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Abstract

We provide posterior contraction rates for constrained deep Gaussian processes
in non-parametric density estimation and classification. The constraints are in the
form of bounds on the values and on the derivatives of the Gaussian processes in
the layers of the composition structure. The contraction rates are first given in a
general framework, in terms of a new concentration function that we introduce and
that takes the constraints into account. Then, the general framework is applied to
integrated Brownian motions, Riemann-Liouville processes, and Matérn processes and
to standard smoothness classes of functions. In each of these examples, we can recover
known minimax rates.

Keywords: Gaussian priors, deep Gaussian priors, Bayesian inference, nonparametric den-
sity estimation, classification, posterior contraction, smoothness classes, Matérn covariance
functions.

AMS 2000 subject classification: 60G15; 62G05; 62F15

1 Introduction

(Gaussian processes are widely used in statistics and machine learning to model a wide range
of data [37]. They have become a popular method for a large range of applications, such
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as geostatistics |7, 32, 35], numerical code approximation [39, 41, 2|, calibration [34, 3],
and global optimization [23]. In particular, they have been adopted in nonparametric
Bayesian methods for constructing prior distributions for infinite-dimensional statistical
models in several settings. Many related theoretical contributions were obtained since the
late 2000’s |15] and practical contributions have been developed even before [26]. We refer

to the following books on the topic [37, 18] and the references therein. For instance, when
considering the nonparametric estimation of a density relative to some measure p from a
sample (X1,...,X,,), one may consider as prior distribution the random density

6Z(x)

S )

where (Z(x))zex is a Gaussian process indexed by the space X of the observations. Here
the exponential form forces the prior to weight only nonnegative functions and the renor-
malization permits to integrate to unity. We refer to Section 3.1 for more details on this
context and also to, e.g., [37, 27, 12, 17]. Dealing with classification is also of interest and
can be handled again using Gaussian processes. Here the estimation of the binary regres-
sion function P(Y = 1| X = z) can be done from a bivariate sample ((X1,Y1),..., (X, Ys))
and using priors of the form
fz(z) = ¥(Z(2)),

where U is a fixed measurable function from R to (0, 1). We refer to Section 3.2 and [11, 18]
for more details on this context. Other settings have also been considered in the literature
as regression with fixed covariates |15, 10], and white noise models [15] to name a few. In
the literature, several examples of Gaussian priors have been considered as the integrated
Brownian motion [15], the Riemann-Liouville process [15, 8], the Matérn process [11], and
the exponential process [19].

Now given a prior as illustrated in the previous paragraph and the observations, Bayes’
rule leads to a posterior distribution on the function of interest defining the unknown data
distribution. One is then typically interested in proving posterior consistency, meaning
that the posterior distribution converges to this function of interest as the sample size goes
to infinity (see, e.g., [1]). Another question of interest is the one of rates of contraction
of posterior distributions based on Gaussian process priors. In a nutshell, the rate of con-
traction of the posterior corresponds to an ¢, as small as possible such that the posterior
probability of the ball centered at the function of interest and of radius ¢, still converges
to one in probability. Other directions have been investigated. In particular, while upper
bounds are avalaible and express in terms of a concentration function involving the repro-
ducing kernel Hilbert space (RKHS) associated to the Gaussian prior, the author of []
exhibits lower bound counterparts. More recently, more flexibility has been allowed con-
sidering a randomly rescaled smooth Gaussian field as a prior that adapts to smoothness
[17].

In this article, we consider deep Gaussian priors to reach further generality, similarly as
deep neural networks are exploited to go beyond standard shallow neural networks. The
reader is referred to |25, 16, 33, 141] for some references on both deep Gaussian processes



and deep neural networks. Deep Gaussian processes, introduced in [12], are non-Gaussian
stochastic processes, constructed from a network of Gaussian processes, similarly as neural
networks. A deep Gaussian process is then a stochastic process from R? to R of the form

ZgoZg_10---04, (1)
where, for h = 1,..., H, Z, is a (multivariate) Gaussian process from R% to R+ with
the convention d; = d and dgy,; = 1. In analogy to neural networks, Zs,..., Zy_1 may

be interpreted as hidden layer processes and H may be called the number of layers. In
particular, since deep Gaussian processes are based on composing (Gaussian processes, their
mathematical analysis becomes challenging.
Deep Gaussian processes are commonly used as a prior for a function that is observed
exactly. For instance, [21] tackles optimization and [36] deals with surrogate modeling of
computer models with applications to nuclear engineering. Deep (Gaussian processes are
exploited as well with noisy/indirect function observations [13, 410]. From a methodological
point of view, deep Gaussian processes are also an efficient way to obtain more non-
stationarity than simple Gaussian processes. This need for non-stationarity is largely
acknowledged in the Gaussian process literature (see e.g. [20, 31]). Hence, because of its
practical impact, the theoretical analysis of deep Gaussian processes is beneficial.
In this work, several Gaussian processes are constrained (in terms of bounded norms for the
processes themselves and their first derivatives) and then composed to form constrained
deep Gaussian processes. The constraints are necessary for our theoretical analysis (see
more details in Section 2.1 in the discussion of (2) and (3)) and may be useful in practice
to exclude very irregular realizations from the Bayesian model. Note that these bounds
and derivative constraints may also be enforced to standard Gaussian processes, for a
better modeling in some situations, especially with additional available expertise [19, 29,
|- In the same vein of previous works, we investigate posterior contraction for density
estimation and classification. We establish original general rates of contraction extending
those available for classical Gaussian processes (see Theorems 3.1 and 3.2). The proofs are
original and exploit the results established in [15]. In [15], the authors consider a single
Gaussian process defined on a compact space and valued in R. A prior step before proving
our results is then the construction of a single global Gaussian process from the collection
of the Gaussian processes involved in the deep Gaussian process prior (see Appendix B).
In addition, we study several examples of deep Gaussian priors: integrated Brownian
motions (Section 4.1) and Riemann-Liouville processes (Section 4.2) in dimension one, and
Matérn processes in general dimension (Section 4.3). It appears that the optimal rates are
recovered in these examples for stantard classes of functions. The proofs of these results
rely on the proofs of the analog results in the context of classical (single) Gaussian processes
[15, 44].
We would like to mention that, while preparing this article, we have been aware of the
independent work of Finocchio and Schmidt-Hieber [15] on the same topic. Their paper
presents many interesting results. In contrast to our work, they consider the problem of
regression rather than density estimation and classification. They address adaptivity with



respect to the smoothness and structure of the function of interest, which we do not. Their
proofs are independent of the proofs of the present paper and the techniques used are
also different. To our knowledge, [15] is the only already existing work providing posterior
contraction results for deep Gaussian processes.

The paper is organized as follows. In Section 2, we present the setting and some notation.
Section 3 is dedicated to posterior contraction for both density estimation and classification.
Examples of rates of contraction for specific function classes and priors are given in Section
4. Appendix A explains how to allow for more flexibility on the constraints considered in
Section 2 using linear transformations of inputs and outputs. In Appendix B, we transform
our deep Gaussian process into a single global real-valued Gaussian process defined on a
compact space in order to apply the results of [15]. The proofs of the results of Sections 3
and 4, and of Appendix B are postponed to Appendix C.

2 Setting and preliminary notation

2.1 Gaussian and deep Gaussian priors with constraints

Here N denotes the set of natural numbers (including zero) and N* denotes the set of
nonzero natural numbers. For k € N* and A C R*, let Cy(A4,R) be the set of continuous
functions from A to R, endowed with the Borel sigma algebra of the uniform norm |-|| .
Let H € N*\ {1} and d € N* be fixed. Let also d; = d and dy1 = 1 by convention. For

h =1,...,H, consider a centered multivariate Gaussian process Z, = (Zn1, ... Zhdy,,) :
R — R¥+1 Assume that Z,...,Zy are independent, with independent components
and with continuous realizations. Assume moreover that Z,,...,Zy have continuously

differentiable realizations.
This paper deals with a deep Gaussian process obtained by composing the previous Gaus-
sian processes Zp,, for h=1,... H:

Zyo-0Z.

Such a process gives a prior on the continuous functions from R? to R. An illustration is
provided in Figure 1.

We consider the input space [—1,1]¢ for the deep Gaussian process prior Zy o---0 Z;. For
our proof techniques, we constrain the process Z;,, h = 2,..., H, to also have the fixed
input domain [—1,1]. The reader is referred to Appendix B for more details. To do so,
we condition Zy, ..., Zy_1 by the following constraints, that we call value constraints: for
allh=1,...,H — 1,

HZhHoo,[—l,udh <L (2)
where we define for any ki, ky € N*, for any A C R* and for any f = (f1,..., fr,): 4 —
RF2,

[Fllaoa = sup max_|fo(t)]
teAt k

=Ly R2
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t = (t1,t2) Zy = (211,202, 21 3)

3] Zia
Zi2 Zo Z3
23 Zi3

Figure 1: Example of a deep Gaussian process from R? to R. Here H = 3, d; = d = 2,
dg = 3, d3 = ]_, and dH+1 = d4 = 1.

This set of constraints has strictly positive probability (see Lemma C.3). In addition, for
technical reasons again (in particular for the proof of Lemma C.7), we consider a second

set of constraints, that we call derivative constraints: for h=2,... , H, fori=1,... dp.1,
and for j = 1,...,ds, there exists a fixed deterministic constant Kj ; ; such that
07 ;
a 2 < Kh’iuj' (3)
L5 Moo, [~1,11%

This second set of constraints has again strictly positive probability (see Lemma C.3 applied
to the derivatives of Zy; for h = 2,...,H and for i = 1,...,dp;1). As explained, the
previous constraints are necessary for our theoretical analysis and may also be useful in
practice to exclude very irregular realizations from the Bayesian model. Observe that the
form of the constraints in (2) can be extended to more flexible bounds on the values of the
components of Z,..., Zy_1 (see Appendix A). Outside of Appendix A, we consider the
constraints (2) for convenience of exposition.

