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On the linearization of Antoine's law

A multivariate linearized Antoine's equation (MLAE) is presented in this short note. To our knowledge, it is the first time this multi-linear equation is proposed in the literature. Compared with initial null parameters or « Clapeyron » type initial parameters, that do not take into account the highly non-linear correlation between the parameters B and C, our procedure gives a very good initial guess for the nonlinear regression of vapor pressure versus temperature. Fortunately, the multi-linear expression of linearized Antoine's law is obtained in a simple, non iterative manner. Examples relevant from thermodynamical literature are used to show the quality of our MLAE parameters in order to converge to nonlinear regression solution of Antoine's model and to compare our approach with the classical ones.

Introduction

Historically, many different formulas and graphical representations have been suggested for the vapor pressure-temperature relationship for a pure component [START_REF] Wisniak | Historical Development of the Vapor Pressure Equation from Dalton to Antoine[END_REF]. Clapeyron's formula proposed in 1834 and thermodynamically stated by Clausius in 1864 gave birth to the well-known Clausius-Clapeyron differential relationship This assumption, or a stronger one of constant heat of vaporization, was soon found to be one of the main reasons why the Clausius-Clapeyron equation would only fit the experimental data in a limited temperature range. A common way to improve the fitting ability is to use the Antoine's equation for the vapor pressure of a saturated liquid which introduces a third parameter C in the approximated Clausius-Clapeyron equation
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Classically, the three coefficients A, B and C have to be determined thanks to experimental data. From a numerical point of view, the equation ( 2) is clearly linear with the coefficients A and B, in terms of log P° and 1/T variables; thus, if a substance behaves according to the Clausius-Clapeyron model, a plot of log P° against 1/T should yield a straight line with slope -B. On the contrary, Antoine's equation ( 3) is a non-linear equation with respect to parameters A, B and C and for the same variables log P° and 1/T. This equation is a well-known non-linear model in the field of Chemical Engineering education and often used as an example for identification purpose of non-linear model [START_REF] Corriou | Process Control. Theory and Application[END_REF]. We propose, in this work, to promote a change of variables leading to a linearized Antoine's equation. It is easy, with this model, to compute the above coefficients A, B and C via a classical linear regression method. Thus, these values of coefficients are good candidates for initial points of a non-linear regression of complete non-linear Antoine's law. To prove the adequacy of a such initial guess, three examples have been chosen with experimental value (T exp , P exp ) of temperature and vapor pressure: carbon tetrachloride CCl 4 [Hildebrand and Mc Donald in Boublik et al., 1973], di-isobutyl hexahydrophtalate (DIBE) [START_REF] Liu | Isobaric Vapor-Liquid Equilibria of the Binary System Maleic Anhydride and Di-isobutyl Hexahydrophtalate at 2.67, 5.33 and 8.00 kPa[END_REF] and 2,6,10,14-tetramethylpentadecane (Pristane) [START_REF] Bourasseau | Measurement and Prediction of Vapour Pressures of 2,6,10,14-tetramethylpentadecane (pristane)[END_REF].

Several Non-linear Regressions on Antoine's Law

The non-linear Antoine's model (3) can be fitted with experimental data via a lot of distinct criteria to be minimized. Classical ones are the following: 
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All these criteria deal with least-square minimization problems that are not exactly equivalent in terms of parameter solutions or final criterion value. In this work, all the least-square fitting are performed with lsqnonlin program proceeding from Matlab ® Optimization Toolbox, based on the Levenberg-Marquardt method with line search for medium-scale problem [START_REF] Levenberg | A Method for the Solution of Certain Problems in Least-Squares[END_REF][START_REF] Marquardt | An Algorithm for Least-Squares Estimation of Nonlinear Parameters[END_REF]. For comparison purpose, the tolerances associated with these problems (termination tolerance on the function value  F and on variable change  X1 ) are set to 10 -7 .

Interaction between C and D coefficients

The difficulties of non-linear regression procedures (LAC, LRC, AC, RC, BC or other criteria) arise from the correlation between B and C coefficients and from the number of local minima of the optimization problem. As an example, it can be seen, for the carbon tetrachloride CCl 4 [Boublik et al., 1973] example and for a fixed value of coefficient A (A = 15), the response surface (criterion AC) versus B and C values. It can be observed than the "minimum valley" is quite narrow and may explain the numerical difficulties encountered. 

Several Initial Points for the Non-linear Regression

All the non-linear regressions are performed with the following initial points:

 "Null" initial point: all the initial coefficient values A. 

                  
This equation ( 4) is linear with the coefficients A/C, -1/C and (A -B/C), in terms of transformed variables logP°, T and TlogP°. It is then possible to linearly identify these coefficients and, thus, the original ones A, B and C, by fitting logP°e xp with T exp and T exp logP°e xp .

If we note X the following (n exp x 3) matrix 
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The adequation of the linearized model can be seen in the following figure that gives the response logP° with T and TlogP° for the Pristane example. Scatter points are experimental points and surface corresponds to the multi-linear model. The table 1 shows the complete non-linear regression results for all the criteria and examples, in terms of coefficient initialization. It is easy to see that our MLAE initialization procedure gives in all cases better results compared with other initialization methods. The convergence of the non-linear regression to optimal solution with the different initializations is shown, for the DIBE example and the LAC criterion, in the following figure. As foreseen, the proposed MLAE procedure is quite good for quickly converge to optimal solution. The table 2 shows the literature results and the criterion chosen. In all the case, the initialization proposed and the non-linear regression end to the same or better solution.

Conclusion and Significance

A new linearized Antoine equation is proposed to initialize the well-known Antoine's regression problem. This equation is easy to compute and allows to obtain quickly good results to the non-linear regression of vapor pressure versus temperature of pure component. 

Notations

  , P°, v and T respectively the vapor pressure, the corresponding volume and the temperature.

Figure 1 :

 1 Figure 1: Values of AC criterion versus coefficients B and C (A = 15) for the CCl 4 example A good initial point of the regression procedure provides us a less difficult path tracing to the solution and a clear advantage in terms of global minimum localization.

  B and C are set to zero;  "Clapeyron" initial point: initial coefficient values A and B are set to the solution of the linear Clausius-Clapeyron equation (2); the initial value of C is equal to zero;  "Linearized Antoine" initial point: all the initial coefficient values A, B and C are set to the solution of the linearized Antoine equation below. This new linear initial point we proposed is obtained by the following transformation of Antoine equation (

  multi-linear least-square regression gives the coefficient array

Figure 2 :

 2 Figure 2: Values of response logP° with T and TlogP° for the Pristane example

Figure 3 :

 3 Figure 3: Convergence versus Initialization for the DIBE example and the RC criterion (Null Initialization: left Y axis, Clapeyron and MLAE Initializations: right Y axis)

Table 1 :

 1 Comparison of initialization techniques on Antoine regression problem with several criteria (* maximal number of function calls)

	P°

Table2: Literature results (norm of the criterion) on Antoine regression problem with several criteria (in grey, the criterion chosen by the authors, if known)

Three termination criteria have been applied: non evolution on variables (evolution less than  X ), non evolution of leastsquare function (evolution less than  F ) and first-order optimality conditions less than  F .