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L'—Theory for Incompressible Limit of Reaction-Diffusion
Porous Medium Flow with Linear Drift

Noureddine Igbida *
December 13, 2021

Abstract

Our aim is to study the limit of the solution of reaction-diffusion porous medium equation with
linear drift dyu—Au"+V - (uV) = g(t, z,u), as m — oo. We study the problem in bounded domain
Q) with Dirichlet boundary condition, compatible initial data ; i.e. |ug| < 1, and an outpointing
vector field V' on the boundary 9. In particular, by means of new BV, estimates, we show uniform
L' —convergence towards the solution of reaction-diffusion Hele-Shaw flow with linear drift.

1 Introduction and main results

1.1 Introduction

Let @ ¢ RY be a bounded open set with regular boundary 9Q =: I'. Our aim here is to study the
limit, as m — oo, of the equation

ou m .
(1.1) E—Au +V-(uV)=g(tz,u) inQ:=(0,T)x,
where the expression 7™ points out |r|™ !, for any r € IR, 1 < m < oo, V : Q — RR" is a given
vector field and g : @ x IR — IR is a Carathéodory application.

There is a huge literature on qualitative and quantitative studies of (1.1) in the case where V = 0.
We refer the reader to the book [39] for a thoroughgoing survey of results as well as corresponding
literature. The case V # 0 arise mainly in the theory of population dynamics, where u represents
density of a population trying to exit a finite habitat  following the vector field V' (see for instance
[34, 35, 36, 36, 38| and the refs therein). Indeed, the exponent m > 1, particularly for large m,
describes the anti-crowd leaning of the density motion. Under reasonable assumptions on g and V'
(let say for instance g = g(t,x,u) Lipschitz continuous in v and V' = V(z) regular enough), existence
and uniqueness of weak solution, as well as L!'—comparison principal are more or less well known
by now for (1.1) subject to initial data and boundary conditions of Dirichlet or Neumann type(cf.
[15, 13, 23]). One can see also [30] for the study of (1.1) in the framework of viscosity solutions.
Asymptotic convergence to equilibrium is shown in [13] and [17] when V is the gradient of a convex
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potential. Our main focus here lies in the limit as m — oo of weak solutions in the case where (1.1) is
subject to Dirichlet boundary condition and arbitrary compatible initial data |ug| < 1, a.e. in Q. We
give proof of the convergence process to the so called Hele-Shaw flow with linear drift in general contest
of L' —theory for nonlinear PDE (cf. [5] and [6]). This approach enables to give answers and evidence
to many questions left open in some papers dedicated to this subject. Moreover, it offers many supply
for the traitment of the challenging case of non compatible initial data ; i.e. the case where |Jug| > 1.
This will be treated separately in the forthcoming work [29].

1.2 Historical notes

The study of the incompressible limit of (1.3) receives a lot of attention since its interest for the
applications and for the description of constrained nonlinear flow. The problem is well understood by
now in the case where V = 0. Actually, it is well know that the solution of the problem

0
8—? —Au" =g(,u) inQ:=(0,T)xQ,
converges, as m — 00, to the solution of the so called Hele-Shaw problem
ou
(1.2) 5 ~Ar=9(u) in Q.
u € sign(p)

The convergence holds to be true in C([0,T), L' (Q)) in the case where |ug| < 1, a.e. in Q, otherwise
it holds in C((0,T), L'(€2)) and a boundary layer appears for ¢t = 0. This boundary layer is given by
some kind of plateau-like function refereed to as ‘mesa’, and it is given by the limit, as m — oo, of
the solution of homogeneous porous medium equation (see for instance [8, 7, 10, 11, 28, 25| and the
references therein)

(1.3) ?;: =Au™ in Q.

The problem has been well scouted in the case of homogeneous and nonhomogeneous, Dirichlet and
Neumann boundary conditions. Yet, one needs to be careful with the special case of Neumann bound-
ary condition since, in this case the limiting problem (1.2) could be ill posed. With respect to the
assumptions on g, the limiting problem exhibits an extra phase to be mixed with the Hele-Shaw phase
(see [11] for more details). Other variations of reaction term have been proposed in recent years to-
gether with the analysis of their incompressible limit (see for instance [38, 21, 37, 31| and the references

therein). The recent work [26] treats once again a particular reaction term g = g(u), with a special
m

focus on the limit of the so called associated pressure p := ™!, furthermore the authors seem

to be altogether not aware of the general works [10, 11].

The treatment of the case where V' £ 0, leads to the formal reaction-diffusion dynamic of Hele-Shaw
type with a linear drift ; i.e.

ou
(1.4) o Ap V- WV) =gtz } in (0,7) x Q.
u € sign(p)



The problem was studied first in [12] when g = 0 and the drift term is of the type V - F'(u), with
F : R — IRY a Lipschitz continuous function (this corresponds particularly to space-independent
drift). In [12], it is proven that L'(Q)-compactness result remains to be true uniformly in ¢. Moreover,
the limiting problem here is simply the transport equation

(1.5) dpu+V - F(u) = 0.

The Hele-Shaw flow wear off since the nature of the transport term (incompressible) in (1.5) compel the
solution to be less than 1, and then p = 0. Then, in [32] the authors studied the case of space dependent
drift and reaction terms both linear and regular in Q = R"™. Assuming some “strong” conditions on
V, which insure some kind of monotonicity properties, and using the notion of viscosity solutions,
they study the limit, as m — oo, in the case where ug is a nonnegative (compatible) initial data.
The benefit of their approach is its ability to cover accurately the free boundary view of the limiting
problem (particularly the dynamic of the so called congestion region [p > 0]), as well as the rate of
convergence. Using a weak (distributional) interpretation of the solution the same problem was studied
recently in [20] with a variant of reaction term g in Q = RN . Using a blend of recently developed tools
on Aronson-Bénilan regularizing effect as well as sophisticated L —regularity of the pressure gradient
the authors studied the incompressible limit again in the case of nonnegative compatible initial data
and regular drift (one can see also [22] for some convergence rate in a negative Sobolev norm).

Here, we study the incompressible limit of (1.3) subject to Dirichlet boundary condition and com-
patible initial data (even changing sign data). The reaction term satisfies general conditions, includ-
ing Lipschitz continuous assumptions, and the given velocity field enjoys Sobloev regularity and an
outpointing condition on the boundary that we’ll precise below. To this aim we use L'—nonlinear
semi-group theory, which consist in performing first the L'—strong compactness for the stationary
problem and work with the general theory of nonlinear semi group to pass to the limit in the evolution
problem.

At last, let us mention that for other application non-local drift could be concerned as well by the
incompressible about porous medium equation. On can see for instance [16] and the references therein
on this topic. In particular, the authors of [16] adopt techniques relying on the gradient flow structure
of the equation. Our approach here is general and may be adopted for this type of drift and more
general one even nonlinear.

1.3 Main results

We assume that Q c R" is a bounded open set, with regular boundary 9Q (say, piecewise C2).
Throughout the paper, we assume that V € WH3(Q), V-V € L®(Q) and satisfies the following
outward pointing condition on the boundary :

(1.1) V-r>0 ond,

where v represents the outward unitary normal to the boundary o).



We consider the evolution problem

?;—Am+v-(uV):f in Q= (0,7) x 0
(1.2) u=20 on ¥ := (0,T) x 09
u(0) = ug in Q.

We denote by H}(Q) the Sobolev space
HE(Q) = {u e HYQ) : u=0, LV Vae. in aQ}.

Definition 1.1 (Notion of solution). A function u is said to be a weak solution of (1.2) if u € L*(Q),
pi=ume L? (0,T; H&(Q)) and

d
dt/gu5+/Q<Vp—uV>-V£=/Qfs, inD'(0,T), V¢ e HNQ).

We’ll say plainly that u is a solution of (1.2) if u € C([0,T), L1(Q)), u(0) = ug and u is a weak solution
of (1.2).

We denote by sign™ (resp. sign™) the maximal monotone graph given by

1 forr >0
signt(r) =< [0,1] for r =0 (resp. sign™(r) = signt(—r), for r € IR).
0 for r < 0.

Moreover, we denote by signaE the discontinuous applications defined from IR to IR by

signg (r) = { (1) EZE ; z 8 and sign™ (1) = sign* (—r), for r € IR.