Now we index all the univariate components of 71, ..., Zy, defining the finite set

T={(hi)y he{l,... Hyiec{l,... d}}).

In the sequel, for (h,i) € Z, we denote by Z.,; a stochastic process from [—1,1]% to R
which law is that of the process Z, ; conditioned by (2) and/or (3). More precisely, for any
Borel set B, for h=2,....H —1,and fort =1,...,dps1,

P(Z.p; € B)
=P (th € Bl 1 Znill oy yjon < Lo 10213/ 05l oy g < K =1, 7dh) (4)
and
IP’(ZQMGB):IP’<Z1ZEB‘HZ“H i <1> fori=1,...,ds, 5
P(Zon € B) =P (Zn € B||10Zn/0x;] <Ky j =1, dn).

00,[—1,1]¢



For h=1,....,H, welet Z.,, = (Zehas-- -, th’th). Note that the independence of the
processes Zy,;, for (h,i) € Z, yields that, for any Borel sets By, ..., By,

P(Zep € By, h=1,...,H)

ﬂN%eBmh:L”wHwﬁmui]%th:L”wH—ljzluw%H,

1,1

||8Zhvi/axj”oo,[fl,1}dh < Kh,i,j h = 2, ey H, 1=1... ,dh+1, ] =1... ,dh).
For h = 1,..., H, let B, be the Banach space of the continuous functions from [—1, 1]
to R endowed with the uniform norm. In addition, for any h = 2,..., H — 1 and for any
i =1,...,dps1, we define the subset B, ;,; of B;, composed by the continuously differentiable

functions z € By, satisfying (2) and (3) (with Z replaced by z). Similarly, for i = 1,...,d,
B. 1, stands for the subset of the functions z € By satisfying (2) only and B, ;; stands for
the subset of the continuously differentiable functions z € By satisfying (3) only. Hence
(4) and (5) simply rewrite, for any Borel set B C Bj, and for any (h,i) € Z,

P(Z.pi € B) =P(Zn; € B|Zp; € Bepi).
The constrained deep Gaussian process prior is then given by

ZC,H O-+--0 qu.

2.2 A concentration function for constrained deep Gaussian pro-
cesses

For a centered Gaussian process X on a space F, we define its RKHS Hyx on E from
the covariance function of X, on E x E, as in [0, Section 2.1]. Then let [|-[[, be the
Hilbertian norm in this RKHS. In particular, for (h,i) € Z, we let kj; be the covariance
function of Z,; on [—1,1]% and Hj,; be the corresponding RKHS (that is thus defined as
in [16, Section 2.1]) with RKHS-norm |[|-||g, .. We also write C*([-1, 14, R) for the Banach

space of continuously differentiable functions f from [—1,1]¢ to R, equipped with the norm

H~HOO71 defined by
L af
[ loos =1l + 2 |2 (6)
— &€
J=1 &0
In [15], the rates of contraction for classical Gaussian processes are given in terms of

a concentration function involving the RKHS associated to the Gaussian process prior.
More precisely, the concentration function for a single Gaussian process X from a compact
space E to R, with a continuous function xy on F, and £ > 0, is given by

R— - 2 J—
bun(e) = inf B2, — logP(IX]]., < <) (7)

Hh7x0||oo<€



where |||, is the uniform norm for continuous functions from E to R. This function is
interpreted as measuring the concentration around the fixed function z.

Here, we propose a novel concentration function adapted to the deep context and to the
constraints. First, for h =2,..., H and for ¢ = 1,..., dp41, we consider 2y ; in the closure
of Hy,; in (C'([—1,1]%,R), [lo,1) and for i = 1,... da, we consider zp; in the closure of
Hy,; in (CO([—1,1]%,R), ||l..)- Second, we define, for £ > 0,

da
3 :
.., () ::Z 3 inf ||g||%“ —2logP (HZLiHoo < 6)
i=1

g€y ;
lg—20,1,ill oo <€

3 . 2
+ ) (5 nf loll,

Uids" o=zl <3
Hag/axj —0z0,1,i/0; ||Oo< =
7j=1,....dp

dp

19 Kmin
—210gP( || Znill. < 5) —z;mgp(uazh,i/axjuw <= )>, (8)

where

K,y = min  min min K ;. 9)
h=2,..., Hi=1,..dpt1 j=1,....dp T

This function is interpreted as evaluating the concentration of the processes Z;; around
the fixed functions 2y, for (h,i) € Z, taking the constraints into account.

3 Posterior contraction in density estimation and clas-
sification

3.1 Density estimation

Consider the observation of an i.i.d. sample Xy, ..., X,, from a fixed unknown probability
density function po: [—1,1]¢ — (0, 4+00) (such that f[fl 1 po(t)dt = 1). For z: [-1,1]¢ —
R, let p.: [—1,1] — (0, +00) be given by

(1)

p(t) = ——=—, forte[-1,1]" (10)
f[—1,1]d e*(8)ds

Suppose that py can be written as Pz ooz, Where zop = (Zop1s--- ,Zo,h,dhﬂ) for h =

1,..., H and such that 2, ; € B.;; for (h,i) € Z. As above, assume that, for h =2,... | H

and for i = 1,...,dpy1, 2o is in the closure of Hy; in (C'([—1,1]™,R), ||-]|, ) and for

i=1,...,d, 201, is in the closure of Hj; in (C°([-1,1]%4R), |I-|..)-



We consider the prior pz_ 0.0z, on po, where, for any h =1,..., H, Z.} has been defined
in Section 2.1. Then the posterior is given by

P(pz, yoozey € 1X1,..., X5).

The posterior is a random measure on (C°([—1,1]%,R) that depends on the observations
X1,..., X, and we are interested in its convergence to py as n — oo.

Before stating the main result of this section, we recall the definition of the Hellinger
distance h: for f,g:[—1,1]? = [0, 00) with f[—Ll}d ft)dt = f[—1,1]d g(t)dt =1,

W(f,g) = VIO = Va®) dt. (1)
[~1,1]4

The next theorem is an extension of [15, Theorem 3.1] to constrained deep Gaussian priors.

Theorem 3.1. Let O, be the function defined in (8) and recall Ky in (9). Assume
that, for h = 1,...,H — 1 and for i = 1,... duys1, ||20nill, < 1 and for h =2,... H,
fori=1,... dn1, and for j =1,... dy, ||020,h:/0%;| . < Kmin/2. Then, for a sequence
(Ecm)nen satisfying ecn > 0, €c — 0, nel, — 00, and P (ccn) < nel,, the posterior
distribution satisfies

P (h(pz, yorozorsPo) > MnEenl X1, ..., X,) — 0 (12)

n—o0
in probability, for any sequence (M,,) such that M, — co.

Remark that in Theorem 3.1, the conditions ||zop,|| < 1 and [|0z0,:/0%;|| < Kmin/2
are not restrictive since, for a given py, zp y can be taken with large enough values and
derivatives values, to compensate for the bounded values of 21, ..., 20 z—1, and then the
Ky in (9) can be taken large enough. Recall also that Appendix A shows that the value
bound 1 can be replaced by arbitrary large bounds, up to linear changes of inputs and
outputs of the Gaussian processes.

3.2 Classification

Consider the observation of an i.i.d. sample (U, V1),...,(U,,V,) distributed as (U,V)
where U is a random variable in [—1,1]¢ and V is a binary random variable (V € {0,1})
such that P(V = 1|U) = fo(U), with a fixed unknown function fy : [-1,1]¢ — (0,1).
Consider a function ¥ : R — (0,1) such that U has a bounded derivative U' on R and
such that V' /(¥ (1 — W¥)) is bounded on R. For instance, one may use the standard logistic
function W(x) = e/(1 +€%). For z: [-1,1]? - R, let f,: [-1,1]* — (0,1) be given by

f-(t) = U(2(t)), for t € [—1,1]% (13)

Suppose that fy can be written as f.) 0.0z, Where 205 = (2001, 20,hdys,) fOr h =
1,..., H and such that 2z ; € B.;, for (h,i) € Z. Further, as above, assume that, for h =

8



2,...,H and for i = 1,...,dpy1, Zop; is in the closure of H,; in (C*([—1, 1], R), [-[lo,)
and for i = 1,...,ds, 201, is in the closure of Hy; in (C°([—1,1]% R), [|-]l..)-

We consider the prior fz,_ ,0..0z.,, Where, for h =1,...  H, Z.j has been defined in Section
2.1. Then the posterior is given by

P(fz. powoz.n € [(U, V1), ..., (Un, Vi)

Again, the posterior is a random measure on (C°([—1,1]%,R) that depends on the observa-
tions (Uy, Vi), ..., (Un, Vi) and we are interested in its convergence to fo as n — oo.

We let ||g||,, be the L? norm of a function g : [-1,1]¢ — R with respect to the law of U.
The next theorem is an extension of [15, Theorem 3.2] (see also [18, Theorem 11.22]) to
constrained deep Gaussian priors.

Theorem 3.2. Consider the same setting and the same assumptions as in Theorem 3.1 for
Dy Kinin, and (20,)(niez- Then, for a sequence (€cp)nen satisfying €., > 0, €c — 0,
neZ, — 00, and O, (e.n) < nel,,, the posterior distribution satisfies

c,n?

n—oo

P (|1/7emo-or = follyy > Mazenl (U A, (U, Va)) = 0 (14)

in probability, for any sequence (M) such that M, — oo.

4 Examples of rates of contraction for specific function
classes and specific priors

In this section, we apply Theorems 3.1 and 3.2 to classical examples of Gaussian processes
for Zy,...,Zy and to classical examples of function classes for zyi,...,20z. These ex-
amples are by no means exhaustive, and Theorems 3.1 and 3.2 would enable to obtain
contraction rates in other settings as well.

