the Brownian driving
process. Indeed, let v be the rate such that (V:L/.)i>0 converges. The conclusion follows,
provided that 0= 1v. tends to 0.

Pick p > 0. We consider the following one-dimensional stochastic kinetic model, for ¢ > ty >
0,

:
av® = dL; + dB, — t—" psen(V,?) ‘V(Q)‘ at, VO = € R,
t t t psg ( t ) t to 0 (SKE2)

and  dX” =V, at, X? =z e R.

We compare this solution with the solution of the equation driven by a Lévy process L without
a Brownian component. From now on, for sake of convenience, the solutions of (SKE) with
F(v) = psgn(v) |v|”, will be denoted by (\/;(1), Xt(l))tZto instead of (Vi, Xt)i>1,-

The asymptotic behavior of the latter SDE is given by Theorems and We will show that
the Brownian part has no contribution.

Let us first point out some results about existence up to explosion of (SKE2).

Proposition 6.8.
(i) When v > 1, (SKE2) admits a unique solution up to explosion.

(ii) Pick o € (1,2). If (SKE2) is driven by the sum of a Brownian motion and an a-stable
process, then, if 0 <~ < 1, there exists a solution of (SKE2]).

Proof.

(i) Since the drift coefficient is locally Lipschitz, by a standard localization argument, using
Theorem 3.1 and Remark 2 p. 338-339 in [Kun04], there is a unique solution defined up to
explosion.

(ii) Since the drift coefficient is a continuous function, using a standard localization argument,
we can apply Theorem 3.1 p. 866 in [Kur(Q7| to conclude.

O

Assume in the following that (SKE2) admits a unique solution up to explosion.
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Theorem 6.9. Consider v > 0 and 8 > 0. Let (Vt(Q),Xt(Q))tZtO be a solution to (SKE2).
The Lévy noise is supposed to be the sum of a Brownian noise (Bi)i>0 and a Lévy process
(Lt)1>0 without Brownian component. Suppose also that (SKE) satisfies the conditions of either
Theorems 61 or[GA Then (V)| X?) has the same asymptotic behavior as (V1 , X V) which
1s given in Theorems 6.1l and [6.2.

Proof. For i € {1,2}, let us introduce the following rescaled processes:
(V) isepy 1= (vthZ))tZto, (X )izety = (EUeXt(/?)tZtoa and (B{”)>0 := (VEB..)iz0-

We write, for all t > ety,

t (1) (2,¢)
Vu Vu -
VJLELVF*&’:vgBtofvee—%BEE’fvi”Eﬂ_l/ v <F< 7 )1 < 7 >>u o
eto Ve Ve

Hence, by Itd’s formula, we get

(v - V(Q’E))2 — v?B2 - 2/t
t t - YeHto
&

to

t (1,6) (2,6)
— 2plTeht ve) _y@ea) [ F Va - F Va uw? du.
£ ot S S £ ,UE’Y vg
0

The last term on the right-hand side of the upper equality is positive since F' is an increasing
function.

Moreover, we can apply BDG inequalities (see Theorem 73 p. 222 in [Pro05]) to the local
martingale, defined by

(VS(LE) — VS(Q’E)) vee 2 dBE) 4 vZe T (t — eto)

t
M, = _2/ (V9 v @) v B,
€

to

This yields, for each 7' > 0,

T 2
[E[ sup ME] <E lawfgl / (%(1*5)—1@(275)) ds].
15

eto<t<T to

For the sake of clarity, given x and y, we introduce x < y to mean that there exists a positive
constant C such that x < C'y. We get

4
[E{ sup (Vt(l’a) 4/}2’6)) ] S i [BE] +v§52T2+[E{ sup ME}
cto<t<T cto<t<T
T
< IE[BL] +ule T2 4 doZe ! /

~J
eto

E [(Vs“’s) - Vs(“)ﬂ ds.
Hence, using that for all real a, a? < a* + 1, we deduce that

E [ sup (Vt(l’g) - %(2,5))1

eto<t<T

T 4
< vf[E [Bfo} + U§E_2T2 + 41)?5_1T + 41)?5_1/ E [ sup (Vt(l’g) — \/;(2’5)) ] ds.

eto eto<t<s
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Applying Gronwall’s lemma, up to stopping times, we get

4
- [ tsgtp<T (Vt(LE) N ‘/;5(276)) ] < (VAE[Bi] 4 vie™?T? + 402e™'T) exp (402 (T — ety)) .
EloSts

We deduce also that

4 4
[, (07w e (00 -ve)]

cto<t<T eto<t<T
ST (vIE [BE)] +vie?T? 4+ 4v2e™'T) exp (4v2e (T — eto)) -

Hence, (Vt(l’e) — Vt(2’6),Xt(1’E) — Xt(Q’E)) converges uniformly towards 0 in probability on
t>et
compacts, as € goes to zero. ’

The conclusion follows from Theorems [6.1] [£.2) Theorem 3.1, p. 27, in [Bil99] and Lemma [AZ3l
O

A Some technical results

Let us state first a Gronwall-type lemma which has been used to get moment estimates.