Theorem 1.1. Ifu; and uy are two weak solutions of (1.2) associated with fi, f» € L*(Q) respectively,
then

d

(1.3) il

(ug —ug)™ do < /Q(fl — fa) signd (uy — ug) dz, in D'(0,T).
In particular, we have
D s~ ol < i~ ol in D7)
and, if f1 < fa, a.e. in @, and u1(0) < uz(0) a.e. in Q, then
uy < ug, a.e. in Q.

Theorem 1.2. For any up € L*(Q) and f € L*(Q), the problem (1.2) has a solution u. Moreover, u
satisfies the following :



1. For any q € [1,00], we have

T
QI (ol + [0l ) i g<oo
14l < My = °

T .
A1 (ol t [ 1 OIde) i =0
0
2. For any t € [0,T), we have
(1.5) 1d/ || dx—i—/ \Vp|? da < / fpda:+/pu(V~V)_ dr, inD(0,T)
' m + 1dt 0 Q - Q ’ ’ '
Remark 1. 1. See that V - v may be understood in a weak sense, like

/V-V{dx—{—/V-V{dsz, for any 0 < & € D(Q).
Q Q
2. For any h > 0, we denote by
1.
(1.6) &lt,x) = - min {h,d(:::, aQ)} and  vp(a) = —V&, for any z € Q,

where d(.,00) names the euclidean distance-to-the-boundary function. We see that &, € HA ()
is a reqular (as well as the boundary is) function, 0 < &, <1 and

vp(z) = —%V d(.,0), foranyx € Q\Qp and 0 < h < hg (small anough,).

Here

Qp = {x € : d(z,00) > h}, for small h > 0.

In particular, for any x € Qy,, we have hvp(x) = v(mw(x)), where w(x) design the projection of x
on the boundary 082, and v(y) represents the outward unitary normal to the boundary OS2 at y.
Thanks to (1.1), we have

(1.7) liminf/ EV(x) -vp(x)dx >0, forany 0 < e L™(Q).
h—0 A\Qy,

3. Thanks to the local C*—boundary reqularity assumption on Q, we have

(1.8) liminf/ Vw -V, dr >0, forany0<w e HLHQ).
h—0 Q

This property is connected to smoothness of the boundary of Q). For the case of Lipschitz boundary

domain, one needs to work with more sophisticated test functions in the spirit of &, to fill (1.8)

like property (one can see Lemma 4.4 and Remark 6.5 of [?].



4. Typical examples of vector fields V. may be given by
V=-V® and 0<®cH(QNW>»?Q).

For the limit, as m — oo, one sees formally that the problem (1.2) converges to so called Hele-Shaw
problem

ou
- Ap+V-@V)=f } 00
(1.9) u € sign(p)

p:o OHE

Existence, L' —comparison and uniqueness of weak solution for the problem (1.9), with mixed boundary
conditions, has been studied recently in [27]. Thanks to [27], we know that for any f € L*(Q) and
ug € L>(Q), s.t. 0 <wp <1, ae. in 2, (1.9) has a unique weak solution (see the following Theorem
for the precise sense) satisfying u(0) = ug. To prove rigorously the convergence of w,, to the solution
of (1.9), we assume moreover that V satisfies the following assumption : there exists hg > 0, such that

(1.10) Vv, >0, in€Qy, forany0<h<hg;
that is V(x) - Vd(z,08) > 0, for any = € Q with being such that d(x,9Q) < h < hg.

Theorem 1.3. Under the assumptions (1.10), for each m = 1,2, ..., let ug, € L°(Q), fm € L*(Q)
and uy, be the corresponding solution of (1.2). If, as m — oo,

fm_>f7 in Ll(Q)a Uom — U0, n LI(Q)v
and |ug| < 1, then

U — u, in C([0,T); L1(Q)),

Uy —>p, in LQ([O, T); H? (Q))-weak,

and (u,p) is the unique solution of (1.9) satisfying u(0) = ug. That is u € C([0,T), L*(Q)), u(0) = ug
and u = sign(p), a.e. in Q, and

dt
Remark 2. Thanks to [27], we can deduce that u, the limit of u,,, satisfies the following :

(1.11) d/ﬂug—l—/QVp-Vfd:B—/QuV-Vfdw:/Q fé&dx, inD(0,T)), foranyfeHé(Q).

1. If there ezists wy, € WYH0,T) (resp. wo € WHL(0,T)) such that ug < wy(0) (resp. wi(0) < ug)
and, for any t € (0,7,

wo(t) + we()V -V > f(t,.) a.e. inQ
(rep. w1 (t) +wi(t)V -V < f(t,.), a.e. in Q), then we have

u<wy (resp. wi <u) ae inQ.



2. If f and V satisfies
0< f(t,.)) < V-V, ae inQ

then p = 0, and u is the unique solution of the reaction-transport equation

ou

at+V-(uV):f(t,:v)} 0

0<u<l1

uV-v=0 on XN
u(0) = w in €2,

in the sense that u € C([0,T), L'(R)), 0 <u <1 a.e. in Q and
d/u{—/uV~V§:/f£, in D'(0,T), VEeHNQ).
dt Jo Q Q

Remark 3. 1. The condition (1.10) is equivalent in some sense that the vector field V is outward
pointing in a neighbor of the boundary 0S2. In particular, this implies that for any 0 < h < hg,
there exists 0 < &, € CQ(Qh) compactly supported in 2 such that &, =1 in Qp and

/ @V V& dr <0, forany0<¢peLY(Q).
Q\Qp,

2. One sees that the assumption (1.10) is fulfilled for instance in the following cases
(a) There exists hy > 0 such that, for any 0 < h < hg, we have
V(z)=V(r(x)), foranyz € Qp.
Indeed, since vp(x) = v(n(z)), we have V(z) - V& (x) = V(m(x)) - VE(n(z)) which is

nonnegative by the assumption (1.1).
(b) Strictly outpointing vector field V' :

V.evr>0, on0f.
Indeed, This follows from the fact that

lim ch-Vhdac—/ oV -vdx, forany0<ypcC(Q).
h=0Jo\q, o0

(c) V' compactly supported ; i.e. V vanishes on a neighbor of the boundary OS.
3. A typical choice for V is given by V = —Vd(.,09), the distance function up to the boundary.

4. As we will see in the proofs, it is possible to replace the assumption (1.10) by the following : there
exists hg > 0, such that for any 0 < h < hg, there exists 0 < wy, € C*(Q,) compactly supported in
Q, such that wp, =1 in Q) and
(1.12) / @V -Vwpdr <0, forany0<¢c LY (Q),
QN\Qy,

See that the condition (1.10) corresponds to the selection wp, = &p.



1.4 Plan of the paper

The next section is devoted to the proof of L' —comparison principle for weak solutions of (1.2). To this
aim, we use doubling and dedoubling variables techniques. This enables us to deduce the uniqueness
and lay out the study plan of the equation in the framework of L' —nonlinear semi-group theory. Section
3 concerns the study of existence of a solution. To set the problem in the framework of nonlinear semi
group theory, we begin with stationary problem to roll in Fuler-implicit discretization and put up an
e—approximate solution. Then, using mainly a Crandall-Ligget theorem, L*(Q2) and H}(Q) estimates
on u and u™ respectively, we pass to the limit as € — 0, to built the solution of the evolution problem
(1.2). Section 4 is devoted to the study of the limit as m — oco. Using the outpointing vector filed
condition (1.10), we study first the limit for the stationary problem connecting it to the the Hele Shaw
flow with linear drift. To this aim, we derive BVj,. new estimates on the solution. Then, using regular
perturbation results for nonlinear semi group we establish the convergence results for the evolution
problem. Section 6 is devoted to the study of the limit of the solution u and u™ in the of the presence
of a reaction term with linear drift. We prove the convergence of reaction diffusion problem of a Hele-
Shaw flow with linear drift At last, in Section 7 (Appendix), we provide for the unaccustomed reader
a short recap on the main tools from L'—nonlinear semi-group theory.

2 L'—comparison principle and uniqueness proofs

As usual for parabolic-hyperbolic and elliptic-hyperbolic problems, the main tool to prove the unique-
ness is doubling and de-doubling variables. To this aim, we prove first that a weak solution satisfies
the following version of entropic inequality :

We assume throughout this section that V € WhH(Q) , (V- V) € L®(Q) and V satisfies the
outpointing condition (1.1).