4.1 Integrated Brownian motion processes in dimension one

First consider independent Brownian motions as studied in [15] for standard (non deep)
Gaussian processes. Here, we let d; = --- = dy,1 = 1, that is we consider the composition
of univariate processes. Thus we simply have Z;, = Z;; for h =1,..., H and the constants
K}, ; involved in the constraints (3) will simply be denoted by K. For x € R, let |z]
be the largest integer strictly smaller than . For 8 > 0, let F?([—1,1],R) be the set of
functions from [—1,1] to R that have derivatives up to order || and which derivative of
order |3] is 8 — |8]-Holder. The space F?([—1,1],R) is called the Holder space of order
p.

For a continuous function g : [0,00) — R, we let I°%g = g and, for ¢ € N*, we define by
induction I°g : [0,00) — R by, for t € [0,00), (I'g)(t) = [[(I"'g)(s)ds. We let N, € N



and, for h=2,..., H, N, € N*. We also let Z, be the Gaussian process defined by

Np

t+1)
Zh(t) = ([Nh’Bh)(t + 1) + ZX’ME( —; ) s for t € (—1, OO),
=0 '
where By, is a standard Brownian motion on [0,00) and where Xj,..., X} n, are inde-

pendent standard Gaussian variables that are also independent of Bj;. Remark that 7, is
then defined on (—1,00), is Nj,-times differentiable, and has value and derivatives values
at t = —1 given by X o,..., Xp N,

In order to fit with the formalism of Sections 2 and 3, we now extend Z,..., 7, to the
real line. This extension is done simply with a constant or a linear function. This choice is
arbitrary and has no impact on the constrained deep Gaussian process priors constructed
as in Sections 2 and 3. If Ny = 0, we extend the definition of Z;(t) for ¢t € (—oo,—1) by
taking the value at t = —1. If N, > 1, we extend the definition of Z,(t) for t € (—o0, —1)
by a linear function based on the values of Z,, and its derivative at t = —1. After this, Z,
is a continuous Gaussian process on R (continuously differentiable if N, > 1).

As in Sections 2 and 3, we let Z1, ..., Zy be independent. The next theorem then provides
the rates of contraction given by Theorems 3.1 and 3.2.

Theorem 4.1. First consider the setting of Theorem 3.1. Assume that py is strictly positive
and belongs to FP([—1,1],R) for a fized 3 > 0. Assume that B < Ny+1/2 and that B < Ny,
for h=2,... H. Then the fized constants K1, ..., Kg in (3) can be chosen large enough
so that the conclusion of Theorem 3.1 holds with

— 2N1+42
Een = C1supn A/(2N1+2)

for some constant Cy,p that does not depend on n. Second, consider the setting of The-
orem 3.2, with fo = f, where go belongs to FP([—1,1],R), with the same conditions on
B,Ni,...,Ng. Then the first conclusion again holds, with the same expression for ..

From Theorem 4.1 with the condition § < Ny + 1/2, the rate of contraction is fastest
when Ny + 1/2 = 8 (which is possible when 5 = k + 1/2,k € N, and means that the
smoothness of Z; matches that of the fixed unknown function), in which case we recover
the classical minimax rate n=%/(#+1) (see [15, Theorem 4.1 and below]). For a larger N,
the rate deteriorates (oversmooth prior). Note that the processes Zs, ..., Zy are chosen
smoother than the fixed unknown function from the condition N, > g for h=2,... H.

4.2 Riemann-Liouville processes in dimension one

While the smoothness index of the Brownian motion is necessarily of the form integer +
1/2, any smoothness index can be reached with the Riemann-Liouville process as explained

in [15]. Asin Section 4.1, in the sequel, we let dy = - -+ = dy41 = 1, we simply have Z,Z), 1,
and we simply denote K}, for K15 in (3), h=1,..., H.

For z € R, let x be the largest integer smaller or equal to x. For h = 1,..., H, we set
a; > 0and for h=2,...,H, aj, > 1. We let By, be a standard Brownian motion on [0, 00).

10



We define Ry, as the Gaussian process on [0,00) defined by Ry (t) = [ (t — s)*~/2dBy(s)
and then the Gaussian process Z;, on [—1,00) by

oy +1 t + 1
Zn(t) = Ru(t +1) + ZXM
for t € [~1,00) and where X, 1,..., Xj o, 1 are independent standard Gaussian variables.
We then extend Zj, on (—oo, 1) as in Section 4.1.
Again as in Section 4.1, we let Z1, ..., Zy be independent. The next theorem then provides

the rates of contraction given by Theorems 3.1 and 3.2.

Theorem 4.2. First consider the setting of Theorem 3.1. Assume that pq is strictly positive
and belongs to F*1([—1,1],R). Assume that for h = 2,... H, ap, = aq. Then the fized
constants Ky, ..., Ky in (3) can be chosen large enough so that the conclusion of Theorem

3.1 holds with
7041/(20414»1)

Een supT?

for some constant Cy,p that does not depend on n. Second, consider the setting of The-
orem 3.2, with fo = f, where go belongs to F*'([—1,1],R), with the same conditions on
aq,...,opn. Then the first conclusion again holds, with the same expression for e. .

Note that the smoothness of Z; exactly matches that of the fixed unknown function and
the processes Zs, ..., Zy have a smoothness that is larger than or equal to that of the fixed

unknown function. This enables to recover the standard minimax rate n=2/2a1+1) (see
[15, Theorem 4.3 and below]).

4.3 Matérn processes in general dimension

Here we consider Gaussian processes with Matérn covariance functions, which allows for
both arbitrary input dimension and arbitrary smoothness. These processes were studied
in |11, Section 3.1] for standard (non deep) Gaussian processes.

Let us first extend the definition of F#([—1,1],R) to larger dimensions. For 8 > 0 and
¢ € N*, we let F?([—1,1]% R) be the set of functions from [—1,1]¢ to R for which all the
partial derivatives of order (ay, ..., a,) exist for all aq,...,a, € N with a; +---+ay < | 5]
and which partial derivatives of order | 5] are 5 — |5]|-Holder.

For (h,i) € Z, we let Z;,; have Matérn covariance function, that is, for u,v € R%,

Cov (Zpi(u), Zp(v)) :/ ei)‘T(“_”)mh7i()\)d)\,
Rd

where
1

h, ( ) (1 + H)\Hz)ah,ﬁ—d/Q
is called the spectral density and oy ; > 0 is called the smoothness parameter. A Gaussian

process on [—1,1]* (¢ € N*) with Matérn covariance function with as; = « in (15) has
sample paths in F7([—1,1]% R) for any 8 < a.

(15)
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Then, as in |11], we define the Sobolev space H”([—1, 1], R) as the set of functions f from
[—1,1)" to R that are restrictions of functions f from R — R with Fourier transform
FO) = (2r)~t [ et F(t)dt such that, defining

1113 = [+ I |00] ax < .

The next theorem provides the rates of contraction given by Theorems 3.1 and 3.2.

Theorem 4.3. First consider the setting of Theorem 3.1. Assume that pg is strictly positive
and belongs to FP([—1, 1], R)NHA([—1,1]4, R) for some 3 > 0. Assume that, for (h,i) € T,
B < api. Then the fized constants Ky ;j; for h = 2,...,H, fori =1,...,dp41, and for

Jj=1,...,dy in (3) can be chosen large enough such that the conclusion of Theorem 3.1
holds with

Eom = Supn—ﬂ/(hl,min-*-ﬂl)7
where o min = Min(ay 1, ..., a14,) and Ceyp is some constant that does not depend on n.

Second, consider the setting of Theorem 3.2, with fo = f,, where go belongs to FP([—1,1]4, R)N
HP([—1,1]4, R), with the same conditions on B, Kp;;,an; for h = 1,...,H, for i =
1,...,dps1, and for j = 1,...,d,. Then the first conclusion again holds, with the same
expression for ecp.

Above, the Gaussian process priors are taken smoother than the fixed unknown function.
With the appropriate smoothness ajmin = B for the first layer, we recover the classic
optimal rate n=#/(29%4) as pointed out in [44, Theorem 5].

5 Conclusion

In this paper, we have provided rates of contraction for the posterior distribution of a deep
Gaussian process prior, with constraints on the values and the derivatives. These results
are the first to address density estimation and classification, to the best of our knowledge.
Recently, [15] addressed contraction rates for deep Gaussian processes in regression. These
general rates (Theorems 3.1 and 3.2) measure in terms of a new concentration function,
that takes the constraints into account. The proofs of these general rates are based on
constructing a single global Gaussian process prior in order to exploit existing results for
standard Gaussian processes [15]. Some of the techniques for taking the constraints into
account could be considered of independent interest (in particular the proofs in Section
C.1).

We show in three examples how the general rates enable to recover existing minimax rates
for standard function classes and Gaussian processes. These examples are not exhaustive.
In future work, it would be beneficial to exploit Theorems 3.1 and 3.2 in other settings, with
more involved function classes based on composition structures, in the aim of obtaining
contraction rates that are out of reach for a single Gaussian process prior, thus further
illustrating the flexibility benefit brought by deep Gaussian processes. Finally, adaptivity
to function smoothness is an important topic for future work as well.

12



A More flexibility on the constraints by linear transfor-
mations of inputs and outputs

Here, we consider that Z,..., Zy satisfy constraints of the form (3) but the constraints
1 Zh||oo,(—114n < 1 are replaced by more general constraints: for h =1,..., H — 1 and for
1=1,...,dps1, We assume

||Zh7i||OO’H£:1,m,dh (=L, Ln.e] S Lhtai (16)
where the constants L1, >0 (for h=1,...,H —1and fori=1,...,dp41) are arbitrary
and L171 == L17d1 =1.
We show that we can construct processes Y7, ..., Yy that provide the same composition

}/Ho...o}/l:ZHO...OZ17

that have constraints of the form (2) and (3), and that are obtained from linear transfor-

mations of inputs and outputs. Indeed, define the Gaussian processes Y7, ..., Yy as follows.
Forh=1,...,H—1,forty,... ,tg, € R,and for i =1,...,dp1, let
1
Yh,i(tla . ,tdh) = Z}m (L}thl, . 7Lh7dhtdh) . (17)
Lpt14
Recall that dyyq =1 and let
YH(tl,...th) :ZH (LH,ltI;---7LH,dthH>7 for tl,...,th ER. (18)

The next lemma then shows the composition equality.