Lemma A.1 (Gronwall-type lemma). Fiz r € [0,1) and t¢ € R. Assume that g is a non-
negative real-valued function, b is a positive function and a is a differentiable real-valued function.
Moreover, suppose that the function bg” is a continuous function.
Assume that .

Vit > to, g(t) < a(t) +/ b(s)g(s)" ds. (39)

to

alt) + ((1 _r) /tt b(s)ds) _] .

Remark A.2. Call H(t) the right-hand side of B9). If g is not continuous, note that the
function H is still continuous and satisfies B9) (since b is positive and g < H). So, one can
apply the lemma to H and thereafter use the inequality g < H.

Then, setting C, := 277,

Vt > to, g(t) < C.

We sketch the proof for the sake of completeness.
Proof of Lemma[Adl For t > tg, since r > 0, and b(t) > 0,
t T
a'(t) +b(t)g(t)" <a'(t) +b(t) (a(t) +/ b(s)g(s)" ds) )
to
. t o .
That is, as [, b(s)g(s)" ds is non-negative,
a'(t) + b(t)g(t)" a'(t)
(a(t) + fti b(s)g(s)" ds)T - a(t)"

Integrating, since r # 1, we get

(1—r)"" [<a(t) +/tt b(s)g(s)Tds)

1-r

- a(to)l_T] < (1=r) " [a(®) " — ato) 7] + / b(s) ds,
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or equivalently, using that r < 1, we have

t

HO)" < a(®)=" + (1 — r)/ b(s) ds.

to

Since -~ > 0 and using (39)

gt) < (aw-r +(1-7) / t b(s)ds> <o

to

alt) + <(1 —) /t:b(s)ds> ] .

This concludes the proof of the lemma. O

We state now a technical lemma about the convergence in the spaces C and D. We recall
that the space of continuous functions C is endowed with the uniform topology

—+o0
L,
du f.g € C((0,4+00)) = Y oo min (1, sup [ —g| ).
n=1

[;,n]

Set A := {\: RT — RT, continuous and increasing function such that A(0) = 0, , 1irg1 A(t) = +oo}
—+00

and
1, if L <t<n,
kn(t) =¢n+1—-t, ifn<t<n+l,
0, ifn+1<4.

The space of cadlag functions D is endowed with the Skorokhod topology ds defined for f,g €
D((0, +00)) by

+oo
1
Z on min (1,inf {a s.t. A € A, sup

n=1 s#t

log

w‘ <a, ig}g [kn(t) (f o A(t) — g(1))] < a}) .
Lemma A.3.

(i) The uniform distance is finer than the Skorokhod one i.e. ds < d,,.

(i1) Let (fe)e>o0, (he)e>0 be two sequences of functions of D. If for allm > 1,

sup | fe(t) — he(t)] B 0ase— 0,
te[%,n]

then d(fe, he) = 0, where d € {dy,d,}.

Proof. Let f, g be two cadlag functions. The first point is true using the definition of the metrics
ds and d, and noting that

log

inf {a s.t. IA € A, sup =

s#£t

Lﬁ‘(s)’ <a, stl>118|k‘n(t) (f(A®) = g(®))] < a} < suw |f—gl.

[z on+1]

Let us now prove the second part. Assume that for all n > 1, SUP[L ) |fe — hel P 0,as e — 0.

“+o0
Fix 7 > 0 and choose N > 0 such that > 5+ < Z. Then,
n=N+1
N -l
d (for he) < du(fe, h )35+212—n Sup |fe — hel



O

For the sake of completeness, we state and improve the result of Problem 4.12 p. 64 in [KS9§],
on a general metric space.

Lemma A.4. Let S be a Polish metric space endowed with a Borel o-field S. Suppose that
(Pn)n>1 is a sequence of probability measures on (S,S) which converges weakly to a probability
measure P. Suppose, in addition, that the sequence (fn)n>1 of real-valued continuous functions
on S is uniformly bounded and converges to a continuous function f, the convergence being
uniform on compact subsets of S. Then, we have

n—-+oo

lim [ £u(e)dPu(w) = [ f0)aPG)

Proof. Notice that, since (P,),>1 converges weakly thus, it is tight. So, for each € > 0, there
exists a compact subset K of S such that for any n > 1, P,(K) > 1—e.
Let us decompose

/fndPn—/fdP:A+B+C+D,
s s
where
A= fndPy, B::/(fn—f)dPn, C .= fdP,, and D::/fdPn—/fdP.
S\K K S\K s s
Let M be a bound for the sequence (f,). Thus, by the choice of K,
|A| < MP,(S\ K) < Me.

The third integral can be treated analogously. Besides, since the sequence (f,) converges uni-
formly on K to f, there exists n. such that for all n > n., supg |fn — f| < e. Thereby, we
get

The last integral is smaller than ¢ for n large enough, since P, converges weakly to P, and this
concludes the proof. [l

Remark A.5. Lemma[A.4] could be applied with S = C([0,4+00)) or D([0,+00)). However, the
result for S = C([0,+00)) is already contained in Problem 4.12 p 64. in [KS98/.
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