Proposition 2.1. Let u be a weak solution of (1.2). Then, for any k € IR, and 0 < £ € HL(Q), we

have
d
L = ke dn+ / (V™ — K™ — (u—k)TV) - VE de
(2.13) @t Jo “ 1
4 [ 69V = )€ signf (- k) do < ~lmsup - [ V[ € d.
Q =0 € Jjo<um—km<e]
and
d
pn (k —u)T¢do + / V(E™ —u™t — (k—u)TV)-Vda
(2.14) e “ 1
4 [ = kYY) signf (h — ) do < ~limmsup * [ Va2 € do,
Q e—=0 € Jjo<km—um<e]
in D'(0,7T).

Proof. We extend u onto IR xQ by 0 for any ¢ ¢ (0, 7). Then, for any h > 0 and nonnegative £ € H} ()
and ¢ € D(IR), we consider

1 t+h

V(M) =Eq | HIW(() vls) ds,



where H is given by

(r — k™)t

HZ (r) = min < .

,1), for any r € IR,

for arbitrary € > 0. It is clear that ®;, € W2 (0, T; Hé(Q)) N L°°(Q) is an admissible test function for
the weak formulation, so that

(2.15) —// u 0" dtda:+// (Vu™ =V u) - V" dtd:z:// f o dtdx.
Q Q Q

See that

//Quﬁtq)h dtde ://Q@u(w Mot (o) = =) ¢ gy

FIRC ( / ?:h) HEG™) dr) ¢ drda

1 u(t) .
<./ /Q ( e >dr> (b(t -+ h) — (1)) dida.

IN

Letting h — 0, we have

u(t)
limsup// u 0, " dtd:v<// (/ Hj(rm)dr) O € dtdz.
h—0 Q Q k

So, by letting A — 0 in (2.15), we get

- //Q { (/:(t) HE(r™)dr ) O €+ u™ - VEH(u™)E ~ He(u™) (u— k) V vg} dtdx

(2.16) < //Q {zp (f+EV-V)H(u™E+YE(u—k)V - V”Hg(um)} dtda
1

—// |Vu™|? € dtdz,
€ JJo<um—km<e]

1
where we use the fact that [Vu™| HL(u™(t)) = E\Vum\z X[o<um—km<e] a-€. in Q. Setting
1 min(u™ k™ +e)
U, = / (’I“l/m — k) dr,
€ Jmin(um™, k™)

we see that
(u—k)HL(u™ — k™) - Vu™ = V..



This implies that the last term of (2.16) satisfies
/ YE&(u—k) V- -VH(u"™ — k™) = / E(u—k — k™) V.-Vu™
Q
= / YEV - VU dx
Q
= —/ YV (EV) V. dr
Q

— 0, ase—0.

See also that, by using Lebesgue’s dominated convergence Theorem, we have

s [, ([ ) v ff 0w ase

Then, letting € — 0 in (2.16) and using the fact that signg (v — k") = signj (u—k), for any k € IR, we
get (2.13). As to (2.14), it follows by using the fact that —u is also a solution of (1.2) with f replaced
by —f, and applying (2.13) to —u. O

Proposition 2.2 (Kato’s inequality). If u; and ug satisfy (2.13) and (2.14) corresponding to fi €
LYQ) and fo € L' (Q) respectively, then

(2.22)  Oplur —u2)" — A" —ug)t + V- (w1 —u2) T V) < (f1 = fo) signg (w1 — uz) in D'(Q).

Proof. The proof of this lemma is based on doubling and de-doubling variable techniques. Let us give
here briefly the arguments. To double the variables, we use first the fact that u; = w; (¢, z) satisfies
(2.13) with k = u1(s,y), we have

& [t )t cdr+ [(Taut0) ' (5,0) = (a(t.9) — wals, ) V@) - Vo o
—|—/ VeV uQ(s,y)CsignS'(ul(t,x) —uz(s,y)) dx < /fl(t,:r)signar(ul(t,:r) —uz(s,y)) ( dx

Q
1
—limsup — / \Voui (¢, 2)|* ¢ da.
[0<ul—ul <e]

e—0

Integrating with respect to y, we get

jt//(ul(t,l‘) - u2(8,2/))+ ¢+ //(Vx(uT(t,$ — ugl(s y))+ _ (ul(t :L') _ UQ(S y))—l— V( ) V.l

Vo - Voua(s,y)Csigng (ur (t, ©) — ua(s,y)) / fi(t, z)signg (ur (t, 2) — u2(s,y)) ¢

— limsup — // |V ul(t,z)|* ¢
e—0 0<u*—ul <]

10



See that

// Vy(ui'(t,x) — uy'(s, y)) T - Vil dedy = — 31_13% // Vyuy'(s,y) - Vo Ho(ui*(t, ) — uy'(s,y)) dedy

1
= —lim —
e—=0 ¢

/ / Vo (£, ) - V(5. ) € dady,
o<ul —uf <e]
so that, denoting by
ult,s,z,y) =uit,z) —uz(s,y), and p(t,s z,y) =ul"(t,z) —ug'(s,y),
we obtain
d
G [ [utsany caodys [ [ {704 V,)pt s,0,0) = ultes.0)t Vi@)} - VaC ddy
+ [ | V- Voua(s,y) ¢signgu(t, s, z,y) dedy < // f1(t, x)signg u(t, s, 2, y) ¢ dedy
— lim // Vaul(t, x) - Vyub'(s,y) ¢ HL(uf*(t, x) — ul'(s,y)) dzdy

e—0
1
— limsup — // |V ult(t, ) |* ¢ dedy.
e=0 € [0<u*—ulr<e]

On the other hand, using the fact that ug = ua(s,y) satisfies (2.14) with k = u; (¢, ), we have

(2.23)

d
% /U(t, $7$7y)+ Cdy + /Vyp(t787x7y) - U(t,S,ZlZ‘,y)+ V(y) ’ vyC
—/va'VUl(tfﬁ)Csigng(u(tS,fb‘,y))dl/ < —/fz(S,y)Signér(u(t,S,w,y))Cdy

. 1
—hmsup/ IIVyUE”(s,y)HQCdy-
[0<u"—uj' <]

e—0 €&

Working in the same way for (2.23), we get

d
% ’U:(t, S,$,y)+ C d.’Edy + // {(v:c + Vy)P(ta s,x,y) - ’U,(t, S,:L',y)+ V(y)} ' vy( d:(}dy

- Vy - V(y) wi(t, z) ¢ signg (u(t, s, z,y)) dedy < —/ fo(s,y)signd (u(t, s, x,y)) ¢ dudy

1
— lim — // Vul'(t, x) - Vyuy'(s,y) ¢ dedy
[0<ul—ul<e]

e—0 €

1
— lim sup — / IV, us(s,y)|? ¢ dy dxdy.

e=0 & J Jjo<up —un <]
Adding both inequalities, and using the fact that

—(IVaur (t, 2)|]* + [ Vyua(s, ) I + 2 Vaur (8, 2) - Vyua(z,y)) X[o<um—up<e] < 0, a.e. In Q>

11



we obtain

d d
<dt+ ds) // (t, 5,2,y +dedy+//(vf+Vy)p(tasa$7y) (Ve + V) dady

// w(tys,2,9)t (V(@) - Vol + V(y) - V,0) dady

(2.24)
// (Vo - V() ua(s, y) dedy — Vy - V(y) ua(t, ) Csigng (u(t, s, z,y)) dedy
/ (f1(t,z) — fa(s,y))signg (u(t, s, 2,y))  dzdy
and then,
(i + ;i) //“(t’ s,a,y)" C dedy + //(Vm +Vy)p(t, 5,2,y) - (Vo + V)¢ dady
225) /U(t,s,x,yﬁ V(z) - (VaC + Vy() dxdy+// ult,s,x,y)" (V(x) = V(y) - VyC dady

+ / (Ve V(@) un(5,) — Vy - V() ua(t,2)) Csigng (ult, 5, 3,y)) dady

< //(f1<t7x) - f2(57y))Signa_(u(tv S, x,y)) dedy'

Now, we can de-double the variables ¢t and s, as well as z and y, by taking as usual the sequence of
test functions

elt,5) = (i) z (t;S) and (5(,y) =5($;y) o ("”’“’f)

for any t,s € (0,T) and z,y € Q. Here b € D(0,T), £ € D(R), p. and ) are sequences of usual
mollifiers in R and RY respectively. See that

(i) vt =0 () ()

(Vx+vy)g(x,y):5A< _ >vg <$;y>

Moreover, for any h € L'((0,T)%? x Q2) and ® € L'((0,7)? x Q*)¥, we know that

cimin [ [ nsen oo = [ [ bt e v,
0;%;13%///9/ tsmyCAwy)(dt )pets // (t,t, 2, 2) E(x) ().