Lemma A.1. For any ti,...,t; € R, we have
Ygo---oYi(ty,...,tq) = Zyo---0Zi(t1,...,tq)

recalling the convention dy = d.

Proof of Lemma A.1. First let us prove by induction that, for h = 1,...H — 1, for i =
1,...,dh+1, and for tl,...,td GR,
1
Yh,iOYh—lO"'O}/l(tlauwtd): Zhﬂ-OZh_lO---OZl(tl,...,td). (19)
h+1i
For h = 1, this is true from (17) with L,y =--- = Ly 4, = 1 and d; = d. Assume that this
is true for some h € {1,... H — 2}. Thus by (19) and then by (17), for i = 1,...,dp11,
Yh—‘rl,i O--- O}/:l(th cee )td)
=Yhi1; (YhioYar0--0Yi(tr,.. . tq), -, Yy, © Ya1 0 0 Yi(t, ..., tg))

1 1
:Yh—i-l,i( Zh710Zh_1O--~OZl(t1,...,td),.. Zh,dh_HOZh—lo"'OZI(tla-'-atd)>

*
Lyt Lhpi1,dp,

1
=7 Zhi1,i (Znao Zn—r o0 Zi(te, - s ta), ooy Zhdpyy © Zh1 00 Z1(te, ..., tq))
h+2,10
1
=7 -Zh41,i0Zp o0 Zi(t, ..., tq).
h+2,?

13



This concludes the proof of (19) by induction. Finally, from (19) and (18), we obtain, for
t1,...,tq € R,

Yigo---oYi(ty,... tq)
:YH (YH—I,l OYH—QO"'OYI(tla---atd)y--wYHfl,dH OYH_QO---Oyl(tl,...,td))

1 1
=Yy (ZHl,l oZpg—g0---0Zi(t1,...,ta), ZH-1,dy © ZH—20"0 Zl(tl7---atd)>

T T
=Zy(Zg-110Zg-20---0Z1(tr,...,ta),..., Zu_1dy © Zg—20---0 Z1(t1,...,tq))
= ZHOZH,1O'--Ozl(tl,...,td).

The next lemma shows that Yi, ..., Yy satisfy constraints of the form (2) when Z;,..., Zg
satisfy the more general ones given in (16).

Lemma A.2. The two following assertions are equivalent.

1. Forh=1,....H—1and fori=1,...,dp.1,

HZh’iHOO’He:l, dy, = LnesLon e S L

ey

2. Forh=1,...,H—1 and fort € [-1,1]%, Y, (t) € [—1, 1]%+1,

Proof of Lemma A.2. The second assertion can be written as: for h = 1,..., H — 1 and
1=1,...,dps1,
||Yh,i||oo7[_1,1]dh <L
Hence, to prove the lemma, it is sufficient to show that, for h = 1,....H — 1 and ¢ =
1,...,dpyq,
||Zh,i||oo,m:1 """" ay (=L sl ] S Lhyi = ||Yh1i|‘oo,[fl,1}dh <L

The latter equivalence follows from (17). O
Finally, the next lemma shows that Yi,...,Yy and Zi,..., Zg equivalently satisfy con-

straints of the form (3).
Lemma A.3. Forh=2,... H, fori=1,...,dyi1, and for j =1,...,dp,

H 02 ‘ OV

8xj = hotad 835j

dy, [—Ln,e, L]

00,[—1,1]% i

0071_[@:1

,,,,,

Proof of Lemma A.3. Let Lyi11 = 1 by convention. From (17) and (18), we have, for
h=2,...,H,fori=1,...,dpt1,7=1,...,dy, and for ¢,...,t4, € R,

0 0 1
Ly )ttt = = Zn Loty Lyt
(&rj h,>(1 dn) 8@( ni(Lnity had, dh))

Lh+1,i
Ln;, (0
= TJ:J (a_x]Zh’l) (L]%ltl, C. 7Lh,dhtdh) .

14

O



Hence we have

02y oYy Ly ;
H o, S Hhig = H o, S Doy s
L 00, Tomy,.. ay, [= L5 Lo e] Lj Moo, [~1,1) ht1,i
which concludes the proof. O

B Preliminary notation and intermediate results

The proofs will exploit the results established in [15] for a single Gaussian process. Thus
we will consider the setting of a single Gaussian process defined on a compact space and
valued in R. The following section is dedicated to the construction of this process.

B.1 Introduction of a single global Gaussian prior

Let dyax = max(dy,...,dy) and let X be the compact subspace [—1, 1]% x 7 with the
distance d defined by

d((t, h,i), (0, 7)) = |(t, o (h,i)) — (£ o(K, )|, for (t,h,q) and (£, },7) in X

where the norm is the Euclidean norm in dimension d,.x + 1 and o is any fixed bijection
from Z to {1,...,|Z|} with |Z| the cardinality of Z. We introduce the centered Gaussian
process W, defined by

W (t, h,i) = Zns(Th(t)),  for (t,h,i) € X, (20)

where T}, (t) is the vector of length dj, obtained from the dj, first coordinates of t. Then W
has continuous trajectories from X to R.

Let B be the Banach space of the continuous functions from X to R endowed with the
uniform norm given by

HwHOO,X = v(h,l)GI Hw(7 h? Z) "007[7171]dmax

for any w € B. Here t V s stands for max(¢, s) between ¢, s € R. From now on, we simply
denote |||, » by ||I'|lo- For w € B and (h,i) € Z, we define P, ;(w) as the real-valued

function on [—1,1]% defined by
Pyi(w)(t) = w((t,0), h,1),  fort € [-1,1]",
dh

where the vector (¢,0) has dimension dp.. Consequently, for (h,i) € Z and fort € [—1, 1]

Py, (W)(t) = Zp,4(t).

Now we define the subset B, of B composed by the functions w € B such that the three
following conditions (corresponding to (2) and (3)) hold.

15



eForh=1,....H—-1,i=1,...,dps1, || Pri(w)]]

N

1.

OO»[_lvl}dh

e Forh=2,...,H, i=1,...,dy1, Pp;(w) is continuously differentiable on [—1,1]%.

[ J FOY h = 2, . ,H, Z = 1, ceey dh+1, j = 1, e ,dh, H@Phﬂ-(w)/@a:jHOO’[_M]dh g Kh,i,j-
Then we consider a process W, valued in B with distribution defined by
P(W.e B)=P(W € B| W € B,), (21)

for any Borel set B C B. Hence W, corresponds to the Gaussian process W conditioned
by the constraints (2) and/or (3).

For any function ¢ € B,, let Cy, be the function from [—1,1]? to R defined by the follow-
ing. For h = 1,..., H, we let the function Cy = (Py1(¥), ..., Phd,.,(¢)) be defined on
[—1,1]% and valued in [—1, 1]+, Then we let, for t € [—1,1]¢,

Cw(t) = C’Z}’H O--+0 Ow,l(t) (22)
Remark that, for t € [—1,1]¢, when W € B,,
Cw(t) =Zy oo Zi(1). (23)

Hence, considering the conditioned version W, of W (as defined in (21)), Cy, has the
distribution of the deep Gaussian process Zy o --- o Z; where the univariate Gaussian
processes Zj,; are conditioned to (2) and/or (3).

Finally, we let k& be the covariance function of W on X x X and H be the RKHS of W
(that is defined as in |46, Section 2.1]) with RKHS-norm ||||.

B.2 The global concentration function is upper bounded

For wy in the closure of H in B (with respect to || - ||« ), we define, for € > 0,

Pewo(e) = Inf 1Rl —log P (|Well, < &) = log P(IW — wol, < 2¢, W €B,). (24)
Hh—’LU()Hoo<E

The function ¢, is interpreted as the concentration function of W around w, and is an
extension of the function ¢,, already defined in (7) and in |15, Equation (1.2)|, that takes
the bound constraints in W, into account. The next lemma shows that the presence of the
constraints increases the concentration function.

Lemma B.1. Let ¢, (¢) be as in (7) with vo = wy, X = W and E = X. One has
Guo (€) < Gewy(€) for any e > 0.
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Proof of Lemma B.1. For any € > 0, let us consider the difference between the two con-
centration functions
Pewy(8) = Puy(€) = —log P ([Well, < &) —log P([W — wol|, < 2e, W € B.)
FlogP (W], <e).

Since P (||W.||, <¢e) =P (|W] <e, W eB,)/P(W €B,),
P([W|, <e) =2P(|W],<e WebB.,) and P(W € B.) > P(||W — wo||, <2, W eB,),
the latter difference is non-negative. [

The next theorem shows that the global ¢, defined in (24) is upper bounded by @, ,,
defined in (8).

Theorem B.2. Let wy in B. For (h,i) € Z, assume that wo(-, h,i) = Pp;(wo)(Th(-)). For
h =2,...,H and for i = 1,... dps1, assume that Py ;(wpy) is in the closure of Hy,; in
(CH([=1,1]",R), lo0.1)- Recall that |||, is defined in (6). For i =1,...,dy, assume
that Py ;(wo) is in the closure of Hy,; in (CO°([—1,1]",R), ||-|l..). Then wq is in the closure
of Hoin (B, [|])-

Now consider € € (0,1] and assume that, for h=1,...,H — 1, fori=1,... dp1,

[[Phi(wo)llo + 26 <1 (25)
and, for h=2,....H, fori=1,...,dps1, and for j =1,... dp,
(9Phi(w0) Kmin
’ < 26

where Ky, is defined in (9). Then we have

¢c,w0 (€> <®C,wo (E)
where O, 15 as in (8) with zop; = Pri(wo) for (h,i) € T.