T T
o timtin [ [ @) (924 V0@ t9) = [ [ Blttia0) - Vela) vie) drde.

and

12



Moreover, we also know that

T
fim [ [ ht..9) (V) = V) - Toa(a) (0 dedady

A—0

T
— [ [ ha) V- Via) €a) 010) ddn
0 JQ

The proof of this result is more or less well known by now (one can see for instance a detailed proof in
[27]). So replacing ¢ and v in (2.25) by () and . resp., and, letting €, A — 0, we get

T .
/0/g;{_(ul_u2)+£¢+v(p1_p2)+'véw_(ul—u2)+V'V§1/J}dtd$
T
S/0 /Q(fl—f2) signg (w1 — ug) £ ¢ dtdz.

Thus
d + m m + +
pn (up —u2)" Ede+ [ V(u"(t,x) —uy'(t,z))” - VEde — [ (ug —u2)”™ V- Vida
< [ wta)(h - ) € o
Thus the result of the proposition. O

The aim now is to process with the sequence of test function &, given by (1.6) in Kato’s inequality
and let h — 0, to cover (1.3).

Proof of Theorem 1.1. Let (uy,p1) and (ug, p2) be two couples of L>(Q) x L? (0,T; H{ () satis-
fying (2.13) and (2.14) corresponding to f; € L'(Q) and fy € L*(Q) respectively, to prove (1.3) we see
that

(Z/Q(Ul —up)™ dx — /(fl — f2) sign (u1 — ug) da

= lim 4 / (u1 — ug) ™ &, da — /(f1 — fo) signd (uy — ug) &, do =: I(h),
Q

h—0 dt
in the sense of distribution in [0,7"). Taking &, as a test function in (2.22) and using (1.8), we have
I(h) < —/ (V(up —up)t — (w1 —u2)" V) - V&, da
< /(u1 —ug) TV - V&, da.
Then, using the outpointing velocity vector field assumption (1.7), we get

. < _T1 . + )
llllg%l(h) < }LILHO (ug —ug)™ V -yp(z) do

< 0.

Thus (1.3). The rest of the theorem is a straightforward consequence of (1.3). O]
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3 Main estimates and existence proofs

3.1 Stationary problem

To prove Theorem 1.2, we consider the stationary problem associated with Euler-implicit discretization
of (1.2). That is

(3.1) V=AAV"+ AV - (v V) = f in
’ v=20 on 012,

where f € L?(Q) and A > 0. Following Definition 1.1, a function v € L'(Q) is said to be a weak
solution of (3.1) if v™ € HJ(Q) and

(3.2) /Qvﬁ—i—/\/Qva-Vé—)\/QvV-ng/ﬂff, for all £ € H3(Q).

Theorem 3.4. Assume V € WH3(Q) and (V-V)™ € L>®(Q). For f € L*(Q) and X satisfying
(3.3) 0 <A<I/(V-V) oo,

the problem (3.2) has a solution v that we denote by v,,. Moreover, for any 1 < q < oo, we have

—1
(1= @@=V V) 7lke) Iflg T <g<o00

(34) omllq < .
(1= AV loe) 1o if g = oc

and

(3.5) (1—A|!(v.v)uoo)/|vm|m+1 d:c+A/\wg}|2dxg /fv2 i

Moreover, thanks to Theorem 1.1, we have

Corollary 3.1. Under the assumption of Theorem 3.4, if moreover V satisfies the outpointing condition
(1.1), the problem (3.1) has a unique solution. Moreover, if vi and ve are two solutions associated with
f1 € LYQ) and fo € LY(Q) respectively, then

(o1 —v2) "Il < N1(f1 = f2) T [l

and
o1 —v2li < ([ f1 = falli-

To prove Theorem 3.4, we proceed by regularization and compactness. For each € > 0, we consider
Be a regular Lipschitz continuous function strictly increasing satisfying 8:(0) = 0 and, as ¢ — 0,

Bo(r) = r¥/™  for any r € IR.

14



One can take, for instance, 5. the regularization by convolution of the application » € IR — rt/m.
Then, we consider the problem

U—)\Ap+)\V~(UV):f} i Q
p=20 on 0.

Lemma 3.1. For any f € L*(Q) and € > 0, the problem (3.6) has a solution v, in the sense that
Ve € LQ(Q)a Pe = /Bgl(ue) S H&(Q), and

(3.7) /Ugfdaﬂ—/\/Vpg-Vfd:):—)\/ng-V{dx—/ffdm,
for any £ € H&(Q) Moreover, for any X satisfying (3.3) the solution v. satisfies the estimates

—1
(1= @@= DAV V) loe) Iflley i 1<g< o0

(3.8) lvelly < }
(=2 V) o) e if ¢ = o0

and

(39) (1_)\||(VV)_HOO>/'U5P;.; dx+)\/vp8|2 dl‘é/fpsd:n

Proof. We can assume without loose of generality throughout the proof that A = 1 and remove the
script € in the notations of (ve,p.) and f., along the proof. We consider H () the usual topological
dual space of H}(Q) and (.,.) the associate dual bracket. See that the operator A : H}(Q) — H™1(Q),
given by

&) = [ B0 ¢ do+ [Vp-Veds— [6p)V-Vedn, torany & pe H(Q)

is a bounded weakly continuous operator. Moreover, A is coercive. Indeed, for any p € H&(Q), we
have

Upp) = [Bwpdss [[9ofdc~ [6)V-Ipdo

_ /5<p)pda;+/|vp\2dx—/v-v</opﬁ(r)dr> dx
_ /ﬁ(p)pdx—l—/|Vp|2dx—|—/V-V (/Opﬁ(r)dr) dx

> [swpdos [1Vdo= [ (V)7 p80) do
> ;/B(p)pder/\Vp!de—;/(V-V)_Qdm
/|Vp|2dx— ;/(v-vr?dl«,

15
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where we use Young inequality. So, for any f € H () the problem Ap = f has a solution p € HJ (Q).
Now, for each 1 < ¢ < oo, taking v9~! as a test function, and using the fact that
1y g—1 .
vV ) = ——V/l!, ae. in{
q

and

Vp- V(i) >0,

-1
/|U\qu < /qu_l dx+)\qq/V'V|v\qu

/qu_l dm—)\q_l/V-V|v|qd:E
q
1
/qu_l dx—i—)\qq/(V-V)_ [v|? dx

< ;/\f|qu+q;1/|v|qu+)\q;1H(V~V)HOO/ 0|7 dz,

we get

IN

IA

where we use again Young inequality. This implies that

(1=XMa =DV V) lle) [ leftdo < [ 1712 da,

Thus (3.4). To prove (3.5), we take p as a test function, we obtain

)\/\VpIde = /fpdx—/vpdx+)\/ﬁ(p)V~Vpdx

/fpd:v—/vpdﬂc+)\/V-V(/Opﬁ(r)dr> dx
/fpda:/vpdx)\/V-V (/Opﬁ(r)dr> dx
/fpdx—/vpd:r+/\/(V~V) /Opﬂ(r)drdx
/fpdx—/vpdx—i—H(V-V)_Hoo /updac

P
where we use the fact that / B(r)dr < pp(p) = vp. Thus (3.5) for 1 < ¢ < co. For the case ¢ € {1, oo},
0

IN

IN

we take H.(u — k) € H}(Q), for a given k > 0, as a test function in (3.6), where

1 ifr>1
H.(r)=1< r/e if|rl<e
-1 ifr<-1.
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Then, letting ¢ — 0 and using the fact that Vp- VH.(u—k) > 0 a.e. in €, it is not difficult to see that

/(v—k)eraz < /(f—k(1+)\V-V))Sign+(v—k)—f—)\hm (v—Fk)V - -VH.(v—k)

e—0
< /(f—k(1+Av.V))sigrﬁ(v—k),

where we use the fact that lim [ (v —k)V -VH.(v—k)=1lim [(v—k)V -V(u—k) H/(v—k) =0.

e—0 e—0
In particular, this implies that

/(u—k)+dxg/(f—k(1+Av-V)+.
So, taking

[1flloo

k= ,
L=V -V) o

we have (f — k(1 +AV-V)T <0, and then v < k. Working in the same way with H.(—v + k) as a
test function, we obtain

o e
1=X(V-V)" [l
Thus the result of the lemma for ¢ = co. The case ¢ = 1 follows by Corollary 3.1. O

Lemma 3.2. Under the assumption of Theorem 3.4, by taking a subsequence € — 0 if necessary, we
have

(3.25) ve = v, in L*(Q)-weak
and
(3.26) pe —v™,  in HY(Q).

Moreover, v is a weak solution of (3.1).

Proof. Using Lemma 3.1 as well as Young and Poincaré inequalities, we see that the sequences v, and
pe are bounded in L*(92) and H3 (), respectively. So, there exists a subsequence that we denote again
by v. and p. such that (3.25) is fulfilled and

(3.27) pe — v™,  in H}(Q)-weak.

Letting € — 0 in (3.7), we obtain that v is a weak solution of (3.1). Let us prove that actually (3.27)
holds to be true strongly in H3 (). Indeed, taking p. as a test function, we have

)\/]Vpa\Qd:c :/(f—va)padx—f—/\/V-V(8p€ﬁ5(r)dr) dx

:/(fvs)pgdxA/V-V/o B.(r)dr da.
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Pe
Be(s) ds

0

< Ve Pe

Since / Be(s)ds converges to / B(s)ds, for any r € IR, p. — v a.e. in {2 and
0
which is bounded in L*(€) by (3.9)

Pe p
Be(s)ds — / s ds =
0

9), we have

o™, in LY(Q).

0 m—|—1

So, in one hand we have
; 2 — _ oy m . m+1
;m(l)/\/]Vpg\ dx —/(f v)pdr — A +1/V V |v| dx.

On the other, since v is a weak solution of (3.1), one sees easily that
A/yvp\de—/(f—v)pdx—Am/V.V|v\m+1dx~
m+1 ’

which implies that linr(lJ / ]Vpg\Q dx = / ]Vp\z dz. Combing this with the weak convergence of Vp., we
E—r
deduce the strong convergence (3.26). O

Remark 4. One sees in the proof that the results of Lemma 3.2 remain to be true if one replace [ in
(3.6) by a sequence of f- € L*(Q) and assumes that, as e — 0,

fe— f, in LQ(Q).

Proof of Theorem 3.4. The proof follows by Lemma 3.2. Moreover, the estimates hold to be true
by letting € — 0, in the estimate (3.8) and (3.9) for v, and pe. O

3.2 Existence for the evolution problem

To study the evolution problem, we use Euler-implicit discretization scheme. For an arbitrary 0 < & <
€0, and n € IN* being such that (n + 1)e = T, we consider the sequence (u;, p;)i=o,...N given by the
e—Euler implicit scheme associated with (1.2) :

ui+1—6Api+1+5V-(ui+1V):ui—i-sfi} O
(3.28) Pirt =i

pi+1 =0 on 0,
where, for each i = 0,...n — 1, f; is given by

1 (’H—l)e’;‘

fi= / f(s)ds, a.e. in Q.

€ Jie
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Now, for a given e—time discretization 0 =t < t; <11 < ... <ty <tn41 =T, satisfying t;41 —t; < e,
we define the e—approximate solution by

n—1 n
(3.29) Ug = Zuix[ti,ti+1)’ and p.:= Zpix[ti7ti+l)'
=0 i=1

In order to use the results of the previous section and the general theory of evolution problem governed
by accretive operator (see for instance [6, 5]), we define the operator A, in L'(Q), by u € Ay (z) if
and only if u, z € L'(Q) and 2 is a solution of the problem

—AZ"+ V- (2V)=p in
z=0 on 0f),

in the sens that z € L*(Q), 2™ € H}(Q) and
/Vzm-Vﬁ—/zV-ng/,uﬁ, Ve e HE(Q) N LE(Q).
Q Q Q

As a consequence of Theorem 1.1, we see that the operator A,, is accretive in L'(Q) ;i.e. (I+AAp)~"
is a contraction in L'(€2), for small A > 0 (cf. Appendix section). Moreover, thanks to Theorem 3.4,
R(I+MA,,) D L*(Q), for small 0 < A < Ao := 1/[[(V-V) ™ ||, 50 that A,,, the closure of A,, in L'(2),
is m-accretive in LY() ; i.e. R(I+MA,,) = L*(Q), for any A > 0. One sees easily that D(A,,) = L*(Q).
Furthermore, for any ug € Ll(Q), thanks to the general theory of nonlinear semi-group governed by
accretive operator, as ¢ — 0, we have (see Appendix)

(3.30) ue —u, inC([0,T), L1 (Q)),
and u is the so called "mild solution” of the evolution problem

u + Apu s f in (0,7)
(3.31)
u(0) = wo.

To accomplish the proof of existence for the problem (1.2), we prove that the mild solution u
satisfies all the conditions of Definition 1.1. More precisely, we prove the following result.

Proposition 3.3. Assume V € W2(Q), (V-V)™ € L®(Q) and V satisfies the outpointing condition
(1.1). For any ug € L*(Q) and f € L*(Q), the mild solution u of the problem (3.31) is the unique
solution of (1.2).

To prove this result, thanks to (3.30), it is enough to study moreover the limit of sequence p. given
by the e—approximate solution.

Lemma 3.3. Let u. and p. be the e—approzimate solution given by (3.29). We have

1. For any q € [1, 00|, we have

(3.32) |ue(t)llq < Mg, for anyt >0,
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T
(Huo\q +/ £ ()l dt> exp (=D I(V-V)lle)  fl<g<od
ME = ’

T
(uuo\w + [ 150l dt) exp (07 V) o) if g = oo.

2. For each € > 0, we have

1 t t t _
/rua<t>\m“+//|Vpa|2s//fapadx+//<v-m S
m+1 Jq 0JQ 0JQ 0

1 m—+1
+m+1/Q’U,0’ .

Proof. Thanks to Theorem 3.4, the sequence (u;)i=1,..n of solutions of (3.28) is well defined in L? (Q)
and satisfies

(i+1)e
/uz‘+1§+€/Vpi+1'V§—€/Ui+1V‘V€=/ /fzf, fori=1,..,n—1,
Q Q Q ie Q

for any & € H}(S2). Thanks to (3.4), for any 1 < ¢ < oo, we have

(3.33)

uilly, < Mlwiallg +€ 1 fillg +2 (@ =) [[(V - V) [loolluillq-
By induction, this implies that, for any ¢ € [0,7T), we have
T T
[ue(@)llg < l[uollg +/0 [fe(O)llq dt + (g — 1) (V- V)_lloo/0 [ue(t)lq dt.

Using Gronwall Lemma, we deduce (3.32), for any 1 < ¢ < oco. The proof for the case ¢ = oo follows
in the same way by using (3.4) with ¢ = co. Now, using the fact that

1
(ui = wim1) pi = (wi —wim) w2 = (w ™ =it
and
/Uz‘V'sz' S//(V'V)piuz‘,
we get
1 m+1 2 _
— [ ||+ [ [Vpi]" < e fipide+e [ (V-V) piudz
m+1 0 [¢) 9]
1 m+1
i +1 /Q fui=a [
Summing this identity for i = 1,...., and using the definition of u., p. and f., we get (3.33). O

20



Proof of Proposition 3.3. Recall that we already know that u. — u in C([0,T); L'(2), as ¢ — 0.
Now, combining (3.32) and (3.33) with Poincaré and Young inequalities, one sees that

1 d

e [t [ (On P < o) ( / rfe|2da:+||<V-V>||oo<M§>2), in D/(0, 7).

This implies that p. is bounded in L(0, T; Ha(£2)). This implies that
p. —u™, in L*(0,T; HY(Q)) — weak, ase — 0.
Recall that taking

t— t)uisn — (t—tip1)us
ue(t) = ( Uil 8 ( H_l)uZ, for any t € [t;,tiy1), i =1,..n,

we have
(3.37) Otie — Ape +V - (uz V) = f-,  in D'(Q).

Moreover, we know that @, — u, in C([0,T), L*(Q)). So letting ¢ — 0 in (3.37), we deduce that u is a
solution of (1.2). Letting € — 0 in (3.32) and (3.33), we get respectively (1.4) and (1.5). O

Proof of Theorem 1.2. The proof follows by Proposition 3.3.

4 The limit as m — oo.

Since the solution of the problem (1.2) is the mild solution associated with the operator A,,, we begin
by studying the L'— limit, as m — oo, of the solution of the stationary problem 3.1. Formally, this
limiting problem is given by

v—Ap—i—V-(vV):f} O

(4.1) v € Sign(p)

p=20 on 0.