B.3 Contraction rates with the global concentration function

The next theorem is an adaptation of |15, Theorem 2.1]. For a metric space (E,d), any
subset A C E, and any € > 0, we let N (e, A, d) be the minimum number of balls of radius
€ needed to cover A.

Theorem B.3. Consider any sequence (£cn)nen, satisfying nein — 00 and ¢euy(Ecn) <
nel, for ¢ew, defined in (24), and any C > 1 with e~Cnin < 1/2. Then there exists an
integer nc = 0 and a sequence of measurable sets (Ben)nen with B, C B, such that, for
n > ne,

log N(6VCeen, Bom, |I-l) < n(12vCe,)?, (27)
P(W, ¢ B.,) < e~ C"en, (28)
P(|W, — wol| < 20,) = e "en, (29)



Theorem B.3 enables to obtain posterior contraction rates at speed €., satisfying ¢, ., (€cn) <

ne?,, similarly as done in [15]. This directly allows to prove Theorems 3.1 and 3.2, that is

contraction rates at speed ., satisfying ®. . (c.n) < néin from the bound ¢, < P, of
Theorem B.2.

C Proofs

In the rest of the appendix, we write Cg,, for a finite constant which value is allowed to
change between occurrences.

C.1 Proof of Theorem B.2

Before proving Theorem B.2, let us establish several useful lemmas. We do not exclude
that results similar to Lemma C.1 could be known by the experts, but we have not found
any reference. We prove Lemma C.1 after its statement for self-sufficiency.

Lemma C.1. The RKHS H of the covariance function k is equal to the set of functions
g: X — R such that, for (h,i) € Z,

9, h, i) = Pri(9)(Th(-))  and  Phi(g) € Hp,. (30)

Furthermore, for g € H, one has

lolls = D I1Puil9)ll5, - (31)

(hi)eT

Proof of Lemma C.1. For h=1,..., H and for t € [—1,1]%=_recall that T},(t) € [—1, 1]
is composed of the dj, first coordinates of t. For (h,i) € Z, let Hyj,; be the set of functions
of the form

Nhp.q
te[-L1" =Y apiaknilthiat), (32)
a=1
for Ny; € N, for tp;1,. .., thin,, € [—1,1]%, and for ap;1,...,an;n,, € R.

Also, let Hy be the set of functions of the form

(t,hi) € X Y Yak((tas hayda), (t, 1, 7)), (33)

a=1

for N € N*, for (t1,h1,01),...,(ty,hn,in) € X, and for 741,...,7y € R. Then, from
Moore-Aronszajn theorem (see [0, Theorem 3|), we have Hy,, C Hy; for (h,i) € Z and
Hy C H.
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We have, for any function gy € Hy of the form (33), using the independence of the Z, ; for
(h,i) € Z, that Py ;(go) is the function

N
t e [—1, 1]dh —> Z f)/akh,i(Th,i(ta)a t)

a=1
(ha 7ia):(h7i)

and thus belongs to Hyj, ;.
Hence we have, using the independence of the Z, ; for (h,i) € Z, again,

N
HgOHI%]I = Z f)/arybk‘((tau hau ia)u (tba hb7 Zb)))

a,b=1
= Z Z YaVokni(Thy (ta), Th, (t))
(hi)eT a,b=1

(hasia)=(hp.ip)=(h.i)

Z | Pni (g0 ||Hh (34)
h.i)eT

Now let g € H. Again from Moore-Aronszajn theorem, there exists a sequence (gn)nen-
of elements of Hj, that is a Cauchy sequence with ||-||; converging pointwise to g. This
implies that the first property in (30) holds for g since it holds for gy of the form (33).
For (h,i) € Z, let gnpi = Pri(gn). From (34) and the linearity of Py, (gnh:)nen+ 1S a
Cauchy sequence of elements of Hyj; with the norm [|-[|, . Hence, by completeness, as
N — 00, gn,n,i converges (with the norm ||- HHh) to a function Gni € Hy;.

Since RKHS convergence implies pointwise convergence [0, Lemma 8|, we have, for ¢ €
[—1, 1),

Pri(9)(t) = Nhinoo Pri(gn)(t) = ngﬂoo InNhi(t) = gni(t).

Hence the second property in (30) holds and g can be written as in (30). Conversely, let
a function g : X — R that satisfies (30). For (h,i) € Z, from Moore-Aronszajn theorem,
there exist (gnni)nven as in (32) that is a Cauchy sequence of elements of H 5 ; with the
norm ||-||g, . and such that, as N — oo, gnni — Pui(g) pointwise on [—=1,1]%. Then let
us show that the function gy : X — R defined by, for (¢,h,i) € X,

gN<tﬂ h, Z) = gN,hi (Th(t)) ) (35)
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belongs to Hy. We have

Nh,i
gn(t,h,i) = Z Ohiakni(thias Th(t))

a=1
N}L,i

== Z Qh,z,ak(«th 2,05 0)7 ha 2)7 (t> h’7 Z))
a=1

Nh’ -1

= Z Z ah’z’ak th’i a,O),h,,i/),(t,h,i)),

(W )eT a=1

using the independence of the P, ;(W) for (h,i) € Z. Hence, gn belongs to Hy x and thus
to Hi.

Observe that we have, for (h,i) € Z, Py;(9n) = gnn, and thus from (34), as N — oo,
gn is a Cauchy sequence of elements in Hy with the norm ||-||;. Hence gy also converges
pointwise on X and the pointwise limit function limy_,. gy belongs to H from Moore-
Aronszajn theorem. We also have, for fixed (¢, h,i) € X,

lim gn(t, h,i) = Um gnpi (Th(1))
N—oo N—oo
= Pni(g) (Th(t)) = g(t, h, i),

using at the end the first equality in (30). Hence, any g : X — R satisfying (30) does
belong to H. This shows that the RKHS H is as indicated in the lemma.

Finally, let us prove (31). Let g : X — R in H and thus satisfying (30) . Then, for (h,i) € Z,
there exists a sequence (gn ;) ven+ of functions in Hl ,,; that converges to P ;(g) with the
norm ||-[|g, . Define gn as in (35). We have shown that (gn)ven- is a Cauchy sequence of

elements in Hy with the norm ||-||; that converges pointwise to g. Hence gy also converges
with the norm |[|-||; to g and we have, using (34),

2 . 2 . 2
loly = Jim flowl = lim 3 [Pton)I,
(hi)eZ
Because of (35), we have Py ;(gn) = gn.n; and thus
2 . 2
gl = Jim >~ lgwaills,, = D 1P, -
(h,i)eI (h Z)EI
This concludes the proof. O

Lemma C.2. Consider a centered Gaussian process X, valued in a Banach space (E, ||-])
composed of functions from a set T to R. Let Hx be the RKHS of X, with RKHS-norm
[ llg, - Let f € E. Then we have, for any e > 0,

1
—logP([X — fll <2e) <5 nf gl —logP (X <e),

llg—fll<e
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with the convention that the infimum above is equal to +o00 if there are no g € Hx such
that ||lg — f|| <e.

Proof of Lemma C.2. If there is no g € Hx such that ||g — f|| < &, then the inequality of
the lemma is trivially true. If there exists one g € Hy with ||g — f|| < e, we have, for such
a g, using first the triangle inequality and then [28, Theorem 3.1],

1
—log P (X — fl| < 2¢) < —logP (X gl <e) < 5 lglF, —logP(IX] < ).

This concludes the proof. O

Lemma C.3. Let T be a compact metric set and let X be a continuous centered univariate
Gaussian process indexed by T'. Then, for u > 0,

P(sup | X (t)] < u) > 0.
teT

Proof of Lemma C.3. This result is often stated implicitly in the literature (for instance
in [28]) but we are not aware of an explicit statement. Here is a proof.

Let u > 0 and let (¢;);en+ be a sequence of elements in T that is dense in 7. For n € N*,
let F,, be the o-algebra generated by X (t1), ..., X(¢,). Then, from |5, Proposition 2.9] for
instance, E[X (-)|F,] — X uniformly on 7" and almost surely. Hence, one has

P (suplX(0) - EX(OIR < 5 ) -+ 1

as n — oo. Using the triangular inequality and from the independence between X —
E[X (-)|F,) and E[X (-)|F,] (as the conditional distribution of the first process given F,, is
deterministic), we obtain

P (sup (0] < ) > P (sup [X() — ECX (O] < Sooup [BOX0I)] < §)

teT teT 2 ter 2

teT

=P (sup 1X() - BOX7)] < 5 ) B (sup BCX(O17)] < 5 ).

The first probability above is non-zero for n large enough, as seen before. The second
probability is non-zero for any n € N*, because sup,c, |E(X (¢)|F;,)| is a continuous function
of the Gaussian vector (X (t1),...,X(,)), since the covariance function of X is continuous
[22, Lemma 1]. O

Lemma C.4. Let X be a centered univariate Gaussian process with continuous realizations,
indexed by a compact metric set T. Then, for all u > 0,

P (i?? X (1) = u) = 0.