This is the stationary problem associated with the so called Hele-Shaw problem. Thanks to [28], for
any f € L?(Q), (4.1) has a unique solution (u, p) in the sense that (v,p) € L>(Q) x Hi(Q), v € sign(p)
a.e. in €}, and

(4.2) /Qvé—i—/QVp-Vf—/QvV-sz/fo, for any &€ € H}(Q).

First, by using the results of the previous section, we have
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Proposition 4.4. Under the assumptions of Theorem 3.4, let us consider vy, the solution of (3.1). As
m — 00, we have

(4.3) U — v, in L*(Q)-weak,

(4.4) o™ =, in Hy (),
and (v,p) is the solution of (4.1).

Proof. Thanks to (3.4), there exists v € H}(Q), such that (4.3) is fulfilled. Thanks to (3.5), we see
that the sequences p,, is bounded in HJ (), which implies that

(4.5) o™ — p,  in H(Q)-weak.
Using monotonicity arguments we see that v € Sign(p) a.e. in £, and letting m — oo in (3.7), we

obtain that (u,p) satisfies (4.2). To prove the strong convergence of p,,, we use the same argument of
the proof of Lemma 3.2. Indeed, taking p,, as a test function in (3.2), we have

Pm
/\/vpm|2dx = /(f_vm)pmd$+)\/V'V</ T‘Wl%d’l”> dx
0

m
= /(f—vm)pmdx—i—)\nH_l/V-vapmdfﬁ-

Letting m — oo, and using (4.4) and (4.5), we see that
li_1>n A/|me|2d:n = /(f—u)pdx+)\/V-Vup
= /(f—u)pd$+)\/V-V|p|.

We know that (u,p) is a solution of (4.1), so one sees easily that

3 [ 1WpPdo= [(£=wpdesa [Tl

so that
lim A/|me|2dx:)\/|Vp|2d:U.

Thus the strong convergence of Vp,,.

For the strong convergence of v,,, we need to use the assumption (1.10).

Theorem 4.5. Under the assumptions of Theorem 4.6 ; i.e. V € WH(Q), V-V € L¥(Q) and
satisfies (1.10), for any 0 < X\ < Ay, the convergence (4.3) holds to be true strongly in L'(Q). Here

Ay = Z 10z, Vielloo-
ik
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Corollary 4.2. Under the assumptions of Theorem 4.5, the operator A,, converges to A in the sense
of resolvent in L' (Q), where A is defined by : p € A(z) if and only if p, z € L*(Q) and z is a solution
of the problem

—Ap+V.-zV)=u in Q
z € sign(p)

p=0 on OS2,

in the sense that z € L=(Q), 3p € HE(Q) such that p € HY(Q), u € sign(p) a.e. in Q and

/Vp-Vf—/ZV-V§=/,LL§, V&€ HY Q)N LX(Q).
Q Q Q

Moreover, we have
D(A) = {z e L¥(Q) : |2| <1 ae. in Q}

The main element to prove Theorem 4.5 is BVj,.-estimates on v,,. Recall that a given function
u € L*(Q) is said to be of bounded variation if and only if, for each i = 1,...N,

TVi(u,Q) := sup{/ w0y, & dr : € €CHQ) and ||€]o < 1} < 00,
Q

here C}(Q) denotes the set of C'—function compactly supported in €. More generally a function is
locally of bounded variation in a domain € if and only if for any open set w CC Q, TV;(u,w) < o0
for any ¢ = 1,..., N. In general a function locally of bounded variation (as well as function of bounded
variation) in 2, may not be differentiable, but by the Riesz representation theorem, their partial
derivatives in the sense of distributions are Borel measure in 2. This gives rise to the definition of the
vector space of functions of bounded variation in Q, usually denoted by BV (Q), as the set of u € L'(Q)
for which there are Radon measures puy, ..., uy with finite total mass in 2 such that

/u@ziﬁdm:—/ﬁd,ui, for any £ € C.(R2), fori=1,...,N.
Q Q

Without abusing we’ll continue to point out the measures p; by 0,v anyway, and by |0y,v| the total
variation of y;. Moreover, we’ll use as usual Du = (0y,u, ..., 0z, u) the vector valued Radon measure
pointing out the gradient of any function v € BV (), and |Du| indicates the total variation measure
of u. In particular, for any open set w CC Q, TV;(u,w) = |03,v|(w) < 0o, and the total variation of the
function v in w is finite too ; i.e.

|1 Dul(w) = Sup{/ WVEds ¢ € € Cl(w) and €]l < 1} < .
Q

At last, let us remind the reader here the well known compactness result for functions of bounded
variation : given a sequence u,, of functions in BV},.({2) such that, for any open set w CC 2, we have

sup {/ || dx + \Dun\(w)} < 00,
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there exists a subsequence that we denote again by w, which converges in L,.(Q) to a function
u € BVj,.(2). Moreover, for any compactly supported continuous function 0 < &, the limit u satisfies

/f |0z, u] < liminf/§ |0, Un | 5
n—oo

for any ¢ = 1,...N, and

/5 | Du| < lirginf/f | Dy, |

Theorem 4.6. Assume f € BVioo(Q), Ve WhX(Q)N, V-V € WE(Q) and satisfies (1.10). Let v

loc

be the solution of (3.1). For any 0 < A < 1/Ay, vy € BVjoe(Q2). Moreover, for any 0 < h < hg, we
have

N N N
1= Y [@dipnel 1Y @6 sl + Y [endlons)
=1 =1 =1

(4.10) N
3 [ ol 05,(7 V) da
i=1

To prove this result we use again the regularized problem (3.6) and we let ¢ — 0.

Lemma 4.4. Under the assumptions of Theorem 4.0, let us consider ve be the solution of (3.6) given
by Lemma 3.1. For each i =1,..N, we have

N N

‘aﬂ%UE’ - A Z ‘al’kva‘ Z |8£E1Vk’ —A A‘a$1p6‘ +AV- (’aﬂﬁzv€| V)
k=1 k=1
<Oz, fe| + A |ve| |02,(V - V)| in D'(Q).

(4.11)

Proof. Assume right away without loose of generality that A = 1 and remove the script € in the
notations of ve, p. and S, throughout the proof. Recall that (u,p) satisfies

v—Ap=f—(Vv-V+oV-V) inD(Q).

Since p € HY(Q), v = B(p) € H'(Q), V € L®(Q), V-V € L=(Q) and f € L*(Q), Ap € L*(Q) and
then u, p € HQ(Q) So, for each ¢ = 1,...N, we see that the partial derivatives 0,,v and 0y, p satisfy
the following equation

(4.12) 00 — ADy;p+ V- (Op,v V) = O, f — (Vv -0,V +0v0,,(V-V)), inD(Q).
For a given & € C2(R), taking £H.(,,v) as a test function in (4.12), we obtain

/ (010 EH.(00,0) + VOu,p - V(EHL(00,0) ) dx / D00V - V(EH.(Op,0)) da
(4.13)

= /a,glf EH (0y,v) dx — /(Vv < 0g, V40 0,,(V-V)) EH(Oy,v) de.
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To pass to the limit as € — 0, we see first that
1
(4.14) H.(0y,v) Oy, = - O,V X[|0y,ve|<e) — 0, in LI(Q), for any ¢ > 1.
So, the last term of the first part of (4.13) satisfies
lim [ Oy vV -V(EH (0y,v)) de = / |0z,0| V - V&€ dx + lim /8$iv VOy,v-VHL(Iy,v) € dx
e—0 e—0
[ 1ol v
On the other hand, we see that
/V@xip -V(EH:(0y,v)) dz = /Hg(ﬁxiv)vaxip -VE&dx + /f VOy,p- VH:(0z,v) du.
Since signg(0z;v) = signg(0s,p), the first term satisfies
tig [ H.(0,0)V0,p- V€ do = [ 10,01 A€
&
As to the second term, we have
lim [ €VO,,p - VH.(0y,v)dx = lim [ & H.(0y,v) VOy,p- Vv dx
e—0 e—0
= liné & H.(0,,0) V(B'(w)0y,v) - VO, v dx
E—>
= lim [ € H(0,,v) B (v) |VOy,v|? dx
e—0

+ liH(l] & H.(9y,v) Oz,v 8" (v)Vv - Vv dz
E—

v

lim [ ¢ H.(0:,v) 0,0 8" (v)Vv - VOy,v da
E—>
> 0,

where we use again (4.14). So, letting ¢ — 0 in (4.13) and using again the fact that signy(0,,v) =
signg (9z,p), we get

‘6%7}’ - A’8$zp’ +V- (‘83311}’ V) < SignO(awiv)afvif - (VU ' aﬁCzV

+0 0y, (V - V) signg(0,v)  in D'(Q)

Coming back with A > 0 in the formula and using the fact that
k k
the result of the lemma follows. O
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Proof of Theorem 4.6. Under the assumptions of Theorem 4.6, for any € > 0, let us consider f: a
regularization of f satisfying f. — f in L'(Q) and

/§ |0z, fe| dz — /§ d |0y, f], for any £ € C.(2) and ¢ = 1,...N.