In other words, the random wvariable sup | X (t)| is absolutely continuous on the half-line
teT

(0,400).
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Proof of Lemma C.J. Let T' be a dense countable subset of T. By density, since T" is
dense, and X has continuous realizations, we have, for u > 0,

P(sup [X(t)] = u) = P(sup [ X (2)] = u)

teT teT
< P(sup X (t) = u) + P(inf X (¢) = —u)
teT teT
= P(sup X (t) = u) + P(sup(—=X(t)) = u)
teT teT
= 2P(sup X (t) = u),
teT"

where we have used the symmetry of the law of a centered Gaussian process. This last
probability is zero from Tsirelson’s theorem (|13], see also |1, Theorem 7.1]), together with

Lemma C.3. O]
Lemma C.5. Let X be a centered univariate Gaussian process indexed by [—1,1]° for some
¢ € N* with continuously differentiable realizations. Then, for a > 0 and for by,... by > 0,
we have

IP’( sup |X(t)] <a, sup |0X(t)/0x;| < b forizl,...,é)
te

[—1,1]¢ te[—1,1]¢

>P( sup |X<t>|<a)f[n»( sup_[OX(t)/ 0| < by).

te[—1,1]¢ te[—1,1]¢

Proof of Lemma C.5. Let T = [—1,1]* and (t;);en+ be a sequence of elements of T that is
dense in 7. From the dominated convergence theorem and Lemma C.4, as n — oo,

=1,..,

and, fori=1,.../

1 ¢
BZ-—{(21,...,zn,z§),...,z1),...,25),...,28))GR”H”; max

Then A and B are convex symmetric subsets of R?". Hence, from the Gaussian correlation
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inequality ([38], see also [21]), we obtain

P (Anqax | X ()| < a, max |0X(t;)/0x;] < bj,i=1,... ,E)
J= J= n

-----

- ((X(tl),...,X(tn),(?X(tl)/aa:l,...,8X(tn)/8:v1,...,6X(t1)/8wg,...,8X(tn)/8x@)

> P((X(tl), X (), 0X (8) /0wy, OX (1) /01, . .., OX (t1) /0y, ..., OX (t,)/0xs) € A>

= P( max |X(t)| < a) x HIP’( max |0X(t;)/0ni] < bi)

.....

¢
o P(sup IX(1)] < a) X HP(Sup 10X (1)/0z:] < b)

i MteT
as n — 00, again from the dominated convergence theorem and Lemma C.4. This concludes
the proof. ]
Now we are able to prove Theorem B.2.

Proof of Theorem B.2. From the assumptions of the theorem and Lemma C.1, we obtain

that wy is indeed in the closure of H in B (with respect to || - ||). Then, using Lemma
C.1, £ € (0,1] and (25), we obtain
dewo(€) = inf gl —log P (IWell, < &) —log P(IW — wo|, < 2, W € B,)
llg—woll o <&
S inf > th,iﬂfmw

{9n,i;(hsi)€T} -
for all (h,i),gn,i€Hp,i, (h,i)€T

v Prston] <=
— log]P’( | Znill, <€ for (h,i) € Z and

10Z1.:/0x;|| . < Ky for h=2,. .. H, fori=1,... dys, forj= 1,...,dh>
- log]P’( 1 Zn: — Poi(wo)|| . < 2 for (h,i) € T and

1021,/ 0%\ < Kpyjfor h=2,...,H, fori=1,... dpq, for j = 1,...,dh).

Using now the independence between the Z,;’s for (h,7) € Z, we obtain

da
Gean(€) <D _Ai+ Y B, (36)
i=1 (hyi)eT

h>2
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where we have defined

A; = gé%f ||9||12H11 —logP (|| Z1,]|, < &) —logP (|| Z1,; — Pii(wo)|, < 2e¢)
||9—P1,z‘(w07)Hoo<a

B, = inf 2
h, jant 19115, .
||9—Ph,i(w())Hoo<~E
~10gP( [ Znsll., < 2, 10203/l < K for j =1,......dy)
- 1og]P>< 1Zni — Pra(wo)ll. < 26, 110Z:/0; . < Knij for j=1,... ,dh>.

First let us bound A;. Since Py ;(wy) is in the closure of Hy; in (C°([—1,1]%),R), ||-]l..),
using Lemmas C.2, C.3, and C.4, we have

| ) . 2
A<t ol —loP (1l <) 5 ol —TogP (121l <)
=Pl <2 lg—Pis(wo)l . <e
3 ) )
=5 af gl —21eP (120l < 2)- -

lg=Pr.i (w0) | o <=
Second let us bound By, ;. We have, from (26),
By, < inf lglz,  — log]P’( 1Znill.. < £, 110Z0:/02;]| . < Kupinsj =1, ,dh>

geHh,i
||g=Pn,i(wo)]|| <=

— IOg]P)( ”Zhﬂ' — Ph7i<w0>Hoo < 28, |\8Zh71/(9xj — 8Ph71(w0)/8x]HOO g Kmin/27j = 1, Ce ,dh)

< inf gl - logIP’( 1Znill. < & 110Zn.:/02;]| . < Kuninsj =1, .,dh>

g€H
Hg_Ph,i(wO)||oo<6
— logP( ||Zh,i — P}w'(wo)Hoo < g, 2¢e ||@Z;M/85L‘] — 8Ph7i(w0)/8xj||oo /Kmin < €,j = 1, c. ,dh>.
(38)

Let us define the Banach space By, as the set of continuous functions from [—1,1]% x
{0,1,...,dx}, equipped with the norm |[|-[| . defined by, for z € By,

2 2
el = 12600l V g 12 Dllog V-V o 2o o

We consider the map M from (C*([—1,1]% R), [llo.1) to (B, [|-[|o.) defined by, for f €

Cl([—1,1]% R), (Mf)(-,0) :_f, (Mf)(,l_) =0f/0xy, ... ,(Mf)(-,dn) = 0f/0x,,. Let us
define the Gaussian process Z on B, by Z = M(Z,;)and similarly the function w, in By,
by Wy = M (P, ;(wo)). We write H the RKHS of the Gaussian process Z and ||-||HZ its
RKHS-norm.
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Lemma C.6. Recall that h =2,...,H. We have H; = {M(g); 9 € Hy,;} and, for g € Hy,,,
191, = 1M ()l -

The proof of Lemma C.6 is postponed after the proof of Theorem B.2. Then, using the
previous notation and Lemmas C.2 and C.6, we obtain

2e .

- 10g1P>< 1 Zn,i = Pri(wo)ll < e, 7. 102,/ 0 — Py i(wo) /O, < e forj=1,... 7dh>
= —logP (|Z -], <¢)

1 ) 9 — €
<g ik, e (17, <)

Ih=woll 0 - <5

1 . 2 € Kmin .

=3 nf lglis,, =108 P (1 Znillc < 510205/l < =32 for j = 1,....dn).

|| 9=Pr,i(wo)|| <5
|09/02,-0Pn,i(wo) /0, || _ <,
7=1,..., dp,

Now using the above display and (38), together with Lemmas C.4, and C.5, we obtain

3 : 2 €
Bui <5 nf I, — 2108 B(11Znil. < )
|| 9= Phi(wo)|| <5
||8g/8xj—8Phyi(wo)/6xjHOO<K’Z‘in,
Jj=1,..., dp

dp, K. .

_ Qzlogp(uazh,i/axjum < Z)
=1

Then the proof is concluded using (36) and (37). O

It remains to prove Lemma C.6.

Proof of Lemma C.6. By assumption, the Gaussian process Zj, ;, with input space [—1, 1]%
has continuously differentiable realizations. Hence, Z; ; can be viewed as a random element
of the Banach space C°([—1, 1]¢», R) of continuous functions on [—1, 1]%, equipped with the
norm |[|-[[ .. The space (Hp, |||y, ) is defined as in [46, Section 2.1] (from the covariance
function of Zj, ;). From |10, Theorem 2.1], H, ; can be equivalently defined as in |16, Section
2.2| from the law of Z; in C°([—1,1]% R) and from the norm ||| .

The identity map from (C*([—1, 1], R), [|-[| ;) to (C°([=1,1]",R), ||][,) is a one-to-one,
continuous and linear application. Hence, from [16, Lemma 7.1|, the RKHS Hj,; can also
be equivalently defined as in |16, Section 2.2|, but this time by seeing Z;; as a random
element of (C'([—1,1]%,R), [l ,)-

Now we consider the Banach space By, equipped with the norm ||-|| .. We consider the
map M introduced above. Then M is a one-to-one, continuous and linear application from
(C([=1, 1% R), o) to (B, [|-lo.)- Also recall that we have defined Z = M(Z,;).
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Hence, from [16, Lemma 7.1], the RKHS H; of the Gaussian process Z (defined as in [46,
Section 2.2], by seeing Z as a random element of (By, ||-|| . .)), is equal to {M(g); g € Hy;}.
Furthermore, for g € Hy,;, we have |[g[|y, = = ||M(g)||]H177 where we recall that ||-||HZ is the
norm of the RKHS H,. From [16, Theorem 2.1], this latter definition of H; coincides with
the definition of the RKHS Hl; in the statement of the lemma (from [16, Section 2.1|, from
the covariance function of Z). The two definitions of the corresponding norms also coincide
(again from |16, Theorem 2.1]). O

C.2 Proof of Theorem B.3

Proof of Theorem B.53. Let C' > 1 and let (e.,)nen+ satisfy the conditions of the theorem.
We set e = e2,, —log P(W € B.)/Cn > ¢Z,. By Lemma B.1 (with the definition of ¢y, in
(7)) and since @, is non-increasing, we have

¢wo (571) < gbc,wg(&z) < ch,wo(gc,n) < nein < TL&?L.

Furthermore, since e} > €2, we have e~“"“» < 1/2. Hence we can apply |15, Theorem 2.1]

to W with €, and C. Thus, there exists a sequence of measurable sets (B, )nen, Bn C B
for all n € N, such that

—Cne?

log N (3en, Bn, |°|l..) < 6Cne2, (39)
P(W & By) < e‘C”‘f (40)
P(|W — woll,, < 2e,) > e ™. (41)

Now let B., = B, NB.. Clearly, B., C B,. Furthermore, since nein — 00, there exists a
fixed ne € N* such that, for n > ne, €., = €,/2. Thus, for n > ng¢,

log N (6VCeen, Ben, |I]ls) < log N(3VCep, B, |I|l..) since €., = €,/2
< log N (3¢, Bn, |llo) since B.,, C B, and C' > 1
< 6Cne? from (39)
< 24071607” since €., = €,/2
< n(12VCe. )2

Hence (27) holds. As for (28), from (40), one gets

2
—Cnes,

€ 2
IP) c BCTL = IF) c BTL — ]P) Bn BC < e —C'ﬂ&c,n
(We & Ben) = P(We ¢ By) = P(W & Bo[W € B.) BT EE) "~ °

so that (28) holds. Last, one has
P(||[W,. — wol| o, < 26cm) = P|[W — wollo, < 26en, W € B.) = e PemolCen) > ¢ e

so that (29) holds. O
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C.3 Proof of Theorem 3.1

Before proving Theorem 3.1, let us establish the following lemma and define

K. = max max max K ;.
h=2,...H i=1,...dp 1 j=1,....d

Recall the definition of ¢ — Cy, in (22).
Lemma C.7. For w,z € B., we have

1Cw = C:ll o < K flw =2

where Ky = (1+ KmaxdmaX)H.

Proof of Lemma C.7. Let, for h = 1,...,H, Cyp = (Pra(w),..., Prg, ,(w)) and C. ) =
(Pr1(2),..., Prg,,,(2)). Then we have, for t € [—1,1]%, recalling that C, g is real-valued
and letting V f be the gradient of a function f,

|Cu(t) = C.(1)]

= |Cw,H o Cw,H—1 ©--+0 w,l(t) - Cz,H o Cz,H—1 ©---0 1

<|CuwpoCypp_r0--0Cu1(t) —CopoCypp_r0---0 (t)]
+|CogoCypp_10---0Cu1(t) —CogoCopg_10---0C,1(t)|

SNCuw = Con o+ sup VO g(@)|| x [Cop—r0---0Cui(t) = Cogr 00 Cou(t)]

z€[—1,1)0H

<w = 2| + Kmaxdp max |Pr—1i(w)o---0Cyu1(t) — Py_1,(2) 0o Cyg_g0---0C,1(t)|
i=1,..., H

21(1)]

w,1
z

< (1 4 Kpax@max) X max < |lw— 2],

_max |Pr1i(w) o Cyrn0-+-0Cyu1(t) = Pu1i(2)0Copn0---0C,(t)] ) :
1=1,..., H

Hence, we can obtain the lemma by a descending induction from H to 1. O

Now we define the Kullback-Leibler divergence: for f, g : [—1,1]¢ — (0, 00) with f[fl 1 f(t)dt =
Sy 9(t)dt =1, let

K(pg)= [ tonls@)/st0) 0 (42)
if [,y 40 [log(f()/g(t))] f(t)dt < +oo and K(f,g) = 400 else. We also introduce

Vigo) = [ (os(s)/s)) oy (43)

Then we have the following lemma, that follows from Lemma C.7 and [15, Lemma 3.1].
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Lemma C.8. Recall the Hellinger distance h from (11), the function ¢ — Cy from (22),
and the function z — p, from (10). For any functions v and w in B., we have

h(pe,, pe.) o llv=wll /2
v w o0 Y

<
K(pc,,pe,) < eKjp o —wll2 (1 + Kpr o — w|| el and
<

V(pe,,pe,) < K% o —w|?, (14 Ky v —w|)2eXulv=els
where Ky 1s as in Lemma C.7 and ¢ > 1 is a finite constant.

Proof of Lemma C.8. By [15, Lemma 3.1], one has, with a finite constant ¢ > 1,

h(pe,,pe,) < ||Cy — Cw”oo‘e,llcv—cnylloo/z7 (44)
K(po,pe,) < ¢]|Cy = CullZ, (1 + |Gy = Cull.) el =l (45)
V(po,,pe,) < ellCy = Culllg (141G, = Cul o) el el (46)
Thus we conclude the proof from Lemma C.7. ]

Now we are able to prove Theorem 3.1.

Proof of Theorem 5.1. Consider a sequence (g.,)nen Satisfying the conditions of the the-
orem. Define wy € B by, for (h,i) € Z and for t € [—1, 1] wq(t, h,i) = 20.:(Th(t)).
Then, since e.,, — 0 for n large enough, from the assumptions of the theorem on the func-
tions zg 44, the conditions (25) and (26) of Theorem B.2 hold. Then Theorem B.2 provides
Geao(Een) < Pesy(€cn) and thus

Pegun(Ecn) < ey
Let, with ¢ and Ky as in Lemma C.8,

1
t=2cK%, C.=1+16t and C:E.

Hence,

OC

yrie C+4. (47)
Let 2, = 2V/te.,, and €, = 14\/C.Kpyée., > &,. Let us apply [18, Theorem 8.9], with the
constant C', the sequences (£,)nen and (€,)nen, and the prior pey, . Let us thus check that
the assumptions of [18, Theorem 8.9] are satisfied, using Theorem B.3.

Since nsin — 00, there exists N’ € N* such that, for n > N’, e Cenein < 1/2. Hence,
the assumptions of Theorem B.3 hold, with C there given by C. and with (e.,,)n>n as
considered above. Hence, from this theorem, there exists an integer nc > 0 and a sequence
of sets (Ben)nsne such that the conclusions (27), (28), and (29) hold (with C' replaced by
C.). Then, in [18, Theorem 8.9|, we choose P, 1 = {pc,; w € B.n}-
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e First, let wy,...,wy be a ||-|| -distance covering of B.,, with radius 61/C.e.,, with
N = N(6vCetcny, Ben, || - |loo). Now let @ € P, (so that x = p¢, for some w € B.,,).
There is ¢ € {1,..., N} such that ||w — w;||, < 64/Ceecpn. Then, by Lemma C.8, one has

h(pc,.pe.,) < Ki w — wil| o erI w2 < 6K g/ Coz o e VO on < TK g/ Cen,

for n large enough, since €.,, — 0. This leads to, for n large enough,

log N (7\/aKHac,n,Pn,1,h) <log N <6\/5c€c,n,Bc,m ||'||oo)

< n(12y/Ceéep)? from (27) with C replaced by C.
< 71(14\/C’cKhnfm)2 since Ky > 1.

Hence, we obtain, for n large enough,
log N (£,/2, Pui, h) < ne2. (48)
e Second, using (28) in Theorem B.3 (with C replaced by C.) and then (47),
P(poy, & Pui) = P(W, ¢ B.,) < e Cneén = = (C+inen, (49)
e Third, for p: [—1,1]¢ — (0, 00) with f[—171]d p(x)dx = 1, let, with K and V defined
in (42) and (43) respectively,

Vao(po; p) = /[wi (108; (p;(%)) - K(po,p))2po(t)dt < Vi(po, p).

Then, using Lemma C.8 and (29) in Theorem B.3, one has, for n large enough,

P ( K(po,pcy,) < Exy Vaolpo; poy,) < E)

=P ( K(po, pey,) < 4tel,,, Vao(poi pey,) < 4tel,)
> P ( K(po,pey,) < 4tel,,, V(po,poy, ) < 4te?,)
> P(ch, W, — woll. (1 + K |[W, — wol| L )eKnlWemwle < 4422

B W, — woll% (1 K [ W — wol] )26 wole < g2, )
> P(QCK; W, — woll%, < 475537”)

= P(|IW. — will. < 22

1
> exp{—ne’,} = exp {—nﬂgi} =exp{—nCz.}. (50)
Hence, we can apply [18, Theorem 8.9|, with the sequences (g,) and (g,,) (starting at a

n large enough) and the constant C. Indeed, (48) (resp. (49) and (50)) here enables to
show Equation (8.5) (resp. Equation (8.6) and Equation (8.4)) in [18, Theorem 8.9]. As a
consequence, |18, Theorem 8.9] implies (12). O
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C.4 Proof of Theorem 3.2

With Ly the law of U and p the counting measure on {0, 1}, for any L: [—1,1]¢x {0,1} —
R, we write ||L||,, for the L*norm of L with respect to the measure Ly ® . For
w: [-1,1]7 = R, we let Ly,: [~1,1]¢ x {0,1} — R be defined by

Ly(u,v) = fu(u)’(1 — f,)(w)'™" for (u,v) € [~1,1]% x {0,1}. (51)

Notice that, if f,, (defined in (13)) is a candidate function for fy, then L, (U,V) is the
likelihood function of (U, V') with respect to the measure £y ® p. Extend the definition of
the Kullback-Liebler divergence K in (42) and that of V' in (43), replacing the input space
[—1,1]¢ by [-1,1]? x {0,1} and Lebesgue measure dt by Ly @ p. For f:[-1,1]¢ — R,
write also || f|[,, for the L? norm of f with respect to Ly

Lemma C.9. For any functions v and w in B,., we have

ILc, — Loylloy = V2 fe, = foulloy < V2Kr ||V, lv —w]l o

/
K(Le,, Lao,,) < Kj ( T(1-0)

o’ 2 )
—— V1 -
\11(1—‘1’)“(3o ) = wollse

using the definitions (22), (13), and (51) and where Ky is as in Lemma C.7.
Proof. Lemma 3.2 of [15], with the observation that S(w,wy) there is bounded by

(sa=wl. )

V2| 1Cs = Cully

<
Mc Cully, and

v1> |w—wol%,,  and

V(Lcw7 LCUJQ) < KIQJ <

yields
||LCU - LCw||2U \/_||fC - wa||2U

N

VLo Loy,) < ﬂ HvQH%—%MM

The proof is concluded using that |-||,;; < [|[|, and that ||C, — Cyll, < Kp [lv —wl|
for v,w € B, from Lemma C.7. [

Proof of Theorem 3.2. We proceed as in the proof of Theorem 3.1, using |18, Theorem 8.9],
with d there given by d(L¢,, Lc,) = ||Le, — Le, ||o /2 for v and w € B.. Remark that
this choice of d indeed satisfies the assumption (8.2) in [18], because of the item (vi) in [18,
Lemma B.1| (see the paragraph after the assumption (8.2) in [18]). Remark that instead
of using Lemma C.8 as in the proof of Theorem 3.1, we use Lemma C.9 here. This con-
cludes the proof by also noting that HLCw — Ly yrom0z9 Hz,U =2 ||fcw — [, o0z ||2’U =

V2| fe, — follyp for w € B, from Lemma C.9. O
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C.5 Proof of Theorem 4.1

Since Zi, ..., Zy are univariate here, we write for simplicity, for h = 1,..., H, zon1 = 20,1
(when we will apply Theorems 3.1 and 3.2 below), Z, 1 = Zj, and Hj, ; = Hj,.