Then, let us consider v, be the solution of the problem (3.1), where we replace f by the regularization
fe. Thanks to Lemma 4.4, let us remind that for any 0 < ¢ € C?(Q), we have

N N N
J10s0dgde=n [ S0 10. 0] - 100l €= A [ o 02 V)| € do <2 [ 10000l (A€)
k=1 k=1 k=1
+/|3xif5| Edr — A /|8xivs| V.V&dx, foranyi=1,..N.
Now, taking & = £, and using (1.10), we see that the last term satisfies

/|3wiva V-Védx = / |0z, 0e| V- V& dx
Q\Qp

- |0, ve| V - vp, de
O\

IN

0

so that

/\axiv! Endr =X |02, Vil /Z |0, 0| &, dz < AZ/ |02,0| (AE)T d
k k k
+/ |0z, f| &n dx + )\/ [ |0z, (V- V)| &y dz,  for any i =1,...N.

Summing up, for i = 1, ...V, and using the definition of Ay, we deduce that

Z/|8xiv€|§h d:u—/\)\VZ/|6mkv€|§h da <)\Z/(A§h)+ |0y,p:| da
% k %
[ St dax [ 103109 V) 6

and then the corresponding property (4.10) follows for v.. Thanks to (3.4) and (3.5), we know that
ve and Oy, p. are bounded in LQ(Q). This implies that, for any w CC {2, Z/ |0z, ve| dz is bounded.

7
So, v, is bounded in BVj,.(Q). Combining this with the L'—bound (3.4), it implies in particular,
taking a subsequence if necessary, the convergence in (3.25) holds to be true also in L'(Q) and then
v € BV,.(£2). At last, letting € — oo in (4.11) and, using moreover (3.26) and the lower semi-continuity
of variation measures |0z, v.|, we deduce (4.10) for the limit v, which is the solution of the problem
(3.1) by Lemma 3.2. ]

Remark 5. In connection with Remark 3, taking & = wy, given by (1.12) instead of &, the results
of Theorem 4.6 as well as the results of all this section remains to be true. Thus we can replace the
assumption (1.10) by the general one (1.12).
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Proof of Theorem 4.5. Recall that under the assumptions of the theorem, the BV}, estimate (4.10)
is fulfilled for v,,. Since the constants C' in (3.5) does not depend on m, this implies that u,, is bounded

in BV (w). Since w is arbitrary, we deduce in particular that the convergence in (4.3) holds to be true
also in L*(Q), v € BVje(R2), and (4.10) is fulfilled. O

Proof of Theorem 1.3. Thanks to Corollary 4.2, we have
U — u, in C([0,T); LY(Q)).

On the other hand, thanks to (3.4) and (3.5), it is clear that p,, is bounded in L*(0,T; H(Q)). So,
there exists p € L*(0,T; H&(Q)), such that, taking a subsequence if necessary, we have

u™ —p, in L*(0,T; HY(R)) — weak.

Then using monotonicity arguments we have u € sign(p) a.e. in @, and letting m — oo, in the weak
formulation we deduce that the couple (u,p) satisfies (1.11). Thus the results of the theorem.
O

5 Reaction case

Let us consider now the reaction-diffusion porous medium equation with linear drift

Z;L—Aum—l—v-(uV):g(.,u) in @
(5.24) u= on ¥
u(0) = ug in

Thanks to Theorem 6.10 and Theorem 6.11, we assume that ¢ : @Q x IR — IR is a Carathéodory
application ; i.e. continuous in r € IR and measurable in (¢t,z) € @, and satisfies moreover the
following assumptions :

(G1) g(.,r) € L*(Q) for any r € IR.
(G2) There exists 0 < 6, such that

gi(taﬂﬁ ) <60, inD(R), forae. (t,7) € Q.

(G3) There exists wy, wy € W1’°°(O,T) such that ug < wy(0) (resp. wi(0) < wy), for any t € (0,7),
Wo(t) + wa(t)V -V > g(.,,wa(t)) ae. in Q

(rep. wi(t) +w1(H)V -V < g(.,wi(t)), a.e. in Q).
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Remark 6. On sees in particular that (G2) implies that, for any a, b € IR, we have
signg (b —a) (g(t,z,b) — g(t,x,a)) <0 (b—a)t, forae. (t,x)€ Q.

and then, for any r € [—M, M], we have

(5.25) —g (M) =0 (M —7)<g(,r)<g"(,—M)+0(M+7r), ae inQ,.

Theorem 5.7. Assume V€ WH2(Q), V-V € L®(Q) and V satisfies the outpointing condition (1.1).
Under the assumption (G1), (G2) and (G3), for any ug € L*(2), the problem (5.24) has a unique weak
solution wup, in the sense of Definition 1.1 with f = g(.,u). Moreover, we have

1. w is the unique mild solution of the Cauchy problem (3.31) with f(.) = g(.,u(.)) a.e. in Q.
2. forany 0 <t < T, wi(t) <u(t) <ws(t) ae. in Q.
Corollary 5.3. Under the assumptions of Theorem 5.7, assume moreover that 0 < ug a.e. in €, and
(G4) 0<g(.,0) ae in Q.
then the solution of (5.24) satisfies

0 <u(t) <ws(t), a.e inQ, foranyte (0,T).

Proof of Theorem 5.7. Let F : [0,T) x L*(Q) — L'(Q) be given by
F(t,z() =g(t,.,(2(.) V(=M)) AM) a.. inQ, forany (t,z) € [0,T) x L*(Q),

where M := max(||wi]|co, |[w2||cc). Thanks to Remark 6, one sees that F satisfies all the assumptions
of Theorem 6.10. Then, thanks to Theorem 6.9, we consider u € C([0,T), L' (Q)) the mild solution of
the evolution problem

ur + Apu 3 F(.,u) in (0,7)

u(0) = up.

Thanks to (5.25), it is clear that F(.,u) € L*(Q), so that, using Proposition 3.3, we can deduce that
u is a weak solution of (1.2). The uniqueness follows from the equivalence between weak solution and
mild solution as well as the uniqueness result of Theorem 6.10. To end up the proof, it is enough to
show that wi(t) < u(t) < wa(t) a.e. in Q, for any 0 < ¢ < 7. Indeed, in particular this implies that
F(t,u(t)) = g(t,.,u(t)). To this aim, we use Theorem 1.1 with the the fact that ws is a weak solution
of (1.2) with f = wa + w2 V-V, to see that

d

7 (u—wo)Tdx < / (9(.,u) — w2 —waV - V) dz
[u>w2]

< /[@w](g(.,u)—g(.,wz))dx

IN

0 /(u(t) —wo) " dz.

28



Applying Gronwall and using the fact that «(0) < w2(0), we obtain u(t) < ws a.e. in ). The proof of
u > w1 in @ follows in the same way by proving that

d

7 (w1 —u)t <0 /(w1 —au)t.

Thus the results of the theorem.

Now, for the limit of the solution of (5.24), we have the following result.

Theorem 5.8. Assume V € WH2(Q), V-V € L®(Q) and V satisfies the outpointing condition (1.10).
Let g be a sequence of Carathéodory applications satisfying (Gi1), (G2) and (Gs)with 6 independent

of m. For any ugm, € LQ(Q) being a sequence of initial data let w,, be the sequence of corresponding
solution of (5.24). If

(5.29) gm(,1m) = g(,7), i LYQ), foranyr € R,
and
Ugm — ug,  in LY(Q), and|up| <1 a.e. in Q,
then, we have
1. up — u in C([0,T), LY(Q)
2. u™ — p in L*(0,T; Hy ())-weak

3. (u,p) is the solution of the Hele-Shaw problem

( Ou
S AP+ V() = g(ou) } nQ
u € sign(p
u=20 on %
u(0) = wup in Q,

in the sense that (u,p) is the solution of (1.9) with f(.) = g(.,u(.)) a.e. in Q satisfying u(0) = ug.

Proof. To begin with we prove compactness of u,, in C([0,T); L'(22)). We know that u,, is the mild
solution of the sequence of Cauchy problems

ut + Amu 3 Fr(1,u) in (0,7)

u(0) = uom,
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where, for a.e. t € (0,T), Fp(t,2) = gm(t, ., 2(.)) V (=M)) A M)), a.e. in Q, for any z € L' (Q), and
M = max([|wi[loo, [lwzloo)-

Thanks to (5.25), one sees that F,, satisfies all the assumptions of Theorem 6.11. This implies, by
Theorem 6.11, that

(5.30) U — u, in C([0,T); LY(Q)), as m — oc.

Thus the compactness of u,, Remember that u,, is a weak solution of

?;Z—Aum+V~(uV)—fm in Q= (0,T) x O
u=0 on X :=(0,T) x 00
u(0) = uom in Q.

with fi, := g(., um). Using again (5.25), (5.29) and (5.30), we have
fm = g(,u)  in LNQ), asm — oo.

So, by Corollary 4.2 and Theorem 6.11, we deduce that u is a solution of (1.4) and p is given by the
limit of ™ in L2(0,T; H} (Q))-weak. At last the uniqueness follows from the results of the recent paper
27].

]

6 Appendix

6.1 Reminder on evolution problem governed by accretive operator
Our aim here is to remind the reader on some basic tools on L' —nonlinear semi-group theory. We are

interested in PDE which can be be written in the following form

d
d%:—i—Bu Sf i (0,7)
(6.1)

u(0) = uy,
where B is a possibly multivalued operator defined on L'(Q) by its graph
B={(z,y) € LYQ)x LYQ) : y € Bz},

f € LY0,T; LY (Q)) and ug € L*(Q). An operator B is said to be accretif if and only if the operator
Jy := (I + X B)™! defines a contraction in L*(Q), for any A > 0 ; i.e. if for i = 1,2, (fi — u;) € ABus,
then [Jur —ually < |[f1 = foll1-
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To study the evolution problem (6.1), the main ingredient is to use the operator Jy, through the
Euler-Implicit time discretization scheme. For an arbitrary 0 < € < &g, and n € IN* be such that
(n+1)e =T, we consider the sequence of (u;, p;)i=o,..n given by :

u; +eBu; O ef; +ui_q, fori=1,..n,

where, for each i = 0,...n — 1, f; is given by

1 (i+1)€
Ji= / f(s)ds, a.e. in Q.

€ Jie

Then, for a given e—time discretization 0 = tg < t; < 1 < ... <ty < tp+1 = T, satisfying t;11 —t; = €,
we define the e—approximate solution

n—1
Ue = E uiX[tiyti-}—l)'
=0

Moreover, we denote by . its linear interpolate given by

n—1

_ (t — ti)uipr — (8 — tip1)uy

Ue(t) = E - th'+1 s = Xty (8),  for any ¢ € [0, 7).
=0

In particular, one sees that u., 4. and f. satisfies the following e—approximate dynamic
dii,
dt

+ Bu. > f., in (0,T).

The main goal afterwards is to let € — 0, to cover the "natural” solution of the Cauchy problem (6.1).
The following theorem known as Crandall-Liggett theorem (at least in the case where f =0, cf. [19])
pictures the limit of u. and ..

Theorem 6.9. Let B be an accretive operator in L'(Q) and ug € D(B). If for each € > 0, the
e—approzimate solution u. is well defined, then there exists a unique v € C([0,T),L*(Q)) such that
u(0) = up,

ue = u  and . —u inC([0,T),L(Q)), ase — 0.

The function u is called the mild solution of the evolution problem (6.1). Moreover, if uy and uy are
two mild solutions associated with fi and fa, then there exists k € L (), such that Kk € sign(u; — usg)
a.e. in Q, and

d . .
£||u1—uz||1 S/ |f1—f2|d$+/ (fr = f2) signg(u1 — u2), in D'(0,T).
[u1=wu2] [u1Fus)

On sees that this theorem figures out in a natural way a solution to the Cauchy problem (6.1) to

settle existence and uniqueness questions for the associate PDE. However, in general we do not know
in which sense the limit u satisfies the concluding PDE ; this is connected to the regularity of u as well
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due

dt
examples in this direction. One can see also the book [14] in the case of Hilbert space, for which the

concept of m-accretive operator is reappointed by maximal monotone graph notion.
One sees that besides the accretivity (monotinicity in the case of Hilbert space) the well posedness
for the “generic” associate stationary problem

as to the compactness of . We refer interested readers to [5] and [6] for more developments and

u+ ABu>g, foragiveng

is first need. Thereby, a sufficient condition for the results of Theorem 6.9 is given by the so called
range condition

R(I+ AB) = L'(Q), for small A > 0.

Indeed, in this case Euler-Implicit time discretization scheme is well pose for any ¢ = 0,...n — 1, and
the e—approximate solution is well defined (for small € > 0). Then the convergence to unique mild
solution u follows by accretivity (monotinicity in the case of Hilbert space).

In particular, Theorem 6.9 enables to associate to each accretif operator B satisfying the range
condition a nonlinear semi-group of contraction in LI(Q). It is given by Crandall-Ligget exponential
formula

t —Nn
e Byuy = L' — lim (I + B> ug, for any ug € D(B).
n

In other words the mild solution of (6.1) with f = 0 is given by e~ Buy.

The attendance of a reaction in nonlinear PDE hints to study evolution problem of the type

du

— +Bu> F(.,u in (0,7
62) o 3 F(,u) (0,T)

u(0) = wo,

where F' : (0,7) x L*(Q) — L'(Q), is assumed to be Carathéodory, i.e. F(t,z) is measurable in
t € (0,T) and continuous in z € L'(2). To solve the evolution problem (6.2) in the framework of
e—approximate,/mild solution, we say that u € C([0,T); L'(2)) is a mild solution of (6.2) if and only
if u is a mild solution of (6.1) with f(t) = F(t,u(t)) for a.e. t € (0,T). Existence and uniqueness are
more or less well known in the case where F(t,7) = f(t) + Fy(r), with f(t) € L (Q), for a.e. t € [0,T),
and Fp a Lipschitz continuous function in IR. The following theorems set up general assumptions on
F' to ensure existence and uniqueness of mild solution for (6.2), as well as continous dependence with
respect to ug and F. We refer the readers to [10] for the detailed of proofs in abstract Banach spaces.

To call back these results, we assume moreover that F' satisfies the following assumptions :

(F1) There exists k € L},.(0,T) such that
/(F(t, z) — F(t,2))signg(z — 2) de < k(t) ||z — 2|1, a.e te(0,7),

for every z, zZ € D(B).
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(Fy) There exists ¢ € Lj,.(0,T) such that

IF(t,2)|l < (), ae. te(0,T)

for every z € D(B).

In particular, one sees that under these assumptions, F(.,u) € L}, .(0,T;L*(Q)) for any u €
C([0,7);: L (2)).

Theorem 6.10. (cf. [10]) If B be an accretive operator in L*(Y) such that Jy well defined in a dense
subset of L' (Q), then , for any ug € D(B) there exists a unique mild solution u of (6.2) ; i.e. u is the
unique function in C([0,T); X), s.t. u is the unique mild solution of

du

E—i—BuBf in (0,T)

u(0) = wo,

with f(t) = F(t,u(t)) a.e. t € (0,T).

Another important results concerns the continuous dependence of the solution with respect to the
operator B as well to the data f,, and wg, is given in the following theorem. The proof may be found
in [10].

Theorem 6.11. (cf. [10]) For m = 1,2, ..., let B, be an accretive operators in L*(Q) satisfying the
range condition and Fy, : (0,T) x D(By,) — LY() a Carathéodory applications satisfying (Fy) and
(Fy) with k and c independent of m. For each m = 1,2, ... we consider ugy, € f(Bm) and u,, the mild
solution of the evolution problem

du .
@ + Bpu 3 fin in (0,7)
u(0) = uom,

with fm = Fr(.,u). If, there exists an accretive operators B in L*(Q) and F : (0,T) x D(B) — L*()
such that

a) (I+ABy)™' = (I+AB)™  in LY(Q), for any 0 < X < A
b) Foul(t, zm) — F(t,2) in LYK, for a.e. t € (0,T), and any zy, € D(By,) such that li_I)n Zm =
z € D(B).

c) there exists ug € D(B), such that ugm, — ug,
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then

U — u, in C([0,T), LY(Q)),

and u is the unique mild solution of

%—f—BuBF(.,u) in (0,7

u(0) = up.
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