For ¢ € N and for (a,b) € R? such that a < b, let H***([a,b]) be the Sobolev space of
(-times continuously differentiable functions h on [a,b] with (-th derivative function A"
that is the integral of a square integrable function h*Y on [a,b]: R (z) = [T TV (t)dt,
for z € [a, b].

For h =1,..., H, as shown in [16, Section 10| and with a linear change of input variables
(see [16, Lemma 7.1|), the RKHS Hj, of Z;, is HNt1([—1,1]) with squared RKHS-norm,
for g € HN T ([-1,1)),

1 Np,
loll3, = / (g™ D02t + 3 g0 (-1
-1 i=0

Here ¢© = g and ¢V, ..., g™») are the derivatives of g.
First consider the setting of Theorem 3.1. Define 21, ..., 20,4 by 201 = log(po)/2 ||log(po) | -
zop =1id for h=2,..., H — 1, and zyz = 2 ||log(po)||,, id. Here id is the identity function.

oo

Then zp go---02p1 = log(py). Furthermore, consider that the constants K, ..., Ky are se-
lected large enough such that the functions 21, ..., 20 i satisfy the conditions of Theorem

3.1. Recall Ky, defined in (9).

Lemma C.10. We have, for ¢ € (0,1],

. 9 ) i
glerlﬂ'gl HgHHl < CSup€ 2(N1 ﬁ+1)/ﬁ
Hg—ZO,1”<5
and, for h=2,..., H,
' 2
gler]g; HgHHh < Csup.
1
||gizo,h oo<%

||89/8x1*6201h/ax1 ||oo<%

Proof of Lemma C.10. The function zo; = log(po)/2 ||log(po)|| is a function in F#([—1,1], R)
that does not depend on e. Hence, because H; = HM11([—1,1]) as seen above, from the
proof of Theorem 4.1 in [15], we obtain the first inequality of the lemma.

To prove the second inequality, remark that z, is a linear function from [—1,1] to R and
thus it belongs to Hj,. Hence the infimum in the second inequality of the lemma is smaller
than HthHfHIh < 00. O

Lemma C.11. We have, for ¢ € (0,1] and for h=1,..., H,

—logP (|| Znl|., < &) < Cape™ /N t1/2),
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Proof of Lemma C.11. We have, for h=1,... H,

Np

té
N B(t) + Y X
=0

—logIP’(HZhHoogg):—logIP’<sup il

t€(0,2]

<8>.

The right-hand side above is bounded by Cy,pe ™Y/ (V1 +1/2) a5 stated in the proof of Theorem
4.1 in [1D] (this follows in particular from Theorem 1.3 in [9]). O

Recall @, from (8). From Lemmas C.10, C.11, and C.3 and from 8 < N; + 1/2 and
B < Ny, for h=2,..., H, we obtain, for ¢ € (0,1],

(bc 20 (6) g Osupg_z(Nl_ﬁ—i_l)/B‘

Hence, without loss of generality, one may assume that Cg,, > 1 and thus we have, for n

large enough,
.., (Csupnfﬁ/(wﬁz)) < nC2 p2B/N1+2).

Hence, the conclusion of Theorem 3.1 holds with €., = Cyyn /@142 The proof for the
conclusion of Theorem 3.2 is the same.

C.6 Proof of Theorem 4.2

The proof is similar to the proof of Theorem 4.1 As done previously, we write for simplicity,
for h = 1, R ,H, 20,h,1 = 20,hs Zh,l = Zh, and HhJ = Hh.

For any o > 0 and for any measurable function g on [—1,1], we define the (left-sided)
Riemann-Liouville integral of ¢ of order « (if it exists) by, for ¢t € [—1, 1],

(12,9)(t) = ﬁ / (t — ) g(s)ds

1

where I' stands for the standard Gamma function. As shown in |15, Theorem 4.2] and with
a linear change of input variables (see [10, Lemma 7.1]), using the fact that the RKHS of
a sum of independent Gaussian processes is the sum of their RKHS’s (see |6, Theorem 5|),
for h=1,...,H, the RKHS Hj, of Z, is the set of functions of the form

5772 (g) + Py i1, (52)

where g is square integrable on [—1,1] and where P,, 1, is a polynomial of degree a;, + 1.

First consider the setting of Theorem 3.1. Define zy 1, ..., 20z as in the proof of Theorem
4.1 with in particular zp g o---0291 = log(py). Also as in the proof of Theorem 4.1, let the
constants K1, ..., Ky be selected large enough such that the functions 2o 1, ..., 20 g satisfy
the conditions of Theorem 3.1.
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Lemma C.12. We have, for ¢ € (0,1],

3 . 2 —1/a
5 i llgll, —2108P (|21 <€) < Cupe™™
lg—20,11 <€

and, forh=2,..., H,

3 ) )
3 inf ~210gP (]| Zill. < 5)
lo=z0.1]| <3
||89/8171—62’0,;1/83:1Hoo<%7
Kmin “1/an
_zlogp<||azh/8x1!\oo< 1 )gcsupg _

Proof of Lemma C.12. The first part of the lemma comes with a straightforward applica-
tion of [15, Theorem 4.3] (note that the arguments of its proof would be the same if the
support [0, 1] there was replaced by [—1, 1]).

Then the second infimum in the statement of the lemma is bounded because 25, (a multiple
of identity) belongs to Hj, since Hj, contains the polynomials of degrees up to o, + 1. The

quantity —2 logP(HZhHOO < 5/2) is smaller than the term displayed in Lemma C.12 (with
Z there replaced by Z;,) and thus this quantity is bounded by C’supsfl/o‘h from this lemma.
Finally, the quantity —210gIP<HaZh/8xjHOO < Kmin/4) does not depend on . ]

Hence, we obtain from oy, > oy, for h =1,..., H, that @, (¢) < Csupzs*l/o‘l. Then, as in

the proof of Theorem 4.1 and without loss of generality, one may assume that Cg,, > 1
and thus we have, for n large enough,

(I)qzo (Csupn—oa/(?oa-i-l)) < ncgupn—Qal/(2a1+1)'

Hence, the conclusion of Theorem 3.1 holds with e, = Cypn /21D The proof for the
conclusion of Theorem 3.2 is the same.

C.7 Proof of Theorem 4.3

The proof is similar to the proof of Theorems 4.1 and 4.2. By [17, Lemma 4.1] (as in [/,
(11)]), the RKHS Hy,; of Z,; is the set of restrictions to [—1,1]% of all real parts of the
functions h : R* — R of the form

h(t) = / ATHD (A (A)dA (53)
Rd
for ¥ : R — R such that [, ¥2(A)my;(A)dA < oo, with my,; as in (15).
First consider the setting of Theorem 3.1. Define z,; for (h,i) € T as follows. Without

loss of generality (up to swapping 7 1,. .., Z14,), we may assume that a; 3 = o min. Then
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we let 21,1 = log(po)/2 |[log(po)lly s 2002 =+ = 2014, =0. For h=2,...,H — 1, we let
Zon1(Us ..y ug,) = uy for (ug, ... uq, ) € [—1,1]% and we let zpp0 = -+ = 20,hydpyy = O
Finally, we let zo g1 = (u1, ..., uay) = 2uq [|log(po)ll., for (u1,...,ua,) € [—1,1]%. Then
201 © -+ 0 291 = log(pp). Furthermore, consider that the constants K} ; for (h,i) € Z are
selected large enough such that the functions z; for (h,i) € T satisfy the conditions of
Theorem 3.1.

Lemma C.13. We have, for ¢ € (0,1],

3 _ ) —d/a _Zo1,1+d=28
5, gl —210eP (121l <€) < Clape™ 4 Cape™ 7
llg—z0,1,1ll o <€
and, for (h,i) € I\{(1,1)}, if h =1,
3 . 2 € 7d/a i
5 gl — 2108P(|Zile < 5) < Cope
Hg_z(),h,i <5
and forh=2,... H,
3 . 2 €
b _ | <=
AL ol - 2eP(12 <)
Hg_zo,h,i Oo<%
|’6g/8acj—8z0,h7i/8acjHw<%,
7=1,....dp
Kmin —d/ap;
~ 2108 P (102430, < =) < Cupe™ 0.

Proof of Lemma C.13. A straightforward application of |11, Lemmas 3 and 4] leads to the
first part of the lemma.

Then the two last infima in the statement of the lemma are bounded because zg 5 ; (either
zero or a linear function) belongs to Hy, ;. Indeed, 2o, defined on [—1,1]% can be written
as the restriction of an infinitely differentiable compactly supported function on R the

latter function thus satisfying (53). The quantity —210gIP’<||ZM||OO < 5/2) is bounded

by Ciupe~¥*mi from [11, Lemma 3]. Finally, the quantity logIF’<||8Zh7i/8ijOO < Kmin/él)
does not depend on ¢.

Hence, we obtain from a4 ,; >  for (h,i) € Z that
D, (5) < Csupg—d/min(h,i)ez Qi | Csupg_(2a1,1+d—2/3)/ﬁ < Csup€_(2a1’1+d_25)/’3.

Hence, as in the proof of Theorems 4.1 and 4.2, without loss of generality, one may assume
that Cgyp > 1 and thus we have

(I)qzo (Csupn—ﬁ/(2a1,min+d)) < ncfupn_Q/B/(%‘lvmi“"'d).

Hence, the conclusion of Theorem 3.1 holds with €., = Supn_ﬂ/ Carmintd) - The proof for
the conclusion of Theorem 3.2 is the same.
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